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Abstract

We analyze the Nystrom approximation of a posi-
tive definite kernel associated with a probability
measure. We first prove an improved error bound
for the conventional Nystrom approximation with
i.i.d. sampling and singular-value decomposition
in the continuous regime; the proof techniques
are borrowed from statistical learning theory. We
further introduce a refined selection of subspaces
in Nystrom approximation with theoretical guar-
antees that is applicable to non-i.i.d. landmark
points. Finally, we discuss their application to
convex kernel quadrature and give novel theoreti-
cal guarantees as well as numerical observations.

1. Introduction

Kernel methods form a prominent part among modern ma-
chine learning tools. However, making kernel methods scal-
able to large datasets is an ongoing challenge. The main bot-
tleneck is that the kernel Gram matrix scales quadratically
in the number of data points. For large scale problems the
number of matrix entries can easily be of the order hundred-
thousands or millions so that even storing the full Gram
matrix can become too costly. Several approaches have been
developed to deal with these, among the most prominent are
the Random Fourier Features and the Nystrom method. In
this article, we revisit and generalize the Nystrom method
and provide new error estimates. Consequences are theo-
retical guarantees for kernel quadrature and improvements
on the standard Nystrom method that go beyond uniform
subsampling of data points.

Nystrom Approximation. The main idea of the Nystrom
method is to replace the original kernel k by another kernel
kapp that is constructed by random projection of the ele-
ments in the (in general infinite-dimensional) RKHS associ-
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ated with k into a low-dimensional RKHS. A consequence
of this is that the Gram matrix of kapp, is a low-rank ap-
proximation of the original Gram matrix. Concretely, let 1
denote a probability measure on a (Hausdorff) space X and
k akernel on X’; then the standard Nystrom approximation
uses the random kernel

kZ (x,y) := k(z, 2)k(Z,Z2) k(Z,y). (D

where Z = (2;)_, is an (-point subset of X" usually taken
i.i.d. from p (Drineas et al., 2005; Kumar et al., 2012).

Further s-rank Approximation. While less common,
the following rank-reduced version is of our interest:

kapp($7y) = ksZ(x’y) = k(x’ Z)k<Z’ Z):_k(Z> y)’ (2)

where k(Z,Z)t is the Moore-Penrose pseudo-inverse
of the best s-rank approximation of the Gram matrix
k(Z,Z) = (k(zi,z))s j—, with s < £. Note that kf = k?.

Our motivation for this rank reduction comes from kernel-
based numerical integration. Indeed, if we are given
an s-rank kernel k., and a probability measure f, by
Tchakaloff’s theorem there is a discrete probability mea-
sure v supported over at most s + 1 points satisfying
Jo fdp = [, fdvforall f € Hy, ,where Hy,  is the
finite-dimensional RKHS associated with the kernel k.
Such a measure v works as a kernel quadrature rule if the
k.pp well approximates the original kernel £, and the rank s
directly affects the number of (possibly expensive) function
evaluations we need to estimate each integral. The primary
error criterion in this paper is

/X wﬁ (@, %) = kapp (2, ) dp(@), 3)

which arises from the error estimate in kernel/Bayesian
quadrature (Hayakawa et al., 2022; Adachi et al., 2022).

Contribution. Our first theoretical result is that the expec-
tation of (3) is of the order O(/3_,- ; 0 + polylog(€)/{)
when the eigenvalues (0;)$2, of the kernel integral op-
erator induced by (k, ) enjoy exponential convergence
(the expectation is taken over the empirical sample Z).
Key to the proof of this bound is the use of concepts
from statistical learning theory; in particular, the (local)
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Table 1: Main quantitative results. Individual bounds are available in Remark 1, Theorem 2, and Proposition 4. For the
explanation on each kernel, see at the end of Contribution section. Here are remarks on the notation. (a) o; is the i-th

eigenvalue of the integral operator K : L?(p) — L?(p)
empirical measure % Zi\; 0z, given by X =

19 [k
(). (©) p(-) and px (-) denote the integrals over the diagonal. See (4).

x)g(x) du(x). (b) ux denotes the equally weighted

Quantity Bound Assumption
E[u(y/k — kZ)] log ¢)24+1 Z ~iid 14, k: bounded
Vi of [T+ Lel) {7 ke
[ (k= k3] i>s i S exp(—pit/*)
(W(VkZ ~ ) <) u(k? — ) Z Z: fixed
i
(Elpx (VEZ — kZ 7 <) Elux (K = kZ )] iss Z: fixed, X ~iia pt

Rademacher complexity. This error estimate is far better
than the bound O (spectral term + s'/2/¢1/4) that follows
from the existing high-probability estimate |, (k(x,z) —
kZ(z, @) dp(x) = O(sos+ 3 4u s 0 + s/+/0) (Hayakawa
et al., 2022, Corollary 4). By combining our new bound
with known kernel quadrature estimates this explains the
strong empirical performance of the random kernel quadra-
ture, see Hayakawa et al. (2022); previously the theoretical
bounds were not even better than Monte-Carlo in terms of £.

Our second contribution is the use of other &y, than kZ
with better bounds of (3), for a general class of landmark
points Z rather than just an i.i.d. sample from g. This gen-
eralization allows to use other sets Z in (2) to achieve better
overall performance; e.g. sampling Z from determinantal
point processes (DPPs) on X" is known to be advantageous
in applications. To construct and provide theoretical guar-
antees for such improved Nystrom constructions we revisit
and generalize a method that was proposed in Santin &
Schaback (2016) and give further theoretical guarantees
applicable to kernel quadrature rules.

The following is the list of low-rank approximations pre-
sented in the paper:

* kZ and kZ: Usual Nystrém approximations using land-
mark points Z. See (1) and (2).

kf ,: The s-rank truncated Mercer decomposition of

the kernel k% with respect to the measure . See (11).

* kZy: A version of kZ,, with p1 given by the empirical
measure + S 5, of the set X = (2;)),. This

actually coincides with /4;? when X = Z; see (6).
See Table 1 for a summary of our quantitative results.

Outline. Section 2 discusses the existing literature and
introduces some notation. Section 3 contains our first main
result, namely the analysis of kZ for ani.i.d. Z; Appendix A
provides the necessary background from statistical learning

theory. In Section 4, we then treat a general Z to give
refined low-rank approximations together with theoretical
guarantees, rather than the conventional k:SZ . In Section 5,
we discuss how our bounds yields new theories and methods
for the recent random kernel quadrature construction, which
enables us to explain the empirical performance as well
as to build some strong candidates whose performance is
assessed by numerical experiments. All the omitted proofs
are given in Appendix B.

2. Related Literature and Notation

To simplify the notation, we denote

)= /X f@) dv(a), v(h) = /X Wz, z) dv(z) @)

for any functions f : X — R, h : X x X — Rand a
(probability) measure v on X, whenever the integrals are
well-defined. In this notation, the aim of this paper is to
bound p1(1/k — kapp) or p(k—kapp) for a class of low-rank
approximation k,pp,. Also, A™ denotes the Moore-Penrose
pseudo-inverse of a matrix A.

Approximation of the Gram Matrix. The standard use
of the Nystrom method in ML is to replace the Gram
matrix k(X, X) for a set X = (z;), by the low-rank
matrix k% (X, X) where kZ is defined as in (1). A well-
developed literature studies the case when Z = (2;)_, is
uniformly and independently sampled from X, see Drineas
etal. (2005); Kumar et al. (2012); Yang et al. (2012); Jin et al.
(2013); Li et al. (2015). Further, the cases of leverage-based
sampling (Gittens & Mahoney, 2016), DPPs (Li et al., 2016),
and kernel K -means samples (Oglic & Girtner, 2017) have
received attention. Moreover, two variants of the standard
Nystrom method have been studied: the first replaces the
Moore-Penrose inverse of k(Z, Z) in (1) with the pseudo-
inverse of the best s-rank approximation of k(Z, Z) as in
(2) via SVD (Drineas et al., 2005; Kumar et al., 2012; Li
et al., 2015); the second uses the best s-rank approximation
of kZ(X7 X), see (Tropp et al., 2017; Wang et al., 2019).
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For a brief overview in this regard, see Wang et al. (2019,
Remark 1).

Approximation of the Integral Operator. The matrix
k(X, X)) can be regarded as a finite-dimensional representa-
tion of the linear (integral) operator

€5 L2 = L), (K@) = [ ko)) duty).

X

We denote with (o, €;)32, the eigenpairs of the operator
K, and assume the eigenvalues are ordered o1 > o9 >

- > 0. The Mercer decomposition exists under mild
assumptions (for example, supp . = X, k is continuous
and [, k(x,z)dp(x) < oo (Steinwart & Scovel, 2012) are
sufficient) and gives the representation

k(z,y) = Z iei(@)ei(y), (5)

where |[le;]|z2¢,) = 1, and (\/ose;)72, is an orthonor-
mal basis of the RKHS Hj of k. Hence, a natural ap-
proach is to just truncate this expansions after s terms,
kapp = >, 0iei(z)e;(y), to get a finite-dimensional ap-
proximation of the kernel k. This approach is natural since
the approximation quality of the operator K determines the
resulting error estimates. Unfortunately, it is often rendered
useless since the Mercer decomposition depends on the
tuple (k, 1) and while explicit expression are known for spe-
cial choices, in general it is unlikely to have a closed-form
representation of the eigenpairs (0, €;)32;.

Other Approximations. A compromise which is relevant
to our work is proposed in Santin & Schaback (2016). In-
stead of using the Mercer decomposition of C one uses the
Mercer decomposition of (1). Our main result allows to
generalize this approach and to provide theoretical guaran-
tees missing in the reference. Related is the article Gau-
thier (2021) that studies the interactions of several Hilbert-
Schmidt spaces of (integral) operators given by a Nystrom
approximation/projection of a kernel-measure pair as in the
present paper; further, Chatalic et al. (2022) considers a low-
rank approximation of an empirical kernel mean embedding
by using a Nystrom-based projection. The leverage-based
sampling studied in Gittens & Mahoney (2016) has con-
tinuous counterparts. One with a slight modification is in
the kernel literature (Bach, 2017), while the exact counter-
part can be found in a context from approximation theory
(Cohen & Migliorati, 2017) under the name of optimally-
weighted sampling, which essentially proposes sampling

from s71>°7 | e?(x) du(z).

The Power Function. Finally, the square root of the di-
agonal term \/k(z,x) — kZ(x, ) or its generalization is

known as the power function in the literature on kernel-
based interpolation (De Marchi, 2003; Santin & Haasdonk,
2017; Karvonen et al., 2021). There the primary interest
is its L°° (uniform) norm, rather than the Ll(u) norm,
p(y/k — kapp), or the L?(p) norm, p(k — kapp), that ap-
pear in kernel quadrature estimates and error estimates of
the Nystrom/Mercer type decompositions.

Kernel Quadrature. The literature on kernel quadra-
ture includes herding (Chen et al., 2010; Bach et al.,
2012; Huszar & Duvenaud, 2012; Tsuji et al., 2022),
weighted/correlated sampling (Bach, 2017; Belhadji et al.,
2019; 2020; Belhadji, 2021), a subsampling method
called thinning (Dwivedi & Mackey, 2021; 2022; Shetty
et al., 2022) and a positively weighted kernel quadrature
(Hayakawa et al., 2022) that motivated our work. We refer
to Hayakawa et al. (2022, Table 1) for comparison of exist-
ing algorithms in terms of their convergence guarantees and
computational complexities.

3. Analyzing kZ for i.i.d. Z via Statistical
Learning Theory

Let Z = (2)f_; C X and kZ be the s-dimensional ker-
nel given by kZ (z,y) = k(z, Z)k(Z, Z) T k(Z,y) as in the
usual Nystrom approximation. Throughout the paper, sup-
pose we are provided the singular value decomposition of
the matrix k(Z, Z) = U diag(\1,...,Ae)UT with an or-
thogonal matrix U = [uy,...,ug] and Aoy > --- > Xy > 0.
Note that

i 1
kZ (z,y) = Z l{A,i>0}Xi(uiTk(Z, x))(u; k(Z,y)) (6)

i=1

is actually a truncated Mercer decomposition of k% with
regard to the measure py = % Zle d.,, since

<u;rk(Z’ ’)7u;rk(Z7 .)>L2(,uz)

1 4 Aij
This fact is at the heart of our analysis: kZ is ‘optimal’ s-
rank approximation for the measure 1z, and the statistical
learning theory connects estimates in empirical measure and
the original measure.

Let us denote by Pz s : Hi — Hj, the linear operator given
by k(-,z) — kZ(-, ) for all z € X. We shall also simply
write Py = PZ,g.

Lemma 1. Py is an orthogonal projection in ‘H.

This projection is related the quantity of interest, in that
kZ(z,2) = (k(,2), Pzsk(, @)y, = [Pzsk( )], -
Thus, we have k(xz,z) — kZ(z,2) = ||P7 k(-,2)||5, by
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using Pé: <> the orthogonal complement of Pz ;. So we are
now interested in estimating the integral u(y/k — kZ) =
J2llP7 k(- )13, du(x) from the viewpoint of the pro-
jection operator. We first estimate its empirical counter-
¢

part 1z (\/k—KZ) = L0 [P k(7). where
hz = %Zle d,, is the empirical measure. Indeed, we
have the following identity regarding iz (k — kZ):

Lemma 2. For any {-point sample Z C X, we have

4

1
nz(\Jk—k2)? < pz(k—k2) = 3 N

1=s+1

where Ay > - - > X\ are eigenvalues of k(Z, Z).

When Z is given by an i.i.d. sampling, the decay of eigenval-
ues \; enjoys the rapid decay given by o; in the following
sense:

Lemma 3. Let Z = (2;)%_, be an (-point independent
sample from p. Then, for the eigenvalues \y > -+ > Ay of
k(Z,Z), we have

1 4

1=s-+1 i>s

For a general random orthogonal projection operator, we can
prove the following bound by using arguments in statistical
learning theory (Section A):

Theorem 1. Let Z = (z;)¢_, be an (-point independent
sample from i and P be a random orthogonal projection in
Hp. possibly depending on Z. For any integer m > 1, we
have the following bound:

o { 80m? log(1 + 21
4 3o ( e oi( i )+69),
i>m

where the expectation is taken regarding the draws of Z.

Recall that M( V k— ksZ) = IXHPé_Sk(7x)HHk dlu‘(x) By
combining this theorem when P = PZL,S and Lemma 2 & 3,
we can obtain the following:

Corollary 1. Let Z = (z;)%_, be an {-point independent
sample from . Then, for any integer m > 1, we have

E{u(ﬂ)}§2 So+a Yo

i>5 i>m

2
N VEmax <80m log(1 4 2¢) —|—69> .

14 9

Remark 1. When o; < e=#""" with a constant 8 > 0
and a positive integer d (typical for d-dimensional Gaussian
kernel, see, e.g., Adachi et al., 2022, Section A.2), by taking
m ~ (log £)?, we have a bound

=[] o [T

for £ > 3; see Appendix B.6 for the proof. Since
k — kgz < Vkmaxy/k — kZ, the same estimate applies
to E[u(+/k — kZ)]. These also lead to an (s 4+ 1)-point
randomized convex kernel quadrature ()1 with the same
order of E[wce(Qs41)]. See Section 5 for details.

4. A Refined Low-rank Approximation with
General 7

The process of obtaining a good approximation k,p;, of &
using k% can be decomposed into two parts:

k—kapp =k — k% + k7 — kapp -

A B

In the previous section, we have analyzed the case Z is
iid. and k.p, = kZ. However, we can consider more
general Z, and indeed we actually have a better way to
select a subspace (i.e., k,pp) from the finite-rank kernel EZ
rather than just using k7.

4.1. Part A: Estimating the Error of k7 for General Z

This part is relatively well-studied. Indeed, ju(k — k%) =
S (K( — k% (2, x)) du(z) for some non-i.i.d. Z can be
bounded by using the results of weighted kernel quadrature.
For example, Belhadji et al. (2019) consider the worst-case
error for the weighted integral

l
u(fg) = /X F@)gla) du(a) = Y wif ) )

forany || f||3,, < landafixedg € L?(u) with Z = (2;)¢_,
following a certain DPP. Now consider the optimal worst-
case error in the above approximation for the fixed point
configuration Z:

inf sup w; f(2)
wi Hfl\nk<1 Z
‘
= sup / k(- dp(x )—Zwtk(,zl)
[IflI<1 =1 Hy

P Kl ®
Hi

¢
Kg — Z wik(-, z;)

i=1

= inf
w;

By using this, we can prove the following estimate:
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Proposition 1. For any finite subset Z C X and any integer
m > 0, we have

Zwﬂmm<ZWﬂwm+zm

>m

w(k — k%) =

where (0;,e;)32, are the eigenpairs of K.

The papers Belhadji et al. (2019; 2020); Belhadji (2021)
give bounds on the worst-case error of the weighted kernel
quadrature (8) when Z is given by some correlated sampling,
whereas Bach (2017) gives another bound when Z is given
by an optimized weighted sampling rather than sampling
from . By using (8) and Proposition 1, we can import their
bounds on weighted kernel quadrature with non-i.i.d. Z
to the estimate of pu(k — k%) = [ | Pzk(-,2)|13,, du(z).
Here, we just give one such example:

Corollary 2. Let Z = (z;)¢_, be taken from a DPP
given by the projection kernel p(z,y) = Zle ei(x)e;(y)
with a reference measure u, ie, P(Zec€A) =
7 [adetp(Z,2)du®*(Z) for any Borel set A C X°.
Then, for any integer m > 0, we have

ZUZ —|—4mZa27

i>m i>L

E[u(k — k7))

where the expectation is taken regarding the draws of Z.

In any case, by using those non-i.i.d. points, we can obtain
a better Z in the sense that [, (k(z,z) — k% (z, z)) du(x)
attains a sharper upper bound than the bound given in the
previous section for an ¢-point i.i.d. sample from p. How-
ever, for a general Z, it is not necessary sensible to execute
the SVD of k(Z, Z) and get kZ accordingly, as a SVD of
k(Z,Z) corresponds to approximating . by the empirical
measure % Zle 0., (indeed, this observation is the key to
the results in the previous section). Thus, for points Z not
given by i.i.d. sampling, there should exist a better choice
of kapp than kZ. We discuss this in the following section.

4.2. Part B: Mercer Decomposition of k%

Instead of using kZ, we propose to compute the Mercer
decomposition of k% with respect to 1 and truncate it to get

kJSZ o which is defined in the following This is doable if
we have knowledge of A, ( = [y k(z, t)k(t,y) du(t),

since k7 is a finite- dlmensmnal kernel. We can prove the
following:

Lemma 4. We have hy,(z,y) = Y ;0 07e;(x)ei(y).

We now discuss how h, can be used to derive the Mercer
decomposition of kZ. Note that this can be regarded as a
generalization of Santin & Schaback (2016, Section 6). Let
K?Z : L*(pn) — L?(u) be the integral operator given by

g f){ kz('7 m)g($> d:u(x)'

For functions of the form f = a"k(Z,-)and g = b " k(Z,")
with a,b € R¢, we have

(f29) L2 z/XaTk(Z,x)k(x,Z)bdu(x)

=a' h,(Z,2)b. 9)

So, if we write h,,(Z, Z) = H' H by using an H € R***
(since h,,(Z, Z) is positive semi-definite), an element f =
a'k(Z,-) € L?(u) is non-zero if and only if Ha # 0.
Furthermore, we have

KZf = /
Z)k(Z, Z)+h( Z)a

ZW@ZVMMZM]sz

k(Z,2)"k(Z,2)k(z, Z)adu(x)

(10)

Thus, f is a nontrivial eigenfunction of X7, if Ha # 0 and
a is an eigenvector of k(Z, Z)*h,(Z, Z). 1t is equivalent
to c = Ha being an eigenvector of Hk(Z, Z)*H'.

Let us decompose this matrix by SVD as Hk(Z, Z)TH "
V diag(k1,...,k¢)V T, where the V. = [v1,...,v]
R*¢ is an orthogonal matrix and x; > --- >
Then, we have

€
0

Hk(Z,Z)*H" =

E KU 0 T.

Let us consider f; = (H ;) "k(Z,) = v (HY)Tk(Z,")
fori = 1,...,/ as candidates of eigenfunctions of XZ. We
can actually prove the following:

Lemma 5. The set {f; | i > 1, k; > 0} forms an or-

thornomal subset of L*(u) whose elements are eigenfunc-
tions of KCZ.

Letus define k7 (z, y) := S, kifi(x) fi(y); note that this
is computable. From the above lemma, this expression is a
natural candidate for “Mercer decomposition” of k4. We
can prove that it actually coincides with k% (z,y) p-almost
everywhere, and so the decomposition is independent of the
choice of H up to p-null sets:

Proposition 2. There exists a measurable set A C X de-
pending on Z with i(A) = 1 such that k% (z,y) = k7 (2,y)
holds for all x,y € A. Moreover, we can take A = X if
kerh,(Z,Z) C kerk(Z, Z).

Now we just define kZ ', for s < Las follows:

)= kifi()fi(y)
i=1

A 4
ks,u) S Ei:erl O'ifO?‘ amny

Y

Theorem 2. We have pu(k/ —
7 = (Zi)le Cc X.
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Proof. The left-hand side is equal to Zf:s 41 ki from
Lemma 5 and the definition of the kernels. Thus, it suf-
fices to prove k; < o; for each . It directly follows from
the min-max principle (or Weyl’s inequality) as k — kf
is positive definite on an A C X with pu(4) = 1 from

Proposition 2. O

Remark 2. The choice of the matrix H with H' H =
hu(Z,Z) does not affect the theory but might affect the
numerical errors. We have used the matrix square-root
h.(Z,Z)'/?, i.e., the symmetric and positive semi-definite
matrix H with H? = h,,(Z, Z), throughout the experiments
in Section 5, so that we just need to take the pseudo-inverse
of positive semi-definite matrices.

Approximate Mercer Decomposition. When we have
no access to the function h,, we can just approximate it
by using an empirical measure. For a X = (Sﬂj)jl\i1 C X,
denote by hx the function given by replacing y in h,, with
the empirical measure with points X:

M

hac(y) = 22 D0 kG, a)k(,0) = S bz, XX )

j=1 M

We can actually replace every h,, by hx in the above con-
struction to define k% and kf x. This approximation is
already mentioned by Santin & Schaback (2016) without
theoretical guarantee. Another remark is that, when re-
stricted on the set X, it is equivalent to the best s-rank ap-
proximation of k% (X, X) in the Gram-matrix case (Tropp
et al., 2017; Wang et al., 2019), since the L?-norm for the
uniform measure on X just corresponds to the £2-norm in
RIXI.

Note that we have k% (X, X) = kZ(X, X) from Proposi-
tion 2 in the discrete case. As we have kerhx(Z,Z) =
ker k(Z, X)k(X,Z) = kerk(X, Z), we additionally ob-
tain the following sufficient condition from Proposition 2.
Proposition 3. k% (z,y) = kZ(x,y) holds for all x,y €
X. Moreover, ifker k(X,Z) C ker k(Z, Z), then we have
k% = kZ over the whole X.

In particular, we have k% = kZ whenever Z C X. These
(at least p-a.s.) equalities given in Proposition 2 & 3 are
necessary for the applications to kernel quadrature, since
we need k — k,pp, to be positive definite for exploiting the
existing guarantees such as Theorem 3 in the next section.

Although checking k% = kZ is not an easy task, from
the first part of Proposition 3, kSZ x satisfies the following
estimate in terms of the empirical measure p x .

Proposition 4. Let Z C X be a fixed subset and X be an
M -point independent sample from p. Then, we have

Bllux (b7 — k2] = Efux (K — #2,)] < Yo,

1>

where the expectation is taken regarding the draws of X.

We can also give a bound of the resulting error ju(k% — kSZ x)
again by using the arguments from learning theory, but
under an additional assumption as stated in the following.
Nevertheless, Proposition 4 is already sufficient for our
application in kernel quadrature; see Theorem 4.

Proposition 5. Under the same setting as in Proposition 4,
ifkerk(X,Z) C kerk(Z,Z) holds almost surely for the
draws of X, we have

E[u(/k% — k2 )] sz\/z ai+4\/Zai

i>M >m
VEmax 2log(1 4+ 2M
+ l;\f (Som Ogé * )+69>.

for any integer m > 1.

Remark 3. The assumption ker k(X,Z) C kerk(Z,Z)
seems to be very hard to check in practice. An example
with this property is (X, k, 1) such that X = RP with
D, M > {, the kernel k is just the Euclidean inner product
on RP, and p is given by a Gaussian distribution with a
nonsingular covariance matrix.

This said, we have some ways to avoid this issue in practice.
One way is to use X U Z instead of X so that the condition
automatically holds. Then, the above order of estimate
should still hold when ¢ < M, though it complicates the
analysis. Another way is effective when we use k% for
constructing a kernel quadrature from an empirical measure
given by X itself; see the next section for details.

5. Application to Kernel Quadrature

Let us give error bounds for kernel quadrature as a conse-
quence of the previous sections. We are mainly concerned
with the kernel quadrature of the form (7) without weight,
i.e., the case when g = 1 for efficiently discretizing the
probability measure (.

Given an n-point quadrature rule Q, : f +— > 1 w; f(z;)
with weights w; € R and points x; € X, the worst-case
error of (Q,, with respect to the RKHS 7, and the target
measure /. is defined as

wee(Qn; Hi, ) == sup  [Qn(f) — p(f)]-

[1F N, <1

Note that it is equal to MMDy (Q.,, t), the maximum mean
discrepancy (with k) between (),, regarded as a (signed)
measure and y (Gretton et al., 2006). We call Q,, convex if
it is a probability measure, i.e., w; > 0 and Z?zl w; = 1.

Suppose we are given an s-rank kernel approximation
kapp(z,y) = 301 civi(x)pi(y) with¢; > 0and k — kapp
being positive definite (u-almost surely). The following is
taken from Hayakawa et al. (2022, Theorem 6 & 8).
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Theorem 3. If an n-point convex quadrature Q,, satisfies
Qnlpi) = plpi) for 1 < i < sand Qn(\/k — kapp) <
1(\/k = kapp), then we have

wee(Qn; Hy, i) < 2#(\/ k — kapp)-

Moreover, such a quadrature @Q,, exists withn = s + 1.

Although there is a randomized algorithm for constructing
the ()., stated in the above theorem (Hayakawa et al., 2022,
Algorithm 2 with modification), it has two issues; it requires
exact values of pu(y;) (and p(+/k — kapp)) and its computa-
tional complexity has no useful upper bound unless we have
additional assumptions such as well-behaved moments of
test functions ¢; (Hayakawa et al., 2023a) or structure like
a product kernel with a product measure (Hayakawa et al.,
2023b). This said, we can deduce updated convergence
results for outputs of the algorithm as in Remark 1.

5.1. Kernel Recombination

Instead of considering an “exact” quadrature, what we do in
practice in this low-rank approach is matching the integrals
against a large empirical measure (see also Adachi et al.,

2022, Section 6), say piy = & S| §,, with Y = (y;)N,.
If we have
Q’!L( l) (gpl) 1 S Z S 87 (]2)
Qn(\/ - app) < ,UY(\/ k— kapp)a

then, from Theorem 3 with a target measure ;y and the
triangle inequality of MMD, we have

ch(Qn;Hkvu) < MMDk(Qn»/LY) + MMDk(M%M)
< 2uy (Vk — kapp) + MMDy (py, ). (13)

Indeed, such a quadrature ),, with n = s + 1 and points
given by a subset of Y can be constructed via an algorithm
called recombination (Litterer & Lyons, 2012; Tcherny-
chova, 2016; Cosentino et al., 2020; Hayakawa et al., 2022).

Existing approaches of this kernel recombination have then
been using an approximation k,p,, typically given by kZ
whose randomness is independent from the sample Y, but it
is not a necessary requirement as long as we can expect an
efficient bound of py (1/k — kapp) in some sense. Another
small but novel observation is that k — k,, being positive
definite is only required on the sample Y in deriving the
estimate (13); not over the support of p in contrast to Theo-
rem 3. These observations circumvent the issues mentioned
in Remark 3 when using k,pp, = k% (kSZ’X with X =Y).

Let us now denote the kernel recombination in a form of
function as @, = KQuad(kapp,Y'), where the output @,
is an n-point convex quadrature satisfying n = s + 1 and
(12); note that the constraint is slightly different from what

is given in Hayakawa et al. (2022, Algorithm 1), but we can
achieve (12) by replacing k1 giag With /K1 diag in the cited
algorithm.

We can now prove the performance of low-rank approxima-
tions given in the previous section. Indeed, kZy and kZ,
have the following same estimate.

Theorem 4. Let Z C X be a fixed subset and' Y be an N -
point independent sample from w. Then, a random convex
quadrature Q,, = KQuad(k? Ty, Y) satisfies

[ch(Qna Hy,

<2u( k—kZ)+2 /ZJl ’# (14)
i>5

where cg = p(k) = [[5,  k(@,y) du(z) dpu(y) and the
expectation is taken regarding the draws of Y. The estimate

(14) holds also for Q,, = KQuad(kZ " Y).

5.2. Numerical Examples

In this section, we compare the numerical performance of
kZ, and kZ , for kernel quadrature with the conventional
Nystrom approximation for a non-i.i.d. Z in the setting that
we can explicitly compute the worst-case error.

Periodic Sobolev Spaces. The class of RKHS we use is
called periodic Sobolev spaces of functions on X = [0, 1]
(a.k.a. Korobov spaces), and given by the following kernel
for a positive integer r:

(71)7”71 (27{')27"
(2r)!
where By, is the 2r-th Bernoulli polynomial (Wahba, 1990;
Bach, 2017). We consider the case p being the uniform
measure, where the eigenfunctions of the integral operator
IC are known to be 1,v/2 cos(27m -), v/2sin(27m -) with
eigenvalues respectively 1,m 2", m™2" for each positive
integer m. This RKHS is commonly used for measuring
the performance of kernel quadrature methods (Kanagawa
et al., 2016; Bach, 2017; Belhadji et al., 2019; Hayakawa
et al., 2022). We also consider its products: k¥¢(x,y) =

Hle kr(2;,y;) and p being the uniform measure on the
hypercube X = [0, 1]¢.

kr(x,y) =1+ BZf’(|~’C*y|)a

. . . _.0d
By considering the eigenvalues, we can see that h,, = ks,

for each kernel k2 from Remark 4.

Experiments. In the experiments for the kernel 29, we

compared the worst-case error of n-point kernel quadra-

ture rules given by @, = KQuad(kapp,Y) with kypp =

kK2 k2, kfy, s (s =n — 1) under the following setting:

* Y is an N-point independent sample from p with N =
n? (Figure 1) or N = n? (Figure 2).
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* H is the uniform grid {i/n | i =1,...,n} (d = 1) or
the Halton sequence with Owen scrambling (Halton,
1960; Owen, 2017) (d > 2).

e Z is the union of H and another 20n-point indepen-
dent sample from v®4 where v is the 1-dimensional
(2, 5)-Beta distribution, whose density is proportional
to (1 — x)* for z € [0,1].

We additionally compared ‘Monte Carlo’: uniform weights
1/n with ii.d. sample (x;)?_; from u, ‘Uniform Grid’
(d = 1): points in H with uniform weights 1/n (known to
be optimal for each n), and ‘Halton’ (d > 2): points in an
independent copy of H with uniform weights 1/n.

The aim of this experiment was to see if the proposed meth-
ods (ki y and ki ,,) can actually recover a ‘good’ subspace
of the RKHS given by k% with Z not summarizing y. To do
so, we mixed H (a ‘good’ summary of i) and an i.i.d. sam-
ple from v to determine Z.

Figure 1 shows the results for (d,r) = (1,1), (2,1),(3,3)
with N = n? and n = 4,8,16,32,64,128. From Fig-
ure 1(a, b), we can see that our methods indeed recover (and
perform slightly better than) the rate of £ from a contami-
nated sample Z. In Figure 1(c), the four low-rank methods
all perform equally well, and it seems that the dominating
error is given by the term caused by MMDy, (uy, ).

Figure 2 shows the results for (d,r) = (1,2) with N = n?
or N =n3andn = 4, 8,16, 32, 64. In this case, we can see
that ksZ y Or kf ., eventually suffers from the numerical insta-
bility, which is also reported by Santin & Schaback (2016).
Since their error inflation is not completely hidden even in
the case N = n? unlike the previous experiments, one possi-
ble reason for the instability is that taking the pseudo-inverse
of k(Z, Z) or h,,(Z, Z)"/? in the algorithm becomes highly
unstable when the spectral decay is fast. Although they have
preferable guarantees in theory, its numerical error seems
to harm the overall efficiency, and this issue needs to be
addressed e.g. by circumventing the use of pseudo-inverse
in future work.

Remark 4. Unlike the kernel quadrature with k7 . OF kSZ v
that with kZ does not suffer from a similar numerical insta-
bility despite the use of k(Z, Z)¥. This phenomenon can be
explained by the nature of Hayakawa et al. (2022, Algorithm
1); it only requires (stable) test functions @; = u; k(Z,-)
(z = 1,...,s) for its equality constraints, where u; is the
i-th eigenvector of k(Z, Z), while the (possibly unstable)
diagonal term kZ (z, ) appears in the inequality constraint,
which can empirically be omitted (Hayakawa et al., 2022,
Section E.2).

Computational Complexity. By letting ¢, N (larger than
s) respectively be the cardinality of Z and Y, we can express

1 —— kM
kg
Monte Carlo
kS
kS

Uniform Grid

logio(wce)?
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0.8 1.0 1.2 1.4 1.6 1.8 2.0
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0.0

~051
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Halton
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Figure 1: Experiments in periodic Sobolev spaces with re-

producing kernel k2?. Average of log;,(wee(Qpn; Hi, 11)?)
over 20 samples plotted with their standard deviation.
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Figure 2: Experiments in ko with N = n2,n? for recom-
bination algorithms. Average of log;,(wee(Qn; Hi, 1t)?)
over 20 samples plotted with their standard deviation.

the computational steps of KQuad(kapp,Y) with kapp =

Z 1.7 1.7 .
kS kS y kS, as follows:

* Using kZ takes O(s(N + st* + s3log(N/s)), but it
can be reduced to O((N + st? + s®log(N/s)) by
omitting the (empirically unnecessary) inequality con-
straint (Hayakawa et al., 2022, Remark 2).

* Using kZy takes O(£% + (2N + s> log(N/s)), where
(9(63) and O (EQN ) respectively come from comput-
ing k(Z, Z)t and hy (Z, Z).

s Using kZ, takes O(€® + s¢N + s®log(N/s)) (f hy,

S,
available), where O (%) is from computing k(Z, Z)*.

For example, in the case of Figure 1(c) with n = 128, the
average time per one trial was respectively 26.5, 226, 216

seconds for kZ, kfy, kiu, while it was 52.6, 57.8, 41.2

seconds for the case of Figure 2(b) with n = 64.!

6. Concluding Remarks

In this paper, we have studied the performance of several
Nystrém-type approximations k,p,, of a positive definite
kernel k£ associated with a probability measure p, in terms
of the error pi(/k — kapp). We first improved the bounds
for kZ, the conventional Nystrom approximation based on
ani.i.d. Z and the use of SVD, by leveraging results in statis-
tical learning theory. We then went beyond the i.i.d. setting
and considered general Z including DPPs; we further in-
troduced two competitors of kZ, i.e., kZ ., and kSZ +» which
are given by directly computing the Mercer decomposition
of the finite-rank kernel k“ against the measure  and the
empirical measure p x, respectively. Finally, we used our re-
sults to improve the theoretical guarantees for convex kernel
quadrature Hayakawa et al. (2022), and provided numerical
results to illustrate the difference between the conventional
kZ and the newly proposed kZ , and k:f x-

S,

Despite its nice theoretical properties, a limitation of our sec-
ond contribution, i.e., the proposed kernel approximations,
is that they involve the computation of a pseudo-inverse,
which can be numerically unstable when there is a rapid
spectral decay. This point should be addressed in future
work, but one promising approach in the context of ker-
nel quadrature is to conceptually learn from the stability of
k;SZ mentioned in Remark 4; if we see the construction of
the low-rank kernel as optimization of the vectors u; for
which functions u, k(Z, -) well approximate ,,z in terms
of L?(u) metric, we can possibly leverage the stability of
convex optimization for instance.
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A. Tools from statistical learning theory

In this section, F always denotes a class of functions from X to R, i.e., F C R¥. Let us define the Rademacher complexity
of F with respect to the sample Z = (zi)le C X as follows (e.g., Mohri et al., 2018, Definition 3.1):

¢

1

Rz(F):=E bupfg
%) jer l“ =

where the conditional expectation is taken with regard to the Rademacher variables, i.e., i.i.d. variables s; uniform in {£1}.

The following is a version of the uniform law of large numbers, though we only use the one side of the inequality.

Proposition 6 (Mohri et al., 2018, Theorem 3.3). Let Z be an {-point independent sample from p. If there is a B > 0 such
that || f|leo < B forevery f € F, then with probability at least 1 — 6, we have

sup () (1)) < 2E[R (7)) + ) 2 o

For a pseudo metric d on F, we denote the e-convering number of F by N (F,d; ). Namely, N'(F, d; €) is the infimum of
positive integers /N such that there exist fi,..., fy € F satisfying mini<,<n d(fi,g) < e forallg € F.

Let us define a pseudo-metric dz(f, g) := \/% Z§=1 (f(zi) — g(2;))?. The following assertion is a version of Dudley’s

integral entropy bound (Srebro et al., 2010, Lemma A.3; see Srebro & Sridharan (2010) for a correction of the constant).
Proposition 7 (Dudley integral). For any {-point sample Z = (z;)¢_, C X, we have

Rz(F) < % / " Vg NF dzie) de.
0

The following is a straightforward modification of Schmidt-Hieber (2020, Lemma 4) tailored to our setting. It originates
from an analysis of empirical risk minimizers, and this kind of technique has also been known in earlier work under the
name of local Rademacher complexities (Gyorfi et al., 2006; Koltchinskii, 2006; Giné & Koltchinskii, 2006).

Proposition 8. Let 7 C L*°(u) be a set of functions with f > 0 and || f|| (. < F forall f € F, where F > Ois a
constant. If f is a random function in F possibly depending on Z, then, for every € > 0, we have

Bu(h] < 2uzth)] + 7 (5 toe +61) + 5,
where N := max{3, N'(F, |||l .1 (u); €) }-

Proof. The proof here essentially follows the original proof, where we re-compute the constants as the condition is slightly
different; see also Hayakawa & Suzuki (2020, Theorem 2.6) and its remark.

Let Z' = (21, ... z,) be an independent copy of Z. Let F. be an e-covering of F in L' (1) with the cardinality N and f* be
a random element of F, such that p(|f — f*|) < e. Then, we have

+2e (15)

Define T' := maxscr, Zf L(F(zi) = f(2D)/r(f), where we let (f) := max{cy/¢~1log N, /u(f)} for each f € F.
with a constant ¢ > 0 fixed afterwards. Thus, we obtain

%Z (2) zg))| SE[T(?T}S

i=1

E[r(f*)?] + 5E (1) (16)
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The first term can evaluated as
log N

“— +E[u(f)] +e. a7

—— +E[u(f) <

For the second term, we first have

iE[<%>2]<i [ %) +)f( )}<2m7 .

Since we have |f(z;) — f(zD)|/r(f) < 2F/r(f) < 2F VL _ yniformly for f € F., Bernstein’s inequality combined with

cv/log N
the union bound yields
V1
P(T2 2 1) =P(T > Vi) <2Nexp | - ! — §2NeXp( 5 fﬁ f)
F(l+ 3 05) 8F
for t > 9c%¢log N. Therefore, we have
oo oo 1
E[T?] :/ P(T? > t) dt < 9c2€10gN+/ 2Nexp( Scyog \f>
0 9c2llog N 8F\[
64F2¢ 9c¢?log N
2
=9c*llog N + 4N (8F({+ ——— -
dc"tlog N + <8 * 9¢? logN) P < 8F >

Let us now set ¢ = /8F/9 so that 9¢?2 = 8F. Then, we obtain E [Tz] < 8F(log N + 64F{ since N > 3 by assumption.
By combining it with (15)—(17), we finally obtain

Bfjez(7)] - B[uth)]| < 1E[up)] + TENERD 5

from which the desired inequality readily follows. O

B. Proofs

B.1. Properties of the pseudo-inverse

For a matrix A € R™*", its Moore-Penrose pseudo-inverse A™ (Penrose, 1955) is defined as the unique matrix X € R™*™
that satisfies
AXA=A, XAX =X, (AX)' =A4X, (XA =XA.

It also satisfies that A* A is the orthogonal projection onto the orthogonal complement of ker A (the range of AT), while
AAT is the orthogonal projection onto the range of A (Penrose, 1955; Shinozaki et al., 1972). We use these general
properties of AT throughout Section B. See e.g. Drineas et al. (2005) for the concrete construction of such a matrix.

B.2. Proof of Lemma 1
Proof. Recall that we have the SVD k(Z, Z) = U diag(\1, ..., A\¢)U " with an orthogonal matrix U = [uy, ..., u]. and
A1 > -+ > A¢ > 0. By using this notation, we have
1
K (wy) = Y 5 (u k(Z,2)(u] K(Z,y). (18)

1<j<s 7Y

A;>0
If we denote by Q; : Hj, — Hy, the projection onto span{w. k(Z, -)}, we have

= [luj k(Z, )3, (Qik (7). Qik( )y,

- )\j <ij(ax)aQ]k(7y)>’Hk ) (19)

13
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where the last inequality follows from (u; k(Z, ), uka(Z, ~)>Hk =] k(Z, Z)uj = 6;;\;. Now let ]5278 be the orthogonal

projection onto span{u; k(Z,-)}5_, in H;,. We prove Py, = Py.,. From the orthogonality of {u k(Z,-)}5_, we have
Pzs=35_,Qjand

S

<k(-,$),kSZ(-,y)>Hk = ksZ(xvy) = Z (ij(-,x%ij(-,y)}Hk
- <ﬁz,5k(-,x)7ﬁz,sk(-,y)> - <k(-,x),ﬁz,sk(-,y)>

Hi Hi

for all x,y € X. In particular, kZ (-, y) = ﬁz,sk(~, Y), so we have ]Sz,s = Pz. O

B.3. Proof of Lemma 2
Proof. The inequality follows from Cauchy—Schwarz. Let us prove the equality.

We use the notation ); from the proof of Lemma 1. We first obtain Pzk(-, z;) = k(-,2;) fori =1,...,¢, since Pz is a
projection onto span{k(-, z;) }¢_,. Thus, we have Pz k(- 2z) = (Pz — Pz,o)k(-, zi) = (Qsg1 + -+ + Qo)k(, 2;), and so

J4
L SIS SU SR AUt
i=1

i=1 s+1<j<¢ J
;>0

by using (19). Since k(Z, Z) = U diag(A1,...,A\)U " = Zle A\iuju, , we can explicitly calculate

¢
u;rk(Z, Zz) = u;r Z )\lulu;rlj = )\ju;rlj,
i=1
where 1; € R? is the vector with 1 in the j-th coordinate and 0 in the other coordinates. As U is an ¢ x ¢ orthogonal matrix,
we actually have Y0_ (u] 1,;)% = 1 foreach j = 1,..., (.

’ e 2 ‘
1 1 1 1
7 Z )\f(ujk‘(Z, 2))% = J Z Z Nj(ul 1) = 7 Z A, (20)
i=1 s+)\1§j0§é J i=1 j=s+1 j=s+1
5>
and the proof is complete. ]
B.4. Proof of Lemma 3

Proof. From the min-max principle, we have

Aj = min max vl k(Z,Z)x;, (21
£ J
Vi_1CR CEJGV 1> lzjll2=1
dim V;_1<j—1

where V;_ is a linear subspace of R’. Recall the Mercer expansion k(z, ) o2, oiei(z)e;(y). By letting e;(Z) =
(ej(21),---,¢j(20))" € RY, we can write k(Z,2) = Y7, 0iei(Z ) :(Z)T. We assume that this equality holds in the
followmg We especially write the remainder term as ks41(Z, Z) := k(Z,Z) — > ;i_, 0iei(Z)ei(Z) T

Consider taking V; = span{e1(Z),...,es(Z)} and

r; €  argmax ' k(Z,2)x, V; = span(V;_1 U{z;})
-LEV 1 ”1”2 1

for j =s+1,...,£in (21). Then, \}; := x;rk(Z, Z)z satisfies \; < A, and so we have

L )4 L J4
SN D N=D 2 k2, 2z = wf k(2 2)x;,
Jj=s+1 j=s+1 Jj=s+1 Jj=s+1

14
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where we have used that ije,; (Z) = 0forany i < s < j in the last inequality. By taking some {z1,...,zs} C R, we can
make {z1,...,2,} aorthonormal basis of R, so we obtain

Z )\ < Z ] ke1(Z, 2)x <Zx ksi1(Z,Z)xj = trkey1(Z, Z).
j=s+1 j=s+1 i=1

Therefore, we have

fqu)\ < ftlrkg_,_l (Z,2) gzk“’l Ziy %),

and we obtain the desired inequality in expectation since E[ksy1(z;, 2;)] = Z;’;é 4105 O
B.5. Proof of Theorem 1

We first prove the following generic proposition by exploiting the ingredients given in Section A.

Proposition 9. Let Q) be an arbitrary deterministic m-dimensional orthogonal projection in Hy. Then, for any random
orthogonal projection P possibly depending on Z, we have

HIPQEC,2)l0,) < pz(1PQKC, ) )+ 222 (36m ¥ m> 2)

with probability at least 1 — 0.

Furthermore, with regard to the expectation, we also have

Emax [ 80m?2log(1 + 2¢

Bl (1PQk( ) l0)] < 2Bz (1 PR, )l )] + Y 0420 o) @3
Proof. Let {vy,...,vn} be an orthonormal basis of QHy. Let also {u; };er and {u; };¢ s be respectively an orthonormal
basis of PHy, and (PHy)L, so {u;}icrus is an orthonormal basis of Hy.
Let us compute || PQk(-, z)[|3,, . Since we have

PQR(2) = P | D (v, k(s @)y, v5 | = D vi(@)Pos =33 05(@) (i v5)y, w

j=1 j=1 i€l j=1
(where we can exchange the summation as they converge in Hy), we obtain
2
1PQRC. ), = 3 (S0 (v, | = IArqualii = vl ApgAravs.
iel j=1

where v, = (v1(),...,vm(z))" € R™ and Ap is a linear operator R™ — ¢2(I) given by a = (ai,...,ay,)"
(X2 (wiyvg)y,, aj)icr, and A’{;Q (?(I) — R™ is its dual (defined by the property (a, A} ob),. = (Ap,qa, b))

which can be understood as the “transpose” of Ap . Note that A}, QA P, can be regarded as an m X m matrix and we have

(Ap0APQ)jn =D (Ui v;)g (Ui, vn)yy, = (Pvj, Pun)y,
el

We can also define Bp g = Ap. ¢ by replacing P with P~. Then we have
(Ap@AP.Q)jn + (BhgBrQ)in = (Pvj, Pop)y, + (P, Pron),, = (v, 0n)5, = Sjn,
50 Ap o Ap,q is an m x m positive semi-definite matrix with A 5 Ap g < L.

It thus suffices to consider a uniform estimate of u(/v,] Sv,)—pz(y/v,] Sv,) with a positive semi-definite matrix S < I,,,.
This S can be written as S = U T U by using a U € R™*™ with ||U]||2 < 1, so we shall solve the following problem:

15
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Find a uniform upper bound of p(||Uv,||2) — iz (|[Uvs]|2) for any matrix U € R™*™ with ||U||2 < 1.

Now we can reduce our problem to a routine work of bounding the covering number of the function class F := {fy :=
x> [Uvg|2 | U € U}, where U := {U € R™*™ | |U||2 < 1}

For any x € X, we have
¢
[vall3 = vi(2)* = |Qk(, )3, < Ik, 2)]3, = k(z,2).
j=1

If Uy is a d-covering of U, then { fy }ueu, gives a 0v/kmax-covering. Indeed, for any U,V € U with ||[U — V|3 < 6, we
have

[y

14 4
1
dz(fu, fv)? ZZ 10wz ll2 = Vo2 ZZ (U = Vv, |3 < 52:||1le||2<52 masx-

Here, we have the covering number bound log N' (4, ||-|2; §) < m?*log (1 + 2) for 6 < 1 (and 0 for § > 1) as U can be seen
as a unit ball of R™ in a certain norm (Wainwright, 2019, Example 5.8), so log N(F,dz;e) < m?log(1 + 2vkmax/€)
for e < vVkmax-

Therefore, from Proposition 7, we have

Vo T
RZ(}")S\[ \/m2log 1+ kmdx)de

12m+/ / 1 \/
_ m mdx/ log 1+ dt< 8m max
where we have used the estimate
/1 lo 1—1—2 dt</11 1+1o 1—|—g dt—l—|—llo§<§
, |8 i )=, 2 & ¢ BRGNS

Since we also have a bound || fy||co < ||U||2v/ kmax. We can use Proposition 6 to obtain

(| PQE(- ) |l31,) — pz ([ PQE(- ) ||3,) < ?EI}(MZ(JC) —u(f)) < k?x (36m +4/2log (15>

with probability at least 1 — §. So we have proven (22).

We next prove (23) by using Proposition 8. We have the same bound for log N'(F, ||| .1 (1); €) from the same argument as
above, and so we especially get

V kmax

10gN<]:,~||L1(“); f

> < m?log(1 + 2¢).

As || fllzos () £ Vkmax =: F holds for all f € F, we can now apply Proposition 8 with ¢ = F'// to obtain the desired
conclusion. O

We next prove the following proposition that includes the desired assertion by using Proposition 9.

Proposition 10. Let Z = (z;)i_, be an (-point independent sample from p. Let P be a random orthogonal projection in
Hi. possibly depending on Z. For any integer m > 1, with probability at least 1 — §, we have

4
1 kIﬂaX 9
1P, )< G IPH )l + (36m+\/ log 2 >+3 IS oy
i=1 j>m

16
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Furthermore, in expectation, we have the following bound:

| [ 1P ), dn(o)] < [ZnPk =) m]

VEmax ((80m?log(1 4 20)
+= 5 +69 ) +4 /];na]. (24)

Proof. Note that we use the fact that for any projection operator P || P f|| < || f|| frequently within the proof. For an ¢-point
sample Z = (z1,...,2¢) C X, let us denote iz be the mapping f — %Zle f(zi). If we have f_, f € L'(u) with
f— < f, we can generally obtain

u(f) = pz(f) = () = u(f2) + (u(f-) — pz(f-) + (pz(f-) — pz(f))

<plf = )+ (w(f-) = pz(f-))- (25)
We here use f(z) = || Pk(-, z)||#, and f_(z) = |PPnk(-,2) |3, — ||PPLk(-, z)| /%, for anm, where P,, is the projection
operator onto span{ey, . . ., €, } in Hy and P is its orthogonal complement. In this case, x(f — f_) can easily be estimated

by Cauchy—Schwarz as follows:
wlf = f-) < n@IPPLEC 2)lle) < 200 Pk (-, 2)ll,)

<2 /n(IPERC 2)3,) =2, [ o, (26)
j>m

oo

1Pk )3, = k()30 — 1Pk (23, = k(z, ) Zazez = Y owei(2)’

1=m-+1

where we have used the fact

We also bound p(f-) — pz(f-) by
p(f-) = nz(f-) < wIPPrk(,2)ll30) = pz(|[PPuk( @) l3,) + pz (| Pk, 2)ll,), (27)

where we have used the second inequality in (26) for 1. The last term 7 (|| P k(-, )|, ) above is estimated either in
expectation or in high probability as follows:

E[uz(|Prk(,2)l)] < [ 0
j>m
(28)
pz(IPEE( ) ||l,) < Zcrj 1/ Finax log with probability at least 1 — 6.

j>m

The latter follows from a simple calculation of Hoeffing’s inequality.

Thus, it suffices to derive a bound for u(||PPk(-, x)||%, ) — pz (|| PPmk(-, )||3, ) or its expectation; we do it by letting
Q = P,, and f = f in Proposition 9. By combining (just summing up) the inequalities (25)—(28), and (22), we obtain the
desired inequality in high probability. For the result in expectation, we first combine the inequalities (25)—(28), and (23) to
get the bound

m2 (0]
()] ~ Elnz(1)] < Bl Pk )l )] + Y (08020 go) 45 [ o,

9

(recall f(z) = ||Pk(-,z)||%,). Since we can also estimate E[uz (|| PPpnk(-, )|, )] as
Elnz(|PPuk(, 2)ll2)] < Elpz (1P, 2)ll20,)] + Eluz (| PPk, 2)ll0,)]

< Eluz (| Pk(,2)l3,)] /Z%

we obtain the desired conclusion. O

17
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B.6. Proof of Remark 1

Proof. We assume £ > 3 here. Let F(z) := —f~'a' =V exp(—pz!/?). If d > 2, its derivative is

1-1/d 761/dxfl/d exp(fﬂxl/d) = <1 _1-1/d Bl/d:cl/d) exp(fﬂzzzl/d).

Thus, if 2 > (log?)?/B, we have F'(x) > dexp(—Bx'/%). This inequality is still true if d = 1. By taking m =
| (21og ¢)?/B%|, we obtain

29=1d  (log ¢)4—1
Y oS / exp(—Ba'/?) dx < —dF(2(log ¢)?/B%) = =——— - ( gﬁ)
i>m 2(log £)4 /B4 ﬁ

F'(z) = exp(—pz'/?) -

Therefore, this choice of m satisfies
log ¢ (d—1)/2
S oo BES—=) . = o(oxe).
i>m
Combining these with the inequality in Corollary 1 gives the desired estimate. O

B.7. Proof of Proposition 1

Proof. We basically just compute the trace of the operator P K. Indeed, we have

/ |PEk(-2) 2, = / (ke 2) — k2 (2, 2)) du(z), 29)

and, from (5), we also have the following identity:

/ k(w, z) dp() =Y (e Kei) 1, - (30)
& i=1
For k%, as we can write kZ (z,y) = Zle gi(x)gi(y) by using g; € L?(u) (see e.g., (18)), we can also have
]ikzcmaﬁduwﬂzz§:<@7nz L = 2 (e KZei) pag (31)
i€l i=1

where KZ : L?(u) — L?(u) is the integral operator given by g — [, k“ (-, x)g(x) dpu(x), and (e;)s¢; is an orthonormal
basis of L%(p) including (e;)22,. The second equality follows from the fact that X — KZ is a (semi-)positive definite

operator since k — kZ is a positive definite kernel, and so we have 0 < <ei, ICZei>L2(M) < (e, ICeZ->L2(“) = 0 for any
i € I\ Zso. For this integral operator, since we have kZ (-, x) = Pzk(-,z), we can prove
g—/&k 2)duta) = Pz [ K, a)g(o) du(e) = P2k
x
for any g € L?(p) under the well-definedness of K. Thus, from (29)—(31), we have
z 1
/ 1PZRC o) 5, =Y (e (K = KP)ei) o = D e PrKei) o, - (32)

i=1 i=1

For general f € Hy and g € L?(j1), we can prove

(. Kg) <f, / K (’>m: [ Dy, 960) o) = Lo

so that in particular
(9, PzK3) 2, = (K9, PzKg)y,, = 1Pz Kgl,-

By letting g = e, in the above equation, we can deduce the desired equality from (32). For the inequality, use the bound

I1P7Keill3, < |IKeil3, = lloiel3, = aillvaiell, = oi

for each 7 > m. O

18
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B.8. Proof of Corollary 2

Proof. From Proposition 1 and (8), it suffices to prove for an arbitrary g € L?(p) that

¢ 2
=1

>0
It is indeed an immediate consequence of Belhadji (2021, Theorem 4).

1Pz Kgli3, = inf sup
W Sl <1

B.9. Proof of Lemma 4

Proof. Given the Mercer decomposition k(z,y) = Y .=, os€;(z)e;(y), we can compute
huley) = [ ke Ok(Ey) dute)
X
=Y oiojei(z)e;(y) /X ei(t)ei(t) du(t)

,j=1

= Z §zjazajel(:r)e](y) = ZO’?@i(.’L’)@
i=1

i,j=1

where we have used the fact that (e;)$2, is an orthonormal set in L2 ().

B.10. Proof of Lemma 5

Proof. From (9), we have
(fis [) g2y = v (HY)THTHH v; = (HH v;) T (HH " v;).

Here, note that {v;, x; > 0} C (ker H ") as we have, forany v € ker H ",

¢ ‘
0=v Hk(Z,Z2)"H v = Z kv v v = Z ri(v ;)2

=1 i=1

(33)

Therefore, HH‘v; = v; if k; > 0 since HH™ is the projection onto (ker H )L, and so {f;, x; > 0} is orthonormal
from (33). We can also see that f; = (H1wv;)"k(Z,-) is an eigenfunction of X from the remark below (10) and

HH v = v,.

B.11. Proof of Proposition 2

Proof. We rewrite k:f in terms of another summation as follows:

¢
) = Zfﬂfi(m)f (y)
i=1
I

= k(z,Z)H™ (Zm 00, ) (H)*k(Z,y)

i=1
= k(z, Z)H*Hk(Z Z)YYHT(H)YK(Z,y)

- Z Y u; H (HY)"k(Z,2)k(y, Z)H" Hu,,
Ai>0

where (\;, u;) are eigenpairs of k(Z, Z). Recall also that we have

1
k2 (x,y) = k(z, 2)k(Z, 2) k(Z, y) Z T Vk(y, Z)u;.

Ai >0

19
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From (34) and this, it suffices to prove u| k(Z,-) = u' H" (HT)"k(Z,-) in L?(y) for any u € R’. Indeed, we have

( Tk(Z,2) — o H(HY) k(Z,2))° du(z)

T

— HT(HY)T) k(Z,2))° du(z)

I
s
4><\

(L,—H"(H)T (/ k(Z,2)k(x, Z) du(z )) (Ir— H"H)u
"(I,—H"(H")")YH"H(I, - H"Hyu =0
since H' (HY)THT = H" and HHT H = H hold (I is the identity matrix). Thus, we obtain the desired assertion.

Finally, we prove that k:f and kZ coincide when ker h,(Z, Z) C ker k(Z, Z). From (34) and (35), it suffices to prove
H~* Hu; = u; for indices 7 with \; > 0. Note that H T H is the orthogonal projection onto the orthogonal complement of
ker H =ker H" H = h,(Z, Z) from a general property of the pseudo-inverse. Since u; is an eigenvector of k(Z, Z) with
a positive eigenvalue \;, it is orthogonal to any v € ker k(Z, Z) (as uj v = \; " k(Z, Z)v = 0). Therefore, if we have
ker h,(Z,Z) C ker k(Z, Z), u; is also orthogonal to ker h,,(Z, Z) and so H* Hu; = u; as desired. O

B.12. Proof of Proposition 4

First, we give a proof for a folklore property of products of positive semi-definite matrices.

Lemma 6. Let /,m > n be positive integers and A, B € R™"*™ be (symmetric) positive semi-definite matrices. Assume
B =CTC = DD for a real matrix C € R™*™ and D € R**™. Then, CAC'" and DAD have the same set of nonzero
eigenvalues with the same multiplicity (in terms of real eigenvectors).

Proof. For areal square matrix M € R7*7 and a real number ), let us define Sy (M) := {v € RY | Mv = v} be the real
eigenspace of M corresponding to A.

We shall prove there is a bijection between Sy (AB) and S\(CAC'T) for each real A # 0 (and the same for Sy(DAD™)
by symmetry). Once we establish this, we see that each \ # 0 has the same multiplicity as an eigenvalue of CAC' ™ and
DADT (multiplicity can be zero; in that case \ is not an eigenvalue), and the desired assertion follows.

Letus fix A # 0. If v € Sy(CACT), we have CAC T (Cv) = CABv = A\(Cv), so Cv € Sx(CACT). We also have
Cv' # C for another element (v #)v’ € Sy (AB) since ACT (Cv' — Cv) = AB(v' —v) = A(v/ — v) # 0. Thus, matrix
multiplication by C is an injective map from S (AB) to S\(CACT).

Let us finally prove Sy(AB) > v — Cv € S\(CACT) is surjective. Let u € Sy\(CACT). Then, u = \~'(\u) =

AICACTu = C(A\"TAC Tu), so we can write u = Cv for v = A\~ AC Tu. It remains to prove v € Sy (AB), but we can
see it as follows:

1 1 1 1
ABv = AB (}\ACTU> = X(AOTC)ACTU = XACT(CACTu) = XACT(Au) = \v.
Therefore, we have a bijection between Sy (AB) and S)(CACT) and we are done. O

Recall u(kZ — kZ,) < S i1 # holds for eigenvalues k1 > - k¢ > 0 of H,k(Z, Z)tH, with H H, = h,(Z,Z)
(that immediately follows from the definitions of kZ and k:SZ .- and that f; are L?(u)-orthonormal). By replacing i with
px, we have px (k% — kSZX) < Zfst kX for eigenvalues of k¥ > -+ > kX > 0 of Hxk(Z,Z)" Hy;, where
H{Hx =hx(Z,Z) = +:k(Z, X)k(X, Z).

By using the lemma, we can see that x;* are actually the same as the eigenvalues of - k(X, Z)k(Z,2)" k(Z,X) =
k% (X, X). As k — k? is a positive definite kernel, k(X, X) — kZ (X, X) is a positive semi-definite matrix, the i-th
largest eigenvalue of k% (X, X) is bounded by the i-th largest eigenvalue of k(X, X) (Weyl’s inequality).

Now, let /\{( > )\5( > -+ > 0 be the eigenvalues of k(X, X). From the above argument, we have
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Notice that we can apply Lemma 3 with X instead of Z, and obtain E[pux (k% — kf x)] €., 0i as desired.

B.13. Proof of Proposition 5

Proof. Fix a sample X with ker k(X, Z) C ker k(Z, Z) and let us use the same notation as in , i.e.,

« HTH = hy(Z, Z) = L+ k(Z, X)k(X, Z);
 Hk(Z,Z)THT =V diag(k1,...,k¢)V " with ky > -k, > 0 and V being orthogonal;
o fi=(H* ) h(Z,-) and k% (2, y) = i, i fi(@) fi (),

In this case, from the same argument as the last paragraph in the proof of Proposition 2, we have H ™ H is an identity map over
(ker hx(Z, Z))* = (kerk(X, Z))* D (ker k(Z, Z))*. By considering the SVD of k(Z, Z), we see that (ker k(Z, Z))*
is exactly the linear subspace of R’ spanned by eigenvectors of k(Z, Z) with nonzero eigenvalues, which is equal to
{k(Z,Z)v | v e R} = {k(Z,Z) v | v € R’} In particular, we have HTHk(Z, Z)* = k(Z,Z)*.

We now prove that {\/FTZ fi | ©>1, k; > 0} actually forms an orthonoramal set in /. Indeed, if x;, k; > 0, we have
<\//£7fi, \ /ﬁjfj>Hk = /nmjviT(H-F)Tk(Z, Z)H+vj
1

T T T T
= v [HK(Z,Z)"H'| (H")"k(Z, Z)H" [Hk(Z,Z)"H ] v
VFi;
1

v HK(Z,Z) " k(Z, Z)k(Z, Z) " H "v;

VHRik;j
1

v HK(Z, Z)"H "v; = 65,
VHEiRj

where we have used the fact that v; and v; are eigenvectors of Hk(Z, Z) " H " with eigenvalues r; and r, respectively.

Let P : H;, — H, be the orthogonal projection onto span{./k; f; | i > s, ; > 0}. Then, we have
¢ ¢
Pk(x) = Y (VEifi, k(o 2))y, VEifi= Y VEifi(@)VEifi,
1=s+1 1=s+1

and so || Pk(-,z)[3, = Zf:s“ kifi(x)®> = k?(x,x) — kZ x (z,x). Note that the projection P is a random operator
depending on the sample X . Now, we can use Theorem 1 with the empirical measure given by X instead of Z to obtain

E[u(,/kZ - kgx)] < Q]E[MX(\/]C)Z( - kgx)] +4 |3 o+ wj\;i" (80m2 logél +2M) +69) .36

i>m

for any integer m > 1, where we have used || Pk(-,2)| 3, = \/k:Z(:mx) —kZy(x,x) = \/k)Z((m,x) — kZ (2, x) almost
surely. From Proposition 4, we have

E[ux (/W% — K2x)] < Efux (/i — #202] <Elux (b —k2x)] < Yo,

1>

and combining it with (36) leads to the desired conclusion. O

B.14. Proof of Theorem 4

Proof. We first prove the result for Q,, = KQuad(ks y,Y). Since k(z,z) > k% (z,x) = k& (z,z) > kf’Z (x,z)forz €Y

from Proposition 3, we have
py (\k = kZy) < py (Vk = k2) + py (\JKE — kZy).
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From Proposition 4, by taking the expectation with regard to Y, we have

E[uy(\/m)} \/[uy(kz } > o,

i>8

E[uy (k= k2y)] < (V= k2) + /Zaz

By combining it with (13), it is now sufficient to show E[MMDy,(py, p)] < /ck,./N, but actually it follows from the
identity £ [MMDk<My, u)2] = ¢,/ N, which can be shown by a straightforward calculation (see, e.g., Hayakawa et al.,
2022, Proof of Theorem 7).

In the case of Q,, = KQuad(k?

and so we obtain

Y’), we instead have the decomposition

ENTS)
py (k= kZ,) < py (VE = kZ) + py (k7 — kZ,);
Theorem 2 yields the desired estimate for expectation. O
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