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Abstract

Normalization layers were introduced to stabi-
lize and accelerate training, yet their influence
is critical already at initialization, where they
shape signal propagation and output statistics
before parameters adapt to data. In practice,
both which normalization to use and where to
place it are often chosen heuristically, despite
the fact that these decisions can qualitatively
alter a model’s behavior. We provide a theo-
retical characterization of how normalization
choice and placement (Pre-Norm vs. Post-
Norm) determine the distribution of class pre-
dictions at initialization, ranging from unbi-
ased (Neutral) to highly concentrated (Prej-
udiced) regimes. We show that these archi-
tectural decisions induce systematic shifts in
the initial prediction regime, thereby mod-
ulating subsequent learning dynamics. By
linking normalization design directly to pre-
diction statistics at initialization, our results
offer principled guidance for more controlled
and interpretable network design, including
clarifying how widely used choices such as
BatchNorm vs. LayerNorm and Pre-Norm vs.
Post-Norm shape behavior from the outset of
training.
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1 INTRODUCTION

Deep neural networks (DNNs) have achieved remark-
able success across domains such as vision (Zoph et al.
2018)), language (Chen and Wul 2017)), and decision-
making (Silver et al., 2017)), driven by architectural
innovations like convolutions (LeCun et al.||{1989), resid-
ual connections (He et al.| |2016]), and attention mecha-
nisms (Vaswani et al., |2017)).

Among these, normalization layers represent a particu-
larly impactful development. They were introduced to
stabilize signal propagation and improve trainability,
and this stabilizing role is especially consequential at
initialization, when the network’s outputs, and there-
fore its predictions, are entirely determined by archi-
tectural choices and random weights. Despite their
widespread empirical success, however, normalization
layers are still often adopted through heuristic design
patterns rather than grounded in a clear theoretical
understanding of their implications. Two decisions are
routinely made by experimentation: which normaliza-
tion to use (e.g., BatchNorm versus alternatives such as
LayerNorm or RMSNorm) and where to place it within
a block (before or after the activation). These choices
are ubiquitous in practice. For example, original Trans-
former architectures commonly applied LayerNorm in
a post-activation/post-sublayer fashion, whereas some
newer large language model architectures (e.g., LLaMA)
adopt RMSNorm in a pre-activation/pre-sublayer con-
figuration. Such shifts have largely been driven by
empirical tuning, even though they can induce qualita-
tively different behaviors at initialization.
Understanding initialization behavior is particularly
crucial in light of recent findings showing that architec-
tural design choices can profoundly affect the behavior
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Figure 1: Diagram summarizing the effects of normalization type and placement on IGB. The left part of the
diagram introduces three distinct predictive behaviors at initialization—ranging from neutral to deeply prejudiced.
Each regime is illustrated through its characteristic initialization state, represented by the distribution fg, (90)s
and its typical class-wise training dynamics (assuming class 0 as the initially favored class). On the right, all
analyzed normalization configurations are grouped according to the behavioral regime they induce, comparing
them to the baseline architecture without normalization (“No Norm.”, as analyzed in [Francazi et al.| (2024))).
Variants with LN and BN—examined in our work—are connected to the baseline by dashed arrows.

of untrained neural networks. Specifically, these choices
have been shown to shape initial logit statistics, lead-
ing to qualitatively different prediction states (Francazi
et al) 2024). These initial states can be intuitively
categorized into two types: neutrality, characterized
by an unbiased initial condition where predictions are
roughly equally distributed among classes; and preju-
dice, where predictions initially concentrate predomi-
nantly on one or a subset of classes. These initial con-
ditions have significant practical implications, as they
strongly affect subsequent training dynamics, includ-
ing convergence speed, training stability, and fairness
across classes (Bassi et al., [2026). In particular, when
hyperparameter tuning relies on early training trajecto-
ries, as is common under finite compute budgets or in
few-shot regimes, initialization-induced biases can steer
selection toward configurations that perform well early,
vet predominantly on a subset of classes. A deeper
understanding of these effects is therefore essential, not
only for advancing theory but also for making architec-
tural design choices more controlled and interpretable.
In this work, we tackle the broad question: How do
normalization layers influence the initial predic-
tion bias in DNNs? To build intuition, Fig. [] visu-
ally summarizes the range of initialization behaviors
explored in this work, and how they relate to different
normalization configurations. It previews the core the-
oretical and empirical findings developed throughout
the paper.

Our theoretical analysis characterizes how normaliza-
tion layers affect the initial state by altering the distri-

bution fg (gc) of the fraction of data-points predicted
as class ¢ by the untrained model. E| We then ex-
amine the role of normalization placement relative to
activation functions. Our results indicate that plac-
ing normalization layers after activations consistently
promotes a neutral initialization state, mitigating ini-
tial prejudices. Conversely, the widely used heuristic
of placing normalization before activations frequently
results in prejudiced initialization regimes.

Our empirical experiments support these theoretical
predictions. Simulations clearly demonstrate the sub-
stantial influence of these initial prediction regimes
on training dynamics, particularly regarding conver-
gence speed and fairness among classes. Additionally,
experiments on widely used architectures (such as MLP-
Mixer, ResNet) suggest that re-evaluating conventional
normalization placement in light of initialization behav-
ior can lead to meaningful gains in realistic scenarios.
By bridging architectural design with rigorous theo-
retical insights into initial prediction biases, our study
advances theoretical understanding and provides prac-
tical design guidelines. In particular, it clarifies how
everyday normalization decisions, such as those distin-
guishing Transformer-style and LLaMA-style designs,
map to distinct and predictable initialization regimes.
Because these regimes shape early learning dynam-
ics, our framework provides a principled alternative to
purely heuristic trial-and-error design.

'In the plots, we use ¢ = 0 as the reference class.
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Initial State: Trainability And Fairness. The
study of the initial state of DNNs has gained increasing
attention in recent years, driven by a growing recogni-
tion of its impact on the subsequent training dynam-
ics (He et al., |2015; Mishkin and Matas|, 2015} [Boulila,
et al.l[2024). A first line of research has focused on how
initialization choices affect model trainability, with par-
ticular emphasis on the propagation of signals and gra-
dients through depth. In this context, mean field theory
has provided a powerful framework to characterize ini-
tialization regimes, linking the correlation behaviour
of forward signal propagation to gradient stability at
initialization (Schoenholz et al., 2016} Xiao et al., 2018
Noci et al., [2022)). A central insight is the existence of
two phases—ordered and chaotic—distinguished by the
correlation between output signals for different inputs
as they propagate through layers. Only at the critical
boundary between these phases, known as the edge of
chaos (EOC), gradients are stable ensuring trainability.
A complementary line of research has more recently ex-
amined how architectural design shapes the network’s
predictions at initialization. In particular, certain de-
sign patterns can induce a systematic predictive bias
toward specific classes—a phenomenon termed Initial
Guessing Bias (IGB) (Francazi et al. 2024)). While
previous mean field approaches analyze how a fixed
input propagates across layers, IGB examines how a
randomly initialized DNN transforms the entire dataset
distribution as it propagates through the network. Bias
intuitively arises because the hidden layer representa-
tions of inputs drift away from the center of the activa-
tion space, causing the decision boundary—initialized
near the origin—to no longer intersect the region occu-
pied by these representations. As a result, the decision
boundary initially assigns most or all datapoints to
the same side, yielding prejudiced class predictions.
We provide a more detailed intuitive discussion of this
phenomenon in App. Given an architecture A
and a pre-processed dataset 1(), a natural and in-

formative measure of this effect is the variance ratio
v(A, ¥(x)), introduced by [Francazi et al.| (2024)) as a
proxy for the level of IGB. It compares the typical value
of centers of the node output distributions to the vari-
ability of each node across data inputs. Large values of
v(A, ¥(x)) indicate that the output representations are
consistently displaced from the origin, causing the de-
cision boundary—initially centered—to miss the data
cloud and produce prejudiced predictions. In contrast,
small values of (A, (x)) correspond to output rep-
resentations that remain near the origin, allowing the
decision boundary to intersect the data cloud and yield
more balanced predictions. For a formal definition of
Y(A, ¥ (X)) see App.

Notably, |Bassi et al.|(2026) established a connection be-
tween IGB and the gradient stability analysis of mean
field theory (Schoenholz et al.l 2016), showing how
prejudiced initial outputs relate to conditions for stable
training. Interestingly, in certain architectures without
normalization layers, IGB and gradient stability can
coexist at the EOC: despite an initial prejudiced state,
the prejudice is transient and gets reabsorbed during
the early stages of training. However, this favorable
coexistence breaks down in architectures with Batch
Normalization (BN). As shown in |Yang et al.| (2019)),
in BN networks, tuning the initialization parameters
alone does not suffice to reach the EOC, suggesting
that alternative architectural adjustments are needed
to ensure stable learning while avoiding the risk of
persistent prejudice in the predictions.

Normalization. [Bassi et al.|(2026) connected preju-
diced initial states to increased signal correlations at
initialization, a quantity empirically linked to conver-
gence time (Lubana et al.,|2021). Normalization can
reduce such correlations, but different methods (e.g.,
BN vs. LN) affect deep networks differently (Lubana
et al., [2021).

A related distinction appears in Transformer resid-
ual blocks: Post-Norm applies normalization after
the sublayer and residual addition, whereas Pre-Norm
normalizes the sublayer input. This choice has been
studied mainly through trainability: Post-Norm can
require careful warm-up, while Pre-Norm improves gra-
dient flow and stabilizes deep training (Xiong et al.
2020; Nguyen and Salazar |2019; |Liu et al., [2020]). Re-
cent work refines this picture, showing that normaliza-
tion placement also affects depth utilization, variance
growth, and gradient allocation across layers (Li et al.|
2024} Sun et al., |2025). RMSNorm variants further
remove mean-centering while retaining similar practi-
cal effects in pre-normalized Transformers (Zhang and
Sennrich, 2019; |Jiang et al., [2023).

These works show that normalization placement shapes
signal propagation and optimization, but they do not
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characterize how normalization type and placement
jointly affect initial output distributions and class pre-
dictions. The IGB framework (Francazi et al.l |2024)
describes the initialization-time predictive state at the
per-class level, while remaining linked to learning sta-
bility (Bassi et al., [2026)); however, existing IGB theory
mainly treats architectures without normalization lay-
ers.

In this paper, we study how BN and LN shape predic-
tive behavior before trainingﬂ We show that normaliza-
tion systematically changes prediction statistics, with
effects visible in class-specific performance rather than
only global metrics. In particular, even in the full-batch
limit BN does not reduce to LN: under IGB, hidden
nodes within a layer are not identically distributed at
fixed initialization, so averaging across samples at a
node (BN) differs from averaging across nodes for a
sample (LN), yielding distinct initial prediction statis-
tics (see Fig. [3). Finally, since the layer-wise mean
estimator in LN vanishes at initialization, LN is for-
mally equivalent to RMSNorm in this regime, so our
LN results extend directly to RMSNorm.

Setting And Main Notation. Our theory focuses
on the most fundamental building block in deep learn-
ing, the Multi-Layer Perceptron (MLP) (Rosenblatt],
1958). MLP components are prevalent in successful
modern architectures, including convolutional networks
and transformers (Krizhevsky et al.| 2012; [Vaswani
et al., |2017). We consider MLPs with Rectified Linear
Unit (ReLU) activation functions processing a dataset
composed of N inputs {X((JO) N_| through L hidden
layers. When normalization is included, we analyze
both pre-activation (Pre-Norm) and post-activation
(Post-Norm) configurations; we denote these respec-
tively as Norm. + Activation (e.g., Norm. + ReLU)
and Activation + Norm. (e.g., ReLU + Norm.). We
focus on ReLU activations (Nair and Hinton} 2010;
Krizhevsky et al., [2012)) as they constitute one of the
most widespread choice in modern architectures and
represent a prototype of activation that lead to prej-
udiced states (Francazi et al. |2024)). For the sake of
clarity, we primarily focus on binary classification (so
N¢ = 2 classes). Our findings can be straightforwardly
extended to multiclass classification, through the pro-
cedure outlined in [Francazi et al.| (2024)).

For our theory, we adopt the following notation and
statistical assumptions:

e Datapoints are sampled as independent Gaussian

random variables: Xgol) ~ N (0,1). Here a indexes

the sample and ¢ the input coordinate (e.g., a

2In our framework, other normalizations such as Instance
Norm or Group Norm are trivial extensions of the discussion
on LN.

pixel).

e Weights are independently initialized as Gaussian
2
random variables: W ~ ' (0, %) with bi-

ases set to zero. Here, n(*) denotes the number of
nodes in the [-th hidden layer, and o2 is a layer-

independent constant, consistent with standard
initialization practices.

The choice of random, unstructured Gaussian inputs
aligns with common practice in theoretical studies
(Pennington and Worahl, 2018 [Koehler et al., 2021}
Loureiro et al., |2021; [Mignacco et al., [2020)), simplifying
analyses and removing confounding effects introduced
by structured or correlated data. Importantly, this
approach allows us to isolate and rigorously quantify
class prejudice inherent to network architecture and
initialization choices, free from data-induced effects.
Similarly, initializing bias parameters to zero is stan-
dard in both theoretical and practical settings (Glorot
and Bengiol |2010; [He et al., 2015), fostering symmetry
and simplifying interpretation. Extending our analysis
to nonzero biases is straightforward, as shown in [Bassi
et al| (2026).

Finally, although our main analysis adopts the popular
Gaussian (Kaiming) initialization (He et al., 2015]), our
theoretical insights naturally extend to other initial-
ization schemes, provided they preserve independence
and scale appropriately with layer size (Francazi et al.
2024]).

Given a DNN with a set of weights W, a key quantity
in our analysis is the fraction of datapoints guessed as
class ¢, denoted by G.(W). Because the weights are
randomly initialized, G.(W) is itself a random variable
across the ensemble of initializations. We denote by
fa, (90) its probability density function (p.d.f.) over
this ensemble

While we often focus on class 0 for clarity, the analysis
is symmetric under label permutation. Accordingly,
the distribution fg (go) is symmetric across random
initializations: in a prejudiced state, the model strongly
favors one class, but which class is favored varies ran-
domly from one initialization to another.

To avoid averaging out important class-wise effects in
our empirical analysis, especially when reporting per-
class performance across multiple runs, we adopt a
consistent labeling convention: in MLP experiments,
we relabel class 0 to denote the most-predicted class at
initialization. This ensures clarity and comparability
of per-class statistics, particularly in regimes of deep
prejudice.

3We denote by fy (z) the probability density function
(p.d.f.) of a random variable X.
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Figure 2: Training accuracy dynamics measured for the whole dataset (global, top) and for single-class performance
(bottom). Curves are averaged over multiple simulations. Left: unfiltered initializations, randomly sampled.
Right: simulations filtered based on G to isolate neutral and prejudiced initializations. Curves are averaged over
multiple runs; in each run, class 0 corresponds to the initially dominant class to avoid averaging out class-specific
effects. Filtering enables comparison of the distinct convergence behaviors associated with each initialization
regime. Model: SHLP, Data: GB (see App. for more details).
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Figure 3: Distribution of the initial guessing bias fg, (g9o) under different normalization settings and depths.
Left subplot: BN; Right subplot: LN. For each normalization scheme, we report the distribution of Gy when
normalization is applied before or after the activation function. Within each subplot, we compare results from single
hidden layer and deep MLP architectures. Each plot displays the empirical distribution for networks initialized
on random unstructured inputs (left), the corresponding theoretical prediction, and the empirical distribution on
structured real data (CIFAR10) (right). Post-activation normalization (ReLU + Norm.) consistently concentrates
the distribution around 0.5, whereas pre-activation normalization (Norm. + ReLU) preserves or amplifies the
prejudice depending on architecture depth and normalization type.

4 NOT ALL INITTALIZATIONS ARE

tures tend to assign predictions predominantly to a

EQUAL: IMPACT OF
NEUTRALITY VS. PREJUDICE

4.1 Comparative Dynamics Of Neutral vs.
Prejudiced Initializations

Recent studies (Francazi et al., |2024) have demon-
strated that architectural choices significantly shape
the initial predictions of untrained DNNs. In particu-
lar, MLPs with ReLU exhibit a pronounced prejudice
in their initial predictions, a bias that amplifies with
increasing depth. Specifically, deeper MLP architec-

single class at initialization, resulting in highly preju-
diced initial states. This phenomenon is quantitatively
captured by the probability density function fg (g0),
which broadens and shifts toward the extremes as depth
increases.

To explore the practical implications of these differ-
ences, we compare training dynamics initiated from
distinct regions of the G distribution. We select ran-
domly initialized networks, dividing them into two
groups:

e Neutral Initializations, i.e., Low IGB (Gy =~
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0.5): networks start with predictions uniformly
distributed across classes; this corresponds to a
sharply peaked distribution fg (go) centered at
0.5 (Fig. [I}-bottom-left), indicating minimal preju-
dice in predictions.

e Prejudiced Initializations (Gy > 0.5): net-
works exhibit biased predictions at initialization.
E| We distinguish between two subtypes: weak
prejudice, where fg (go) is broadly spread over
[0.5,1] (Fig. center—left); and deep prejudice, i.e.,
High IGB (G = 1), where it is sharply peaked
near 1, indicating extreme initial favoring of one
class (Fig. [[}-top-left).

The experiments in Fig. 2] conducted on synthetic
data (GB) using a ReLU MLP without normalization
(SHLP) (setting details in App.[G.I]), showcase notable
differences in training dynamics between these preju-
diced and neutral initial states. Our experiments reveal
that these two filtered groups of initializations display
nontrivial differences in convergence time (Fig. [2| up-
per right). In addition to this, we observe significant
differences in the behavior of per-class performance
metrics (Fig. |2, bottom right). Networks initialized
in a neutral state exhibit a more symmetric evolution
in class-wise performance, allowing global metrics to
more faithfully represent the learning behavior across
all classes. By contrast, prejudiced initializations lead
to a marked divergence in per-class accuracy that per-
sists throughout the onset of training. As a result, the
overall performance metric becomes dominated by the
initially favored class and no longer serves as a reliable
indicator of model behavior on the full dataset. Inter-
estingly, this persistent performance gap resembles the
behavior typically observed in imbalanced classification
problems (Francazi et al., [2023)—yet here, the dataset
is balanced, and the asymmetry originates purely from
initialization picking.

These differences hold important practical implications,
particularly for hyperparameter optimization proce-
dures, which typically rely on initial performance trends.
Our findings demonstrate that prejudiced initializations
can result in hyperparameter choices that inadvertently
optimize performance exclusively for the dominant class
at initialization, neglecting balanced class performance
and thereby impairing fairness and overall training
efficiency. App. [C.I] provides an illustration of how
the decision boundary evolves under neutral versus
prejudiced initializations, together with an intuitive
argument of how these differences shape the ensuing
training dynamics.

4In MLP dynamics we relabel each initialization so that
class 0 is the majority prediction at t = 0 (see end of Sec. [3));
thus Go = max. G. and, for No = 2, Go € [0.5,1]. Static
experiments keep fixed labels.

5 HOW NORMALIZATION LAYERS
INFLUENCE THE INITIAL
GUESSING BIAS

Sec. [] discussed how the initial prediction bias—
quantified by the statistic Go—plays a key role in shap-
ing the training dynamics of neural networks. Different
values of Gy, sampled from the ensemble of random
initializations, induce qualitatively different learning
processes. Thus, the distribution of G across initializa-
tions is a critical factor that determines the expected
learning trajectory of a model. [Francazi et al.| (2024)
have shown that activation functions and network depth
significantly influence the distribution of Gy. In this
section, we investigate how normalization layers affect
fa, (90), highlighting the significant impact of their
position relative to activation functions.

Fig. [3| visually illustrates these outcomes, highlighting
that post-activation normalization consistently yields
initializations that fall within a neutral state, while pre-
activation normalization leads to a distribution spread
over the whole support, including both neutral and
prejudiced initializations.

These differences translate into the dynamics. Building
on the setup from Fig. 2] Fig. ] incorporates BN or LN
either before or after ReLU in the SHLP. The resulting
dynamics, along with the distributions fg, (g90) shown
in the inset plots, resemble the trends observed in Fig.
when normalization is applied before activation, for
both BN and LN. However, moving the normalization
after the activation dramatically alters the distribution:
only the neutral region remains populated, effectively
eliminating access to prejudiced states through ran-
dom sampling. As a consequence, unfiltered (random)
initializations exhibit the behavior characteristic of neu-
tral regimes and depart significantly from the dynamics
shown in Fig. [2|

5.1 Proving The Impact Of Normalizations
On Networks Of Arbitrary Depth

Now, we provide theorems showing the impact of BN
and LN on the distribution of G at initialization. We
will see that, BN and LN are equivalent for single-
hidden layer models, but their effect becomes different
as depth increases. We also prove that placing the
norms before or after the activation has qualitatively
different effects in terms of IGB. The four theorems
are empirically corroborated in Fig. [3] through the
theoretical curves corresponding to each case.

Our proofs are for ReLLU networks because the effect
of normalizations is generally a reduction of IGB, so
it does not make sense to analyse activations such
as tanh, which do not produce IGB ([Francazi et al.|
2024). Extension to other activations causing IGB
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Training accuracy dynamics measured for the whole dataset (global, top) and for single-class

performance (bottom). From the left to the right: BN before ReLU, BN after ReLU, LN before ReLU, LN after
ReLU. Curves are averaged over multiple simulations. Simulations are filtered based on Gg to isolate neutral and
prejudiced initializations. In each run, class 0 corresponds to the initially dominant class to avoid averaging out
class-specific effects. Filtering enables comparison of the distinct convergence behaviors associated with each
initialization regime. Model: SHLP, Data: GB (see App. |G| for more details).

is straightforward and we do not expect qualitative
differences.

5.1.1 Batch Normalization

We provide two theorems for BN, depending on its
placement with respect to the ReLLU activation.

Theorem 5.1 (Informal: BatchNorm + ReLU).
Consider a deep MLP with ReLU activation,
within the general setting described in Sec.[3 Plac-
ing BN before the activation leads to a weakly
prejudiced initialization, that remains stable with
increasing depth.

The formal formulation of Th. [5.1]is provided in Th.
[E-J] alongside its proof.

Theorem 5.2 (Informal: ReLU + BatchNorm).
Consider a deep MLP with ReLU activation,
within the general setting described in Sec.[3 Plac-
ing BN after the activation promotes a neutral
initialization state.

The formal formulation of Th. is provided in Th.
[E-2] alongside its proof.

These results show that Batch Normalization induces
two qualitatively different behaviors depending on
placement. When applied after the activation, BN
effectively suppresses the initial prejudice and drives
the model toward neutrality, reducing the spread of

the guessing distribution fg (go) around 0.5.

In contrast, placing BN before the activation retains the
initial prejudice seen in shallow unnormalized networks.
However, crucially, this prejudice does not grow with
depth: the distribution f (go) remains broad but does
not become increasingly concentrated at the extremes.
Thus, BN-before acts as a stabilizing mechanism, pre-
venting the depth-induced amplification of IGB that
would otherwise occur in the absence of normaliza-
tion (Francazi et all [2024), though without actively
eliminating the prejudice.

5.1.2 Layer Normalization

Also for LN, we provide two theorems, depending on
its placement with respect to the ReLU activation.

Theorem 5.3 (Informal: LayerNorm + ReLU).
Consider a deep MLP with ReLU activation,
within the general setting described in Sec.[3 Plac-
ing LN before the activation leads to an increas-
ingly prejudiced initialization as depth increases.

The formal formulation of Th. is provided in Th.
alongside its proof.

Theorem 5.4 (Informal: ReLU + LayerNorm).
Consider a deep MLP with ReLU activation,
within the general setting described in Sec.[3 Plac-
ing LN after the activation promotes a neutral
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initialization state.

The formal formulation of Th. is provided in Th.
[F-3] alongside its proof.

The behavior of Layer Normalization exhibits a
more polarized dependence on placement. When
LN is placed after the activation, it mirrors the
prejudice-reducing effect of ReLU + BN: the initializa-
tion becomes neutral, with the distribution fs (g0)
sharply centered around 0.5, indicating balanced class
predictions. However, placing LN before the activation
leads to a significantly different behavior. In this case,
the network retains the depth-amplified prejudice
observed in architectures without normalization: as
depth increases, the distribution fg (go) becomes
increasingly concentrated near the extremes (0 and
1), reflecting highly prejudiced predictions. Unlike
BN-before, which dampens this growth, LN-before
leaves the depth-induced amplification of prejudice
unchanged—mirroring the behavior observed in
networks without normalization (Francazi et al., [2024)).

5.1.3 LayerNorm vs RMSNorm.

Under LN + ReLU, the distribution of an individual
hidden layer node is no longer centered at 0: each node
becomes centered around a random shift. These shifts
vary across nodes and are themselves drawn from a
distribution that is symmetric and centered at 0 across
the layer. Consequently, although single-node distri-
butions are not symmetric around 0, the layer-level
distribution obtained by aggregating over all nodes
remains symmetric.

Crucially, in LN the mean is estimated over the entire
layer (i.e., across nodes for a given input), rather than
across samples at a fixed node (as in BN). At initializa-
tion, this layer-wise mean estimator is null. Therefore,
even in the LayerNorm + ReLU configuration—where
individual nodes exhibit non-zero means—LayerNorm
is formally equivalent to RMSNorm at initialization.
The practical implication is that RMSNorm avoids
explicit mean estimation while preserving the same
initialization-time stabilization effect, providing a prin-
cipled explanation for why RMSNorm-style choices are
natural, even in Pre-Norm architectures.

5.1.4 Norm Methods: Overview Of Effects

Together, these results reveal critical differences in how
normalization layers interact with architectural depth
and activation placement. Both BN and LN placed
after activations consistently suppress prejudice and
maintain a balanced initialization across depths. How-
ever, when placed before activations, their behaviors
diverge sharply: BN + ReLU stabilizes the level of prej-

udice, whereas LN + ReLU allows it to keep growing
with depth.

This divergence is not merely a quantitative effect but
reflects a qualitative difference in the mechanisms at
play. Under IGB, neurons within the same layer are
not identically distributed: averaging across samples
(as in BN) and averaging across neurons (as in LN)
lead to fundamentally different normalizing factors. As
a result, BN + ReLLU and LN + ReLU cannot be re-
garded as interchangeable design choices, despite both
belonging to the same family of normalization methods.
These theoretical results are confirmed by the simula-
tions in Fig. |3} the theoretical curves closely match the
empirical distributions across synthetic inputs and real
data. The figure illustrates how placement and normal-
ization type shape fg (go) across depths: BN-before
flattens out the depth-induced amplification, LN-before
maintains the extremal, prejudiced states—similarly
to the unnormalized case—and both BN-after and LN-
after maintain narrow, centered distributions indicative
of neutrality.

6 COMPLEMENTARY
EXPERIMENTS

6.1 Observations On Real Data.

Our empirical observations extend beyond MLPs and
synthetic data. In Fig. 3] we report the distribution
fa, (90) computed on CIFAR-10 in lieu of random
Gaussian inputs. The resulting profiles closely track
those obtained with random data, indicating a regime
in which architectural factors chiefly govern the dis-
tribution fg (go) while dataset structure plays a sec-
ondary role. In this regime, the theoretical prediction
from random-input analysis is not only qualitatively
accurate but also descriptively faithful for real data.
These similarities, visible in the static distributions at
initialization, are corroborated by further experiments
on the dynamics shown in App.[G.2] which mirror the
random-data case.

Note however that our predictions are not expected to
quantitatively describe any real dataset. As argued in
(Francazi et all [2024]), strong correlations in the data
are expected to amplify IGB. To this end, we examine
MNIST, where pixels hold similar values through the
whole dataset. As seen in Figs. and MNIST
departs more from the random-input predictions than
CIFAR-10 (the qualitative trends remain, but there are
quantitative deviations), confirming the argument of
(Francazi et al.l |2024)). Crucially, the relative impact of
normalization placement remains consistent with our
analysis: placing normalization before (rather than af-
ter) the activation increases the level of prejudice. The
same qualitative pattern holds across different archi-
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Figure 5: Comparison of ResNet-9 training on CIFAR-10 with the standard configuration (BN before activation)
and an alternative design (BN after activation). The level of IGB in each setting is quantified using the variance

ratio v(A, ¥(x)).

Top panels: accuracy evaluated over the entire dataset. Bottom panels: evolution of

the initial guessing bias, quantified at each training step by max. G.(W,), the maximum fraction of datapoints
assigned to a single class. As predicted by our analysis, the post-activation configuration yields a lower (A, ¥ (x)),
indicating a more balanced initial state. See App. for further experimental details.

tectures and datasets (see App.|G.3|). Taken together,
our results show regimes in which architecture-induced
effects alone yield descriptive predictions for structured
data, and others where data structure perturbs fg (90),
leaving the architecture-only theory at a qualitative
level. Delineating these regimes and extending the
theory to explicitly incorporate data-induced factors
remains a rich direction for future work.

6.2 Exploring Impact Of Normalization
Placement.

Given the difference between Norm.+ReLU and
ReLU+Norm., we examine widely adopted architec-
tures (ResNets with BN and MLP-Mixers with LN)
comparing the standard placement (before the activa-
tion) with the alternative (after the activation) sug-
gested by our analysis (see App. . Without filtering
initializations, we directly evaluate the training dynam-
ics to assess the practical implications of these choices.
As shown in Fig. [5] and consistent with our theoretical
and empirical insights, we observe clear differences in
convergence and class-wise behaviour between the two
placements. Placing normalization after the activation
yields faster convergence and more balanced dynamics,
especially in the early phase. This is evident not only
in performance (top panels) but also in the bias tra-
jectory, max. G.(W,) (bottom), which decays earlier
under post-activation normalization. As model selec-
tion and hyperparameter tuning rely on early validation
windows, persistent onset bias can skew the chosen con-
figuration toward the initially over-predicted classes
rather than the dataset as a whole. Notably, even when
training curves later overlap, test performance contin-
ues to reflect a separation consistent with the earlier
convergence-speed gap, suggesting that initialization

prejudice can persist and influence generalization in a
non-trivial way. These findings indicate that standard
normalization placement heuristics may deserve closer
scrutiny, and that revisiting them in light of initializa-
tion behavior can yield tangible improvements.

7 CONCLUSION

This work provides a theoretical characterization of how
normalization design shapes the predictive behavior
of DNNSs at initialization, yielding distinct regimes of
initial guessing bias (IGB) ranging from neutral to prej-
udiced. A key practical implication is that placement
(Pre-Norm vs. Post-Norm) is not an implementation
detail: Post-Norm shifts DNNs toward neutral regimes,
while Pre-Norm preserves prejudice. This initialization
gap in turn impacts convergence and class-wise dynam-
ics during the onset of training. Importantly, because
this bias can persist during the onset stage, global accu-
racy may be misleading for hyperparameter selection,
as it can reflect the behavior of the initially dominant
class more than that of the dataset as a whole.

Our results also clarify why normalization type can
induce different regimes in deep settings. Under IGB,
neurons within a layer are not identically distributed,
so estimators computed at a single node (BN: aver-
aging across samples) are not equivalent to estima-
tors computed at the layer level (LN: averaging across
nodes), especially in Pre-Norm configurations. Finally,
while the single-node mean estimator can be non-zero
in Pre-Norm, the layer-wise mean estimator is null
at initialization; consequently, LayerNorm is formally
equivalent to RMSNorm at initialization, explaining
why RMSNorm can avoid mean estimation without
changing the initialization-time stabilization effect in
that regime.
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A Notation

In this section, we thoroughly present the setting and notation used in our analysis. Our theory examines
Multi-Layer Perceptrons (MLPs), where the propagation of an input signal, the datapoint "a", denoted as X;(g),

through the network is governed by the following set of equations:

I+1 l+1 l
Zgst =Y wiTUXG, (1)
j
X0 = x ({zU)} ) 2)
’ a=1
Z5a" = Oca, (3)

where [ € {0,..., L} indicate the layer, a € {1,..., D} the sample index, i,j € {1,..., N;} the node index. The
operator X (+) is given by the composition of two operations, the activation function and the normalization. In
our theoretical analysis, we will consider two different normalization schemes (BN and LN) and, for each of them,
two different settings defined by the placement of the normalization with respect to the activations. We will

therefore consider in total 4 different settings:

e activation + BN : X () =B o ¢ (*)
e BN + activation: X (-) =¢ o B(")
e activation + LN: X () =L o ¢(-)
e LN + activation: X (-) =¢ o L(-)

¢ (+) : R — R represents the activation function, applied elementwise across the layer.

We now define the normalization operators used throughout our analysis. For a fixed layer [, node index i, and
sample index a, the Batch Normalization (BN) and Layer Normalization (LN) operators are defined as follows:

Batch Normalization (BN). The BN operator normalizes across the minibatch:

2 _ p®
B (7)) = ol ot +ﬁf, (4)

0 o

where the statistics are computed as:

A(z Z Z

bGB(a)

)

bEB(a)

where B(a) indicates the batch of where the datapoint a belongs. The parameters a! and 3! are trainable scaling
and shifting factors, and ¢ is a small constant added for numerical stability.

Layer Normalization (LN). The LN operator normalizes across the layer dimensions for each sample

independently:

70 _ p
L (ZE,”) =al 2L Po | L (5)

2
(&t(ll)) +e€
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where the mean and variance are computed as:

N
Al = 1Ny

i;a°
L
Ny
2 1 2
A(l>) - (Z(D _ Am)
(Ua Nl ; ia Hq
The principal notation is summarized in Fig.
Input [t layer L™ 1ayer
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Figure A.1: Tllustration of a generic feedforward neural network used for binary classification, along with the
main notation for node-level variables. Normalization layers (representing either Batch Normalization or Layer
Normalization) are shown with dashed contour to indicate that they may be positioned either before or after the
activation function, depending on the configuration.

We also use the following notation:

o {}M_ 1 set of M elements. If some of the indices of the variables are fixed (i.e. equal for every element of
the set), the set indices (indices that vary across different elements of the set) are reported explicitly on the
right. If the index of the set elements is not explicitly reported, it means the absence of fixed indices for the
set variables (i.e. all indices are set indices).

Lia> -

° B;(tll): activation vector at layer [ for input sample a, given by (B(l) .. ,Bg\l,z;a>, after passing through the

BN; Bgli indicate the component corresponding to node 1.
e [ (z): Indicate the expectation value of the argument, 2. If the average involves only one source of randomness

this is explicitly indicated, e.g. E, () indicates an average over the dataset distribution, while Eyy (z) an
average over the distribution of network weights.

e erf (-): Error function. erf (y) = % Iy et dt

o Fy (z):Given a r.v. X, we denote its cumulative distribution function (c.d.f.) as Fy (x), i.e., Fy (z) =
P (X < z). Considering the r.v. X (x, W), which is a function of two independent sets of random variables
x and W, when one of these sources of randomness is fixed, we explicitly indicate the active source in the
notation. For example, F{ (2) =P (X < z | W).
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G,: fraction of dataset elements classified as belonging to class ¢. The argument M indicates the total
number of output nodes for the variable definition, i.e. the number of classes considered. For binary problems
we omit this argument (Gg) as there is only one non-trivial possibility, i.e. M =2 .

G the set {Gc}ivigl contain the same elements of {Ga}ﬁgl, but these are ranked by magnitude, such that

GG is the greatest output value between the M elements of the set, Gi the second one and so on.

L;((ll): activation vector at layer [ for input sample a, given by (L(l) e ,Lg\l,)l,a), after passing through LN;

l;a

Lgl) indicate the component corresponding to node 1.
N¢ = Np41: number of output nodes, i.e. the number of classes.

N;: number of nodes in the I*" layer; Ny = d indicates the dimension of the input data (number of input
layer nodes) while N1 the number of classes (number of output layer nodes).

N (x;u,oQ): Given a Gaussian r.v. X, we indicate with N (m;u,oQ) the p.d.f. computed at X = =z, i.e.

6720%(17”)2

N(m;u,az) = fy(z) = =

Oc,nm: output layer node; c is the node index; the index M, instead, indicate the total number of nodes
considered. For binary problems we omit the subscript index to keep the notation lighter, i.e. O, .

O@M: the set {ngM}i\igl contain the same elements of {ngM}é\iEl, but these are ranked by magnitude,
such that Og ), is the greatest output value between the M, Og,, the second one, and so on.

P (A): Denotes the probability associated with event A. P (A | B) indicates the probability of event A given
event B.

fx (2): Given a random variable X, fy (2’) denotes the probability density function (p.d.f.) evaluated at
X =a'. Formally, fy (2') = %F ¢ (x) . For variables with multiple sources of randomness, if some of

r=x
these sources are either fixed or marginalized, we will specify the active sources of randomness as subscripts.
For example, given X (x, W), a function of two independent sets of random variables x and W, f)((X) (')
equals F)((X) (x)
r=x

Var (+): Indicate the variance of the argument. Since we have r.v.s with multiple sources of randomness where
necessary we will specify in the subscript the source of randomness used to compute the expectation. For
example Var, (-) = E, (- — E, (-))?. For the sake of compactness, we will employ sometimes the shorthand
notation Var,, (-) = o2.

W,: shorthand notation for the set of network weights, {wg)} at time ¢; W = W,. We use, instead the
notation W! C W to indicate the subset of weights relative to a specific layer, i.e. W' = {wz(jl)} FE[0,..,N)] -

1€[0,...,Ni41]
W<t W=t .. are defined analogously.

wg»): element ij of the matrix w®, connecting two consecutive layers (I € [0, ..., L]). Given the matrix w®

we use a ‘placeholder’ index, -, to return column and row vectors from the weight matrices. In particular
( )

Wy *J

l_) denotes row j of the weight matrix W(l); similarly, w_. denotes column j.

X;(g) € R%: o' input vector; when the index @ is omitted we mean a generic vector, X(?), drawn from the
population distribution.

Y((Ll): activation vector at layer [ for input sample a, given by (Y(l) ...,Yg\lfi;a). Each component Yo

1;a ia

corresponds to the post-activation value of node 1.

Z;(fl): pre-activation vector at layer [ for input sample a, obtained after the linear transformation of the activa-

tions from layer [ — 1 and before applying any activation or normalization. Explicitly, Z;(,ll) = ( gll, cee Zg\l,)l ;a).

0 (x): Dirac delta function.
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e O (x): Heaviside step function.

px = E, (X): expected value (mean) of a generic random variable X over the dataset distribution, conditioned
on a fixed realization of the weights W. For example, no, denotes the average value of the output node ¢
over the dataset. As shorthand, we write . = E, (O.).

e ox =+/E, ((X — px)?): standard deviation of a generic random variable X over dataset randomness, given
a fixed realization of the weights V. This quantifies variability in X across different input samples from the
dataset.

oy = (X;(S), Ya)P_|: dataset composed by D pairs of input vectors-labels.
Abbreviations

e BN: Batch Normalization

e c.d.f.: cumulative distribution function
e CNN: Convolutional neural network

e DNN: Deep neural network

e EOC: edge of chaos

o IGB: Initial guessing bias

e LN: Layer Normalization

e MLP: Multi-layer perceptron

p.d.f.: probability density function

e 7.v.: random variable

w.h.p.: with high probability

B Theoretical Setting and additional Related Work

Multi-Layer Perceptrons (MLPs) are fundamental building blocks for various contemporary architectures He et al.
(2016); [Vaswani et al.| (2017)); [Dosovitskiy et al.| (2020), including recent models such as MLP-mixer |Tolstikhin:
et al.| (2021), achieving notable results on complex tasks. Understanding the initialization behavior of MLPs is
essential due to their broad applicability and evolving importance. We specifically examine MLPs integrated
with normalization techniques—Batch Normalization (BN) and Layer Normalization (LN)—and their effects on
output distributions and Initial Guessing Bias (IGB).

Normalization methods, particularly BN and LN, have become essential components in modern neural network
architectures. Originally introduced to address internal covariate shifts and stabilize training processes (loffe and
Szegedy, |2015; Ba et al.l |2016]), these techniques normalize activations by adjusting their means and variances,
significantly impacting prediction statistics. Their empirical success has spurred widespread adoption across
various domains, such as computer vision and natural language processing (Bjorck et al., [2018; |Xu et al.|
2019). While normalization’s influence on training dynamics, optimization, and function representation has been
extensively explored (Santurkar et al. 2018; [Yang et al., 2019; [Xu et al.| [2019), comparatively fewer studies have
focused on its effects on prediction behavior at initialization (Daneshmand et al.l 2020; [Kohler et al., [2019; N1
et al., |2024; |Lyu et al., |2022; [Balestriero and Baraniukl, 2022).

We consider an MLP with L hidden layers, applied to a dataset of input vectors {X;(g) D .. Each input is

processed through the network to produce two output values, {O¢.q }e=0,1, With the predicted class determined
by the larger of the two. We focus on unstructured Gaussian inputs, where each component is independently
(0)
sampled as X,/ ~ N (0,1).
2
Uw

Weights are initialized using Kaiming Initialization, with wg) ~N (0, Wz)’ where N; is the number of neurons
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in the [*" hidden layer. In our experiments we adopt the standard setting o2 = 2. While our analysis focuses on
this concrete case for clarity, the framework extends to more general classes of random input distributions and
initialization schemes, as discussed in (Francazi et al.,|2024)). For complete notation, see App.

Our analysis focuses on the infinite-width limit, employing tools such as the Central Limit Theorem (CLT) and
its generalizations (Francazi et al.l [2024]), assuming Gaussian-distributed inputs and using Kaiming Normal
initialization [He et al. (2015). These assumptions provide a symmetric and unbiased environment, isolating
network-intrinsic behaviors and facilitating the study of IGB and normalization effects. While Gaussian inputs
simplify theoretical analysis, our findings generalize to other input distributions satisfying CLT conditions.
Similarly, although we primarily utilize ReLU activation functions for explicit calculations, our theoretical results
hold broadly across generic activation functions.

The normalization layers’ positions are flexible in our study, considering BN and LN applied either before or
after the activation functions. BN normalizes across batches, while LN normalizes within individual layers.
This variability helps us systematically explore their influence on network initialization and the resulting biases.
Furthermore, while biases are set to zero to maintain symmetry, extensions to non-zero biases and structured
input data scenarios remain feasible, following methodologies similar to those in (Francazi et al., [2024} [2023)).

Beyond these directions, other works have examined predictive behavior at initialization and normalization
placement from complementary perspectives. |Joudaki et al.| (2023) introduced an entropy-based characterization
of predictive imbalance. While this approach highlights empirical, indirect signatures of class bias, the IGB
framework provides a direct theoretical formalization of the per-class prediction distribution. These views are
complementary: entropy-based insights can be embedded within the IGB formalism to yield explicit theoretical
predictions. |Joudaki and Hofmann| (2024) analyzed how changes in LayerNorm placement affect signal correlations
across weight configurations. This classical mean-field measure can be directly connected to IGB bias measures,
as shown in Bassi et al.| (2026). Recent Transformer studies further reinforce the importance of normalization
placement for depth-wise trainability: ? show that Pre-LN and Post-LN allocate gradient strength differently
across layers and propose a hybrid placement to improve deep-layer effectiveness, while [Sun et al.| (2025) argue
that Pre-LN induces depth-wise variance growth that can make deeper blocks increasingly identity-like, motivating
a depth-dependent LayerNorm scaling. These works are closely related in showing that normalization placement
shapes signal propagation, gradients, and representation diversity; our focus is different and complementary,
namely to characterize how BN and LN modify initialization-time output distributions and class-assignment
regimes under the IGB framework. Finally, density-of-states methods have been proposed at finite width, where
the energy is defined via misclassified examples, thereby granting access to predictive behaviour across possible
configurations (Mele et al.| [2024)).

C Overview of Initial Guessing Bias (IGB)

Initial Guessing Bias (IGB) characterizes the phenomenon where untrained neural networks exhibit an inherent
bias in their initial class predictions, even in symmetric settings with identically distributed classes and the
absence of non-null bias terms. Specifically, given an architecture parameterized by weights W, the fraction of
points initially guessed as class ¢ by the network is denoted by G.(W). IGB manifests as an imbalance in this
fraction across classes.

For clarity, we focus on binary classification problems, noting that the analysis naturally extends to multi-class
scenarios. Without loss of generality, class 0 is used as representative, leveraging the statistical symmetry between
classes.

In the limit of infinitely many datapoints (D — o0), by the Law of Large Numbers, we have:

Aim Go (W) =P (0o > O1 [ W) (6)

_ / fR) (8.) db,, with Ao, =0y~ O.
0

The IGB framework allows the derivation of the distribution fgi) (0). Specifically, we recall the following result
from |Francazi et al.| (2024):
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Theorem C.1 (Informal). Consider a Gaussian distributed dataset processed through an MLP with L
hidden layers and weights initialized according to Kaiming normal initialization (or schemes with similar
scaling properties). In the limit of infinite width, the distribution of an output node O, at initialization,
converges to:

C(;i) (0) M N (o; pte, Vary (O¢)) , (™)

where pie = Ey (O.) = Ex [O.] and Vary (O.) = Varxo (O.). Moreover, the center . is itself a random
variable varying across initializations, converging to:

£ (m) 2225 A7 (0, Vary (ue)) (8)

@

In other words, the IGB framework reveals that initial guessing biases can be characterized comparing two types
of fluctuations: those in f, (m), representing variability across different output nodes, and those in f(())i) (0),
representing variability across datapoints for a fixed initialization. Intuitively:

e Absence of IGB: If initialization fluctuations (f,, (m)) are significantly smaller than data-driven fluctuations
( fgi) (0)), outputs for both classes largely overlap, resulting in nearly equal fractions of assigned classes

e Strong IGB: Conversely, if initialization fluctuations dominate, output distributions for each class become
well-separated, leading to an overwhelming fraction assigned to a single class (Go ~ 1).

A natural translation of this intuition into a quantifiable metric is provided by the following definition:

Definition C.2 (Variance Ratio). Given an architecture A and a dataset 1(x), we define the Variance
Ratio v(A, ¥ (x)) as:

A 000) =y, ©

where:

e Varyy (1) is the variance (over random initializations W) of the output node mean over the dataset
randomness p. = E, (O.),

e Var, (O,) is the variance (over data inputs X (%)) of the output O., for a fixed initialization.

We further generalize this definition by introducing (), computed analogously at any layer I of the network.

C.1 Geometric Interpretation of IGB Effects: Intuition Behind Differing Dynamics

We provide an intuitive argument for the interpretation of the distinct training dynamics observed under neutral
and prejudiced initializations, as shown in Fig.[2] These differences stem from IGB, which reflects the spatial
relationship between the decision boundary and the distribution of input representations (Francazi et al 2024).
In the prejudiced state, IGB is caused by a drift in the hidden representation of the last layer. As the data
representations move away from the center of the activation space—i.e., the vector space formed by the layer’s
output activations—the decision boundary—typically initialized near the origin—fails to bisect the signal.
Consequently, all data points fall predominantly on one side of the hyperplane, causing the network to assign
the vast majority of inputs to a single class (Fig. [C.1] (¢)). Conversely, in the neutral state, the distribution of
the hidden representation of the last layer remains approximately centered. The decision boundary intersects
this central region, partitioning the datapoints more evenly between classes (Fig. [C.1| (a)). This leads to a more
balanced class-wise prediction behavior at initialization.

These initial conditions can naturally give rise to structurally different learning dynamics, which appear to operate
over distinct regimes and characteristic timescales. In prejudiced initializations (Fig. (¢,d,e)), training unfolds
in two steps. During the initial regime (0 < ¢ < 7p), the decision boundary approaches the region where data
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Figure C.1: Low-dimensional representation of decision boundary dynamics for prejudiced vs. neutral initializations.
In the neutral case, the boundary already intersects the relevant region (a), and training involves only directional
adjustment (b). In the prejudiced case, instead, the distribution of the hidden representation occupy a region far
from the decision boundary (c). In this case one can argue that the training proceeds in two steps: translating the
boundary to the high-density region of datapoint representations (d), and adjusting the orientation to optimize
class separation (e). These regimes reflect fundamentally different underlying dynamics.

representations are concentrated. This is followed by a second phase (7p: < t < 7p~), where the boundary is
gradually rotated and refined to achieve effective class separation. In contrast, neutral initializations involve only
a single training phase (Fig. (a,b)). Since the decision boundary already intersects the central region of the
data representations, training proceeds via local directional adjustments to align the boundary with the true class
separation. This single-phase regime is governed by a unified timescale 7.

To illustrate these differences visually, Fig. presents a low-dimensional schematic of the decision boundary
evolution. In the neutral case, the boundary initially intersects the region of interest (a) and requires only
directional tuning (b). In the prejudiced case, the boundary must first be translated toward the signal region (d)
before undergoing orientation adjustments to optimize separation (e). The right side of Fig. translates the
geometric interpretation discussed on the left into the temporal structure of training dynamics, summarizing
how the different phases and timescales associated with each initialization regime can give rise to the distinct
convergence behaviors observed in Fig. 2}
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D Conditions for Distribution convergence

In this section, we briefly review the key results on the convergence in distribution of random variables, which
form the foundation of our theoretical analysis. These results have been extensively discussed in earlier works; for
more detailed explanations and proofs, we refer the reader to [Petrov| (2012); |Francazi et al.| (2024). Below, we
outline the necessary conditions for convergence and characterize the resulting asymptotic distributions.

D.1 Convergence in Distribution

Our analysis focuses on the convergence of random variable combinations to their asymptotic distributions. The
cornerstone of this discussion is the Central Limit Theorem (CLT), which describes the conditions under which
sums of random variables converge to a Gaussian distribution.

D.1.1 Central Limit Theorem

The Central Limit Theorem (CLT) applies to sequences of independent and identically distributed (i.i.d.) random
variables. Given a sequence of i.i.d. random variables 1, o, ... with finite mean p and variance o2, the sample
mean I, of the first n variables converges to a normal distribution:

. i‘n_:u
A e NGO

Corrections to this asymptotic form for finite n are discussed in Keller and Kuske| (2001]).

D.1.2 Extensions of the CLT

The CLT can be extended to sequences of independent but non-identically distributed random variables. Under
conditions like the Lyapunov or Lindeberg conditions, it remains possible to demonstrate convergence to a
Gaussian distribution. One such condition, the Lindeberg condition, for a sequence of independent random
variables X1, Xo,..., ensures that:

=1
lim = / (x — ps)?dFx,(z) = 0,
n%m; S% |z|>esn )
where s2 = 3" | E[(X; — y;)?] and F, () is the cumulative distribution function of X;.

Theorem D.1 (Lindeberg’s Theorem). For a sequence of independent random variables {X;}7,, if the
Lindeberg condition is satisfied for all € > 0, then the normalized sum Z, = @

normal distribution:

converges to a standard

fz, (2) === N(30,1).
For additional details, see Ref. [Petrov| (2012).

D.2 Sufficient Conditions for Convergence
We will also rely on an alternative set of necessary and sufficient conditions that guarantee convergence to a

normal distribution. These conditions are outlined below, and the full proof can be found in Refs. [Petrov| (2012);
Francazi et al.|(2024).

Theorem D.2 (Distribution Convergence). Consider a set of independent zero-mean random variables
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{X; Y. If, for every e > 0, the following conditions are satisfied:

Concentration: Z P(|X;] >e) =250 VeeR, (10)
i=1
Mean Normalization: Z (/ rfx, (x) dx) = ), (11)
P |z|<e
Variance Normalization: (12)
2
sizz / foXi (z)dx — (/ rfx. (o) dw) 17, 52, (13)
4 |z <e |z|<e

then the distribution of the sum Y., X; converges to N'(0,0?).

D.3 Sufficient Conditions for Theorem [D.2]

In many cases, it is sufficient to check simpler conditions for convergence. Specifically, the following conditions are
sufficient for convergence to a Gaussian distribution (the full proof can be found in Ref. [Francazi et al.| (2024).):

Theorem D.3 (Sufficient Conditions for Distribution Convergence). Let {X;}! ; be a sequence of indepen-
dent, zero-mean random variables. If they satisfy the following conditions:

Variance Convergence: Z E[X?] 2= ng?, (14)
i=1
. I i 1 .
Fast Decreasing Tails: i fx, () =0 s Vi, (15)

then the normalized sum of the random variables converges in distribution to N'(0,c?).
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E Batch Normalization

E.1 BN + ReLU

In this section, we show that, when BN is applied before the activation function, the output distribution of each
layer remains consistent throughout the network, regardless of depth. Specifically, after applying BN, the output
distribution of a deep network with many hidden layers is equivalent to that of a network with just a single
hidden layer without any normalization. We establish this result using an induction argument, demonstrating
that the distribution of nodes at each hidden layer, at initialization, follows the same distribution, independent of
the network depth. For clarity, we focus on neural networks with weights initialized using the Kaiming Normal
scheme, but the analysis extends to other initialization methods (e.g., Xavier Uniform) as long as the variance
scaling is preserved. Furthermore, these results extend to more complex activation architectures, including when
incorporating pooling layers [Francazi et al.| (2024]).

The following is a formal formulation of Th.

Theorem E.1 (BN + ReLU). Consider the setting described in Sec. @ with an MLP where BN is applied

before the activation function. Assuming that the activations {YEZ)} satisfy the conditions of Thm.

in the limit of infinite input size and infinite width, the distribution of the output node O, at initialization
converges to:

189 (0) 22 W (0 ey 02 Vary, (V) ), (16)

where Vary (Y(()l)> is the variance of a generic node in the first layer activations, over the dataset randomness.

Moreover, while the variance of the distribution, Vary (O.), converges with high probability (w.h.p.) to a
deterministic value, the mean u. of the distribution converges in distribution to:

fo, (m) lei) N (m;O,ai)IEX (Y(()l)>2) , (17)

where E, (Y(()l)) is the mean over the dataset randomness of the activated nodes.

Here, |W| — oo refers to the limit where the number of neurons Ny in each hidden layer 1 € {0,..., L} tends
to infinity.

Presence and Absence of IGB: Thm. gives rise to two distinct scenarios:

e Absence of IGB: If the mean E, (Ygo)) converges to zero as the dataset size increases, the distribution of

e converges to a Dirac delta at zero:

lim £, (m) = 8(m), (18)

D—oo

indicating the absence of Initial Guessing Bias (IGB).

e Presence of IGB: If E, (Yé”) converges to a finite value, the network exhibits IGB, and:

2
lim f, (m)=AN\ (m;o,o—ﬁ,ﬂax (Yg”) ) . (19)
D—oo "¢

In this case, both the output node distribution and the center distribution depend only on the
first hidden layer statistics, meaning the distributional properties remain unchanged as the network depth
increases; therefore, the bias does not amplify with network depth.

In this section, we focus on the effect of activation functions, but we highlight that the analysis can be extended
to deal with more complex architectures (e.g. when including pooling layers).
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E.1.1 Full Batch Case

We begin by proving Theorem in the full-batch setting. In this case, all datapoints are used to compute the
shift and scale estimators for the BN, as defined in Eq. . Consequently, the random variables B;(;) no longer
depend on the sample index a, since all datapoints are part of the same batch. For clarity, we omit the sample
index from the notation.

We prove the result by induction, showing that the distribution f](;‘,)) (b) remains invariant across layers [. First,

we show that:

£ (b) = N (b;0,1) . (20)

B

Starting with multivariate Gaussian-distributed inputs, i.e., Xl(-o) ~ N(/.L,UQ) , Vi € [1,...,Np], the nodes
will remain normally distributed after passing through the dense layer, since the input undergoes a linear
transformation:

No
1 1 0
7 =3 wi) X, (21)
j=1

where Zgl) represents the i-th node after the Dense Layer, before passing through the activation function in
the first hidden layer. After the linear transformation the input is processed by BN (see recurrent Eq. for

the configuration BN before activation). The output of Batch Normalizationm for each node 4, Bgl), follows a
standard normal distribution by construction. Specifically,

4 g, (29)

0, (1)
Z;

B —

2

~N(0,1). (22)

Next, we establish the inductive step: assuming f (’fl)) (b) =N (b;0,1) for all 7, we aim to show that f o= (b) =
N (b;0,1). This will be done via the following sequence of transformations (see Fig. [A.1)):

90 ) = %) (v) = f<<m><> £ ().

Y, B;

The nodes after BN are identically distributed by hypothesis. Since the activation function applies element-wise
to each node, the activated nodes {Ygl)}ivzll are also identically distributed. Passing through the dense layer
combines the activated nodes linearly:

z+1) Zw(z Y(z (23)

The expectation over the dataset randomness is:

( z+1)) Zw(l)E (Yy)) 11D E, (Y(()l)) gl:wg) =E, (Y(()l)> 508 (24)

Jj=1

where the independence of wl(;-) and Y§l) is used to extract the mean value E, (Y((Jl)), which is identical for all j.

Here, S0 = Z;Vl 1 w(]) represents the sum over the weights.

In the last passage, we introduced Sw and used the fact that f 0 (y) = f (1) (v), meaning the distributions of

v!
the activated nodes do not change with depth.
The variance, conditional on the weights, is given by:
N 9
Var,, (Z§l+1)> = Var, Zw(l)Y(l) = Z <w§jl)) Var, (Y;l))
j=1

2 Var, (Yg>) S8 M2 Var, (Y() 02, (25)
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where Sgg = Zj\“l ( (l)) . As N; — oo, the distribution of Sgg concentrates around a deterministic value

Francazi et al.| (2024).

Finally, by the Central Limit Theorem (CLT), the distribution of ZZ(-HI) is
I @) = N (B (YE7) 89 Var, (V") o3 ). (26)

Remark: The distribution in Eq. [26] is identical to the output distribution of a network with just one ReLU and
Dense layer, i.e. a ReLU single hidden layer perceptron without normalization (Francazi et al., 2024).

E.1.2 Mini Batch case

In practice, we often do not have direct access to the underlying dataset statistics; instead, these are estimated
over a random subset B of |B| dataset samples (batch) . In particular, we define

° ugl) \BI 2beB(a) ZEZ is the estimator of E, [Z( )} =l

° Az(l) IB\ ZbeB(a (Zglg ﬂg”) is the estimator of the standard deviation SPI0F
o z0-pd )
e B,.= % is the BN transformation.

When these estimators are computed over a finite number of samples, B, we can identify the following differences
compared to the full batch case ( i.e. the case when |B| — o0):

e In the full batch case, the estimators converge to the mean and standard deviation of the distribution (MZ@

0 (1)

and o, ), which are constants, while in the mini-batch case, the estimators ji;’ and ;" are functions of

the set {Zi;b}be B(a)-Where B(a) indicates the batch whose a is element of-making the estimators themselves
random variables.

e It is also noted that ﬂgl) and 6, are therefore functions of Z% and are thus correlated with it.

However, /lz(-l) and &EZ) are not the only possible choices of estimators capable of solving the problem of internal

covariate shift.

We make a small change to the estimators to facilitate the analysis, where we simply discard the datapoint a from
the average and standard deviation estimator computed for each B( ). We will see that the resulting estimator
has the same expectation and only the variance is slightly increased. These modified estimators are used to center
the variables B(()l at 0 and scale them so that they have a variance of O(1), similar to what is done with the
classic batch norm. We will examine the differences from the canonical estimators, demonstrating that as the
batch size increases, the disparity between the canonical and modified versions becomes negligible.

Specifically, we define the new transformation

= (1 iia — My
B = 2 (27)
0,
(1 1 l
O = B Sz, (28)
beB(a)
b#a

() _ 1 3 (z(” B ~<l>)2 (29)
g, = ‘B‘ -1 ;b My .

beB(a)
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ﬁgl) and 61@ are alternative estimators. It is straightforward to verify that:

Ex (") =By (4") = 5z (30)

(60 o2 (B52)

Derivation of Eq.

B ((00)) =B | gy & (20 -a) (32

beB(a)
b#a
_ 1 0)? 0 O ~@)
- BT S| E, (zi;b) +E, ( ) 2, (zi;b i ) (33)
beB(a) [
b;éa A B C
2
!

_(1)? 1) (1

() =i ¥ 5w ()
’mEB(a) neB(a)

m#a n#a

“rwe | B B () T m ) ()

m,n€B(a) m,n€B(a)
m#a m#a
m=n m;én
1 2 2 2 UZ@ 2
— e (081 (o2 s ) + 081 = DUBI - 20 ) = s + i 3
c=—t g |z S 20 | =L |& (Z(.“)2 + Y B (20)El(20)
(|B| _ 1) X ;b ;m (|B| _ 1) X ;b X ;b X ;m
meB(a) meEB(a)
m#a m7#a,b
= (o2 vz )+ (081 - 220 ) ) = T 4 (30
= (B =1 Z;L) Nz‘gl) Nz‘gl) = (IB[— 1) MZ;z) :
Substituting Eqs. , and into Eq. we get:
~(1)? 2 2 azy) 2 Z(’) 2 > (B[—2)
EX ((Gi ) ) = <O’Z§z) +MZ§l)> + m +MZ;1) -2 (‘B‘ — 1) -‘r[LZ;l) = Uz;l)m . (37)
Furthermore, it is possible to express the introduced estimators as functions of the random variables ,&1( ) and & (l)

showing that the difference between the two choices tends to 0 (in probability) as the batch size |B)| 1ncreases.
For example:

@

- (IBl =1 Zi; R 1 ! _
,u() ,u ( 1] )+|ZB(|1:>AH_ME)—ME) Bl (Z() ME)):E|B|. (38)

Analyzing the random variable € p|, we can show that the difference between the two estimators converges to 0 in
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probability, in particular:

1 _ 1
E, (€|B|> = E (Ex (Zgli) - E, (,uz(_l))) = E(MZEU — 'uZEL)) =0, (39)
1 Bl -1 1
Vo ) = g 0+ ) = (13- )

Similarly, the same can be shown for A2 =62, — 62 ,.
A 7

We can also derive an expression for the distributions f_, (y), f_,, (h), and fw (w).
9i Hi i

‘fz(” (w): Let us assume that the variables we are transforming with the normalization are normally distributed,

1.6.:
2
o () = — (o) )
w) = exp | ———~+%
2, V2ro? 20’%(1) ’
with U;m = O’%(l) Vi.

We will derive the other relevant distributions, included the p.d.f. of Bgl) starting from this assumption. We will
then use this result to complete the proof in the IGB setting, i.e. assuming random data as input.

Derivation of f_g, (h) : fiis a sum of (|B] — 1) i.i.d. Gaussian variables [Eq. (28)]; thus, it is also distributed
i
normally. Specifically:

fo =[S e (—‘3““‘”) . (@)

2
27TO'Z(L) To0m

Derivation of f_,, (y) : To derive the p.d.f., we start from the sample variance calculated on (] B|—1) elements,
Lo 2

which is distributed according to a chi-squared distribution with (| B| —2) degrees of freedom. Specifically, defining

[B|-1

~w\? (1Bl -1 1 )~
s=(E0) LD — LS a0y, (43)
10 97200 jem
J#i

we have S ~ x(|B| — 2). Since S is proportional to &Z(,), with a simple change of variables, we obtain

-1
n_ 1 ES NIEL _y (B[ -1)
f(&gz))2 (y ) - 2(\3;—2)]:‘ (‘BL,Q) ( U%(l) ) (y ) exp ( D) 0%(1) ) . (44)

Finally, with a further change of variables, we obtain

Bl_y
1 IB|—1) ~ Bl—3 y* (1B] - 1)
Fooly) = ylPI=3 exp [ -2 | . 45
00w o e "

®

It is noteworthy that the three random variables Z; ;, ﬁgl)7 and &gl) are independent due to the independence

between the sample mean and sample variance of Gaussian variables (See, e.g., Theorem 5.3.1 in |Casella and Berger

(2002)), and because ﬂgl) and &El) are functions of a set of variables independent from Zgl()l This independence

among the three random variables significantly simplifies the analysis. For example, we can simply calculate
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E, (Bg”) and Var, (Bgl)) as follows:

— 00 — 00

0 f~ l oS} o]
dy G, ) / dx fﬂ(l) ((ﬁ)/ dw (w — if)fzgl) (U/)

—o00 4 —o00

(l) /0 dy drc/ dw %f&gn ) fﬂgz) (2) fzgw (w)

0

/ & fyo (@) (0= pyn)

— 00

/dy
0

o0 (l)

dy ——— uzm — pym) =0, (46)
) ¢

var, (B = EX((B(l) ) / dy / dz / aw = W) F o @) e

_/Ooody (y)/ da fLo (@ )[mdwfzil)( w) (w? + 22 — 2zw)

1B _

1Bl g
_ [Ty 1 BI-1\ " 5.s v (BI-1 Y
o Y B 5 (B2 o2 y eXP 2 o2

0 23 T (T) 7 7

2
2 2 Iz 2 2
| oz T pgw T+ B—1 + g = 240

Bl |B|—4
2 1B 1 -1\ " T [ 20d )
=0
7.(1) |B| -1 2%7211 (\MT—Q) U%(z) 2 (|B‘ — 1)

_ B
= B—1 (47)

where in step a we used the identity

0o T n+1
/ xne—axbdx — ( b ) .
0

ba (n+1) (48)

o

The use of the estimators ,u(
p.d.f. of the random variable B , distribution f o (2), defined by the transformation in Eq. (27). Specifically:

and a greatly sunphﬁes the analysis and allows us, for example, to derive the
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)
fggl)

/dy/ dx/ dw(S(

:C/ dy/ dm/ dwé(B
0 —o00 —o0

’) o0 W) o0 () Fy ()

=)

(w = pym)? Y = fyw)? y2 (IB| - 1)
oxp | ——5—— |exp | ——55—(BI - 1) | /" P exp | 55—
2021) 2(7;(',) 2 O';El)
- 7%(\32\ 1
= C/ dy y‘B|736 2! y/ dJC/ dw § B ))
0
(w— MZ<_1>)2 v — Mz(w Bl 1)
exp ————— | exp | — —
20’;m 20 2(,)

zC/ dy y‘B|72exp
0

qi%;)l / dm/ dw5(w—(by+x))

(w — p,w) Y = Hyw)
2020) 20;”
0o 2
y" (1B - 1)
—C/ dy y'P1=2exp [ - %
0 2 aém
% (by + 2 — p1,0))? Y = Hyw)
/ dr exp | — 5 : exp 557 ~——(|B]—-1)
-0 UZ(” Tz
= vy exp =
Zi

20 (l)

——(b%y* + 2% + 2zyb + (|B| — 1)2?)

~ 2
1 yb
R ,/B:L-_Fi
2%( s \/B>

e’} 2 2
_ |B|-2 _y7(|B|—1) bi
C/O dy y exp 5 0 1+ ]

z

(4B|-1)
Bl —1) b?
20;1) | B|

)

_{Bl=1H

) )

(49)
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where
Bl
|B] —1 1 |B| -1

¢= (2702,,,) 9Bl oy (B2 o2

z(H/ 272 F( 5 ) z®

2no?,,
' =C 27 (50)

|B|

The distribution outlined in Eq. is expected to converge to the Gaussian profile observed in the full batch
scenario. To rigorously demonstrate this assertion, we explicitly expand the binomial term in Eq. in the
limit as the batch size | B| approaches infinity. This expansion allows us to directly compare each power of b in
the binomial series with the corresponding term in the Taylor series expansion of the Gaussian profile (centered
around zero) that emerges in the full-batch case. By examining each power individually, we show that, in the
full batch limit, every term in the expanded form of Eq. precisely matches its counterpart in the Gaussian
Taylor series. This one-to-one correspondence confirms the convergence of the expression to a standard Gaussian
as |B| — oo.

To demonstrate that the expression in Eq. (49)) converges to a Gaussian as |B| — oo, we expand the term

_1B]=1
b? ’
1+ —
( |B|>

using the binomial series expansion. For any « € R, the binomial expansion for (1 + z)¢ is

(1+2)* = i (g)#

k=0

a) _ a(a—=1)-(a—k+1)

b2 B|-1
where (k = ———7——. In our case, we set r = % and a = — | ‘2

, giving

72 — IB\ 1 Fa\ F
b b
B TECRG
(k) 20 ()
The general term in this expansion is
EIENATA
- (i
k | B

Using the definition of the binomial coefficient for negative exponents, we have

RN ) ()

k k!

\B |
, SO We approximate

B|-1 k
e PV
k k! 2
Substituting this approximation into the general term, we find

(B'> (b)k () (B e

k |B] k! |BJ* TR 2k

For large |B|, each term in the product (‘Bl ! —i—])
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Thus, in the limit |B| — oo, we recover the series expansion of the Gaussian function:

~ ~ k
b2 0 71k b2
exp<2>z<k!> <2> .
k=0

This demonstrates that each term in the expansion of Eq. matches the corresponding term in the Gaussian
Taylor series in the full batch limit |B| — oo.

Finally, let us consider the prefactor in Eq. (49),

Using Stirling’s approximation for large |B|, we have

|B|—=1_1
B|—-1 B|-1 2 -
(1) w v (18L2) 5 e
and similarly,
52y
F(|B|2—2> %\/%(|B|2—2) e_|31;2

Thus,

Combining this result with the factor , /ﬁ gives

Bl 1
|B|7T' 2 7\/27{"

which is precisely the normalization factor of a standard Gaussian distribution.

Therefore, in the limit |B| — oo, Eq. converges to

1 b2
—exp | —— |,
V2T P 2

confirming that the expression approaches a standard Gaussian distribution as |B| — co.

Figure illustrates a comparison between the empirical distribution of Gaussian random variables after
processing through a batch normalization layer and the theoretical p.d.f. as derived from Eq.. As expected,
increasing the batch size progressively minimizes the differences between these distributions until they become
virtually identical. Figure [E.2] shows how the disparity between the distributions increases from the center toward
the tails. It is critical to recognize that the tails of the distribution cannot be fully explored empirically due
to the dataset’s finite size. Thus, with a limited dataset, as the batch size increases, a point is reached where
the differences between the distributions are no longer observable within the empirically accessible range. This
phenomenon is depicted in Figure (right), where the empirically accessible region covers the interval [—5, 5].
In this interval, the distributions are perfectly aligned.

With the p.d.f. f];(l)) (B) established, the following process is undertaken:

I. Begin with datapoints that are normally distributed.

II. Input these datapoints (organized into mini-batches) into a fully connected layer (using Gaussian weights).
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(1Bl =4) (1B| = 16)

0.40

0.30 — fgf)(z)

0.25 — [P
0.20
0.15

0.10

0.05

0.00-

(1B] = 256)

Figure E.1: Comparison, for different batch sizes, between the empirical p.d.f. of BZ(-Z) (following the canonical
batch norm transformation) and the theoretical p.d.f. of BZ(-Z) [Eq.(27)].

(1B] = 16) (1B] = 256)

1073

1074

Figure E.2: Same comparison of Fig. [EI]in log scale, to better visualize the tails density.
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ITI. Process these through the batch normalization layer.

IV. Process through the activation function (ReLU).

V. (For deep architectures, iteratively repeat steps II through IV.)
VI. Repeat step II to link the last hidden layer to the output layer.

VII. Obtain the fg, (go)-

We will follow now the above propagation process step by step deriving the output nodes distribution. We will
show that the distributions of the output nodes do not change with depth, i.e. IGB does not amplify with depth.

Let us start considering a random vector as input, whose components {XZ(»O)}?]:O1 are distribuited according to
0
X0~ N (s, 07) (51)

After passing throught the fully connected layer we will have a set of random variables {Z( )}z 1, with

Z w(l X(0 (52)

where

2
0 Tw_ Vi ik 53
wl) (0,7 ) (53)
are random weights fixed with the initialization; this means that for a given initialization they will form a set

of random coefficients. Therefore, from Eq. , Zgl) is a linear combination of independent Gaussian random
variables, meaning that will be itself normally distributed. In particular:

Z(l ~N wa HWZ(w(l)UJ)Q : (54)

J

Note that, for our analysis we don’t need to compute explicitly the mean and variance of the distribution in
Eq. . In fact, as a next step, we have to process the set of pre-activated random variables {Zgl)}fv:ll through
the BN layer. We derived a proxy for the distribution (Eq. ) for the processed variables. This distribution
only assumes i.i.d. Gaussian variables for the batches in input in our layer. Remarkably the p.d.f. from Eq.
does not depend on the mean and variance of the input random variables but only on the batch size |B|. This
means that, if we are in the regime where Eq. well approximates the distribution of the hidden layer node

after the BN (|B| > 1), B{", then

)1 s
750, () = £, () = Mgﬁiﬂj%(1+§) . (55)

Therefore, after passing through the ReLLU, using ]~31(-1) and the corresponding distribution as proxy for Bgl), we

will have
|B|-1 g\ —UB=D
jﬁhwiuw+mwdgﬁrg2%(l%3> . (56)

2

Note that {Y( )} —, are identically distributed; from Eq. (56)) we can compute the average over the dataset
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randomness that will be the same for each node; in particular:

r (Bt o0 g\ —UBLED
EX<Y£1))_ BlﬂI“EBzzg | dzz <1+|ZB|
2

. T |B|-1 B [ 5 g\ —UBLD
el e ) )
() e ey
N |B|7TF(\B|2_2)7 |B|+3( +|m) 0

C (%) im
N Bwrngzg |B| -3 (57)

2) B Var (Bgl)) N Var (~§1)) (58)

we have

I \B|271 2
var, (¥ >)%2(|5|3W_4)_ /BZFEB;% |B|B_'3 | (50)

Note that the r.h.s. of Eq. do not dependent from the node index ¢. We indicate with Var, (Yél)> the value

equal for each node, to highlight the absence of dependence from the index. Repeating the analysis analogue
to the one outlined in Ref. [Francazi et al| (2024) (in particular see App. D) we get, for a single hidden layer
architecture:

gi) (o) =N (o; fie, 02 Var, (Yé”)) , (60)

fu (¥) =N <m;0,aiEX (Yg”)2) . (61)

Deep architectures We can then consider deeper architectures, increasing the number of hidden layers. Each
hidden layer is defined by the same sequence of sub-modules: fully connection, BN, ReLLU. Thus we can repeat,
for each layer, the analysis of the single hidden layer case using as input the distribution of the output of the
previous layer. For example for the second layer the we will repeat the same analysis using Eq. as input
distribution. Note that this is also a Gaussian distribution. We derived the p.d.f. of the set of random variables

after passing through the BN transformation. In particular from Eq. we can see that, assuming Gaussian

i.i.d. random variables in input, the distribution of BZ(-Z) do not depend on the mean and variance of the input.

Therefore, is easy to proof (e.g. by induction) that the distribution after the batch norm will be the same for
each layer. This implies that the output nodes will follow Eq. and Eq. irrespective to the depth of the
network.

The presence of BN before the activation function keeps the level of IGB constant with the increasing of depth.
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E.2 ReLU + BN

We investigate the impact of applying Batch Normalization (BN) after the ReLU (ReLU + BN), in contrast to
the more conventional placement before ReLU (BN + ReLU). We show that this modification significantly alters
the statistical properties of the network’s initial outputs, promoting more balanced and unbiased predictions
at initialization. Following the analysis presented in Appendix we first consider the full-batch regime and
subsequently extend our results to the mini-batch setting.

E.2.1 ReLU 4 BN: Full Batch

We start by analyzing the full-batch setting, deferring the generalization to the mini-batch case to App. [E:2.2] We
show that applying BN after the activation function suppresses IGB, regardless of network depth. Specifically, we
prove that the output nodes are identically distributed and centered at zero, resulting in class-balanced predictions
at initialization.

The following is a formal formulation of Th. [5.2]

Theorem E.2 (ReLU + BN). Consider the setting described in Sec. @ with an MLP where BN is applied
after the ReLU activation function, and assume full-batch normalization statistics. Then, in the limit of

infinite width and dataset size, the output distribution f(())i) (o) converges to:

182 (0) 255 N (030,02, (62)
with the corresponding mean distribution collapsing to:

[IW|—o0

e (M)

indicating the suppression of IGB and the emergence of balanced initial predictions.

o(m), (63)

To prove Thm. [E:2] we will follow once again the induction principle. In this case we want to show that the output
nodes are identically distributed. In particular we will show that after each Dense layer, nodes are all centered in
0:

fg(_(l)) (z) =N (2,0,02) ,

i 64
59 ) = N (20,08) = [0y () = (5:0,03) oy

Base step As stated above, our input data have distribution Xl(-o) ~ N (2;0,1) and they are IID. Also in this
case it is straightforward to extend the analysis to arbitrary mean and variance for the input, reaching the same
conclusions.

After passing through the weights, the data will undergo the following linear transformation:

AR Zw(O)X © (65)
Now, the mean over the data of Zz(l) is
D
E (z") =% ZWW)@ZW@@Wﬂ, (66)
j=1
while the variance over the data is
(1) >N 04 SO (0) on o
Var,, (Zi ) = Var, sz‘j X7 = Z (wij ) Var, (Xj ) = Df =o.. (67)

j=1 j=1
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After passing through the weights, the Dense output will distribute as

00 (2) = N (2;0,02) . (68)

7!
Inductive step I: Dense — ReLU The effect of the ReLU is

F0) (9) = 360 + OWIN (50, o2). (69)

Y,

Inductive step II. ReLU — BN We know that Batch Normalization has the following effect on the outputs:

v -k, (Y")
2 7
Var, (Yg”) ’

In order to evaluate the distribution of Bgl), we need to compute the expected value and the variance of Ygl) as
follows:

B =

(70)

B, (1) = [ (5000 + 00N (0.8) ) s =
_ ;/5 ydy+F/ ( (Uyw>2>ydy=j;”? (71)
KL
=0
Ex <(Yfl))2> = /R (;5@) +O(yN (y;O,Uﬁ,)> y2dy =
:%/5( )y? dy+\/m/ ( ((7‘1)2) y2dy=%7 (72)
SR

=0

! 0?2 N2 o2 o2 ol 1
var, (¥) =5, (1)) - B (v) = -2 =G (1- 7). (73)
ot MY _ ow (l) _ o
So the expected value and standard deviation are E, (Y; Ners and Var, (Y 5L,

After the normalization, the output will have a distribution with zero mean and standard deviation equal to 1.

For simplicity let’s introduce the following notation: we define the parameters of the previous ReLU’s output as
E, (Ygl)) =a, 0,0 = Q.

The distribution of the BN output is now the following:

1. (b- b — 2
ff;g,))(b):?(s( aa)+@< aC‘)N(b;a,Zg)

:%V;—la(bm_aw)w(bm_%w(b;”w 2n ) (74)
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From the above formula, one can easily verify that f ® (b) is a distribution centered at zero with unit variance.

III. BN — Dense
Note that the random variables {Bgl)}’s are IID and have zero mean and unitary variance.
It means that, when we pass the output through the Dense Layer, the final output will have the following form:

N,
I+1 I
Y =3 w@BY, (75)
j=1
therefore, from the CLT,
f (z) B ANy Y Zw(l B(l Var,, Zw(l B(l (76)
Z(l+1) 9 .

Given that what is stated in Eq. and Eq. applies also to our case, then

E (7) =E, (B)) iwg) —0, (77)
Var, (z”*”) =E, ((Bg>)2> sU = o2 (78)

The reason why the expected value above is 1 is that

E, ((35,0)2) = Var, (B)) - E, ((Bff)))2 =1-0 (79)

We can therefore write the distribution of the hidden units at any layer [ + 1 as:
f(<,+1> (z) :N(z O,Jw) . (80)

This conclusion extends to the output layer as well, since O, = ZgLH). As a result, all output nodes are identically
distributed and centered at zero. This symmetry implies that, at initialization, each class is predicted with equal
probability, and therefore no initial guessing bias is present. The model makes balanced predictions across the
dataset, regardless of its depth.

E.2.2 ReLU + BN: Mini Batch

When BN is placed after the activation function we are in the following settings:

I. Start from normally distributed datapoints.
IT. Pass inputs (divided in mini-batches) through a fully connected layer (Gaussian weights).
III. Pass through the activation function (ReLU).
IV. Pass through the BN layer.
V. (Repeat iteratively steps from II. to IV. in case of deep architectures).
VI. Repeat step II. to connect the last hidden layer to the output layer.
VIL. Get the fg (90)-
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In this case we don’t need to explicitly compute the distribution. In fact at the end of each hidden layer—and in
particular at the end of the last one— we have the presence of BN that modify the distribution of each batch,
centering the hidden representation in 0. The dataset is then given simply by the union of batches. Being the
batches all centred in 0, the overall dataset average will be 0 as well. This means that, again according to the
analysis of Ref. Francazi et al. (2024) (App. D) we have

f(()X) (o) =N (o;O,UfUVarX (BEL))) , (81)

c

and therefore absence of IGB.
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F Layer Normalization

LN is commonly applied in recurrent neural networks and Transformer models, typically positioned immediately
before activation functions|Ba et al.|(2016). Unlike BN, LN computes statistics over individual samples, normalizing
across all features within a single data point. Below, we analyze how the placement of LN within hidden layers
impacts IGB in deep architectures.

Formally, LN computes normalization across the nodes within a layer, not across batches. Thus, given a layer
with outputs from numerous nodes, LN standardizes these outputs individually for each data point. With the
assumption that the number of nodes N; in each layer [ is sufficiently large, N; > 1, we leverage the CLT in
subsequent analyses.

In Fig. |3} we illustrate the critical influence of LN placement. Specifically, applying ReLU after LN (LN +
ReLU) maintains IGB, whereas applying LN after ReLU (ReLU + LN) eliminates IGB entirely.

To quantify fluctuations of layer outputs, we introduce (A, (x)) (Definition [C.2):

A p00) = Jds. (52)

An increased (A, ¥ (x)) signifies greater IGB. Our analysis demonstrates that placing LN before ReLU propor-
tionally scales both variances, preserving IGB, whereas positioning LN after ReLU sets v(.A, ¥ (x)) consistently to
Zero.

To support subsequent analysis, we introduce the following lemma, elucidating the linearity properties of rectified
normal distributions under scaling:

Lemma F.1 (Linearity of Mean and Variance of Rectified Normal Distributions). Let X ~ N (u,0?) and
define Y = aX, with « € R. The ReLU activation function, defined as ReLU(z) = max(0, z), satisfies:

E[ReLU(Y)] = aE[ReLU(X)], (83)
Var[ReLU(Y)] = o Var[ReLU(X)]. (84)

Proof. Let X ~ N (p,0?) and Y = aX ~ N (au,a?c?). Consider the cumulative distribution function (CDF) &
of the standard normal distribution, defined by:

_ [T L e
@(z)f/ or dt.

oo V27
The distribution of the rectified variable ReLU(X) is given by:

ReLU(X) ~ @ (—H) §(z) + O(x)N (z; 1, 0?),

o

where §(z) is the Dirac delta and O(z) the Heaviside step function. Its expectation and variance are:

E[ReLU(X)] = p[1 - ® (—g)} + \/% exp <—2’£) 7 (85)
Var[ReLU(X)] = (12 + o?) [1 — 9 (—g)} + \’/‘% exp (—2“;) — E[ReLU(X)]2. (86)

Similarly, the rectified distribution ReLU(Y) is:

ReLU(Y) ~ @ (—au) 3(y) + YN (y; ap, a’a?).

oo
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Evaluating expectation and variance, we have:

E[ReLU(Y)] = |a| [@I” (1 ~ 3 (_@i)) + % exp (— 2052/52” (87)
:a[u (1—@(—5))+ \/%exp (—2“;” (88)

= aE[ReLU(X)], (89)
Var[ReLU(Y)] = a?Var[ReLU(X)], (90)
thus confirming linearity and completing the proof. O

F.1 LN + ReLU

We now analyze the impact on IGB of applying LN immediately before the ReLU activation function within
settings depicted in Fig. [AT1] A fundamental assumption throughout our analysis is that the width of each
hidden layer is infinitely large, i.e., N; — oo for every layer [, with N; indicating the number of nodes in layer
[. Additionally, consistent with typical IGB analysis (Francazi et al., 2023), we assume the initial input data
distribution is standardized normal:

X9~ N(0,1). (91)
The following is a formal formulation of Th.
Theorem F.2 (LN + ReLU). Consider the same setting as in Thm. but with LN applied before the

activation function in each hidden layer. In the limit of infinite width and dataset size, the distribution of
the output node O, at initialization converges to:

150 ©0) 222 i (ospe, (510) vary (0)). (92)
Fu () 2255 N (m;o, (50 Vanw <uc>> , (93)

where Vary (O.) and Vary (u.) denote variances of the output distribution and output means in the baseline

scenario (ReLU-only, without normalization). Here, (6(1))2 represents the variance of pre-activation values
across the first layer prior to normalization.

This theorem shows explicitly how Layer Normalization, when placed immediately before the ReLU activation,
affects the distribution of layer outputs. Crucially, the distribution retains the same functional form as the
baseline scenario described in Thm. [C:I] with the only difference being a scaling of both variances by the same

factor (&(1))2. This scaling is constant and does not vary with network depth or across initialization instances.
Consequently, when we compute (A, 1(x)) (see Eq. (82)), which measures IGB as the ratio between variance of
centers and variance of distributions around those centers, the scaling factor cancels out. Thus, the level of IGB
remains exactly the same as in the unnormalized baseline scenario.

To formally demonstrate this equivalence, we now derive the distribution of the intermediate node ZEZ), representing
the output of a deep neural network after { layers (Eq. . By comparing the resultant distributions and variances

with and without LN, we verify explicitly the invariance of the IGB measure (A, ¥(x)).

Input — Dense

After passing through the Dense Layer, the input is mapped following the same linear transformation as in
Eq. Now, averaging over the data distribution gives

D D
E (7V) = E, <; wg?)X;O)) — leg?)EX (x{) =0, (94)
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while the variance over the data is

D 2
@a _ (0) O\ _ % _ 2
Var,, (Z ) Var,, (Zw > = ; (wij ) Var (Xj ) = Diw =0, (95)
Where we used the law of large numbers,
LS (02 doce )2\ _ %
230 () 5 m ((u)) = %
j=1
After passing through the weights, the Dense output will distribute as
Iy (@) =N (2:0,07) . (96)

Z;

Dense — LN

The second step is to normalize the Dense output along the layer.

a )

The transformation performed in LN standardizes Z; , over all the elements of the respective layer as follows:

20 it
PO

a

Li) = (97)

where

° Lgla) represents the i*" output (node) of the input X((ZO) after passing through LN in the first block

° /jl(ll) = val ZZ(-l)/Nl is the average along the layer. u(l) Mmoo Ew (Zgla))

2 2
. (&((11)> = ZI.Vl (Z(l) — ﬂfﬁ) /N7 is the variance along the layer.

J J

Note the dependence on the sample index a in ﬂ&l) and &c(ll) as the two quantity are estimated over the sample
node components. In the limit of N7 — oo, however, these two random quantities concentrate around their mean

value, according to the CLT, i.e.:

Al o0, (98)
oV - M) (99)
where ((}(1))2 indicate the variance over the whole layer [, not anymore of a single node. We will assume this

wide network regime in the following, avoiding the sample dependece on the estimators. Then we can re-write the
transformation as

(1)
W _ 4
L =4 (100)

The distribution can now be written as

o2
fI(j(i)) =N (130, (&(11;)2> : (101)

Note that we are applying just a scaling, and not a shifting to the normal distribution. This means that the
mean does not vary, but the variance gets scaled.

LN — ReLU
We then observe what happens after passing the LN output through the ReLU: we refer to the i*" output of the



Where You Place the Norm Matters

ReLU activation of the 1% layer as Ygl).
The output of the ReLLU will then follow the distribution below:

f%%w=;&w+9®N<mQ®E&>. (102)

We will show in the following that this setting generates the same level of IGB as in the absence of LN, i.e., we
get the same value for v(A,¥(x)) at each depth. Note that, in the absence of LN, we have an MLP with a ReLU
activation function. As shown in [Francazi et al.| (2024), in this setting we have amplifying IGB, i.e. IGB emerges
and gets amplified with the depth. To show the equivalence, in terms of IGB, between the two cases we will
compare the two settings. We will call from now on with \?Z(-l) the node after passing through the ReLU in a
MLP without LN. Applying the ReL.U to the distribution in Eq. we will have

£ () = 500) + BN (3:0.03) (103)

Y

As demonstrated in Theorem the expected value and the variance of the two distributions are

E, (an) _ B 52;”) (104)
Var, (Ygl)) = W. (105)
The latter will be useful in the next steps.
ReLU — Dense
The transformation after the Dense Layer is
Zw(l Yy (106)

Then the distribution is

0= (330w (597) .55 (o) v (1) o)
J

We just saw what happens to the distribution of the output after the first set of layers (Dense — LN — ReLU —
Dense).

The next step is to study the behavior of the variance of the centers and the behavior of the variance around the
centers: if the ratio of the latter increases with the number of layers, it means that there is strong IGB.

First of all, we evaluate the probability distribution of the centers after the first layer.

) 0= (2 (o) (7). v ()2, (7))
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Where Eyy (+) is the expected value of the weights randomness.
The expected value of the weights is zero, so the expected value of E, (ZEZ)) becomes zero, since the weights are

centered in zero:

B (5 (2) =S5 ()52 (1) =0, oo
The variance is instead
v (5 (7)) = S v (o) 21 (47)" = D (47)°

1 ol EX (Ygl))2 Ni—oco 2 fw (EX <Y;1)>2>
ag

2
=0, — , 110
N2y ) o
— 2 _ 2
where E,y <E>< (Ygl)) is the average of E, (YE—D) over the weights randomness.
Substituting in Eq. (108]) we have:
N2
Ew (Ex (Y§1)) >
N1 —o0 2
oy (2) —— N | 20,00 111
Fo ) @) L (111)

We now pass to the denominator of the r.h.s. of Eq. . We saw in Eq. (107) that the output of the dense layer
7\? distributes as

0= (s e (5), 35 (o) o (1) ). o2

J
Now we need to study the expected value of the random variable Var, (Z( )) to compare it with the ones of the
centers from Eq. (111] -

Ni

o (v (7)) B (32 0 Vo (7)) = S (o)) o (v (7))
aﬁzwwa%WWMw o

; e ()

o (v (7))
CO

Finally, from Eq. (110) and Eq. (113) we get

s (1) _ A (5 (50
)?

= — — . (114)
Var,, (Z((f)) o2 (Varx (1))) Ew (VarX (Y§.1>))
w (60
Note that Z{*) = O, for a DNN with L hidden layers (see Eq. (3)). The ratio in the last term of Eq. (114) is

formally equal to the one we would get in a ReLU MLP, as shown in Ref. [Francazi et al.| (2024).
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We now proceed with the same computation for the following layers.
Dense — LN

In order to evaluate the expected value and the variance over the output layers, we need to study the probability
distribution over the entire layer, not just over the single node’s output. To do so, we can compute the distribution
of the layer preactivation as a convolution over the generic single node distribution. To distinguish the random
variable associated with the specific node i, i.e., ZEZ), from the generalized layer pre-activation (whose statistics
are computed over different layer nodes), we indicate the latter with 7(?). Note that there is a crucial difference
between ZEZ) and Z® as, in the presence of IGB, nodes of the same layer are not identically distributed. In
particular, since the difference between the nodes’ distributions lies in the mean, we can derive the distribution of
the layer by expressing the node distribution as a conditional probability (conditioned on the mean value) and
marginalizing over the mean distribution, i.e.

fz<2> /fz<2> \ Ey ( ) ) flEx (zﬁz)) (y) dy. (115)

The left-hand side of Eq. is the marginal distribution of the second-layer preactivations (not conditioned on
a specific node). Conceptually, nodes in layer 2 are independent but not identically distributed: each node has a
center that depends on the fixed weights. The integral builds the layerwise distribution as a mixture over these
node distributions, so we are effectively marginalizing over the weight initialization through the distribution of
(note that is an expectation over dataset randomness but still a random variable with respect to the weights).

In the following we refer to the variances of the two distributions respectively as Var, (Zl@) = 02 and

Varyy (IEX (Zgz))) =03 (z)- We will have then:

1 1 (2~ y)2> 1 1 (y)?
7) = —€X I : ex 9 d
fZ(Q) ( ) /R \/ﬁ P < 2 0Z2 \/m P 2 U]%x(z) !
1 1 —y)? ’
(A )) o
R 2T0,08, (z) 2 op Ok, (2)

1 x?
= exp| ——=———-—— | =N (9:; 0,02+ 02, ) (116)
2 (o7 + J]%X(Z)) ( 2(of + U%X(Z))> <

We now need to normalize our output over the Layer’s expected value and standard deviation.
We already know the distribution of the layer’s output, so in our case the normalization will have the form:

N, (1) (1) M ()2 (1)
P . o [E e (Y) s (wl) vary (V) .
i - ~ ) 2 2
Voitde i+ VOt %k IGAREN0

LN — ReLU

Now we will demonstrate that, even if the normally-distributed input is not centered in zero, the effect of LN is
vain on IGB.

Also in this case, we will compare the parameters of the ReLU when LN is not applied with our actual parameters.

In order to simplify the notation, let us substitute the terms as follows:

o Zjvl (1)IE ( (1)> = p is the numerator of the mean of f(é)) in Eq. (117)

° ZNI ( 1)) Var,, (Y(l)) = 02 is the numerator of the variance of f((g) in Eq. .
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o JoZ+ 0<2Z> = o is the denominator of the mean (and the standard deviation’s denominator) of féé)) (1) in

Eq

We can now re-write the distribution of L§2) W as follows:

2
) _ RO
R =n (1L 2). (1)
while - if the LN is not applied - the distribution would remain
190 (@) = N (1, 0?). (119)
The output of the rectified Yl@) would be
1
120 ) =@ (£) ov) + 00N (35 1 o). (120)
i o
while the distribution of the rectified L§2) will be
199, ) = 0 (119 509 + 0N (1 2. % (121)
v o/a "ol a?)’

From Theorem about linearity of expected value and variance of rectified normal distributions, we can see
that - if LN is applied - the mean and the variance of YZ(Q) will be proportional to the ones of 7.

i

1 (2
E (Y§2)> - R (Y( >)
X 7 0_2 +0_<2) X 7 I (122)

Var, (Y?) = b Var, (V). (123)

o2 + Tl

This means that the procedure to find the ratio of the variance of the centers over the variance around the centers
is exactly the same as the one starting from Eq. [I07]

After the next Dense layer, the ratio of the two variances of interest will be

Varyy (]Ex (Zé&)) - gg)w ) Ey (Ex <Y(()2))2) N
Var,, (ng>) B o2 M - Ew (Varx (y((f)))’ (124)

w (J§+J?z> )

which again is formally equal to the expression of (A, ¥ (x)) in absence of LN, computed in [Francazi et al|(2024).
We can proceed in the same way for the generic layer [, arriving to the same conclusion.

We have now demonstrated that, the presence of LN before ReLU leave the level of IGB unchanged. Therefore,
as in the ReLU MLP settings, we will have a level of IGB increasing with the depth of the DNN.

The same procedure can be iterated for all the following layers.
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Variation of the variance ratio v over 20 layers

104 LayerNorm + ReL.U
ReLLlU

1 23456 7 8 91011121314 15 16 17 18 19 20
l

\% E, (z$
Figure F.1: Empirical comparison of the variance ratio % between the ReLU case and the LN+ReLU
arX 0
case for 20 consecutive layers. The two curves are overlapped, meaning that the effect of LN before ReLU is vain

on IGB.

F.2 ReLU + LN

We now study what happens when LN is applied after ReLLU, with a neural network within the setting illustrated
in Fig. We again assume that our input data distributes as A (0, 1), as the typical setting employed in IGB
analysis (Francazi et al., [2023).

The input data will then pass through the first dense layer: the weights are initialized with Kaiming Initialization.
An important assumption that will be valid for all the passages, is that N; — oo for every [.

The following is a formal formulation of Th. [5.4]

Theorem F.3 (ReLU + LN). Consider the setting described in Sec. @ with an MLP where LN is applied
after the ReLU activation function in each hidden layer. Then, in the limit of infinite width and dataset

size, the output distribution fgi) (o) converges to:

£89 (0) 225 A7 (050, 02), (125)
with the corresponding mean distribution collapsing to:

[IW]|—0o0

fue (M) o(m), (126)

indicating the suppression of Initial Guessing Bias and the emergence of fully balanced predictions at

mitialization.

Input — Dense
The first step is to observe the distribution of the output after passing through the Dense Layer.
The transformation performed is the following:

No
1 0 0
z =3 w) X, (127)
Jj=1

where Z{" represents the it output (node) of the Dense Layer in the first block.

i



Francazi, Pinto, Lucchi & Baity-Jesi

Now, the mean over the data of Zgl) is

E, (z“) <ZwO)X ) Zw(O)E (X °>)=o, (128)

While the variance over the data is

N-

Var (zf.”) Var (Z w<0>x<0>> Ind. Z( - 0)2Var (xg.0>) = Nl?\;'i =02, (129)
=1

1=

After passing through the weights, the Dense output of every node will distribute, independently, as
I (@) =N (2 0.0%,). (130)

Dense — ReLU
After passing every node’s output through the ReLLU activation function, we will have the same distribution for
every node, defined as

£ () = 5300 + O (130, 03 (131)

Given that all the Ygl) are identically distributed, it means that
By (V) =B, (YY) ¥ijen, (132)
Var, (Y(7) = Var, (Y{") vi,j e N (133)

ReLU — LN
We now normalize the ReLU output over the layer. The elements needed for LN have already been defined as:

. L(la) represents the i'" output (node) of the LN in the first block

/L7

ﬂ ZNI Y(l)/Nl is the average along the layer. u(l) Nimoo Eyw (Y(l))

( ) = Nl (Y(l) At(ll)) /N7 is the variance along the layer.

2
As in Sec. we work in the limit of N; — oo VI where the two estimators ﬂgl) and (&3”) converge, according

to the CLT, to their expectation value. Note that in the first layer the nodes {Ygl)} are independent and

7

identically distributed (Francazi et al., [2024). Therefore, we can see the LN transformation as equivalent to a BN

transformation: ) 1) (1) (1)
:Yl- —Ew (Yi ) :Yi —Ey (Yi ) (134)
Varyy (Yg”) Var, (Ygl))

LM

i;a

This means that the distribution of every node of [(!) has zero mean and unitary variance; the expected value
and the variance over the dataset are standardized:

Ey (L") =0, vi (135)
Var, (L) =1, vi. (136)

LN — Dense
The transformation performed by the fully connected layer is the following:

N
2% =3 w L. (137)
j=1
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So the distribution of ZE2) will be
2
f;(% —N Zw(l)E (L), Z (wi?) var, (1) (138)
J
Given that we demonstrated that I, (L( )) =0, Vi and Var, <L( )) = 1, Vi the distribution will be
0 () S (0 )2 | Mo
fz><.<1> (z)=N |20, Z (wj ) =N|z O,Z (wj - 0) =2 N (%;0,0%) (139)
J J

We are, again, in the same situation described for hgl) in Eq.
This means that the null amount of IGB is the same as Zgl) and it will not increase in the next blocks’ output.
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G Experiments

In this section, we present complementary experiments supporting our analysis; implementation details, including
model specifications and datasets used, are provided in App. [G.1}

G.1 Reproducibility

Here we provide technical details about the experiments, to allow for reproducibility. The code used for the experi-
ments presented in this work is available at https://github.com/EmanueleFrancazi/IGB-and-Normalization

Datasets

e Gaussian Blob (GB): Consistent with the presented analysis, for most of the experiments shown we used a
Gaussian blob as input. Specifically, all elements of the dataset are i.i.d., and each individual element consists
of a random vector of dimension d = 1000 with normally distributed components. For binary experiments,
we generate two Gaussian blobs centered at £p, where the mean u scales with the input dimension to ensure
a non-vanishing class overlap even in the high-dimensional limit. In particular, we set =1/ Vd, such that:

<O JN (D) ity =0,
i :
N (+p,I) ify;=1.

This setup provides a controlled and analytically tractable scenario for evaluating binary classification in
high dimensions.

e CIFARI10 (C10): We use CIFAR10 (https://www.cs.toronto.edu/"kriz/cifar.html)) (Krizhevsky et al.,
2009) as an example of a real multi-class dataset. Before the start of the simulation, we perform standardization:
pixel values are rescaled to the interval [0, 1], followed by channel-wise mean subtraction and standard
deviation normalization.

While we present multi-class experiments on more advanced architectures, for MLP-based experiments we
focus on binary classification tasks for greater interpretability. To this end, we define two different binary
versions of CIFAR10:

— Cat vs Dog (C2-A): A binary classification task where we extract only the cat and dog classes from
the full dataset.

— Vehicles vs Animals (C2-B): A broader binary task where we aggregate multiple classes into two
macro categories: vehicles (airplane, automobile, truck) and animals (cat, deer, dog, horse).

These setups allow us to assess the behavior of the models under both narrowly and broadly defined binary
distinctions.

e Tiny ImageNet (TI): A subset of the ImageNet dataset, consisting of 200 classes with 500 training images,
50 validation images, and 50 test images per class, each downsampled to 64 x 64 pixels. The dataset is
publicly available at https://www.kaggle.com/c/tiny-imagenet,|

e MINIST (E&0): We use MNIST (http://yann.lecun.com/exdb/mnist/) (Deng, 2012) to reproduce binary
experiments on real data. The binary dataset is defined by merging the digit classes into two macro groups
based on parity: the even class {0,2,4,6,8} and the odd class {1,3,5,7,9}.

Models We provide details on the architectures used in our experiments. Our description does not include loss
functions, as they are irrelevant in the untrained networks analyzed.

e MLP: Our analysis provides theoretical predictions for MLPs. To support our study, we consider two
different MLP configurations:

— MLP with a single hidden layer (SHLP): The hidden layer contains N7 = 100 nodes.

— MLP with multiple hidden layers (MHLP): This network has L = 20 hidden layers, each with N = 100
nodes.


https://github.com/EmanueleFrancazi/IGB-and-Normalization
https://www.cs.toronto.edu/~kriz/cifar.html
https://www.kaggle.com/c/tiny-imagenet
http://yann.lecun.com/exdb/mnist/
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Each MLP model employs ReLU activation, which is a widespread example of an activation function known
to induce IGB and to amplify it with network depth (Francazi et al., 2024). This setting serves as our
baseline, previously analyzed in (Francazi et al., 2024]). In our experiments, we compare this baseline to
variants that incorporate normalization either before or after the activation, as discussed in Appendix [A]

e MLP-mixer: We include the MLP-mixer (MLP-mixer), introduced in [Tolstikhin et al.| (2021)), as an example
of a more advanced MLP architecture. We adopt the design described at https://github.com/omihub777/
MLP-Mixer-CIFAR/blob/main/README.md.

e ResNet34: We consider ResNet34 (ResNet34), proposed in |[He et al.| (2016)), as an example of an architecture
with skip connections. We use the implementation available at https://www.kaggle.com/code/kmldas/
cifarl0-resnet-90-accuracy-less-than-5-min.

e ResNet101 (ResNet101): As a deeper residual network, we also consider ResNet101, following the imple-
mentation available at https://github.com/mbk2103/ResNet101-Implementation/blob/main/resnet_
model . py.

e Swin Transformer (Large) (Swin-L): Finally, we include the Swin Transformer (Large) model (Liu et al.l
2021)), representative of modern transformer-based architectures. We rely on the implementation available at
https://github.com/WangFengl8/Swin-Transformer/blob/master/SwinTransformer.py.

We emphasize that these architectures were not chosen to represent the state of the art, but rather as well-
documented, accessible examples capable of achieving good performance with relatively low computational cost.
This makes our findings regarding IGB more broadly applicable and facilitates reproducibility.

G.2 Experiments on MLPs

We begin by analyzing MLP architectures, where theoretical predictions regarding IGB are most directly applicable.
In all experiments, random initializations are filtered based on the initial class bias Gy, allowing us to compare
neutral initializations (G ~ 0.5) to prejudiced ones (G =~ 1). This filtering enables us to isolate how class bias at
initialization affects training.

A central aim of our experimental analysis is to examine how well the qualitative behavior predicted by our
theory—formulated under unstructured data assumptions—translates to real-world scenarios. While our theoretical
framework is developed for random, high-dimensional inputs, we empirically assess whether similar dynamics
are observed in practical settings, and identify where significant deviations emerge. This comparison offers
insight into which behaviors are driven primarily by architectural design and which arise from interactions with
data structure. Although a full analysis of these effects is beyond the scope of this work, our findings highlight
promising directions for future study into the complex interplay between architecture-induced and data-induced
biases. To this end, we extend our analysis beyond the Gaussian blob setting and consider C2-B and E&0 as two
representative examples of structured real datasets. The comparison allows us to underline both the consistency
and the divergence between theoretical predictions and empirical behavior in more realistic conditions. All
dynamic experiments are repeated over multiple random seeds; plots report the mean and standard error across
runs to account for variability.

Gaussian Blob — random data. We begin with GB, a high-dimensional synthetic dataset without meaningful
correlations. Results (Figs. replicate theoretical predictions: normalization placement critically
determines the level of IGB, which in turn shapes both convergence speed and per-class imbalance. Models with
normalization after ReLLU exhibit faster reabsorption of initial bias and improved convergence, especially under
LN.

CIFARI10 — empirical evaluation on structured inputs. Next, we evaluate C2-B, a binary subset of
CIFARI10. Despite being a structured real dataset, results (Figs. remain qualitatively consistent with
those on GB. This suggests that our theory captures dominant effects even outside the regime of its assumptions.
Normalization placement still controls IGB level, and bias-driven convergence effects remain visible.

MNIST — highly correlated data. To explore the effect of data structure more explicitly, we include experiments
on E&0. We select MNIST as a prototype of strongly correlated inputs, since prior work on IGB (Francazi et al.,
2024) argued that datasets, where the correlations between different instances are strong (such as MNIST, where
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pixels at the corners are always white), should exhibit more IGB than what is predicted by a theory based
on random uncorrelated inputs. Here (Figs. , we observe a qualitative departure: LN-after-ReLLU
reduces IGB without completely eliminating it—contrary to the behavior on GB and C2-B—as predicted by the
arguments in Ref. (Francazi et al.| [2024). As we can see by comparing the inset of LN plots in Figs. with
the corresponding insets in Figs. [G.I} [G.2] the distribution profiles differ in detail; nevertheless, the behaviour
induced by the normalization placement remains consistent with our theory: placing the normalization before the
activation leads to more biased behaviour than placing it after.

Interestingly, BN-after-ReL U continues to exhibit near-neutral initial states, consistent with our theory and
highlighting BN’s stronger ability to reduce IGB, as our theorems also indicate. We stress that one does not
necessarily always want to completely eliminate IGB (Bassi et al., [2026)), so the optimal configuration depends
on the details of the problem. Nevertheless, our analysis provides a clearer understanding of the mechanisms
underlying the initial bias and identifies practical design levers—most notably the placement of normalization
relative to activation—that allow one to tune and shape the initial predictive behaviour through principled
network design, rather than merely mitigate it.

Robustness: Deep MLPs. Finally, we repeat the GB experiments on a deep MHLP architecture to test the
robustness of our findings (Figs. [G.8). While per-class accuracy still reflects IGB differences, global accuracy
curves largely overlap across normalization placements. This suggests that, in deep models, early-stage bias may
still shape local dynamics but not necessarily affect global convergence speed.
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Figure G.1: Training accuracy on GB using the shallow SHLP model. Left: BN; Right: LN. Each panel compares
normalization applied before vs after ReLLU. Within each configuration, curves are averaged over multiple runs and
grouped by initialization bias (neutral: G = 0.5, prejudiced: G =~ 1). Top: global accuracy; bottom: per-class
accuracy. See App. for model SHLP and dataset GB details. Learning rate: 1e-5, batch size: 512.

G.3 Experiments on Other Architectures

While our theory focuses on MLPs, we now investigate how its insights transfer to more complex, widely used
architectures. A comprehensive study across all architectures and datasets is outside the scope of this paper;
instead, we provide complementary evidence in realistic settings. We report initialization results on large, multi-
class settings (ResNet101, Swin-L) and training-dynamics experiments on (ResNet34, MLP-mixer). This choice
of settings allows us to present results on advanced models and realistic tasks while avoiding massive compute
requirements, thereby supporting reproducibility. Across all experiments, we rely on established implementations,
using the documented tuned choices of hyperparameters as baselines; the only variant introduced for comparison
is the placement of the normalization layer.

Normalization placement and initialization bias. For regimes with many classes (N¢ large), the neutral
fraction 1/N¢ is small, making the maximum per-class guess fraction G; a sensitive summary of bias at
initialization. We compare the distribution of G5 between the baseline configuration (normalization + activation)
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Figure G.2: Test accuracy on GB using the shallow SHLP model. Left: BN; Right: LN. Each panel compares
normalization applied before vs after ReLU. Top: global accuracy; bottom: per-class accuracy. Curves are
grouped by initialization bias. See App. for model SHLP and dataset GB details. Learning rate: 1e-5, batch
size: 512.

and a variant with normalization moved after the activation ((activation + normalization)), for ResNet101 and
Swin-L. In both models, placing normalization after the activation yields a right-shift of the G distribution,
indicating an increased typical fraction of datapoints absorbed by the most-guessed class at initialization. This
shift signals a higher initial IGB level and is coherent with our theoretical expectations (Fig. additional

details in App. [G.1).

Normalization placement and training dynamics. We next study the impact that the normalization
placement has on the learning process, using ResNet34 and MLP-mixer. We emphasize that across all experiments
the architecture and hyperparameters follow well-documented baselines; the only intervention on the model is the
positioning of the normalization layer to define a variant for the comparison with the baseline. To tune the IGB
level without altering architectural details, we apply a simple pre-processing step to the input data, adding a
constant value to all pixels, as prescribed in Ref. (Francazi et al., |2024]). We compare the default setting with a
variant in which normalization layers are moved after the activation functions (see Figs. .

Our experiments show consistent results with theoretical expectations. Moving normalization after the nonlinearity
reduces IGB and accelerates convergence. For the MLP-Mixer (Fig. , we further vary the IGB level by
adjusting the data standardization procedure. We observe that as IGB increases, overall training slows in both
configurations, but the gap in convergence speed between the two normalization placements widens. This suggests
a compounding interaction between IGB strength and normalization structure, reinforcing the role of architectural
choices in determining early dynamics. All experiments on the dynamics are repeated over multiple random seeds;
plots report the mean and standard error across runs to account for variability.
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Figure G.3: Training accuracy on C2-B using the shallow SHLP model. Left: BN; Right: LN. Each panel compares
normalization before vs after ReLU. Top: global accuracy; bottom: per-class accuracy. See App. for model
SHLP and dataset C2-B details. Learning rate: 1e-5, batch size: 512.
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Figure G.4: Test accuracy on C2-B using the shallow SHLP model. Left: BN; Right: LN. Global (top) and

per-class (bottom) performance trends mirror those observed on random data. See App. for model SHLP and
dataset C2-B details. Learning rate: 1e-5, batch size: 512.
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Figure G.5: Training accuracy on E&0 with the shallow SHLP model. Left: BN; Right: LN. LN-after-ReLU
reduces IGB (as can be seen from the insets), though it does not eliminate it. Top: global accuracy; bottom:
per-class accuracy. See App. for model SHLP and dataset E&O details. Learning rate: 1e-5, batch size: 512.
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Figure G.6: Test accuracy on E&O0 with the shallow SHLP model. Left: BN; Right: LN. LN-after-ReLU results in

broader bias distributions and persistent asymmetries. See App. [G.1] for model SHLP and dataset E&O details.
Learning rate: 1e-5, batch size: 512.
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Figure G.7: Training accuracy on GB using the deep MHLP model. Left: BN; Right: LN. Per-class accuracy
reflects IGB differences, but global convergence speeds remain similar. See App. for model MHLP and dataset
GB details. Learning rate: 1e-3 for LN, 5e-4 for BN. Batch size: 512.
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Figure G.8: Test accuracy on GB with the deep MHLP model. Left: BN; Right: LN. Despite clear differences in
per-class behavior, global accuracy curves largely overlap. See App. for model MHLP and dataset GB details.
Learning rate: 1e-3 for LN, 5e-4 for BN. Batch size: 512.
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Figure G.9: Initialization bias at scale. Distributions of the maximum per-class guess fraction G- under
baseline (norm + act.) vs. act. + norm for ResNet101 (left) and Swin-L (right) on high-cardinality datasets (TI).
In both cases, moving normalization after the activation produces a right-shift, i.e., larger typical Gﬁ, indicating
increased initial IGB.
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Figure G.10: Training dynamics of ResNet34 on C10, comparing the standard configuration with BN placed
before the activation (BN + Act.) and a modified variant with BN applied after the activation (Act. + BN). The
level of Initial Guessing Bias (IGB) is measured using the variance ratio v(.A, ¥ (x)), computed from the network’s
initial outputs. As predicted by our theoretical analysis, applying BN after the activation reduces (A, ¥(x))

in this setting, yielding a more balanced initial predictive state. Results are consistent with trends observed in
MLP-based architectures.
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Figure G.11: Learning dynamics of MLP-mixer on C2-A with increasing levels of IGB (top to bottom), induced
by progressively shifting input distributions via standardization (adding a constant to all pixels). Each panel
compares the canonical configuration with LN applied before the activation (LN + Act.) to a variant with LN
applied after the activation (Act. + LN). For each setting, we report accuracy (left) and the maximum class
prediction bias max.{G.} (right), averaged over multiple runs (mean =+ standard error). Left column: training
data; right column: test data. In the baseline setting (top), both configurations perform similarly, but as IGB
increases, LN-before-activation results in slower convergence, consistent with theoretical predictions. Panel (d)
summarizes the convergence delay (79.6) versus A, the difference in (A, (x)) between the two configurations.
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