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Abstract001

Mathematical reasoning is a primary indica-002
tor of large language models (LLMs) intelli-003
gence. However, existing LLMs exhibit fail-004
ures of robustness and generalization. This005
paper attributes these deficiencies to spurious006
reasoning, wherein generated reasoning traces007
bear negligible causal connection to answers.008
To address this challenge, we propose the009
AdaR framework to equip LLMs with adaptive010
reasoning, wherein models rely on problem-011
solving logic to produce answers. AdaR au-012
tomatically synthesizes logically equivalent013
queries by varying variable values, and trains014
models with Reinforcement Learning with Ver-015
ifiable Rewards (RLVR) on these data to penal-016
ize spurious logic while encouraging adaptive017
logic. To ensure data quality, we extract the018
problem-solving logic from the original query019
and generate the corresponding answer by code020
execution and then apply sanity check. Experi-021
mental results demonstrate that AdaR achieves022
substantial improvement in mathematical rea-023
soning while maintaining high data efficiency.024
Furthermore, even for advanced LLMs, there025
still exists robustness and generalization defi-026
ciencies, which our work effectively mitigates.027

1 Introduction028

Large Language Models (LLMs) have demon-029

strated strong performance across various reason-030

ing tasks (Wei et al., 2022a). Among these, mathe-031

matical reasoning serves as a crucial cognitive skill032

that supports problem-solving across tasks (Huang033

and Chang, 2023). Beyond early direct inference at-034

tempts (Liu et al., 2021; Brown et al., 2020), Chain-035

of-Thought (CoT) reasoning has been recognized036

as an effective approach to enhance mathematical037

reasoning (Wei et al., 2022b), as it breaks down038

complex problems into manageable steps (Chu039

et al., 2023).040

However, existing mathematical LLMs still ex-041

hibit failures at two levels: (i) robustness on in-042

Query: Find A that satisfies 32×A×A×A=42592                         Answer: 11

Query : Find A that satisfies 27×A×A×A=3176523                Answer: 49

CoT: First, divide both sides by 32.  Then, take the cube root of 1331.

Spurious Reasoning: First, divide both sides by 27. 
Next, compute the root of 117649. The answer is 343.

Adaptive Reasoning: First, divide both sides by 27.  
Then, take the cube root of 117649. The answer is 49.

RLVR

Figure 1: The examples of spurious and adaptive rea-
soning.

domain tasks (Mirzadeh et al., 2024); and (ii) gen- 043

eralization on out-of-domain tasks (Jahin et al., 044

2025). We attribute these deficiencies to spuri- 045

ous reasoning, the process by which LLMs derive 046

gold answer y from superficial features but not the 047

correct problem-solving logic L, therefore, produc- 048

ing reasoning trace (i.e. CoT) that is semantically 049

similar to, yet logically inequivalent with correct 050

traces. Consequently, even when the underlying 051

problem-solving logic L remains unchanged, mod- 052

els relying on spurious reasoning fail to adapt to nu- 053

merical changes of values in the variable set x and 054

exhibit instability in performance. Meanwhile, spu- 055

rious reasoning cannot be constructed from atom 056

of thoughts (Teng et al., 2025). Therefore, it’s non- 057

compositional along causal relations which in turn 058

causes models to generalize ineffectively. 059

To overcome the mentioned weaknesses, the 060

model is expected to understand the logic L as a 061

function L(.), by correctly understanding the query 062

q and disentangling x from q, which is an abil- 063

ity that reflects algebraic reasoning (Kieran, 2004). 064

Applying the disentangled x to L(.) may reveal 065

the correct answer y. We introduce this process 066

as adaptive reasoning. The query template is de- 067

noted as T , with x removed from q. 068

Learning adaptive reasoning from limited data 069

is difficult. Thus previous work employ data syn- 070

thesis (Yu et al., 2023; Lu et al., 2024). According 071

to the above analysis, synthesizing mathematical 072

data given an L have two essential dimensions: the 073
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instantiate

Template : Find A that satisfies <coefficient>×A×A×A=<result>

Variable set :
{{name: <coefficient>, type: int, value: 32},
{name: <result>, type: int, value: 42592}}

Logic  as Code: 
A_cubed = result / coefficient

A = A cubed ** (1 / 3)

1. Variable Alignment
2. Executable Code
3. Existence of Valid Solution

Gold Answer 

Query: Find A that satisfies 32×A×A×A=42592                         Answer: 11

CoT: First, divide both sides by 32.  Then, take the cube root of 1331.

Strong LLMs

Variable set 

execute

Sanity
Check

  : Find A that satisfies 27×A×A×A=3176523

  : 49

  : Find A that satisfies 0×A×A×A=72518

  : NaN

Query 

Figure 2: The pipeline of how we get the query-answer pairs by controllably perturbing variable values while
preserving problem-solving logic and sanity.

query template T , and the variable set x. Yu et al.074

(2023) predominantly concentrated on perturbing075

T (e.g., paraphrasing) while keeping x fixed. How-076

ever, training with varing T with fixed x may in-077

crease the risk of spurious reasoning overfitting to078

x. In contrast, Lu et al. (2024) attempted to prompt079

the LLM to modify x; however, the employed strat-080

egy leaves x uncontrolled, and may also inadver-081

tently alter LT , making it difficult to ensure the082

correctness of the generated gold answer y.083

In order to equip LLMs with Adaptive084

Reasoning, we propose the framework AdaR,085

which synthesizes data along both T and x dimen-086

sions and performs reinforcement learning with087

them. Crucially, AdaR introduces an automatic088

process for high-precision, controllable numerical089

perturbations, while ensuring verified y. To achieve090

this end, we decompose the complex perturbation091

task into the following manageable, verifiable sub-092

tasks. As shown in Figure 2, we first prompt an093

strong LLM to generate T , LT (as code, e.g. a094

Python program), and x. Subsequently, we control-095

lably perturb values in x to predefined magnitudes096

and types. The perturbed variable set x′ are then097

used to instantiate T to generate queries q′; while098

be provided as input to LT , which is executed to099

produce y′. Furthermore, we introduce sanity check100

to filter invalid instances.101

AdaR then trains the model by Reinforcement102

Learning with Verifiable Rewards (RLVR) (Shao103

et al., 2024) to equip LLMs with adaptive reasoning.104

Notably, unlike in the single data situation, where105

outcome reward may inadvertently strengthen ex-106

isting spurious reasoning, the correctness of out-107

comes on these synthetic data provides a reliable108

signal for inferring where their responses derive.109

In detail, responses that rely on spurious reasoning110

are more likely to produce incorrect answers on111

the perturbed synthetic data and are consequently112

penalized in RLVR, thereby pushing the model to 113

explore the adaptive problem-solving logic (Fig- 114

ure 1). 115

Extensive experiments across in-domain robust 116

tasks and out-of-domain tasks demonstrate that 117

AdaR achieves great gains (+8.50 points on av- 118

erage), with only 9K synthetic data on math- 119

specialized and general base models, thereby 120

demonstrating that our approach enhances the 121

model’s robustness and generalization. Further 122

analysis indicates that: 123

• Advanced LLMs still exhibit pronounced 124

robustness and generalization deficiencies, 125

which our work effectively mitigates. 126

• Perturbing the variable values is more effec- 127

tive than perturbing the query template for 128

improving model’s performance. 129

• Evidence of heightened influence on logical 130

order and improved algebraic thinking demon- 131

strates that AdaR equips LLMs with adaptive 132

reasoning 133

2 Method 134

In this section, we first present methods for syn- 135

thesizing data that ensure controllability and sanity 136

throughout the generation process. Following this, 137

we introduce our training strategy, which is em- 138

ployed to more effectively integrate with synthetic 139

data, preventing the model from learning spurious 140

reasoning, thereby facilitating adaptive reasoning. 141

2.1 Data Synthesis with Executable Code and 142

Verifiable Answers 143

A straightforward method for perturbing values in 144

queries and obtaining correct answers without hu- 145

man annotation is to prompt a LLM (Wang et al., 146
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2025). However, our preliminary experiments indi-147

cate that this approach offers neither explicit con-148

trol over the magnitudes and types of perturba-149

tions nor any guarantee of answer correctness. To150

synthesize the desired query-answer pairs, AdaR151

constrains the model to identify only the metadata152

within the data and to translate a CoT into code;153

controllable perturbations are then applied exter-154

nally, and code execution is used to ensure answer155

correctness. The AdaR framework accordingly de-156

composes it into a sequence of manageable, verifi-157

able sub-tasks as follows.158

Convert Logic in Text to Logic in Code. Ex-159

ecutable problem-solving code can serve as a160

problem-solving logic provided its correctness is161

guaranteed. Crucially, such code generalizes ef-162

fectively: by substituting the input variable set, it163

can solve any perturbed query of the original query,164

for its output can serve as reliable gold answer.165

When CoT and gold answer are provided, problem-166

solving code generation becomes a straightforward167

process of translating the textual logic (i.e. CoT)168

into executable code, thereby reducing the model’s169

reasoning burden and enabling direct verification170

of correctness against the gold answer. Building171

on these insights, we provide a query q, the cor-172

responding CoT z and gold answer y to an open-173

source LLM to synthesize the logic LT as code174

for producing gold answer y’ of subsequent per-175

turbed query q′. Because code generation requires176

abstracting the concrete numerical values in q into177

a mapping to the input variables, we further in-178

struct the model to produce T as a byproduct by179

applying this mapping into the original query q.180

Appendix A.3 details the prompt employed.181

Controllable Perturbation. By comparing q182

with T , we construct a variable set x that records183

each variable’s name, numeric type and its value184

as it appears in the original query. This variable185

set, enriched with metadata, enables direct numeric186

perturbations at a predefined magnitude while en-187

suring numerical validity, thereby avoiding the un-188

predictability of perturbations performed through189

an LLM. More specifically, we then apply inde-190

pendent perturbations by sampling each variable’s191

value within a range of ±α% of its original value.192

The parameter α allows the control of the perturba-193

tion magnitude. To ensure numerical validity, both194

the numeric type and the sign of every variable195

must remain unchanged before and after perturba-196

tion. Formally, for the i-th variable with original197

value xi0, we draw: 198

xi = xi0 × (1 + ∆i),∆i ∼ Uniform(−α%, α%)

s.t. type(xi) = type(xi0), sign(xi) = sign(xi0)
(1) 199

Sanity Check. After applying perturbations, we 200

instantiate T with x′ to obtain q′, and execute LT 201

as code with the same x′ as input to generate y′. 202

Although providing z and y has reduced task dif- 203

ficulty, T and LT as code generated by LLMs re- 204

main uncertain and may contain errors. Further- 205

more, a meaningful query imposes inter-variable 206

constraints on its variables; independent perturba- 207

tions can violate these constraints and thereby in- 208

troduce errors. To ensure that the perturbed data re- 209

main well-posed, we conduct a sanity check along 210

the following aspects: 211

• Variable Alignment (VA). We compare vari- 212

ables referenced in T with those used in each 213

LT as code. Any mismatch indicates poten- 214

tial errors (e.g. hallucination) in the LLM’s 215

output. 216

• Executable Code (EC). Since LT as code is 217

used to derive the y, executability is a critical 218

requirement: (i) the code runs without runtime 219

errors; and (ii) providing the original variable 220

set x0 as input reproduces the gold answer y0. 221

• Existence of Valid Solution (EVS). As pertur- 222

bations do not incorporate inter-variable con- 223

straints, q′ may be invalid in realistic scenarios 224

(e.g., selecting 20 items from a set of 10). To 225

provide evidence that a valid solution exists, 226

we perform cross-validation by comparing the 227

answer generated by the code with the output 228

of a mathematical LLM under perturbed query 229

input. Nevertheless, because post-training can 230

introduce spurious reasoning, the model may 231

produce a incorrect answer when conditioned 232

solely on the perturbed query. To handle this, 233

we supply the corresponding LT as code in the 234

context as a hint, which has been verified by 235

EC, enabling the model to optionally ground 236

its reasoning on LT . 237

If a perturbed instance fail to pass the sanity check, 238

we reattempt controllable perturbation. If the num- 239

ber of attempts exceeds τ times, we conclude this 240

instance likely involves complex inter-variable con- 241

straints and then discard it from synthesis. 242
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Queries Paraphrasing. We adopt paraphras-243

ing (Yu et al., 2023) as a data augmentation strategy244

to increase the diversity of T . This approach com-245

plements the controllable perturbation introduced246

earlier to increase the diversity of x. The impact of247

these scalable dimensions on model performance248

is further explored in Section 3.3 and Section 4.2.249

Remark. Our synthetic data contains no CoT, it250

consists solely of the query and the corresponding251

gold answer. As will be described in the next sub-252

section, CoTs generated through either spurious253

reasoning or adaptive reasoning can be sampled254

from the target LLM.255

2.2 Training Strategy256

The training objective of Supervised Fine-Tuning257

(SFT) and its variant Rejection sampling Fine-258

Tuning (RFT) (Yuan et al., 2023) (detailed in Ap-259

pendix A.2) makes models prone to memorizing260

provided CoTs rather than developing adaptive rea-261

soning (Chu et al., 2025), thereby causing them262

to converge to local optimum (Kang et al., 2025).263

RLVR has recently been widely adopted to enhance264

generalization (Guo et al., 2025). However, its out-265

come reward generated by spurious reasoning is266

indistinguishable from that generated by adaptive267

reasoning, which may inadvertently reinforce spu-268

rious reasoning.269

To address this, we combine RLVR with our270

synthetic data. RLVR’s reward-driven enables the271

model to learn from comparison among rewards ob-272

tained by solving perturbed queries using different273

reasoning process. More specifically, when given274

the original query q, it’s hard to determine where275

the gold answer y is derived. However, when the276

model is evaluated on perturbed query q′, reliance277

on CoT from spurious reasoning is more likely to278

yield incorrect outcome, whereas reliance on CoT279

from adaptive reasoning LT (.) is more likely to280

yield correct outcome. All perturbed queries are281

placed into the same batch. Then, each reason-282

ing process is more likely to receive appropriate283

feedback, thereby promoting adaptive reasoning.284

3 Experiment285

3.1 Experimental Setup286

Data synthesis. We use the Qwen2.5-72B-287

Instruct (Yang et al., 2024) as the open-source LLM288

to generate the query templates and the problem-289

solving codes. We select 9K instances from290

ORCA-MATH (Mitra et al., 2024) as seed data291

for data synthesis. Using these seed data, AdaR 292

synthesizes instances with a predefined magnitude 293

α = 500 and a maximum of τ = 50 attempts. For 294

each data in seed data, we select one correspond- 295

ing synthetic data to construct the “ORCA-AdaR- 296

train”, which contains 9K instances. We select 297

another 2.5K instances to form “ORCA-AdaR- 298

test”, ensuring no overlap with “ORCA-AdaR- 299

train”. The details are shown in Appendix A.4.1. 300

Models. To prove the adaptability of our frame- 301

work, we conduct experiments on two categories 302

of base models: math specialized base LLM, 303

specifically Qwen2.5-Math-7B (Yang et al., 2024) 304

and DeepSeekMath-7B (Shao et al., 2024), and 305

8B general base LLM, specifically LLaMA3- 306

8B (Grattafiori et al., 2024). In analysis, we further 307

explore the deployment of AdaR on Instruct Model. 308

Evaluation. For a comprehensive evaluation of 309

mathematical reasoning, we adopt 7 benchmarks 310

covering both in-domain and out-of-domain evalu- 311

ation. Specifically, we evaluate in-domain mathe- 312

matical competence using GSM8K (Cobbe et al., 313

2021) and evaluate in-domain robustness using 314

ORCA-AdaR-test (ORCA-AdaR) and GSM-SYM 315

(main/p1/p2) (Mirzadeh et al., 2024). Within 316

GSM-SYM, the main, p1, and p2 subsets exhibit 317

increasing difficulty. For out-of-domain evalua- 318

tion, we use MATH (Hendrycks et al., 2021), Col- 319

legeMath (Tang et al., 2024), TheoremQA (Chen 320

et al., 2023), and American Invitational Mathe- 321

matics Examination (AIME) problems for 2025 322

to evaluate generalization. Results are reported as 323

pass@1 for all datasets except AIME 2025, for 324

which, in accordance with (Yu et al., 2025), we 325

report avg@32. Further details about the evalu- 326

ation setup and benchmarks are provided in the 327

Appendix A.4.3. 328

Baseline. We primarily compare our framework, 329

AdaR, against the following baselines: (1) The 330

base models undergo SFT using 9K seed data—this 331

same data is also leveraged for data synthesis. 332

These models are referred to as the “Initial SFT” 333

models. (2) In “Standard-RLVR” setting, the “Ini- 334

tial SFT” is subsequently trained with RLVR on 335

another 9K subset of ORCA-MATH, with its tem- 336

plates being disjoint from the training set used for 337

“Initial SFT”. (3) We also include other synthesis 338

methods, such as MetaMATH (Yu et al., 2023), 339

which improves query diversity through paraphras- 340

ing and self-verification; MathGenie (Lu et al., 341
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Method
In-Domain Out-of-Domain

AVG
GSM8K ORCA-AdaR main p1 p2 MATH College Theorem AIME

Qwen2.5-MATH (7B MATH-Specialized Base Model)

Initial SFT 81.43 77.12 74.26 64.48 52.44 42.84 28.55 14.88 4.27 48.92
Standard-RLVR 86.96 81.80 81.34 74.32 64.68 61.74 29.48 20.38 10.94 56.85

MetaMATH 84.61 82.44 79.78 71.24 63.28 66.92 39.25 26.13 9.38 58.11
MathGenie 87.64 84.96 80.40 72.60 63.56 55.94 21.11 20.05 10.31 55.17

AdaR 91.81 86.08 89.72 82.74 73.24 75.90 48.62 37.13 14.27 66.61

DeepSeekMath (7B MATH-Specialized Base Model)

Initial SFT 70.28 65.48 61.70 50.26 29.36 28.44 22.32 11.50 0.21 37.73
Standard-RLVR 81.43 72.56 74.76 64.34 40.00 39.26 21.61 20.38 0.73 46.12

MetaMATH 80.89 70.28 75.14 64.54 39.56 38.02 19.13 22.63 0.21 45.60
MathGenie 80.13 73.44 74.18 64.02 40.04 39.16 22.39 23.75 3.33 46.72

AdaR 81.43 75.44 76.56 64.94 42.00 41.18 24.23 25.25 3.33 48.26

Llama3 (8B General Base Model)

Initial SFT 67.17 57.84 59.98 47.30 24.92 18.20 9.33 8.13 0.00 32.54
Standard-RLVR 73.09 55.68 67.06 51.58 25.16 19.02 9.01 9.00 0.00 34.40

MetaMATH 74.52 59.96 70.74 56.58 26.72 19.68 9.04 9.38 0.00 36.29
MathGenie 72.47 58.90 67.26 53.72 25.38 18.30 8.92 9.00 0.00 34.88

AdaR 77.77 61.52 73.96 56.90 30.28 20.48 9.62 9.63 0.00 37.80

Table 1: Performance comparison across In-Domain and Out-of-Domain mathematical benchmarks. The datasets
“main”, “p1”, and “p2” are from GSM-SYM. Best results are highlighted in bold.

2024), which generate questions by applying back-342

translation to paraphrased responses. For all RLVR343

training procedures, we adopt DAPO (Yu et al.,344

2025) for its faster convergence and the elimina-345

tion of the need for a value model, which together346

reduce training time and computational resource re-347

quirements. Additional details of the training setup348

are provided in the Appendix A.4.2.349

3.2 Main Results350

The main results are summarized in Table 1. We351

highlight the following three observations:352

Observation 1: Our method with a small353

amount of synthetic data yields substantial per-354

formance gains. Using only 9K synthetic data,355

our method surpasses other methods across all base356

models. Compared to other synthetic data methods,357

we improve over MetaMATH by 8.50 points and358

over MathGenie by 11.44 points on average.359

Observation 2: Our method significantly en-360

hances model robustness and generalization.361

The enhancement manifests across three levels: (i)362

perturbed variable values in seen queries during363

training (ORCA-AdaR-test); (ii) perturbed variable364

values in unseen queries during training (GSM-365

SYM main/p1/p2, where main, p1, and p2 rep-366

resent increasing levels of difficulty); (iii) out-of-367

domain data. Across all base models, we observe368

gains on the first two levels compared to the sub- 369

optimal MetaMATH (+4.66 / +4.75 points). At 370

a finer level of granularity, we observe that “Ini- 371

tial SFT” rarely produces correct answers across 372

all perturbations of variable values within a spe- 373

cific query template. In contrast, AdaR signifi- 374

cantly improves this capability. Besides, on the 375

third level we obtain larger improvements: when 376

using Qwen2.5-MATH-7B as the base model, the 377

average gain reaches +8.56 points. These results in- 378

dicate that the model generates CoTs from adaptive 379

reasoning rather than spurious reasoning, which 380

better supports robustness and generalization. 381

Observation 3: The effectiveness of our 382

method correlates with the mathematical rea- 383

soning ability of the base model. The num- 384

ber of additional rollouts required to obtain 385

both correct and incorrect answers follows the 386

ordering Qwen2.5-MATH(458.00) < DeepSeek- 387

Math(563.20) < LLama3(942.83), which is in- 388

versely correlated with their respective perfor- 389

mance gains (+17.69, +10.53, and +5.26 points). It 390

implies possessing sufficient mathematics-related 391

knowledge is a necessary condition for sampling 392

both positive and negative responses, thereby fa- 393

cilitating the learning of adaptive reasoning. The 394

result also suggests that AdaR is complementary to 395

the mathematical pre-training with a large amount 396

of real or synthetic mathematical data. 397
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Method Strategy
Sanity Check

Paraphrase
In-Domain

Out-of-Domain
VA EC EVS ORCA-AdaR main p1 p2

Initial SFT - - - - - 77.12 74.26 64.48 52.44 22.63

AdaR

RFT ✓ ✓ ✓ ✓ 82.32 76.54 67.66 55.48 23.82
RLVR ✗ ✓ ✓ ✓ 85.36 87.98 80.34 69.12 39.04
RLVR ✓ ✗ ✓ ✓ - - - - -
RLVR ✓ ✓ ✗ ✓ 85.48 89.06 81.90 71.88 40.17
RLVR ✓ ✓ ✓ ✗ 87.56 89.63 80.96 71.88 41.31
RLVR ✓ ✓ ✓ ✓ 86.08 89.72 82.74 73.24 43.98

Table 2: Ablation Study. Best results are highlighted in bold.

3.3 Ablation study398

The AdaR framework employs techniques to en-399

sure the model can master adaptive reasoning from400

controllable and diverse synthetic data: (i) deploy-401

ing the RLVR training strategy; (ii) introducing the402

sanity check, comprising Variable alignment (VA),403

Executable Code (EC), and Existence of Valid So-404

lution (EVS); (iii) incorporating the paraphrase to405

further enhance the diversity of query templates.406

As shown in Table 2, each technique within the407

AdaR framework is essential to the final perfor-408

mance. Notably, without EC, directly applying409

subsequent EVS retains only 0.2% data, which is410

insufficient to support training; consequently, no411

result is reported for this configuration. Although412

this indicates that EVS functionally contains EC,413

the rule-based EC is more computationally efficient414

than the model-based SE, by 218× (as shown in415

Appendix A.6), and thus remains essential. Be-416

sides, the result proves that paraphrase is comple-417

mentary to perturbation of variable values, since418

it enhances the ability to understand different tem-419

plates of specific problem-solving logic.420

To further examine the importance of RLVR, we421

evaluate reasoning ability by measuring the accu-422

racy of problem-solving code generation and com-423

putational ability by measuring the accuracy when424

the model itself is instructed to execute the code425

(the full prompt is provided in Appendix A.3). As426

summarized in the Table 3, relative to “Initial-SFT”,427

“AdaR-RFT” improves computation while degrad-428

ing reasoning, whereas “AdaR” with RLVR yields429

substantial improvements in both reasoning and430

computation ability. It is consistent with Chu et al.431

(2025): RFT’s objective tends to memorize super-432

ficial features, thereby exacerbating overfitting to433

computation patterns rather than the corresponding434

problem-solving logic, while RLVR improves both435

abilities by encouraging the maximization of the436

exploration reward.437

Method ORCA-AdaR-test Reasoning Computation

Initial-SFT 77.12 75.24 54.92
Standard-RLVR 81.80 69.52 68.52

AdaR-RFT 82.32 72.36 75.36
AdaR 86.08 80.96 90.76

Table 3: Evaluation of reasoning and computation abil-
ity on ORCA-AdaR.

4 Analysis 438

In this subsection, we address the following Re- 439

search Questions (RQs) regarding AdaR: (1) Does 440

training with AdaR enable the model to master 441

adaptive reasoning? (2) To what extent does the 442

scaling along different dimensions (query template 443

T , variable set x, and problem-solving logic L) in- 444

fluence the model’s performance respectively? (3) 445

During the RLVR stage, when employing synthetic 446

data whose templates are unseen by the target LLM, 447

does AdaR continue to exhibit strong performance? 448

(4) To what extent does diversity in the computa- 449

tional difficulty levels of synthetic queries affect 450

the model’s performance? (5) Is AdaR applicable 451

to Instruct models? To answer these RQs (exclud- 452

ing RQ5), we conduct the following analysis using 453

Qwen2.5-MATH-7B as the base model. Because 454

the AIME evaluation metric differs from those of 455

the other out-of-domain benchmarks, we exclude 456

AIME from the analysis for better reporting. 457

4.1 AdaR Enables Adaptive Reasoning 458

Spurious reasoning causes generalization defi- 459

ciencies. Spurious reasoning that relies on super- 460

ficial features can derive answers without adhering 461

to a correct logical order. By contrast, adaptive 462

reasoning requires strict adherence to the correct 463

logical order to derive answers step by step. To 464

quantify this effect, we introduce the metric, In- 465

fluence to Logical Order (ILO), which measures 466

relative change rate in perplexity (PPL) of correct 467

answers when the sentence order of the correspond- 468
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ing CoT is shuffled.469

ILO =
1

n

n∑
i=1

∣∣PPL(y | q, z)− PPL(y | q,Ri(z))
∣∣

PPL(y | q, z)
,

(2)470

where q denotes the query, z denotes the CoT, y471

denotes the answer, R denotes a random permuta-472

tion function operating at the sentence level, and n473

denotes the number of random permutations (set to474

5 to keep variance small). We find that the ILO of475

CoTs that are unable to generate correct answers476

across all perturbations of variable values within477

a specific query template is significantly lower478

than that of CoTs capable of producing correct479

answers across all such perturbations (114.24% vs.480

221.87%). This result indicates that spurious rea-481

soning (characterized by a lower ILO metric) is482

more likely to induce generalization deficiencies483

than adaptive reasoning (characterized by a higher484

ILO metric). Based on ILO, we show that AdaR485

significantly improves the adaptive reasoning capa-486

bility over “Initial SFT” (150.49% vs. 119.22%).487

Enhancing algebraic thinking. We further ex-488

amine model outputs and observe that, despite no489

code data being provided during training, the pro-490

portion of CoTs containing structural code snip-491

pets (e.g. “... B + H = 157 - (23 + 41).492

Substituting the value of H into the493

equation, we get ...”) increases from 55%494

to 90% after training with AdaR (please refer to495

Appendix A.5 for more details), indicating the496

emergence of algebraic thinking, treating unknown497

and known variables on equal footing and solving498

queries via variable calculation. We then likewise499

evaluate reasoning ability by measuring the accu-500

racy of problem-solving code generation which501

engages algebraic thinking. As shown in Table 3,502

although RLVR is employed in both, training on503

standard data (Standard-RLVR) decreases accuracy,504

whereas training on our synthetic data with queries505

which are semantically similar but instantiate dif-506

ferent variables improves accuracy.507

4.2 Effect of Scaling Different Dimensions508

In AdaR, we modulate sampling frequency to scale509

data size along query template T and values in vari-510

able set x. In addition, we scale data size along511

problem-solving logic L by subsampling, which512

regulates diversity in common scenarios Accord-513

ingly, we evaluate performance trends when scaling514

x, T or L and show the result in Figure 3. We ob-515

serve steady improvements in model performance516
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Figure 3: Performance of scaling.

with increasing data size in both in-domain (ID) 517

and out-of-domain (OOD) settings. To character- 518

ize marginal returns with scale, we fit the scaling 519

curves with a log-linear approximation. The fitted 520

coefficients satisfy kL < kT < kx throughout, in- 521

dicating that scaling along the dimension x yields 522

the greatest marginal returns. This is mainly be- 523

cause perturbing T facilitates query comprehen- 524

sion, whereas perturbing x is the essential driver of 525

adaptive reasoning. We attribute the limited effec- 526

tiveness of scaling along L to the simple subsam- 527

pling, which causes data from same distribution 528

constrains the control of diversity. We leave more 529

comprehensive exploration of L to future work. 530

4.3 Effect of Seen Perturbed Queries 531

AdaR learns adaptive reasoning by comparing feed- 532

back on responses to perturbed queries whose 533

problem-solving logic are consistent; consequently, 534

the model should be exposed to these queries dur- 535

ing the RLVR stage. We posit two situations where 536

this comparison arises. 537

First, during SFT, memorization of superficial 538

features associated with a given query induces spu- 539

rious reasoning. When solving a perturbed query 540

derived from that query in SFT, the model relies 541

on spurious reasoning, producing unstable rollouts 542

and thus yielding different feedback for compari- 543

son. It’s consistent with result shown in Table 4, 544

training AdaR with perturbed data conditioned on 545

SFT seed data leads to higher performance than 546

“Standard-RLVR” which is trained on normal data. 547

Second, during RLVR, presenting the model 548

with multiple perturbed queries that share consis- 549

tent problem-solving logic but instantiate different 550

valuable values can likewise induce comparison: if 551

the model depends on spurious reasoning, it will 552

receive different feedback across responses to these 553

queries. To validate this, we additionally sample a 554

2.25K subset from the ORCA-MATH dataset with 555
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Method # Samples In-Domain Out-of-Domain

Standard-RLVR 9K 77.82 37.20
AdaR-Lite×4 2.25K × 4 83.42 49.90

AdaR 9K 84.72 53.88

Table 4: Effect of seen perturbed queries.

no overlap with the SFT training data and apply 4556

rounds of controllable perturbation for compari-557

son. We denote this setting as “AdaR-Lite×4”. As558

reported in Table 4, “AdaR-Lite×4” outperforms559

“Standard-RLVR”, further proving this hypothesis.560

4.4 Effect of Perturbation Magnitude561

We investigate the influence of perturbation magni-562

tude and present the results in Figure 4. We observe563

that the performance increases with larger pertur-564

bation in variable values up to a point and then565

exhibits a slight decline. Larger perturbation mag-566

nitude enables the model to learn previously unseen567

numerical calculations, and thereby improves per-568

formance. However, when the generated queries569

contain a excessively high proportion of invalid570

data (e.g. selecting 2 items form a set of 10 is the571

original query, the maximum α can be set is 500)572

before to the sanity check (refer to Section 2.1), it573

leads more noise that ultimately degrades model574

performance.575
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Figure 4: Influence of perturbation magnitude.

4.5 AdaR is Applicable to Instruct Model576

We further investigate using Qwen3-4B-Instruct-577

2507 (Yang et al., 2025) as the base model. AdaR578

still yields substantial performance gains (+5.86)579

and effectively mitigates robustness failures that580

persist under test-time scaling (+1.51). We ad-581

ditionally observe that the model’s rollout time582

on seed dataset is shorter than that of AdaR (≈583

0.36×), suggesting that generating correct answers584

becomes more difficult when the model is exposed585

to mild numerical perturbations, revealing pro-586

nounced brittleness. Taken together, these find-587

ings highlight a pronounced limitation in advanced588

LLMs: strong performance on conventional test589

sets often obscures fundamental deficiencies in590

generalization and robustness. In contrast, AdaR 591

effectively exposes and mitigates such latent defi- 592

ciencies, demonstrating its broad applicability. Ad- 593

ditional details are provided in Appendix A.7. 594

5 Related Work 595

Analysis of Robustness and Generalization. 596

Wang et al. (2023) discovered that even invalid 597

CoT demonstrations achieve comparable perfor- 598

mance to valid ones. Similarly, we demonstrate 599

that CoT arising from spurious reasoning is less 600

sensitive to random variations in logical order. 601

LLMs exhibit brittleness when facing problem vari- 602

ations: the GSM-SYM benchmark (Mirzadeh et al., 603

2024) demonstrates poor robustness on in-domain 604

tasks with altered numerical values, while Jahin 605

et al. (2025) shows limited generalization to out-of- 606

domain problems, indicating models may memo- 607

rize patterns rather than genuinely understand rea- 608

soning. The generation of GSM-SYM relies on 609

human effort. In contrast, AdaR is fully automatic. 610

Approaches to Improving Reasoning Ability. 611

Data synthesis has emerged as a promising solu- 612

tion (Wang et al., 2025), with Li et al. (2023) para- 613

phrasing questions to diversify templates, though 614

showing limited improvement in adaptive reason- 615

ing due to unchanged mathematical structures. 616

Lu et al. (2024) advances this by augmenting 617

datasets through LLM-based generation and ver- 618

ification, helping models identify shared logical 619

patterns through contrasting perturbed queries, but 620

remains constrained by simple perturbations and 621

error-prone verification. More importantly, we pro- 622

pose adaptive reasoning, which can explain why 623

the aforementioned methods are ineffective. 624

6 Conclusion 625

Robustness and generalization remain central chal- 626

lenges for LLMs when solving mathematical prob- 627

lems. We attribute these failures to spurious rea- 628

soning that relies on superficial features and en- 629

courage adaptive reasoning that can adapt to vary- 630

ing variable values. Therefore, we propose AdaR, 631

a framework that enables adaptive reasoning and 632

comprises a data synthesis component and a model 633

training component. Experimental results demon- 634

strate substantial performance improvements with 635

a small amount of data on both in-domain and out- 636

of-domain tasks. Further analyses indicate that 637

AdaR indeed facilitates adaptive reasoning and is a 638

scalable and broadly applicable framework. 639
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Limitations640

Our framework is subject to several limitations.641

Firstly, although Section 4.2 underscores the impor-642

tance of scaling L, AdaR currently enhances only643

T and x. We therefore identify scaling the diversity644

of L as a promising direction for future work. Sec-645

ondly, AdaR requires the entire problem-solving646

process of each seed queries to be expressible as a647

fully executable program, and it assumes the pres-648

ence of easily perturbed input variables. These649

requirements implies applying AdaR in more gen-650

eral settings (e.g., theorem proving) would require651

more sophisticated designs. Thirdly, due to com-652

putational constraints, we do not investigate large653

reasoning models or models with larger parameter654

counts as base.655
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A Appendix 837

A.1 The use of LLMs 838

We use LLMs (e.g., GPT-5) only to polish writing. 839

More specifically, their application focuses on two 840

key areas: correcting grammatical errors and sug- 841

gesting more appropriate word choices to enhance 842

expression. Additionally, we conduct a thorough 843

double check of all content refined by LLMs. This 844

verification process is critical to preventing the in- 845

clusion of harmful information and ensuring the 846

overall accuracy, reliability, and appropriateness of 847

the final content. 848

A.2 Training Objective 849

A.2.1 SFT & RFT 850

Supervised fine-tuning (SFT) is a mainstream post- 851

training strategy for eliciting step-by-step reason- 852

ing. Let πθ denote a policy over responses given 853
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queries, parameterized by θ. Given a dataset D854

of query–response pairs (q, r), SFT minimizes the855

negative log-likelihood objective856

LSFT(θ) = −E(q,r)∼D
[
log πθ(r | q)

]
, (3)857

Reject sampling Fine-Tuning (RFT) constructs an858

SFT dataset by sampling from the model to be859

trained and retaining high-scoring outputs.860

A.2.2 RLVR861

Reinforcement Learning with Verifiable Reward862

(RLVR) is a reinforcement learning method that863

saves video memory usage. Given a query q,864

the model samples r ∼ πθ(· | q) and a verifier865

v(q, r) ∈ [0, 1] evaluates it. RLVR maximizes866

J(θ) = Eq∼D,r∼π(·|q)[v(q, r)] (4)867

In mathematical reasoning, v typically checks868

whether the predicted answer exactly matches the869

gold answer.870

A.3 Prompts871

We show the prompts used for generating the query872

template and problem-solving code in Prompt 1,873

Solution Existence in Prompt 2, code generation874

which evaluates reasoning ability in Prompt 3, code875

execution which evaluates computational ability in876

Prompt 4.877

A.4 General Settings878

A.4.1 Data Synthesis879

Given that most publicly available math word880

problem datasets are constructed based on881

GSM8K (Cobbe et al., 2021), and considering882

that existing LLMs may have been trained on sub-883

stantial variations of this dataset, which alleviates884

to some extent the model’s shortcut learning is-885

sues, we have opted for a newer and larger dataset886

ORCA-MATH (Mitra et al., 2024). We sample the887

data for synthesis by uniformly selecting using 42888

as the random seed.889

We use Qwen2.5-72B for data synthesis, includ-890

ing problem-solving codes, query templates, the891

existence of valid solutions, and implementations892

of other baselines. The temperature is set to 0.7, the893

top p is set to 0.95, and the maximum generation894

length is 4096 tokens.895

In addition, we experiment with using Qwen2.5-896

7B for data synthesis under the same parameter897

settings, with the results reported in the Table 7.898

Although employing a weaker model for data syn- 899

thesis leads to a reduction in overall model perfor- 900

mance, we observe that by scaling data size along 901

the variable value x, the performance gap can be 902

reduced from 8.14 to 3.09. 903

A.4.2 Training 904

All baselines are first trained with the same SFT 905

procedure, after which RLVR training is performed 906

using their respective data. For SFT, we use 907

LLaMA-Factory (Zheng et al., 2024). All mod- 908

els are fine-tuned for 3 epochs with a batch size of 909

128 on 4 NVIDIA A100 GPUs. The peak learn- 910

ing rate is 1e-5 with a linear warm-up over the 911

first 3% of training steps, followed by cosine decay 912

to a minimum of 1e-7. The maximum generation 913

length is set to 4096 tokens. For DAPO, we use 914

veRL (Sheng et al., 2024), adopting the training 915

setup of Yu et al. (2025). We utilize the AdamW 916

optimizer (Loshchilov and Hutter, 2017) with a 917

constant learning rate of 1e-6 and a linear warm- 918

up over 20 rollout steps. For rollout, the prompt 919

batch size is 256 and we sample 16 responses per 920

prompt. For training, the mini-batch size is 32, 921

corresponding to 128 gradient updates per rollout 922

step. Overall, SFT training requires approximately 923

12 hours and RL training requires approximately 2 924

days. 925

A.4.3 Evaluation 926

We compare AdaR with baselines on the following 927

7 benchmarks: 928

• GSM8K [MIT] (Cobbe et al., 2021): The test 929

set comprises 1,319 high-quality grade-school 930

mathematics word problems, each requiring 931

between 2 and 8 reasoning steps. 932

• ORCA-AdaR-test: The test set consists of 933

2,500 high-quality grade-school mathematics 934

word problems synthesized by AdaR. Seed 935

problems are selected from ORCA [MIT Li- 936

cense] (Mitra et al., 2024) and subjected to 937

1-4 numerical perturbations to assess models’ 938

robustness in mathematical reasoning. 939

• GSM-SYM [CC-BY-4.0] (Mirzadeh et al., 940

2024): The test set includes three sub- 941

sets—main, p1, and p2—with 5,000, 5,000, 942

and 2,500 instances, respectively. Starting 943

from the GSM8K test problems, a symbolic 944

template is constructed for each problem; each 945

template yields 50 instances. The subsets aug- 946

ment the original logical structure by adding 947
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0 (main), 1 (p1), or 2 (p2) additional reason-948

ing clauses, thereby enabling a more rigorous949

evaluation of mathematical reasoning robust-950

ness.951

• MATH [MIT] (Hendrycks et al., 2021): The952

test set comprises 5,000 problems drawn from953

high-school mathematics competitions. Prob-954

lems are categorized into seven types (Preal-955

gebra, Intermediate Algebra, Algebra, Precal-956

culus, Geometry, Counting & Probability, and957

Number Theory) and five difficulty levels.958

• CollegeMath (Tang et al., 2024): The test959

set contains 2,818 college-level problems cu-960

rated from nine college-level mathematics961

textbooks, covering seven key disciplines: Al-962

gebra, Precalculus, Calculus, VectorCalculus,963

Probability, LinearAlgebra, and Differential964

Equations.965

• TheoremQA (Chen et al., 2023): A theorem-966

driven question-answering benchmark con-967

taining 800 problems grounded in 350 the-968

orems, designed to evaluate LLMs’ ability to969

apply domain-specific theorems across Mathe-970

matics, Physics, Electrical Engineering, Com-971

puter Science, and Finance.972

• AIME 2025: A test set containing 30 prob-973

lems from the 2025 American Invitational974

Mathematics Examination (AIME), curated975

to evaluate LLMs on challenging, Olympiad-976

level high-school mathematics across Alge-977

bra, Geometry, Number Theory, and Combi-978

natorics.979

We adopt the evaluation pipeline of Tong et al.980

(2024) with some modifications. Unless otherwise981

noted, we set the sampling temperature to 0.7 and982

the nucleus parameter top_p to 0.9.983

Regarding evaluation metrics, pass@1 is defined984

as the accuracy of the first sampled output, whereas985

avg@32 is the mean accuracy computed over 32986

sampled outputs. As shown in Table 5, when the987

test set is sufficiently large (approximately 1,000988

samples), the performance differences between989

pass@1 and avg@32 remain within 1 percentage990

point and the avg@32 results fully consistent with991

the conclusions drawn from the avg@1 results.992

A.5 Structural Code Snippet993

To calculate the frequency of structural code snip-994

pet in the responses, we inspect 20 responses to995

Method GSM8K GSM-SYM-main MATH
Initial SFT 81.43 / 80.42 74.26 / 73.89 42.84 / 42.57
Standard-RLVR 86.96 / 86.88 81.34 / 81.51 61.71 / 61.29
MetaMATH 84.61 / 83.80 79.78 / 78.88 66.92 / 66.29
AdaR 91.81 / 92.32 89.72 / 89.39 75.90 / 76.00

Table 5: pass@1 / avg@32 results across different
benchmarks.

queries from GSM-SYM. We present cases of struc- 996

tural code snippets from “Initial-SFT” and AdaR 997

in Figure 8. 998

A.6 Generation Cost 999

The generation costs for all aspects included in the 1000

sanity check are reported in Table 6. This experi- 1001

ment is conducted on a single compute node. 1002

A.7 Performance on Instruct Models 1003

Dataset. To evaluate whether AdaR remains ef- 1004

fective on more challenging datasets, beyond the 1005

grade-school mathematics problems used in ear- 1006

lier experiments (i.e., ORCA dataset), we adopt 1007

the Light-R1 dataset (Wen et al., 2025). From 1008

this dataset, we sample 7.5K seed data and ap- 1009

ply numerical perturbations 1–4 times, resulting 1010

in a 17K-instance training set, denoted as “R1- 1011

AdaR-train”. To perform a fine-grained analysis 1012

of whether AdaR improves model robustness and 1013

to avoid potential of data leakage, we construct 1014

two test sets, each containing 1K instances: “seen”, 1015

whose query templates appear in “R1-AdaR-train”, 1016

and “unseen”, whose templates do not appear in 1017

the “R1-AdaR-train”. 1018

Baselines. In this experiment, we introduce 1019

two strong baselines: “Qwen3-4B-Instruct-2507” 1020

and the test-time-scaling-enabled “Qwen3-4B- 1021

Thinking-2507”. Because the Instruct model al- 1022

ready possesses strong mathematical reasoning 1023

capabilities, we skip the SFT stage and directly 1024

perform RLVR training. The model trained us- 1025

ing RLVR on the 7.5K seed data is referred to 1026

as “Standard-RLVR-Instruct”, while the model 1027

trained with AdaR synthetic data is denoted “AdaR- 1028

Instruct”. 1029

Table 8 shows the full results. 1030

A.8 Training Dynamic Analysis 1031

As shown in Figure 5 and Figure 6, during 1032

RLVR training, as the training steps increase, the 1033

model’s generated CoT sequences grow progres- 1034

sively longer. In the early stage, although the se- 1035

quence length steadily increases, the model rapidly 1036

12



acquires stable short reasoning patterns, often ac-1037

companied by certain forms of spurious reasoning,1038

resulting in a decrease in entropy. As training con-1039

tinues and CoT sequences further lengthen, the1040

model begins to develop more adaptive reasoning1041

due to exposure to perturbed data. This transition1042

increases the model’s predictive uncertainty, lead-1043

ing to the subsequent rise in entropy.1044

In parallel, Figure 7 shows that the AIME 20241045

scores exhibits a rapid improvement during the1046

initial training stage and then plateaus with minor1047

fluctuations in later steps. This trajectory aligns1048

with entropy dynamics: the model first stabilizes1049

around short reasoning patterns that yield quick1050

performance gains, and later explores a broader1051

reasoning space as CoT sequences grow, leading1052

to small oscillations around a higher performance1053

level.1054
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Figure 7: AIME 2024 scores on AdaR during training.
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: A group of  students has various hobbies.  like to play video games,  like to play volleyball, and 
the rest like to either hike or paint. How many like to hike if the number that like to paint is twice the number 
that prefer playing volleyball?

: 11

 from “Inital-SFT”:
... we multiply the number of volleyball 
players by 2:

Number of volleyball players = 41
Number of students who like to paint = 2 * 
41 = 82 
... 
We subtract the sum of these from the total 
number of students to find out how many like 
to hike
... 
Number of students who like to hike = 157 - 
(23 + 41 + 82)
...
Number of students who like to hike = 11...

 from AdaR:
Let's denote the number of students who like to paint as \( P 
\) and the number of students who like to hike as \(H\)
...
The number of students who like to hike is twice the number 
that prefer playing volleyball, so \( P = 2 \times 41 = 82 \)
...
Therefore, the number of students who like to hike and paint 
is the total number of students minus the number of students 
who like to play video games and play volleyball.

So, we can write the equation:
\[ H + P = 157 - (23 + 41) \]

Substituting the value of \(P \) into the equation, we get:\n\[ H 
+ 82 = 157 - (23 + 41) \]
\[ H + 82 = 157 - 64 \]
\[ H + 82 = 93 \]
Now, we solve for \( H \):
\[ H = 83 - 82 \]
\[ H = 11 \]...

: A group of  students has various hobbies.  like to play video games,  like to play volleyball, and 
the rest like to either hike or paint. How many like to hike if the number that like to paint is twice the number 
that prefer playing volleyball?

: 66

 from “Inital-SFT”:
... Since the number of students who like to 
paint is twice the number that prefer playing 
volleyball, we can calculate 
... 
Number of students who like to paint = 2 * 
25 = 50 
... 
We can subtract these from the total to find 
out how many like to hike 
... 
Number of students who like to hike = 183 - 
(42 + 50) 
... 
Number of students who like to hike = 91...

 from AdaR:
Let's denote the number of students who like to paint as \( 
P \) and the number of students who like to hike as \( H \) 
... 
The number of students who like to paint is twice the 
number that prefer playing volleyball, so \( H = 2 \times 25 
= 50 \) 
... 
Therefore, the number of students who like to hike or play 
volleyball is the total number of students minus the number 
of students who like to play video games and the number 
of students who like to play volleyball. This can be 
expressed as:
\[ H + P = 183 - 42 - 25 \]

Substituting the value of \( P \) into the equation, we get:
\[ H + 50 = 183 - 42 - 25 \]

Now, let's calculate the right-hand side of the equation:
\[ 183 - 42 = 141 \]
\[ 141 - 25 = 116 \]

So, we have:
\[ H + 50 = 116 \]

To find \( H \), we subtract 50 from both sides of the 
equation:
\[ H = 116 - 50 \]
\[ H = 66 \]...

Figure 8: The case study of structural text in outputs. The green background indicates the correct reasoning step.
The red background indicates the wrong reasoning step.
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Sanity Check Generation Times (s per 1K samples) Retention rate (%)

Variable Alignment 2.90 67.70
Executable Code 2.80 70.70

Solution Existence 612 95.17

Table 6: Generation cost of component in sanity check.

Method # Samples
In-Domain Out-of-Domain

AVG
GSM8K ORCA-AdaR main p1 p2 MATH College Theorem AIME

Initial SFT 0K 81.43 77.12 74.26 64.48 52.44 42.84 28.55 14.88 4.27 48.92

Qwen2.5-7B
9K 87.34 83.72 81.02 73.84 62.08 64.36 35.42 25.13 13.33 58.47

9K × 4 89.31 85.36 88.50 80.72 70.76 70.70 41.34 30.13 14.90 63.52

Qwen2.5-72B
9K 91.81 86.08 89.72 82.74 73.24 75.90 48.62 37.13 14.27 66.61

9K × 4 92.72 87.16 90.32 83.50 73.80 76.20 49.96 37.50 16.46 67.51

Table 7: Performance comparison when employing different models for data synthesis.

Method
Robustness Generalization

AVG
CoT

Lengthseen unseen GSM-SYM GSM8K MATH College Theorem AIME

Qwen3-4B-Instruct-2507 60.99 56.62 85.50 92.27 91.12 50.85 47.50 46.46 66.41 1672
Qwen3-4B-Thinking-2507 66.32 63.42 91.19 93.33 95.38 53.97 58.13 75.83 74.70 4784
Standard-RLVR-Instruct 62.86 57.72 90.47 93.78 91.52 52.09 48.25 52.50 68.65 2355

AdaR-Instruct 68.42 65.17 91.88 94.69 90.83 53.30 55.00 58.83 72.27 3435

Table 8: Comparison with the Instruct model and Thinking model.
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Prompt 1: Generate Template and Code

Task Description:
You are given a natural language query and its chain-of-thought response.
Your task is to: Generate a Query Template by abstracting specific values into variables.
Generate Python Code that executes the logic described in the COT response using the abstracted
variables.

Input Format:
Query: Original query with specific values
Response: Chain-of-thought reasoning that leads to the answer

Output Requirements:
Query Template:
Replace only concrete values in the query with angle-bracketed placeholders like <vari-
able_name>. Do not replace names or general nouns (e.g., do not change “Jungkook” to <per-
son_name>). Preserve the original wording and structure of the query as much as possible.
Python Code:
Begin by defining variables that correspond to the placeholders in the template. Translate the
logic in the response into executable Python code. The code should end with a print() statement
that prints only the final result. Do not include comments with explanations or reasoning. Use
the same variable names as in the template for consistency.

=== START EXAMPLE ===

{example}

=== END EXAMPLE ===

### Query:
{query}

### Response:
{response}

1055

16



Prompt 2: Existence of Valid Solution

Task Description:
Your task is to generate a Chain-of-Thought (CoT) explanation that answers the user’s question
by reasoning through the logic implied in a provided Python script. Use the script to inform your
explanation, but do not output or reproduce any code.

Input Format:
Query: A question involving specific values or conditions.
Python Code: A script that solves the query or provides a key computational procedure.

Output Requirements:
Start by interpreting the question clearly. Reason through the problem step by step, using the
Python code as a guide to inform your logic. Refer to relevant steps in the code as part of your
reasoning. Do not output or reference the code in any form. Explicitly state the final answer
after the final step within \boxed{}.

### Query:
{query}

### Python Code:
{code}

1056

Prompt 3: Code Generation

Please write a Python code to solve the following problem. Just give me the code, no explana-
tion, no comments, no input statements. The code should be runnable and print the answer in the
end.

### Query:
{query}

### Python Code:
1057

Prompt 4: Code Execution

Please help me run the following Python code and return its output result instead of the code
itself:
{code}

1058
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