
Frequency-Based Hyperparameter Selection in Games

Aniket Sanyal Baraah A.M. Sidahmed1 Rebekka Burkholz1 Tatjana Chavdarova
TU Munich 1CISPA Helmholtz Center for Information Security TU Wien

Abstract

Learning in smooth games fundamentally dif-
fers from standard minimization due to ro-
tational dynamics, which invalidate classical
hyperparameter tuning strategies. Despite
their practical importance, effective methods
for tuning in games remain underexplored. A
notable example is LookAhead (LA), which
achieves strong empirical performance but in-
troduces additional parameters that critically
influence performance. We propose a princi-
pled approach to hyperparameter selection in
games by leveraging frequency estimation of
oscillatory dynamics. Specifically, we analyze
oscillations both in continuous-time trajec-
tories and through the spectrum of the dis-
crete dynamics in the associated frequency-
based space. Building on this analysis, we
introduce Modal LookAhead (MoLA), an ex-
tension of LA that selects the hyperparam-
eters adaptively to a given problem. We
provide convergence guarantees and demon-
strate in experiments that MoLA accelerates
training in both purely rotational games and
mixed regimes, all with minimal computa-
tional overhead.

1 INTRODUCTION

Saddle-point optimization, and more generally
Variational Inequalities (VIs) (Stampacchia, 1964;
Facchinei and Pang, 2003), play a central role in
modern machine learning. They underpin appli-
cations such as generative adversarial networks
(GANs) (Goodfellow et al., 2014), adversarial train-
ing (Goodfellow et al., 2015; Madry et al., 2018),
and multi-agent reinforcement learning (Shapley,
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1953; Littman, 1994; Bertsekas, 2021), all of which
can be viewed as multiplayer games seeking a Nash
equilibrium.

However, classical optimizers like Gradient Descent
(GD) are ill-suited for games. Unlike minimization
problems, where gradients point directly toward the
solution, games exhibit rotational dynamics: updates
cycle around the equilibrium rather than converging
to it. As a result, GD and similar methods diverge in
these settings. While specialized algorithms (e.g. Bal-
duzzi et al., 2018) can handle purely rotational games,
they often perform poorly in settings that also contain
a potential (minimization-like) component. LookA-
head (LA) (Zhang et al., 2019) offers a simple and
efficient alternative. Originally proposed as a wrapper
for minimization, it was later adapted to games (Chav-
darova et al., 2021): by averaging the trajectory of a
base optimizer over k steps, LA can stabilize other-
wise divergent dynamics such as GD, at essentially no
extra cost. LA has achieved strong empirical results,
including state-of-the-art performance in GAN train-
ing (Chavdarova et al., 2021) and recent use in com-
petitive reinforcement learning (Sidahmed and Chav-
darova, 2025). Despite this practical success, LA still
lacks convergence guarantees in fundamental settings
such as monotone and Lipschitz VIs (see Section 2).

LA introduces two hyperparameters: the averaging
frequency k and the interpolation weight α ∈ (0, 1).
While many (k, α) choices outperform the base opti-
mizer, finding the optimal combination remains diffi-
cult. Existing approaches typically tune one parame-
ter at a time (Ha and Kim, 2022), which only works
in simple cases. Two central questions remain open:

(1) Does LookAhead converge for monotone and
Lipschitz operators?

(2) How should we select (k, α) to guarantee
convergence and ideally speed it up?

Our work addresses these questions from a new angle.
The key to our approach lies in that game dynamics
are rotational because the Jacobian of the updates is
generally non-symmetric. A simple example is the Bi-
linear Game minx maxy xy, where the iterates of (x, y)
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trace cycles around the equilibrium (the origin) instead
of converging directly. In particular, such rotations

suggest a natural frequency-domain interpretation.

Indeed, beyond studying iterates in time, one can
analyze them in a dual space where oscillations are
represented by amplitude and phase. In the bilin-
ear case, x and y each follow sinusoidal trajectories
with a fixed phase shift. More generally, by apply-
ing the z-transform, the discrete-time dynamics can
be decomposed into exponential modes. Each point
in the z-plane corresponds to a possible exponential
trajectory: the radius indicates growth or decay, and
the angle corresponds to oscillation frequency. Poles in
this space reveal the modes that the system supports.

This modal perspective allows us to reason directly
about the stability and convergence of LookAhead.
We also show that it complements continuous-time,
pole-based analyses, which study stability by examin-
ing the location of poles (roots of the transfer func-
tion) in the frequency domain; see Section 4. Unlike
our considered pole-based approach, modal analysis is
exact at the algorithmic level: it avoids discretization
errors and provides computable, finite-step admissibil-
ity regions for (k, α, γ), where γ is the step size of the
base optimizer in LA. In this work, we develop the
modal framework, prove new convergence guarantees,
and propose principled hyperparameter selection rules
tailored to the rotational structure of a given game.

Contributions.

1. We introduce a novel framework for analyzing and
selecting hyperparameters in game dynamics, moti-
vated by the rotational (oscillatory) nature of such
problems. This viewpoint is orthogonal to classical
approaches developed for minimization.

2. Building on this framework, we obtain two main
algorithmic contributions:

(a) We provide the first convergence guarantee for
standard LookAhead (with fixed k and α) ap-
plied to the gap function of the average iterate,
matching the known lower bound.

(b) We propose a hyperparameter selection prin-
ciple based on maximizing system stability.
This yields a new variant, Modal LookAhead
(MoLA), which selects k and α once at initial-
ization and keeps them fixed throughout.

3. Through numerical experiments on bilinear and
strongly convex–strongly concave games, we
demonstrate that MoLA significantly outperforms
other variational inequality methods, including
LookAhead tuned over a large random hyperparam-
eter search.

Additional insights. Along the way, we also:

• clarify the role of hyperparameter selection in games
via a modal analysis perspective, which connects
naturally to classical operator-theoretic contractive-
ness. For certain classes, the modal view coincides
with the spectral characterization of contractive op-
erators (see Section 2).

• relate modal stability analysis in the frequency
domain (for tuning k, α) to continuous-time dy-
namics using high-resolution differential equations
(HRDEs). For Bilinear Games, this recovers exactly
the conclusion of the discrete-time analysis.

• derive the O(γ)-HRDE of LookAhead for general
(k, α), extending prior work (Chavdarova et al.,
2023) which considered only k ∈ {2, 3}.

Related works. LookAhead (LA) was first intro-
duced in minimization tasks, where it improved test
accuracy (Zhang et al., 2019). Later, it was extended
to games, where its averaging mechanism was shown
to effectively dampen rotational dynamics: in partic-
ular, it enables gradient descent, which would other-
wise diverge, to converge in Bilinear Games (Chav-
darova et al., 2021). Chavdarova et al. (2021) also
showed how LA manipulates the spectral radius of
the Jacobian of the base optimizer, and proved its
convergence provided the latter converges. Building
on this, Ha and Kim (2022) proved its local conver-
gence in smooth games and established global conver-
gence for Bilinear Games. Chavdarova et al. (2023)
observed that standard ordinary differential equation
(ODE) derivations of VI methods collapse to the same
form, and proposed refined continuous-time models of
LA with k = 2, 3, termed high-resolution differential
equations (HRDEs). More recently, Sidahmed and
Chavdarova (2025) also used LA for multi-agent rein-
forcement learning. Conceptually, LA in games is also
related to the classical Halpern Iteration, or broadly
anchoring techniques (Halpern, 1967; Diakonikolas,
2020; Ryu et al., 2019), which apply a similar aver-
aging, but always anchor one point to the initial one.

Closest to our approach, Anagnostides and Panageas
(2021) introduced a frequency-domain framework to
analyze the convergence of algorithms that incorporate
historical information, such as past gradients. They
employed a bilateral Z-transform to study the con-
vergence of algorithms such as the Optimistic Gradi-
ent Descent (Popov, 1980). It simplifies convergence
analysis and establishes linear convergence under the
co-coercive and monotone operators. Similar to their
approach, which ensures convergence by restricting the
poles to lie within the unit circle in the Z-plane, part
of our work (Section 4) imposes conditions on the poles
in the complex frequency domain instead.
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2 PRELIMINARIES

Notation. Scalars are denoted by lowercase letters,
vectors and matrices by boldface. The convolution op-
erator is written as ∗ (see Appendix A). The complex
numbers are written as a + i b, where i =

√
−1. We

introduce only the essential definitions here; further
details appear in Appendix A.

Definition 2.1 (Variational Inequality (VI)). Let
D ⊆ Rd be nonempty, closed, and convex, and let
F : D → Rd. The variational inequality problem
VI(F,D) is to find z⋆ ∈ D such that

⟨F (z⋆), z− z⋆⟩ ≥ 0 for all z ∈ D. (VI)

Definition 2.2 (Monotone Operator). Mapping
F : (Rd ⊇ D)→ Rd is monotone on D if

⟨F (z)−F (z′), z−z′⟩ ≥ 0 for all z, z′ ∈ D . (Mo)

Definition 2.3 (Lipschitz Operator). Mapping
F : (Rd ⊇ D)→ Rd is L-Lipschitz on D, with L ≥ 0 if

∥F (z)−F (z′)∥ ≤ L ∥z−z′∥ for all z, z′∈D . (Lip)

Definition 2.4 (Nonexpansive operator). A mapping
F : (Rd ⊇ D)→ Rd is nonexpansive on D if

∥F (z)− F (z′)∥ ≤ ∥z− z′∥ ∀ z, z′ ∈ Rd. (NExp)

Equivalently, its Lipschitz constant satisfies L ≤ 1:

sup
z̸=z′

∥F (z)− F (z′)∥
∥z− z′∥

≤ 1 . (1)

Definition 2.5 (Fejér monotonicity (Bauschke and
Combettes, 2011)). Let D ⊆ Rd be nonempty. Se-
quence (zt)t≥0 ⊂ Rd is Fejér monotone (w.r.t D) if

∥zt+1 − z′∥ ≤ ∥zt − z′∥ ∀ z′ ∈ D, ∀ t ≥ 0. (FM)

Definition 2.6 (Saddle point). A point (x⋆,y⋆) ∈
Dx ×Dy is called a saddle point of a convex–concave
function f : Dx ×Dy → R if

f(x⋆,y) ≤ f(x⋆,y⋆) ≤ f(x,y⋆), ∀x ∈ Dx, y ∈ Dy

(2)
Definition 2.7 (Primal–dual gap of average iterate).
Let (x⋆, y⋆) be a saddle point of f : Dx × Dy → R.
Given a sequence {(xt,yt)}kt=1, define the average it-
erate as

x̄k = 1
k

k∑
t=1

xt , ȳk = 1
k

k∑
t=1

yt . (3)

The primal–dual gap at (x̄k, ȳk) is

G(x̄k, ȳk) ≡ max
y∈Dy

f(x̄k,y) − min
x∈Dx

f(x, ȳk) . (G)

Definition 2.8 (Real Schur decomposition). For any
real square matrix A ∈ Rn×n, there exists an orthog-
onal matrix Q ∈ Rn×n such that

A = QTQ⊤,

where T is a real block upper triangular matrix with
1×1 blocks (real eigenvalues) and 2×2 blocks (complex
conjugate pairs). This factorization is called the real
Schur decomposition.

We consider VIs defined by an operator F : D → Rd

that is monotone (Mo), Lipschitz continuous (Lip),
and continuously differentiable (C1), and show rates
of (G). We refer to this class as C1 monotone Lips-
chitz problems.

We also consider the classical Bilinear Game (BG):

min
x∈Dx

max
y∈Dy

x⊺Ay , (BG)

with Dx ⊆ Rdx , Dy ⊆ Rdy A ∈ Rdx×dy .

For BG, we can compactly write the operator as
F (x,y) ≡ (∇x(x

⊺Ay), ∇y(−x⊺Ay))⊺ = (Ay,−Ax)⊺ .

Optimization methods. Gradient descent with
step size γ ∈ [0, 1] for VIs is as follows:

zt+1 = zt − γF (zt) . (GD)

The LookAhead algorithm (Zhang et al., 2019; Chav-
darova et al., 2021) computes its update as a point on
the line between the current iterate (zt) and the iter-
ate obtained after taking k ≥ 1 steps with the base
optimiser (z̃t+k):

zt+1 ← zt + α(z̃t+k − zt), α ∈ [0, 1] . (LA)

In addition to the step size of the base optimizer
(herein GD), LookAhead has two hyperparameters:

• k—the number of steps of the base optimiser used
to obtain the prediction x̃t+k; and

• α—averaging parameter that controls the step to-
ward the predicted iterate x̃. The larger the closest,
and α = 1 (LA) is equivalent to running the base
algorithm only (has no impact).

Additional methods are deferred to Appendix A.

Laplace transform. The Laplace transform maps
a time-domain function x(t) to a complex frequency-
domain function:

L{x(t)} = X(s) =

∫ ∞

0

x(t)e−st dt, (LT)

where s = σ + iω with σ the exponential decay factor
and ω the frequency. Unlike the Fourier transform, it
accounts for growth/decay, making it suitable for an-
alyzing unstable systems. It also converts differential
equations into algebraic ones, which can be inverted
via the inverse Laplace transform (see App. A).
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Z-transform. The Z-transform maps a discrete-
time sequence x[n] to a complex function:

Z{x[n]} = X(z) =

∞∑
n=0

x[n] z−n, (ZT)

where z ∈ C. The radius |z| encodes growth or de-
cay, and the angle arg(z) corresponds to oscillation
frequency. As the discrete analogue of the Laplace
transform, the Z-transform turns difference equations
into algebraic ones, providing a natural tool for analyz-
ing stability and dynamics of iterative algorithms. The
sequence can be recovered via the inverse Z-transform.

Modes. The eigenvalues of the Jacobian of the dis-
crete dynamics determine the rotational behavior in
games. In the frequency domain, these eigenvalues are
referred to as modes. Since rotations are easier to ana-
lyze in this space, we use this terminology throughout.

Consider the linear iteration with update matrix G ∈
Cd×d:

xt+1 = Gxt . (4)
A mode is a complex number µ with nonzero vector v
such that

Gv = µv . (5)
Thus, the modes of (4) are the eigenvalues {µi} of G,
with eigenvectors as mode shapes. Stability requires

ρ(G) ≡ max
i
|µi| < 1 . (6)

If the problem linearizes to operator F with Jacobian
JF , and LA (or extrapolation) induces

G = q(F), (7)

for polynomial q, then the z-transform shows that
poles (modes) are the eigenvalues of G. By spectral
mapping, µi = q(λi), where {λi} are the eigenval-
ues of JF . In other words, LA maps each eigenvalue
through q, effectively stretching/warping λi.

Modal vs. spectral. When G (or M) is diagonal-
izable over C, modal and spectral spaces coincide. In
particular, if M is normal (MM∗ = M∗M), it admits
an orthonormal eigendecomposition (M = UΛU∗).
In such cases, each mode aligns with an eigenvector.
Throughout, we assume JF (·) is full rank and normal,
so modal and spectral decompositions coincide.

3 MODAL STABILITY ANALYSIS:
LA FOR MONOTONE GAMES

In this section, we show that variants of the BG con-
tribute most towards the expansivity of the LookA-
head (LA) operator FLA for the class of C1 L-smooth
convex concave problems. Establishing nonexpansive-
ness (NExp) of the LA operator ensures that its it-
erates are Fejér monotone (FM) with respect to the
solution set, which is the key ingredient in the conver-
gence proof.

Lemma 1. Let F : D → Rd be a C1, monotone, and
L-Lipschitz (Mo, Lip) operator. For a fixed k ≥ 2, α ∈
(0, 1), γ > 0, and any u ̸= v, u,v ∈ Rd, we define the

averaged Jacobian H(u,v) =
∫ 1

0
JF
(
v + τ(u− v)

)
dτ ,

where JF : D → Rd×d is the Jacobian of the opera-
tor F . Then, the supremum of

∥∥FLA
k,α

∥∥ is attained at

2 × 2 skew blocks H = ωJ with J =
(

0 1
−1 0

)
, where∥∥FLA

k,α

∥∥ is the worst-case Lipschitz constant of one LA

step. Hence, nonexpansiveness for the C1 monotone
L-Lipschitz class is equivalent to checking the family
{ω JF : |ω| ≤ L}.

Proof sketch. F (u) − F (v) = H(u,v)(u − v) with
symH ⪰ 0, ∥H∥ ≤ L, so one LA step on ∆ = u−v is
(1−α)I+α(I−γH)k. Real-Schur decomposition (2.8)
reduces to 1×1 real and 2×2 blocks [ a −b

b a
]; the corre-

sponding modal multiplier is (1−α)+α(1−γ(a+ib))k.
Increasing the symmetric part a ≥ 0 moves 1−γ(a+ib)
toward the origin, decreasing the modulus; thus the
worst case is a = 0 with |b| ≤ L, i.e., H = ω JF .
Taking the supremum over |ω| ≤ L yields the stated
characterization.

For the remaining section, we consider that the modes
of the Jacobian have no real part and hence contribute
to the oscillations to the maximum extent. We now
show that the hyperparameters of LA must be cho-
sen very specifically to ensure that the overall opera-
tor is contractive. For this, we use stability analysis
from classical dynamical systems theory: the domi-
nant mode (mode with the largest modulus) must lie
within the unit ball (6).

Let c = γω, where ω ∈ (0, L]. The LA operator trans-
forms the purely imaginary mode ic into

µk(c;α) := (1− α) + α(1− ic)k .

Next, we define the distance function

gk(c;α) := |µk(c;α)|2 − 1

and the computable threshold

Γ⋆
k(α) := sup

{
Γ ≥ 0 : sup

c∈[0,Γ]

gk(c;α) ≤ 0
}
. (8)

Lemma 2. Let F : D → Rd be C1, monotone, and
L-Lipschitz (Mo, Lip). Fix k ≥ 2, α ∈ (0, 1), γ > 0.
Then the LA operator FLA

k,α(z) = (1−α)z+α(I−γF )kz
satisfies

∥FLA
k,α∥ = sup

c∈[0,γL]

|µk(c;α)| ,

where
∥∥FLA

k,α

∥∥ is the worst-case Lipschitz constant
of one LA step. In particular,

(i) If γL ≤ Γ⋆
k(α), then FLA

k,α is nonexpansive.
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(ii) If γL > Γ⋆
k(α), there exists a monotone L-

Lipschitz instance (a bilinear convex–concave
game) for which FLA

k,α is expansive.

(iii) If α < 1− 1
k , then Γ⋆

k(α) > 0.

Proof sketch. On purely rotational modes,
the LA ensures that the Lipschitz modulus is
supc∈[0,γL] |µk(c;α)|. (i) Nonexpansiveness is equiv-

alent to gk(c;α) = |µk(c;α)|2 − 1 ≤ 0. (ii) If the
inequality fails at some c0, one can construct a bilinear
instance with frequency c0/γ, where |µk(c0;α)| > 1.
Hence, the operator is expansive. (iii) A Taylor expan-
sion near c = 0 shows gk(c;α) ≈ (α2k2−αk(k− 1))c2,
which is negative for small c > 0 when α < 1 − 1

k ,
ensuring a positive stability window.

Interpretation. Intuitively, Γ⋆
k(α) identifies the largest

admissible steps for which the dominant mode (i.e.,
the most oscillatory direction) remains contractive.
Beyond this boundary, where γL > Γ⋆

k(α), one can
construct a game whose dominant mode escapes the
unit disk, certifying divergence of LA on that instance.
Thus, Γ⋆

k(α) operationally defines the maximum con-
vergent step size, and scaling it by L provides a con-
crete hyperparameter selection technique for LA in
monotone convex–concave problems.

3.1 LA convergence

Theorem 1. Let F : D → Rd be a C1, monotone, L-
Lipschitz operator (Mo, Lip) with a set of fixed points
Z⋆ ̸= ∅. Let k ≥ 2 be an integer, α ∈ (0, 1 − 1

k ) and
γ > 0 such that γ L ≤ Γ⋆

k(α). LA (k, α) iterate zt+1 =
FLA zt with Gradient Descent(γ) optimizer converges
to a z⋆ ∈ Z⋆. Furthermore, the rate of convergence of
the average iterate (i.e. the rate at which the primal-
dual gap shrinks (2.7)) is O( 1

T ).

Proof Sketch. Lemma 1 reduces the worst-case dy-
namics to rotational modes, and Lemma 2 shows that
the condition γL ≤ Γ⋆

k(α) guarantees nonexpansive-
ness (NExp) of FLA

k,α. Nonexpansiveness implies that
the distance ∥zt−p∥ to any fixed point p ∈ Z⋆ is non-
increasing, so the iterates are Fejér monotone (FM)
with respect to Z⋆. Moreover, the averaging struc-
ture of LA forces successive differences ∥zt+1 − zt∥ to
vanish, ensuring asymptotic regularity. Together these
properties yield convergence of {zt} to some z⋆ ∈ Z⋆

in finite dimensions. We leave the full proof as well
as the proof for the convergence rate to the Appendix
B.3 and B.4.

3.2 MoLA Pseudocode

Motivated by the above insights, we introduce Modal
Lookahead (MoLA), which chooses hyperparameters

Algorithm 1: MoLA Pseudocode.

Input: Operator F , base optimizer step size
γ > 0, iterations T , kmin, kmax, α-grid,
initial point z0 ∈ Rd

Output: Final iterate zT
1 Initialize z← z0
2 anchor← z, step in cycle← 0, cycle← 0
3 Λ← EstimateJacobianEigs(F, z) (k, α)←

ChooseModalParams(Λ, kmin, kmax, α-grid, γ)
4 for t← 1 to T do
5 g ← F (z)

// Base first-order step (e.g., GD)

6 z← z− γ g
7 step in cycle← step in cycle+ 1
8 if step in cycle = k then

// LA averaging

9 z← (1− α) anchor+ α z
10 anchor← z; step in cycle← 0;

11 return z

to maximize stability, as detailed next.

Selecting hyperparameters. Given operator F
and anchor z0, Alg. 2 linearizes the update map,
computes the Jacobian eigenvalues, and maps them
to one-step multipliers capturing modal amplifica-
tion/rotation. We identify the dominant mode (largest
magnitude), propose horizons k aligned with its rota-
tion, and cap α so no mode grows under k steps plus
averaging. Among feasible pairs, (k⋆, α⋆) minimizes
worst-case amplification; if none exist, we fall back to
kmin with a conservative α.

Lookahead (LA) optimization. Starting from
z0, we query ChooseModalParams for (k⋆, α⋆)
(re-queried optionally per cycle, fixed in stationary
games). The method then runs k⋆ base steps zt+1 =
zt − γF (zt), followed by LA averaging (LA) with α⋆,
and updates the anchor. This suppresses rotational
components while preserving progress along contrac-
tive directions. Pseudocode is given in Alg. 1.

Eigenvalues. Eigenvalues (Line 3, Alg. 1)
are computed with standard routines, e.g.
numpy.linalg.eigvals on the local Jacobian.
Equivalent functions exist in SciPy and PyTorch.

3.3 MoLA convergence

Theorem 2. Let F : D → Rd be a C1, monotone, L-
Lipschitz operator with a set of fixed points Z⋆ ̸= ∅.
Let k ≥ 2 be an integer, α ∈ (0, 1 − 1

k ) and γ > 0
such that γ L ≤ Γ⋆

k(α), where Γ⋆
k(α) is the maximum

γL to ensure convergence as defined in 8. Then MoLA
converges to a fixed point z⋆ ∈ Z⋆. The rate of con-
vergence of the average iterate is O(1/T ), improving
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Algorithm 2: ChooseModalParams; Alg. 1
calls
Input : Eigenvalues Λ of ∇F (or local

linearization); scalars kmin, kmax, GD
step size γ; α grid ⊂ (0, 1)

Output: Chosen (k⋆, α⋆)

1 Tall ← 1− γ · Λ // Eigen-values after one

base step of GD

2 idom ← argmaxi
∣∣Tall,i

∣∣
3 Tdom ← {Tall,idom

} // Dominant mode

4 (k⋆, α⋆, ρ⋆)← (kmin, 0.5, +∞)

5 for each α ∈ α grid do
6 K ←

KCandidatesForAlpha(Tdom, α, kmin, kmax)

7 if K = ∅ then
8 continue
9 for each k ∈ K do

10 αmax ← AlphaCap(Tdom, k)
11 if α ≤ αmax then

// Worst-mode spectral radius

under LA (k, α)

12 ρ← max
τ∈Tdom

∣∣(1− α) + α τ k
∣∣

13 if ρ < ρ⋆ then
14 (k⋆, α⋆, ρ⋆)← (k, α, ρ)

15 if ρ⋆ = +∞ then
// Fallback (no feasible pair)

16 k⋆ ← kmin

17 α⋆ ← min
{
0.5, AlphaCap(Tdom, kmin)

}
18 return (k⋆, α⋆)

19 Function AlphaCap(Tstab, k):
// Return max{α ∈ (0, 1) :

maxτ∈Tstab
|(1− α) + α τk| ≤ 1}

20 return αmax(k)

21 Function
KCandidatesForAlpha(Tdom, α, kmin, kmax):
// Return integer horizons

k ∈ [kmin, kmax] that are admissible

for the dominant multiplier in

Tdom (by the LookAhead-cycle

geometry/derivation).

22 return K

on the baseline algorithm by a constant factor.

The detailed analysis is provided in Appendix B.5.

Interpretation. The rate constant in Theorem 2 is
L

2αΓ⋆
k(α)

.

(a) MoLA (b) LA

Figure 1: MoLA selects (k, α) so the average iterate is
closer to the origin than for random choices. It sets k
so GD accumulates roughly a π phase shift, then picks
α to minimize the LA iterate’s distance to the origin.

A fixed LA baseline that uses some (k0, α0) (and the
maximal admissible γ0 = Γ⋆

k0
(α0)/L) achieves the con-

stant L/(2α0 Γ
⋆
k0
(α0)). In contrast, Modal LookA-

head (MoLA) chooses (k, α) to maximize the gain
αΓ⋆

k(α) and thus minimizes the constant L
2αΓ⋆

k(α)
.

Therefore MoLA improves the O(1/T ) rate by the fac-
tor

α⋆ Γ⋆
k⋆(α⋆)

α0 Γ⋆
k0
(α0)

≥ 1 ,

with strict inequality unless the fixed baseline already
selects a depth–wise maximizer of αΓ⋆

k(α).

Mechanism Overview. Each complex mode can be
written in terms of polar coordinates as Re−iθ, where
R represents the amplitude of the mode and θ the an-
gle; refer to Figure 1. GD rotates each mode and
grows: after k inner steps, the mode has angle ap-
proximately kθ and amplitude approximately Rk (us-
ing De Moivre’s theorem). The LA update then aver-
ages this rotating vector with the unit vector pointing
to 1. Contraction is strongest when two conditions are
nearly met: (i) the phase is in near opposition (angle
difference close to π), so the average cancels oscillation;
and (ii) the amplitude of the rotating vector roughly
matches the averaging weight, yielding a small average
(target scale ≈ (1− α)/α).

Because k is an integer, the two targets cannot, in
general, be satisfied exactly. Our design rule there-
fore selects k to be simultaneously close to both: align
the phase near π while keeping the amplitude near the
target. This balances the two effects, producing the
smallest modal multiplier and visibly damping the os-
cillations often observed in games. We provide detailed
calculations in Appendix B.10.
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4 PER-PLAYER LAPLACE
TRANSFORM: BILINEAR GAME
CASE STUDY

Chavdarova et al. (2023) introduced the use of High
Resolution Differential Equations (HRDEs) as a way
to study games in continuous time. We extend the
work on this direction, presenting an analysis of the
continuous time dynamics in the frequency domain.

We first present the O(γ)-HRDE of LA with (α, k)
kept as parameters.

We then propose the use of the Laplace transform to
analyze convergence for the Bilinear Game (BG) in the
frequency domain. Finally, we discuss the fundamen-
tal differences between the former modal approach and
its overlapping conclusion. The proofs of this section
are deferred to Appendix C.

Theorem 3. General-(α, k) O(γ)–HRDE of LA &
Convergence on BG.

The O(γ)-HRDE for (LA) with (GD) as a base opti-
mizer is:

z̈(t) = − 2

γ
ż(t)− 2kα

γ
F (z(t))

+ k(k − 1)αJF (z(t)) · F (z(t)),

(LA-γ-HRDE)

where z ∈ Rd is the vector of all players, k is the
number of (GD) steps before the α-averaging, γ is the
(GD) step size, F (·) is the vector field, and JF (·) is
the Jacobian of the vector field (i.e. ∇F ).

Using the above HRDE model, we next move to the
frequency domain via the Laplace transform.

LA for BG: Solution Trajectory & Convergence
We move to (LA-γ-HRDE) frequency dual via Laplace
transform (LT), for (BG), then derive the solution tra-
jectory through its inverse Laplace transform.

Theorem 4 (Solution trajectories). Consider the BG
(with matrix A). Let U be the orthogonal matrix from
eigen decomposition of A i.e., A = UΛU⊺, where
Λ = diag(λi). The trajectory of the individual players
x(t) and y(t) of the (LA-γ-HRDE) continuous time
dynamics with parameters (k, α) and Gradient Descent
with step size γ as the base optimizer, are as follows:

x(t) = −2kα

γ
(G ∗ y)(t) +UDx(t)U

⊺ (x-Sol)

y(t) =
2kα

γ
(G ∗ x)(t) +UDy(t)U

⊺ (y-Sol)

where for a player q ∈ {x,y}, Dq(t) is a diagonal
matrix whose i-th diagonal element is:

(
Dq(t)

)
ii
= e−

t
γ

[
cosh(ωit)qi(0)

+
sinh(ωit)

ωi

(
q̇i(0) +

qi(0)

γ

)]
.

Here, ∗ is the convolution operator, and we define

ωi =

√
1

γ2
− αk(k − 1)λi,

G(t) = U diag

(
e−t/γ sinh(ωit)

ωi

)
U⊺ ,

where (x(0),y(0)) and (ẋ(0), ẏ(0)) are the initial po-
sitions and momenta, respectively.

Interpretation. Exponential terms drive convergence
by damping oscillations, while periodic terms en-
code the equilibrium cycling characteristic of minimax
problems. The dynamics are coupled, with x(t) and
y(t) depending on each other, and the oscillation fre-
quency determined by ω0.

For (BG), we derive a decoupled trajectory in Ap-
pendix C where x(t) becomes independent of y(t), re-
ducing the problem to pure minimization over x.

GD & LA Convergence Analysis In line with
existing results (Chavdarova et al., 2023), pole-
based stability analysis through Laplace transform of
(GD-HRDE) confirms that (GD-HRDE) diverges on
(BG) for all γ > 0. Applying (LT) to (LA-γ-HRDE)
yields separate player-wise equations, which can be
combined to obtain closed-form solution trajectories
(see Appendix C).

For (BG), substituting Y(s) into X(s) cancels the de-
pendence on y(t), so x(t) depends on the opponent’s
initial state, not its trajectory. This decoupling ex-
tends to affine variational inequalities.

Importantly, (LT) provides convergence conditions
without requiring the initial values or solution trajec-
tory of the corresponding HRDEs. Convergence is de-
termined by analyzing the poles of X(s). If the diver-
gent pole (largest real part) lies in the negative half-
plane, the trajectory x(t) converges to 0 as t → ∞.
For LA, convergence for BG requires:

α <
k − 1

k
. (BG-Cond)

Discussion. Both the modal- and pole-based sta-
bility analyses build on the same observation: ro-
tational game dynamics give rise to oscillatory iter-
ates. The modal view targets stability by shaping the
dominant joint modes of the coupled system, whereas
the pole-based view addresses stability by analyzing
each player’s oscillation through their Laplace-domain
transfer functions. Notably, as the case study above
illustrates, both approaches arrive at the same conver-
gence condition.
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Figure 2: Convergence to equilibrium of EG, OGDA,
LA, and MoLA in BG with d = 100, γ = 0.01. GD is
omitted since it diverges away.

The continuous–time pole-based approach abstracts
away discretization error effects, but offers greater in-
terpretability and simpler analysis. In contrast, the
discrete-time modal approach is exact at the algorith-
mic level and provides explicit finite-step admissibility
regions for (k, α, γ).

5 EXPERIMENTS

We evaluate on two game setups: A d-dimensional
variant of (BG), where A ∈ Rd×d has entries
Aij ∼ N (0, β2/d), and a structured convex–concave
Quadratic Game (SC-SC) with controllable rotation
and conditioning,

f(x, y) = 1
2 x

⊤(ηx I )x − 1
2 y

⊤(ηy I )y + x⊤Ay,

where ηx, ηy > 0 set the strong convexity/concavity
in x and y, and the bilinear coupling A controls ro-
tational strength. We construct A = U diag(σ)V ⊤,
with U, V ∈ Rd×d, and σ ∈ R. This parameterization
allows systematic sweeps of rotation (via σ) relative
to the contraction (via ηx, ηy). We experiment with
dimension d = 100 and stepsize γ = 0.01.

We compare MoLA with standard methods: Gradient
Descent (GD), Extragradient (EG), Optimistic Gradi-
ent Descent (OGD), and LookAhead (LA) with ran-
domly chosen k. Further experimental details are pro-
vided in Appendix E.1. Each algorithm is run for T
base iterations. After every update, we record both
the Euclidean distance to equilibrium dist(xt, yt) =
∥(xt, yt)− (0, 0)∥2
and the cumulative CPU time under a fixed budget.

Results. Figures 2 and 3 summarize results for
(BG). MoLA consistently stabilizes the rotational dy-
namics and achieves the fastest reduction in distance,
particularly in the early stages. While LA improves
over GD, its performance is sensitive to the choice
of (k, α). In contrast, MoLA eliminates this sensitiv-

Code implementation: https://github.com/
aniketSanyal/ModalLookahead.

Figure 3: Convergence against CPU time of EG,
OGDA, LA, and MoLA in BG with d = 100, γ = 0.01.

Figure 4: Distance to equilibrium vs. iterations for
GD, EG, OGDA, LA, and MoLA in a more rotational
setting of SC-SC game with d = 100, γ = 0.01. The
x-axis reports iteration count; the y-axis reports the
Euclidean distance to the Nash equilibrium.

ity by selecting hyperparameters based on the prob-
lem’s eigenvalues. Overall, MoLA attains the smallest
distance to equilibrium and the best time-to-accuracy
trade-off, aligning with our theoretical insights.

Figure 4 reports results on an SC–SC game with
ηx = ηy = 0.1 and σ ∈ [0.7, 0.9], representing a
strongly rotational regime. MoLA consistently attains
the smallest distance to equilibrium and the fastest de-
crease per iteration, outperforming all baselines by a
substantial margin while maintaining stable trajecto-
ries. For completeness, Figure 6 (Appendix) shows a
balanced potential–rotational instance (ηx = ηy = 0.5
and σ = 0.5), where MoLA again delivers the best
performance, indicating robustness across regimes.

Ablation over rotation. We examine how MoLA’s
optimal hyperparameters vary with the rotation factor
β ∈ [0, 1] in the Quadratic Game (QG):

min
x∈Rd

max
y∈Rd

(1−β)x⊤x+β x⊤Ay−(1−β)y⊤y. (QG)

For each β, we compute the Jacobian spectrum and ap-
ply ChooseModalParams to obtain (k⋆, α⋆). Fig-
ures 5 (& Appendix E) show trends: when β ≈ 0
(mostly potential), MoLA chooses a large horizon and
α⋆ ≈ 1, effectively disabling averaging. As β grows
(more rotational), it selects smaller k⋆ (frequent an-
choring) and α⋆ < 1, damping oscillations.

https://github.com/aniketSanyal/ModalLookahead
https://github.com/aniketSanyal/ModalLookahead
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Figure 5: Optimal LA horizon (k vs. rotation
factor β in Quadratic Game. Lower β (more po-
tential/convex–concave) favors larger horizons, while
higher β (more rotational; β → 1) favors smaller k.

6 DISCUSSION

We studied Lookahead (LA) in game optimization
through a modal perspective, motivated by the rota-
tional nature of variational inequality dynamics. Our
analysis provides convergence guarantees for standard
LA and introduces MoLA, a principled hyperparame-
ter selection rule that maximizes stability via the dom-
inant modes.

MoLA is motivated by the local modal picture: near
equilibrium, game dynamics decompose into complex
modes that evolve like rotating phasors, where each
gradient step changes both phase and radius. After
k inner steps, LookAhead averages the rotated pha-
sor with the anchor at 1, and contraction is maxi-
mized when the accumulated rotation is close to π so
the average cancels oscillations. Because k is integer-
valued, one cannot in general simultaneously achieve
ideal phase cancellation and amplitude matching, so
MoLA adaptively selects (k, α) to best damp the domi-
nant mode while keeping all relevant modes within the
contraction region. This phase-alignment viewpoint
explains the empirical stabilization: MoLA chooses
the most permissive stable parameters that maximize
oscillation attenuation (cf. Figures 1 and 11; Ap-
pendix B.10).

Per iteration, MoLA retains the one-gradient-per-step
structure of LookAhead: a cycle of length k uses k
gradient evaluations, unlike extra-gradient methods
which require two evaluations per update. Its addi-
tional overhead is a lightweight spectral estimate of the
dominant Jacobian mode (e.g., a few power iterations),
performed only once per LookAhead cycle and easily
amortized by updating intermittently. In practice, this
yields a favorable trade-off: the eigen-estimation cost
of the Jacobian is typically outweighed by the abil-
ity to select the most permissive stable hyperparam-
eters, reducing the total number of gradient evalua-
tions needed to reach a target accuracy in strongly
rotational regimes.

Experiments show that MoLA consistently stabilizes
oscillatory dynamics and achieves faster convergence
than classical baselines. More broadly, our work un-
derscores the value of frequency-domain viewpoints
for games. Modal analysis gives an exact, discrete-
time characterization that complements continuous-
time pole-based approaches and offers practical guid-
ance for hyperparameter tuning.

Future work includes developing efficient spectral
approximations to scale MoLA, periodically re-
estimating (k, α) in large-scale settings, and testing
MoLA in applications such as GANs and multi-agent
reinforcement learning. In summary, we establish
a modal framework for analyzing and tuning LA in
games, bridging theory with practice and enabling
scalable, adaptive extensions.
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Supplementary Material:
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A Extended Preliminaries

In this section, we present an extended background on transform- and operator-based tools, such as the con-
volution, Laplace, and Z-transforms—that underpin our spectral and modal analysis of game dynamics. We
also provide an extended overview of some of the gradient methods that perform well for VIs, and discuss the
measure used to quantify the convergence rate.

A.1 Foundations of Transforms

This section formally introduces the convolution operator and reviews key properties of the Laplace trans-
form—along with its inverse—that underpin the results in Section 4 and Theorem 4. We also include an extended
discussion of the Z-transform, which serves as the basis for our discrete-time analysis and the proposed MoLA
method (Section 3).

Convolution operator. The convolution operator plays a fundamental role in control theory, as it character-
izes systems whose outputs at a given time depend on the accumulated influence of past inputs. Let f(t) and
g(t) be functions defined for t ≥ 0, i.e., f(t) : [0,∞)→ R and g(t) : [0,∞)→ R. Their convolution is defined as:

(f ∗ g)(t) =
∫ t

0

f(τ)g(t− τ) dτ, t ≥ 0 . (CONV)

Laplace transform. For a function x(t), the Laplace transform is defined as

L{x(t)} = X(s) =

∫ ∞

0

x(t)e−st dt (LT)

where t denotes the time and s ∈ C is the complex frequency variable.

The inverse Laplace transform recovers the original time-domain signal from its frequency-domain representation.
It is given by the Bromwich integral (also known as the inverse Laplace integral):

L−1{X(s)} = x(t) =
1

2πi

∫ c+i∞

c−i∞
X(s)est ds , (iLT)

where the contour of integration is taken along a vertical line in the complex s-plane in the region of convergence
(ROC) of X(s). In other words, the path of integration runs parallel to the imaginary axis, ensuring that the
integral converges and uniquely defines the inverse transform.

A key property of the Laplace transform is that it converts convolution in the time domain into multiplication
in the frequency domain. If L{f(t)} = F (s) and L{g(t)} = G(s), then:

L{(f ∗ g)(t)} = F (s)G(s) .

Thus, the convolution of two signals in time corresponds to the product of their transforms in the frequency
domain. Conversely, the inverse Laplace transform of a product yields a convolution:

L−1{F (s)G(s)} = (f ∗ g)(t) =
∫ t

0

f(τ)g(t− τ) dτ .

Hence, the product of two functions in the frequency domain corresponds to the convolution of their inverse
Laplace transforms in the time domain. This duality underpins many analytical tools in systems and control
theory, simplifying the study of linear time-invariant (LTI) dynamics.
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Z-transform. For a discrete-time signal x[k] defined for k ≥ 0, the (one-sided) Z-transform is defined as

Z{x[k]} = X(z) =

∞∑
k=0

x[k] z−k , (Z)

where z ∈ C. The series converges on a ROC, an annulus {z : r1 < |z| < r2} determined by the growth or the
decay of x[k].

The inverse Z-transform (for any r in the ROC) is given by the contour integral

Z−1{X(z)} = x[k] =
1

2πi

∮
|z|=r

X(z) zk−1 dz . (iZ)

For the unilateral discrete convolution

(x ∗ y)[k] =

k∑
n=0

x[n] y[k − n], k ≥ 0,

we have
Z{(x ∗ y)[k]} = X(z)Y (z) , (Z-Conv)

with ROC containing at least the intersection of the individual ROCs (with standard caveats near poles).

Evaluating X(z) on the unit circle gives the discrete-time Fourier transform (DTFT):

X(eiω) =

∞∑
k=0

x[k] e−iωk = X(z)
∣∣
z=eiω

, (DTFT)

whenever the unit circle lies in the ROC. For a causal LTI system with transfer function H(z) = B(z)
A(z) , bounded

input bounded output (BIBO) stability holds if and only if all poles lie strictly inside the unit circle |z| < 1.

Relation between Laplace and Z-domain stability. With sampling period ∆ > 0 and z = es∆,

continuous-time s-plane ←→ discrete-time z-plane, (S2Z)

so left-half-plane stability (ℜ(s) < 0) maps inside the unit disk (|z| < 1). This correspondence underlies the
discretization and pole–zero mapping techniques commonly used in control and optimization.

Dominant mode. We define the dominant mode, which is the eigenvalue with the largest modulus:

λdom : = arg max
λi∈σ(J)

|λi| , (λdom)

This eigenvalue represents the strongest oscillatory component of the system, with its magnitude determining
the maximal radius of rotation in the complex plane.

A.2 VI Background

This section provides additional background on variational inequality (VI) methods and convergence metrics used
throughout our analysis. We begin by revisiting two foundational operator-based algorithms—Extragradient
(EG) and Optimistic Gradient Descent (OGD)—which extend gradient descent by incorporating predictive or
optimistic updates to handle non-monotone or saddle-point game structures. We then introduce the primal-dual
gap and its restricted variant, which serve as standard measures of suboptimality in convex–concave optimization
problems.

A.2.1 Additional VI Methods

Extragradient (EG). The Extragradient method (Korpelevich, 1976) augments gradient descent with a one-
step extrapolated update. Specifically, it first computes an intermediate prediction (extrapolated iterate) via
Eq. (GD): zt+ 1

2
=zt−ηF (zt) , and then uses the operator evaluated at this predicted point to perform the actual

update:
zt+1 = zt − γ F (zt+ 1

2
) . (EG)

This two-step structure enables EG to achieve convergence even in settings where standard gradient descent
diverges, such as in bilinear games (Korpelevich, 1976).
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Optimistic Gradient Descent (OGD). The Optimistic Gradient Descent method (Popov, 1980) leverages
optimism by extrapolating the next gradient from the two most recent evaluations. Its update rule is:

zt+1 = zt − 2γF (zt) + γF (zt−1) . (OGD)

This formulation can be interpreted as incorporating a correction term that anticipates the operator’s future
behavior, often leading to improved stability and faster convergence in game optimization.

A.3 Convergence Measure

In convex–concave optimization problems, the suboptimality of a candidate solution (x,y) is commonly measured
using the primal–dual gap, defined as

G(x,y) := max
y′∈Y

ℓ(x,y′)− min
x′∈X

ℓ(x′,y) .

By definition, G(x,y) ≥ 0 for all x,y ∈ X × Y, and equality holds if and only if (x,y) is a saddle point of ℓ.

However, when the feasible sets X and Y are unbounded, the primal-dual gap becomes infinite except at saddle
points, limiting its practical use. To address this issue, a restricted primal-dual gap is often employed. Given
bounded subsets Dx ⊂ X and Dy ⊂ Y, it is defiend as

GDx×Dy (x,y) := max
y′∈Dy

ℓ(x,y′)− min
x′∈Dx

ℓ(x′,y) .

The restricted version satisfies two key properties:

(i) If (x∗,y∗) ∈ Dx ×Dy, then GDx×Dy
(x,y) ≥ 0 for any (x,y) ∈ X × Y;

(ii) If (x,y) is in the interior of Dx ×Dy, then GDx×Dy
(x,y) = 0 if and only if (x,y) is a saddle point.

By selecting Dx × Dy sufficiently large to contain this saddle point (x⋆,y⋆), the restricted primal–dual gap
provides a well-defined and interpretable measure of convergence in unbounded domains.
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B Missing Proofs of Theorems in Discrete Time

This section presents the detailed proofs and derivations of Lemmas 1 and 2 and Theorems 3.1 and 2 from
Section §3. We begin by restating the setup and notation used in the main text, followed by the formal statements
and complete proofs of the results.

Setup. Let D ⊂ Rd, Dx ⊂ Rd, Dy ⊂ Rd be bounded sets. The players are vectors x ∈ Dx ⊆ Rdx , y ∈ Dy ⊆
Rdy . Without loss of generality, let dx+dy = d and hence Dx × Dy ⊆ D. A mapping F : D → Rd is monotone if
⟨F (u)−F (v), u−v⟩ ≥ 0 for all u,v, and L-Lipschitz if ∥F (u)−F (v)∥ ≤ L∥u−v∥ for all u,v (from definitions
Mo and Lip). We fix γ > 0 (GD stepsize), a positive integer k ≥ 2 (GD steps), and an averaging parameter
α ∈ (0, 1]. We define

FGD := I− γF, FLA
k,α := (1− α)I+ α

(
FGD

)k
.

We assume the solution set Z⋆ := {z ∈ D : F (z) = 0} is nonempty. Note that z⋆ ∈ Z⋆ iff FGD(z⋆) = z⋆ iff
FLA
k,α(z

⋆) = z⋆.

Notation. Throughout, the norm symbol ∥ · ∥ is used to represent the Euclidean (L2) norm when applied to
vectors, and the corresponding induced spectral norm ∥ · ∥op when applied to matrices. For complex numbers
w ∈ C, the real part is denoted by ℜ(w) and the imaginary part by ℑ(w).

B.1 Proof of Lemma 1

Lemma (Restatement of Lemma 1). Let F : D → Rd be a C1, monotone, and L-Lipschitz (Mo, Lip) operator.
For a fixed k ≥ 2, α ∈ (0, 1), γ > 0, and any u ̸= v, u ∈ Dx,v ∈ Dy, we define the averaged Jacobian

H(u,v) =
∫ 1

0
JF
(
v + τ(u − v)

)
dτ , where JF : D → Rd×d is the Jacobian of the operator F . Then, the

supremum of
∥∥FLA

k,α

∥∥ is attained at 2 × 2 skew blocks H = ωJ with J =
(

0 1
−1 0

)
. Hence, nonexpansiveness for

the C1 monotone L-Lipschitz class is equivalent to checking the family {ω JF : |ω| ≤ L}.

Proof. Fix u,v ∈ D and set ∆ := u− v. By the fundamental theorem of calculus along the segment [v,u],

F (u)− F (v) =
(∫ 1

0

JF
(
v + τ(u− v)

)
dτ
)
(u− v) = H(u,v)∆ .

Since F is monotone and L-Lipschitz, we have sym JF (z) ⪰ 0, where symA := 1
2 (A + A⊤) denotes the

symmetric part of the matrix A, and ∥JF (z)∥ ≤ L for all z. It is straightforward to see that: symH(u,v) ⪰ 0
and ∥H(u,v)∥ ≤ L. Hence differences of one LA step satisfy

FLA
k,α(u)− FLA

k,α(v) =
[
(1− α)I+ α (I− γH(u,v))k

]
∆

so the local Lipschitz modulus at (u,v) is ∥P (H(u,v))∥ for the matrix polynomial P (X) := (1−α)I+α (I−γX)k.
We refer to P (·) as the modal contraction factor.

Let H := H(u,v) be fixed with symH ⪰ 0 and ∥H∥ ≤ L. By the real Schur decomposition (Def. 2.8) there
exists an orthogonal Q such that Q⊤HQ is real block upper-triangular with diagonal blocks either 1× 1 scalars
a ∈ R or 2 × 2 blocks B(a, b) :=

(
a −b
b a

)
; moreover symH ⪰ 0 forces a ≥ 0. Orthogonal similarity preserves

operator norm and polynomials respect similarity, so

∥P (H)∥ = ∥P (Q⊤HQ)∥ = max{ ∥P (a)∥, ∥P (B(a, b))∥ over all blocks }.
On a 1× 1 block we obtain the scalar modal contraction factor

m(a) =
∣∣(1− α) + α(1− γa)k

∣∣ .
On a 2× 2 block with eigenvalues a± ib the modal multiplier equals

m(a, b) =
∣∣(1− α) + α(1− γ(a+ ib))k

∣∣ .
For fixed b, increasing a ≥ 0 moves 1− γ(a+ ib) horizontally toward the origin, strictly decreasing its modulus∣∣ 1− γ(a+ ib)

∣∣. By the triangle inequality,

m(a, b) =
∣∣(1− α) + αzk

∣∣ ≤ (1− α) + α|z|k, z := 1− γ(a+ ib),

and the right-hand side is strictly decreasing in a; hence the maximum over admissible a ≥ 0 is attained at a = 0.
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Therefore, the worst-case 2× 2 blocks have the purely skew form

B(0, b) = b

[
0 −1
1 0

]
= ωJF , ω = b, |ω| ≤ ∥B(0, b)∥ ≤ ∥H∥ ≤ L .

For 1× 1 blocks, the worst case is also attained at a = 0, where m(0) = |(1− α) +α| = 1, so such blocks cannot
exceed the contribution of the rotational modes. Taking the supremum over all admissible H thus reduces to
the family {ωJF : |ω| ≤ L }, and we obtain

∥FLA
k,α∥L = sup

|ω|≤L

∣∣∣(1− α) + α(1− iγω)k
∣∣∣ .

In particular, FLA
k,α is nonexpansive on the full C1 monotone L-Lipschitz class if and only if

∣∣(1−α)+α(1−iγω)k
∣∣ ≤

1 for every |ω| ≤ L, i.e., if and only if the inequality holds on the reduced 2 × 2 skew family. This proves the
claim.

B.2 Proof of Lemma 2

Lemma (Restatement of Lemma 2). Let F : D → Rd be C1, monotone, and L-Lipschitz (Mo, Lip). Fix k ≥ 2,
α ∈ (0, 1), γ > 0. Then the LA operator FLA

k,α(z) = (1− α)z+ α(I − γF )kz satisfies

∥FLA
k,α∥ = sup

c∈[0,γL]

|µk(c;α)| .

In particular,

(i) If γL ≤ Γ⋆
k(α), then FLA

k,α is nonexpansive.

(ii) If γL > Γ⋆
k(α), there exists a monotone L-Lipschitz instance (a bilinear convex–concave game) for which

FLA
k,α is expansive.

(iii) If α < 1− 1
k , then Γ⋆

k(α) > 0.

Proof. By Lemma 1 and the real Schur decomposition, any real matrix H with symH ⪰ 0 and ∥H∥ ≤ L
admits an orthogonal change of basis that decomposes Rd into invariant subspaces of two kinds: (i) 1D blocks
corresponding to nonnegative real eigenvalues (pure dilations), and (ii) 2D blocks on which H is orthogonally
similar to B(a, b) =

[
a −b
b a

]
, i.e., a dilation–rotation with spectrum a ± ib. Monotonicity enforces a ≥ 0, and

the worst case for the LookAhead polynomial occurs at a = 0, whence each 2D block is orthogonally similar to
ω JF with JF =

[
0 −1
1 0

]
and ω ∈ [0, L]. Lemma 1 further reduces the Lipschitz modulus of one LA step to the

supremum over these blocks of the operator norm of

P(H) = (1− α) I+ α (I− γH)k.

The 1D blocks are nonexpansive and cannot dominate, while on a rotational 2D block we may set c := γω ∈ [0, γL]
and write the complex multiplier as

µk(c;α) := (1− α) + α(1− ic)k,
∥∥FLA

k,α

∥∥ = sup
c∈[0,γL]

∣∣µk(c;α)
∣∣.

To analyze
∣∣µk(c;α)

∣∣, we write the complex numbers in their polar form : 1− ic = re−iθ with r =
√
1 + c2 and

θ = arctan(c) ∈ [0, π
2 ], so

(1− ic)k = rke−ikθ,
∣∣µk(c;α)

∣∣2 = (1− α)2 + α2r2k + 2α(1− α)rk cos(kθ).

Equivalently, using the binomial series (about c = 0) for the even and real parts,

(1 + c2)k = 1 + kc2 + k(k−1)
2 c4 +R1(c), ℜ(1− ic)k = 1− k(k−1)

2 c2 + k(k−1)(k−2)(k−3)
24 c4 +R2(c),

we obtain ∣∣µk(c;α)
∣∣2 − 1 =

(
α2k − α(1− α)k(k − 1)

)︸ ︷︷ ︸
=:A2(α,k)

c2 +
(
α2 k(k−1)

2 + α(1− α)k(k−1)(k−2)(k−3)
12

)
︸ ︷︷ ︸

=:A4(α,k)

c4 (9)

+ α2R1(c) + 2α(1− α)R2(c). (10)

Standard integral-remainder bounds for binomial series yield

|R1(c)| ≤ k(k−1)(k−2)
6 c6(1 + c2)k−3, |R2(c)| ≤ k(k−1)(k−2)

6 c6(1 + c2)k−3,
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and therefore the conservative estimate∣∣µk(c;α)
∣∣2 − 1 ≤ A2(α, k)c

2 +A4(α, k)c
4 +A6(α, k)c

6(1 + c2)k−3, A6(α, k) :=
(
2α− α2

)k(k − 1)(k − 2)

6
.

Define gk(c;α) :=
∣∣µk(c;α)

∣∣2 − 1 and the budget

Γ⋆
k(α) := sup

{
Γ ≥ 0 : sup

c∈[0,Γ]

gk(c;α) ≤ 0
}
.

First, if γL ≤ Γ⋆
k(α), then supc∈[0,γL] |µk(c;α)| ≤ 1 and hence ∥FLA

k,α∥ ≤ 1 (nonexpansiveness). Second, if
γL > Γ⋆

k(α), there exists c0 ∈ (0, γL] with |µk(c0;α)| > 1; choosing ω0 = c0/γ and a rotational block H = ω0JF
certifies an expansive instance. Third, near c = 0 the sign is controlled by the quadratic coefficient A2(α, k):

A2(α, k) ≤ 0 ⇐⇒ αk ≤ k − 1 ⇐⇒ α ≤ 1− 1
k . (11)

Thus, if α < 1 − 1
k , then gk(c;α) ≤ 0 for all c in some interval [0, ε], and by continuity Γ⋆

k(α) ≥ ε > 0.
Consequently,∥∥FLA

k,α

∥∥ = sup
c∈[0,γL]

∣∣µk(c;α)
∣∣, ∥FLA

k,α∥ ≤ 1 whenever γL ≤ Γ⋆
k(α), and Γ⋆

k(α) > 0 for α < 1− 1
k ,

which establishes the claims of Lemma 2.

B.3 Convergence of Fixed-k LookAhead for C1 Monotone Lipschitz Games

Theorem (Restatement of Theorem 3.1). Let F : D → Rd be a C1, monotone, L- Lipschitz operator (Mo, Lip)
with a set of fixed points Z⋆ ̸= ∅. Let k ≥ 2 be an integer, α ∈ (0, 1− 1

k ) and γ > 0 such that γ L ≤ Γ⋆
k(α). LA

(k, α) iterate zt+1 = FLA zt with Gradient Descent(γ) optimizer converges to a z⋆ ∈ Z⋆. Furthermore, the rate
of convergence of the average iterate (i.e. the rate at which the primal-dual gap shrinks (2.7)) is O( 1

T ).

We present the proof of convergence in this section, and the proof for the convergence rate in the next section.

Proof. From Lemma 1, for any u ∈ D and any zero z⋆ of F ,∥∥FLA
k,α(u)− z⋆

∥∥ =
∥∥P (H(u, z⋆)

)
(u− z⋆)

∥∥ ≤ ∥∥P (H(u, z⋆)
)∥∥ ∥u− z⋆∥.

Lemma 2 gives the uniform bound∥∥P (H)
∥∥ ≤ ρ for all H with symH ⪰ 0, ∥H∥ ≤ L, ρ := sup

c∈[0,γL]

|µk(c;α)|.

Therefore, for the iterates zt+1 = FLA
k,α(zt) we have the one-step inequality

∥zt+1 − z⋆∥ ≤ ρ ∥zt − z⋆∥ for all t ≥ 0. (12)

If γL < Γ⋆
k(α), then ρ < 1 by Lemma 2. Iterating (12) yields the global linear rate

∥zt − z⋆∥ ≤ ρ t ∥z0 − z⋆∥ −−−→
t→∞

0.

Moreover, uniqueness of the limit follows from the contraction: if z1, z2 are both fixed points of FLA
k,α, then

∥z1 − z2∥ =
∥∥FLA

k,α(z1)− FLA
k,α(z2)

∥∥ ≤ ρ ∥z1 − z2∥

forces z1 = z2 since ρ < 1. Finally, any fixed point of FLA
k,α is a zero of F (and conversely): if F (z⋆) = 0 then

(I− γF )kz⋆ = z⋆ so FLA
k,α(z

⋆) = z⋆; if FLA
k,α(z

⋆) = z⋆, then by Lemma 1 applied with (u,v) = (z⋆, z⋆) and by the
definition of P , we must have F (z⋆) = 0.

B.4 Convergence rate of O(1/T ) for the average iterate for LookAhead

Let f : Dx ×Dy → R be convex in x and concave in y, and let

F (z) =

[
∇xf(x,y)
−∇yf(x,y)

]
, z = (x,y),

be the associated saddle operator, that is C1 monotone and L−Lipschitz. Let the zero set Z⋆ = {p : F (p) = 0}
be nonempty. Assume the parameters (γ, k, α) are chosen such that Lemma 2 holds (i.e. FLA is nonexpansive)
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and shares fixed points with F . Then for the iterates (zt) generated by

zt+1 = FLA(zt),

the ergodic average z̄T = 1
T

∑T−1
t=0 zt satisfies

G(z̄T ) := sup
y′

f(x̄T ,y
′)− inf

x′
f(x′, ȳT ) ≤

∥z0 − p∥2

2αγT
, ∀p ∈ Z⋆.

where G(z̄T ) is the primal-dual gap of the average iterate. Hence, the primal–dual gap decays as O(1/T ).

Note. We use the restricted primal-dual gap here, since Dx and Dy are bounded sets. In some cases where the
feasible sets are unbounded, the primal-dual gap can be infinite (except at the saddle points), and thus cannot
be used as a convergence measure.

Proof of convergence rate (Theorem 1) (continued). Fix any p ∈ Z⋆. For the first k steps of the base optimizer,

∥z(j+1)
t − p∥2 = ∥z(j)t − p∥2 − 2γ ⟨F (z

(j)
t ), z

(j)
t − p⟩+ γ2∥F (z

(j)
t )∥2, (13)

2γ

k−1∑
j=0

⟨F (z
(j)
t ), z

(j)
t − p⟩ = ∥zt − p∥2 − ∥z(k)t − p∥2 + γ2

k−1∑
j=0

∥F (z
(j)
t )∥2. (14)

For the averaging step,

∥zt+1 − p∥2 =
∥∥(1− α)(zt − p) + α(z

(k)
t − p)

∥∥2
= (1− α)∥zt − p∥2 + α∥z(k)t − p∥2 − α(1− α)∥z(k)t − zt∥2. (15)

Subtracting (15) from ∥zt − p∥2 yields

∥zt − p∥2 − ∥zt+1 − p∥2 = α
(
∥zt − p∥2 − ∥z(k)t − p∥2

)
+ α(1− α)∥z(k)t − zt∥2. (16)

From (14) and (16),

∥zt − p∥2 − ∥zt+1 − p∥2 = α

2γ

k−1∑
j=0

⟨F (z
(j)
t ), z

(j)
t − p⟩ − γ2

k−1∑
j=0

∥F (z
(j)
t )∥2

+ α(1− α)∥z(k)t − zt∥2.

Equivalently,

2αγ

k−1∑
j=0

⟨F (z
(j)
t ), z

(j)
t − p⟩ =

(
∥zt − p∥2 − ∥zt+1 − p∥2

)
+ αγ2

k−1∑
j=0

∥F (z
(j)
t )∥2 − α(1− α)∥z(k)t − zt∥2. (17)

Define the inner-sum vector and its norm:

St :=

k−1∑
j=0

F (z
(j)
t ), ∆t := z

(k)
t − zt = γ St, ∥∆t∥2 = γ2∥St∥2.

Then the last two terms in (17) combine as

αγ2
k−1∑
j=0

∥F (z
(j)
t )∥2 − α(1− α)∥∆t∥2 = αγ2

k−1∑
j=0

∥F (z
(j)
t )∥2 − (1− α)∥St∥2

 . (18)

By Cauchy–Schwarz,

∥St∥2 =
∥∥∥ k−1∑

j=0

F (z
(j)
t )
∥∥∥2 ≤ k

k−1∑
j=0

∥F (z
(j)
t )∥2 ⇐⇒

k−1∑
j=0

∥F (z
(j)
t )∥2 ≥ 1

k
∥St∥2. (19)

Insert (19) into (18):

αγ2
k−1∑
j=0

∥F (z
(j)
t )∥2 − α(1− α)∥∆t∥2 ≥ αγ2

(1
k
− (1− α)

)
∥St∥2. (20)

Therefore, if

α ≤ 1− 1

k
(21)
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the right-hand side of (20) is nonpositive, and the entire combination in (18) is ≤ 0. This holds since we assume
that the parameters (γ, k, α) are chosen in accordance to Lemma 2 (for details, see (11) in the proof of Lemma
2 (Appendix §B.2)). In particular, using (17) and (18)–(20),

2αγ

k−1∑
j=0

⟨F (z
(j)
t ), z

(j)
t − p⟩ ≤ ∥zt − p∥2 − ∥zt+1 − p∥2. (22)

Summing (22) over t = 0, . . . , T − 1 gives

2αγ

T−1∑
t=0

k−1∑
j=0

⟨F (z
(j)
t ), z

(j)
t − p⟩ ≤ ∥z0 − p∥2 − ∥zT − p∥2 ≤ ∥z0 − p∥2. (23)

By monotonicity of F , 0 ≤ ⟨F (zt), zt − p⟩ ≤
∑

j⟨F (z
(j)
t ), z

(j)
t − p⟩. Thus from (23),

1

T

T−1∑
t=0

⟨F (zt), zt − p⟩ ≤ ∥z0 − p∥2

2αγ T
.

By convexity in x and concavity in y,

f(x̄T ,y
⋆)− f(x⋆, ȳT ) ≤

1

T

T−1∑
t=0

(
f(xt,y

⋆)− f(x⋆,yt)
)
=

1

T

T−1∑
t=0

⟨F (zt), zt − p⟩,

and we conclude

f(x̄T ,y
⋆)− f(x⋆, ȳT ) ≤

∥z0 − p∥2

2αγ T
(∀p ∈ Z⋆) (24)

under the explicit algebraic condition α ≤ 1 − 1
k . Taking the supremum of both sides of (24) over x ∈ Dx and

y ∈ Dy yields the upper bound on the restricted primal-dual gap (Appendix A.3).

Discussion: Together, the two lemmas and the convergence theorem show that LookAhead with a GD base is
best understood as a modal filter acting on the Jacobian spectrum. Lemma 1 shows that, for the entire class
of C1 monotone L-Lipschitz operators, the worst case is realized by 2× 2 purely rotational (skew) blocks—i.e.,
oscillatory modes—so global nonexpansiveness is equivalent to controlling a single complex multiplier on those
blocks. Instead of reasoning about an arbitrary high-dimensional, possibly non-normal operator, one can design
(k, α, γ) against a one-parameter family (1− α) + α(1− iγω)k that captures the hard instances. Lemma 2 then
promotes this view to a crisp step-size budget Γ⋆

k(α): if γL lies below this budget, every mode is contractive,
and if not, a bilinear convex–concave game witnesses failure—so the condition is both sufficient and essentially
tight.

The theorem turns the nonexpansiveness of the LookAhead map into global convergence and gives an O(1/T ) er-
godic rate for the primal–dual gap, highlighting a clean separation of roles: k and α shape the frequency response
(how aggressively oscillatory modes are damped), while γ trades stability margin against speed within the allowed
budget. Conceptually, LookAhead does not alter the solution set but reweights time for each mode—attenuating
rotations without over-damping the non-oscillatory directions—thereby enlarging the admissible range of γ rela-
tive to plain GD while preserving fixed points. Practically, this yields a design rule: pick α ≤ 1− 1

k to guarantee
a nontrivial stability margin, choose k to target the dominant oscillatory band, and set γ up to the certified
Γ⋆
k(α)/L. We use these guiding principles to design Modal LookAhead (MoLA), such that we can choose the

best set of hyperparameters with minimal computational overhead.

We next present a couple of corollaries that can be derived from 2, which highlight the entangled behavior of
the hyperparameters of LA, and how one influences the other.

Corollary 1 (Behavior of k vs α). Fix an inner stepsize budget Γ := γL > 0. Consider the class–uniform
nonexpansiveness envelope

α ≤ 2

1 + (1 + Γ2)k/2

Define αmax(Γ, k) :=
2

1 + (1 + Γ2)k/2
. Then for every fixed Γ > 0 the map k 7→ αmax(Γ, k) is strictly decreasing

on {2, 3, . . . } and
lim
k→∞

αmax(Γ, k) = 0.
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In particular, holding Γ = γL fixed and increasing the depth k necessarily tightens the admissible range of α.

Proof. Set g(k) := (1+Γ2)k/2 = e(
k
2 ) log(1+Γ2). Since log(1+Γ2) > 0, g(k) is strictly increasing in k. Hence k 7→

1
1+g(k) is strictly decreasing, and so is αmax(Γ, k) =

2
1+g(k) . As k →∞, g(k)→∞, whence αmax(Γ, k)→ 0.

Corollary 2 (Behavior of k vs γ). Fix α ∈ (0, 1). The class–uniform envelope implies the necessary bound

α ≤ 2

1 + (1 + Γ2)k/2
⇐⇒ Γ ≤ Γmax(α, k) :=

√(2− α

α

)2/k
− 1

Then for every fixed α ∈ (0, 1) the map k 7→ Γmax(α, k) is strictly decreasing on {2, 3, . . . } and satisfies the
asymptotics

Γmax(α, k) =

√
2

k
log
(2− α

α

)
· (1 + o(1)) (k →∞).

Consequently, the maximal admissible stepsize obeys

γmax(α, k) =
Γmax(α, k)

L
= Θ

( 1√
k

)
(k →∞).

Proof. Let cα := 2−α
α > 1. Then

Γmax(α, k) =

√
c
2/k
α − 1 =

√
exp
(2 log cα

k

)
− 1 .

Since x 7→ ex is strictly increasing, k 7→ c
2/k
α is strictly decreasing with limk→∞ c

2/k
α = 1, hence k 7→ Γmax(α, k)

is strictly decreasing with limit 0. The expansion ex = 1 + x+ o(x) as x ↓ 0 yields

c 2/k
α − 1 = exp

(2 log cα
k

)
− 1 =

2 log cα
k

+ o
(1
k

)
,

so

Γmax(α, k) =

√
2 log cα

k
(1 + o(1)) =

√
2

k
log
(2− α

α

)
(1 + o(1)) .

Dividing by L gives the stepsize statement.

B.5 Convergence Rate of O( 1
T ) for the average iterate of Modal LookAhead

We restate the full Theorem 2 as follows:

Theorem (Full statement of Theorem 4). Let f : Dx ×Dy → R be convex in x and concave in y, and

F (z) =

[
∇xf(x,y)
−∇yf(x,y)

]
, z = (x,y).

By convexity-concavity of f , F : D → Rd is a monotone operator. Assume F is L-smooth, and the saddle set
Z⋆ := {p : F (p) = 0} is nonempty. For k ≥ 2 and α ∈ (0, 1), let

µk(c;α) := (1− α) + α(1− ic)k, Γ⋆
k(α) := sup

{
Γ ≥ 0 : sup

c∈[0,Γ]

|µk(c;α)| ≤ 1
}
.

Let the MoLA hyperparameters be chosen by

(k⋆, α⋆) ∈ arg max
k≥2, α∈(0,1−1/k]

αΓ⋆
k(α), γ⋆ :=

Γ⋆
k⋆(α⋆)

L
.

Then the MoLA iterates zt+1 = FLA
k⋆,α⋆(zt) and the average z̄T := 1

T

∑T−1
t=0 zt = (x̄T , ȳT ) satisfy, for every

p = (x⋆,y⋆) ∈ Z⋆,

f(x̄T ,y
⋆)− f(x⋆, ȳT ) ≤

1

2α⋆ γ⋆ T
∥z0 − p∥2 =

L

2α⋆ Γ⋆
k⋆(α⋆)

· ∥z0 − p∥2

T
. (25)

Moreover, for any baseline (k0, α0) with α0 ∈ (0, 1− 1/k0] and stepsize γ0 = Γ⋆
k0
(α0)/L, MoLA attains a better

constant:
L

2α⋆ Γ⋆
k⋆(α⋆)

≤ L

2α0 Γ⋆
k0
(α0)

(26)
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Proof. Fix any p ∈ Z⋆. With (k⋆, α⋆, γ⋆) as stated, set FGD := I − γ⋆F and FLA := FLA
k⋆,α⋆ . Exactly as in the

proof of Theorem B.5, define the inner chain

z
(0)
t := zt, z

(j+1)
t := FGD(z

(j)
t ) = z

(j)
t − γ⋆F (z

(j)
t ), j = 0, . . . , k⋆−1,

so that zt+1 = (1 − α⋆)zt + α⋆z
(k⋆)
t . The same identities as in (13)–(17) hold verbatim with (k, α, γ) replaced

by (k⋆, α⋆, γ⋆):

2α⋆γ⋆
k⋆−1∑
j=0

⟨F (z
(j)
t ), z

(j)
t − p⟩ =

(
∥zt − p∥2 − ∥zt+1 − p∥2

)
+ α⋆(γ⋆)2

k⋆−1∑
j=0

∥F (z
(j)
t )∥2 − α⋆(1− α⋆)∥z(k

⋆)
t − zt∥2.

Let St :=
∑k⋆−1

j=0 F (z
(j)
t ) and ∆t := z

(k⋆)
t −zt = γ⋆St. By Cauchy–Schwarz,

∑k⋆−1
j=0 ∥F (z

(j)
t )∥2 ≥ 1

k⋆ ∥St∥2, hence
for α⋆ ≤ 1− 1

k⋆ the remainder is nonpositive and we obtain the one-step descent

2α⋆γ⋆
k⋆−1∑
j=0

⟨F (z
(j)
t ), z

(j)
t − p⟩ ≤ ∥zt − p∥2 − ∥zt+1 − p∥2. (27)

Summing (27) over t = 0, . . . , T − 1 and using monotonicity of F as in Theorem B.5 yields

1

T

T−1∑
t=0

⟨F (zt), zt − p⟩ ≤ ∥z0 − p∥2

2α⋆ γ⋆ T
.

By convexity–concavity of f ,

f(x̄T ,y
⋆)− f(x⋆, ȳT ) ≤

1

T

T−1∑
t=0

⟨F (zt), zt − p⟩ ≤ ∥z0 − p∥2

2α⋆ γ⋆ T
.

Finally, with the MoLA stepsize choice γ⋆ = Γ⋆
k⋆(α⋆)/L, this becomes (25).Taking the supremum of both sides

of (24) over x ∈ Dx and y ∈ Dy yields the upper bound on the restricted primal-dual gap (Appendix A.3).

For the improvement claim (26), observe that Theorem B.5 applied to any admissible (k, α, γ = Γ⋆
k(α)/L) yields

the constant L/(2αΓ⋆
k(α)). By the MoLA selection rule, α⋆ Γ⋆

k⋆(α⋆) ≥ α0 Γ
⋆
k0
(α0) for any baseline (k0, α0),

giving the stated domination of constants, with strict inequality unless (k0, α0) is itself a maximizer.

B.6 Modal Geometry and Exclusion of Non-convergent Rotations

Our convergence analysis uses the fact that the modulus of the dominant mode lies within the unit ball. Our
choice of k and α is aligned to maximize contraction along this modal direction. However, this might push certain
other modes into regions where the averaging cannot pull the mode back inside the unit ball. We define the
problem formally, and show that for our constraints on the hyperparameters, modes never get rotated such that
they enter these “non-converging regions” and our LookAhead operator uniformly contracts all modes within
the unit ball. We illustrate this in Fig. 10 how MoLA chooses hyperparameters that avoid this phenomenon.

After k inner steps of Gradient Descent Ascent, a mode c maps to zk(c) := (FGD(c))k, whose real part is

ϕk(c) := ℜ
(
(FGD(c))k

)
.

Lemma 3. For every integer k ≥ 2 and c ≥ 0,

ϕk(c) =

⌊k/2⌋∑
j=0

(−1)j
(
k

2j

)
c2j = (1 + c2)k/2 cos

(
k arctan c

)
.

Proof. By the binomial theorem,

(1− ic)k =

k∑
m=0

(
k

m

)
(−i)mcm.
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Only even m = 2j contribute to the real part, since (−i)2j = (−1)j is real. Thus

ℜ
(
(FGD(c))k

)
=

⌊k/2⌋∑
j=0

(−1)j
(
k

2j

)
c2j .

For the trigonometric form, write 1− ic = reiθ with r =
√
1 + c2 and θ = − arctan c. Then

(1− ic)k = (1 + c2)k/2eikθ, ℜ(·) = (1 + c2)k/2 cos(kθ) = (1 + c2)k/2 cos(k arctan c).

Lemma 4. For k ≥ 2,
ϕk(0) = 1, ϕ′′

k(0) = −k(k − 1) < 0.

Proof. From Lemma 3, ϕk(c) =
∑⌊k/2⌋

j=0 (−1)j
(
k
2j

)
c2j . At c = 0, only j = 0 contributes, giving ϕk(0) = 1.

Differentiating twice,

ϕ′′
k(c) =

⌊k/2⌋∑
j=1

(−1)j
(
k

2j

)
(2j)(2j − 1)c2j−2.

At c = 0, only the j = 1 term survives:

ϕ′′
k(0) = (−1)1

(
k

2

)
(2)(1) = −2

(
k

2

)
= −k(k − 1).

Proposition 1 (Geometric exclusion of the impermeable half-plane). Let the averaging-impermeable half-plane
H := {z ∈ C : ℜz ≥ 1}. For each k ≥ 2, set

Ck := sup{r > 0 : ϕk(c) < 1 for all c ∈ (0, r]} ∈ (0,∞].

Then for every stepsize γ with γL ≤ Ck, one has ℜ((FGD(c))k) < 1 for all modes c ∈ [0, γL], hence zk(c) /∈ H
for any mode.

Proof. By Lemma 4, c = 0 is a strict local maximum of ϕk with value 1, so there exists ε > 0 with ϕk(c) < 1 for
c ∈ (0, ε]. The definition of Ck ensures ϕk(c) < 1 on (0,Γ] whenever Γ = γL ≤ Ck. Thus, no mode is rotated
into H.

B.7 Strongly Convex - Strongly Concave Games

In this section, we establish the convergence of LookAhead for strongly convex–strongly concave (SC–SC) games,
a structured subclass of monotone variational problems. This theoretical analysis complements our empirical
results, which demonstrate that MoLA consistently outperforms competing methods on both SC–SC and bilinear
game settings.

Let us consider the following class of strongly-convex, strongly-concave saddle point problems with bilinear
coupling -

min
x∈Dx

max
y∈Dy

L(x,y) = P (x) + ⟨Ax,y⟩ −Q(y) (SC-SC)

where we assume that P : Dx → R is µP -strongly convex and LP smooth and Q : Dy → R is µQ-strongly convex
and LQ smooth, and A ∈ Dx ×Dy ⊆ D is the fixed bilinear coupling matrix.

The associated vector field F : D → Rd and its Jacobian JF : D → Rd×d are as follows

F =

[
∇x L
−∇y L

]
=

[
∇P (x) +A⊤y
−∇G(y) +Ax

]
and JF =

[
∇2

x L ∇x∇yL
−∇y∇xL −∇2

y L

]
=

[
∇2P (x) A⊤

−A ∇2G(y)

]
(28)

Proposition 2. The operator F is µ-strongly monotone and L-Lipschitz, where µ = min {µP , µQ} and L =√
max {L2

P , L
2
Q}+ ∥A∥2

Proof. Let z1 , z2 ∈ D be any two arbitrary points in the domain, where z1 = (x1,y1) and z2 = (x2,y2), and let
∆z := z1 − z2 = (∆x,∆y).



Aniket Sanyal, Baraah A.M. Sidahmed, Rebekka Burkholz, Tatjana Chavdarova

Strong monotonicity. By the definition of F ,

⟨F (z1)− F (z2), ∆z⟩ = ⟨∇P (x1)−∇P (x2), ∆x⟩ − ⟨∇Q(y1)−∇Q(y2), ∆y⟩+ ⟨A⊤∆y, ∆x⟩+ ⟨A∆x, ∆y⟩.
The bilinear cross terms cancel since ⟨A⊤∆y, ∆x⟩ + ⟨A∆x, ∆y⟩ = ∆y⊤A∆x + ∆x⊤A⊤∆y = 0. By µP - and
µQ-strong convexity,

⟨∇P (x1)−∇P (x2), ∆x⟩ ≥ µP ∥∆x∥2, ⟨∇Q(y1)−∇Q(y2), ∆y⟩ ≥ µQ∥∆y∥2.
Hence

⟨F (z1)− F (z2), ∆z⟩ ≥ µP ∥∆x∥2 + µQ∥∆y∥2 ≥ min{µP , µQ}
(
∥∆x∥2 + ∥∆y∥2

)
= µ ∥∆z∥2.

Lipschitz continuity. Using the triangle inequality,

∥F (z1)− F (z2)∥2 ≤ ∥∇P (x1)−∇P (x2)∥2 + ∥∇Q(y1)−∇Q(y2)∥2 + ∥A⊤∆y∥2 + ∥A∆x∥2

≤ L2
P ∥∆x∥2 + L2

Q∥∆y∥2 + ∥A∥2∥∆y∥2 + ∥A∥2∥∆x∥2

≤
(
max{L2

P , L
2
Q}+ ∥A∥2

) (
∥∆x∥2 + ∥∆y∥2

)
= L2 ∥∆z∥2,

which yields ∥F (z1)− F (z2)∥ ≤ L ∥∆z∥. Thus F is µ-strongly monotone and L-Lipschitz.

We first present the proof of convergence of the LookAhead discrete dynamics for the problem. We then present
the analysis in the discrete complex plane using the Z-transform, and finally, the design of the algorithm that
allows us to tune our hyperparameters near-optimally.

B.8 Convergence of LookAhead for Strongly-Convex Strongly-Concave Games

In this subsection, we prove that for a sufficiently small stepsize γ of the base optimizer (in our case ,Gradient
Descent), the LookAhead dynamics converges to the equilibrium of the SC-SC.

Proposition 3. If 0 < γ < 2µ
L2 , then the LookAhead map FLA

k,α converges to a unique fixed point, which is the
game equilibrium.

Proof. Let z1, z2 ∈ D be any two arbitrary points in the domain. Let ∆ = z1− z2 and g = F (z1)−F (z2). Then

FGD(z1)− FGD(z2) = (z1 − γF (z1))− (z2 − γF (z2)) = ∆− γg . (29)

Squaring both sides gives

∥FGD(z1)− FGD(z2)∥2 = ∥∆− γg∥2 = ∥∆∥2 − 2γ⟨∆, g⟩+ γ2∥g∥2

≤ ∥∆∥2 − 2γµ∥∆∥2 + γ2L2∥∆∥2 (by Proposition 2)

= (1− 2γµ+ γ2L2) ∥∆∥2 .

If γ < 2µ
L2 , the (1− 2γµ+ γ2L2) ∈ (0, 1), hence FGD is a contractive operator

∥FGD(z1)− FGD(z2)∥ ≤ (1− 2γµ+ γ2L2)∥z1 − z2∥ .

By induction, after k steps of the base optimizer

∥(FGD)k(z1)− (FGD)k(z2)∥ ≤ (1− 2γµ+ γ2L2)k∥z1 − z2∥ .

The k-th step of LookAhead performs the following averaging

FLA(z) = (1− α) · 1 + α (FGD)k(z) , (30)

where 1 is the vector of ones of dimension d. Hence

∥FLA(z1)− FLA(z2)∥ ≤ (1− α)∥z1 − z2∥+ α ∥(FGD)k(z1)− (FGD)k(z2)∥
≤
(
(1− α) · 1+ α(1− 2γµ+ γ2L2)k

)︸ ︷︷ ︸
ρ

∥z1 − z2∥ .

Since α ∈ (0, 1) and (1− 2γµ+ γ2L2) ∈ (0, 1), hence ρ < 1. Therefore, FLA(·) is a global contraction on D. By
Banach’s fixed point theorem, FLA(·) has a unique fixed point z∗, and the iteration zt+1 = FLA(zt) converges
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to z∗ with a linear rate ρ. Since FLA and FGD have the same fixed point by definition, FLA converges to the
global equilibrium of the game z∗, where F (z∗) = 0.

B.9 Discrete Frequency Domain Analysis of LookAhead

In this section, we motivate the use of Z-transform ( ZT) as a competent tool to analyze the discrete-time dy-
namics of LookAhead. The Z-transform provides a natural bridge between time-domain recursion and frequency-
domain stability, enabling us to characterize the poles of the update operator and hence its discrete-time stability.

We consider the update step of Gradient Descent Ascent as: zt+1 ← FGD zt, where T is the vector field defined
in SectionB.8, with initialization at z0. This is a linear time-invariant (LTI) system. To analyze the stability of
this system, we examine the dynamics along the eigen directions of F .

Let (λ, v) be an eigen pair of F . We project the state onto the basis of the eigenvectors to analyze the dynamics
of each component separately. Let ut := ⟨v, zt⟩ be a scalar sequence, which represents the projection of zt onto
the eigen direction v. Using the GDA update rule, we get

ut+1 = ⟨v, zt+1⟩ = FGD ⟨v, zt⟩ = FGD ut . (31)

Let U(z) be the unilateral Z-transform of the sequence ut. Then the Z-transform of 31 is given by

z U(z)− u0 = FGD U(z) (32)

=⇒ U(z) =
u0

z − FGD
. (33)

Hence, the pole for the inner GDA optimizer lies at z = FGD. Projecting the LookAhead step onto the eigen
directions yields

U(z) =
u0

z −
(
(1− α) + α (FGD)k

) . (34)

Hence the poles of the LookAhead update step lie at z = (1− α) + α (FGD)k

Discrete stability of the LookAhead iterate is equivalent to all the poles lying strictly inside the unit disk:

|µ| < 1 .

Let w = (FGD)k where w ∈ Cd. Let ∆ := w − 1. Then µ = 1 + α∆, and

|µ|2 = (1 + α∆)(1 + α∆) = 1 + 2αℜ∆+ α2|∆|2 .
The stability inequality |µ| < 1 is therefore

1 + 2αℜ∆+ α2|∆|2 < 1 ⇐⇒ α
(
2ℜ∆+ α |∆|2

)
< 0 .

For α > 0 this holds iff

2ℜ∆+ α |∆|2 < 0 ⇐⇒ α < − 2ℜ∆
|∆|2

.

Because ℜ∆ = ℜ(w − 1) = ℜw − 1, a positive bound exists iff ℜw < 1, and the exact critical averaging is

αmax =
2
(
1−ℜw

)
| 1− w |2

=
2
(
1−ℜ((FGD) k)

)
|1− (FGD) k|2

. (35)

Thus, the modes are Schur-stable precisely when

0 < α < min{ 1, αmax } . (36)

Geometric Interpretation. Let λ ∈ σ(JF ). We rewrite the GDA iterate in polar coordinates

T = Re−iθ, R := |T | =
√(

1− γ ℜλ
)2

+
(
γ ℑλ

)2
, θ := arg(T ) = atan2(γ ℑλ, 1− γ ℜλ).

Then w = (FGD) k = Rke−ikθ, so

ℜw = Rk cos(kθ), |1− w|2 = 1 +R2k − 2Rk cos(kθ).
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Substituting into the formula above

αmax =
2
(
1−Rk cos(kθ)

)
1 +R2k − 2Rk cos(kθ)

.

Since stability must hold for every eigenmode, the LookAhead step is Schur-stable iff

0 < α < αall
max(k) := min

λ∈σ(J)
αmax

B.10 Algorithm Design for optimal choice of hyperparameters

In this subsection, we discuss the mechanism of Modal LookAhead in detail. In the previous subsection, we
showed that the LookAhead step with averaging parameter α ∈ (0, 1] has poles at

µ(k) = (1− α) + αw = (1− α) + αRke−ikθ,

The modal contraction factor is

ρ(k) = |µ(k)| =
√
(1− α)2 + 2α(1− α)Rk cos(kθ) + α2R2k.

We minimize the modal contraction factor to dampen the oscillations usually observed in games.

We rewrite the dynamics in terms of the amplitude s := Rk and the phase ϕ := kθ. In these coordinates,

ρ2(k) ≡ Φ(s, ϕ) = (1− α)2 + 2α(1− α) s cosϕ+ α2s2,

subject to the coupling constraint ϕ = (θ/ lnR) ln s, since both s and ϕ derive from the same integer k.

We observe the following: First, for any fixed s > 0, the contraction Φ(s, ϕ) is minimized when cosϕ = −1, i.e.
when ϕ = π (mod 2π), yielding

Φmin(s) = (1− α− αs)2.

Second, at ϕ = π, this quadratic is minimized by choosing

s⋆ = 1−α
α ,

which would cancel the mode exactly (µ = 0) if s and ϕ could be chosen independently.

Since the amplitude and the phase are co-dependent on k, it is hard to choose both optimally simultaneously.
Therefore, we choose to select k so that kθ lands as close as possible to the “phase targets” π + 2πm, while at
the same time making Rk close to the amplitude target s⋆. Explicitly, the candidate indices are

kphase(m) =
π(2m+ 1)

θ
, kamp =

ln((1− α)/α)

lnR
.

We select
m⋆ := arg min

m≥0

∣∣ kphase(m)− kamp

∣∣, k◦ := kphase(m
⋆) ,

and then take
k⋆ ∈ {⌊k◦⌋, ⌈k◦⌉} ,

choosing the integer that minimizes the exact ρ(k). We illustrate the significance of this choice of k by plotting
the trajectory between MoLA and LookAhead with randomly chosen k and α in Figure 11.

This rule balances phase alignment with amplitude matching. Phase alignment ensures that oscillatory terms
contribute negatively, minimizing the cross term, while amplitude matching approximately satisfies αRk ≈ 1−α,
which drives the contraction factor toward zero. In the quadratic case, λ has a closed form and R, θ are explicit.
For general strongly convex–strongly concave games, one may estimate (R, θ) from local curvature and coupling
bounds, and the same principle applies.
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C Missing Proofs of Theorems in Continuous Time

In this section, we introduce high-resolution differential equations (HRDEs) as a continuous-time lens on the
algorithm. We then derive the complete HRDE for LookAhead. Finally, we set up a Laplace-transform framework
for stability analysis that connects the continuous model to discrete parameter choices.

Notation For this section, we assume that the coefficient matrix A of BG is positive semi-definite. This is a
standard assumption, and the analysis can be easily extended to other matrices.

C.1 Showing Divergence of GD-HRDE for BG Through (LT)

As shown in (Chavdarova et al., 2023), Gradient decent’s O(γ)-HRDE (Chavdarova et al., 2023) is:

z̈(t) = − 2

γ
· ż(t)− 2

γ
· F (z(t)) , (GD-HRDE)

where z represents the vector of players z(t) ≜ (x(t),y(t))⊺ . z(t) =

[
x(t)
y(t)

]
and F (·) is the operator defined in

(VI).

Using the continuous time representation, the following are the joint variable, the gradient field, and the Jacobian
of the parameterized Bilinear Game BG:

z(t) =

[
x(t)
y(t)

]
, (37)

F (z(t)) =

[
Ay(t)
−Ax(t)

]
, and JF (z(t)) =

[
0 A
−A 0

]
. (38)

The GD-HRDE written separately for the two players is

ẍ(t) = − 2

γ
·Aẋ(t)− 2

γ
· y(t) , (39)

ÿ(t) = − 2

γ
·Aẏ(t) +

2

γ
· x(t) . (40)

Taking the Laplace transform of the (39) and (40) yields:

X(s) = − 2

γ(s2I+ 2As
γ )

Y(s) +
ẋ(0) + A

γ x(0)

s2I + 2As
γ

+
(s+ A

γ )x(0)

s2 + 2As
γ

, (41)

Y(s) = − 2

γ(s2I+ 2As
γ )

X(s) +
ẏ(0) + A

γ y(0)

s2 + 2As
γ

+
(s+ A

γ )y(0)

s2 + 2As
γ

. (42)

Here, s ∈ C represents the complex frequency, X(s) =
∫∞
0

x(t)e−st dt, Y(s) =
∫∞
0

y(t)e−st dt are the transfer
functions of the trajectories x(t) and y(t). We assume that x(t) and y(t) are defined for t > 0 i.e., a unilateral
Laplace transform.

Since X(s) and Y(s) are linear equations, we compute the combined transform function for X(s). The poles of
the combined transform function are s ∈ C such that

det(s4I+
2s3

γ
(I+A) +

4s2

γ2
A− 4

γ2
I) = 0 . (43)

We use Routh-Hurwitz criterion to analyze the stability of 43. Let λi ∈ Λ be an eigenvalue of A.

Since the determinant is zero when any eigenvalue of the matrix polynomial is zero, consider an eigenvalue λi of
A. The scalar polynomial corresponding to λi is:

pi(s) = s4 +
2s3

γ
(1 + λi) +

4s2

γ2
λi −

4

γ2
= 0 . (44)

We rewrite pi(s) as

pi(s) = s4 + a3s
3 + a2s

2 + a1s+ a0 , (45)
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where

a3 =
2

γ
(1 + λi), a2 =

4

γ2
λi, a1 = 0, a0 = − 4

γ2
. (46)

The Routh array for 45 is:

s4 1 a2
s3 a3 a1
s2 b1 a0
s1 c1 0
s0 a0 0

,

where

b1 =
a3a2 − 1 · a1

a3
=

a3a2
a3

= a2 , (47)

(since a1 = 0),

c1 =
b1a1 − a3a0

b1
=

0− a3a0
a2

= −a3a0
a2

. (48)

The Routh-Hurwitz stability conditions are as follows

1 > 0, a3 =
2

γ
(1 + λi) > 0, b1 = a2 =

4

γ2
λi > 0 , (49)

c1 = −a3a0
a2

= −
2
γ (1 + λi) ·

(
− 4

γ2

)
4
γ2λi

=
2(1 + λi)

γ
· 1
λi

> 0 . (50)

Finally,

a0 = − 4

γ2
> 0 , (51)

and,

a0 = − 4

γ2
> 0 =⇒ − 4

γ2
> 0 =⇒ 1

γ2
< 0 , (52)

which is false. Hence, the system is unstable, and GD diverges for BG, which affirms the behavior of GD for this
game.

C.2 General O(γ)–HRDE for LookAhead

In this section, we prove Theorem 3, i.e., we derive the O(γ) HRDE for LookAhead as presented in LA-γ-
HRDE. This differential equation is a continuous time representation of the discrete LookAhead dynamics (LA).
By transitioning to the continuous domain, we can leverage the well-established theory of differential equations
to analyze the behavior of the algorithm and gain deeper insights into its underlying structure.

We follow the procedure of Chavdarova et al. (2023), where we first rewrite the methods in the following general
form:

zn+1 − zn
γ

=U(zn+k, . . . , z0) . (GF)

We introduce the Ansatz zn ≈ z(n · δ), for some smooth curve z(t) defined for t ≥ 0. A Taylor expansion gives:

zn+1≈z((n+ 1)δ) = z(nδ) + ż(nδ)δ +
1

2
z̈(nδ)δ2 + . . . .

Thus, when deriving O(γ)–HRDEs, for the nominator of the left-hand side of GF for all the methods considered
in this work, we have:

zn+1 − zn≈ ż(nδ)δ +
1

2
z̈(nδ)δ2 +O(δ3) . (LHS-GF)
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HRDEs for LA-GD. The predicted iterates for k = 1, . . . , 4, given GD as a base optimizer are as follows:

z̃n+1 = zn − γF (zn) (z̃GDA
n+1 )

z̃n+2 = z̃n+1 − γF (z̃n+1) = zn − γF (zn)− γF (zn − γF (zn)) (z̃GDA
n+2 )

z̃n+3 = z̃n+2 − γF (z̃n+2)

= zn − γF (zn)− γF (zn − γF (zn))− γF
(
zn − γF (zn)− γF (zn − γF (zn))

)
(z̃GDA

n+3 )

z̃n+4 = z̃n+3 − γF (z̃n+3)

= zn − γF (zn)− γF (zn − γF (zn))− γF
(
zn − γF (zn)− γF (zn − γF (zn))

)︸ ︷︷ ︸
z̃n+3

− γF
(
zn − γF (zn)− γF (zn − γF (zn))− γF

(
zn − γF (zn)− γF (zn − γF (zn))

)︸ ︷︷ ︸
z̃n+3

)
(z̃GDA

n+4 )

LA2-GDA. The iterates of LA2-GDA are obtained as follows:

zn+1 = zn + α(z̃n+2 − z̃n) = zn + α
(
− γF (zn)− γF

(
zn − γF (zn)

))
.

Using (LHS-GF), we get (where δ and γ are the step sizes in time and parameter space, resp.):

ż(nδ) + 1
2δ

2z̈(n) +O(δ3)
γ

= α
(
− 2F (z(nδ)) + γJ(z(nδ))F (z(nδ))

)
.

Setting δ=γ and keeping the O(γ) terms yields:

ż(t) +
γ

2
z̈(t) = −2αF (z(t)) + αγ JF (z(t))F (z(t)) .

Writing it in phase-space representation, yeilds:

ż(t) = ω(t)

ω̇(t) = − 2

γ
ω(t)− 4α

γ
F (z(t)) + 2αJF (z(t))F (z(t)) .

(LA2-GDA-HRDE)

LA3-GDA. For LA3-GDA using (z̃GDA
n+3 ) we have:

zn+1 = zn + α(z̃n+3 − zn)

= zn + αγ
[
− F (zn)− F

(
zn − γF (zn)

)
− F

(
zn − γF (zn)− γF (zn − γF (zn))

)︸ ︷︷ ︸
(⋆)

]
(53)

Similarly, by doing TE in coordinate space for (⋆), we get:

F
(
zn − γF (zn)− γF (zn − γF (zn))

)
= F (zn)− γ JF (zn)F (zn)− γ JF (zn)F

(
zn − γF (zn)

)
+O(γ2)

= F (zn)− 2γ JF (zn)F (zn) +O(γ2) ,

wherein the second row we do additional TE of the last term in the preceding row.

Thus using LHS-GF as well as replacing the above in (53) we have:

ż(nδ)δ+ 1
2 z̈(nδ)δ

2 +O(δ3)
γ

= α
{
− 3F (z(nδ)) + 3γ JF (z(nδ))F (z(nδ)) +O(γ2)

}
.

Setting δ=γ and keeping the O(γ) terms yields:

ż(t) +
γ

2
z̈(t) = −3αF (z(t)) + 3αγJ(z(t))F (z(t)) ,

Rewriting the above in phase-space gives:

ż(t) = ω(t)

ω̇(t) = − 2

γ
ω(t)− 6α

γ
F (z(t)) + 6α · J(z(t)) · F (z(t)) .

(LA3-GDA-HRDE)
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LA4-GDA. For LA4-GDA, replacing with (z̃GDA
n+4 ) we get:

zn+1 = zn + α(z̃n+4 − zn)

= zn + αγ
[
−F (zn)− F

(
zn − γF (zn)

)
− F

(
zn − γF (zn)− γF (zn − γF (zn))

)︸ ︷︷ ︸
same as for LA3-GDA

− F

(
zn − F (zn)− F

(
zn − γF (zn)

)
− F

(
zn − γF (zn)− γF (zn − γF (zn))

))
︸ ︷︷ ︸

(⋆)

] (54)

Similarly as above for LA3-GDA, by performing consecutive TE in parameter space for (⋆) we have:

(⋆) = F (zn)− 3γ JF (zn)F (zn) +O(γ2) .

Thus, using LHS-GF as well as replacing the above in (54) we have:

ż(nδ)δ+ 1
2 z̈(nδ)δ

2 +O(δ3)
γ

= α
{
− 4F (z(nδ)) + 6γ JF (z(nδ))F (z(nδ)) +O(γ2)

}
.

Setting δ=γ and keeping the O(γ) terms yields:

ż(t) +
γ

2
z̈(t) = −4αF (z(t)) + 6αγ JF (z(t))F (z(t)) .

Rewriting the above in phase-space gives:

ż(t) = ω(t)

ω̇(t) = − 2

γ
ω(t)− 8α

γ
F (z(t)) + 12α · JF (z(t) · F (z(t)) .

(LA4-GDA-HRDE)

C.3 Summary: HRDEs of LAk-GDA

Table 1 summarizes the obtained HRDEs for LookAhead-Minmax using GDA as a base optimizer, and generalizes
it to any k.

GDA ż(t) + γ
2 z̈(t) = −F (z(t))

LA2-GDA ż(t) + γ
2 z̈(t) = −2α · F (z(t)) + αγ · JF (z(t)) · F (z(t))

LA3-GDA ż(t) + γ
2 z̈(t) = −3α · F (z(t)) + 3αγ · JF (z(t)) · F (z(t))

LA4-GDA ż(t) + γ
2 z̈(t) = −4α · F (z(t)) + 6αγ · JF (z(t)) · F (z(t))

LA5-GDA ż(t) + γ
2 z̈(t) = −5α · F (z(t)) + 10αγ · JF (z(t)) · F (z(t))

...
...

LAk-GDA ż(t) + γ
2 z̈(t) = −kα · F (z(t)) + (

∑k−1
i=1 i) · αγ · JF (z(t)) · F (z(t))

Table 1: Summary: HRDEs of LAk-GD.

C.4 Analysis of LookAhead Dynamics

We first prove general convergence of the LookAhead dynamics for the BG in the discrete domain. We write
the phase-space representation of the differential equation, then enforce convergence on the eigenvalues of the
coefficient matrix using the Routh-Hurwitz criterion, as introduced in Section 2.

C.5 Convergence Proof of LookAhead for Bilinear Game (Time Domain)

In this section, we prove convergence of the LA-γ-HRDE for the BG problem.

Theorem 5. The O(γ) HRDE of LookAhead(k, α) (LA-γ-HRDE) converges to the Nash equilibrium of the
bilinear game BG for any step-size γ.
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Proof. For the LA-kGD optimizer, we have the following differential equation

ẋ(t) = ω(t)

ω̇(t) = − 2

γ
ω(t)− 2k

γ
F (z(t)) +

k(k − 1)

γ
αγ JF (z(t)) · F (z(t)) .

By denoting ẋ(t) = ωx(t) and ẏ(t) = ωy(t) we get the following


ẋ(t)
ẏ(t)
ω̇x(t)
ω̇y(t)

 =


0 0 I 0
0 0 0 I

−k(k − 1)αA2 −2kαA

γ
− 2

γ I 0

2kαA

γ
−k(k − 1)αA2 0 − 2

γ I


︸ ︷︷ ︸

≜ CLA−kGD

·


x(t)
y(t)
ωx(t)
ωy(t)



To obtain the eigenvalues λ ∈ C of CLA−kGD, we have

det(CLA−kGD − λI)

= det

(
−λI 0 I 0
0 −λI 0 I

−k(k − 1)αA2 −2kαA

γ
−( 2γ + λ)I 0

2kαA

γ
−k(k − 1)αA2 0 −( 2γ + λ)I


)

= det

([
λ( 2γ + λ) 0

0 λ( 2γ + λ)

]
−

−k(k − 1)αA2 −2kαA

γ
2kαA

γ
−k(k − 1)αA2


︸ ︷︷ ︸

≜D

)
.

Let µ = µ1 + iµ2 ∈ C denote the eigenvalues of D. The characteristic equation becomes

λ

(
2

γ
+ λ

)
− µ = 0.

Let β = 2
γ . Using the generalized Hurwitz theorem for polynomials with complex coefficients, we construct the

following generalized Hurwitz array:

λ2 1 0 µ1

λ1 β µ2 0
−µ2 βµ2 0

λ0 −µ2
2 − β2µ1 0 0

The sign of the last row determines the stability of the polynomial. Since β > 0, the system is stable if and only
if:

µ1 < − 1

β2
µ2
2 . (55)

Thus, it suffices to show:

ℜ(µ(z)) < − 1

β2
(ℑ(µ(z)))2 . (56)
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We have that:

µ(z) = z̄T Dz = [x̄T ȳT ]

−k(k − 1)αA2 −2kαA

γ
2kαA

γ
−k(k − 1)αA2

[xy
]

= −αk(k − 1)(∥Ax∥22 + ∥Ay∥22) + αk(
ȳTAx

γ
− x̄TAy

γ
)

= −αk(k − 1)(∥Ax∥22 + ∥Ay∥22)︸ ︷︷ ︸
ℜ(µ(z))

+αk(β ℑ(x̄⊤Ay))︸ ︷︷ ︸
ℑ(µ(z)))

·i .

where the last equations follows from the fact that x̄TAy is the complex conjugate of ȳTAx, hence ȳTAx −
x̄TAy = 2ℑ(x̄TAy) · i. Hence, from 56, we need to show that

− k(k − 1)α(∥Ax∥22 + ∥Ay∥22) < −
1

β2
k2α2

(
β ℑ(∥x̄⊤Ay∥)

)2
=⇒ ∥Ax∥22 + ∥Ay∥22 >

αk

k − 1
∥x̄⊤Ay∥2

It is straightforward to see that k
k−1 = 1 + 1

k−1 < 2 =⇒ αk
k−1 < 2.

Hence we show that

∥Ax∥22 + ∥Ay∥22 > 2 ∥x̄⊤Ay∥2

Consider the case ∥x∥2 ≤ ∥y∥2 ≤ 1. We have two sub-cases.

Case 1: ∥A⊤x∥22 ≤ ∥Ay∥22. We can set ∥Ay∥2 = ∥y∥2, and we have:

∥A⊤x∥22 + ∥A⊤y∥22 = ∥A⊤x∥22 + ∥y∥22
≥ 1

2

(
∥A⊤x∥22 + ∥y∥22

)2
≥ 2∥A⊤x∥22 ∥y∥22
≥ 2|x̄⊤Ay|2, (57)

where the last inequality follows from the Cauchy–Schwarz inequality.

Case 2: ∥Ay∥22 ≤ ∥A⊤x∥22. We can set ∥A⊤x∥2 = ∥x∥2, and we have:

∥A⊤x∥22 + ∥A⊤y∥22 = ∥x∥22 + ∥Ay∥22
≥ 1

2

(
∥x∥22 + ∥Ay∥22

)2
≥ 2∥x∥22 ∥Ay∥22
≥ 2|x̄⊤Ay|2, (58)

where the last inequality follows from the Cauchy–Schwarz inequality.

The case ∥y∥2 ≤ ∥x∥2 ≤ 1 can be shown analogously.

Hence 56 holds and the system is stable.

However, we do not get any insights on choosing the values of the hyperparameters to ensure convergence. We
discuss this further in the next subsection.

C.6 Convergence Proof of LookAhead for Bilinear Game (Frequency Domain)

We first present the proof of Theorem 4 by taking the inverse Laplace Transform (iLT) of the frequency dual of
LA-γ-HRDE. We then perform a similar analysis on the poles of the frequency dual as described in C.1 to find
the convergence criteria for LookAhead.

Theorem (Restatement of Theorem 4). Consider the BG (with matrix A). Let U be the orthogonal matrix
from eigen decomposition of A i.e., A = UΛU⊺, where Λ = diag(λi). The trajectory of the individual players
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x(t) and y(t) of the (LA-γ-HRDE) continuous time dynamics with parameters (k, α) and Gradient Descent with
step size γ as the base optimizer, are as follows:

x(t) = −2kα

γ
(G ∗ y)(t) +UDx(t)U

⊺ (x-Sol)

y(t) =
2kα

γ
(G ∗ x)(t) +UDy(t)U

⊺ (y-Sol)

where for a player q ∈ {x,y}, Dq(t) is a diagonal matrix whose i-th diagonal element is:(
Dq(t)

)
ii
= e−

t
γ

[
cosh(ωit)qi(0)

+
sinh(ωit)

ωi

(
q̇i(0) +

qi(0)

γ

)]
.

Here, ∗ is the convolution operator, and we define

ωi =

√
1

γ2
− αk(k − 1)λi,

G(t) = U diag

(
e−t/γ sinh(ωit)

ωi

)
U⊺ ,

where (x(0),y(0)) and (ẋ(0), ẏ(0)) are the initial positions and momenta, respectively.

Proof of Theorem 4. We compute similarly, the gradient field and the Jacobian of the bilinear game (BG).

z(t) =

[
x(t)
y(t)

]
(59)

F (z(t)) =

[
Ay(t)
−Ax(t)

]
(60)

JF (z(t)) =

[
0 A
−A 0

]
(61)

JF (z(t)) · F (z(t)) =

[
−A2y(t)
−A2x(t)

]
. (62)

We rewrite the LA-γ-HRDE for the 2 players using the equations 61 and 62

ẍ(t) = − 2

γ
ẋ(t)− 2kα

γ
Ay(t)− αk(k − 1)A2x(t) (63)

ÿ(t) = − 2

γ
ẏ(t) +

2kα

γ
Ax(t)− 2αk(k − 1)A2y(t) . (64)

Taking the Laplace transform of 63 and 64 yields(
s2I+

2

γ
sI+ αk(k − 1)A2

)
X(s) +

2kα

γ
AY(s) =

2

γ
x(0) + sx(0) + ẋ(0) (65)

−2kα

γ
AX(s) +

(
s2I+

2

γ
sI+ αk(k − 1)A2

)
Y(s) =

2

γ
y(0) + sy(0) + ẏ(0) . (66)

Taking the Inverse Laplace transform (iLT) of the above yields the solution equations in x-Sol.

We solve the system (65)–(66) by applying the eigen-decomposition A = UΛU⊺ with Λ = diag(λi) and orthog-
onal U. Left-multiplying by U⊺ and defining x(s) = Uxeig(s) and y(s) = Uyeig(s), the system decouples along
each eigendirection i:(

s2 +
2

γ
s+ αk(k−1)λ2

i

)
xi(s) +

2kα

γ
λiyi(s) = sxi(0) + ẋi(0) +

2

γ
xi(0), (67)

−2kα

γ
λixi(s) +

(
s2 +

2

γ
s+ αk(k−1)λ2

i

)
yi(s) = syi(0) + ẏi(0) +

2

γ
yi(0) . (68)
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Solving this 2× 2 system gives expressions of the form:

xi(s), yi(s) =
linear in s

(s+ 1
γ )

2 − ω2
i

, where ω2
i = αk(k−1)λ2

i −
1

γ2
.

Applying the standard Laplace inverses:

L−1

{
1

(s+ 1
γ )

2 − ω2
i

}
= e−t/γ sinh(ωit)

ωi
,

L−1

{
s+ 1

γ

(s+ 1
γ )

2 − ω2
i

}
= e−t/γ cosh(ωit) .

We get the following time-domain solutions:

xi(t) = e−t/γ

[
cosh(ωit)xi(0) +

1

ωi
sinh(ωit)

(
ẋi(0) +

1

γ
xi(0)

)]
− 2kα

γ
(gi ∗ yi)(t) ,

yi(t) = e−t/γ

[
cosh(ωit)yi(0) +

1

ωi
sinh(ωit)

(
ẏi(0) +

1

γ
yi(0)

)]
+

2kα

γ
(gi ∗ xi)(t) ,

where gi(t) = e−t/γ sinh(ωit)
ωi

, G(t) = U diag(gi(t))U
⊺, and ∗ denotes convolution.

Finally, transforming back to the original coordinates gives the full vector solution:

x(t) = −2kα

γ
(G ∗ y)(t) +Udiag

(
e−t/γ

[
cosh(ωit)xi(0) +

1

ωi
sinh(ωit)

(
ẋi(0) +

1

γ
xi(0)

)])
U⊺ , (69)

y(t) =
2kα

γ
(G ∗ x)(t) +U diag

(
e−t/γ

[
cosh(ωit)yi(0) +

1

ωi
sinh(ωit)

(
ẏi(0) +

1

γ
yi(0)

)])
U⊺ . (70)

Setting
(
Dq(t)

)
ii
= e−

t
γ

[
cosh(ωit)qi(0) +

sinh(ωit)
ωi

(
q̇i(0) +

qi(0)
γ

)]
, where Dq(t) is a diagonal matrix and q ∈

{x,y} is the corresponding player, yields the statement of the theorem.

We remark that, for a purely potential game, the terms of Y(s) cancel out and simplify the general x-Sol to:

x(t) = Udiag

(
e−

t
γ

[
cosh(ωit)xi(0) +

1

ωi
sinh(ωit)

(
ẋi(0) +

1

γ
xi(0)

)])
U⊺ .

The above affirms that in pure minimization settings, the solution x(t) does not depend on y(t).

Convergence analysis. We substitute 66 in 65 to get the joint Laplace transform for x(t) as follows

X(s) =
−2kγαy(0) (s+ 2

γ )A− 2kαγ ẏ(0)A

γ2
(
s2 + 2s

γ + αk(k−1)A2
)2

+ 4k2α2

+
ẋ(0) +

(
s+ 2

γ

)
x(0)

γ2
(
s2 + 2s

γ + αk(k−1)A2
)2

+ 4k2α2

· γ2

(
s2 +

2s

γ
+ αk(k−1)

) (X–TF)

Y(s) =
2kγαx(0)(s+ 2

γ )A+ 2kαγẋ(0)A

γ2(s2 + 2s
γ + αk(k − 1)A2)2 + 4k2α2

+

ẏ(0) + (s+ 2
γ )y(0)

γ2(s2 + 2s
γ + αk(k − 1)A2)2 + 4k2α2

γ2(s2 +
2s

γ
+ αk(k − 1)) .

(Y –TF)

The characteristic equation is then:(
s2 +

2

γ
s+ αk(k − 1)A2

)2

+

(
2kα

γ
A

)2

= 0 . (71)

We use the Routh-Hurwitz criterion to analyze the coefficients of the characteristic equations. We arrive at the
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following convergence condition (using similar steps as in C.1)

α <
k − 1

k
. (BG-Cond)

Discussion. The convergence condition for the continuous-time formulation of LookAhead (LA-γ-HRDE)
matches that derived in the discrete case (Lemma 2, Appendix B.2). The recurring threshold

α < k−1
k

across both analyses is revealing: it captures the same transition near marginal stability.

In the discrete setting, a Taylor expansion of the response term∣∣(1− α) + α(1− ic)k
∣∣

for small c = γω shows that stability hinges on controlling the first nontrivial curvature term (11).

The same condition reappears through a Z-transform stability analysis (35)) for the bilinear game BG. In
continuous time, applying the Routh–Hurwitz criterion to (BG-Cond) imposes an equivalent sign constraint on
the leading coefficients. The two viewpoints are linked by the sampling correspondence z = es∆ ≈ 1 + s∆: a
root crossing the imaginary axis in the s–plane corresponds to one crossing the unit circle in the z–plane.

Although both perspectives identify the same stability boundary, they highlight complementary aspects. The
continuous-time analysis is conceptually simpler: rescaling time absorbs the step size γ, and stability reduces to
positioning all roots in the left half-plane, governed solely by (k, α).

This view clarifies qualitative behavior—for instance, why larger k allows α up to 1− 1
k—and makes the damp-

ing–oscillation trade-off geometrically visible in the root geometry. However, this approach is scale-free: it does
not specify how the step size γ should relate to curvature or sampling frequency.

The discrete-time analysis provides exactly that missing link. Here, the same threshold emerges as the leading
condition for maintaining a non-expansive discrete frequency response, coupling the algorithmic parameters with
the problem’s scale through

γ L ≤ Γ⋆
k(α)

for an explicit margin Γ⋆
k(α). This yields a practical tuning rule: choose (k, α) within the admissible region

(often with α just below 1− 1
k to retain damping) and then choose

γ ≤ Γ⋆
k(α)/L ,

To summarize, the continuous analysis identifies which damping profiles are structurally stabilizing; while the
discrete analysis prescribes how to choose parameters that respect the problem’s scale.

Finally, note that in continuous time, rescaling by γ merely reparametrizes time, and preconditioning preserves
eigenstructure; hence, the threshold is invariant. In discrete time, high-frequency content (c = γω large) is the
bottleneck: choices of (k, α) that are harmless in the HRDE can excite grid-scale oscillations if γ is too aggressive
relative to L. Thus, increasing k—although it permits larger α—does not automatically widen the safe range
for γ; the passband narrows and the worst-case c shifts, and the margin Γ⋆

k(α) remains the decisive stability
indicator.
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D Detailed Pseudocode

In this section, we provide an annotated, more detailed description of the hyperparameter–selection routine in
Alg. 2.

Algorithm 3: ChooseModalParams (called from Alg. 1)

Input : Eigenvalues Λ of ∇F (or local linearization); scalars kmin, kmax, γ; α grid ⊂ (0, 1)
Output: Chosen (k⋆, α⋆)

1 Step 1: Per-mode base multipliers.
2 Tall ← 1− γ · Λ // Eigen-values after one base step of GD

3 Step 2: Dominant mode.

4 idom ← argmaxi
∣∣Tall,i

∣∣
5 Tdom ← {Tall,idom

}
6 Step 3: Initialize “best” pair.
7 (k⋆, α⋆, ρ⋆)← (kmin, 0.5, +∞)

8 Step 4: Search over α and k.
9 for each α ∈ α grid do

10 if ¬(0 < α < 1) then
11 continue

// Candidate k values compatible with the dominant mode for current α
12 K ← KCandidatesForAlpha(Tdom, α, kmin, kmax)
13 if K = ∅ then
14 continue
15 for each k ∈ K do

// max stable α for this k (here: w.r.t. the dominant mode)

16 αmax ← AlphaCap(Tdom, k)
17 if α ≤ αmax then

// Worst-mode spectral radius under LookAhead (k, α)

18 ρ← max
τ∈Tdom

∣∣(1− α) + α τ k
∣∣

19 if ρ < ρ⋆ then
20 (k⋆, α⋆, ρ⋆)← (k, α, ρ)

21 Step 5: Fallback (no feasible pair).
22 if ρ⋆ = +∞ then
23 k⋆ ← kmin

24 α⋆ ← min
{
0.5, AlphaCap(Tdom, kmin)

}
25 return (k⋆, α⋆)

26 Function AlphaCap(Tstab, k):
// Return max{α ∈ (0, 1) : maxτ∈Tstab

|(1− α) + α τk| ≤ 1}
27 return αmax(k)

28 Function KCandidatesForAlpha(Tdom, α, kmin, kmax):
// Return integer horizons k ∈ [kmin, kmax] that are admissible for the dominant

multiplier in Tdom (by the LookAhead-cycle geometry/derivation).

29 return K

Given an operator F with Jacobian ∇F , we pass the eigenvalues Λ (exact or local) to the method. We first
compute the one–step gradient-descent multipliers Tall = 1−γ Λ (line 2). Among these, we identify the dominant
multiplier (defined in λdom ) Tdom = {Tall,idom

}, as this mode controls convergence (cf. Eq. 6).

We then initialize the incumbent choice (k⋆, α⋆, ρ⋆) = (kmin, 0.5, ∞) and sweep over a user-specified
grid αgrid ∩ (0, 1). For each α in this grid, we form the set of admissible horizons K =
KCandidatesForAlpha(Tdom, α, kmin, kmax) implied by the LookAhead-cycle geometry; if K = ∅, we continue.
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For every k ∈ K, we compute the dominant-mode stability cap αmax = AlphaCap(Tdom, k), namely the largest
α ∈ (0, 1) such that maxτ∈Tdom

∣∣(1−α)+α τk
∣∣ ≤ 1. If the current α ≤ αmax, we evaluate the worst-case spectral

radius ρ = maxτ∈Tdom

∣∣(1 − α) + α τk
∣∣ and update (k⋆, α⋆, ρ⋆) ← (k, α, ρ) whenever ρ decreases. If no feasible

pair is found (i.e., ρ⋆ = ∞), we fall back to k⋆ = kmin and α⋆ = min{0.5, AlphaCap(Tdom, kmin)}. The routine
then returns (k⋆, α⋆).

Here, AlphaCap(Tstab, k) returns the dominant-mode stability threshold αmax(k), and KCandidatesForAlpha

enumerates admissible integer horizons k ∈ [kmin, kmax].
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E Experimental Details and Supplementary Results

This section first presents our experimental setup in detail, including the methods’ setup, the considered games
for the experiments, and the used hyperparameters. It then presents results of additional experiments as well as
ablations that complement the main text.

E.1 Experimental Setup Details

This section provides the details on the experimental setup used to evaluate our proposed method (MoLA)
against several baselines. We consider two settings: the Bilinear Game (BG) and a strongly convex–strongly
concave (SC–SC) game.

Methods’ setup. We compare MoLA with standard and widely used VI algorithms, previously defined in
Sections 2 and A.2.1. The methods and their implementation details are as follows.

• Gradient Descent (GD): baseline method; uses simultaneous updates.

• Extragradient (EG) and Optimistic Gradient (OGD): their implementation follows (EG) and (OGD),
respectively; defined in Appendix A.2.1.

• LookAhead (LA) with user-specified k and averaging factor α (we report results mainly for k = 40,
α = 0.5). Unless otherwise specified, we use GD as the base optimizer.

• Modal LookAhead (MoLA): implemented following Algorithm 1. The search range for the hyperpa-
rameters is k ∈ [5, 2000] and α ∈ [0.02, 0.98]. As in Algorithm 1, the selected pair (k, α) is the one that
minimizes the modal contraction factor the most.

• Adam: we use two independent PyTorch Adam optimizers, one minimizing in x and one maximizing in y.
LA–Adam wraps Adam with the same LookAhead (LA) method (k, α) as above.

All experiments are run with a fixed random seed, and unless stated otherwise, all methods use the same step
size γ for fair comparison.

Bilinear Game. For each run, we sample a random bilinear game matrix

A = β√
d
G , where Gij ∼ N (0, 1) ,

so that β controls the rotation scale. We initialize x0,y0 ∼ N (0, Id) ∗ c where c is positive integer (shared across
all methods). Each method is run for T base iterations, and we log at every base step the Euclidean distance to
the saddle point, as well as the wall-clock time in terms of processing time.

Convex-concave Game. We consider the strongly-convex–strongly-concave (SC–SC) game

f(x, y) = 1
2 x

⊤(ηx I )x − 1
2 y

⊤(ηy I )y + x⊤Ay,

with curvature parameters ηx > 0 and ηy > 0. Each run, we generate A with a controlled spectrum via a
prescribed SVD: draw U, V as orthogonal matrices and setA = U diag(σ1, . . . , σd)V

⊤ with singular values linearly
spaced in [σmin, σmax]. This construction ensures consistent conditioning while preserving random singular
directions. All other experimental details follow the same setup as in the bilinear game.

E.2 Additional Results

SCSC balanced instance. Figure 6 presents an SC–SC instance with a balanced rotation–potential mix.
In contrast to Figure 4 (in main part), the reduced rotational component leads to LA lagging behind other
first-order baselines. MoLA outperforms all methods, confirming its effectiveness when potentials play a larger
role.
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Figure 6: Distance to equilibrium vs. iter-
ations for GD, EG, OGD, LA, and MoLA
in a balanced rotational potential setting
of SC-SC game with d = 100, γ = 0.01.
The GD, EG, and OGD methods overlap.
The x-axis depicts iteration count, while
the y-axis depicts the Euclidean distance
to the Nash equilibrium.

GD divergence. The main results compare MoLA against multiple baselines; gradient descent is omitted
because it diverges. For completeness, Figure 7 illustrates this.

Figure 7: Comparison between GD, EG, OGD, LA and MoLA, on Bilinear Game. Figures (left) and
(right) show (log-scale) Euclidean distance to equilibrium against iterations and CPU time, respectively.

Rotation ablation. Following the main-text ablation and the Eq. (QG) setup, Figure 8 shows how the LookA-
head parameter α chosen by MoLA varies with the amount of rotation. With mild to no rotations, MoLA sets
α = 1, which accelerates convergence by extrapolating to the final iterate; with stronger rotations, it reduces α,
anchoring updates toward the snapshot to average/contract and damp rotational dynamics. LA is largely stable
for any choice of α for β ∈ [0, 0.8], while decreasing thereafter as the rotation factor increases. See Figure 5 of
the complementary plot for the trend between k and β.

Figure 8: Optimal LA averaging factor (α vs. rotation factor β) for the (QG) game.

Comparison with Adam. We compare MoLA against Adam and LA-Adam (LA with Adam as the base
optimizer) for the bilinear game. As shown in Figure 9, Adam diverges—much like GD—and its added noise
further degrades LA-Adam relative to GD-based LookAhead. MoLA outperforms both methods.

Exclusion of non-convergent modes. As shown in Appendix B.6,MoLA automatically selects hyperparam-
eters that keep all dominant modes within the convergent region of the spectrum, thereby avoiding trajectories
that drift into the non-convergent half-plane (Re(z) > 1). Figure 10 visualizes this effect by contrasting the
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Figure 9: Comparison between Adam, LA-Adam and MoLA, on Bilinear Game. Figures (left) and
(right) show (log-scale) Euclidean distance to equilibrium against iterations and CPU time, respectively.

modal stability of LookAhead (LA) with randomly chosen k values against that of MoLA. Unlike arbitrary
configurations, MoLA consistently excludes unstable modes, ensuring that all leading eigenmodes remain within
the stability boundary.

Faster convergence of MoLA. Figure 11 illustrates the trajectories of LA and MoLA on the bilinear
game (BG). MoLA adaptively selects the optimal averaging parameters (k, α) to align with the problem dom-
inant mode, enabling rapid attenuation of oscillations and convergence to the equilibrium. In contrast, LA
with arbitrary (k, α) values often exhibits slower convergence due to oscillatory behavior, highlighting MoLA’s
advantage in dynamically guiding the dynamics toward the saddle point.

(a) Lookahead (b) MoLA.

Figure 10: Left. LA (with randomly chosen hyperparameters) can over-rotate the complex vector (i.e., choosing
k gradient steps in a certain range) in a way that leads the final iterate into the complex half-plane ℜ(z) ≥ 1.
This is to be avoided, since no choice of α can bring the average iterate within the unit ball. Hence, LA is not
stable in general. Right. Since MoLA chooses parameters in line with Lemma 2, it avoids this phenomenon.
See also Appendix B.6, where we show this formally.
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Figure 11: Trajectories of LA and MoLA on (BG). While LA averages after k steps (where k is randomly
selected), MoLA chooses the optimal k steps to maximize contraction. Hence, the final averaged iterate of
MoLA converges considerably faster than LA with randomly selected k.


