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Abstract—Remote state estimation in cyber-physical systems is
often vulnerable to cyber-attacks due to wireless connections be-
tween sensors and computing units. In such scenarios, adversaries
compromise the system by injecting false data or blocking mea-
surement transmissions via denial-of-service attacks, distorting
sensor readings. This paper develops a Kalman filter and Rauch–
Tung–Striebel (RTS) smoother for linear stochastic state-space
models subject to cyber-attacked measurements. We approximate
the faulty measurement model via generalized statistical linear re-
gression (GSLR). The GSLR-based approximated measurement
model is then used to develop a Kalman filter and RTS smoother
for the problem. The effectiveness of the proposed algorithms
under cyber-attacks is demonstrated through a simulated aircraft
tracking experiment.

Index Terms—Remote state estimation, cyber-physical systems,
cyber-attacks, generalized statistical linear regression.

I. INTRODUCTION

Cyber-physical systems (CPSs) are integral to applications
such as intelligent transportation, terrestrial exploration, power
grids, aerospace, and hazardous environments [1]–[5]. These
systems rely on wireless communication for remote moni-
toring and control, making them vulnerable to cyber-attacks.
Adversaries can manipulate sensor measurements by injecting
false data or blocking transmissions, thereby compromising
system performance. In the absence of such adversarial dis-
ruptions, state estimation methods such as the Kalman filter
(KF) and Rauch–Tung–Striebel (RTS) smoother provide opti-
mal solutions for linear Gaussian systems [6], [7]. However,
their performance degrades significantly under cyber-attacks,
necessitating robust estimation techniques capable of handling
compromised measurements.

Several types of cyber attack models have been studied in
the literature, including replay attacks [8], denial-of-service
(DoS) attacks [9], and false data injection (FDI) attacks [10],
[11]. In a replay attack, the intruder observes and records
measurement readings for a certain time period and later
retransmits the recorded measurements to carry out the attacks
[8]. The DoS attacks [9] block measurement transmission from
the sensor to the computing unit. In FDI attacks, the intruders
have access to the measurements and modify them in a random
manner [10], [12]. In this manuscript, we focus on the state
estimation under the DoS and FDI attacks.

A few works have addressed the estimation problem under
DoS and FDI attacks. The authors in [9] proposed an optimal
attack strategy for an energy-constrained attacker in a linear
state space model (SSM). In [13], a game-theoretic approach

is used to develop a state estimation algorithm for linear SSM
under DoS attacks. For the linear system dealing with the
additive FDI attacks, the state estimation algorithms have been
developed for sensor networks [12] and power grids [14].
A risk-sensitive filtering algorithm for an inaccurate linear
system model under additive FDI attacks was proposed in [15].
To handle additive FDI attacks in nonlinear state-space models,
estimation algorithms based on the extended Kalman filter
(EKF), unscented Kalman filter (UKF), and cubature Kalman
filter (CKF) have been developed in [16]–[18]. Recently, [10],
[11] proposed a generalized Bayesian filtering framework to
address simultaneous additive and multiplicative FDI attacks.
A state estimation algorithm under DoS and additive FDI
attacks was developed in [19]. However, there is a lack of
estimation methods that account for DoS and simultaneous
additive and multiplicative FDI attacks. This paper aims to
address this gap.

In this paper, we develop a Kalman type of filter and
RTS smoother for state space models under DoS and FDI
attacks. First, we approximate the faulty measurement model
[10] using the generalized statistical linear regression (GSLR)
approach. Subsequently, the GSLR-based approximated mea-
surement is used to develop the estimation algorithm under the
Bayesian framework. The main contributions of this article
are as follows: (1) We present a unified formulation of the
faulty measurement model that accounts for DoS and simul-
taneous additive and multiplicative FDI attacks. (2) Using
the GSLR method, we approximate the faulty measurement
model. (3) Based on the approximated measurement model,
we develop the Kalman filter and RTS smoother. (4) Finally,
we demonstrate the performance of the proposed algorithm
through numerical experiments.

II. PROBLEM FORMULATION

Consider a stochastic dynamical system with the following
state space model [7], [20]

xk = Ak−1xk−1 + ηk−1, (1)
zk = Hkxk + νk, (2)

where xk ∈ Rnx , and zk ∈ Rnz are the state of the dynamic
system and sensor measurement, respectively. Here, the matrix
Ak−1 ∈ Rnx×nx is the state transition matrix of the dynamic
model, Hk ∈ Rnz×nx is the measurement model matrix. The
terms ηk−1 ∼ N (0, Qk−1) and νk ∼ N (0, Rk) represent the
Gaussian process noise and measurement noise, respectively.
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Fig. 1 Schematic diagram of the proposed estimation algorithm under DoS and FDI attacks. The filtering (forward pass) and smoothing
algorithms are developed based on the GSLR-based approximated faulty measurement model.

TABLE I Various attack types under different stochastic parameters

Parameters Attack types
ξb,k = 1, ξc,k, ξa,k, ξm,k ∈ {0, 1} No attack

ξa,k = 1, ξm,k = 0 Additive FDIA [11], [19]
ξb,k = 0, ξc,k = 1 ξa,k = 0, ξm,k = 1 Multiplicative FDIA [11]

ξa,k = 1, ξm,k = 1 Simultaneous FDIA [10]
ξb,k = 0, ξc,k = 0, ξa,k, ξm,k ∈ {0, 1} DoS attack [19]

The initial state x0 ∼ N (x̂0|0, P0|0), and the noises ηk−1 and
νk are mutually independent.

A. Measurement model under DoS and FDI attacks
Sensor measurements transmitted over a wireless commu-

nication channel to a remote computing unit are vulnerable to
adversarial manipulation [8]–[11] (see Fig. 1). Attackers can
alter the measurements through DoS and FDI attacks [10],
[11], [19]. We model the faulty measurement under DoS and
FDI attacks as follows:

yk = ξb,kzk + (1− ξb,k)ξc,k

{
ξm,kmk(zk + ξa,kak)

+ (1− ξm,k)(zk + ξa,kak)
}
,

(3)

where yk ∈ Rnz is the measurement after the attack, ak ∼
N (µa,Σa) and mk ∼ N (µm, σ2

m) are additive and multi-
plicative false data parameter to alter the sensor measurement.
The terms ξa,k, ξb,k, ξc,k and ξm,k in the model are Bernoulli
random variables (BRVs) with probabilities αa, αb, αc, and
αm, respectively. The model given in (3) can further be
simplified to

yk = ξb,kzk + (1− ξb,k)ξc,k (1 + ξm,k (mk − 1))

× (zk + ξa,kak).
(4)

Table I presents attack scenarios under various stochastic
parameter values. For special cases of the attacks model in
(4), see the references in the rightmost column of Table I. The
faulty measurement model given in (4) combines the models
proposed in [10] and [19] into a single model.

III. APPROXIMATING THE FAULTY MEASUREMENT USING
GSLR METHOD

In this section, we aim to approximate the faulty measure-
ment model (4) using GSLR [7], [21], [22] with respect to the

probability density function (pdf) N (xk | x̂k|k−1, Pk|k−1) as
follows:

yk ≈ H+
k xk + b+k + ν̃k, (5)

where H+
k ∈ Rnz×nx and b+k ∈ Rnz are the coefficients of

the approximation, and ν̃k ∼ N (0, Ω̃k) represents the error,
consisting of approximation error and measurement noise.
The associated parameters of the approximated measurement
model (5) can be expressed as

H+
k = P yx

k|k−1P
−1
k|k−1,

b+k = ŷk|k−1 −H+
k x̂k|k−1,

Ω̃k = P yy
k|k−1 −H+

k Pk|k−1H
+⊤
k .

(6)

In (6), the associated moments can be computed as follows:

ŷk|k−1 = Epr [E [yk | xk]] , (7)
P yy
k|k−1 = Epr [V [yk | xk]] + Vpr [E [yk | xk]] , (8)

P yx
k|k−1 = Cpr [E [yk | xk] , xk] , (9)

where Epr [·], Vpr [·], Cpr [·] denote expectation, variance, and
covariance, respectively, with respect to the prior pdf N (xk |
x̂k|k−1, Pk|k−1). Before computing the moments mentioned
above, we introduce the following useful lemma.

Lemma 1. Consider the probability distribution of attack
parameters, ak ∼ N (µa,Σa), mk ∼ N (µm, σ2

m) and BRVs
ξa,k, ξb,k, ξc,k, ξm,k. Then, we have the following:

E
[
(1− ξb,k)

2
ξ2c,k

(
1 + ξm,k(mk − 1)

)2]
= (1− αb)αc

[
(1− αm) + αm(σ2

m + µ2
m)

]
,

(10)

E
[{

(1− ξb,k)ξc,k(1 + ξm,k(mk − 1))− (1− αb)αc

× (1 + αm(µM − 1))
}2

]
= (1− αb)αc

[(
(1− αm)

+ αm(µ2
m + σ2

m)
)
− (1− αb)αc

(
1 + αm(µm − 1)

)2]
,

(11)

and

E
[(
ξa,k(ak − µa) + (ξa,k − αa)µa

)(
ξa,k(ak − µa)

+ (ξa,k − αa)µa

)⊤]
= αaΣa + αa(1− αa)µaµ

⊤
a .

(12)
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Proof. First, recall that if ξ is a Bernoulli random variable
with probability α, we have

p(ξ = 1) = E[ξ] = E[ξr] = α,

p(ξ = 0) = E[1− ξ] = E[(1− ξ)r] = 1− α,

E[(ξ − α)2] = (1− α)α,

(13)

where r ≥ 2 is an arbitrary constant. The expected value of
the square of (1− ξb,k)ξc,k(1 + ξm,k(mk − 1)

)
is

E
[
(1− ξb,k)

2ξ2c,k
(
1 + ξm,k(mk − 1)

)2]
= E

[
(1− ξb,k)

2
]

× E
[
ξ2c,k

]
E
[
1 + ξ2m,k(m

2
k − 2mk + 1) + 2ξm,k(mk − 1)

]
.

Using (13) and probability distribution of mk, the above
equation becomes (10). Now, we calculate

E
[{

(1− ξb,k)ξc,k
(
1 + ξm,k(mk − 1)

)
− (1− αb)αc

(
1 + αm

× (µM − 1)
)}2

]
= E

[
(1− ξb,k)

2ξ2c,k
(
1 + ξm,k(mk − 1)

)2]
− 2E

[
(1− ξb,k)ξc,k

(
1 + ξm,k(mk − 1)

)]
(1− αb)αc

(
1 + αm

× (µM − 1)
)
+ (1− αb)

2α2
c

(
1 + αm(µM − 1)

)2
.

Utilizing (13) along with the distribution of mk, the above
equation simplifies to (11). We compute the expected value of
the given below equation as

E
[(
ξa,k(ak − µa) + (ξa,k − αa)µa

)(
ξa,k(ak − µa)

+ (ξa,k − αa)µa

)⊤]
= E

[
ξ2a,k(ak − µa)(ak − µa)

⊤]
+ E

[
ξa,k(ξa,k − αa)(ak − µa)µ

⊤
a

]
+ E

[
ξa,k(ξa,k − αa)

× µa(ak − µa)
⊤]+ E

[
(ξa,k − αa)

2µaµ
⊤
a

]
.

Following the properties of ξa,k and ak, we receive (12).

A. Conditional moment computation

Next, we compute the moments given in (7)-(9), which we
use in (6). The conditional expectation of yk given xk using
(2) and (4) is as follows:

E[yk | xk] = αbHkxk + (1− αb)αc

× (1 + αm(µm − 1)) (Hkxk + αaµa).
(14)

The expectation of (14) with respect to the pdf
N (x̂k|k−1, Pk|k−1) is given by

ŷk|k−1 = Epr[E[yk | xk]] = αbHkx̂k|k−1 + (1− αb)αc

× (1 + αm(µm − 1)) (Hkx̂k|k−1 + αaµa).
(15)

Now, we aim to compute Vpr. To this end, we calculate the
difference between E[yk | xk] and ŷk|k−1, which is given by

E[yk | xk]− ŷk|k−1 = αbHk(xk − x̂k|k−1) + (1− αb)

× αc (1 + αm(µm − 1))Hk(xk − x̂k|k−1).
(16)

Using (16), we calculate Vpr [E [yk | xk]] as follows:

Vpr [E [yk | xk]] = Epr
[
(E[yk | xk]− ŷk|k−1)(E[yk | xk]

− ŷk|k−1)
⊤] = (

α2
b + 2αb(1− αb)αc

(
1 + αm(µm − 1)

)
+ (1− αb)

2α2
c

(
1 + αm(µm − 1)

)2)
HkPk|k−1H

⊤
k .

(17)

Next, we aim to compute the variance of (yk | xk), denoted as
V[yk | xk]. Before doing so, we first determine the following:

yk − E [yk | xk] = (ξb,k − αb)Hkxk + ξb,kνk + (1− ξb,k)ξc,k(
1 + ξm,k(mk − 1)

)(
ξa,k(ak − µa) + (ξa,k − αa)µa + νk

)
+(

(1− ξb,k)ξc,k
(
1 + ξm,k(mk − 1)

)
− (1− αb)αc

(
1 + αm

× (µm − 1)
))

(Hkxk + αaµa).

Using (13) and Lemma 1, we compute V[yk | xk] as follows:

V[yk | xk] = E
[
(yk − E [yk | xk]) (yk − E [yk | xk])

⊤ | xk

]
= E

[
(ξb,k − αb)

2
]
E
[
Hkxkx

⊤
k H

⊤
k

]
+ E[ξ2b,k]E[νkν

⊤
k ]+

E
[
(1− ξb,k)

2ξ2c,k
(
1 + ξm,k(mk − 1)

)2]
E
[(
ξa,k (ak − µa)

+ (ξa,k − αa)µa

)(
ξa,k (ak − µa) + (ξa,k − αa)µa

)⊤
+ νkν

⊤
k

]
+ E

[(
(1− ξb,k)ξc,k (1 + ξm,k(mk − 1))− (1− αb)αc(1 + αm

×(µm − 1))
)2

]
E
[
(Hkxk + αaµa)(Hkxk + αaµa)

⊤ | xk

]
= (1− αb)αbHkE[xkx

⊤
k ]H

⊤
k + αbRk + (1− αb)αc

(
αm(σ2

m+

µ2
m) + (1− αm)

)(
αaΣa + αa(1− αa)µaµ

⊤
a +Rk

)
+ (1− αb)

αc

({
(1− αm) + αm(µ2

m + σ2
m)

}
− (1− αb)αc(1 + αm(µm−

1))2
)(

Hkxkx
⊤
k H

⊤
k + αaHkxkµ

⊤
a + αaµax

⊤
k H

⊤
k + α2

aµaµ
⊤
a

)
.

The expectation of V [yk | xk] with respect to prior pdf
N (x̂k|k−1, Pk|k−1) is given below:

Epr [V [yk | xk]] = (1− αb)αbHk(Pk|k−1 + x̂k|k−1x̂
⊤
k|k−1)

×H⊤
k + αbRk + (1− αb)αc

(
αm(σ2

m + µ2
m) + (1− αm)

)(
αaΣa + αa(1− αa)µaµ

⊤
a +Rk

)
+ (1− αb)αc

({
(1− αm)

+ αm(µ2
m + σ2

m)
}
− (1− αb)αc(1 + αm(µm − 1))2

)
(
Hk

(
Pk|k−1 + x̂k|k−1x̂

⊤
k|k−1

)
H⊤

k + αaHkx̂k|k−1µ
⊤
a

+ αaµax̂
⊤
k|k−1H

⊤
k + α2

aµaµ
⊤
a

)
.

(18)

The expression for P yy
k|k−1 is derived by adding (17) and (18)

as given in (8). Using (9) and (16), we compute P yx
k|k−1 as

P yx
k|k−1 = Epr

[(
E[yk | xk]− ŷk|k−1

) (
xk − x̂k|k−1

)⊤]
=

(
αb + (1− αb)αc

(
1 + αm(µm − 1)

))
HkPk|k−1.

(19)

After computing these moments, we can evaluate the param-
eters of the GSLR approximated measurement model given
in (6). Let us denote the set of parameters related to process
dynamics, the measurement model, DoS and FDI attacks as
Θk = [Ak, Hk, Qk, Rk, αa, αb, αc, αm, µa,Σa, µm, σ2

m]. The
pseudo-code for computing the GSLR parameters is presented
in Algorithm 1.
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Algorithm 1 Computation of GSLR parameters

1: function [H+
k , b+k , Ω̃k] = GSLR(x̂k|k−1, Pk|k−1,Θk).

2: Obtain ŷk|k−1, P yy
k|k−1, and P yx

k|k−1 following (15), (8),
and (19), respectively.

3: Compute H+
k , b+k , and Ω̃k using (6).

4: end function

IV. KALMAN FILTER AND RTS SMOOTHER UNDER
CYBER-ATTACKS

In this section, we derive the Kalman filter and RTS
smoother based on the linear SSM (1)-(2) and the GSLR-based
approximated faulty measurement model (5). The smoothing
algorithm consists of two sequential steps: (i) the forward
pass and (ii) the backward pass. In forward pass, the Kalman
filtering algorithm is used to compute the prior and posterior
moments. Using [7, Lemma A.3], the marginal distribution of
xk is p(xk | y1:k−1) = N (xk | x̂k|k−1, Pk|k−1), where

x̂k|k−1 = Ak−1x̂k−1|k−1, (20)

Pk|k−1 = Ak−1Pk−1|k−1A
⊤
k−1 +Qk−1. (21)

Next, we compute the joint distribution of the state, xk and
the GSLR-based approximated measurement, yk given y1:k−1

as follows:

p(xk, yk | y1:k−1) = p(yk | xk) p(xk | y1:k−1)

≈ N (yk | H+
k xk + b+k , Ω̃k)N (xk | x̂k|k−1, Pk|k−1)

≈ N
([

xk

yk

] ∣∣∣∣X̂k,Pk

)
,

where

X̂k =

[
x̂k|k−1

H+
k x̂k|k−1 + b+k

]
,

Pk =

[
Pk|k−1 Pk|k−1H

+⊤
k

H+
k Pk|k−1 H+

k Pk|k−1H
+⊤
k + Ω̃k

]
.

The conditional probability distribution of xk given y1:k is

p(xk | y1:k) ≈ N (xk | x̂k|k, Pk|k),

where

x̂k|k = x̂k|k−1 + Pk|k−1H
+⊤
k (H+

k Pk|k−1H
+⊤
k + Ω̃k)

−1

× (yk −H+
k x̂k|k−1 − b+k ), (22)

Pk|k = Pk|k−1 − Pk|k−1H
+⊤
k (H+

k Pk|k−1H
+⊤
k + Ω̃k)

−1

×H+
k Pk|k−1. (23)

After computing p(xk | y1:k) ≈ N (xk | x̂k|k, Pk|k) for k ∈
{1, . . . , T}, we perform the backward pass step to recursively
compute p(xk | y1:T ) = N (xk | x̂s

k|T , P
s
k|T ) starting from

k = T . Note that the smoothing algorithm is independent
of the measurement model, allowing us to directly apply the
standard smoothing algorithm for the linear affine SSM [7, pp.
255–260]. The detailed implementation of the Kalman filtering
and smoothing solution for the attacked model is presented in
Algorithm 2.

Algorithm 2 Kalman filter and RTS smoother for the attacked
model

1: function [x̂k|k, Pk|k, x̂
s
k|T , P

s
k|T ] = KFS(x̂0|0, P0|0,Θk).

2: for k = 1, . . . , T do
3: Compute x̂k|k−1 and Pk|k−1 using Eqs. (20)-(21).
4: [H+

k , b+k , Ω̃k] = GSLR(x̂k|k−1, Pk|k−1,Θk).
5: Compute x̂k|k and Pk|k following Eqs. (22)-(23).
6: end for
7: x̂s

T |T = x̂T |T and P s
T |T = PT |T .

8: for k = T − 1, . . . , 1 do
9: Ks = Pk|kA

⊤
k P

−1
k+1|k.

10: x̂s
k|T = x̂k|k +Ks(x̂

s
k+1|T − x̂k+1|k).

11: P s
k|T = Pk|k +Ks(P

s
k+1|T − Pk+1|k)K

⊤
s .

12: end for
13: end function

V. SIMULATION RESULTS

We consider an air-traffic control scenario [23], in which
an aircraft performs a maneuver in a two-dimensional space
with a known turn rate. The discrete-time dynamics of the
maneuvering aircraft can be expressed as

xk =


1 0 sinωt

ω − 1−cosωt
ω

0 1 1−cosωt
ω

sinωt
ω

0 0 cosωt − sinωt
0 0 sinωt cosωt

xk−1 + ηk−1,

where the state of the aircraft, x =
[
x1 x2 ẋ1 ẋ2

]⊤
,

(x1, x2) and (ẋ1, ẋ2) represent the position and velocity of the
aircraft in the x and y directions, respectively, t = 0.05 s is the
sampling time, and ω = 3◦ /s is turn rate. The process noise
ηk−1 ∼ N (0, Q) with Q = diag(0.32, 0.32, 0.052, 0.052).
The measurement available to the estimator is the position of
the aircraft, that is

zk =
[
I2×2 02×2

]
xk + νk,

where νk ∼ N (0, R) with R = diag(12, 12). We per-
form the simulation for 20 s. The following parameters
associated with the cyber-attacks are used in the simula-
tion: αa = 0.3, αb = 0.7, αc = 0.9, αm = 0.1,
mk ∼ N (0.95, 0.102) and ak ∼ N (µa,Σa), where
µa =

[
0.7 0.9

]⊤
and Σa = diag(1, 0.5). We initialize

the estimator with x0 =
[
200m 200m 15m/s 15m/s

]⊤
,

x̂0|0 =
[
250m 150m 12m/s 17m/s

]⊤
, and P0|0 =

diag(102 m2, 102 m2, 42 m2/s2, 42 m2/s2).
We implemented the standard KF, the standard RTSS, the

proposed filtering algorithm (that is, the forward pass of
Algorithm 2), and the RTS smoother, referring to them as the
proposed KF and proposed RTSS. Fig. 2 shows the simulated
true aircraft trajectory, the measurements under cyber-attacks,
and the estimated trajectory obtained using the proposed KF
and RTSS in a single Monte Carlo (MC) run. Notably, Fig. 2
demonstrates that the proposed KF and RTSS effectively track
the aircraft even in the presence of cyber-attacks.
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Fig. 2 The true trajectory, faulty measurement, the proposed KF and
RTSS for the aircraft tracking problem in the presence of cyber-
attacks in a single representative run.
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Fig. 3 The position and velocity RMSE of different estimators for
the aircraft tracking problem under DoS and FDI attacks, obtained
from 100 MC runs.

We evaluate the estimators’ performance in terms of the
position and velocity root mean square error (RMSE). Fig. 3
presents the position and velocity RMSE of the different esti-
mators obtained from 100 MC runs. The results indicate that
the proposed KF and RTSS achieve lower RMSE compared
to the standard estimators under cyber-attacks.

VI. CONCLUSION

In this article, we have developed a Kalman filter and RTS
smoother for the linear SSM under DoS and FDI attacks. We
reformulated the faulty measurement model that accounts for
DoS and simultaneous additive and multiplicative FDI attacks.
We approximated the faulty measurement model using the
conditional expectation from the GSLR method. The GSLR-
based approximated measurement model was used to derive
the filtering and smoothing algorithms. The performance of
the methods was illustrated in a simulated aircraft tracking
experiment. In the future, we plan to extend this method to
nonlinear state-space models.
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