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SOLVING STOCHASTIC WEAK MINTY VARIATIONAL INEQUALITIES
WITHOUT INCREASING BATCH SIZE

Thomas Pethick* Olivier Fercoq” Puya Latafat* Panagiotis Patrinos* Volkan Cevher*

ABSTRACT

This paper introduces a family of stochastic extragradient-type algorithms for a
class of nonconvex-nonconcave problems characterized by the weak Minty vari-
ational inequality (MVI). Unlike existing results on extragradient methods in the
monotone setting, employing diminishing stepsizes is no longer possible in the
weak MVI setting. This has led to approaches such as increasing batch sizes per
iteration which can however be prohibitively expensive. In contrast, our proposed
methods involves two stepsizes and only requires one additional oracle evaluation
per iteration. We show that it is possible to keep one fixed stepsize while it is only
the second stepsize that is taken to be diminishing, making it interesting even in
the monotone setting. Almost sure convergence is established and we provide a
unified analysis for this family of schemes which contains a nonlinear generaliza-
tion of the celebrated primal dual hybrid gradient algorithm.

1 INTRODUCTION

Stochastic first-order methods have been at the core of the current success in deep learning appli-
cations. These methods are mostly well-understood for minimization problems at this point. This is
even the case in the nonconvex setting where there exists matching upper and lower bounds on the
complexity for finding an approximately stable point (Arjevani et al., 2019).

The picture becomes less clear when moving beyond minimization into nonconvex-nonconcave min-
imax problems—or more generally nonmonotone variational inequalities. Even in the deterministic
case, finding a stationary point is in general intractable (Daskalakis et al., 2021; Hirsch & Vavasis,
1987). This is in stark contrast with minimization where only global optimality is NP-hard.

An interesting nonmonotone class for which we do have efficient algorithms is characterized by the
so called weak Minty variational inequality (MVI) (Diakonikolas et al., 2021). This problem class
captures nontrivial structures such as attracting limit cycles and is governed by a parameter p whose
negativity increases the degree of nonmonotonicity. It turns out that the stepsize y for the exploration
step in extragradient-type schemes lower bounds the problem class through p > —7/2 (Pethick et al.,
2022). In other words, it seems that we need to take y large to guarantee convergence for a large class.

This reliance on a large stepsize is at the core of why the community has struggled to provide
a stochastic variants for weak MVIs. The only known results effectively increase the batch size
at every iteration (Diakonikolas et al., 2021, Thm. 4.5)—a strategy that would be prohibitively
expensive in most machine learning applications. Pethick et al. (2022) proposed (SEG+) which
attempts to tackle the noise by only diminishing the second stepsize. This suffices in the special case
of unconstrained quadratic games but can fail even in the monotone case as illustrated in Figure 1.
This naturally raises the following research question:

Can stochastic weak Minty variational inequalities be solved without increasing the batch size?

We resolve this open problem in the affirmative when the stochastic oracles are Lipschitz in mean,
with a modification of stochastic extragradient called bias-corrected stochastic extragradient (BC-
SEG+). The scheme only requires one additional first order oracle call, while crucially maintaining
the fixed stepsize. Specifically, we make the following contributions:
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(i) We show that it is possible to converge for weak MVI without increasing the batch size, by in-
troducing a bias-correction term. The scheme introduces no additional hyperparameters and
recovers the maximal range p € (—7/2,0) of explicit deterministic schemes. The rate we es-
tablish is interesting already in the star-monotone case where only asymptotic convergence of
the norm of the operator was known when refraining from increasing the batch size (Hsich
etal., 2020, Thm. 1). Our result additionally carries over to another class of problem treated in
Appendix G, which we call negative weak MVIs.

(ii) We generalize the result to a whole family of schemes that can treat constrained and regular-
ized settings. First and foremost the class includes a generalization of the forward-backward-
forward (FBF) algorithm of Tseng (2000) to stochastic weak MVIs. The class also contains
a stochastic nonlinear extension of the celebrated primal dual hybrid gradient (PDHG) algo-
rithm (Chambolle & Pock, 2011). Both methods are obtained as instantiations of the same
template scheme, thus providing a unified analysis and revealing an interesting requirement on
the update under weak MVI when only stochastic feedback is available.

(iii) We prove almost sure convergence under the classical Robbins-Monro stepsize schedule of the
second stepsize. This provides a guarantee on the last iterate, which is especially important in
the nonmonotone case, where average guarantees cannot be converted into a single candidate
solution. Almost sure convergence is challenging already in the monotone case where even
stochastic extragradient may not converge (Hsieh et al., 2020, Fig. 1).

2 RELATED WORK

Weak MVI Diakonikolas et al. (2021) was the first to observe that an extragradient-like scheme
called extragradient+ (EG+) converges globally for weak MVIs with p € (—1/8Lr, o). This re-
sults was later tightened to p € (—!/2L¢, 00) and extended to constrained and regularized settings
in (Pethick et al., 2022). A single-call variant has been analysed in Bohm (2022). Weak MVI is a
star variant of cohypomonotonicity, for which an inexact proximal point method was originally stud-
ied in Combettes & Pennanen (2004). Later, a tight characterization was carried out by Bauschke
et al. (2021) for the exact case. It was shown that acceleration is achievable for an extragradient-type
scheme even for cohypomonotone problems (Lee & Kim, 2021). Despite this array of positive re-
sults the stochastic case is largely untreated for weak MVIs. The only known result (Diakonikolas
et al., 2021, Theorem 4.5) requires the batch size to be increasing. Similarly, the accelerated method
in Lee & Kim (2021, Thm. 6.1) requires the variance of the stochastic oracle to decrease as O(1/k).

Stochastic & monotone When more structure is present the story is different since diminishing
stepsizes becomes permissible. In the monotone case rates for the gap function was obtained for
stochastic Mirror-Prox in Juditsky et al. (2011) under bounded domain assumption, which was later
relaxed for the extragradient method under additional assumptions (Mishchenko et al., 2020). The
norm of the operator was shown to asymptotically converge for unconstrained MVIs in Hsieh et al.
(2020) with a double stepsize policy. There exists a multitude of extensions for monotone prob-
lems: Single-call stochastic methods are covered in detail by Hsieh et al. (2019), variance reduction
was applied to Halpern-type iterations (Cai et al., 2022), cocoercivity was used in Beznosikov et al.
(2022), and bilinear games studied in Li et al. (2022). Beyond monotonicity, a range of structures
have been explored such as MVIs (Song et al., 2020), pseudomonotonicity (Kannan & Shanbhag,
2019; Bot et al., 2021), two-sided Polyak-Lojasiewicz condition (Yang et al., 2020), expected coco-
ercivity (Loizou et al., 2021), sufficiently bilinear (Loizou et al., 2020), and strongly star-monotone
(Gorbunov et al., 2022).

Variance reduction The assumptions we make about the stochastic oracle in Section 3 are similar
to what is found in the variance reduction literature (see for instance Alacaoglu & Malitsky (2021,
Assumption 1) or Arjevani et al. (2019)). However, our use of the assumption are different in a
crucial way. Whereas the variance reduction literature uses the stepsize y o« 1/Lg (see e.g. Alacaoglu
& Malitsky (2021, Theorem 2.5)), we aim at using the much larger ¥ « 1/Lg. For instance, in
the special case of a finite sum problem of size N, the mean square smoothness constant Ly from
Assumption III can be VN times larger than Ly (see Appendix I for details). This would lead to a
prohibitively strict requirement on the degree of allowed nonmonotonicity through the relationship
p > =7/
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Bias-correction The idea of adding a correction term has also been exploited in minimization,
specifically in the context of compositional optimization Chen et al. (2021). Due to their distinct
problem setting it suffices to simply extend stochastic gradient descent (SGD), albeit under addi-
tional assumptions such as (Chen et al., 2021, Assumption 3). In our setting, however, SGD is not
possible even when restricting ourselves to monotone problems.

3 PROBLEM FORMULATION AND PRELIMINARIES

We are interested in finding z € R” such that the following inclusion holds,

0eTz:=Az+ Fz. 3.1
A wide range of machine learning applications can be cast as an inclusion. Most noticeable, a struc-
tured minimax problem can be reduced to (3.1) as shown in Section 8.1. We will rely on common
notation and concepts from monotone operators (see Appendix B for precise definitions).

Assumption L. In problem (3.1),

(i) The operator F : R" — R" is Lg-Lipschitz with Lg € [0, 00), i.e.,
IFz—FZIl< Lellz -2l Vz,z e R". (3.2)

(ii) The operator A : R" =3 R" is a maximally monotone operator.

(iii) Weak Minty variational inequality (MVI) holds, i.e., there exists a nonempty set S* C zer T

such that for all z* € 8* and some p € (—i, o0)

v,z=2*) 2 plvll*,  forall (z,v) € gphT. (3.3)
Remark 1. In the unconstrained and smooth case (A = 0), Assumption I(iii) reduces to (Fz,z—7*) >
pllFz|* for all z € R™. When p = 0 this condition reduces to the MVI (i.e. star-monotonicity),
while negative p makes the problem increasingly nonmonotone. Interestingly, the inequality is not
symmetric and one may instead consider that the assumption holds for —F. Through this observation,
Appendix G extends the reach of the extragradient-type algorithms developed for weak MVIs.

Stochastic oracle We assume that we cannot compute F'z easily, but instead we have access to
the stochastic oracle F (z,£), which we assume is unbiased with bounded variance. We additionally
assume that z — F(z,&)is L # Lipschitz continuous in mean and that it can be simultaneously queried
under the same randomness.

Assumption II. For the operator F(-,£) : R* — R" the following holds.

(i) Two-point oracle: The stochastic oracle can be queried for any two points z,7 € R",
F(z,6),F(Z,&) where &~P. (3.4)

(ii) Unbiased: Eg[ﬁ'(z, g)] =Fz VzeR"

(iii) Bounded variance: ]E_f[llﬁ(z,f) - F(z)llz] < 0'% Yz € R".
Assumption IIL. The operator F(-,&) : R" — R" is Lipschitz continuous in mean with L 7 € [0, 00):
Ee[IlF &) - F, &P < Lille = ZIP forallz,2 € R". (3.5)

Remark 2. Assumptions II(i) and III are also common in the variance reduction literature (Fang
et al., 2018; Nguyen et al., 2019; Alacaoglu & Malitsky, 2021), but in contrast with variance re-
duction we will not necessarily need knowledge of Ly to specify the algorithm, in which case the
problem constant will only affect the complexity. Crucially, this decoupling of the stepsize from L
will allow the proposed scheme to converge for a larger range of p in Assumption I(iii). Finally, note
that Assumption II(i) commonly holds in machine learning applications, where usually the stochas-
ticity is induced by the sampled mini-batch.

4 METHOD

To arrive at a stochastic scheme for weak MVI we first need to understand the crucial ingredients
in the deterministic setting. For simplicity we will initially consider the unconstrained and smooth
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Algorithm 1 (BC-SEG+) Stochastic algorithm for problem (3.1) when A = 0

ReQuRE 7 !'=71=22eR"a; €(0,1),y € (-2pl+, 1/Lp)
REepEAT for k = 0, 1, . . . until convergence

1.1: Sample & ~ P

L2 =2 —yFE &) + (1 - )@ = & +yF (1, &)
1.3: Sample & ~ P

L4 X = —ayF(F &)

ReTURN K]

setting, i.e. A = 0 in (3.1). The first component is taking the second stepsize a smaller as done in
extragradient+ (EG+),
F=7F- vF o (EG+)
=7 - a'yFZk
where @ € (0, 1). Convergence in weak MVI was first shown in Diakonikolas et al. (2021) and later
tightened by Pethick et al. (2022), who characterized that smaller o allows for a larger range of
the problem constant p. Taking a small is unproblematic for a stochastic scheme where usually the
stepsize is taken diminishing regardless.

However, Pethick et al. (2022) also showed that the extrapolation stepsize y plays a critical role for
convergence under weak MVI. Specifically, they proved that a larger stepsize y leads to a looser
bound on the problem class through p > —y/2. While a lower bound has not been established
we provide an example in Figure 3 of Appendix H where small stepsize prevents convergence.
Unfortunately, picking y large (e.g. as y = !/L;) causes significant complications in the stochastic
case where both stepsizes are usually taken to be diminishing as in the following scheme,

= -BuyFE.&) with &~
= —aqyFELE) with &~P
where @, = B¢ « !/k. Even with a two-timescale variant (when B, > ;) it has only been possible

to show convergence for MVI (i.e. when p = 0) (Hsieh et al., 2020). Instead of decreasing both
stepsizes, Pethick et al. (2022) proposes a scheme that keeps the first stepsize constant,
F = -yF(.& with §~P
M= —ayFE &) with & ~P
However, (SEG+) does not necessarily converge even in the monotone case as we illustrate
in Figure 1. The non-convergence stems from the bias term introduced by the randomness of
7 in F(Z*, &). Intuitively, the role of Z* is to approximate the deterministic exploration step
7 := ¢ — yFzF. While Z* is an unbiased estimate of Z* this does not imply that F(z%, &) is an un-
biased estimate of F(z¥). Unbiasedness only holds in special cases, such as when F is linear and
A = 0 for which we show convergence of (SEG+) in Section 5 under weak MVI. In the monotone
case it suffice to take the exploration stepsize y diminishing (Hsieh et al., 2020, Thm. 1), but this
runs counter to the fixed stepsize requirement of weak MVI.

(SEG)

(SEG+)

Instead we propose bias-corrected stochastic extragradient+ (BC-SEG+) in Algorithm 1. BC-SEG+
adds a bias correction term of the previous operator evaluation using the current randomness &;. This
crucially allows us to keep the first stepsize fixed. We further generalize this scheme to constrained
and regularized setting with Algorithm 2 by introducing the use of the resolvent, (id + yA)~.

5 ANALysis oF SEG+

In the special case where F is affine and A = 0 we can show convergence of (SEG+) under weak
MVI up to arbitrarily precision even with a large stepsize 7.

Theorem 5.1. Suppose that Assumptions I and II hold. Assume Fz := Bz + v and choose a;. € (0, 1)
and y € (0, 1/LF) such that p > y(ay — 1)/2. Consider the sequence (zk)kdN generated by (SEG+).
Then for all 7* € S*,

£ - P+ ALy +1)0% 55 02

L (5.1)

\

Qy ]E F k2 <

Shoe 121" < PU-yLp) S
k=0
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Figure 1: Monotone constrained case illustrating the issue for projected variants of (SEG+) (see Ap-
pendix H.2 for algorithmic details). The objective is bilinear ¢(x,y) = (x —0.9) - (y — 0.9) under box
constraints ||(x, )|l < 1. The unique stationary point (x*,y*) = (0.9,0.9) lies in the interior, so even
[|Fz|| can be driven to zero. Despite the simplicity of the problem both projected variants of (SEG+) only
converges to a y-dependent neighborhood. For weak MVI with p < O this neighborhood cannot be made
arbitrarily small since 'y cannot be taken arbitrarily small (see Figure 3 of Appendix H).

The underlying reason for this positive results is that £(z¥, &) is unbiased when F is linear. This no
longer holds when either linearity of F is dropped or when the resolvent is introduced for A # 0, in
which case the scheme only converges to a y-dependent neighborhood as illustrated in Figure 1. This
is problematic in weak MVI where y cannot be taken arbitrarily small (see Figure 3 of Appendix H).

6  ANALYSIS FOR UNCONSTRAINED AND SMOOTH CASE

For simplicity we first consider the case where A = 0. To mitigate the bias introduced in F(*, &) for
(SEG+), we propose Algorithm 1 which modifies the exploration step. The algorithm can be seen
as a particular instance of the more general scheme treated in Section 7.

Theorem 6.1. Suppose that Assumptions I to III hold. Suppose in addition that y € (|-2p]+, /L)
and (@), C (0,1) is a diminishing sequence such that

1
2L ao + (1 +( ”225 VL)Y L )ag < 1+ 2. 6.1)
Then, the following estimate holds for all z* € 8*
o HPIIE = P + Coty 5K
E[IlFE™IFT < (6.2)
M Z] =0 @j
where C = 1+ 2012 + 1)+ 200), 1 = $7by* L 4 o2l = 921 = YL2)/2 and ks is

chosen from {0, 1, ..., K} according to probability Plk,. = k] =

j=0 ¥j
Remark 6.2. As oy — 0, the requirement (6.1) reduces to p > —7/2 as in the deterministic setting
of Pethick et al. (2022). Letting a; = @/ Vi+r the rate becomes O(!/ k), thus matching the rate for the
gap function of stochastic extragradient in the monotone case (see e.g. Juditsky et al. (2011)). [

The above result provides a rate for a random iterate as pioneered by Ghadimi & Lan (2013). Show-
ing last iterate results even asymptotically is more challenging. Already in the monotone case,
vanilla (SEG) (where 8y = a;) only has convergence guarantees for the average iterate (Juditsky
etal., 2011). In fact, the scheme can cycle even in simple examples (Hsieh et al., 2020, Fig. 1).

Under the classical (but more restrictive) Robbins-Monro stepsize policy, it is possible to show
almost sure convergence for the iterates generates by Algorithm 1. The following theorem demon-
strates the result in the particular case of @; = !/k+r. The more general statement is deferred to
Appendix D.

Theorem 6.3 (almost sure convergence). Suppose that Assumptions I to III hold. Suppose v €
(120145 VLe), ar = k%r for any positive natural number r and

(L + Day + 2(“7,Z£y4L2 Liags +yLp )(am + Dagey <1+ 2, (6.3)
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Algorithm 2 (BC-PSEG+) Stochastic algorithm for problem (3.1)

ReQure z '=zeR", h™' e R", a4 € (0, 1), ve(l-20]+, 1/LF)
REepEAT for k = 0, 1, . . . until convergence

2.1: Sample & ~ P

220 W= =y &) + (1 - (! - (' =y P &)
23 ZF=(d + yA) Iy

2.4: Sample & ~ P o

250 =K — Wk - ZF + yF(F &)

ReTurN ZF+!

Then, the sequence (z")ke]N generated by Algorithm I converges almost surely to some z* € zerT.

Remark 6.4. As a; — 0 the condition on p reduces to p > —7/2 like in the deterministic case. [

To make the results more accessible, both theorems have made particular choices of the free param-
eters from the proof, that ensures convergence for a given p and y. However, since the parameters
capture inherent tradeoffs, the choice above might not always provide the tightest rate. Thus, the
more general statements of the theorems have been preserved in the appendix.

7 ANALYSIS FOR CONSTRAINED CASE

The result for the unconstrained smooth case can be extended when the resolvent is available. Al-
gorithm 2 provides a direct generalization of the unconstrained Algorithm 1. The construction relies
on approximating the deterministic algorithm proposed in Pethick et al. (2022), which iteratively
projects onto a half-space which is guaranteed to contain the solutions. By defining Hz = z — yFz,
the scheme can concisely be written as,

2= +yA) (HD
Zk+1 — Zk _ ak(HZk _ sz)’
for a particular adaptive choice of @, € (0, 1). With a fair amount of hindsight we choose to replace

H?ZF with the bias-corrected estimate /¥ (as defined in Step 2.2 in Algorithm 2), such that the estimate
is also reused in the second update.

(CEG+)

Theorem 7.1. Suppose that Assumptions I to Il hold. Moreover, suppose that o € (0,1), y €
(1-2p1+, V/Lr) and the following holds,
1—+/d
o= Hg —ao(1+ 2Lk + £ >0 (7.1)

+ 1_\%70. Consider the sequence (zk)ke]N generated by Algorithm 2. Then, the

1
>
where n > N

following estimate holds for all 7* € S*

v Bl = 2*IPT+ mEOIA = H P + Cy?o B )
E[dist(0, TZ7™*)"] <

YuTlye,
where C = 1 + 2n(1 + yzLé) + 2aon and k, is chosen from {0, 1, ..., K} according to probability
Plky = k] = sx*—.
j=0 @j

Remark 3. The condition on p in (7.1) reduces to p > —7/2 when @y — 0 as in the deterministic
case. As oppose to Theorem 6.3 which tracks ||F Z¥|[2, the convergence measure of Theorem 7.1
reduces to dist(0, T775)* = ||[FZ*||*> when A = 0. Since Algorithm 1 and Algorithm 2 coincide when
A =0, Theorem 7.1 also applies to Algorithm | in the unconstrained case. Consequently, we obtain
rates for both ||FZ¥||> and ||FZ¢|/? in the unconstrained smooth case.

8 ASYMMETRIC & NONLINEAR PRECONDITIONING

In this section we show that the family of stochastic algorithms which converges under weak MVI
can be expanded beyond Algorithm 2. This is achieved by extending (CEG+) through introducing
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Algorithm 3 Nonlinearly preconditioned primal dual extragradient (NP-PDEG) for solving (8.5)

ReQuRE 77! =70 = (x%,y") with 2%, x", #7, x ' e R, )%,y ' € R", 0 € [0,00), T} > 0,T, > 0
REepEAT for k = 0, 1, . . . until convergence

3 & ~P

320 H = -TVeEh &) + (1 - a)@ = X1+ TV, 41 &)

-1
33 ¥ = prox;‘ (&)

34 §~P

350 9 =y TV, )5, €D + (1 - 09, €0)

36: +(1 = (3! =Y = DOV, E 4 ) + (1 - OV, &)
37 = prox?] (6]

38: & ~P

390 A = 2k oy (# - - T V.G(E E)

300 Yl =9k 4 a'k()'}k -5+ FZVV@(Zk,gk))
RETURN Z1<+1 — (ka,ka)

a nonlinear and asymmetrical preconditioning. Asymmetrical preconditioning has been used in the
literature to unify a large range of algorithm in the monotone setting Latafat & Patrinos (2017). A
subtle but crucial difference, however, is that the preconditioning considered here depends nonlin-
early on the current iterate. As it will be shown in Section 8.1 this nontrivial feature is the key for
showing convergence for primal-dual algorithms in the nonmonotone setting.

Consider the following generalization of (CEG+) by introducing a potentially asymmetric nonlinear
preconditioning P that depends on the current iterate z*.

find Z* such that Hyx(z") € Px(Z) + AZ), (8.1a)

update ZX*' =K + ar(HZk(z") ~Hy (zk)). (8.1b)

where H,(v) := P,(v) — F(v) and I is some positive definite matrix. The iteration independent and

diagonal choice P« = y~'Tand " = yI correspond to the basic (CEG+). More generally we consider

P2 =T""2+ 0,2 (8.2)

where Q,(z) captures the nonlinear and asymmetric part, which ultimately enables alternating up-

dates and relaxing the Lipschitz conditions (see Remark 8.1(ii)). Notice that the iterates above does

not always yield well-defined updates and one must inevitably impose additional structures on the

preconditioner (we provide sufficient condition in Appendix F.1). Consistently with (8.2), in the

stochastic case we define

Puz.&) =T""2+ Qu(z. ). (8.3)
The proposed stochastic scheme, which introduces a carefully chosen bias-correction term, is sum-
marized as

compute k= Pu(,&) - (&) + (1 - (W - Paer @ 60+ FE&)  (84a)

- sz—l (Zk_l,flz_l) + sz—l (Zk_l,f;c)) with fk,é‘;{ ~P
find Z* such that A% € Pu(Z, &) + AZF (8.4b)
update ' =+ (P &) - FEE) - 1) with & ~P (8.4c)

Remark 4. The two additional terms in (8.4a) are due to the interesting interplay between weak
MVI and stochastic feedback, which forces a change of variables (see Appendix F.4).

To make a concrete choice of Q,(z, &) we will consider a minimax problem as a motivating example
(see Appendix F.1 for a more general setup).

8.1 NONLINEARLY PRECONDITIONED PRIMAL DUAL HYBRID GRADIENT

We consider the problem of

minimize maximize f(x) + ¢(x,y) — g(y). (8.5)
xeR” yeR”
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where ¢(x,y) := E¢[@(x, y,£)]. The first order optimality conditions may be written as the inclusion
0eTz:=Az+Fz, where A=(0f,08), F(2)=Vi(2),-V(2)), (8.6)
while the algorithm only has access to the stochastic estimates F(z, &) = (V,(z, &), -V,(z,8)).

Assumption IV. For problem (8.5), let the following hold with a stepsize matrix I = blkdiag(I';, 1)
where 'y € R" and T’y € R" are symmetric positive definite matrices:

(i) f, g are proper lsc convex
(ii) ¢ : R™" — R is continuously differentiable and for some symmetric positive definite matrices
Dy, Dyy, Dy, Dyy, the following holds for all z = (x,y),7 = (x',y") € R™"
V() = VeI, < L2IIx" = xlb + L2 = 5.
V(') — 6% (x'.3) — (1 = OV, (@I, < LW — i+ L3I i, -

(iii) Stepsize condition: L3 Dy, + L}, Dy, <T7' and L3 Dy, + L} Dy, <T5".
(iv) Bounded variance: B||IF(z.€) - F )| < o V2,2 € R".

(v) ¢(-, &) : R"™" — R is continuously differentiable and for some symmetric positive definite ma-
trices Dz, Dg;, Dy, Dy, the following holds for all z = (x,y),z = (X',y’) € R and v,v" € R"

for €10,00): E[IIVsp(2', &) = V(2. I, | < LEII — I,
if0# 1 B[lV9G &) - V(@ Ol | < LEl 2l

iF0#0: E[IN@07.. 6 - %@,y O | < LAV = v, + L2y =y}, .
Remark 8.1. In Algorithm 3 the choice of 8 € [0, c0) leads to different algorithmic oracles and

underlying assumptions in terms of Lipschitz continuity in Assumptions I'V(ii) and IV(v).

(i) If & = O then the first two steps may be computed in parallel and we recover Algorithm 2.
Moreover, to ensure Assumption IV(ii) in this case it suffices to assume for Ly, L, € [0, c0),

IVep(2") = Vi@l < Lyllz" = zll,  IVyp(2") = Vi@l < Lyllz" = 2Il.

(ii) Taking 6 = 1 leads to Gauss-Seidel updates and a nonlinear primal dual extragradient algorithm
with sufficient Lipschitz continuity assumptions for some Ly, L, € [0, c0),

IVap(@) = Vip@ll < Lullz’ = 2ll,  IVyp(2) = Voo, Il < Lylly” = . O

Algorithm 3 is an application of (8.4) applied for solving (8.6). In order to cast the algorithm as
an instance of the template algorithm (8.4), we choose the positive definite stepsize matrix as I =
blkdiag(I';,I;) with I'; > 0, I'; > 0, and the nonlinear part of the preconditioner as

0uz.8) = (0,-0%¢(%.,€)), and Q) = (0,-0V,0(.)) (8.7)
where u = (x,y) and Z = (&,¥). Recall H,(z) = P,(z) — F(z) and define S ,(z;2) := H,(z) — Q.(2).
The convergence in Theorem 8.2 depends on the distance between the initial estimate I''27! with
271 = (271,7!) and the deterministic S.-1(z™';z7!). See Appendix B for additional notation.
Theorem 8.2. Suppose that Assumption I(iii) to 1I(ii) and IV hold. Moreover, suppose that a; €
(0, 1), 6 € [0, ) and the following holds,

o= };\/\/Z:g + 27” —ap—2ap(C1 + 261 +E3))n>0 and 1-4ca0 >0 (8.8)

where y denotes the smallest eigenvalue of I', n > (1 + 4620(2))( \/(TO(II—LM)Z + l}a;m)/(l —4¢,a0) and

¢ = LZ|ITDg| +2(1 - 9)2L§AZ||FD;Z|| + ZGZL%HFZD;),H, &y = 292L%||r10ﬁ||, ¢3 = LZ|T D,
Ly = max (L} DTyl + L3 Dy Tl I3 1D Tall + L3 || Dy a1}

Consider the sequence (z")ke]N generated by Algorithm 3. Then, the following holds for all 7* € S*

Elll2° = 2*I2. 1+ nEIIT"' 27 = S 1 h 27 IR + Cog By @

#Zj‘ioa’j

E[distr(0, T7)?] <
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Figure 2: Comparison of methods in the unconstrained setting of Example 2 (left) and the constrained
setting of Example 3 (right). Notice that only BC-SEG+ and BC-PSEG+ converges properly while (SEG)
diverges, (PSEG) cycles and both (SF-EG+) and (SF-PEG+) only converge to a neighborhood. BC-
(P)SEG+ is guaranteed to converge with probability 1 as established through Theorem 6.3 and ??.

where C = 2(n+ ao(m + %‘:ﬁ))(l +282) + 1 +2(&1 +262(0 + &3))n with © = (1 — 6)% + 267
and ky is chosen from {0, 1, ..., K} according to probability Plk, = k] = <~

e .
% j=0 @j

Remark 5. When oy — 0 the conditions in (8.2) reduces to 1 + 27'0 > 0 as in the deterministic case.

For 6 = 0 Algorithm 3 reduces to Algorithm 2. With this choice Theorem 8.2 simplifies, since the
constant ¢, = 0, and we recover the convergence result of Theorem 7.1.

9  EXPERIMENTS

We compare BC-SEG+ and BC-PSEG+ against (EG+) using stochastic feedback (which we refer
to as (SF-EG+)) and (SEG) in both an unconstrained setting and a constrained setting introduced
in Pethick et al. (2022). See Appendix H.2 for the precise formulation of the projected variants
which we denote (SF-PEG+) and (PSEG) respectively. In the unconstrained example we control all
problem constant and set p = —!/10L;, while the constrained example is a specific minimax problem
where p > —1/21; holds within the constrained set for a Lipschitz constant L restricted to the same
constrained set. To simulate a stochastic setting in both examples, we consider additive Gaussian
noise, i.e. F(z,&) = Fz + ¢ where & ~ N(0,02I). In the experiments we choose oo = 0.1 and
ay o« /k, which ensures almost sure convergence of BC-(P)SEG+. For a more aggressive stepsize
choice ay o« !/ vk see Figure 4. Further details can be found in Appendix H.

The results are shown in Figure 2. The sequence generated by (SEG) and (PSEG) diverges for the
unconstrained problem and cycles in the constrained problem respectively. In comparison (SF-EG+)
and (SF-PEG+) gets within a neighborhood of the solutions but fails to converge due to the non-
diminishing stepsize, while BC-SEG+ and BC-PSEG+ converges in the examples.

10 ConcLusION

This paper shows that nonconvex-nonconcave problems characterize by the weak Minty variational
inequality can be solved efficiently even when only sfochastic gradients are available. The approach
crucially avoids increasing batch sizes by instead introducing a bias-correction term. We show that
convergence is possible for the same range of problem constant p € (—7%/2, o) as in the determin-
istic case. Rates are established for a random iterate, which matches those of stochastic extragra-
dient in the monotone case, and the result is complemented with almost sure convergence, thus
providing asymptotic convergence for the last iterate. We show that the idea extends to a family of
extragradient-type methods which includes a nonlinear extension of the celebrated primal dual hy-
brid gradient (PDHG) algorithm. For future work it is interesting to see if the rate can be improved
by considering accelerated methods such as Halpern iterations.
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Table 1: Overview of the results. The second row is obtained as special cases of the first row.

Unconstrained & smooth (A = 0) Constrained (A # 0)
Random iterate Last iterate BC-PSEG+ NP-PDHG
Appendix Theorem D.2 Theorem D.3 | Theorem E.2 | Theorem E.5

U U U U
Main paper | Theorem 6.1 Theorem 6.3 Theorem 7.1 | Theorem 8.2

A PRELUDE

For the unconstrained and smooth setting Appendix C treats convergences of (SEG+) for the re-
stricted case where F is linear. Appendix D shows both random iterate results and almost sure con-
vergence of Algorithm 1. Theorems 6.1 and 6.3 in the main body are implied by the more general re-
sults in this section, which preserves certain free parameters and more general stepsize requirements.
Appendices E and F moves beyond the unconstrained and smooth case by showing convergence for
instances of the template scheme (8.1). The analysis of Algorithm 3 in Appendix F applies to Al-
gorithm 2, but for completeness we establish convergence for general F separately in Appendix E.
The relationship between the theorems are presented in Table 1.

B  PRELIMINARIES

Given a psd matrix V we define the inner product as (-, -)y := (-, V-) and the corresponding norm
| -1l = V{,-)v. The distance from u € R" to a set U C R" with respect to a positive definite matrix
V is defined as disty (u, U) = min, cq ||u — u’||y, which we simply denote dist(x, W) when V = I.
The norm ||X|| refers to spectral norm when X is a matrix.

We summarize essential definitions from operator theory, but otherwise refer to Bauschke & Com-
bettes (2017); Rockafellar (1970) for further details.

An operator A : R” =3 R? maps each point x € R" to a subset Ax C R?, where the notation A(x)
and Ax will be used interchangably. We denote the domain of A by domA := {x € R" | Ax # 0},
its graph by gph A = {(x,y) € R" x R? | y € Ax}. The inverse of A is defined through its graph,
gphA~" = {(y,x) | (x,y) € gph A} and the set of its zeros by zer A := {x € R" | 0 € Ax}.

Definition B.1 ((co)monotonicity Bauschke et al. (2021)). An operator A : R" =3 R" is said to be
p-monotone for some p € R, if for all (x,y),(x',y’) € gph A

0=y, x=x) = pllx = x|,
and it is said to be p-comonotone if for all (x,y),(x’,y’) € gph A

=y, x=x)y=ply-yI
The operator A is said to be maximally (co)monotone if there exists no other (co)monotone operator
B for which gph A C gph B properly.

If A is O-monotone we simply say it is monotone. When p < 0, p-comonotonicity is also referred to
as |p|-cohypomonotonicity.

Definition B.2 (Lipschitz continuity and cocoercivity). Let D C R" be a nonempty subset of R". A
single-valued operator A : D — R”" is said to be L-Lipschitz continuous if for any x,x’ € D

lAx — AX'|| < Lilx - x'll,
and B-cocoercive if
(x —x',Ax — Ax') > BllAx — AX'|.

Moreover, A is said to be nonexpansive if it is 1-Lipschitz continuous, and firmly nonexpansive if it
is 1-cocoercive.

A B-cocoercive operator is also 8~!-Lipschitz continuity by direct implication of Cauchy-Schwarz.
The resolvent operator J4 = (id + A)~! is firmly nonexpansive (with dom J, = R") if and only if A
is (maximally) monotone.

We will make heavy use of the Fenchel-Young inequality. For all a,b € R" and e > 0 we have,

14
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2a,b) < ellall* + L|b|I* (B.1)
lla+bI* < (1 +e)llal® + (1 + 1)|p| (B.2)
—lla - bI* < == lall* + L1617 (B.3)

C Proor ror SEG+

Proof of Theorem 5.1. Following (Hsieh et al., 2020) closely, define the reference state k= -
vF7* to be the exploration step using the deterministic operator and denote the second stepsize as
M = agy. We will let ¢ denote the additive noise term, i.e. F(z,&) := F(z) + £. Expanding the
distance to solution,

124! = 2P = I = mF G &) - 2*IP
= I = 2IP = 2 F ", 0.2 = %) + mpll F @ 8ol (C.n
= |l = 2*IP = 20 F ", 80,25 = 2%) = 2ym(F (&), F(2)) + il EE &I
Recall that the operator is assumed to be linear Fz = Bz + v in which case we have,
F@E &) =B +v+ 4

=B - yF(. &) +v+ &
=B —yB —yv -yl + v+ & (C2)
=B(" — y(BZ" +v)) +v—yBl + &
=FE&) - yBl + &.

The two latter terms are zero in expectation due to the unbiasedness from Assumption II(ii), which
lets us write the terms on the RHS of (C.1) as,

~EFE, &), 7 - 2*) = «(FE),Z -z (C.3)
B F @, &), F(Z)) = ~(F (), F(Z)) (C4)
EdlFG EONIF = IFEOIP + BillyBGII® + EillZil . (C.5)

We can bound (C.3) directly through the weak M VI in Assumption I(iii) which might still be posi-
tive,

~(F(F, 2 = 2*) < —pllFEI. (C.6)
For the latter two terms of (C.5) we have
EellyB&IP + BillZell* = Y*EillF (&) — FOIP + BillGl? < P Ly + Do, (C.7)

where the last inequality follows from Lipschitz in Assumption I(i) and bounded variance in As-
sumption II(iii).
Combining everything into (C.1) we are left with

Byl = 2*IP < 112 = 2*IP + iy °Li + Dog = 2ym F(E), FE@)) + G = 2mpIFEOIP - (C.8)

By assuming the stepsize condition, p > (i — v)/2, we have n,% — 2mp < yny. This allows us to
complete the square,

=2ynilF (), FE)) + (nf = 2m0)IFEOIF < =2ymdFE), F(@)) + ymlFEOII?
= ym(IF () = FEOIF = IFEHIP) (C.9)
< ym(*Li = DIFEIP,

where the last inequality follows from Lipschitzness of F and the definition of the update rule.
Plugging into (C.8) we are left with

Eelle™! = 2*I? < 12 = 2*IP + i (y° L + Do = yim(1 = Y LpIFEOIP. (C.10)
The result is obtained by total expectation and summing. O
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D PROOF FOR SMOOTH UNCONSTRAINED CASE

Lemma D.1. Consider the recurrent relation By, = & By + di such that &, > 0 for all k > 0. Then

k
de
By = (H];=ofp)[30 t ]
=0 "~ p=05P

Assumption V. y € (|-2p]+, l/1r) and for positive real valued b,
=y 1=y’ L2 +b7")) > 0. (D.1)

Theorem D.2. Suppose that Assumptions I to 111 hold. Suppose in addition that Assumption V holds
and that (ay), . C (0, 1) is a diminishing sequence such that

2yLi vag + (1+((b+ DY’ Ly L )ag < 1+ 2, (D.2)

Consider the sequence (z")ke]N generated by Algorithm 1. Then, the following estimate holds

K 0 * (12 2 0412 2.2 vK 2

a I = 2* I + 2 IF O + Copy? £5 o
> —ElIFCIP < . = D3)
=0 2j-0% HZjm0 )

where C = 1 + 277(()/2L12ﬁ + 1) +2a0) and n = 3(b + 1)y*L2 + m

Proof of Theorem D.2. The proof relies on establishing a (stochastic) descent property on the fol-
lowing potential function

o (k] 2 k2 el g2
Uy =12 = 2¥I17 + At llt®II° + Biaa 127 = 2017

where uf := 7¥ — z* + yF(zF) measures the difference of the bias-corrected step from the deterministic
exploration step, and (Ag), ., (Bi), are positive scalar parameters to be identified. We proceed to
consider each term individually.

Let us begin by quantifying how well z* estimates z*¥ — yF(z%).

W =7 =+ yF() = yF(&) - yFE &) + (1 - )@ = 71+ yF(E@ T, 80).
Therefore,
I = IyF @) = yF(, &) + (1 - a )y F @ &) = yFEDIP + (1 = a1

+2(1 =)@ =T YTy FE -y FE &) + (1 - a) P &) — yF(EH)).

Conditioned on ¥, in the inner product the left term is known and the right term has an expectation
that equals zero. Therefore, we obtain

Elllu! P17 =EII(1 - i) (yF (&) =y F (&0 +yF @ &0 —yF ) +au(yF () -y F (& €01 Fe]
+(1=a) [l
<(1=a)’ Il 1P +2(1~an)* Y ElIF & &)~ F (011 7]
+207 Y EIIF ()~ F(& £0)IP 7]
<(-a)’ P +2(1— ey LI =27 P+ 200y 0 (D.4)

where in the first inequality we used Young inequality and the fact that the second moment is larger
than the variance, and Assumptions II(7ii) and I1I were used in the second inequality.

By step 1.4, the equality

1 = 217 = 12 = 2*IP = 20 (B (F, &), 25 = 2% + a2 IIE G E)IP, (D.5)
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holds. The inner product in (D.5) can be upper bounded using Young inequalities with positive
parameters &, k > 0, and b as follows.

E(—yF@F, &), 7 - ) | Fal = = pW(F@), 2 -7 - w(F(@EF), 7 - 2*)
= —yX(F@), F(Z)) + WF@), 2 = 2 + yF(&)) - WFE), 7 - %)

1 1 1 2
<Y(FIFE) = FEOIE = SIFEI = SIFEOIE) + L IFEIP

1
+ 2—||zk -+ yFEW =yl FEHIP
Ek

1+b
<y Ly —]|

1+b7! 2
1P + ==V LHIFEHI? - %||F<zk>||2

2 2
El _ 1 -
- %um’%nz + 77||F(zk)||2 + — I = ypllFEHIP

28k
1+b 1 Y@PLAA+bH-1)
- (22 NI k2 F F(RP2
(PLp—— + 5P + 5 IF]
(e, — 1
c G D EEIR, (D.6)

2
Conditioning (D.6) with E[- | %] = E[E[- | ] | F]. since Fx € F%, yields

A _ 1
2E—yF(F, &), 2 - 2*) | Fal < (PL3(1 + b) + s—k)E[nu’wF | F2l = Wl F (I

+ (e = 1) = 29p)E[IFEHIP | Fl, (D.7)
where u was defined in (D.1).

The condition expectation of the third term in (D.5) is bounded through Assumption II(iii) by
E[IF@, I | 72| = E[BUFE,E0IP | 7l | 7] < IFEHIP + o7,
which in turn implies
E[I*! = 417 | 7] = o B[IF G E0IP | 7| < oy BIFFI | 7| + afrPor (D.8)
Combining (D.7), (D.8), and (D.5) yields
E[ll2" = 2P + A 1P + Byt |12 = 21 | 74

1
<IIF = 24P + (Aeor + ex(PLE(1L + b) + (g—k))E[uu"u2 | F1] = axll FOIP?

+ (e = D) = 2yp) + g E[IFEIP | i + apy’ors

+ B QY E[IIF1P | | + Biiafy’os. (D.9)
Further using (D.4) and denoting
X = a(YLE(L+b) + L) + Apan,

X; : Q’k('yz(sk - D—-2py + 72)

leads to
E[Upr | Fil — Uy < — ol F(IP + (X’f(l ) - Ak)”Mk—luz

+ (2XF(1 = @y Ly = Bl = 27'IP + (X5 + Barody? JE[IFGOIP | 74
+ (Binag + af + 2X{a7 )y’ oy (D.10)

Having established (D.10), set Ay = A, By = 2A72L12ﬁ, and g, = & to obtain by the law of total
expectation that

E[Uini] - E[UL < - auBIFEOIP| + (XF(A = ai)” = A)B[ It~
+ 2L (XF(1 - a)® = A)E[I = 1P| + (X5 + 24y* Lo} )E[IIF GO
+(247°L5 + 1 + 2Xf)agy’ o (D.11)
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To get a recursion we require

X{(1—ax’-A<0 and X5+24y'L70; <0. (D.12)
By developing the first requirement of (D.12) we have,
02 Xi(1 - @)’ - A = (1 — )’ (Y’ LE(1 + b) + 1) + (o — 2)A. (D.13)
Equivalently, A needs to satisfy
(1-)* 272 1
A> ﬁ(y Li(1+b)+1). (D.14)

[

for any ;. € (0, 1). Since ——

< 1 given o € (0, 1) it suffice to pick
=@+ y’L; + 1) (D.15)

For the second requirement of (D.12) note that we can equivalently require that the following quan-
tity is negative

#(XIZC + ZAVAL;“i) =e-1- % + oy + 247’ Loy
2
e

where we have used that a; < a( and the choice of A from (D.15). Setting the Young parameter
& = yLp \Jag we obtain that X5 + 2A74L12ﬁai < 0 owing to (D.2).

On the other hand, the last term in (D.11) may be upper bounded by

2AVLL +1+2Xk = 1+ ((b DY+ r)((«y2L2 D) +2y)

<1+ ((b + PR+ )((72L2 +1)+2a0) = C.

YLy W
Thus, it follows from (D.11) that
E[Upn] - E[U] < - awuB|IFCHIP] + Capyor.

Telescoping the above inequality completes the proof. [

Proof of Theorem 6.1. The theorem is obtained as a particular instantiation of Theorem D.2.

The condition in (D.1) can be rewritten as b > " L2 A reasonable choiceis b = 2 L2 Substituting
back into u we obtain
_ .2 272 1L o (1—7 L})
p=Y =YL+ ) = > 0. (D.16)

Similarly, the choice of b is substituted into 7 and (D.2) of Theorem D.2.

The rate in (D.2) is further simplified by applying Lipschitz continuity of F from Assumption I(i)
to ||FZ°)|> = ||FZ° — Fz*||>. The proof is complete by observing that the guarantee on the weighted
sum can be converted into an expectation over a sampled iterate in the style of Ghadimi & Lan
(2013). O

Assumption VI (almost sure convergence). Let d € [0, 1], b > 0. Suppose that the following holds
(i) the diminishing sequence (o), C (0, 1) satisfies the classical conditions
Yipx =00, &= Yol ap < oo
(ii) letting ¢ == (1 + b)ysz _dfor allk >0
o= T (cla[l_[izo(l - ap)z) <o, vi=¥E maai(ﬂ’,‘,zom) <co, (D7)

and

yLFak +ay + 2y2L a'knkHH <1+ 27‘0. (D.18)

p=0{(1-a,)? ay)2
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Although at first look the above assumptions may appear involved, as shown in Theorem D.3 clas-
sical stepsize choice of 7% is sufficient to satisfy (D.17), and to ensure almost sure convergence

provided that instead (D.20) holds. Note that with this choice as k goes to infinity, a; ™\, 0 and the
deterministic range y + 2p > 0 is obtained.

Theorem D.3 (almost sure convergence). Suppose that Assumptions I to Il hold. Additionally,
suppose the stepsize conditions in Assumptions V and VI. Then, the sequence (zk)kEJN generated by
Algorithm I converges almost surely to some z* € zer T. Moreover, the following estimate holds

K _
Z EIFEIP] < 2° = 217 + noY?IFE)I? + C (D.19)
k=0 2uj=0%j H Zf 0@j

where C = 2y*c (('yzL2 +Dyv+a(+ 0+ Dy LE+ L L) is finite.

In particular, if oy = for any positive natural number r, and d = 1, then Assumption VI(ii) can

be replaced by

k+r

(YLp + D + 2((1 + D)y LELhair + yLp ) (@it + Dagy < 1+ 2, (D.20)

Proof of Theorem D.3 (almost sure convergence). Having established (D.10), let B; = 2A,{7/2Lf6
such that

(2Xf(1 = @)Y’ LE = Byl = 7P = 292 LE(Xf(1 - aw)® = Arllc - "I (D.21)
In what follows we show that it is sufficient to ensure
X{(l - )’ < Ap, X5+ 24007 Ly <0, (D.22)
resulting in the inequality
E[Uesr | Fil = Up < = il FEP + (246177 LE + 1+ 2XF )agy’os. (D.23)
A reasonable choice for the Young parameter & is to choose
& = yLﬁaf for some d € [0, 1]. (D.24)

The rational for this choice will become more clear in what follows.

The first inequality in (D.22) is linear and we can solve it to equality by Lemma D.1. Let
> (D.17) D. 17)

Ao = Z (el _o(1 = @,)*) =10 < o0, and v = ZAk+1ak (D.25)
=0 k=0
Furthermore, let ¢, and 7, be as in Assumption VI(ii). Then, Lemma D.1 yields
k
1 1
A1 = (Hf,zom){Ao - Z (C[G]Hf,zo(l - a/p)z) nk+11'[p Oﬁ (D.26)
=0

which would ensure Ay > O for all k. Therefore, assumptions (D.17) and (D.18) (which is a re-
statement of the conditions in (D.22)) are sufficient for ensuring (D.23). Substituting X’l‘ and Ay, in
(D.23) yields

E[Ups1 | Fil = Ui < = arpl FEONP + &, (D.27)
where &, = Z(A;(Jrl()/lezﬁ +1)+ % +(b+ l)yzL%ak + 'y%,:.all d)a'%yzofv By Assumption VI we have
that

[ee) [ee] ; 5 [ee) (o]
Siob = 2yzoi[<y2L; DY Aiai+ ) F+ b+ 1YL )+ 5 ai“’]
k=0 k=0 k=0 k=0

< 2)/201%[()/2L12ﬁ +1) ZAMQ% + (% +(b+ 1)y L: + i) Z a,%\J < o0
k=0 k=0
where we used the fact that a,f < ozi and d < 1 in the first inequality, while the second inequality uses
(D.25), and Assumption VI(i). The claimed convergence result follows by the Robbins-Siegmund
supermartingale theorem (Bertsekas, 2011, Prop. 2) and standard arguments as in (Bertsekas, 2011,
Prop. 9).

The claimed rate follows by taking total expectation and summing the above inequality over k and

noting that initial iterates were set as 77! = 77! = 0.
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To provide an instance of the sequence (@), that satisfy the assumptions, let r denote a positive
natural number and set

@ = - (D.28)
Then,
I _o(1 = @) = T (2222 = &2 = (r— 17202,
and for any K > 0
K K
2 (el = ) = 3 e
=0 =0

Plugging the value of ¢, and ek from Assumption VI(ii) and (D.24) we obtain that A is finite valued
since };7, ({H)}F( = Yo ({+r)3 — < oo owing to the fact thatd < 1.

Moreover,
k o0
(k 2, )
A= (|4 0= > (Fdree) [ = G+ 2 Z e =& Z ajer (D.29)
=0 s R
On the other hand, for e > 1 we have the following bound
_ 1 1
Z @ < (k+1+r)” f (x+r)” dx = gy + EnwT (D.30)
(=k+1

Therefore, it follows from (D.29) that

o

A = = Y (@1 +DYL} + ol

t’ k+1
2 1 1 1 1
(D.30 ((1 +b)y LF2(k+]+r))(k+]+r + 1)k+l+r + (E(z d)(k+1+r)‘*">(k+l+r + 1>k+1+r
(Hb 2L12v6¥k+1)(26¥k+1 + Dagyr + (mak+1)(ak+1 + Dagsr
< ((1+ by Liaw + 55000 )@ + Das (D31)
In turn, this inequality ensures that v as defined in Assumption VI(ii) is finite. To see this note that
(P31

V= Yo A} £ Y ((1 + by Liag. + ma’}{;?)(akﬂ + D <6 Y320 < oo,
where in the last two inequalities Assumption VI(i) was used.

It remains to confirm the second inequality in (D.22). With the choice of @ and &; as in (D.28) and
D. 24) we have

— (X2 + 2Ak+174L2 ay

llk?’
= ’yLI:-a’k -1- L +(lk +2Ak+1’y L a’k
D31 < ')/L}?-Q'Z + ap + 272L125((1 + b)yzLFa/kH + m%;‘f)(akﬂ + Dagy — 1 - %

It follows that with d = 1 the assumption (D.20) is sufficient to ensure that the second condition in
(D.22) holds. O

Proof of Theorem 6.3 (almost sure convergence). The result is a restatement of the special case in
Theorem D.3 where oy = k+rr We proceed similarly to the proof of Theorem 6.1.
The choice

The condition in (D.1) can be rewritten as b > A reasonable choice is b =

2L2 2L2
of b is substituted into (D.1), (D.20) and C of Theorem D.3. This completes the proof

O
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E PROOF FOR CONSTRAINED CASE

We will rely on two well-known and useful properties of the deterministic operator H = id — yF
from (Pethick et al., 2022, Lm. A.3) that we restate here for convenience.

LemmaE.1. Let F : R" — R" be a Lg-Lipschitz operator and H = id —yF withy € (0, /L;]. Then,

(i) The operator H is 1/2-cocoercive.

(ii) The operator H is (1 — yLg)-monotone, and in particular
IHZ — Hzll > (1 = yLp)llZ' — 2l Vz,2" € R™. (E.1)

Proof. The first claim follows from direct computation
(Hz - HZ,z-7)=(Hz— HZ ,Hz — H7 + yFz — yFZ)
= UlHz - HYIP = LIIFZ = Fal + i - 2P (E2)
> $||Hz - HZ|I%,

where the last inequality is due to Lipschitz continuity and y < !/r,. The strongly monotonicity of
H is a consequence of Cauchy-Schwarz and Lipschitz continuity of F,

(HY —Hz,7 —2) = — 2P = (F7 = Fz,7 —2) > (1 —yD)IZ - 2>

The last claim follows from the Cauchy-Schwarz inequality. O

Theorem E.2. Suppose that Assumptions I to 11l hold. Moreover, suppose that o € (0,1), y €
(L-2p1+, V/Lr) and for positive parameters € and b the following holds,

= 15— o) — (1 + 2L A) + 2 >0 and 1- 0 (E.3)

1
HoL? 2
where A > € + i(l - m). Consider the sequence (zk)ke]N generated by Algorithm 2. Then, the
following estimate holds for all z* € 8*

K . . . E[ll2° — z*|1*] + AE[|lA~" — HZ'[*] + Cy*o% Zf:o CY?
ﬁE[llh —HZ|I'T < =
=0 Um0 @)

where C = 1+ 2A(1 + yzL%) + 2apA.

(E.4)

Proof of Theorem E.2. We rely on the following potential function,
U = 187" = 1P + Al = HEP + Bl = 2111,

where (Ay), o and (By), are positive scalar parameters to be identified.

We will denote Hy := 7 — yF (3, &), so that 2! = z¢ — (W — Hy). Then, expanding one step,
941 = 241 = 1 = 217 = 200 — Hy 25 = 2% + a2 lInk = AP (E.5)

Recall that Hz := z — yFz in the deterministic case. In the Algorithm 2, h* estimates Hz*. Let us
quantify how good this estimation is.

W — HZ = yFZ& —yF( &) + (1 = o)W = 21+ yF (1 &)
Ih* = HP = (1 = a2 0" = 21+ yFZ21P
+yFZ = yF( &) + (1 — i)y F (1 &) = yFZHIP
+2(1 — o HE = 22 4y R
YFZ —yF(E &) + (1 - o) F G &) — yFZ7h)

In the scalar product, the left term is known when ZF is known and the ri ght term has an expectation
equal to 0 by Assumption II(ii) when z* is known. Thus, taking conditional expectation and using
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the fact that the second moment is larger than the variance, we can go on as
E[lIK = HZ P | 7l < (1= " = HZHP
+EL2(1 - )Y’ IFE &) = FEL 601 | 7l
+ERaIFS — FE &)1 | 7l
< (1 —a)’ W = HEP 420 - )’ Ly 112 - 271P + 20570 (B.6)
where we have used Assumption II(7ii) and Assumption III.
We continue with the conditional expectation of the inner term in (E.5).
—E[(h" — Ay, 2 = 2*) | il = = = B, 2 = %)
= —(h* - HZ, 2 =2y — (- HE 2 - )
= (i - H, 2 -2y —(HF - HE 2 -2y - (- B P - )

< —(h* = H =2 - JIH - B - (- B P -2
(E.7)

where the last inequality uses !/2-cocoercivity of H from Lemma F.2(i) under Assumption I(i7) and
the choice y < 1/Lp.

By definition of Z* in Step 2.3, we have #* € Z* + yA(Z"), so that i(hk — H7*) € F(Z) + A@"). Hence,
using the weak MVI from Assumption I(iii),

(W' = HZ 2" =) = |t — HE|P (E.8)

Using (E.8) in (E.7) leads to the following inequality, true for any g > 0:
“E[(H - By 2t = ) | Fl < SIHE - HEP + 512 = P - LiH - 2P - et - HEP

To majorize the term ||* — z¥||?, we use Lemma F.2(ii) to get

IHZ - HA? > (1 - yLe)*1I2 - 2017 .
Hence, as long as yLp < 1, then
—E[(H - Ay 2 = ) | Fal < S0t — HZP + IHZ ~ HEP ~ LIk — HZ? .
(E.9)

1 1
2e,(1-yLr)? 2 )

The third term in (E.5) is bounded by

QGE[IF* — Hll? | 72l = aplll* — HFIP + o2y EIIFZ — FEE)IP | Fil < afllh — HF|P + afy*os
(E.10)

Combined with the update rule, (E.10) can also be used to bound the difference of iterates
B[ = P | 72l = Blafllh - Al | Fil < o}l - HEIP + ofy*o (E.11)
Using (E.5), (E.9), (E.10) and (E.11) we have,

E[Unr | Fil < N1 = 24P + (Ar + axs)lllt = HE P — a1 - IHZ — HZ|

T
e(1-yLr)?

+ (@ — 2 + B )IW = HEIP + ap(1 + B )y’op
<12 = 24P + (At + anler + (1 = s — HZP? (E.12)

2 1 k k2
+ Olk(dk - 7’) + @ Biy1 — 751 - lA* — HZ"|

1
&(1=yLp)? ))
+ai(1 + Bi1)y’or,

where the last inequality follows from Young’s inequality with positive b and requiring 1 —

m > 0 as also stated in (E.3). By defining

Xll = Appr + ag(e + 117(1 - m)) E.13)
X]% = ak(a/k -2 + i Bry — ﬁ(l - .

1
Y ex(1-yLp)? ))
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and applying (E.6), we finally obtain
E[Uper | Tl — Ui < XPlIH* = HZ|P
+ (X (1 — @) — AR = HZ'|P
+@X(1 -y’ Ly - Bl = 71IP

+ ZXIiCL/,%'yzo'}zF + a,%(l + Bk+1)720'2F,

(E.14)

We can pick By = 272L§Ak in which case, to get a recursion, we only require the following.

Xi(1-ap)?-Ar<0 and X; <O (E.15)
Set Ay = A, & = &. For the first requirement of (E.15),
Xi(1 =) —Ar = (1 — (e + (1 = o) + (1 —a)’A - A

<ap(e+ (1 - o) + (1 —a’A-A 16
Sae+ 31— o)) +(1—apA - A '

= ax(e+ (1 — o) — @A
where the first inequality follows from (1 —ay)*> < 1 and the second inequality follows from
(1 =) < (1 — ). Thus, to satisfy the first inequality of (E.15) it suffice to pick

A>e+3(1- (E.17)

I
EuETr
The noise term in (E.14) can be made independent of k by using a; < a¢ and (E.17) as follows

2X; + 1+ Byt = 1+ 2A(1 +Y°L3) + 2a(e + (1 - m_‘w))

- (E.18)
<1+2A(1+y°Ly) +2a0A = C.
Thus it follows from (E.14) and a; < a that
E[Ups1 | Fil — Ui E19)
< (o - 2+ 2a07" LA - 75 (1 - m))llhk — HF|? + a2CyPo2. '
The result is obtained by total expectation and summing the above inequality while noting that the
initial iterate were set as 77! = 2°. O

Proof of Theorem 7.1. The theorem is a specialization of Theorem E.2 with a particular a choice of
b and . The second requirement in (E.3) can be rewritten as,

&2 1oy (E:20)

which is satisfied by & = . We substitute in the choice of €, b = /ap and denotes 17 := A.

N S
Vao(1-yLp)?

The weighted sum in (E.4) can be converted into an expectation over a sampled iterate in the style
of Ghadimi & Lan (2013),
K
BlIW" - HZ“IP] = ) s -ElIK - HZP)
=0
with &, chosen from {0, 1, ..., K} according to probability P[k, = k] =

Q)
e .
j=0 4j

Noticing that i — HZ% € y(F7" + A7) = yT7% so
E[||A* — HZ*|*] > min E[|lyul/*] > E[ min |lyul[*] =: E[dist(0, yT7")*]
ueTzk* ueT 7k

where the second inequality follows from concavity of the minimum. This completes the proof. [

F Proor FOR NP-PDEG THROUGH A NONLINEAR ASYMMETRIC PRECONDITIONER

F.1 PRELIMINARIES

Consider the decomposition z = (21, ...,2n), 4 = (U1, ..., U,) with z;, u; € R™ and define the short-
hand notation u.; := (uy, uy,...,u;) and us; = (u;, ..., u,) for the truncated vectors. Moreover sup-
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pose that A conforms to the decomposition Az = (Ay, zy, ..., Anzy) With A; : R% =3 R maximally
monotone. Consistently with the decomposition define I' = blkdiag(T'y,...,I,) where I'; € R"*"
are positive definite matrices and let

P,2) =T""z2+ 0,(2), where Q,(2) = (0,q1(z1, 432), 4221, 22, U3); - - - s Gt Zm—1, )  (F.1)

When P, furnishes such an asymmetric structure the preconditioned resolvent has full domain, thus
ensuring that the algorithm is well-defined.

In the following lemma we show that the iterates in (8.1) are well-defined for a particular choice of
the preconditioner P, in (F.1). The proof is similar to that of (Latafat & Patrinos, 2017, Lem. 3.1)
and is included for completeness.

Lemma F.1. Let z = (z1,...,2m), 4 = (U1,...,uy) be given vectors, suppose that A conforms to
the decomposition Az = (A1,21,...,Anzm) with A; : R" =3 R maximally monotone, and let P, be
defined as in (F.1). Then, the preconditioned resolvent (P, + A)~ is Lipschitz continuous and has
full domain. Moreover, the update 7 = (P, + A)™'z reduces to the following update

. _ @t +AD g ifi=1
{(r;l FA) NG = G Garous) B =20 m F2)

P =

Proof. Owing to the asymmetric structure (F.1), the resolvent may equivalently be expressed as

2= @ zn) = (Pu+ Az & T4+ AE) €2 = g1 Geim ), 0= 1.m,
where gop = 0. The Gauss-Seidel-type update in (F.2) is of immediate verification after noting that
(Fi‘1 + A;)~! is single-valued (in fact Lipschitz continuous) since the sum of I'; > 0 and A; is (maxi-
mally) strongly monotone. This also implies that l"l.‘l +A; = A; + Bl for some 8 > 0 and some max-
imally monotone operator A;. Thus dom (I’ + A;)™") = range(I'7! + A)) = range(éfi +I) = R",
where we used Minty’s theorem in the last equality. O

F.2 DETERMINISTIC LEMMAS

To eventually prove Theorem F.5 we will compare the stochastic algorithm (8.4) with its determin-
istic counterpart (8.1), so we introduce

H(2) = Pyd) = F(2) (F:3a)
G(2) = (P, + A (H.(2)) (F.3b)
G@) =z - I (H(2) - HA(G(2)). (F.3¢)

We first derive results for the deterministic operator G and then shows that z“*! from the stochastic
scheme behaves similarly to G(z*) when «y is small enough, even if I', which also appears inside the
preconditioner P, (-, £), remains large.

Instead of making assumptions on F directly, we instead consider the following important operator,
M,(2) := F(2) - 0.(2). (F.4)
such that we can write (F.3b) as H,(z) = "'z — M,(z). As a shorthand we write M(z) = M,(2).

Assumption VII. The operator M, as defined in (F.4) is Ly-Lipschitz with Ly, < 1 with respect to
a positive definite matrix T € R™", ie.

IMy(2) = My(Z)llr < Lyllz = 2l V2,2 € R™. (F5)
Remark 6. This is satisfied by the choice of Q, in (8.7) and Assumptions IV(ii) and IV(iii).

With M, defined, it is straightforward to establish that H, is 1/2-cocoercive and strongly monotone.

Lemma F.2. Suppose Assumption VII holds. Then,

(i) The mapping H, is \/2-cocoercive for all u € R", i.e.
(H(Z) = Hy(2),Z = 2) > H|H() - H,@I} VYz,Z € R". (F.6)

(ii) Furthermore, H, is (1 — Ly;)-monotone for all u € R", and in particular
IH(Z) = H(llr = (1 = Ly)llZ" = zllp1 - ¥z, € R™ (E7)
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Proof. By expanding using (F.4),
H,2) - H(Z) =Tz - 2) - (My(z) - M(2)). (F.8)
Using this we can show cocoercivity,
(Hy(2) = Hu(2), 7 = 2) = (H(Z) = Hu(2), H(2) = Hu(2) = (M(2) = Mu(2)))r
(£8) = 5| H(2) = Hi@IE + 311 = 2lE = 31IMu(2) = Mu()IiF

Assumption VII > 3|H,(2) - H,2)II} (F.9)

That H, is strongly monotone follows from Cauchy-Schwarz and Assumption VII,
(H(Z) = Hi(2),7 =2y = |1 = dllf-s = (Mu(@) = My(2),2' = 2) 2 (1 = Lyl =2l (E10)
The last claim follows from Cauchy-Schwarz and dividing by ||z’ — z||r-1. O

We will rely on the resolvent remaining nonexpansive when preconditioned with a variable stepsize
matrix.

Lemma F3. Let I' € R™" be positive definite and the operator A : R" =3 R" be maximally
monotone. Then, R = (™' + A)~! is nonexpansive, i.e. ||Rx — Ry|lr-1 < ||x — yllr for all x,y € R".

Proof. Letv € Rx and u € Ry. By maximal monotonicity of A,

0<(w-T'x- u+F_1y,x—y) = - ||)c—y||§,1 +{(v—u,x—y).
Therefore, using the Cauchy—Schwarz inequality
e =0 < v =, x =) < e = Mlipa v = ullr (E11)
The proof is complete by rearranging. O

F.3 STOCHASTIC RESULTS

The stochastic assumptions on ¥ in Theorem F.5 propagates to M and Q, as captured by the follow-
ing lemma.

Lemma F4. Suppose Assumptions I1(ii) and IV(iv) for F(z,&) = (Vid(z, &), -V,@(z,£)) as defined
in (8.6). Let M and M be as defined in (F.15) and Qu and Q, as in (8.7) with 6 € [0, ). Then, the
following holds for all 7,7’ € R"

(i) BelM(z,€)] = M(2) and B¢[ Q. (2, )] = 0. (2)

(if) BelllM(z) = M(z, )IIF] < (1 = 6)? + 6%)07. and E[l|02(2) - Q- (z, HIF] < 6707

Proof. Unbiasedness follows immediately through Assumption II(7i). For the second claim we have
( Vi0(z,6) = Vap(2) )

for all (x,y) =z€ R”
2
(1= O)(V$(2.8) ~ Vp(@)) J

(1 = 0)(Vxf(z. &) = Vegp(2)) + O(V2 (2, &) = Vip(2))
(I = 0(Vy¢(z, &) = Vyp(2))

EIM() - Mz, )] = Egl

:]Ef

i]

2 2
: . a2 Vid(z,6) = Vip(2) 2 Vi@(z,6) = Vap(2)
(Assumption I1(ii)) < (1 — 6)°E;¢ ’ (VyQ(Z, &) - V,0(2) ) + 07, 0 )
(Assumption IV(iv)) < ((1 — 9)2 + 92)0'?;.
(F.12)
The last claim follows directly through Assumption IV(iv). This completes the proof. O

Theorem F.5. Suppose that Assumption I(iii) to II(ii) and IV hold. Moreover, suppose that oy €
(0, 1), 6 € [0, ) and for positive parameter b and & the following holds,

p= (1 = ) + 2 — @ — 2a0(61 + 262(1 + E3))A > 0, (F.13)
1 =4200>0 and 1 - 720
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where y denotes the smallest eigenvalue of T, A > (1 + 46‘20(2))(8 + ll)(l - 8(1_—ILM)2))/(1 —4¢,a0) and
&1 = LEIPDgll + 2(1 = 0 LEIICDgl| + 20° L I02 D5l & = 20°LGIN Dll, - &5 := LEIICDgll,
Ly, = max {L} |Dy T || + Ly 1Dy T, IL3, 1Dy ol + L 1Dy T 1}

Consider the sequence (zk)ke]N generated by Algorithm 3. Then, the following holds for all z* € S*

s E[ll° = 2*I> 1 + AB[IT 27! = S - h 27 DIR + Co 3K a?
BN #-5 2 @5 2 < = - L P07

=0 Xm0 @)
(F.14)
where C = 2(A + ag(e+ (1 = 2@ +285) + 1 +2(81 +285(1 +¢3))A and © = (1 - 6)* + 262,

Proof of Theorem F.5. The proof relies on tracking the two following important operators instead
of Fand F

M@2) = F(z) - Q.(z) and M(z, &) = F(z,é) - 0.(z, ). (F.15)

We will denote Hy = Py, &) — F(Z, &), so that Z*! = X — a;T(h* — Hy). We will further need
the following change of variables to later be able to apply weak MVI (see Appendix F.4):
s =h" = 0. &)
Sk = I:Ik - QAz/"(Zka f}i) (F.16)
Su(z) = Hu(z) - Qu(z)
Su(z:2) = Hy(2) — Qu(2)
where Q,(z) and H, are as defined in Section 8.

In contrast with the unconstrained smooth case we will rely on a slightly different potential function,
namely,

R o8| 2 k k. sky| 12 k+1 _ _kpj2
U1 = Iz - Z*”r—l + Agqlls” = Szk(Z 52 )”r + Bisillz 7 “r
where (Ay), o and (By), are positive scalar parameters to be identified.

We start by writing out one step of the update

5" = ¥ =112 = 2* I - 2k — Hi, 25 = 2*) + gl — HyllE (F.17)
= I = 2l = 200(s* = Sk 2 = ) + oIS = Sullf (F.18)

In the algorithm, s* estimates S «(z*; 7). Let us quantify how good this estimation is. We will make
use of the careful choice of the bias-correction term to shift the noise index by 1 in the second
equality.

s = 8452 = M) + 0.3 - MG, &) - 0.3, &)
+ (1 —a)h ' -T2+ MET &) - 0 @78 ) + 0uaB7L8))
= M@ + Qu(@) - M. &) - 0+, &)
+ (1= a8 + 0 @78 -T2 + M &)
= M) + Qu(@) - M. &) - 025 &) + (1 =) (8! = Sy (215271
+ (1= )M, 6) - MET) + Qu B E) - 0 371
Using the shorthand notation
F o= - 8@,
0.4, &) = 04 - 0u(@. &),
M, &) = M) - M, &),
it follows that
ISHIE = (1 = a8 IR + 1M, &) + 024G &) — (1 — ad(ME, &) + 0 @ DI
+2(1 — a)(F " M, &) + 04, €) — (1 — MG &) + 0031, 8)))  (F19)
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In the scalar product, the left term is known when z* is known. Moreover, since E[- | 7] = E[E[- |
71| Fl, owing to F € F/, we have

E[ M, &) + 04G8) - (1 - )@, &) + 0 B, £) | 7]
= B[ME &) - (1 - aME@, &) | 7] = 0,
where we use Assumption II(ii) through Lemma F.4(i).
Since the second moment is larger than the variance we have
E|IM(, &) + 0+ F, &) - M@, &) - 0. @7 EDIR | 1] <

E[IM(, &) - M, &0 + 0+@.€) - 0. @7 EDIR | 7] (F.20)

Using the Young inequality it follows from (F.19), (F.20) that
EIISIE | Fil < (1= @) I3 IE + 203 BLIM(, &) + 0x G EDIIF | 7l
+2(1 — ) BlIME", &) + 0+, &) - M2, &) — 0 @1 EDIR | Fal
< (1 - a5 IF + 203 BIIM ") - M(2'. &) + Qa2 — Qx @ EDIE | Fil

+ER2(1 — ap)*IM(Z, &) — M, &) + 04 (F, &) = 0 B DI | TH: "

To bound the second last term of (F.21) we use unbiasedness due to Assumption II(ii) through
Lemma F.4(i) and that E[- | ;] = E[E[- | /] | F], owing to F; € F/

E[IM(Z") - M, &) + 04 F) - 0+ EDIF | Fel
= E[IM() — M, DI | Fil + BIENQ(F) — Q4G eDIE | F{11 F
< Qo (F22)

with ® = (1 —6)? +262. where the last inequality follows from Assumptions I1(ii) and IV(iv) through
Lemma F.4(ii).

To bound the last term of (F.21) we use the particular choice of Q,,
M, &) - MG &) + 02 &) - Qe @718
_ V(2 &) - V(@ &) (F23)
(1 = O)(V0( &) = V02, &) = V(7 ¥4, €,) = V(R 7, €
So Assumption I'V(v) applies after application of Young’s inequality and the tower rule, leading to
the following bound

BIM @G, &) - MG &) + 04GF, &) - Qo L EDIE | 7
= ElIV.@(2", &) - Ve (@ €07, |
+E[II(1 - /(Y0 &) = V@, &) — 0908, €) = V@ (& ¥ €DIIE, | Fal
< ElIV.@(, &) - Vi@ DI, | Fid
+2(1 - OBV, &) = V@, &D)IIE, | Fil
+ 20°B[BLIV @, ¥, £) - Vo (F, 3%, EDI, | {11 ]
Assumption IV(v) < sz?zllzk - Zk_l||2DfZ +2(1 - Q)ZL%ZHZk - Zk_l||%)ﬁ
+ 207 LGy = ¥ + 20°LE I = FG,
< &l = 2R + Gl - FIE (F.24)
where &1 == L2 |ITDz| + 2(1 - 0)°LE|T D5l + 26°LE|IT2 D5sl| and &; := 26°L2 |y Dysl.
Using (F.24) and (F.22) in (F.21) yields,
Bl | Fil < (1= ai)’lI3 IR + 203007 +2(1 - ak)2(61||z" = 7 Ip + 2l = PR )

(F25)

To majorize || — || in (F.25) let s} be the primal components of s* in what follows. Recall that
A decomposes as specified in Section 8, such that we can write s¢ € FIIJ_Ck +A;(x*). By monotonicity
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of A; we have through Lemma F.3 that
17 = Ml < sy = 57l (F.26)
We can go on as
lls% = 57 I, = 107" = Vi, &) + (1 — )T ' = ) + Vd(@ L 60) = 557
< (1=l = XMl + (1= )V, &) = Vip@ ", 0,
+ iy - Vb &0 - 57y
(Assumption TV(v)) < (1 — ay)||x* — x*~! e+ (1 = @) Lell" - [P
+ iy o = Vb &0 - 7y
= (1= apll¥ = XMt + (1 = )Ll = 27 lo,
+allsh = 8l + (1 = @l T = Vg (@ E) = 557

where the last equality uses |la—b||> = ||all> + ||b||> — 2{a, b) and unbiasedness from Assumption II(ii)
to conclude that the inner product is zero.

Hence, by subtracting allsy — s§”'[l-+ and diving by 1 — ay, we get
Elllsy = 537 g | Pl < 201+ @)l = X7 + 205 B2 = Vg 60 - 57, 13
Assumptions T1(ii) and IV(iv) < 2(1 + &3)||lx* — JJHHZI_I + 20T = V(2D = ST, | Fil + 20307
<201+ &)l = 27N + 202E[IS w0 G2 = SR T A + 20007
where ¢35 = L)Z?ZIIFD;?ZH and the last inequality reintroduces the y-components.

We finally obtain

EIlI&* = X2 | Fil <201 + )it = 27 MF + 204EllIs ™" = S ue L ZDIR | Fal + 2050
(F.27)
Introducing (F.27) into (F.25) yields

Ellls* = S 452907 1 Fil < (1= @’ (1 + 4220l = S @1 Z7DIE
+2(1 — )@ + 282(1 + &)l = 2272 (F.28)
+203(0 + (1 — ag)*283)0%.
We continue with the inner term in (F.18) under conditional expectation.
—E[(s" = 1.2 = ) | il
= (s = S.(@). 2 -2
= (5" = (@), - ) = (s = 5@, 2 - )
R G C ) R A R ) R ) B ) R R P L ) B
= (" = 8257, 2 = 2 = (Ha(@) - Ha(@), 2 =2 = (5 = 5. F -2
where the last equality uses that S «(z*; 7) — S x(ZX) = H(z*) — H4(Z).
By definition of 7 in (8.4b), we have s* = h* — QAzk(Zk,f;c) e I'''z* + A, so that s* — Szk(Zk) €
F@@") + A(Z5). Hence, using the weak M VI from Assumption I(iii),
(8" =8 4@ =) 2 plls* = SLEOIP . (F.29)

Using also cocoercivity of H, from Lemma F.2(i), this leads to the following inequality, true for any
g, >0:
“El(s = 812 = 2 [ il < Zls* = S R + 112 - I
— 3IIHA() = Ha @I~ plls" = S @I .
To majorize the term ||z* — *|I%,, we may use Lemma F.2(ii) for which we need to determind Ly.
For the particular choice of Q,, we have through Assumption IV(ii) that

M) - M@)IIF < Lyll’ - 2IF-. (F.30)
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with L3, := max {L2 |ID.Ti|| + L}, [IDy T |l IL3 | Dy ol + L3, 1Dy, I} By the stepsize choice As-
sumption IV(iii), Ly < 1, which will be important promptly.

From Lemma F.2(ii) it then follows that
IHx(2) = HaGOIIF = (1= L) lIl* = 2012,
Hence, given Ly, < 1,
—B[(s* - §1, 2 - ) | FL]
G115 = S 2@ N + (i — 3)IH(E) = Ha@IF - plls* = S G
G115 = S 2@ R + (s — SIS (@52 = S@IE - plls* = S«EOIP. (F31)
The conditional expectation of the third term in (F.18) is bounded by
@ BllIs" = Sillf | Fil = aglls" = S 2 @OIE + o BIIF () — FE EIIE | F
< alls* = S+ EYHIF + azor (F.32)

where we have used Assumption IV(iv).

IA

Combined with the update rule, (F.32) can also be used to bound the conditional expectation of the
difference of iterates

E[IZ" = 212 | 7l = Eleglls® = Selif | Fil < aglls® = S+ GO + aor (F33)

Using (F.18), (F31), (F32), (F.33) and that —plls" = S +@Z)II* < ~£lIs* — S «(Z)I} with ¥ denoting
the smallest eigenvalue of I" we have,

k 2 k k. sky2 k. sk sk 2
ElUeor | Fil < I = 2¥1F0 + (At + aiglls’ = S (@5 2IF — a1 = 2 IS 252 = S+ @I
2 k =ky|12 2 2
+ aglag — 7[) + B )IIS" = S x @O + ap(1 + Big1)og
k 2 k k. skyp2
<2 = I + (At + awler + (1 = o2 )ls" = S+ I

2, k =k\12
+ (@ = 2 + @Bt — 151 = ) IHx () = Ha @I

+ai(1 + Byy1)ox, (F.34)
where the last inequality follows from Young’s inequality with positive b as long as 1 — &(l_—lLM)z > 0.
By defining
1._ 1 1
X;; : ijkﬂ + axlep + (1 —]m))l 35)
X, = 7 @ = aBiy1 + 751 - m)
and applying (F.28), we finally obtain
B[ U | Fil = Up < —aXPNls" = S+ (@IIF
+ (X (1= @)’ (1 +42207) = APlls™™ = S 12 DIE
+ (22X (1 = )81 +282(1 +23)) = BollZ* = 27 IIE (36
+2X, a0 + (1 — ap)*28,)0% + (1 + Biyy)or,
IfA;, > X]i(l — ) + 462&%), then it suffice to pick By as
2XL(1 = )81 + 282(1 + &3)) = 2aP2BWEIA < (@) 4 285(1 + &3))A; =: By. (F.37)

1+4¢,a7
To get a recursion, we then only require the following conditions
X/(1 - a)*(1 +46,a7) <Ay and X7 > 0. (F.38)

Set Ay = A, g = &. For the first inequality of (F.38), since (1 — ozk)2 < (1 — ay), the terms involving
A are bounded as

(1 — )’ (1 + 4&a)A - A
< —ap)(l +4é0)A - A
= A + (1 — ) (dér07)A
< —ap(1 —48ap)A (F.39)
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where the last inequality follows from (1 — a;) < 1 and @ < ay. Thus to satisfy the first inequality
of (F.38) it suffice to pick
(1 + 4&209)(e + 3(1 = =)

A > F.40
- 1- 46‘2&'0 ( )

where 1 — 4¢,a0 > 0 is required.
The second equality of (F.38) is satisfied owing to (F.13).

The noise term in (F.36) can be made independent of k by using @ < ay,
2XL(1+ (1 = a)*222) + 1 + By

=204+ ax(e + B = =@ + (1 = @)?280) + 1 + 281 +285(1 + £3))A
< 2A+ag(e + §(1 = )@ + 280) + 1+ 2(21 +285(1 + 83))A =: C. (F41)

Thus, it follows from (F.36) that
E[Uis1 | Fi] = Ui

< ax(ao = 2 + 2a0(@) +262(1 + E))A = T (1 = A=))Is* = S.@E (F42)
+ a/,%C o
The result is obtained by total expectation and summing the above inequality while noting that the

initial iterate were set as 7! = Z0. ]

Proof of Theorem 8.2. The theorem is a specialization of Theorem F.5 for a particular a choice of
b and . The third requirement of (F.13) can be rewritten as,

£> m, (F.43)

which is satisfied by € = We substitute in the choice of &, b = /ap and denotes 77 := A.

1
vao(1-La)**
The weighted sum in (F.14) is equivalent to an expectation over a sampled iterate in the style of
Ghadimi & Lan (2013),

K

E[IT"'2% = S (F579)IF] = S =1 I[) R ¢t ad || 3

Zf:o aj
k=0

with k, chosen from {0, 1, ..., K} according to probability Pk, = k] = =%

j=0 4j

Noticing that T712% — S 4, (F%+;7%) € FZb + A& = T75 s0
E[|I'2" = S @*:2)IF] 2 min E[|jull?] > E[ min |lullf] =: E[distr(0, 7Z")’]
ueT 7 ueT 7

where the second inequality follows from concavity of the minimum. This completes the proof.

O

F.4 EXPLANATION OF BIAS-CORRECTION TERM

Consider the naive analysis which would track A*. By the definition of z* in (8.4b) and H(Z") we
would have #* — Hy(Z%) + Py(Z") — Pu(Z, &) € F(Z) + A(Z). Hence, assuming zero mean and using
the weak MVI from Assumption I(iii),

E[(h" — Hy(Z%),2° = 2*) | {1 = BIH" = Hi@) + Pe(@) = Pu(@.6).2 = ) | 7]
> Elpllh" — Hi(@) + Pe(@) = Pu@ . &)I7 1 /1.
To proceed we could apply Young’s inequality, but this would produce a noise term, which would

propagate to the descent inequality in (F.36) with a @ factor in front. To show convergence we
would instead need a smaller factor of ai.

(F44)

To avoid this error term entirely we instead do a change of variables with s* := h* — P_i(z ,&;) such
that,

B e Pu(F, &) + AT & hF - PuF, &) € A

F.45
o sf e AT (F43)
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This make application of Assumption I(iii) unproblematic, but affects the choice of the bias-
correction term, since the analysis will now apply to s*. If we instead of the careful choice of 4*
in (8.4a) had made the choice

W= P60 = FE 60 + (1= a)(! = Pan (M 60 + FEL &) (F.46)
then
s = Pu &) - F( &) - Pa@ &)+ (1 a8 = P L &)+ FE 60— Pan G160,

Notice how the latter term is evaluated under &_, instead of &;. The choice in (8.4a) resolves this
issue.

G NEGATIVE WEAK MINTY VARIATIONAL INEQUALITY

In this section we consider the problem of finding a zero of the single-valued operator F (with the
set-valued operator A = 0). Observe that the weak MVI in Assumption I(iii), {(Fz,z — z*) > plIFz||%,
for all z € R”, is not symmetric and one may instead consider that the assumption holds for —F. As
we will see below this simple observation leads to nontrivial problem classes extending the reach of
extragradient-type methods both in the deterministic and stochastic settings.

Assumption VIII (negative weak MVI). There exists a nonempty set S* C zer T such that for all
z* € 8* and some p € (—0,1/21)

(Fz,z - 7z*) < pllFZll*>, forallz € R". (G.1)

Under this assumption the algorithm of Pethick et al. (2022) leads to the following modified iterates:
7 = oy FK, (G.2)

& = 2y aH T - H ) = P FZF,  where  Hy = id+y F (G.3)

We next consider the lower bound example of (Pethick et al., 2022, Ex. 5) to show that despite the
condition for weak MVI being violated for b smaller than a certain threshold, the negative weak

MVI in Assumption VIII holds for any negative b and thus the extragradient method applied to —F
is guaranteed to converge.

Example 1. Consider (Pethick et al., 2022, Ex. 5)

b
minimize maximize f(x, y) := axy + =(x* — %), (G.4)
xeR yeR 2

where b < 0 and a > 0. The associated F is a linear mapping. For a linear mapping M, Assump-
tion VIII holds if

IM+M")-pM™M <0, p € (—00,1/21)
While Assumption I(iii) holds if
IM+M")-pM™M > 0, p € (=1/aL, 00).
For this example L = Va2 + b? and =Mz
F(z) = (bx + ay, —ax + by).

Since M is a bisymmetric linear mapping, M™ M = (a® + b*)I which according to the above charac-
terizations implies

1 b b 1
p € (=30 7zl P €z 30)

The range for p is nonempty if b > —% while this is not an issue for p which allows any negative b.

We complete this section with a corollary to Theorem 6.3 when replacing weak MVI assumption
with Assumption VIII.

Corollary G.1. Suppose that Assumptions I(i) and 1(ii), Assumptions II, Il and VIII hold. Let (zk)k N
denote the sequence generated by Algorithm 1 applied to —F. Then, the claims of Theorem 6.3 hold
true.
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Tteration k

Figure 3: The (projected) (SEG+) method needs to take vy arbitrarily small to guarantee convergence to
an arbitrarily small neighborhood. We show an instance satisfying the weak MVI where 'y cannot be taken
arbitrarily small. The objective is y(x,y) = ¢(x — 0.9,y — 0.9) under box constraints ||(x, y)||lc < 1 with ¢
from Example 2 where L = 1 and p = —1/10r. The unique stationary point (x*,y*) = (0.9,0.9) lies in the
interior, so even ||Fz|| can be driven to zero. Taking y smaller does not make the neighborhood smaller as
oppose to the monotone case in Figure .

H EXPERIMENTS

H.1 SYNTHETIC EXAMPLE
Example 2 (Unconstrained quadratic game (Pethick et al., 2022, Ex. 5)). Consider,

b b
minimize maximize ¢(x, y) := axy + =x> — =), (H.1)
xeR yeR 2 2

where a € R, and b € R.

The problem constants in Example 2 can easily be computed as p = # and L = Va? + b2 We
can rewrite Example 2 in terms of L and p by choosing a = /L2 — L*p? and b = L*p.

Example 3 (Constrained minimax (Pethick et al., 2022, Ex. 4)). Consider

minimize maximize ¢(x, y) := xy + ¢(x) — ¥ (y), (GlobalForsaken)
[xl<4/3 yl<4/s

6 4 2
where y(z) = zil -5+5.

In both Example 2 and Example 3 the operator F is defined as Fz = (V. p(x, y), =Vy(x, y)).

To simulate a stochastic setting in all examples, we consider additive Gaussian noise, i.e. F (z,6) =
Fz+¢& where € ~ N(0,0I). We choose o = 0.1 and initialize with z° = 1 if not specified otherwise.
The default configuration is y = 1/21- with a3 = !/18(/c+1), ¢ = 100 and By = @y for diminishing
stepsize schemes and @ = 1/18 for fixed stepsize schemes. We make two exceptions: Figure 1 uses
the slower decay ¢ = 1000 when y = 0.1 and Figure 3 uses ¢ = 5000 for y = 0.01 (and otherwise
¢ = 1000) to ensure fast enough convergence. When the aggressive stepsize schedule is used then
@ = /18 VETT00+T.
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Figure 4: Instead of taking a; o /k (for which almost sure convergence is established through The-
orem 6.3 and ??) we take a; o« [k as permitted in Theorems 6.1 and 7.1. We consider the example
provided in Figure 1 (top row) and the two examples from Figure 2 (bottom row). Under this more aggres-
sive stepsize schedule the guarantee is only in expectation over the iterates which is also apparent from
the relatively large volatility in comparison with Figures 1 and 2.

H.2 ADDITIONAL ALGORITHMIC DETAILS

For the constrained setting in Figure 1, we consider two extensions of (SEG+). One variant uses a
single application of the resolvent as suggested by Pethick et al. (2022),
2= d+yA) @ —yFE &) with &~ P
=y ak((z" -y FE &) - F (Zk,fk))) with & ~ P
The other variant applies the resolvent twice as in stochastic Mirror-Prox (Juditsky et al., 2011),
2= Gd+yA) (@ ~yFE &) with &~ P
2 = (id + ayA) (& - ey F(E 8 with &~ P
When applying (SEG) to constrained settings we similarly use the following projected variants:
2= (d+ByA) (@ - By P &) with & ~P

(PSEG+)

(P,SEG+)

.= _ (PSEG)
2 = (d + ayAd) ' - ayF(E L&) with & ~ P
and (EG+) (using stochastic feedback denoted SF)
7 = (id + yA) ' - yF (&, with ~P
1 (. YA) (1 . YF( ) 6:))_ . & - (SF-PEG)
2 = (d+ayA) (@ —ayF(E &) with & ~P
which we in the unconstrained case (A = 0) refer to as (SF-EG+) as defined below.
=k _ k £k .
=7 —yF(, with ~P
YF(, &) &k (SF-EG+)

=k —ayFE &) with & ~P
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I COMPARISON WITH VARIANCE REDUCTION

Consider the case where the expectation comes in the form a finite sum,
N
1 .
Fz=— ) F(z,¢). L1
=y ;:1 (&) (8Y)

In the worst case the averaged Lipschitz constant F'; scales proportionally to the number of elements

N squared, i.e. Ly = €( VNLp). It is easy to construct such an example by taking one elements to
have Lipschitz constant NL while letting the remaining elements have Lipschitz constant L. Re-

calling the definition in Assumption III, L}, = % + 8112 > NIL? while the average becomes

Lp = % + NT_IL < 2Lso Lz > VN/ar,. Thus, Ly can be VN times larger than Ly, leading to a po-
tentially strict requirement on the weak M VI parameter p > —L#/2 for variance reduction methods.
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