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ABSTRACT

Matrix completion (MC) is an important yet challenging non-convex problem. In
realistic settings, exact recovery of M * typically requires strong incoherence and an
impractically large number of observed entries. Instead of enforcing exact recovery,
we inject noise perturbation to construct a closely related surrogate that turns MC
into a noisy matrix sensing problem with a more benign landscape. Although this
surrogate permits a slight, controllable loss in accuracy, it can be solved effectively
via over-parameterization (increasing model size), echoing modern machine learn-
ing practices where large models and stochasticity (e.g., SGD, dropout) make hard
objectives tractable. Under the assumption that each entry of the matrix is observed
independently and uniformly, we establish explicit accuracy—probability trade-offs
as functions of the sampling rate p and a user-chosen noise level. Empirically,
our approach succeeds in low-observation regimes where classical exact-recovery
pipelines are brittle. More broadly, our approach underscores a general paradigm
in which noise perturbations are combined with large models to tackle modern ML
tasks, and we use MC as a clean benchmark to formalize this perspective and unify
noise, over-parameterization, and recoverability within a single framework.

1 INTRODUCTION

Non-convex optimization presents significant challenges in modern machine learning, particularly
in training complex models like deep neural networks, generative models, and beyond. Unlike
convex problems, non-convex optimization landscapes are characterized by multiple local minima,
saddle points, and regions of flat curvature, complicating the search for global optima (Jain and
Kar, [2017). This complexity often leads to convergence issues, where algorithms may become
trapped in suboptimal solutions, hindering model performance and generalization capabilities. While
practitioners today typically employ stochastic gradient descent (SGD) based algorithms such as
ADAM (Kingma and Ba, 2014} with the hope of randomly escaping poor critical points, there remains
a critical need for more structured approaches that leverage landscape characterization to significantly
enhance the performance of non-convex optimization methods (Sun and Luo, [2019). Consequently, a
more in-depth and comprehensive study of such landscapes is essential. One popular way of doing
so is to focus on mathematically structured non-convex problems like low-rank matrix recovery.
Such problems have garnered increased attention due to their potential to provide deep insights.
Low-rank matrix tasks, including matrix completion (MC) and matrix sensing (MS), are crucial
in numerous domains like machine learning and signal processing. They involve reconstructing a
low-rank matrix from incomplete observations or linear measurements, with applications spanning
collaborative filtering in recommendation systems (Koren et al.l 2009), motion detection (Fattahi and
Sojoudil 2020), and power system state estimation (Zhang et al., 2017; Jin et al., |2019)), to image
recovery (Gu et al.,[2014)) and biomedical imaging (Lustig et al.,2008). More significantly, as these
frameworks can encapsulate any polynomial optimization problem (Molybog et al., |2020) and are
equivalent to training two-layer quadratic neural networks (L1 et al.||2018]), their theoretical impact
extends well beyond their direct applications in the broader machine learning community.
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Matrix sensing generally involves recovering a matrix from a set of linear measurements, formulated
as:
1
min S AXXT) - b3 = f(XXT) (MS) (1)
X ERM X Tsearch 2
For the sake of convenience, we also denote h(X) = f(XX ). Here, A acts on the low-rank
matrix X X7 (rank bounded by Tsearch DY construct) and compares it to a vector of observations
b= A(M™*), with M* being the rank-r ground truth matrix of interest. A(-) : R"*™ — R™ is a
linear function defined as A(M) = [(A1, M), ..., (Am, M)]T where (A;, M) := tr(A] M) and the
sensing matrices {4, }; are given. For simplicity, we assume 7'searcn = 7. The matrix completion
challenge, a special case of matrix sensing, is given by:

o1 .
min o [Ao(XXT — M) (MO) @
XeRnxr 2
where Q2 C [n] x [n] represents the observed entries of an n x n matrix. We use the notation N, to
denote the matrix where
(No)ij = Nij - Lujeo ©)

for any arbitrary N € R™"*™. Aq(+) is used to specifically denote the sensing operator of the matrix
completion problem, where Aq (M) = vec(Mg). Matrix completion is distinguished by its reliance
on the sample rate and the matrix’s incoherence parameters. These parameters dictate the spread of
matrix information across its entries and singular vectors (Candes and Tao, 2010). This dependency
complicates matrix completion compared to matrix sensing, where challenges are often more tractable
due to properties like Restricted Isometry Property (RIP) (see definition [C.T]). Below, we introduce
RSS and RSC (equivalent to RIP) instead for more notational flexibility:

Definition 1.1 (Restricted Strong Smoothness (RSS) and Restricted Strong Convexity (RSC)). Func-
tion f defined in (T) satisfies the (L, 7)-RSS property and the (cs, r)-RSC property if

FM) ~ F(N) < (M — N.VF(N)) + 22 M~ N3
F(M) = F(N) = (M = N,VF(N)) + S*|M = NI|}

are satisfied, respectively for all M, N € R™ with rank(M), rank(N) < r. Note that RSS and
RSC provide a more expressible way to represent the RIP property Recht et al.| (2010), with §,. =
(Ls - O‘S)/(Ls + QS)~

Matrix completion problems, on the other hand, all have missing entries, which means that they
could not have a valid RSC constant since the null-space of Aq(-) is always non-trivial. This is why
incoherence condition was proposed to use as a metric to guarantee recovery of completion problems:

Definition 1.2 (up-incoherence). (Ge et al.,[2017) Given a rank-r matrix M € R™*"2 we say it is
po-incoherent if its truncated SVD decomposition UXV T satisfies

lef Ullz < v/ior/na, llef Vlla < /por/na

Vi, j € [n1], [ne], where e; is the i-th standard basis of R™* and e; is the j-th standard basis of R™2.

Since 10 is hard to gauge prior to solving this problem, applying matrix completion guarantees can be
more challenging than matrix sensing problems with valid RIP (therefore RSC and RSS) constants.

1.1 RELATED WORKS

RECOVERY GUARANTEES

The foundational work by (Candes and Recht| (2009) established that exact matrix recovery is possible
from few entries, requiring a sample size of uon'?rlog(n) for n x n matrices of rank r with
incoherence parameter 1. Enhancements in recovery guarantees and computational efficiencies
followed, including spectral-gradient descent algorithms by Keshavan et al.|(2010) and deeper insights
into incoherence by |Candes and Tao|(2010). Studies by Recht (201 1)) and Gross| (2011)) expanded
on these by demonstrating successful recovery without uniform random sampling, while Ding and
Chen| (2020) refined sampling orders further to por log(uer)nlog(n). Another notable approach
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Approach Conditions for recovery w.h.p.

Semi-definite Relaxation (Ding and Chen, 2020) p > O (porlog(por)nlog(n)/n?)

BM Factorization (Zilber and Nadler, 2022a) p>0 (uor max{logn, uorx?}/ n)
Nuclear Norm Lasso (Chen et al., 2020) p>0 (,ug 10g(n)3/n)

Spectral Methods (Chen et al., 2021) p > O (K?porlog(n)/n)

Ours Arbitrary p, trades off with accuracy

Table 1: Brief summary of state-of-the-art recovery guarantees of different approaches in solving
(2). This assumes each entry of M* is sampled uniformly with probability p. 1 and s denotes
incoherence and condition number for M * respectively.

for the classic matrix completion problem (@) is the non-convex Burer-Monteiro (BM) factorized
formulation (Ge et al., 2016;[2017; Du et al.,|2017), generally requiring p > poly(k, r, uo, logn)/n,
with recent works like |Zilber and Nadler|(2022a) offering progressively sharper bounds under this
framework. Other formulations include the convex matrix lasso that uses nuclear norm penalization
(Chen et al., [2020) and elementary spectral methods (Chen et al.| [2021). If we assume that each
entry of the desired ground truth matrix M * is sampled independently with probability p, we could
then summarize the different requirements for successful recovery with high probability for these
techniques in Table [I] Note that we only included state-of-the-art recovery guarantees. From a
high-level, existing requirements of p are only described up to an unspecified constant, so the true p
needed for successful recovery is hard to gauge. To ensure a successful recover, these works require
either 1) a small pg or 2) really large m or n (virtually infinite data), which are both not practical.
This is what motivated our unconventional approach of converting matrix completion problems into
matrix sensing problems, to get rid of the requirements on p. However, we are not implying that our
approach could solve MC with arbitrary p to arbitrary accuracy. In Theorem 2.2] we show how
smaller p leads to worse solution accuracy and sometimes vacuous bounds.

Additionally, we introduce some other popular techniques for matrix completion without explicit
recovery guarantees, including greedy algorithms (Lee and Bresler, |2010; [Wang et al.| 2014), al-
ternating minimization (Haldar and Hernandol 2009; Tanner and Wei, 2016} [Wen et al., [2012]),
iteratively reweighted least squares(IRLS) methods (Mohan and Fazel, 2012; Radhakrishnan et al.,
2025), iterative thresholding |[Klopp| (2015) and Riemannian optimization (Mishra et al.}2014; Dai
and Milenkovic| [2010)—reviewed comprehensively in[Nguyen et al.|(2019). Another interesting line
of work converts inductive matrix completion into regular MC (Ghassemi et al., 2018} |Zilber and
Nadler} [2022b)), but they have extra information matrices A, B not considered in @ so it’s hard to
compare this work to the classic setting.

POWER OF OVER-PARAMETRIZATION

Recent studies have highlighted over-parametrization as a crucial strategy in matrix sensing when
RIP constants ds,. are suboptimal (i.e., d2, > 1/2). Research by Zhang| (20215 2022) examined cases
where the search rank rg,.cn €xceeds the true rank r, thus increasing the problem’s parametrization.
Zhang| (2022) demonstrated that for reaen > 7[(1 + 8,)/(1 — §,) — 1]?/4 and r < 7reqen < 7,

each solution X satisfies XX T = M*. Similarly, Ma and Fattahi| (2022) established analogous
results under RIP-type conditions for the ¢; loss. In addition to the classic over-parametrization
of increasing 7garch, cOnvex relaxation (Recht et al., [2010) is certainly one popular approach by
increasing parameters from O(nr) to O(n®). |Yalcin et al|(2023) showed that the RIP threshold
for exact recovery using SDP can approach 1 when M™ has a high true rank, thus underscoring
the efficacy of over-parametrization. Nevertheless, the practical applicability of these conditions is
limited, leading Ma et al.|(2023) to explore an alternative approach to over-parametrization by lifting
the search space of (I) into general tensor space and bank on important concepts from Sums-of-
Squares optimization (Parrilo, [2003; Lasserrel |2001) to convert spurious local minimizers of (1)) into
strict saddle points in the lifted space so that they could be escaped by modern optimizers. Despite
its utility in resolving spurious solutions, this tensor approach’s applicability to matrix completion
remains constrained by the need for a valid RIP constant.
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1.2 NOTATION

Scalar values such as o;(M) and \; (M) represent the i-th largest singular value and eigenvalue of
matrix M, respectively. The inner product between two matrices (A, B) is defined as tr(AT B). The
Euclidean norm of a vector v is denoted as ||v||, while || M || and || M || are used for the Frobenius
and induced I, norms of a matrix M. Vectorization vec(M ) stacks the columns of M into a vector,
where mat(v) is its reserve operation. The set of integers from 1 to n is expressed as [n]. Moreover,
ol indicates a repeated Cartesian product for [ times, © refers to the Kronecker product, and ®
signifies the tensor outer product. If these notations come with subscripts, they denote the dimension
along which the operation is performed. Finally, if S € [n] x [m] represents a subset of indices of a
n X m matrix, then Ng refers to the sub-matrix of N € R™*™ relevant to S as per (@), and || N||s, ¢
denotes the Frobenius norm of Ng.

2 THE PERTURBED MATRIX COMPLETION FORMULATION

As explained above, most literature regarding the recovery guarantees of matrix sensing problems
require some valid RIP (RSC and RSS) constant. However, the attainment of such a constant
automatically implies a trivial nullspace, meaning that .4 only maps a zero matrix to a zero vector,
which is impossible for matrix completion problems. To demonstrate why this is, let’s consider a
2 x 2 matrix recovery problem, and say we observed three entries of some M € R?*2 except for the
lower-right entry. This will correspond to the case where

1 0 0 0
Aq(M) = VGC(E (1)} OM)= 8 (1) ? 8 vec(M) := Tq vec(M) € R?* 4
00 0 O

For this Ag to exhibit any RIP constant § < 1, it is required that || Aq(M)[3 > (1 — 0)||M||%.
meaning that the T, matrix above cannot output 0 unless M is a zero matrix. Nevertheless, for
this specific example, even if we observed three out of four entries, we can simply set vec(M) =
[0,0,0,1] " to make Aq (M) = 0, violating the RIP condition. This is a simple example showing
us that RIP condition will not hold for matrix completion problems unless all entries are observed,
regardless of its size. Therefore, it begs the question of whether we could use the better studied, more
powerful over-parametrized MS framework to offer guarantees for MC problems? In this work, we
give a positive answer to this question via the following three steps:

1. Surrogate Construction: We construct a surrogate problem (e-MC) to solve by slightly changing
Agq. e-MC problem is a noisy MS problem that has more favorable theoretical properties.

2. Surrogate Accuracy: We prove that the surrogate’s global solution approximates the true matrix
M™ with high probability under mild conditions.

3. Tensor Framework Adaptation: To address high RIP constants in the perturbed MS set-
ting, we extend and adapt the lifted tensor framework from Ma et al.| (2024), leveraging over-
parametrization to achieve recovery.

Despite the lack of RIP constant, a surprisingly simple solution exists. The primary issue is the zero
entries in the diagonal of T\, contributing to a non-trivial nullspace. By perturbing these zero entries
slightly with a small number € € (0, 1], we can eliminate the nullspace. Revisiting ), consider a
perturbed sensing operator Ag, .:

1 0 00
1 1 01 00

Aq (M) = vec ([1 e} © M) =100 1 0 vec(M) == Tq e vec(M) 5)
0 0 0 €

in which T . has a trivial nullspace as promised. However, different operators lead to different
observations. For example, when considering the case of @), using Aq and Aq . on the same matrix
results in:

Ao(M) = [M1,1 My 2Ms10]" — Ag (M) = [My 1M1 oM 1eMo 5]
Therefore, the original observation b can be considered a noisy observation under the context of A, .,
with
b= Ao (M*)+w, w.=[0 0 0 —eMs,]" (6)
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where w, € R" can be considered a noise term. With this idea in place, we formally introduce our
perturbed MC problem to solve:
. T
min || Ao, (XXT) = b|3 = fu. (XXT) (eMC) (7
X €R™ X Tsearch
Essentially, we’re transforming a noiseless matrix completion problem into a noisy matrix sens-
ing problem with operator Aq . and deterministic noise w,. This approach, notably, ensures the
attainment of valid RSS/RSC parameters, equivalent to RIP constants.

Lemma 2.1. Given an arbitrary matrix completion problem with sensing operator Aq, if this
operator is perturbed to produce Ag . according to () with a scalar e € (0,1], then the e-MC
problem will exhibit (1,n)-RSS property and the (€?,n)-RSC property.

The above RSC constant is tight if it needs to hold for all possible MC instances, but could be
drastically improved if we only consider specific formulations. We have included a generalized
version of this Lemma (and its proof) that may serve independent interests outside this work, presented
as LemmaD.I]in Appendix [D] With that said, another major challenge that the perturbed formulation
of e-MC problems brings is that the global solution of e-MC might not be M * anymore. This can be
easily seen since || Aq (M*) — b||3 # 0. In other words, since the core idea of our approach is to
solve the surrogate e-MC problem in order recover M *, we need to know the conditions under which
M* will be close to the global solution of (7)), since later on we will show that over-parametrization
via lifting could help us reach the global solution, denoted as M T, with guarantees. Inspired by Ma
and Fattahi| (2023)), we hope to link it with the number of corrupted observations. If we adopt the
standard assumption that each entry of the matrix is independently observed with probability p, then
we could generalize this observation by linking it to p. As our next step, we show that M1 will be
very close to M* with high probability, and we can further achieve a tradeoff between sample rate p
and geometric uniformity captured by e.

We will briefly go over the high-level ideas in this derivation and present our formal theorem in
the end. Since we assumed that M is the global optimum of (7)), then by definition it gives that
fw.(MT) — f,_(M*) < 0. If we partition the set { into S, the observed, noiseless entries, and S,
the unobserved, perturbed entries, then we could decompose f,,. (M) — f,,. (M*) as:

0> fu (M) = fu (M*) :§||AQ,6(MT -M )||25,2 + §||v49,e(MT — M) —wel[Z, — §Hwe||%’2

1 . 1 1 .
=5 Mo (M7 = M 5 + 3 Ao (M]E, — 5

2
S, F

1 * 1 *
Z*”AQ@(MT - M )||2§2 - §€2||M ||%F

(®)
where || - || 5,2 denotes the I> norm of the sub-vector with entries in set S. Then if we add || MT —
M*[|% , to both sides of (), it is easy to show

1 * 1 * *
S~ A < 2 (1M = M7+ €0 ) ©

Here we look into the right hand side terms of (9) a bit more carefully, and realize that both
| MT — M*||%  and ||M*||% 5 are random variables with their sizes dependent on the sampling
rate. Since || - |4 only denotes the size of the sub-matrix that are not observed (therefore perturbed
by ¢), if our sample rate p is large, this norm would also be small in expectation. By further using
concentration inequality to control deviation, we show why the e-MC problem (/) can serve as a
meaningful surrogate to the original MC problem in our main theorem:

Theorem 2.2. Assume that MT € R™"*™ is a symmetric, rank-r matrix that is a global optimum of
with an € € (0, 1]. Assume that each entry of the original MC problem is independently observed
with probability p, then for any x < p € R,

M7 — M| < ﬁezllM 7 (10)

holds with probability at least 1 — exp (—2x?||d||3/||d||3), where d € R"’ is defined as
d = vec(M" — M*) ® vec(M' — M*) + € vec(M*) ® vec(M*) (11)
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We begin by noting that for any vector d, elementary inequalities ensure that 1 < ||d||2/|d||3 < n?,
and this ratio increases as the entries of d become more evenly distributed. The proof of this theorem
is given in Appendix [D} we employ Hoeffding’s inequality to obtain a clean, interpretable form. Other
concentration tools (e.g., Bennett’s inequality) can also be applied, but we chose Hoeffding’s for
its simplicity. Conceptually, Theorem [2.2|departs from exact-recovery guarantees and instead
provides an explicit accuracy—probability trade-off that holds for any p € (0, 1]: the solution
accuracy of e-MC depends smoothly on p and the user-chosen . When p is small, y must also be
small regardless of ¢, so the probability for (I0) to hold can be low; when p is larger, the left-hand
side of (I0) can be made small without taking € to be tiny, enabling lower computational demand (see
Section ). For context, information-theoretic lower bounds for unique recovery of M* imply that p
must exceed instance-dependent thresholds (e.g., Pimentel-Alarcén et al.|(2016)). In contrast, our
goal is not perfect recovery of M* but to find M that is provably close to M *; this relaxes sampling
requirements and supports the use of over-parameterization to obtain meaningful guarantees even in
low-observation regimes.

Figure [I] visualizes this result with 2D heat maps. This figure shows, for each target bound on
|[MT — M*||2 (x-axis) and each e (y-axis), the smallest probability lower bound delivered by
(TO). We display curves for p = 0.3,0.4,0.5. As p increases, similar accuracies are certified with
higher probability (brighter color). For instance, let’s consider the p = 0.3 case. Figure[I] shows
| MT — M*||% < 0.02 holds with probability at least 0.8 over a wide range of ¢ values. By contrast,
invoking Theorem 3 of Pimentel-Alarcon et al.| (2016) shows that, for a 50 x 50 matrix, at least 29
observed entries per column are required to achieve the same 0.8 probability of unique recovery of
M*—which is highly unlikely when p = 0.3. This highlights the practical advantage of our e-MC
approach in regimes where exact recovery is information-theoretically out of reach.

Epsilon Value

i A o o o oo o o o w
Upper-Bound on || M — A% Upper-Bound on [| 11 — M*|% Upper-Bound on [|A11 — A1*|%

Figure 1: Probability Lower-Bound for Theorem

3 LIFTED TENSOR FRAMEWORK WITH NOISE

Now that we are able to reformulate the original MC problem (2)) into the new e-MC problem (7)),
it presents us with a new challenge. Although now admits valid RSC/RSS constants, this is
nevertheless still a difficult matrix sensing problem to solve due to its small RSC constant (or large
RIP constant). Thus, it is important that we apply an over-parametrized framework to deal with it in
order to compensate for the poor geometric uniformity.

To this end, we employ the lifted tensor framework proposed in |Ma et al.| (2023), since it has the
ability to deal with really small RSC constants, like those we have in e-MC. However, in their original
work, measurements were assumed to be clean, and this is incompatible with our framework since
we hope to deal with noisy MS problems. Thus, we generalize the original results in Ma et al.| (2023),
and also in its subsequent work [Ma et al.| (2024) to demonstrate how the inclusion of noise could
affect guarantees in when using a higher-order tensor parametrization.

First of all, we present the lifted tensor problem when our observations are corrupted by some random
noise w € R™, _
min_ [|(A, (P(w), P(W))a.) — b % (12)
weRnrol
where b = A(M™*)+w, and A € R™*"*" i a three-way tensor which can be seen as a concatenation
of all sensing matrices {A4;}7, and w € R""°! is the tensor decision variable used to increase the
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parametrization of X € R"*". Here, ®! simply denotes [ times of repeated tensor outer product,
and P is just another constant permutation tensor used for correct multiplication. The gist of this
paper is not on the tensor formulation, thus many details are deferred to Appendix [C] and interested
readers can learn more about general tensor knowledge and problem details there. For convenience’s
sake, we define f!(-) : R"? s Rand A!(-) : RI""1°l s Roas f{(M) == |[(A®,, M) — b®!||2 and
hl(w) = fl(<w,w>2*m), with Vf1(-) = Vmf!(-) and VA!(-) = Vh!(-).

In the original works, it was proven that the lifted formulation (T2) is able to convert spurious
second-order points in (I) to strict saddle points (critical points with local escape direction) via its
drastic over-parametrization if this spurious solution is somehow far away from the ground truth M *.
However, the first thing to note here is that for any corrupted MS problem (its observation b is not
clean and affected by noise), its global solution might not correspond to M * anymore, which is the
same challenge that we faced in the e-MC formulation. This means that spurious solutions have to be
even more distant to M * for it be converted into strict saddles, depending on the intensity of noise.
The result is summarized in the following theorem:

Theorem 3.1. Consider an arbitrary second-order point X e Rxr of the factorized matrix sensing
objective in the form of (1)) where its observations b could be potentially corrupted by some random
noise w € R™ (i.e. b= b). Assuming that the linear operator A(-) in (1) satisfies the RSC and RSS
conditions with constants o, L respectively. Then W = Vec(f( )®is a strict saddle of (12) with a
rank-1 symmetric escape direction if

L | 12
I - XXTYR > Lo (RRT) () + 1202 (13)
Qg e
with an odd | satisfying
1 Ly tr(M*)/\r(XXT)

B = (14)

> —, —= .
1 —logy(26) a||M* — XX — [[@]13

The proof of this theorem is located in Appendix [D} The theorem highlights how the conversion
radius from spurious solutions to strict saddles is influenced by the norm of the noise w. Setting
w = 0 allows this theorem to coincide with Theorem 4 from |Ma et al.| (2024). More importantly, it is
crucial for the critical point W in (T2)) to be a rank-1 tensor to possess a negative escape direction.
For a detailed definition of tensor rank, please see Appendix [C] According to Ma et al. (2024),
employing a gradient descent (GD) algorithm with sufficiently small initialization ensures that the
search is conducted over approximately rank-1 tensors throughout the GD trajectory. This work
further establishes that this characteristic remains unchanged when b is substituted with b, showing
that the effects of implicit bias induced by vanilla GD is agnostic of noise. Here we present an
informal version of this result to facilitate understanding, and the full version and its proof can be
found in Appendix [C|and Appendix [D]respectively:

Theorem 3.2 (Informal). Consider a finite-horizon gradient descent trajectory {wy }ic () of (12)
with w1 = w; — nVh!(wy) starting from the initialization wy = 595891 with £ € R denoting the
scale of the initialization, 1) representing the step-size and xo € R"" being an arbitrary vector with

llwol|3 = 1. Then for a sufficiently small £, there exists an iteration number t(r,1) > 1 that depends
on an arbitrary constant k < 1 and lifting degree | such that

Ay (W) <k
A (we) =

where X! (-) denotes the i-th largest v-eigenvalue (see Appendix@ of a given tensor, a min-max
definition of tensor eigenvalues that serve optimization purposes well. This implies that w; will be
approximately rank-1 after iteration t(,1) along the GD trajectory {w}c[r). Furthermore, t(,1)
increases with a smaller k, meaning that the tensor along the trajectory will become increasingly like
rank-1 as GD updates happen.

vt € [t(, 1), T] (15)

The main takeaway is that by incorporating the noise w into our objective (I2)), the ability of gradient
descent algorithms to induce implicit bias (implicitly penalizing towards compact representations,
like rank-1 tensors) remains unchanged. It is also worth noting that the results presented in this
subsection apply to all tensor problems in the form of (12)), which are lifted from general noisy matrix
sensing problems, and not specific to our e-MC problem.
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4 MAIN RESULTS

Our goal is to find a globally optimal solution for the e-MC problem because it closely represents
M?* via Theorem However, this becomes challenging due to the underlying a of (7), which
depends on the small value of e. To address this, rather than solving the problem using its basic matrix
factorized form (as shown in equation (T))), which lacks global optimization guarantees, we apply the
tensor formulation (I2)). This framework has the ability to verifiably extract (see Theorem [3.1)) the
global solution up to a certain accuracy via increasing parametrization.

By combining Theorems [2.2]and [3.1] we demonstrate a new way to approximately solve the generic
MC problem (as formulated in equation (2)) while still providing reliable global solutions, as
elaborated in our main theorem below

Theorem 4.1. Consider the matrix completion problem of completing a n x n, rank-r matrix M*,
where 0 C [n] X [n] denotes the set of observed entries and ) denotes the unobserved entries.
Introduce a perturbation € € (0, 1] to formulate an e-MC problem as per (I). Applying the tensor
framework described in to this e-MC problem yields the following results:

For any rank-1 critical point W = VeC(X)®l of (12), if it is a second-order point (local minimay), this
implies that

A A 1 A
[M* - XX"|r< gAT.(X) tr(M*) + e (16)
holds with probability at least q, under the condition that l is odd and meets the requirement:

1 tr(M*)A (X XT)

l>—— f[:= — . (17)
1710g2(26) €2 (”M*—XXT”%‘_GQ)
For all instances of the MC problem, the following hold:
er=e =M} g=1 (18)

Alternatively, if all entries are observed independently with probability p (a special case in which
Theorem[2.2)can be used), es could be ignored (i.e. e3 = 0) and:

1—
e =1/" p‘f;*XEIIM*Hn g =1— e(=21dI3/1d13) (19)

where x and d are defined as per Theorem

Our main theorem builds on the results of Theorem [3.1} applying specific parameters (Ls = 1,
a, = €2) along with the definition of w, from equation (6). This leads to a deterministic outcome
where the probability q equals 1. However, there’s a critical aspect to consider: the transition from a
spurious solution is contingent upon the condition described in (T6). A significant challenge arises if
[[M*]|2 ;. is large, potentially rendering this bound vacuous. Here, the utility of Theorem 2.2|{becomes

evident. Under its probabilistic framework, we apply a triangle inequality to reduce the bound e;

to %EHM*HF. This simplification is critical, as the presence of € and p can significantly
minimize the error term, countering the inaccuracies introduced by the e-MC framework. Also note
that although the bound (T6)) contains the term tr(M™*), which we previously said was unaccessible
(especially in the incoherence calculation), knowing it or not in advance will not affect whether the
problem could be solved using the lifted framework, and it only affects the theoretical guarantees

describing worst-case scenarios. The proof to this theorem can be found in Appendix

Therefore, e now is an user-defined parameter that balances solution accuracy (through e;) and the
amount of parametrization needed (via equation (I7)), and can be determined by user requirements.
In reality, tensor iterates w; on the gradient descent trajectory of are approximate rank-1
tensors as detailed in Theorem 3.2} thus Theorem [{.1] cannot be used directly to characterize
the landscape since it only applies to exactly rank-1 tensors. To this end, Theorem [C.10, an
extended version of Theorem 4.1} is used to actually describe the recovery of global optima
under these more realistic conditions. The two theorems only differ in some technical details, thus
for simplicity’s sake we defer Theorem [C.10[to Appendix [C|to help readers understand the main
results better.
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5 NUMERICAL EXPERIMENTS

In this section, we evaluate our methocﬂ against both classic and state-of-the-art solvers on two
families of matrix completion (MC) instances. In addition to the uniformly and independently
sampled instances as in Theorem [2.2] we also include the hard instance from [Yalcin et al. (2022),
which is known to admit exponentially many spurious solutions:

Q= {(i,1), (i,2k), (2k,4) | Vi € [n], k € [[n/2]]}. (20)
We compare our methods to: (i) the classic Burer-Monteiro (BM) factorization baseline for (2); (ii)
the SDP relaxation (Candés and Tao, [2010); (iii) GNMR (Zilber and Nadler, [20224), a state-of-the-art
BM method that solves a linearized least-squares subproblem each iteration (we use its Algorithm 3
with @ = —1); (iv) Lin-RFM (Radhakrishnan et all,[2025)), an SVD-free IRLS/Schatten-p spectral-
reweighting scheme; and (v) our lifted approach with [ = 3. Our method produces a tensor wr
after T gradient steps, and Tensor PCA 2024])) extracts a principal component X1 € R™*"
via wr = vec(Xr)®!, with X7 being returned for (2). We declare success if || X7 X} — M*||r <
0.05 and report success rates over 20 trials per problem, rather than average reconstruction error,
because they are robust to outliers and better capture instances where e-MC may be an invalid
surrogate (per Theorem [2.2)). Further experiments on effects of € and p are included in Appendix [B]

BM Factorization e Lin-RFM
SDP Relaxation ~ mmm Our Approach (Lifted)
. GNMR

BM Factorization e Lin-RFM
= GNMR = Our Approach (Lifted)

Problem Size
3
Ti
L
Problem Size

n=5

n=4

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Success Rate success Rate

(a) Problem Instance (20) (b) Independent Entries with p = 0.15

Figure 2: We use € = 5 * 107°, a learning rate of 2e-2, an initialization scale of & = 10~ for (T2).
SDP was not deployed for (a) since the solution is not unique in the relaxed regime. For (b), the
variability of {2 necessitates running 10 distinct problem instances for each size n.

We see from figure [2] that across both instance families and sizes n, our lifted approach attains
consistently higher success rates. GNMR is competitive on the structured instance but degrades on
the independent model under the tested setting (o« = —1), while Lin—RFM, as an IRLS/Schatten-p
method, shows strong performance at smaller sizes in the independent model and is less effective
on the structured instance. Since high-order tensors require substantial RAM/VRAM to store, we
limit our experiments to small-scale settings given our current compute budget. We are actively
exploring methods to leverage the tensor framework without incurring such high computational costs,
particularly by investigating deterministic escape directions in the matrix space.

6 CONCLUSION

In conclusion, we shift from the classical goal of exact recovery of M™* to solving a carefully
designed surrogate that remains provably close to M* and whose landscape is amenable to over-
parameterization. By converting MC into the e-MC sensing surrogate, we obtain explicit accu-
racy—probability guarantees as functions of the sampling rate p and user-chosen e (Theorem [2.2)).
Coupled with a lifted tensor parameterization, this yields verifiable routes to global solutions even
with very few observations (Theorem [4.1)), echoing the broader observation that larger models can
make hard objectives tractable. We believe this also serves as a testament to why a certain degree of
perturbation and randomness is indispensable in modern over-parametrized machine learning.

!Code in the supplementary material; experiments run on an M1 Max MacBook Pro.
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REPRODUCIBILITY STATEMENT

This paper is fully committed to reproducibility. For the theoretical results, we clearly state all
assumptions, provide complete proofs in Appendix [D} and include step-by-step derivations with
citations to relevant prior work where appropriate. For the computational results, all code is included
in the supplementary material, organized into four files with well-structured functions. Each function
is given descriptive names and intuitive variables to ensure clarity and facilitate reproducibility. We
also included a dedicated function to show the visualization of Figure
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A LLM USE

This paper uses LLM exclusively for grammatical checks and improving flow of English. No LLM
was used for math derivation nor the writing of code.

B ADDITIONAL ABLATION STUDIES

In this section we complement our main experiments with ablation studies on the user-chosen
perturbation level e and the sampling probability p for the structured instance in problem (20).
Throughout, we consider the setting n = 6, depth £ = 3, and initialization magnitude 10~%.

064 BM reference (0.09)
mm XX — M |r=0.05

0.5 mm XX —M |r=0.01

Success rate

0.1 le-2 le-3 S5e-4 le-4 5e-5 le-5
User-chosen noise level £

0.6 - mm BM (structured MC)
mm Lifted £-MC, XX —M " |¢=0.05

mm Lifted -MC, XX —M " |r=0.01

Success rate

0.05 0.1 0.15 0.2 0.25 0.3 0.4
Sampling probability p

Figure 3: Ablation studies for the lifted e-MC formulation with n = 6, £ = 3, initialization magnitude
10~%. Top: Success rates with respect to the perturbation level e, under two reconstruction criteria
| X7 X} —M*||p <0.05and | X7 X} — M*||p < 0.01, together with the BM baseline success rate
(dashed line) for the structured instance (20). Success rate is polled from 100 independent trials each.
Bottom: Success rates of the independently sampled problem with respect to sampling probability p,
comparing the BM approach and the lifted e-MC method under both reconstruction criteria. For each
p level, 10 random masks are generated and 20 trials each are run for a total of 200 trials.
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Ablation on e. For the first study we fix the sampling pattern as in problem (20) and vary the
perturbation level ¢ € {0.1,1072,1073,5x107%,107%,5x1075,107°}. For each ¢, we record
the empirical success rates under the two reconstruction criteria || X7X,] — M*||r < 0.05 and
| X7 X} — M*||r < 0.01. As shown in the top panel of Figure the success curves for the two
thresholds closely track each other, indicating that this problem behaves as a “success or failure”
scenario rather than exhibiting a gradual degradation in reconstruction quality.

These trends are consistent with the error bound in Theorem [.1] (cf. inequality (I6)), which
decomposes into a computational part, proportional to 1/¢ (this rate is rather conservative and could
be improved, please see Lemma|D.T)), and an accuracy part e, capturing the mismatch between the
e-perturbed objective and the original matrix completion problem. For large € (e.g., 0.1 and 10~2),
the perturbation error e; dominates and the success rate is low even if the optimizer reaches a global
minimum of the e-MC landscape. As e decreases into an intermediate regime (roughly between 1073
and 5% 107°), the two terms balance and the success rate peaks. When e becomes too small (e.g.,
107?), the 1/e factor renders the problem numerically more challenging, and the empirical success
rate deteriorates.

Ablation on sampling probability p. In the second study we fix ¢ = 5x107* and vary the
sampling probability p € {0.05,0.1,0.15,0.2,0.25,0.3,0.4}. For each p, we again estimate the
success rates over 10 randomly generated masks with 20 trials each amounting to 200 trials in total for
both the BM method and our approach. The results are summarized in the bottom panel of Figure 3]

As p increases, both methods become more successful, as expected from having more observed
entries. The lifted e-MC approach exhibits a clear advantage in the low-p regime, where the BM
formulation struggles to recover the structured instance. At larger p, the BM baseline itself achieves
high success rates, which naturally reduces the margin between the two methods. At the same time,
further gains for our approach appear limited by the same computational term in the error bound:
while the accuracy part improves rapidly with p, the difficulty of optimizing the lifted problem
becomes the dominant factor.

Overall, these ablation studies illustrate how the choice of € and the sampling probability p jointly
govern the empirical behavior of the lifted e-MC formulation.

C ADDITIONAL DETAILS FOR NOISY LIFTED FRAMEWORK

C.1 ADDITIONAL DEFINITIONS

Definition C.1 (RIP). (Candés and Recht, [2009) Given a natural number p, the linear map A :
R™™ — R™ is said to satisfy ¢,-RIP if there is a constant 6,, € [0, 1) such that

(1 =) IME < A < 1+ 6,)IM 17
holds for matrices M € R™*™ satisfying rank(M) < p.

Definition C.2 (Tensor). As a generalization of the way vectors are used to parametrize finite-
dimensional vector spaces, we use arrays to parametrize tensors generated from product of finite-
dimensional vector spaces, as per|Comon et al.| (2008)). In particular, we define an [-way array as
such:
a={aiiy. |l <ip <ny,1 <k<I} e RMXxm

Note that in this paper tensors and arrays can be regarded as synonymous since there exists an
isomorphism between them. Moreover, if n; = --- = n;, then we call this tensor(array) an I-
order(way), n-dimensional tensor. For the convenience of tensor representation, we use the notation
R™! withn ol :==n x --- x n. In this work, tensors are denoted with bold variables, and other fonts
are reserved for matrices, vectors, and scalars unless specified otherwise.

Definition C.3 (Symmetric Tensor). Similar to the definition of symmetric matrices, for an order-/
tensor a with the same dimensions (i.e., n; = --- = ny), also called a cubic tensor, it is said that the
tensor is symmetric if its entries are invariance under any permutation of their indices:

iy ryvipay = Gigoiy Vo, i1,...,14 € {1,...,’17,}

where o € G; denotes a specific permutation and G; is the symmetric group of permutations on
{1,...,1}. We denote the set of symmetric tensors as S'(R").
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Definition C.4 (Rank of Tensors). The rank of a cubic tensor a € R™°! is defined as
rank(a) = min{r|a = Z U QU @+ @ w;}
i=1

for some vector u;, . .., w; € R™. Furthermore, according to|Kolda (2015), if a is a symmetric tensor,
then it can be decomposed as:

s T
a= Z/\iui ® QU = Z)\iu?l
i=1 i=1

and the rank is conveniently defined as the number of nonzero \;’s, which is very similar to the rank
of symmetric matrices indeed. The most important concept in our paper is rank-1 tensors, and for any
tensor a, a necessary and sufficient condition for it to be rank-1 is that

a=u®

for some u € R".

Definition C.5 (Tensor Multiplication). Outer product is an operation carried out on a pair of tensors,
denoted as ®. The outer product of 2 tensors a and b, respectively of orders [ and p, is a tensor of
order [ + p, denoted as ¢ = a ® b such that:

Ciy.igjnjp — ail...ilbjl...jp

When the 2 tensors are of the same dimension, this product is such that ® : R0l x R7°P s RrO(+p)
Henceforth, we use the shorthand notation

a®-~-®a::a®l

—_————

1 times

We also define an inner product of two tensors. The mode-q inner product between the 2 aforemen-
tioned tensors having the same ¢-th dimension is denoted as (a, b),. Without loss of generality,

assume that ¢ = 1 and
7lq

[<a7 b>q]i2,__ilj2,,,jp = Z aaig...izbabmjp
a=1

Note that when we write (-, -),, we count the g-th dimension of the first entry. Indeed, this definition
of inner product can also be trivially extended to multi-mode inner products by just summing over all
modes, denoted as (a, b), . s.

Lemma C.6 (Section 10.2 [Petersen et al.| (2008))). For four arbitrary matrices A, B, C, D of compat-
ible dimensions, it holds that

(A® B,C ® D)4 = AC ® BD 1)

Definition C.7 (Variational Eigenvalue of Tensors|Ma et al.| (2024)). For a given tensor w € Rl
we define its k' variational eigenvalue (v-Eigenvalue) A} (w) as

[(w, u)|

Ap(w) = max min , keln]

2
dim(SS)=k ues ||u||F

where S is a subspace of R™°! that is spanned by a set of orthogonal, symmetric, rank-1 tensors. Its
dimension denotes the number of orthogonal tensors that span this space.

C.2 FORMULATION DETAILS

As noted in our main formulation (T2)), the decision variable w is a tensor of dimension nr X - - - X nr,
since it serves as a repeated outer product of vec(X) with X € R™*" being our original decision
variable in (I) (here we assume 7saen = 7). The permutation P is needed in order to convert
w € R™°! back to RI"*"1°! in order to do meaningful inner products. P € R™*"*"" is defined as

(P,vec(X))3 =X VX eR™ nreZt
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Such P can be easily constructed via filling appropriate scalar "1"s in the tensor. Via Lemma|C.1] we
also know that
(PP, vee(X) ).y = (P, vee(X))s)® = X&' (22)

Notationally, we abbreviate (P!, w)3,; as P(w) for enhanced readability for an arbitrary tensor w
with dimension greater or equal to 2.

Since we also make extensive use of first and second order critical points of (IZ), we present them
here for accessibility:

Lemma C.8. The tensor w € R"°! is an SOP of if and only if
(VP (W), P(W))aup), P(W))2uy = 0, (23a)
2V FL((P(W), P(#))ouiy), (P(A), P(A)) 0+
[(ASL (P (W).P(A))ouy) + (P(A), (W)l 20 VA € R
with (Z3b) being a necessary and sufficient condition for % to be a FOP and ¥V f. (M) is defined as
VAL (M) = (A% A% M) — [(A*A, M) + (A", @) 24)

(23b)

The proof to this lemma is highly technical and can be obtained by slightly changing the proof to
Lemma 7 in Ma et al.| (2024) by changing b = A(M™*) to b = A(M*) + 1w defined above.

Here we present the full theorem of Theorem [3.2]regarding implicit bias in (I2):

Theorem C.9. Consider a finite-horizon gradient descent trajectory {wy }c () of (I2) with w1 =

w; — nVhl(wy) starting from the initialization wq = 536%“ with £ € R denoting the scale of the
initialization, 1) representing the step-size and o € R"™ being an arbitrary vector with ||z |3 = 1.
Then there exists t(k,1) > 1 and k < 1 such that

A5 (Wy) .
AY(we) =

if the initialization scale & is sufficiently small, where t(k, 1) is expressed as

_ |9€ol2> <1+noi(U))_1
““’”‘Pn(ﬁwixov M\ Tl ) 0

where 01 (U) and 02 (U) denote the first and second singular values of U and vy, ve are the associated
singular vectors, with

vt € [t(k, 1), T) (25)

U= (A.,b) eR"™ A, =1 093A (27)

Next, we present a technical extension of Theorem [4.1] and Theorem [C.9] showing how gradient
descent initialized with small scale can help ensure that second-order points of lifted version of
remain very close to M * along the optimization trajectory

Theorem C.10. Consider a generic matrix completion problem under the same premise as given in
Theorem Assume that the symmetric tensor w € R"°! is a second-order point (local minima)
of (T2) that is r-rank-1 with s < O(1/||M*||%). This can be achieved by initializing the vanilla
gradient algorithm at wy = fxf)@l with a sufficiently small £ > 0 € R. Then after iterations t(k,1)
given in (26), Theorem|[C.9|ensures that all tensors along the trajectory will become r-rank-1.

If W’s major spectral decomposition is given as W = Agi2®' + W' with & € R™ being a FOP of
(ensured by Proposition 2 in|Ma et al.|(2024)), we know that

A A 1 N
|M* = XX ||p < =X (X)V/tr(M*) + O(/re?) + ey (28)
€
holds with probability at least q, under the condition that | is odd and meets the requirement:
1 tr(M*)A(XXT
I>— 3= rEA ) ) . (29)
1 —log,(28) €2 (HM* —XXT||%—O(7’/<;1/Z)—62)

where e1, ea, and q are identical to those given in Theorem .| depending on different MC instances.

The proof of this Theorem is omitted because it directly follows from Theorem .| Theorem [C.9]
and Theorem 2 in Ma et al.| (2024)).
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D MISSING PROOFS

Lemma D.1 (RIP/RSC of e-MC). Let Ag : R™"*"™ — R™ be the sensing operator associated with
a matrix completion problem, and let Aq . be its e-perturbed version defined as in @) for some
€ (0,1). Then the corresponding e-MC objective

fe(M) = [[Aq,(M)|3
satisfies the (1,n)-RSS property and the (€2, n)-RSC property, i.e.,
M7 < [Aa(M)3 < M|F  forall M € R™™".

In addition, suppose each entry of the original matrix completion problem is independently observed
with probability p € (0, 1], and let Pq, denote the sampling projector. Then

Efl[Ae.(M)[3] = (p+€(1—p)) IMIIF,
so that the RSC constant improves in expectation from €2 to p + €2(1 — p).

Moreover, with probability at least 1 — 6,

A3 2 (1= ) [p = o EE2L DT oy

where the spikiness of M is defined as

|| M || max

asP(M) = ||M||F

5 ||MHmax = H}E;,X|M1J|
5

Proof to Lemma([D.1] By construction of Ag . (see (3))), we have that

MaMIF= > Mj+e Y M
(i.5)€Q (6.9) ¢
= | M|[E + (1 =€) [ Pa(M)]|7,

where P, is the sampling projector that keeps entries in €2 and zeros out the rest.

Global RSS/RSC. For any M,
0 < [[Pa(M)IF < [|M]E.
Plugging these bounds into the decomposition above, we obtain
EIM|E < EIMIE+ (1~ e)|Pa(M)|F < EIM|F + (1 )| M][5 = [[M][3-

This yields the global (e2,1)-RSC and (1,n)-RSS inequalities.
Expected RSC constant under Bernoulli sampling. Now assume each entry is observed indepen-
dently with probability p € (0, 1], so S;; ~ Bernoulli(p) and
Po(M)i; = SijMi;.
Then
E|| Po(M)[[T =B S Mj =p ) M = pl|M][%.
2% ]

Taking expectations in the decomposition
[, (M)[I3 = €[|M |7 + (1 — €)]| Pa(M)][3

gives
E[| A (M)]3] = €M% + (1 - ) p|M|E = (p+ (1 —p)) IM]F,
which is the claimed improvement of the RSC constant in expectation.
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High-probability RSC via spikiness. To obtain a meaningful deviation guarantee from the afore-
mentioned mean, we control || Po(M)|% via a scalar Bernstein inequality and the spikiness of
M.
Write
2 2
[Pa(M)|[3 = Sy M.
(2]

Define
Xij = (Sij —p) Mj; X = Xij = | Po(M)[|3 — pl|M|%.

179
0,

Each X;; is mean-zero and independent. Let B := || M||% ... Then
|Xi;| < B, Var(Xy;) = p(1—p)M;; < pM;.
Hence the variance proxy

Var(X) =Y Var(Xy;) < pY M} < p|M|}.|IM|% = pB| M|
i’j 7’7J

Using a standard one-sided Bernstein-type inequality for a random variable X satisfying a Bernstein
condition with parameter b,

IP’(X >EX — (blog(1/6) + 2 Var(X) 1og(1/5))) > 1-4,

and applying it to X = ||Po(M)||% — p||M||% with b = B and Var(X) < pB|| M|
with probability at least 1 — 4,

[Pa(M)|[3 > pl| M7 — Blog(1/8) — 2pB]|M||3 log(1/d).
Dividing by || M ||% yields

2 .
+, we obtain,

[Pa(M)|% B B
Il > 2 log(1/8) — 20— log(1/9).
1M1 1M1 1M
By the spikiness definition,
N||M|? n’B B asp(M)?
Qs (M)2 _ max __ — — D ,
’ 1M]1% 1M]1% 1M]]% n?
so we obtain, with probability at least 1 — 6,
[P (M)][F 2 (1+ 2p) log(1/4)
BIIE > 0 g (M .
g =Pt
Finally, substituting this bound back into the decomposition of ||Aq,(M)|3 gives
(M3 Po(M)|2
Ao ODIE _ 2 3y IPa0DI
[ M[7 [ M][7
1+ 2p) log(1/d
> 24 (1) [p— (LA

n2

which shows that, with probability at least 1 — §, the e-MC operator enjoys an (s, n)-RSC property
with o as stated in the lemma. O

Proof to Theorem[2.2] To begin with, we reiterate our elementary results which follows from the
definition of M and that of (7):

0> wa(MT) _fU)e(M*)

1 ) 1 . 1
:§HAQ,6(MT -M )||2§,2 + §||AQ,E(MT — M*) —wel[Zy — §||w6||§,2

1 . 1 1, .
:§HAQ,6(MT -M )||i‘~,2 + §||AQ,6(MT)H?§,2 - §€2||M 13,2

1 * 1 *
> Mo, (M = M5, — 2@

18
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This follows from the simple observation that
(we); = —evec(M*); V i€ [n?]
Then moving 3€2||M* || , to the left hand side, and adding || Mt — M*[|% , to both sides gives
1M — M5 < |MT = MG+ M7, (30)
If we define a new vector d € R™” in which
d == vec(MT — M*) ® vec(M' — M*) + €2 vec(M*) ® vec(M*)
then we know that

d; = (vec(M1); — vee(M*);)” + € vec(M*)2 >0 V i € [n?]

So if we further define a series of random variables {r1, 72, ..., 7,2} with
vy = 0 wit.h probabil.it.y D 31)
d; with probability 1 — p
Then we know that
’I’L2
IMF = M*||E + S| M (G2 =) ri=R (32)
i=1
because for any matrix M € R™*"2_ we have
ning . e
0 with probability p
Ml% = 2 ;=
115 21: Mi, M {vec(M)i with probability 1 — p

Then we simply acknowledge that 0 < r; < d; almost surely, which sets up the premise to use
Hoeffding’s inequality (Hoeffding} |1994)). This concentration inequality gives that

P(R<E[R]+t)>1—exp Ji 1exp<_2t22) (33)
S (d; — 0)2 1dll3

First of all, we could easily derive that

712

B[R] = (1= p) [ (vee(MT); = vee(M");)° + ¢ vee(M")?]

i

(34)
=1 —p) (IM" = M*||F + || M*7)
Therefore combining (30), (33) and (34) we have
* * * _2t2
PN =M < (=) (I = M+ U1 +0) 21— (T ) 69)
2

Then we can choose
t=x ([|IM" = M*[|5 + €|M*[|3) = xld]l

for some constant x < p. This will then transform (33)) into

* * * _2t2
(I = M7 < (1= p 20 (M7 = B+ 2IACIR) 2 1 - oxp (T
2
= P((p— )M = M"|p < (1 —p+x)e*|M"|5) > 1 —exp —az ) ©9
2
1-— —2x?%||d||3
pP—X 1dllz
which proves our desired result directly. O
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Proof of Theorem[3.1] First of all, we hope to decompose the Hessian of (T)) at a second order point
X € R™*", Classic matrix sensing literatures like [Ha et al.[(2020); Zhang et al. (2021); [Li et al.
(2019) give that the second-order critical condition of (1)) are given as

VAXXT)X =0, (37)
AVFXXT), U + [V2AXXXUT +UX T, XUT +UX") >0 YU e R™" (38)

with being the first order critical condition. Moreover, since the sensing matrices { 4; };¢[,,) can
be assumed be to symmetric without loss of generality (Zhang et al., [2021), we have that

V2AXXO(XUT +UX T, XUT +UX ") =4[V (XX (XU, XUT).
We then could decompose LHS of as 2C + 4C5 where
CL= (VAXX"),0UT), Cy:=[V2f(XXN(XUT,XUT)

Given the assumption that (I)) obeys some RSS condition, it is possible to upper-bound Cs by
observing

VZFXXO(XUT +UX T, XUT +UX") < L XUT +UXT|%

Therefore, if want to somehow create an negative escape direction for X, itis important that we
find a U such that (' is negative and large in magnitude, and then amplify this term via tensor
parametrization. To do so, we first do a more in-depth analysis of V f(X X 7). As mentioned above,

since V f(-) can be assumed to be symmetric, one can select u € R" such that u' Vf(22 " )u =
Amin(Vf(227)). Then via the definition of RSC we have

A~ A A A A [0 7NN "
FOMT) 2 f(XXT) + (VA(XXT), M* = XXT) 4+ [ XXT = M. (39)
With X being a first-order point, according to
VAXXNHX =0 = (VA(XXT),XXT)=0
Therefore, if in (I)) our b is corrupted as A(M™*) + @, then plugging it back into gives

- v * [CZ TP * *
(VAXXT), M) < = lad" = M*|[f+ f(M7) = f(XXT)
Qs 1o s * *
S*?HIJJ*M 1%+ f(M*) (40)
112
[C TR * w
= % aaT a4 122

where the second inequality follows from the fact that f(-) > 0 in its entire domain and the last

inequality follows from f(M*) = 1/2||A(M*) — A(M*) — w||3 = ||w||3/2. Furthermore, since

both Vf(XX ) and M* are assumed to be positive semidefinite,
(VAXXT), M*) > A (VF(XXT)) tr(M)

which implies that

—a | XXT - Me|E + @l

Amin(VA(XXT)) < 41
(VI(XXT)) < STRATR) @
Furthermore, (T3) gives us
IXXT = M5 > [@]3/as
since £= ), (XXT)tr(M*) > 0 by definition. This means that
o —ay XX'T - M* 2 ~ 112

2tr(M*)
Thus, with this result equipped, we can further find a U that makes C'; small. In the most convenient

manner, we first consider the eigenvector u € R™ of V(X X T) associated with A (V£ (XX T)).
Additionally we consider ¢ € R" to be the r-th singular value of X, with

[Xqll2 = 0r(X),  llal2=1
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Then choosing U € R™*"™ = ugq " leads to
Cy = (VA(XXT),UUT) = (VA XXT) uuT) = -G

where G = —Apin(V f (X X T)) > 0. By recalling X Tu = 0 according to the first-order condition
(37), we can further bound C5 with this chocie of U as

Ly XUT + UX T3 = LyJ[u(Xq) T + (Xq)uT[I%

= 2L,|| Xqll% + 2Ls(q " (X "))’

= 2L M (XXT),
leading to

1 .
Cy < §LS)\T(XXT)
Now, if we choose A = vec(U)®! for the aforementioned U € R"*", the LHS of (23b) can be
expressed as:
A A « N 1 ~
2(A, XX )3 (A uu")23) =2 (((A, M*)a3 + @) (A uuT)az) +4(|[(A, XUT)25)3)"
SQ()‘min(vf(XXT)))l + 40%
=20 +4C}
(43)
where the inequality follows from:
a”=b"<(a—b)", Vo>a>0
Here, since a — b = C; < 0, the above inequality can be used. As a result,
1 2 IRy

Part 1

Part 2

We know since G > 0, Part 1 is always negative assuming [ is odd, and Part 2 is always positive.
Therefore, it suffices to find an order [ such that

G'> (127 LA (XX T (44)

Conveniently, (@2)) says that
o QM= XX T — ol
- 2tr(M*) ’

(45)

which can be used to derive sufficient condition for (#4). Therefore, if

(aSHM* ~ XXT|2 — |93

l
ST ) > (1/27 LA (XX,

we can conclude that (@4) holds, which implies that the LHS of (23b) is negative, directly proving that
X®!is not an SOP anymore. Elementary manipulations of the above equation give that a sufficient
condition is

. Lo oo
[M* = XX T3 = |@]3/as > 2P =N (XX T) tr(M™) (46)
as
We now consider (T3), which means that

as||M* — XX T — ||w]]3

v T
<
Ar(XXT) < L, tr(M~)

(47)
Subsequently, define a constant  such that

|| M — XX T — [lo]3

Ls)\r(XXT) =7 2tr(M*)
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Then, (@3) and together imply that 1 < v < 2. Using this simplified notation, our sufficient
condition (46)) becomes

~y
o(—1)/1
Given 1 <« < 2, there always exists a large enough [ such that (@8) holds, which proves that LHS
of is negative, proving that vec(X)®! is a strict saddle, concluding the proof.

1> (48)

To derive a sufficient [, we simply acknowledge

2L tr(MOA(XXT) 28
as||[M* = XX T3 — [lwl3

and that 8 < 1 due to assumption (T3). Therefore, for (48] to hold true, it is enough to have
1

11
N — > log,(2 ' T 029
> 28 = e 0g2(26) = 1> 1 —log,(28)

O

Proof of Theorem[C.9] First of all, we hope to decompose the GD trajectory of (T2) {w,}{_, as
follows:
Wt+1 = <Zt,WQ> — Ef, = ﬁ/t — Et (49)

where
Zo = (I +n(AZ 02, A, =1 003 A
t

Ey =) (T+n(AY0%))'E;

=1
Ei = n(((A})* AL (P(Wi 1), P(Wi_1))2.0) Wi—1)2.
(Alr)*Al — <(Ar)®l7A®l>3,6,..4,3l c R[nrxanan]ol

This can be proved via induction where
wi = (T+ (AL 5 — (A1) (P(wo), P(w)) ) wo

= (Z+ (AP, b%"))wo — n((AL)*A', (P(wy), P(wo))) wo
= (Z1,wo) — E;

This serves as our base case, and the induction step can be proven as
wirr = (T4 (AP, 5% — (%) (P(wy), P(wy) ) we
= (Z+ (A7 0%))we — (A7) A, (P(we), P(wy))) wy
= (T+ (AP0 wy — By
AR (1 T AN ) B
i=1

¢
=Wip1 — Z(Z + (AL PPN TR, — By

=1
t+1 B

= Wil — Z(I + (AL b)) IR,
i=1

= €Vt+1 - Et

Therefore, we can then use a version of Lemma 13 and Lemma 2 in Ma et al.| (2024) with U =
(ArA, M*) replaced with U = (A,,b); to prove this theorem, following the steps in proof to
Theorem 1 inMa et al.|(2024). L]
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Proof to Theorem[{.1] For the general matrix completion case, as promised by Lemma [2.1] the
theorem is proved by substituting L, = 1, a; = €2 into Theorem and since this is a deterministic
result, it happens with probability 1, meaning that for any second-order point W = X®! of (12), it
satisfies that

M3,

. L. -4
IM* — XX T||p < \/‘AT(XXT)tr(M*) + -

Qg €

L oo
_ \/A,(XXUtr(JW) + MG, p

Qs

(50)

Lo oo .
< \/)\,,(XXT)tr(M*) + M|, p

Qs

1 \ *
= “A(X) V(M) + [ Ml rF
where [ has to obey equation (14) as stated in Theorem 3.1

In the case of each entry of M™ being observed independently with probability p, we first apply
Theorem [T with @ = 0 to (7), meaning that we first assume that no noise exists in b. This is the
case where we are actually trying to recover the global solution of (7)), denoted as M. This means

that for any rank-1 critical point W = X ®' of (T2), it is a second-order point only if

A A 1 A A N
[XXT = MI|E < SA(XXT) (M) (51)
holds, when [ is odd and satisfies
* o v T
1> b g Ler(AXX ) (52)
1 —logy(28) e|[M* — XXT|2

The above statement holds deterministically. However, Theorem@]also tells us that
]_ _
24 = 21 < P e

with high probability, so then by a triangle inequality we have that the conversion criterion above
transforms to

IXXT = M*||p < [|IXXT = M5+ ||M" — M*||5

; : — (53)
€ p—X

with the same probability stated in Theorem 2.2} thereby concluding the proof. O

E SPATIAL DISTRIBUTION OF RECONSTRUCTION ERROR

Global metrics such as the Frobenius error || A/*®' — M*|| r summarize the quality of reconstruction in
a single number, but they do not reveal how errors are distributed across the matrix. In such cases, it
is natural to ask whether failure manifests as a few “bad” rows or columns, or whether the algorithm
fits the observed entries well but extrapolates incorrectly on a subset of unobserved entries.

To investigate this question, we analyze the entrywise squared error
2 sol *12
Eij = (M:JO - Mij)

and its spatial distribution over the matrix. We consider the structured instance of problem (20) and
use our method described in Theorem to obtain reconstructed solutions M*°!. We performed
numerical studies on E, and have made some interesting observations. A striking feature of all
unsuccessful runs is that the error on observed entries is essentially zero. The optimization procedure
consistently recovers the observed data very accurately. The non-negligible reconstruction error
is confined to unobserved entries, indicating that the algorithm converges to stationary points that
are locally optimal with respect to the observed data, rather than diverging or producing a globally
incoherent factorization.
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sO sl s2 s3 s4 s5 s6 s7 s8 s9

MSEqps  3.26e-8 4.89e-8 9.46e-9 9.79e-9 1.35e-8 1.67e-8 1.07e-8 9.40e-9 1.41e-8 1.50e-8
MSEunobs 2.67¢0 4.95e-8 2.67¢0 2.67e0 8.23e-8 8.24e-8 2.67e0 2.67¢0 2.67e0 2.67e0

Table 2: Mean-squared error on observed and unobserved entries for the structured instance in
problem withn = 8, ¢ = 3, ¢ = 1074, learning rate 0.02, and initialization scale 10~4.
Columns s0-s9 correspond to independent runs (sol_0-sol_9). In most runs, MSE, is near
machine precision while MSE, s is either of order 1 (unsuccessful completions) or of order 108
(successful completions), highlighting that unsuccessful runs fit the observed entries but differ in
their extrapolation to unobserved entries.

Table [2 showcases this phenomenon quantitatively. Across 10 independent runs, we report the mean-
squared error on observed and unobserved entries, denoted MSE s and MSE,0ps, respectively. In 10
out of 10 runs, MSEy, is on the order of 10~8 or even lower, while MSE,,0ps is solely responsible in
determining whether the reconstruction was successful or not. This shows a gap of roughly eight
orders of magnitude between the observed and unobserved regions. To take a closer look at the results,
we selected 4 runs out of the 10 and plotted their entrywise reconstruction errors using heat-maps in
Figure[d] We overlayed the observation mask {2 with white squares indicating the observed entries,
while the background color encodes the squared reconstruction error.

From Figure @] we observe that the error patterns on the unobserved entries differ substantially
across the three unsuccessful runs. In each case, different subsets of the unobserved region carry
the dominant error, and there is no single block or band that is systematically problematic across
runs. This behavior is consistent with the presence of many spurious local minima in problem (20):
different random initializations lead gradient descent to distinct low-rank completions that interpolate
the observed entries but disagree on how to fill in the missing part. In contrast, the successful run
exhibits uniformly small squared error on both observed and unobserved entries, corresponding to
convergence to the global minimum. Taken together, these experiments suggest that unsuccessful
recoveries are primarily due to convergence to benign local minima that fit the data but differ in their
extrapolation to unobserved entries, rather than to systematic failure in any specific region of the
matrix.
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Figure 4: Spatial distribution of squared reconstruction error for the structured instance in prob-
lem (20) with n = 8, ¢ = 3, ¢ = 10~*, learning rate 0.02, and initialization scale 10~%. The
background colormap shows (M:9! — M7)2, and white squares denote observed entries (i, j) € .
In the three runs with higher global error (a)—(c), the reconstruction is essentially exact on observed
entries and the error is concentrated on unobserved entries, with different spatial patterns across runs.
In the successful run (d), the error is small on both observed and unobserved entries.
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