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Abstract

Recent work on large language models has demonstrated the use of model-free
reinforcement learning (RL) to train reasoning-like capabilities. The emergence of
"thinking" through model-free RL is interesting as thinking actions neither produce
reward nor change the external world state to one where the agent is more likely
to get reward. This paper seeks to build a domain-independent understanding
of when model-free RL will lead to such "thinking" as a strategy for reward
maximization. To build this understanding, we first introduce a theoretical model
which we call a thought Markov decision process (MDP). Thought MDPs minimally
extend the classical MDP model to include an abstract notion of thought state and
thought action. Using the thought MDP model, we prove the importance of policy
initialization in determining whether or not thinking emerges and show formally
that thought actions are equivalent to the agent choosing to perform a step of policy
improvement before continuing to act. We then show that open-source LLMs
satisfy the conditions that our theory predicts are necessary for model-free RL to
produce thinking-like behavior. Finally, we hypothesize sufficient conditions that
would enable thinking to be learned outside of language generation and introduce a
toy domain where a combination of multi-task pre-training and designated thought
actions enable more data-efficient RL compared to non-thinking agents.

1 Introduction

Dual process theory divides cognitive processing into System 1 and System 2 processing [Wason
and Evans, 1974, Kahneman, 2003]. System 1 processing is fast, effortless, but potentially impre-
cise, whereas System 2 is slow, effortful, but potentially produces better decisions. In the field of
computational reinforcement learning (RL), model-free learning is reminiscent of System 1 behavior,
whereas model-based decision-time planning is reminiscent of System 2. While dual process theory
is a popular model for understanding human cognition [Kahneman, 2011], there is no single clear
candidate architecture for its duplication in artificial agents.

In the context of large language models (LLMs), recent work by Guo et al. proposed a unified
model whereby System 2 type “thinking” emerged as a consequence of model-free RL applied to
solve mathematics problems (2025). While this “thinking" appears to resemble thoughts that a
human would have when answering a given query, these outputs arise solely as subservient to reward
maximization. The approach is interesting as it suggests that a form of System 2 processing can
emerge when we view thinking as control and reinforce thought patterns that lead to reward. Our
objective is to develop a domain-independent understanding of the conditions under which model-free
RL will select for thinking behavior. Specifically, we want to answer the question:

Under what conditions will model-free reinforcement learning give rise to thinking as a strategy for
reward maximization?
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Informally, we define thinking to be actions that do not directly produce reward or affect the external
state of an agent’s environment but that lead the agent to take a course of action that increases the
reward it will receive in the future. To answer our research question, we first formulate a minimal
extension of the classical MDP model to explicitly model thought actions and a notion of a controllable
thought state. We then show how policy initialization plays a central role in whether policy iteration
will select thought actions. Under our theoretical model, we will show that thinking can be viewed
as selecting between a set of sub-policies that are already contained in the learning agent’s policy
function and that thought actions can be interpreted as the agent choosing to run one or more steps of
policy improvement before continuing to act. We then discuss how LLMs instantiate our thought
MDP formalism and provide empirical evidence that they exhibit the necessary conditions for thinking
to emerge. Our final contribution is to introduce a simple domain and multi-task pre-training set-up
that induces the condition under which model-free RL will discover thinking behavior. This simple
domain provides a basis for future work studying agents that learn to think and act. We conclude by
discussing open questions and directions for future work raised by this model of deliberative thinking
in RL.

2 Related Work

In this section, we discuss the prior literature related to System 2 processing in RL as well as prior
models of “mental” actions an agent can take.

Decision-time Planning A hallmark of System 2 processing is deliberative planning as opposed to
reflexive action. Thus, a natural way to instantiate System 2 in artificial agents is to use decision-time
planning, e.g., Monte Carlo tree search [Kocsis and Szepesvari, 2006], and many works in the RL
literature have used this approach [e.g., Anthony et al., 2017, Silver et al., 2016, 2017, Silver, 2009,
Schrittwieser et al., 2021, Shah et al., 2020]. Decision-time planning is particularly effective when
the agent’s policy or value function is sub-optimal but the agent possesses an accurate model of
state transitions [Sutton and Barto, 2018]. In this case, planning can be viewed as focused policy
improvement to improve the decision at the agent’s current state before it acts. As we will show, the
idea of thinking as local policy improvement also applies when an RL agent learns to think in our
new thought MDP model. The key difference is that we consider a more abstract model of thinking
without any notion of forward prediction and search. Furthermore, there is also no natural answer to
the question of when to stop planning and act with most decision-time planning methods. MCTS is
an anytime algorithm and the general practice is to allow as much search is possible in the application
domain [Silver et al., 2016, 2017]. On the other hand, model-free learning in our thought MDP model
will directly relate the decision about when to stop thinking to the objective of return maximization.
Some work in the (non-learning) planning literature has also studied the question of when to think vs.
when to act [Cashmore et al., 2019, Coles et al., 2024].

Learning to Plan As neural networks are general-purpose function approximators, they can, in
principle, learn algorithmic planning or reasoning computations and prior work has attempted to
induce planning capabilities through specialized architectures [Tamar et al., 2017, Farquhar et al.,
2018, Guez et al., 2019, 2018, Niu et al., 2018, Weber et al., 2018, Sykora et al., 2020, Schleich et al.,
2019, Oh et al., 2017]. Guez et al. showed that planning-like computations could emerge through
model-free learning (2019) and Bush et al. [2025] applied mechanistic interpretability approaches to
show that the approach of Guez et al. [2019] did in fact learn planning computations (i.e., the network
internally learned to propose and evaluate future candidate action sequences). While such works
also show that model-free RL can produce thinking behavior, the main difference is that thinking
refers to the computation done by the agent’s policy, whereas we study thinking as an action selected
by the agent’s policy. More similar to this conception of thinking, the thinker architecture (Chung
et al. [2023], Wang et al. [2025]) trains a policy to select actions both for environment interaction and
planning in a learned model. In contrast, we consider a model-free conception of thinking.

Reasoning in LLMs In the past couple of years, a large number of methods have been developed
to create System 2 capabilities in LLMs, with particular emphasis on math and coding problems.
One prominent approach is chain-of-thought (CoT) prompting in which a user changes their query to
include explicit examples of correct responses [Wei et al., 2023]. A more basic variant of CoT is just
to prompt the model to “think step by step" [Kojima et al., 2023]. Many other variations have also
been proposed [e.g., Yao et al., 2023a,b, Wang et al., 2023]. Another paradigm has been to augment



output generation with an explicit search procedure [e.g., Khanov et al., 2024, Liu et al., 2023, Zhou
et al., 2023, Zhang et al., 2023, Chen et al., 2024]. Finally, recent works have used model-free RL
to train LLMs to output CoT reasoning [Guo et al., 2025, OpenAl et al., 2024]. Our work takes
inspiration from these works but aims to go beyond LLMs in understanding when thinking-like
behavior can emerge in RL agents.

Cognition as Action The idea of thinking as a form of action has a long history in Al and RL.
Minsky theorized on the mind as a society of agents whose collective actions produce cognition and
action [Minsky, 1986]. Klopf’s hedonistic neuron hypothesis modelled neurons as individual RL
agents [Klopf, 1982]. This hypothesis has led to a line of work studying alternative neural network
architectures in which artificial neural activity is produced by the stochastic policies of simple RL
agents [Thomas, 2011, Kostas et al., 2019, Gupta et al., 2021]. More similar to our work, some prior
work has considered augmenting the agent’s environment action-space with a form of mental action.
These works have focused on the challenge of memory in partially observable domains and using
explicit memory read or write actions as an alternative to recurrent neural networks. For instance,
Peshkin et al. [2001] augment an RL agent with a set of memory write actions and the contents of the
memory are then provided to the agent as an additional input along with the environment state; Zhang
et al. [2015] extend this approach to robot manipulation tasks. Various neural architectures have
been developed with external memory that can be written to and read from [e.g., Graves et al., 2014,
Zaremba and Sutskever, 2016] and Oh et al. [2016] explored these architectures for RL. The thought
MDP model differs in that the agent has access to a Markov state representation and so thought actions
serve to manipulate the agent’s policy as opposed to remembering details of the past. Prior work has
used the framework of rational meta-reasoning to study computation selection as a form of action
[Hay et al., 2012] and even consider using RL to learn a computation selection policy [Callaway et al.,
2018]. These works differ in that they study choosing among concrete computations as opposed to
the abstract model of thinking as manipulating the agent’s internal state that we consider.

The Options Framework Finally, thought MDPs are related to the options framework that is often
used in hierarchical RL [Sutton et al., 1999]. In the options framework, the agent’s policy is over
a set of options where options are either primitive actions or sub-policies. The crucial difference
is that in the options framework, the selection of an option and the execution of that option’s first
action both occur within a single time step, whereas this execution would take at least two steps
in a thought MDP. This difference suggests that thought MDPs might naturally model the cost of
switching options, particularly when the agent cannot directly set its thought state and must instead
think for multiple steps to select the best option. Thus, thought MDPs might be particularly useful as
an alternative to the options with deliberation cost model [Harb et al., 2018].

3 Formal Model

In this section, we first formalize the standard RL problem using the MDP formalism and then
introduce the thought MDP model to explicitly model thinking.

3.1 RL in Markov Decision Processes

RL environments are typically modeled as Markov decision processes (MDPs). Formally, an MDP
is a tuple, (S, A, p,r,~), where S is the environment state space, A is the set of actions that the
agent can take to influence the environment state, p : S x A — A(S) is a stochastic state transition
function, r : § x A — R is a scalar-valued reward function, and + is a discount factor. At any
moment in time, the agent is in state .Sy, takes an action, A;, receives a reward, R; = r(S;, A¢), and
transitions to a new state, S;11. Then the process repeats from Sy, until a special terminal state,
Sco, 18 reached. The agent selects actions according to a policy, 7 : S — A(.A). The value of using
a policy from a particular state, s, is defined to be v, (s) = E.[> 1= 7" R¢|So = s|. In RL, the
agent’s objective is to find a policy that maximizes v, (s) in all states.

3.2 Thought MDPs

We now extend the MDP model to explicitly model thinking. We formally define a thought MDP
as the tuple (S, A, p,r,v,T,C,p7), where S and A are the environment’s state and action space
respectively and p, r, v are defined as they are for MDPs. We add T as the set of thought states, C as



the set of thought actions, and pr : S x T x C — A(T) as the thought transition function. Recalling
our informal definition of thinking in the introduction, we emphasize that thought states and actions
do not affect environment state transitions and rewards. The agent’s objective remains to maximize
cumulative discounted reward across all environment states.!

Policies in Thought MDPs There are different ways to define the agent’s policy in a thought MDP.
In this work, we formalize policies as a mapping 7 : S x T — A(AUC). This choice means that the
agent can select either an environment action or a thought action at any interaction time-step but not
both. We make this choice to connect to work in LLMs that inspired this model, but an alternative is
that the policy is a mapping 7 : S x T — A(A x C), i.e., the agent can think and act at the same time.
Such modelling might be more appropriate for real-time domains where the agent cannot simply
sit and think as the rest of the world evolves around it. There, of course, may be other alternatives
that could be considered in future work. Below, we will use the notation 7(7) to refer to the agent’s
state-dependent policy with the thought state fixed at 7.

Interaction in Thought MDPs In a thought MDP, interaction proceeds as follows. Episodes begin
in an environment state, Sy, and thought state, 7, and the agent chooses either an environment action
or thought action according to its policy. Let Ay be the random variable denoting this choice. If
Aj € A then the environment state, S, at the next time-step is sampled from p(+|Sy, Ao), the thought
state 7 keeps the value of 79, and the agent receives reward Ry := r(Sp, Ag). Conversely, if Ag € C,
then S keeps the value of Sy, ¢ is sampled from p7(-|So, 79, Co), and the agent receives Ry = 0.
Then the process repeats with the agent selecting either an environment or thought action from its
policy until the agent reaches a special terminal state so, € S. For thought MDPs, we define the
value function to be v, (s, 7) = Ex[Y ;0,7 R¢|So = 5,70 = 7]

Key Assumptions We aim to introduce a general model of thinking in MDPs, however, our
subsequent analysis will make two assumptions which we state formally here. First, we assume that
thought state transitions are deterministic in order to simplify our analysis and because it is also the
case for LLM agents.

Assumption 1 (Deterministic Thought Transitions). Vs € S,7 € T,c € C py(7'|s,7,¢) = 1 for
one and only one 7’ € T. We will write p7(s, 7, ¢) € T to denote the thought state that results from
taking c in (s, 7).

Second, we assume that all rewards are non-negative as otherwise thinking could emerge as a strategy
solely for the purpose of putting off receiving a negative reward, i.e., if all rewards are negative then
the agent will be incentivized to just keep taking thought actions rather than environment actions.

Assumption 2 (Non-negative Rewards). Vs € S,a € A, r(s,a) > 0.

Finally, we assume reachable positive reward from all states, as otherwise there will exist states where
the agent is indifferent to whether it takes a thought action or an environment action.

Assumption 3 (Reachable Positive Reward). 3s € S,a € A with r(s,a) > 0 and V§ € S there
exists a policy such that the probability of transitioning from s to s in a finite number of steps is
greater than zero.

Modeling of Time Our formalism raises questions about how time should be treated for the two
forms of action. First, should the discount factor be applied equally for both thinking and non-thinking
time-steps? Equal application discourages thinking as thought actions do not influence reward either
directly or indirectly through the environment state. Nevertheless, as we shall see, thought actions
still might be selected if they ultimately cause the agent to choose a better environment action.
Alternatively, we could apply a different discount factor for thinking time-steps to reflect the actual
time-delay of thinking compared to acting in a given domain. For example, if thinking takes (1/k) the

time of any environment action then we could use a discount of 7%. In this work, we will assume that
the discount is applied the same at both thinking and non-thinking time steps. The second related issue
is that the proposed model assumes that the environment state remains constant while the agent takes
thought actions. Such an assumption might be reasonable for relatively static environments (such as

'We base the thought MDP model on the widely used discounted problem formulation. In Appendix
Appendix B, we extend the thought MDP model and theoretical results to the undiscounted, fixed-horizon setting
which more closely resembles contemporary applications of RL to LLMs.
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Figure 1: (left) An example thought MDP with |7| = 2. We use |S| = 10 in our illustrative results.
The agent receives a reward when it reaches the goal environment state on the far right. The agent
can move left or right in the environment state space and up and down in the thought state space. We
use v = 0.9 for both thinking and non-thinking time-steps. (right) Evolution of the policy and state
values for 1, 4, and 10 iterations of policy iteration. The policy is initialized as shown on the left.
Colors indicate value and arrows indicate the action that the policy would take.

generating text or board games) but is problematic in dynamic environments (such as autonomous
driving) where waiting to act can be consequential. Again, for simplicity, we will focus on the static
environment case, but note this issue as another interesting direction to refine the model.

Optimality Thought MDPs are MDPs with state space S x 7 and action space A U C and
consequently there will always be at least one deterministic optimal policy [Sutton and Barto, 2018].
Furthermore, we can show that this optimal policy will never select thought actions.

Proposition 4. Any optimal policy, 7*, for a thought MDP does not take thought actions: 7*(s,7) €
AVseS,teT.

Proof. The proof is by contradiction. Suppose 7* is an optimal policy and 3s € S, 7 € T such that
m(s,7) € C. Because thought actions cannot produce reward, the optimal policy must eventually
reach a thought state, 7, where 7* (s, 7) € A. If that happens after & thought actions, then v, (s, 7) =
Y*v+ (s,7). But then the policy could be strictly improved by setting 7*(s, 7) < 7*(s, 7). This
contradicts the assumption that 7* was optimal and completes the proof. O

4 Policy Initialization Determines Emergence of Thinking

If the optimal policy would never take a thought action, why should we expect thinking to emerge as
a strategy during policy improvement? In this section, we begin to answer this question by showing
the key role that policy initialization plays in determining the emergence of thinking. In particular,
we first consider exact policy iteration within a thought MDP and provide an illustrative example and
a formal result showing how thinking can emerge. We use policy iteration for analysis as essentially
all model-free RL algorithms can be understood as instances of generalized policy iteration [Sutton
and Barto, 2018]. We then provide a second formal result showing that thought actions can reduce
the effective horizon [Laidlaw et al., 2023] for the special case of goal-MDPs.

An illustrative example For exposition’s sake, suppose 7 = {79, 71 }, in which case we can view
the agent’s policy, 7, as consisting of two sub-policies, () and 7(7; ). Now consider the example
depicted in Figure 1 where 7(7p) is initialized sub-optimally (always takes an action that leads away
from the goal) while 7(7y) is initialized to be optimal. We show the progress of policy iteration in
this domain in Figure 1. After the first iteration of policy improvement, the policy has learned to
first change the agent’s thought state to 7; (top row) from which it then follows 7 (7 ) to reach the
goal. After four iterations, in environment states close to the goal, the policy just directly moves
right without changing its thought state while continuing to first take a thought action in states that
are far from the goal. Finally, after ten iterations, the policy converges to the optimal policy and
simply moves to the right without thinking. This example shows that, while thinking is sub-optimal
in the long-run, it can be beneficial early in learning by allowing the agent to use sub-policies already
contained in its policy function.



To formally understand how policy initialization determines the emergence of thinking, we analyze
the policy improvement step of policy iteration.

Theorem 5. Let 7 be a policy in a thought MDP such that 7e(s, ) € A for some environment state s
and thought state 7. If the policy improvement step of policy iteration sets 7'(s,7) < cforc € C,
then v (s,7') > v (s,T), where 7' is the thought state resulting from taking cin (s, T).

Proof. Policy iteration sets 7' (s, 7) «— arg maxqe_auc ¢x (8, T, a) where

r(s,a) + yEg [vg(s',7)] ifae A

Gr (5,7, 0) 3= {’yvﬂ(s,T’) ifa €C.

Since the policy improvement step is selecting a thought action, we have that:
Va € A, gx(s,7,a) < yvr(s, 7).
Since 7 (s, T) was in A before the update we have that:
Vr(8,7) = qu (8,7, 7(5, 7)) < YU (8, 7") < wr(s,7) = qr (5,7, 7(s,7")).

Thus, a thought action is selected when the policy is such that changing the thought state to 7" will
lead to a greater expected return from s than when leaving the thought state at 7. O

Although, Theorem 5 does not directly say anything about policy initialization, the condition for a
thought action to be selected requires 7(7) and 7(7’) to be somehow set up as different such that
there could be an advantage in shifting from 7 to 7. Thus, policy initialization is critical for whether
thinking will emerge or not.

Theorem 5 deals with exact policy iteration and does not address the impact of policy initialization on
the emergence of thinking when learning from samples. We next turn to the concept of the effective
horizon introduced by Laidlaw et al. [2023]. The effective horizon was introduced as a problem
complexity parameter for MDPs that aligns with the observed difficulty of common RL benchmarks.
Laidlaw et al. then derived sample complexity bounds for model-free RL algorithms in terms of the
effective horizon and showed that these bounds were predictive of the success of deep RL algorithms
on benchmark problems. We will build upon their specific result on goal MDPs.

Definition 6. A goal (thought) MDP is an (thought) MDP with a set of absorbing environment states,
Sgoar C S, and 7(s,a) = 1if s € Sgoa1 and 0 otherwise.

For goal MDPs, Laidlaw et al. [2023] showed that the effective horizon, H can be upper-bounded

by 1+ log 4 loifm where [ is a maximum episode length, p < Preyp(s7 € Sgoar|st, a¢) is a lower
bound on the probability of the initial exploration policy, Texp1, discovering a goal state after taking
action a in state s at any time-step. Intuitively, if p is larger, then an RL algorithm has an easier time
discovering rewarding action sequences. We next show that thought actions can be used to reduce the
effective horizon of a given instance. Note that Laidlaw et al. [2023] proved their results assuming

deterministic MDPs, so we also adopt this assumption for the next proposition.

Proposition 7. Suppose we have a goal thought MDP that has T = {19, 71}. Let the initial policy,
m, be such that there is some po such that Pr(s; € sgoa1|s,a,m(70)) > po for all (s,a) € S x A
and some py such that Pr(s; € sgoa1|s, a, w(71)) > p1 forall (s,a) € S x A. Let cs be the thought
action such that 7y = p1(s, 70, ¢s) and let p. lower bound the probability w(cs|s, o). If pe - D1 > Po,
then thought actions reduce the upper bound on the effective horizon of the MDP.

See Appendix A for the proof. Intuitively, policy (71 ) has a higher probability of finding a goal state
from any state compared to simply running (7). If the probability of taking a thought action that
changes 7, to 71 is not too low then it is easier to find a goal state by first changing the thought state
and then executing 7(7;). Again, this result suggests that the benefit of thinking depends crucially on
policy initialization.

Thinking as a Policy Improvement Operator

One interpretation of Theorem 5 is that thought actions can function as policy improvement operators
applied to a particular state. This interpretation is interesting as it aligns with the use of decision-time
planning in RL to refine an agent’s choice of action in a way that focuses computation on its current



state [Sutton and Barto, 2018]. While thought actions do not involve look-ahead search with a model,
Theorem 5 shows that their utility is also in providing local policy improvement. Theorem 5 shows
this utility for the choice of a single thought action and we also present a corollary showing that if
policy improvement produces a policy that thinks for consecutive steps in s then each thinking step
will further improve upon the action (s, 7).

Corollary 8. Let c be a thought action that leads from 7 to 7' and ¢’ be a thought action that leads
Sfrom 7' to T". If, in some environment state s, the policy improvement step of policy iteration sets
7' (s,7) < cand 7' (s,7") + c, then v (s,7") > vy (s,7") > v (s, 7).

Proof. The inequality v, (s, ") > v, (s, 7) immediately follows from Theorem 5. The inequality
vr(8,7") > vr(s,7’) follows from the same logic as the proof of Theorem 5 except applied to
improving the policy in (s, 7’).

If each step of thinking in s improves the policy, (s, -), when should thinking terminate? From the
proof of Theorem 5, we can see that thinking will terminate when the increase in value from thinking
another step no longer compensates for the discounting of value caused by waiting a step to begin
taking environmental actions. In this way, thought MDPs directly tie the “when to think" decision to
the objective of reward maximization.

S Language Generation as a Thought MDP

Our work takes inspiration from recent work on large reasoning models (LRMs) that “think" by
generating additional text that is not part of the final answer but that somehow serves to improve the
final answer. In this section, we review two approaches to imbue LLMs with reasoning capabilities
and describe how they can be viewed as instantiating thought MDPs. We then show that forcing the
LLM to reason (in a manner similar to zero-shot chain-of-thought [Kojima et al., 2023]) increases
the expected return from a given state. Thus, Theorem 5 predicts that model-free RL applied to this
thought MDP would lead to thinking, which is in fact what recent work has found.

We first describe language generation as an MDP and then describe the thought states and actions of
LLMs. In language generation, each episode begins with a textual prompt, x and the agent’s actions
are possible tokens from a fixed vocabulary. Let y; be the agent’s output at time ¢. The state at time ¢
is defined as the prompt concatenated with the agent’s outputs up to time ¢, s; = (z, y1.¢). Rewards
for RL applied to language generation have been defined in different ways. Much of the recent work
on reasoning models focuses on math and coding problems, which have verifiable solutions. Thus,
the reward is a terminal reward of 1 if a correct solution can be parsed and verified from ¥;.;.

Reasoning with Language as a Thought MDP  The main difficulty in mapping language generation
to a thought MDP is that thought states are intertwined with environment states in the typical MDP
formulation for LLMs. Similarly, thought actions are simply from the same space as environment
actions. To distinguish these components, we redefine the environment state as just the query and
tokens that function as part of the query response. Next, we define environment actions as just outputs
that will affect how the overall response is evaluated and thought actions as the outputs that will not.
Thus, the determination of whether one output is considered an environment or a thought action will
depend upon the current context up to that decision. Finally, the thought state at time ¢ consists of the
already produced tokens in y;.; that will not affect how the response is evaluated.

Different approaches to inducing reasoning in LLMs use different schemes for determining which
tokens are part of the final response and which only serve to improve the final response. For example,
Guo et al. [2025] augment the output vocabulary with two special functional tokens, <think> and
</think>. In addition to the sparse verifier reward, Guo et al. train DeepSeek-R1 with reward
shaping to encourage valid thinking blocks in which <think> is followed by </think>. Output text
in thinking blocks is not part of the final response that is passed to a verifier to determine reward
and would thus constitute the thought state. Zero-shot prompting is another approach to encourage
thinking-like behavior by appending “Let’s think step-by-step" to the query [Kojima et al., 2023].
In this approach, an answer parser is used to separate the response (environment actions) from the
additional prompt and subsequent reasoning tokens (thought actions). The outputs that are discarded
by the parser would constitute the thought actions.



Model No Thinking (%) Thinking (%)
Qwen2.5-1.5B-Instruct 7.20 £0.82 71.20 £ 2.80
Qwen?2.5-3B-Instruct 6.80 4= 0.80 36.50 £+ 1.52
Qwen2.5-7B-Instruct 5.06 £ 3.10 96.10 £+ 2.98
Qwen?2.5-14B-Instruct 0.90 +0.33 95.20 +1.33
Tulu-2-7b 0.30 +0.33 28.50 £+ 2.80
Tulu-2-13b 0.60 4+ 0.47 49.00 £ 3.10
Llama-2-7b 0.00 4 0.00 48.80 £+ 3.10
Llama-2-13b 0.20 +0.27 60.70 £ 3.03
Gemma-3-1b-it 0.50 +0.43 41.50 £ 3.06
Gemma-3-4b-it 4.90 +1.33 91.50 £1.72
Mistral-7B-Instruct-v0.3 1.50 £ 0.74 85.20 + 2.20

Table 1: Response accuracy + 95% confidence interval when using thinking vs no thinking.

Do thought actions improve expected return in LLMs? Recent work from Guo et al. [2025]
has shown that thinking-like behavior can emerge from RL. Based on our theory, we hypothesize
that a pre-condition for this result is that thought actions increase v, (s, 7) by changing the thought
state 7. Because we lack a value function for each LLM, we instead approximate v, (s, 7) with
the Monte Carlo return or, equivalently, the accuracy of the LLM’s response. Our hypothesis is
that forcing the LLM to think will increase this value. Note that we use the Monte Carlo return as
opposed to just looking at the immediate probability of the correct response (or its perplexity) to
allow for the possibility that the LLM will generate its own reasoning and then answer correctly. To
test our hypothesis, we take different pre-trained LLMs and apply them to add series of five four-digit
numbers. We use models of various sizes from the following model familes: Qwen-2.5 [Yang et al.,
2024, Qwen Team, 2024], Tulu-2 [Ivison et al., 2023], LLama-2 [Touvron et al., 2023], Gemma-
3 [Gemma Team, 2025], and Mistral [Jiang et al., 2023]. We test two conditions with each model:
“No Thinking" and “Thinking." Under the “No Thinking" condition, the prompt is “Compute the
sum: [a] + [b] + [c] + [d] + [e] = " where [a], [b], [c], [d], and [e] correspond to four-digit integers.
Under the “Thinking" condition, we append “[a+ b] + [c] + [d] + [e]=[a+b+c] + [d] + [e] =[a
+b+c+d]+ [e] =" to this prompt, where [a + b] and [a + b + c] denote the partial sums a+b and
a+b+c. In essence, we force the model to first think under the “Thinking" condition. We constuct
1000 “Thinking" and 1000 “No Thinking" prompts like these using 1000 different sequences of four
4-digit integers, each generated uniformly at random (see Appendix D for example prompts). Table 1
shows the average accuracy for each model. For all models, we see that appending the thinking
tokens increases accuracy, which corresponds to increasing v, (s, 7) by changing 7. While we do not
further apply model-free RL to try and learn to think in this way, our theory and these results predict
that these models are primed for thinking to further emerge as a strategy.

6 A Non-Language Thought MDP

Our work takes inspiration from work on LLMs but aspires to understand how RL can lead to thinking
in domains beyond language generation, possibly including agents that think in sequences of images
[Ghazanfari et al., 2025, Wiedemer et al., 2025] or more abstract spaces [Hao et al., 2024]. One
of the most important open questions is where do thought MDPs and initial thought-conditioned
policies come from outside of LLMs? In this section, we hypothesize about generalized ingredients
for a setting where thinking emerges as a useful strategy for reward maximization. Specifically, we
hypothesize that the key ingredients may be multi-task pre-training coupled with the agent having the
ability to manipulate its own internal state to activate pre-trained abilities. LLMs fit this hypothesis:
self-supervised pre-training enables LLLM agents to generate responses to many different contexts
and language actions enable RL-finetuning to manipulate the input context to activate these existing
capabilities when doing so will produce reward. To test this hypothesis, we set out to construct a
non-language toy domain with these characteristics and to see if thinking could enable the agent to
reach a higher return compared to non-thinking agents. Code for these experiments is available at
https://github.com/prediction-action-lab/thinking-as-control.

We design a 5x5 gridworld where the agent can move in the cardinal directions or output one of
three special actions, ‘A’, ‘B’, or ‘C’ that have no direct effect on the environment. Each special
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Figure 2: Mean learning curves for the four agents we train in the gridworld environment. The vertical
axis gives the success rate for first navigating to the bottom right and then the top left corner. The
horizontal axis is the iteration of policy improvement (200 episodes are collected at each iteration).
We run 5 trials for each learning agent and shading indicates a 95% bootstrap confidence interval.
Light lines show individual training runs.

action corresponds to a possible task in the gridworld: ‘A’ corresponds to navigating to the lower
right corner, ‘B’ corresponds to the upper left corner, and ‘C’ corresponds to going to the lower right
corner and then to the upper left corner. Note that these special actions do not explicitly have these
effects in the domain but will become associated with these behaviors through pre-training.> At the
start of each episode, the agent receives one of these special actions as part of its observation.

We pre-train an initial policy through behavior cloning on an agent that “plays" in the gridworld.
Specifically, at each time-step, this agent samples a new special action with probability 0.25 and
subsequently acts optimally for the corresponding task until it succeeds or samples a new task. During
pre-training we only consider special actions ‘A’ and ‘B’ so that the agent has no experience with
‘C’. The result of this procedure is a policy that wanders back and forth between the upper left and
lower right corner while randomly changing its mind about where it is going. For the policy, we use
a causal transformer [Vaswani et al., 2017] that conditions the probability of its action choice on
the full episode history up to time ¢. As actions are included in this history, the special actions can
manipulate the internal state of the agent even though they do not affect the environment state.

After pre-training, we use vanilla REINFORCE [Williams, 1992] and train the agent to complete the
task corresponding to ‘C’. The reward received is 1 when the agent is successful and O otherwise. Our
hypothesis is that the ability to output ‘A’ or ‘B’ will enable a learning agent using the pre-trained
transformer to activate skills learned during pre-training to complete the more challenging task. We
test four agents: Pretrained-Think, Pretrained-NoThink, Scratch-Think, and Scratch-NoThink. The
NoThink agents have the special actions masked and the Scratch agents are trained from scratch
rather than initialized from the pre-trained model.

In Figure 2 we see that Pretrained-Think learns significantly faster than the other agents. The sparse
reward makes learning from scratch impossible with or without thinking. Pretrained-NoThink also
begins to learn the task, though it takes many more iterations to do so. This result was initially
surprising to us and prompted further investigation on why pre-training helped even without thinking.
The apparent reason is that sequences of environment actions can also serve to trigger the pre-trained
policy’s sub-task behavior in a way similar to thought actions. For example, if the agent moves down
2-3 times in a row then the agent will tend to continue to goal ‘A’ at the bottom right. Nevertheless, it
is more difficult to discover such sequences compared to taking a single thought action.

We also investigate if thinking is actually what is learned by Pretrained-Think. Figure 2 shows that
the agent initially takes a thought action about 30% of the time and this fraction falls as it learns and
then stabilizes at about 15%. Optimal episodes are 14 steps long and the optimal amount of thinking —
barring the agent figuring out the true optimal policy — is 2 times which is approximately 15% of all
time-steps at convergence. We observe a trained agent and confirm that it first outputs ‘A, navigates
to the bottom right, outputs ‘B, and then navigates to the top left.

Finally, we note that thought actions do not go away as the policy converges — in contrast to
Proposition 4 which states that the optimal policy only takes environment actions. We suspect that

In Appendix E, we also include results for the case where tasks ‘A’ and ‘B’ are slightly different from the
sub-tasks needed to complete task ‘C.’



this finding is due to sampling error that can cause poor convergence of on-policy policy gradient
methods learning from finite samples [Corrado and Hanna, 2023]. As the agent discovers the strategy
to first think and then act, it puts increasingly less probability on immediately taking the optimal
action. Consequently, it never accidently discovers the benefit of taking immediate action to reach
the goal a step or two earlier.

7 Limitations for Future Work

In this section, we discuss possible extensions for research in thought MDPs. Due to space constraints,
we only describe a few directions while briefly noting that further research should consider extensions
to partially observable worlds and connections to natural intelligence and the options framework.

Where do thought MDPs come from? This work studied the question of why thinking actions
could be useful to an RL agent even though they leave their environment state unchanged and produce
no reward. We formalized this abstract notion of thinking with the thought MDP model, but left
open the big question of how to define the thought states, actions, and thought dynamics in other
RL problems where thinking may be useful. Language generation is one example, but it is an open
question as to how thought MDPs might arise outside the language domain. There is also the question
of where existing thought-conditioned policies come from, as our work showed their existence to
be a key enabler of emergent thinking. In Section 6, we explored the hypothesis that multi-task
pre-training could be a key ingredient but this experiment was only designed as a proof-of-concept.
In the future, it would be interesting to extend this exploration to more complex and realistic domains
such as robots using pre-trained vision-language-action models or visual reasoning tasks using video
models [Wiedemer et al., 2025].

Connecting to Models and Planning System 2 processing is reminiscent of decision-time planning
using a model of the environment state transition function [Anthony et al., 2017]. This work has
presented a more abstract model of thinking where the agent simply learns to control an internal
thought state. While distinct models, both decision-time planning and thinking in a thought MDP
are related in that they amount to locally focused policy improvement [Sutton and Barto, 2018].
Furthermore, having thought states and actions that are somehow grounded in environment states
and actions could present an opportunity for explaining how the agents’ thought dynamics should
be structured. A starting point for this future work could be the Thinker architecture [Chung et al.,
2023], which learns a single policy both for planning in a model (including deciding when to reset
the search) and acting in the real world.

Thinking in Dynamic and Time-constrained Domains This work has only considered the utility
of thinking in relatively static domains where the environment state remains the same during thinking.
In reality, the environment state may change due to influences other than the agent’s actions, and the
choice to stop and think must factor in how the environment might change while it does so. A natural
extension would be to have thought states and environment states unfold in parallel to one another,
with the agent thinking and acting at the same time.

Agents with Bounded Capacity Could the utility of thinking be enhanced under constraints? We
take inspiration from the Big World Hypothesis [Javed and Sutton, 2024] which states that agents
will always have less capacity than what is required to learn all possible tasks. Consequently, when
an agent is faced with a new task it may have either never seen it or have forgotten how to do it.
Thinking might allow rapid repurposing of an agent’s present capabilities to learn quickly on a new
task. The sub-policies that are more frequently used would be repeatedly reinforced whereas less
frequently used sub-policies could be forgotten.

8 Conclusion

In this work, we investigated the question of when model-free RL will lead to “thinking" behavior.
We introduced the thought MDP model and then used this model to show that thinking emerges
as a strategy to manipulate an agent’s internal state so as to improve an agent’s ultimate choice of
environment action. Consequently, the emergence of thinking depends upon a policy initialization that
implicitly contains sub-policies that can be triggered by taking thinking actions. We then provided
supporting evidence that step-by-step reasoning in LLMs functions similarly to the thought actions in
this theoretical model. Finally, we developed a non-language domain in which thinking would emerge
as a strategy for reward maximization and discussed the many exciting next steps for developing Al
agents that learn to think.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: This paper claims (1) to introduce a formal model of thinking in RL environ-
ments (see Section 3.2), (2) to formally show conditions when so-called thought actions will
be chosen by an RL algorithm and how they could be helpful depending on policy initializa-
tion (see Section 4), (3) to validate that some pre-trained LLMs satisfy the conditions when
thought actions would be helpful (see Section 5) and (4) to introduce a toy domain where
multi-task pre-training leads to model-free RL discovering thinking as a useful strategy (see
Section 6).

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Section 7 discusses limitations as a starting point for future work. We also
discuss a number of limitations throughout the paper, particularly when we introduce the
thought MDP model in Section 3.2.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,

model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All theoretical results are found in Section 4 along with their proof. Key
assumptions are stated along with the result or made in Section 3.2.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Section 5 completely specifies the LLM experiments and example prompts are
provided in Appendix D. Section 6 describes the toy-domain experiments and additional
empirical details are found in Appendix E.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
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In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We have included the code for the submission in the supplemental material.
No external data sources are used.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: These details can be found in Section 5, Section 6, or Appendix E.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Confidence intervals are reported for all empirical results presented.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: See Section 6.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have read the Code of Ethics and confirm the paper conforms to them.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper is theoretical in nature and consequently has no immediate societal
impact. Due to the dual-use nature of Al, by seeking to advance the field, our work will
potentially contribute both to positive and negative societal impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: This is a theory paper with experiments on toy domains and does not release
any new models that require safeguards.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We cite the LLMs we use and also cite prominent software packages used
(specifically Pytorch and Numpy).
Guidelines:

» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer:
Justification: No new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: No human subjects or crowdsourcing used.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: No human subject use.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [Yes]
Justification: See Section 5 and Appendix D.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Proofs of Theoretical Results

Proposition 7. Suppose we have a goal thought MDP that has T = {19, 71 }. Let the initial policy,
m, be such that there is some po such that Pr(s; € sgoa1|s,a,m(10)) > po for all (s,a) € S x A
and some py such that Pr(s; € sgoar1|s,a,7(71)) > p1 forall (s,a) € S x A. Let ¢, be the thought
action such that 71 = p1(s, 70, ¢s) and let p. lower bound the probability w(cs|s, o). If pe - p1 > Do,
then thought actions reduce the upper bound on the effective horizon of the MDP.

Proof. The proof follows from the fact that, under the assumed policy initialization, thought actions
raise the lower bound on finding a goal. First, note that the effective horizon has a tighter upper
bound if we always fix the thought state to be 7y rather than 7. Thus, there is just the question of
getting the thought state to be 7;. We lower bound this probability with p, so that, if the agent is
in (s, 7p), it has at least a probability of getting to 7; from which it has at least a probability p; of
finding a goal. Thus, the lower bound on Pr(s7 € Sgoa1|s, 7, a, m) will be at least p,. - p; for both 7y
and 7 which reduces the effective horizon if p. - p1 > pg. O

B Extended Theoretical Analysis for Finite-Horizon Thought MDPs

In the main paper text we formalized thought MDPs under the discounted return objective that is
common in RL research. In this appendix, we extend these results to the finite-horizon, non-discounted
setting that is common in contemporary uses of RL to train reasoning behavior in LLMs.

B.1 RL in Time-Homogenous Finite-Horizon Markov Decision Processes

In this section and the following, we use [k] to denote the set of integers {1, ..., k}. Formally, a
time-homogenous, fixed-horizon MDP is a tuple, (S, A, [, p,r), where S is the environment state
space, A is the set of actions that the agent can take to influence the environment state, [ is the
maximum length of an episode, p : S x A — A(S) is a stochastic state transition function, and
r: S x A — Ris ascalar-valued reward function. When the agent is in state s at timestep ¢ and takes
action a then it receives (s, a) and transition to a new state S" ~ p(+|s, a) and ¢ is incremented by 1.
The process repeats from S’ until either a terminal state, s, is reached or ¢ reaches [. The agent
selects actions according to a policy, 7 : S x [I] — A(A). The time-dependent value of using a policy
from a particular state, s, is defined to be v, (s,t) == E, [Zlb;i r(si,a:)|se = s,a; ~ 7w(+]84,1)]. In
finite-horizon RL, the agent’s objective is to find a policy that maximizes v, (s, t) in all states and for
all time-steps though, in practice, we could just focuse on maximizing v, (s, 0) for all possible initial
states.

B.2 Time-Homogenous Finite-Horizon Thought MDPs

We formally define a finite-horizon thought MDP as the tuple (S, A,l,p,r,T,C,pr), where
S, A,p,r, | are defined as they are for standard finite-horizon MDPs. We add 7T as the set of
thought states, C as the set of thought actions, and pp : S x T x C — A(T) as the thought transition
function. Recalling our informal definition of thinking from the main text, we emphasize that thought
states and actions do not affect environment state transitions and rewards. However, they do affect the
transition of time as we assume that the episode time-step will still be incremented when the agent
takes a thought action.

We define policies for thought MDPs as in the main text except now with a time dependency:
m: ST x[l] > A(AUC). In this section, we will use the notation 7(7) to refer to the agent’s
state- and time-dependent policy with the thought state fixed at 7.

In a thought MDP, interaction proceeds as follows. Episodes begin in timestep ¢ = 0, initial
environment state, sg, and thought state, 7, and the agent chooses either an environment action or
thought action according to its policy. In either case, we increment ¢ to t = 1. If ag € A then the
environment state, s1, at the next time-step is sampled from p(sg, ag), the thought state 7, keeps
the value of 79, and the agent receives reward o = r(sg,ap). Conversely, if ap € C, then s;
keeps the value of sg, 71 is sampled from pr(sg, 70, ag), and the agent receives rq = 0. Then the
action-selection process repeats until either the agent reaches s, or ¢t = [. For thought MDPs, we
define the value function to be v, (s, 7,t) == Eﬂ[Zi;i r(si, x;)|st = 8,7t = 7], with r(s;, 2;) =0
ifx; € C.
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We next adapt the key assumptions of the main paper to the finite-horizon setting. First, we assume
that thought state transitions are deterministic in order to simplify our analysis and because it is also
the case for LLM agents.

Assumption 9 (Deterministic Thought Transitions). Vs € S,7 € T,c € C, pr(7'|s,7,¢) = 1 for
one and only one 7" € T. We will write p7(s, 7, ¢) € T to denote the thought state that results from
taking c in (s, 7).

Second, we assume that all rewards are non-negative as otherwise thinking could emerge as a strategy
solely for the purpose of putting off receiving a negative reward, i.e., if all rewards are negative then
the agent will be incentivized to just keep taking thought actions rather than environment actions.

Assumption 10 (Non-negative Rewards). Vs € S,a € A, r(s,a) > 0.

Modeling of Time As in the discounted case, the fixed-horizon case raises questions about the
passage of time. Just as in the main paper we assumed that discounting is applied equally between
thinking and non-thinking time-steps, here we assume that both thought and environment actions
take a single time-step. This assumption discourages thought actions as they cost the agent a chance
to directly or indirectly obtain reward through an environment action. Potentially, we could consider
varying times for thought and environment actions, however, this raises additional complexity that
we will not consider further here. As before, the proposed model assumes that the environment state
remains constant while the agent takes thought actions except for the passage of time. Again, for
simplicity, we will focus on the static environment case, but note this issue as another interesting
direction to refine the model. Finally, we only consider time-homogenous finite-horizon thought
MDPs. In time-inhomogenous MDPs, the state transition probabilities and reward can differ across
time-steps. In a time-inhomogenous finite-horizon thought MDP, thought actions might subtly change
the state of the environment for the agent by allowing it to wait for more favorable state transition
probabilities. A possible resolution would be to not advance the time-step when the agent selects a
thought action. However, that resolution could break the finite-horizon assumption. For simplicity,
we will only consider the time-homogenous finite-horizon setting.

Optimality Finite-horizon thought MDPs are MDPs with state space S x 7 x [I] and action space
A U C and consequently there will always be at least one deterministic optimal policy [Sutton and
Barto, 2018]. Furthermore, we can show that this optimal policy will never take a thought action
if we assume that environment actions are preferred to thought actions when the expected return is
otherwise equal. The tie-breaking assumption means that thought actions are never strictly preferred
to environment actions, though there may be situations when either type of action is equally preferred.
Equal preference results in states from which it is impossible to obtain more future reward.

Proposition 11. Assume that ties (w.r.t. expected reward-to-go) for the optimal action are broken in
favor of environment actions. Then, any optimal policy, 7, for a thought MDP does not take thought
actions: © (s, 7,t) € A, Vs € S,7 € T,t €]l].

Proof. The proof is by induction. First, as the base case, consider the final time-step [ — 1. Under the
optimal policy, the agent receives r(s, 7*(s, 7,0 — 1)) in (s, 7) and then interaction terminates. Since
r(s,m7*(s,7,l = 1)) =0if 7*(r,7,l — 1) € Cand r(s,7*(s, 7,1 = 1)) > 0if 7*(7, 7,1 — 1) € A
then a thought action will never be strictly preferred to an environment action. Under the assumption
that ties are broken in favor of environment actions, the optimal policy will select an environment
action. Now, assume for arbitrary non-initial time-step ¢ > 0 that the optimal policy only takes
environment actions for all (s, 7) and for all subsequent time-steps ¢’ > t. We need to show that
m*(s,7,t — 1) € A. We will prove this step by contradiction. Suppose that 7*(s,7,t — 1) € C.
Then, after the agent takes 7* (s, 7, ¢ — 1), it transitions to (s, 7) and will then only take environment
actions until termination (by our inductive hypothesis). However, if the agent changed 7*(s, 7,¢t — 1)
to take (s, 7/, t) then it would get the same expected total reward over the next | — ¢ time-steps and
end up in some state, s;_; at time-step [ — 1 from which it would have one more chance to take an
environment action and gain non-zero reward. Consequently, changing 7*(s, 7,¢ — 1) to this action
would produce at least as high a return, which implies that 7* (s, 7,¢ — 1) ¢ C if 7* is the optimal
policy and ties are broken in favor of environment actions.

O

24
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Finally, we extend Theorem 5 to the finite-horizon setting.

Theorem 12. Let w be a policy in a thought MDP such that 7(s,7,t) € A for some environment
state s, thought state T, and time-step, t. If the policy improvement step of policy iteration sets
7'(s,7,t) < cforc € C, then v (s, 7', t + 1) > v (s,7,t), where 7' is the thought state resulting
from taking c in (s, T) at step t.

Proof. Policy iteration sets ' (s, 7,t) < arg max,c auc ¢ (S, 7, t, ©) where

r(s,z) + Egfvg(s',7,t +1)] ifzeA
vr(s, 7t + 1) ifzx €C.

G (8,7, t,2) = {
Since the policy improvement step is selecting a thought action, we have that:
Va € A, qr(s,7,t,a) < vg(s, 7, t +1).
Since 7(s, 7,t) was in A before the update we have that:
Ve (8,7,1) = (8,7, t, (8,7, 1)) < vg(s, 7', t+1).
Thus, a thought action is selected when the policy is such that first changing the thought state to
7/ leads to greater expected return than taking any environment action immediately, even though

changing the thought state decreases the number of remaining time-steps in which the agent can
obtain reward. O

D Example Prompts for LLM Experiment

Table Appendix D provides an example of the prompts we use in our LLM thinking vs no-thinking
experiments.

Condition Prompt
No Thinking Compute the sum: 5709 + 2890 + 4937 + 6482 + 6850 =

Thinking Compute the sum: 5709 + 2890 + 4937 + 6482 + 6850 =
8599 + 4937 + 6482 + 6850 = 13536 + 6482 + 6850 = 20018 + 6850 =

Table 2: Example “Thinking" and ‘“No Thinking" prompts. The green text indicates the “thinking
tokens" appended to the original “No Thinking" prompt.

E Extended Empirical Description of Gridworld Experiments
This appendix provides additional details on our toy domain experiments.

Implementation Details We implement the Gridworld domain, pre-training, and reinforcement
learning set-up in Python, using Pytorch [Paszke et al., 2019] for neural networks and gradient
optimization. All experiments are ran on a Macbook Air with an Apple M1 chip and 16GB of
memory. For both model pre-training and RL with REINFORCE we use the Adam optimizer
[Kingma and Ba, 2015] with learning rates le-4 and le-5, respectively. For REINFORCE, we do
not use a value function baseline as we found it generally did not help because the sparseness of the
reward led to poor value estimates that harmed early policy learning. For the "NoThink" methods, we
mask out the special actions by adding a large negative value to the logits for those actions before
passing them to the softmax distribution.
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Figure 3: Mean learning curves for the four agents we train in the gridworld environment with
misspecified sub-tasks. The vertical axis gives the success rate for first navigating to the bottom right
and then the top left corner. The horizontal axis is the iteration of policy improvement (200 episodes
are collected at each iteration). We run 10 trials for each learning agent and shading indicates a 95%
bootstrap confidence interval. Light lines show individual training runs.

Pre-trained Model Validation The objective of our experiment described in Section 6 was to create
a setting where model-free RL (in this case REINFORCE) would lead to thinking as a strategy for
reward maximization. A crucial piece of the set-up was to have a pre-trained model for which thought
actions increase the agent’s probability of solving the task. Recall that solving the task requires the
agent to navigate to the bottom right corner and then to reach the top left corner. Pre-training is
designed so that the agent outputting special action ‘A’ increases the probability of it then taking the
actions that lead to the bottom right and similarly so that ‘B’ increases the probability of moving to
the top left. We validate the pre-training procedure by taking pre-trained models and forcing their
first action to be ‘A’ and their action upon reaching the bottom right for the first time to be ‘B’. We
find that the pre-training procedure leads to models where such prompting increases the probability
of task success compared to simply rolling out the model. If we further prompt the model this way
and also mask thought actions on every other step then the pre-trained model will solve the task
on virtually every episode. This prompting and masking procedure confirmed that pre-training had
primed the model for thinking to emerge as an effective strategy.

Pre-training with Misspecified Sub-Tasks In the Gridworld domain, we pre-train the agent’s
policy so as to associate the thought actions ‘A’ and ‘B’ with two sub-tasks that will be needed on the
final evaluation task. Naturally, one might wonder whether thinking will still emerge if the pre-trained
sub-policies are misspecified for the final learning task. To test this, we pre-train a model using the
exact procedure described above but change the evaluation domain so that the complex task has each
sub-goal location shifted by one cell. Though a small change, it is a sufficient change so that the
strategy discovered in our main task setting will no longer completely solve the task. With this set-up,
we test whether the agent can still leverage thinking to solve the task, even though triggering the
pre-trained behaviors is insufficient by itself. Figure 3 shows similar results as Figure 2 in which
the pre-trained method that uses thinking actions remains the only method to fully solve the task.
Interestingly, we no longer observe any runs of the pre-trained no-think agent successfully completing
the task.
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