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Abstract

This paper develops a new framework for understanding generalization in pairwise learning
problems like metric learning and ranking. By integrating robust optimization principles
with pairwise loss structures, we establish data-dependent generalization bounds that sig-
nificantly improve over existing approaches. Our method overcomes key limitations of prior
work by leveraging observable training data properties rather than restrictive theoretical
assumptions. This results in tighter performance guarantees that better reflect real-world
learning behavior, particularly for complex datasets with dependent training pairs. The
framework provides both theoretical advances and practical foundations for more reliable
machine learning applications.
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1. Introduction

In recent years, the intersection of robustness and generalization in machine learning has
garnered significant attention (Bertsimas et al., 2011; Christmann and Zhou, 2016; Xiao
et al., 2022). Robust optimization techniques have proven effective in addressing the chal-
lenges posed by noisy and uncertain data, enabling models to perform reliably across varying
conditions (Bertsimas et al., 2011; Ju et al., 2022). Building on this foundation, a semi-
nal work (Xu and Mannor, 2012) introduced the concept of algorithmic robustness, and
showed its connection to generalization. This connection builds a theoretical foundation
to safeguard the learning performance of robustness-inducing methods. Recently, a signifi-
cant improvement is achieved in Kawaguchi et al. (2022), who provided a data-dependent
generalization bound based on algorithmic robustness.

The above robustness analysis is conducted in a pointwise learning setting, where the loss
function depends only on a single example, e.g., the classification and regression. However,
in practical machine learning problems we often encounter pairwise learning problems with
the associated loss functions dependent on a pair of training examples. We refer to such
problems as pairwise learning problems. Notable examples of pairwise learning include AUC
maximization (Cortes and Mohri, 2004; Gao et al., 2013; Ying et al., 2016; Liu et al., 2018;
Yang et al., 2022), metric learning (Cao et al., 2016; Ye et al., 2016), ranking (Clémengon
et al., 2008; Agarwal and Niyogi, 2009), and learning with minimum error entropy loss
functions (Hu et al., 2015).
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The popularity of pairwise learning motivates a lot of theoretical analysis to understand
their practical success. Notably, the work (Bellet and Habrard, 2015) extended the robust-
ness analysis to the specific metric learning, and showed that robustness is necessary and
sufficient for a metric learning algorithm to generalize. While this work introduces several
techniques to handle the challenges associated with metric learning, it suffers from two
drawbacks. First, the generalization bound there is not data-dependent and can only imply
somewhat crude bounds. Then, the existing analysis does not fully fill the potential of
robustness analysis. Second, it only considers the specific metric learning problem, leaving
other popular pairwise learning problems untouched.

In this work, we aim to address the above issues by developing data-dependent general-
ization bounds for general pairwise learning algorithms. By applying the principles of robust
optimization to the tailored metrics, we propose a novel approach that not only retains the
benefits of improved generalization but also addresses the unique challenges associated with
non-IID training pairs, which is a distinct difference between pointwise learning and pair-
wise learning. Our approach leverages observable properties of training samples, minimizing
reliance on strict assumptions about data distributions while ensuring strong performance
across various scenarios. Through this integration, we provide a comprehensive analysis
of how the robustness principles can enhance pairwise learning, ultimately contributing to
a more reliable and effective framework for machine learning applications. This synergy
between robust optimization and pairwise learning paves the way for future research and
practical implementations that can better handle the complexities of real-world data.

2. Related Work

2.1. Related work on algorithmic robustness

We first discuss the related work on algorithmic robustness and generalization. Xu and
Mannor (2012) established a framework that connects robustness to generalization through
data-dependent bounds, demonstrating that robust algorithms can significantly enhance
performance in various machine learning contexts. Kawaguchi et al. (2022) improved exist-
ing generalization bounds in two significant ways: reducing the dependence on the covering
number, which measures function approximation, and eliminating reliance on specific hy-
pothesis spaces. Importantly, these enhancements do not require additional assumptions
about data distributions; instead, they leverage observable properties of training samples.
Algorithmic robustness has found wide applications in SVMs, principle component analy-
sis (Xu and Mannor, 2012) and deep learning (Gouk et al., 2021). A closely related concept
is the algorithmic stability, which instead measures the robustness of an algorithm up to a
perturbation of training dataset (Bousquet and Elisseeff, 2002), which has found wide ap-
plications to study the generalization behavior of stochastic optimization algorithms (Hardt
et al., 2016; Nikolakakis et al., 2022; Zhu et al., 2024; Deora et al., 2024; Kuzborskij and
Orabona, 2013; Schliserman and Koren, 2022; Lei, 2025; Liu et al., 2017; Fan and Lei, 2024;
Lei et al., 2025).

2.2. Related work on generalization of pairwise learning

We now discuss the related work on the generalization analysis pairwise learning. The pio-
neering work considered the generalization of pairwise learning work in an online learning
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setting (Kar et al., 2013; Wang et al., 2012), where the training examples come in a se-
quential manner. A popular approach to study the performance of pairwise learning is to
consider the uniform deviation between training and generalization based on U-statistics
and U-process (Clémencon et al., 2008; Cao et al., 2016; Rejchel, 2012; Zhou et al., 2023;
Hieu and Ledent, 2025; Hieu et al., 2025). The work (Bellet and Habrard, 2015) applied the
algorithmic robustness to metric learning, and show that robustness has close connection to
learnability. Recently, there is a growing interest in studying the generalization of pairwise
learning via algorithmic stability (Lei et al., 2020; Chen et al., 2023, 2025), which, how-
ever, often imposes a convexity assumption. Several work considered more learning settings
beyond pairwise learning, where the loss function can depend on more than two training
examples (Papa et al., 2015).

3. Preliminaries

Let Z = X x ) be a sample space, where X C R? is an input space and ) C R is an output
space. Let p be an unknown probability distribution defined on Z, according to which we
independently draw n training examples s = (z1,...,2,). Based on s, we aim to learn a
model f in a model space F for further prediction, where f : X x X — Ror f: X — R. In
this paper, we consider a class of learning problems where the performance of f depends on
a pair of examples, which we refer to pairwise learning. Specifically, let £ : F x Z x Z +— RT
be a loss function with £(f, z, 2’) quantifying the performance of f € F on an example pair
(z,2'). The population and empirical risk of f are then defined as

ﬁ(f) = Ezvz'““ug(f’ % Z/) and ‘Cemp(f) - % Z Zﬁ(f, Ziy Zj)'

i=1 j=1

As a convention of pairwise learning, we set £(f, z,z) = 0, i.e., we do not suffer a loss if the
pair is built from the same example. We now give representative pairwise learning problems.

Example 1 Ranking is a pairwise learning problem which determines the order a set of
items based on their relevance or score (Cortes and Mohri, 2004; Qiu et al., 2022). Given
a set of items X = {1, x9,...,x,}, ranking aims to learn a function f : X — R such that for
any pair of items (x;, z;), the function satisfies: f(z;) > f(x;), if z; is more relevant than x;.
Common ranking methods include RankNet, RankBoost, and RankSVM.

Example 2 Area Under the Curve (AUC) maximization is a common objective in binary
classification tasks for imbalanced labels, i.e., there is a large difference between the number
of positive and negative examples. AUC represents the probability that a randomly chosen
positive instance is ranked higher than a randomly chosen negative instance. The AUC
maximization problem can be formulated as a pairwise learning problem with the objective

1
AUC = ‘P"N'];%:Vﬂ(f(p) > f(n)),

where P is the set of positive instances, IN is the set of negative instances, and I is the
indicator function.
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We often apply an optimization algorithm to (approximately) minimize the empirical
risk to get a model in F. We denote by Ag the model learned by applying an algorithm .4
to the dataset s. However, a small empirical risk does not necessarily mean that As has a
good generalization behavior as there is a bias of a model to the training dataset. We refer
to the difference between the population risk and empirical risk as the generalization gap.

4. Algorithmic Robustness and Generalization
4.1. Robustness

In this paper, we are interested in the generalization gap of As to understand how the
empirical and population risk differ at the output model A, i.e., L(As) — Lemp(As). We
will leverage an important concept called robustness to study the generalization gap. For a
finite set B, we let |B| represent the number of elements in B. For an integer n, we use [n]
to denote the set of integers {1,...,n}.

Definition 1 (Robustness (Bellet and Habrard, 2015)) We say an algorithm A is
(K,€(-))-robust for K € N and € : 2" — Ry if Z can be partitioned into K disjoints
sets, denoted by {Cr}E_,, such that for all sample s € Z", the following holds for any
Zp,2q € s and z,72 € Z if z, and z are from the same C;, and z,4, 2’ are from the same C}
for some 1, j € [n]

[0 (As, 2p, 2q) — £ (As, 2,2")| < e(s). (4.1)
For a given partition {Ck}é(:p we denote pp =P (z € Ck). Let p = (p1,...,pK). Define
Ts:={k e [K]:|Z;| > 1} with I} :={i € [n] : z; € Cy}, (4.2)

i.e., Tg contains the indices of the sets C) which are not empty. Below, we present our
main result on connecting the robustness and generalization, which is data-dependent since

€(A(s)),€(s) and Ts depend on s.

Theorem 2 (Main result) If a pairwise learning algorithm A is (K, e(-))-robust (with
{CL}E, ), then for any § € (0,1), with probability at least 1 — § we have

£(Ae) = Lomp (Au)] < ) + 600 (22 4 21 I ELREEID)  2TREEID) )

where

E(As) == max E, .1, [0 (As,2,2') | 2€C, 2 €C5]. (4.3)
ijE[K]

We now compare our result with the existing robustness of pairwise learning. Specifically,
the following proposition was derived for pairwise learning.

Proposition 3 (Bellet and Habrard 2015) If a learning algorithm A is (K, €(-))-robust,
then for any ¢ € (0, 1), with probability at least 1 — o

2KIn2+2In1/é
n )

L (As) = Lemp (As)] < €(s) + 2B\/

where B = supy , .. U(f, z,2") is an upper bound of the loss.
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Remark 4 (Comparison) Our robustness analysis outperforms the existing results in the
following two aspects.

First, Theorem 2 gives a refined dependence on the upper bound of the loss value. Note
that the generalization bounds in Proposition 3 depend on an uniform upper bound of the
loss function over all f € F, 2,2 € Z. As a comparison, £(As) in our bound depends only
on the single actual hypothesis, Ag, returned by the specific algorithm applied to s, which
can be significantly smaller than B. Furthermore, £(Ag) involves a conditional expectation
instead of a supremum.

Second, Proposition 3 depends on K, which is the cardinality of the partition and can
be extremely large (Kawaguchi et al., 2022). Theorem 2 replaces K by |7s| (the dependency
of our bound on K is logarithmic, which can be ignored), which is the number of sets in
the partition containing at least a single training example. As verified in Kawaguchi et al.
(2022), |Ts| can be of smaller orders of magnitude as compared to K. Intuitively, |7s| is
likely to be significantly less than K when there are many sparsely populated classes Cj.it
is improbable that many of these classes are represented in the sample data.

With a refined analysis, we also prove a stronger (yet more complicated) version of
Theorem 2. For any k € [K], define oy, : F — R by

ar(f) == m?)TEZ,ZIN“[E(f,z,z’)\z € Cy, 2 € Cyl. (4.4)
JEN

Define

an(f)zgé@;:ak(f) and azc(f)zggégak(f),

which are smaller than &(Asg).

Theorem 5 If the learning algorithm A is (K, €(-))-robust (with {Cx}E_,), then for any
0 € (0,1), with probability at least 1 — § we have

Bevnlten 2,2 = o 3 s,z 2)| < ey 2K, 202 MORD)
i,j€[n]
IS
where Q1 = Z(afy‘sc(.As) + \@ak(As)) ‘Tf|7 QQ = 047’;(./45)‘7;| + Z Oék(As). (4.5)
keTs keTs

Remark 6 Theorem 5 is a stronger form of Theorem 2. This can be verified as follows.

First, since } ;o7 ax (As) < |Ts|€(As) and D \/|ZE| /n < V/|Ts], Theorem 5 sig-

nificantly upgrades Theorem 2 approximately when

> ok (As) < |Tsl €(As) or Y y/|ZE] /n < VT,

keTs keTs

Second, the bound in Theorem 5 depends on ay(As) which provides a more delicate
estimate as compared to Theorem 2 dependent on £(Ag). Indeed, if the maximum expected
loss of the classes is significantly greater than the typical expected loss, or if the distribution
of samples among the classes is skewed, then Theorem 5 will provide an even tighter bound.
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4.2. Pseudo-Robustness

In the previous section, we required that every training pair satisfy the robustness property.
Knowing that this is a strong condition, we explored whether we could relax this condition so
that it only needs to hold for a subset of the training pairs, while still ensuring generalization
guarantees. Here we use the definition of Pseudo-robustness proposed by Bellet and Habrard
(2015). For brevity, we write s = (21, ...,2,),and 82 = {(21,21), ..., (21, 2n) , - - - (20> Zn) }-

Definition 7 (Pseudo-robustness) Algorithm A is (K, €(-), pn(-)) pseudo-robust for
KeN e(-): (ZxZ)" = Rand pp(-) : (£ x Z)" — {1,...,n?}, if Z can be partitioned
into K disjoints sets, denoted by {C’l}fi 1, such that for all s € Z", there exists a subset
of training pair samples 8§ C s?, with ‘éQ = Pn (52), satisfying: V(z,,24) € 8%, Vz,2' €
Z, Yi,j=1,...,K :if 25,z € C; and 2,2’ € C; then

‘E(As, Zp, 2q) — 4 (AS, z, z')‘ <e (52) . (4.6)

Proposition 8 If a learning algorithm A is (K, €(-), pn(-)) pseudo-robust, the training pairs
come from a sample generated by n IID draws from p, then for any 6 € (0,1), with probability
at least 1 — & we have

(A — Lomp (A < ) () 1 <W+2\/2K1DQ+21H1/5>. (47)

n?2 n?2 n
The following theorem gives a generalization guarantee related to pseudo-robustness which
is improved from Proposition 8.

Theorem 9 (Analog of Theorem 2) If a learning algorithm A is (K, €(-), pn(+)) pseudo-
robust, the training pairs come from a sample generated by n IID draws from p, then for
any 0 € (0,1), with probability at least 1 — § we have:

by, (S2 n2—p, (s> “I1n “IIn
|£<As>—aemp<As>|sp”7fz)e<s>+f<As>< D) 5 IR | 2T n@K/‘”),

where & (As) is defined in Eq. (4.3) and Ts is defined in Eq. (4.2).

By a refined analysis, we also prove a stronger (yet more complicated) version of Theorem 9.

Theorem 10 (Analog of Theorem 5) If a learning algorithm A is (K, €(-), pn(+)) pseudo-
robust, the training pairs come from a sample generated by n IID draws from p, then for
any 0 € (0,1), with probability at least 1 — §, we have:

~ S2 ng_ ~ S2 0 0
|£ (As) — Lemp (As)| < pn7§2 )e(s)+§ (As) (ann())ﬁLgl 1 (25/5)+2Q21 7(12[(/5)

where Q1 and Qo are defined in Eq. (4.5).

)

These theorems provide corresponding enhancements to the pseudo-robustness bounds es-
tablished by Bellet and Habrard (2015).

Remark 11 In practice, we found that optimizing the metric for all possible pairs will be
challenging and almost impossible. However, concentrating on some selected pairs may lead
to significantly better generalization performance. This means that some properties based
on pseudo-robustness are more important for metric learning.
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5. Applications to Metric Learning
5.1. Robust Metric learning Algorithms

While our Theorems 2 and 5 are applicable to a wide range of applications, we provide a
few simple examples that demonstrate how various metric learning algorithms inherently
satisfy the robustness conditions of Bellet and Habrard (2015) to which Theorems 2 and 5
can be applied. The core idea utilizes partition-based robustness at the pair level: when a
test pair (z1,24) is “close” to a training pair (z,z,) in the sense that z, and 2] fall within
the same partition subset C; C Z, while z; and 2/ fall within the same partition subset
C; C Z, then their loss values must satisfy [((As, 2p, 2q) — £(As, 21, 25)| < €(s).

Definition 12 (Covering number) For a set s equipped with metric p, we define § as
an e-cover of s if for all s € s, there exists § € § such that p(s,§) < e. We then define the
g-covering number as

N (g, s, p) = min{|8| : § is an e-cover of s}.
We use || - ||, to denote the standard p-norm for a vector.

The following lemma presents sufficient conditions for an algorithm to be robust.

Lemma 13 (Bellet and Habrard 2015) Fiz vy > 0 and a metric p of Z. Assume
|€(.AS,21,22)_5(./45,21,2&” < E(S)a Vzl,ZQ,Zi,Zé 121,22 €8, p(Zl,le) <7 p(ZQ,Zé) <7
and N'(v/2,Z,p) < co. Then A is (N(v/2, Z,p), e(s))-robust.

The examples below demonstrate how different regularization norms induce distinct
robustness parameters:
Consider Mahalanobis distance learning algorithms with matrix norm regularization

, 1
min c|MJ| + ” Z):P 9(yi[1 = F(M, xi,x;)]), (5.1)
8i,85)€EPs

where y;; = 1 if y; = y; and —1 otherwise, f(M, x;,%;) = (x;—%;) ' M(x; —x;) is the Maha-
lanobis distance parameterized by the d x d PSD matrix M, || - || some matrix norm and ¢ a
regularization parameter. We consider a loss function I(f, si, s5) = g(yi;[1 — f(M, x4, %;)]),
which outputs a small value when its input is large positive and a large value when it is
large negative. We assume g to be nonnegative and Lipschitz continuous with Lipschitz
constant U. Lastly, go = supy, ,, 9(yi;[1 — f(0,%;,x;)]) is the largest loss when M = 0. We
assume that ¥x € X, [|x]| < R. Now we specify the norms in Eq. (5.1) to get specific robust
algorithms (Bellet and Habrard, 2015).

Example 3 (Frobenius norm) Consider Eq. (5.1) with the Frobenius norm |[|M]| =
M| = \/Z‘Ll >0 m3 s (VIN(7/2,X, | - [l2), 8U Rygo/c)-robust.

Example 4 (¢; norm) Algorithm defined in Eq. (5.1) with |[M|| = ||[M||1 is (|[YIN (v, X, ||-
l1), 8U Rvygo/c)-robust.
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Example 5 ({21 norm and trace norm) Algorithm defined in Eq. (5.1) with |[M]| =
IM[l21 = 2%, ||m?||o, where m’ is the i-th column of M. This algorithm is (|V|N (7, X, || -
ll2), 8U Rygo/c)-robust. The same holds for the trace norm ||M][,, which is the sum of the
singular values of M.

Example 6 (Kernelization) Let X be compact. Consider the kernelized version of Eq. (5.1):

) 1
min M+ 5 > (il ~ FOVL6(2), 6(z;). (52)
- (Si,Sj)ESQ
Here ¢(+) is a feature mapping to a kernel space H, ||-||7 is the norm function of H, and k(- -)

is the kernel function. We assume H to be a Hilbert space, equipped with an inner product
operator (-,-). A feature mapping ¢(-) is a continuous mapping from X to H. The norm
|lwll% : H — Ris defined as ||w||y = (w, w), for all w € H. The kernel function k : XXX
R is defined as k(z1,z2) = (¢(x1), ¢(x2)). Define fy(v) 2 maxg pe v [la—bll.<v(F(a; a) +
k(b,b) — 2k(a,b)) and By = maxzcx \/k(z,x). If k(-,-) is continuous, by the compactness
of X we consider a cover of X, then for any v > 0, By and fy are finite for any v > 0, and
algorithm (5.2) is (JNV (v, X, || - ||2)], 8UBy+/ frg0/c)-robust.

Now we derive bounds for Bilinear Similarity Metric Learning.

Example 7 Replace Mahalanobis distance defined in Eq. (5.1) by bilinear similarity xiTM@-:

) 1 T
min e[ M + — > glysll — 2l May)) (5.3)
(81‘78]')6775

For the regularizers considered in Examples 3, 4, 5, robustness can be improved to 2U Ry go/c.

The improved robustness constant 2U Rygo/c in bilinear similarity learning ((5.3)) stems
from fundamental differences in how perturbations affect the similarity measure compared
to Mahalanobis distance. The Mahalanobis distance f(M,x;,%;) = (x; — x;) T M(x; — x;)
amplifies perturbation effects via difference operations, while the bilinear similarity xiTM:cj
exhibits simpler perturbation behavior. Specifically, for perturbations ||d;||, [|6;]] < 7:

|2 My — (i + ;) M + ;)| < Ml | 18511+ 182151 + 1161118511

yielding a tighter Lipschitz constant of 2R, |M] (vs. 8R|M]| for Mahalanobis). This
directly translates to the improved robustness constant 2UR,go/c under identical regu-
larization frameworks. The constant R, here specifically denotes max; ||z;||, maintaining
consistency with input norm assumptions.

5.2. Theoretical Comparisons

Here, we further demonstrate that when the data are embedded with high probability on
a low-dimensional manifold in the data space, and our bound is much stronger than that
of Bellet and Habrard (2015). The following proposition demonstrates that |7s| is indeed
independent of K and only scales logarithmically with n under a mild condition on pg,
proving that we have |Ts| < K and |Ts| < n in a general case.
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Proposition 14 (Kawaguchi et al. 2022) Under the assumptions of Theorem 2, we de-
note pr, = P(z € Cy) where py > pa > -+ > pg. If there are some constants o, 3,C > 0
such that py, decays as pr < Ce~*/P% andInn > max{1,1/a} then with probability at least
1—46, the following holds

Tl < B(nn)a + Cle — 1) +1og(1/8),  ifa>1,
Tl (1+2C(e —1))B(Inn)a +log(1/5), ifa < 1.

In Proposition 14, the parameter a controls how rapidly pg decays. For real-world
datasets, the data distribution often concentrates on a lower-dimensional manifold or around
a small number of modes. In such settings, it is expected that probability pi (arranged in
decreasing order) exhibits fast decays. If @ = oo, py concentrates on unknown [ bins,
therefore we have |Ts| < . If @ < oo, we have p, # 0 for all k£ € [K], but |Tg| remains
bounded above up to a logarithmic factor and does not depend on K.

Proposition 14 also highlights that even with complete prior knowledge of the data
distribution, |7s| can be much smaller than K as |Tg| is more adaptive according to the
training data while K cells need to cover all regions with positive mass in the distribution.
Without the perfect knowledge, |7s| can be more significantly smaller than K. A crucial
aspect of Theorem 2 is that 7 is determined solely by the training sample data instead
of the true background distribution. As a result, this outcome is particularly valuable in
statistical learning scenarios, where knowledge of the true distribution is limited to what
can be inferred from the training data.

6. Experimental Verification

In this section, we present experimental results to verify the superiority of our bound com-
pared to Bellet and Habrard (2015). We used five real-world datasets from LIBSVM (Chang
and Lin, 2011), whose details are provided in the following table

Dataset | cod-rna | poker | svmguide | w8a | ijennl
n 59535 | 25010 7089 49749 | 49990
d 8 10 4 10 10

We normalized these datsets so that & C [0,1]?. Following the suggestions in the litera-
ture (Bellet and Habrard, 2015; Kawaguchi et al., 2022), we used an e-cover (with respect
to the infinity norm) of the original input space to choose the partitions and set e = 0.1. We
conducted an empirical comparison between Theorem 5 (our result) and Proposition 3 for
pairwise learning. Specifically, Proposition 3 shows that [£(As) — Lemp(As) —€(s)| < Gy :=

2B((2KIn2 + 2111(1/6))/11)%, while Theorem 5 shows that |£(As) — Lemp(As) — €(s)| <

Go = Ql(ln(QK/(S)/n)% +20921In(2K/6)/n, where Q;, Qa are defined in Eq. (4.5). Since
€(s) are the same for both Proposition 3 and Theorem 5, we only compare G versus G in
the following table to illustrate our generalization bound relative to the existing bound in
Bellet and Habrard (2015). We set § = 0.1, and ignore the difference between B and «j, and
ai(As). This constitutes a favorable setting for the bound in Bellet and Habrard (2015)
since by definition we know B > aj and B > ay(As). The comparisons are summarized
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in Table 1. The experimental results in Table 1 demonstrate that our data-dependent gen-
eralization bounds are significantly tighter than the existing bounds in Bellet and Habrard
(2015). The ratio in the improvement can be as large as 1053/0.06 ~ 17, 550.

Dataset | cod-rna | poker | svmguide | w8a | ijennl
G 96.5 1489 2.8 1055.8 | 1053
Go 0.14 0.36 0.47 0.10 0.06

Table 1: Comparison between G1 and Go

7. Proof

In this section we will give the proof of the main theorem. The main theorem is an im-
provement based on Proposition 3. This improvement is largely based on the two upgraded
bounds for the multinomial distribution proposed by Kawaguchi et al. (2022). Recall that
aty (X) := max;e7; a;(X) and a7e(X) := max;je7e a;(X) where Ty = [K] —T; (Definition 1).

Proposition 15 (Kawaguchi et al. 2022) Let the vector X = (X1,..., Xg) follow the
multinomial distribution with parameter n and p = (p1,...,pK), where pp =P (z € Ck) and
X =11 1{z € Cy}. For any § € (0,1), with probability at least 1 — § we have

TIRK/) ) ATe (2K )5) )

n n n

S a(X) (s — 20 < ((ﬁmm T are (X))
=1

where a; is an arbitrary function with a;(X) >0 for alli € {1,..., K}.

Proposition 16 (Kawaguchi et al. 2022) For any § € (0,1), with probability at least
1 =96, the following holds:

Z%‘(X)(pi - &) < (ID(QK/(S)>§ ( Z (a7-sc(X) + \@az‘(X)) X’)

n n n
i=1 1€Ts

| 2QE/8) (e (X|T| + Tier, ai(X))

7.1. Proof of Theorem 2

We start with the proof of the following lemma that relates the gap to the concentration
of the multinomial distributions. We use the abbreviation Z; := Z;(s) in Definition 1. The
proofs of Lemma 17 and Lemma 18 are given in the appendix.

Lemma 17 For anys € Z", we have

[Zil

|Z;|
)

pi —
n

£ (As) = Lemp (A < Y Eeorp[l(As, 2, 2')|2 € Ci, 2 € Cjl(p) +

1,J€[K]

I, 1 &
Z EZJ/N#[K(AS,Z,Z/MZ € Cia Z, € C]]| 7|12 J| - ﬁ Z E(Asa Zi,Zj)

i,j€[K] ij=1

_|_
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The second term in Lemma 17 is bounded by the following lemma.

Lemma 18 For any s € Z", we have

Z; I 1
Z E. ull(As, 2, |z € Ci, 2 € Cj] | T’L| | -3 ZﬁAs,zz,zJ

i,j€[K] i,5=1

< ma ma U Ag, 2, 2") — U Ag, 2, 24)|.
_i,je[}ri]zp,zecz',zjfz’ec’j‘( S0 ) ( S Q)‘

Combining these lemmas and the concentration bounds from Proposition 15, we can
finish the proof of Theorem 2 as follows.
Proof [Proof of Theorem 2] From Lemma 17, we get
< Y E.o[l(As, 2,7)|2€C, 2 €C; ](pj+u) p
i,j€[K]

i ——
n

B, mull(As, 2,2") Z U(As, 2i, 25)

i,j€[n]

\IHI\ 1
Z B, ull(As, 2,2 )|z € C;, 2" € C}] 2 ZK.AS,ZZ,,Z]

n2
i,j€[K] i,j=1

By introducing £(As), we further get

o~ Ty, I
‘E (As) - Eemp Z 7 Z ‘(pl - 7)‘

7j=1 i=1
|

| ) Eepnll(As, 2,2))|z € Ci, 2 € Cj L

1,J€[K] ,j=1

By the definition of p; and Z;, we have Zfil(pi + E:l) =2 and

K
Z;
1£(A) — Lomp (A)] < 26(40) S i — 2
=1
T 1
Z E..ull(As,2,2)|2 € Ci, 2 € Gy — A — Z U(As, 2, 25)
1,j€[K] 3,7=1

Applying Proposition 15 with ai(X) = 1, we get

£ (As) = Lemp (As>r<§<As><(m +2) ‘Ts“n?(fff/é) +2\7;rln(2K/a>>

n

> Eeaenll(As 2,2z € G2 € GITIL - Y U As, 7, 25) -

i,j€[K] ij=1

It then follows from Lemma 18 that

n

1£.(As) — Lomp (As)] < £(As) ((M 1)

¢ " —4(A .
+ zgléa[)?i] Zp,ZECI{'l,giz’ECj ‘ ('AS’ Z 2 ) ( s Zps Zq)‘

TW(K/3) | 27| In(2K/9) )
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Using the robustness hypothesis that (A is (K, ¢€(+))-robust), we know
In(2K/§ 2|Ts| In(2K /6
BIRGETS , AHCHD) , (

n

1£.(As) — Lomp (As)] < £(As) ((M 12)

The proof is completed. |

7.2. Proof of Theorem 5

In this section, we give the proof of Theorem 5 to obtain a tighter bound by using a new
concentration bounds on multinomial distributions from Proposition 16.
Proof [Proof of Theorem 5] From Lemma 17:

Ez,z’wu[ (As, z, z Z U(As, 2, 25)
’L]E[TL
1Z;1| |Zi|
< > EZ7Z/NN[€(AS,Z,Z/)IZECi,z/GCj](pj—i-Tj) pi—
i,je[K]
Z E,ull(As, 2,2 )|z € C;, 2 GC} QZKAS,z,,zJ
i,j€[K] i,j=1
< Z max E, ., [0(As, z,2')|z € C;, 2’ € O] Z(p-—i-@)pi— i
jElK] a ’ ’ )
i€[K] Jj€lK]
L;||Z; 1
Z E..ull(As, 2,2 )|z € Cy, 2 }| H _ 2 ZﬁAs,zl,zj
1,J€[K] n? 3,j=1
€3 maxEn o ez )z € O € Oyl — 3oy 4 B
mnax 2,2~ s, 2,2 )|% %4 j i j e
£ jelk) I il|p n < Dj n

|IHI| 1
Z B, .ull(As, 2,2 )|z € Ci, 2" € Cj]—= 3 o ZﬁAs,zl,zJ

i,j€[K] i,j=1

By definition, we have Efil |Z;| = n and Zfilpi = 1. Then

T
<2Zal s)|pi — | Z‘|

Z E. oull(As, 2,2 )|z € Ci, 2 EC’] 3 Z (As, zi, 25) |

i,j€[K] i,j=1

E, .ull(As, 2, 2") Z U(As, i, 25)

i,j€[n]

where we have used the definition of o;(As) in Eq. (4.3). Invoking Lemma 18, we get

K n
Zaz( s)’pz Z zz’w,u[ ( Sy %5 Z)|Z c (i, 2 ]] nZ ) Z ( 572172])
i= ,]E[K] i,7=1
K
< 2204,-(./45)\]9@- _ ] + max max [0(As, 2,2") = U(As, 2p, 2q) |-

,]E[TL] Zp> ZGCM'ZQ z EC
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By Definition 1, we have

(A "N — 1A < e(s).
A el e, | (A 2,2) = Ul 29, 2)| < €(6)

Invoking Proposition 16 with a(X) = ap(As), a7, (X) = a7, (As) and a7e(X) = a1e(As),
we have that for any ¢ € (0, 1), with probability at least 1 — §, the following holds

E..ull(As, 2, 2) Z U As, i, 2;)

i,j€[n]

S (a7 (As) + ﬁakus)\/ ‘ff’\/ 2K 5) | Horg(ATol + Viker, 0l 4e) IN2K/D)

n

< e(s)+

keTs

The proof is completed. |

7.3. Proof of Theorem 9

Under the pseudo-robustness setting we can easily deduce the following result from the
Lemma 18. The proof is given in the appendix.

Lemma 19 If a learning algorithm A is (K, €(-),pn()) pseudo-robust, the training pairs
come from a sample generated by n IID draws from u, then we have:

Z;||Z; 1 §2 n°—|8

Z E. . oull(As, 2,2 )|z € C, 2 ‘7L| 2Z€As,zl,zj _ng 2| € (As) .

n
1,j€[K] i,j=1

The second term in Lemma 17 is now bounded by the Lemma 19. Then, analyzing similarly
to the proof of Theorem 2 gives Theorem 9.
Proof [Proof of Theorem 9] By Lemma 17 and Lemma 19, we know

Ed n—ISI

[£(As) = Lemp (As)] < n2 £ (As) (7.1)

n
|Z;]

n

7

K
IA
+ ZEZ,z,NM[E(AS,z,z'nz € Ci, 2 € Cjl(p; + '7;’) S lp

j=1 =1

Then we treat the last term in the same way as in Theorem 2, and use Proposition 8 to get

3 7, <
ZEzZNM U As, 2,2 )|z € Ci, 2" € Cjl(pj + n] )Z pi— 72)
= i=1

< (A ((\f2+ 1),/ sl In(2E/9) +2|7;|1H(2K/6)>'

By combining the above two inequalities, we obtain the desired statement. |
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8. Conclusion

Our work bridges a critical gap in robustness theory by establishing the first data-dependent
generalization bounds for pairwise learning algorithms. Moving beyond the limitations of
prior analyses, we introduce a novel robust optimization framework that fundamentally re-
calibrates the theoretical foundations of pairwise learning through three advances. First, we
replace uniform supremum bounds with hypotheses-sensitive quantities £(Ag) and &(As),
using actual algorithm output and conditional expectations to eliminate crude uniform
bounding. Second, we substitute combinatorial partition cardinality K with the effective
partition size |Tg|, achieving logarithmic dependence on K and orders-of-magnitude tight-
ness gains for sparse distributions. Third, we formalize robustness guarantees for non-IID
training pairs through conditional partition expectations and adaptive error weighting, over-
coming the IID assumption bottleneck that limited prior pointwise-to-pairwise transfers.
These advances collectively resolve the “relative looseness” limitation noted by Bellet
and Habrard (2015) while preserving the geometric interpretability of robustness frame-
works. By demonstrating exponentially tighter bounds than in the prior art through The-
orems 2 and 9, our approach unifies robust optimization with pairwise loss structures to
establish a new theoretical foundation. The minimal distributional assumptions of this
framework make it particularly suitable for noisy real-world scenarios in high-impact ap-
plications that include metric learning, ranking, and AUC maximization. Future work will
extend this foundation to adversarial pairwise learning and deep metric architectures.
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