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Abstract

Traditional analyses of gradient descent with learning rate 1 show that when the largest eigenvalue
of the Hessian of the loss, also known as the sharpness S(#), is bounded by 2/7, training is "stable"
and the training loss decreases monotonically. However, Cohen et al. [7] recently observed two
important phenomena. The first, progressive sharpening, is that the sharpness steadily increases
throughout training until it reaches the instability cutoff 2 /7). The second, edge of stability, is that
the sharpness hovers at 2/n for the remainder of training while the loss non-monotonically de-
creases. We demonstrate that, far from being chaotic, the dynamics of gradient descent at the edge
of stability can be captured by a cubic Taylor expansion: as the iterates diverge in direction of the
top eigenvector of the Hessian due to instability, the cubic term in the local Taylor expansion of
the loss function causes the curvature to decrease until stability is restored. This property, which
we call self-stabilization, is a general property of gradient descent and explains its behavior at the
edge of stability. A key consequence of self-stabilization is that gradient descent at the edge of
stability implicitly follows projected gradient descent (PGD) under the constraint S(6) < 2/7. Our
analysis provides precise predictions for the loss, sharpness, and deviation from the PGD trajectory
throughout training, which we verify both empirically in a number of standard settings and theoret-
ically under mild conditions. Our analysis uncovers the mechanism for gradient descent’s implicit
bias towards stability.

1. Introduction

1.1. Gradient Descent at the Edge of Stability

Neural networks are often trained using variants of gradient descent such as stochastic gradient de-
scent (SGD) or ADAM [17]. When deciding on an initial learning rate, practitioners draw intuition
from the following classical lemma, known as the "descent lemma."

Definition 1 Given a loss function L(), the sharpness at 0 is defined to be S(0) := Apaz(V2L(0)).
When this eigenvalue is unique, the associated eigenvector is denoted by u(0).

Lemma 2 (Descent Lemma) Assume that S(6) < ¢ for all 0. If 0,41 = 0, — nV L(6y),
L(Br1) < L(6:) = n(2 = nt) - [[VL©G,)[* /2.

Here, loss decrease is maximized at n = 1/¢, a popular learning rate criterion. For any n < 2//,
the descent lemma guarantees that the loss will decrease, and hence learning rates below 2/¢ are

*. Equal contribution

© A.Damian*, E. Nichani* & J.D. Lee.



SELF-STABILIZATION: THE IMPLICIT BIAS OF GRADIENT DESCENT AT THE EDGE OF STABILITY

considered "stable" while those above 2/ are considered "unstable." For quadratic loss functions,
this is tight. Any learning rate above 2/¢ provably leads to exponentially increasing loss.

However, it has recently been observed that in neural networks, the descent lemma is not predic-
tive of the optimization dynamics. Recently, Cohen et al. [7] observed two interesting phenomena:

Progressive Sharpening Throughout most of the optimization trajectory, the gradient of the loss
is negatively aligned with the gradient of sharpness, i.e. VL(0) - V.S(#) < 0. As a result, for any
reasonable learning rate 7, the sharpness increases throughout training until it reaches S(0) = 2/7.

Edge of Stability Once the sharpness reaches 2/7, it ceases to increase and remains around 2 /7
for the rest of training. Despite the fact that the descent lemma no longer guarantees the loss
decreases, the loss still continues to rapidly decrease, albeit non-monotonically.
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1.2. Self-stabilization: The Implicit Bias of Instability

In this work we explain the second stage, "edge of stability." We identify a new implicit bias of
gradient descent which we call self-stabilization. Self-stabilization is the mechanism by which the
sharpness remains bounded around 2 /7, despite the continued force of progressive sharpening, and
by which the gradient descent dynamics do not diverge, despite instability.

Traditional non-convex optimization analyses involve Taylor expanding the loss function to
second order around 6 to prove loss decrease when 1 < 2/5(#). When this is violated, the iterates
diverge exponentially in the top eigenvector direction, u, thus leaving the region in which the loss
is locally quadratic. Understanding the dynamics thus necessitates a cubic Taylor expansion.

Our key insight is that the missing term in the Taylor expansion of the gradient after diverging
in the u direction is V3L(6)(u, u), which is exactly equal to the gradient of the sharpness at :

Lemma 3 (Self-Stabilization Property) Ifthe top eigenvalue of V? L(0) is unique, then the sharp-
ness S(0) is differentiable at § and ¥V S(0) = V3L(0)(u(0),u(0)).

As the iterates move in the negative gradient direction, this term decreases the sharpness. So long
as the iterates are unstable, the strength of this term grows until the sharpness goes below 2 /7, at
which point the iterates in the u direction shrink and the dynamics re-enter the quadratic regime.

This negative feedback loop prevents both the sharpness S(#) and the movement in the top
eigenvector direction, u, from growing out of control. As a consequence, we show that gradient
descent implicitly solves the constrained minimization problem: ming L(6) such that S(0) < 2/n.

Specifically, if the stable set M is defined by M := {6 : S(0) < 2/nand VL(0) - u(f) = 0}
then the gradient descent trajectory {6;} tracks the following projected gradient descent trajectory
{92 } which solves the constrained problem [3]:

GI_H = proj (92 - nVL(HtT)) where  proj,(#) := argmin [|6 — ¢'||. (D
0'eM
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Figure 1: The four stages of edge of stability, demonstrated on a toy loss function (Appendix C).

Our main contribution is that we explain self-stabilization as a generic property of gradient descent
for a large class of loss functions, and provide precise predictions for the loss, sharpness, and devia-
tion from the constrained trajectory {92 } throughout training (Section 3). We verify our predictions
by replicating the experiments in Cohen et al. [7] and show that they model the true gradient de-
scent dynamics (Section 4). In Appendix D, we prove that under mild conditions (which we verify
empirically), our predictions track the true gradient descent dynamics up to higher order error terms.

2. Setup

We denote the loss function by L € C3(R?). Let # € R? follow gradient descent with learning rate
n, ie. Ory1 := 6 — nVL(6;). Recall that M := {6 : S(0) <2/nand VL(0) - u(f) = 0} is the
set of stable points and proj ,, := arg ming ., |0 — 0’| is the orthogonal projection onto M. For
notational simplicity, we will shift time so that 6 is the first point such that S(proj,(0)) = 2/n.
The constrained trajectory A1 is initialized with 98 := proja,(6o) after which it follows (1).

Our key assumption is the existence of progressive sharpening along the constrained trajectory,
which is captured by a(f). We also assume that there is a single unstable eigenvalue.

Assumption 1 (Progressive Sharpening) Let a(60) :== —VL(0) - VS(6). Then a(QI ) > 0.
Assumption 2 (Eigengap) For some absolute constant ¢ < 2 we have )\Q(V2L(92 ) <c¢/n.

3. The Self-stabilization Property of Gradient Descent
3.1. The Four Stages of Edge of Stability: A Heuristic Derivation

In this section we present a heuristic derivation of the self-stabilization property (see Appendix D
for the more general analysis). The derivation proceeds by a cubic Taylor expansion around a fixed
reference point 0* := 93. For notational simplicity, we will define the following quantities at 6*:

VL := VL), V2L := V2L(0*), u := u(f*), VS := VS(6), o := a(#*), B :=||VS|?,
where @« = —VL - VS > 0 is the progressive sharpening. Our heuristic analysis assumes that
VS L uand VL, VS € ker(V?L), and ignores higher order error terms.!

We track the movement in the unstable direction » and the direction of changing sharpness V.S,
and thus define z; := u - (6 — 0*) and y; := V.S - (6, — 6*). Note that y; is approximately
to the change in sharpness from 6* to 6, since Taylor expanding the sharpness yields S(6;) ~
S(0*)+ VS - (0: —0*) = 2/n + y;. At a high level, the mechanism for edge of stability can be
described in 4 stages (see Figure 1):

1. We give an explicit example of a loss function satisfying these assumptions in Appendix C.
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Stage 1: Progressive Sharpening While z,y are small, VL(6;) ~ VL. In addition, because
VL -VS <0, gradient descent naturally increases the sharpness at every step. In particular,
Yt+1 — Yt = Vs - ((9,54.1 — et) ~ —’I’]VL -VS = nao.

The sharpness therefore increases linearly with rate na.

Stage 2: Blowup As x; measures the deviation from 6* in the u direction, the dynamics of z; can
be modeled by gradient descent on a quadratic with sharpness S(6;) ~ 2/n + y;. In particular, the
rule for gradient descent on a quadratic gives

Tep1 = 2 — nu - VL(O) = 2 — S (Or)we = 21 — 0[2/n + yeve = — (1 + nye) 2+

When the sharpness exceeds 2/7, i.e. when y; > 0, |z;| begins to grow exponentially.

Stage 3: Self-Stabilization Once the movement in the v direction is sufficiently large, the loss
is no longer locally quadratic. Understanding the dynamics necessitates a third order Taylor ex-
pansion. The missing cubic term in the Taylor expansion of VL(6;) is V3L(u, u)%? =VS % by
Lemma 3. This biases the optimization trajectory in the — V.S direction, which decreases sharpness.
Recalling 3 = ||V.S||%, the new update for i becomes:

Yrr1 — yr = na + VS - (—V3L(u,u)x}/2) = n(a — Bz} /2)

Therefore once x; > +/2a/[3, the sharpness begins to decrease and continues to do so until the
sharpness goes below 2 /7 and the dynamics return to stability.

Stage 4: Return to Stability At this point | 2| is still large from stages 1 and 2. However, the self-
stabilization of stage 3 eventually drives the sharpness below 2/7 so that y; < 0. Because the rule
for gradient descent on a quadratic with sharpness S(6;) = 2/n+y; < 2/nis zi41 ~ —(1+ny) x4,
|x¢| begins to shrink exponentially and the process returns to stage 1.

Combining the update for x;, y; in all four stages, we obtain the following simplified dynamics:

zip1 ~ —(L+ny)ze and  yg1 ~ v+ n(a — Bz7/2) 2

3.2. Analyzing the simplified dynamics

We now analyze the dynamics in (2). First, note that z; changes sign at every iteration, and that
Tty1 =~ —x¢. While (2) cannot be modeled by an ODE due to these oscillations, we can instead
model |z|, y+. We couple the dynamics of |x|, y; to the following ODE X (¢), Y (¢):

X'(t)=X@)Y(t) and Y'(t)=a— BX(t)%/2. 3)

This system has the unique fixed point (X,Y) = (4, 0) where ¢ := \/2«/. Furthermore, we can
prove conservation of a quantity g,which allows us to explicitly bound the size of the trajectory:

Lemmad4 Let h(z) :== z —logz — 1. Then g(X (t),Y (t)) := h(ﬁ)gig)?) + %75)2 is conserved.

Proof 4g(X(t),Y (1)) = ZXUYO _ oy (1) 4 2y (y) [a _ 37-’“2”2] —0. -

Corollary 5 Forall t, X(0) < X (t) < d+/log(6/X(0)) and |Y (t)| < \/alog(d/X(0)).

The fluctuations are O(y/a) in the sharpness and O() in the unstable direction. Moreover, the
normalized displacement in the V.S direction, is also bounded by O(9), so the entire process remains
bounded by O(6). Note that the fluctuations increase as a grows, and decrease as 3 grows.
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3.3. Relationship with the constrained trajectory 92

(2) determines the displacement 6, — 6* in the u, V.S directions. However, 6; still evolves in the
orthogonal directions by —77P1tV gV L at every step. This can be interpreted as taking a gradient
step of —yV L and then projecting out the VS direction to ensure the sharpness does not change.
Lemma 16, shows that this is precisely the update for 92 ((1)) up to higher order terms. Therefore
160 — 0;{ | < O(6) and that this O() error term is controlled by the self-stabilizing dynamics in (2).

4. Experiments

Appendix D introduces a generalization of eq. (2). In Figure 2, we replicate the experiments in
[7]. We show that these dynamics accurately model gradient descent at the edge of stability and can
predict the loss, sharpness, and distance from constrained trajectory. In addition, while gradient flow
diverges linearly from gradient descent, the gradient descent and constrained trajectories remain
close throughout training. See Appendix F for details and Appendix I for more experiments.

5. Discussion

Non-Monotonic Loss Decrease Cohen et al. [7] observed that, despite non-monotonic fluctua-
tions of the loss, the loss still decreases over long time scales. Our analysis explains this decrease
by showing that gradient descent remains close to the constrained trajectory. Since this trajectory
is stable, it satisfies a descent lemma (Lemma 17), and has monotonically decreasing loss. Over
short time periods, the loss is dominated by the rapid fluctuations of x; described in Section 3. Over
longer time periods, the loss decrease of the constrained trajectory overpowers the bounded fluctu-
ations of z¢, leading to an overall loss decrease. This is reflected in our experiments in Section 4.

Generalization & the Role of Large Learning Rates Prior work shows that decreasing sharp-
ness of the learned solution [9, 15, 16, 24] and increasing the learning rate [18, 19, 26] are corre-
lated with better generalization. Our analysis shows that gradient descent implicitly constrains the
sharpness to stay near 2/7, which suggests larger learning improves generalization by reducing the
sharpness. In Figure 3 we confirm that gradient descent generalizes better with large learning rates.

Training Speed [7] also shows that larger learning rates lead to faster convergence despite insta-
bility. This phenomenon is explained by our analysis. Gradient descent is coupled to the constrained
trajectory which minimizes the loss while constraining movement in the u;, V.Sj- directions. How-
ever, the constrained trajectory can still move quickly in the orthogonal directions, using the large
learning rate to accelerate convergence. We demonstrate this empirically in Figure 3.

We defer additional discussion of our work, including a generalization of the predicted dynamics
in Appendix H, and the effect of multiple unstable eigenvalues and connections to Sharpness Aware
Minimization [10], warm-up [11], and scale-invariant loss functions [22] to Appendix J.

Future Work An important question is to understand the dynamics when there are multiple un-
stable eigenvalues, which we address in Appendix J. Another direction is to understand the global
convergence properties at the edge of stability, including convergence to a KKT point of the con-
strained update (1). Next, our analysis focused on the edge of stability dynamics but left open the
question of why progressive sharpening occurs. Finally, we would like to understand how self-
stabilization interacts with the implicit biases of stochastic-gradient descent [4, 8, 20].
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Figure 2: We empirically demonstrate that the predicted dynamics given by (4) track the true dy-
namics of gradient descent at the edge of stability. For each learning rate, the top row
is a zoomed in version of the bottom row which isolates one cycle and is reflected by
the dashed rectangle in the bottom row. Reported sharpnesses are two-step averages for
visual clarity. For additional experimental details, see Section 4 and Appendix F.
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Appendix A. Related Work

Cohen et al. [7] conducted an extensive empirical study showing progressive sharpening and edge
of stability in a wide range of models. Prior work [28, 29] had also observed that for neural net-
works full-batch gradient descent reaches instability and the loss is not monotonically decreasing.
Lewkowycz et al. [18] observed that when the initial sharpness is larger than 2 /7, gradient descent
"catapults" into a stable region and converges.

Recent works have sought to provide a theoretical analysis for the edge of stability phenomenon.
Ma et al. [23] analyzes edge of stability when the loss satisfies a "subquadratic growth" assumption.
Ahn et al. [1] argues that unstable convergence is possible when there exists a "forward invariant
subset" near the set of minimizers. Arora et al. [2] analyzes progressive sharpening and the edge of
stability phenomenon for normalized gradient descent close to the manifold of global minimizers.
Lyu et al. [22] uses the edge of stability phenomenon to analyze the effect of normalization layers on
sharpness for scale-invariant loss functions. Chen and Bruna [6] show global convergence despite
instability for certain 2D toy problems and in a 1-neuron student-teacher setting. The concurrent
work Li et al. [21] proves progressive sharpening for a two-layer network and analyzes the edge of
stability dynamics through four stages similar to ours using the norm of the output layer as a proxy
for sharpness.

Beyond the edge of stability phenomenon itself, prior work has also shown that SGD with large
step size or small batch size will lead to a decrease in sharpness [12—14, 16]. Gilmer et al. [11] also
describes connections between edge of stability, learning rate warm-up, and gradient clipping.

At a high level, our proof relies on the idea that oscillations in an unstable direction prescribed
by the quadratic approximation of the loss cause a longer term effect arising from the third-order
Taylor expansion of the dynamics. This overall idea has also been used to analyze the implicit
regularization of SGD [4, 8, 20]. In those settings, oscillations come from the stochasticity, while
in our setting the oscillations stem from instability.

Appendix B. Notation

We denote by V*L(6) the k-th order derivative of the loss L at §. Note that V¥ L(#) is a symmetric
k-tensor in (R%)®* when 0 € R%.

For a symmetric k-tensor 7', and vectors uy, . .., u; € R? we will use T'(uy, ..., u;) to denote
the tensor contraction of 7" with uy, ..., u;, i.e.
[T'(u1, . .. 7Uk)]i1,‘..,z‘k,j = Ty i (W )iy - (W)

We use P,, ..., to denote the orthogonal projection onto span(uy, ..., uy) and PUL1 77777 ur is the
projection onto the corresponding orthogonal complement.

11
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For matrices A1, ..., Ay, we define

t 1
[TAr=41.. 4 and J[A:=A4.. A
k=1 k=t
Appendix C. A Toy Model for Self-Stabilization

For o, 8 > 0, consider the function
2 x? «
L(z,y,2) = <+ 5y>—y—z
n Vo 2 VB

initialized at the point (¢, 0,0). Note that the constrained trajectory will follow x;r =0, yj =0,

z;r = —nt as it cannot decrease y without increasing the sharpness past 2 /7. We therefore have:

VL, = [0, —%, 1}, w = [1,0,0], S; = 2/n + /By, V2L; = Spuul, VS, = [0, 5,0]

Note that this satisfies all of the assumptions in Section 3 and it satisfies « = —V L; - V.S; = 0 and
B = ||VS;||?. This process will then follow (3) in the x, y directions while it tracks the constrained
trajectory 92 moving linearly in the _Piv sVL = [0,0,—1] direction.

Appendix D. The Predicted Dynamics and Theoretical Results

We now present the equations governing edge of stability for general loss functions.

D.1. Notation

Our general approach Taylor expands the gradient of each iterate 6, around the corresponding iterate
91 of the constrained trajectory. We define the following Taylor expansion quantities at 92 :

Definition 6 (Taylor Expansion Quantities at 92 )
VLi:=VL(0)), V2L;:=V2L(0)), V3L,:=V3L(0)), VS, :=VS(0)), wus:=u(®)).

Furthermore, for any vector-valued function v(0), we define vi- := Piv(&l ) where Pult is the
projection onto the orthogonal complement of u,.

We also define the following quantities which govern the dynamics near 6;.

Definition 7 Let oy := —VL; - VS, B == | VS|

2
, and 6 1= % Furthermore, we define

Bst 1= VStJ-Jrl [ 2; (I — anLk)Pj;c} VSt and § = sup, &;.

Recall that o is the progressive sharpening force, /3, is the strength of the stabilization force, and &,
controls the size of the deviations from 6;{ and was the fixed point in the z direction in Section 3.2.
The scalars (35—, capture the effect of the interactions between V.S and the Hessian.

D.2. The equations governing edge of stability

We now introduce the equations governing edge of stability. We track the following quantities:

Definition 8 Define v, = 0; — 0], xy := uy - vy, Yy := V.Si- - vy

12
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Our predicted dynamics directly predict the displacement v; and the full definition is deferred to
Appendix E. However, they have a relatively simple form in the u;, V.S directions:

Lemma 9 (Predicted Dynamics for x,y) Let U; denote our predicted dynamics (defined in Ap-
pendix E). Letting ¥y = uy - Uy and §j; = VS’tL - Dy, we have

t x 2
* * * * 62 — T
i1 = —(1+ny)ze and Y1 =1 E Bs—t [S 5 2 ] 4)
s=0

Note that when 35_,; are constant, our update reduces to the simple case discussed in Section 3,
which we analyze fully. When z; is large, (4) demonstrates that there is a self-stabilization force
which acts to decrease y;; however, unlike in Section 3, the strength of this force changes with ¢.

D.3. Coupling Theorem

We now show that, under a mild set of assumptions which we verify to hold empirically in Ap-
pendix G, the true dynamics are accurately governed by the predicted dynamics. This lets us use
the predicted dynamics to predict the loss, sharpness, and the distance to the constrained trajectory
o]

Our errors depend on the unitless quantity e, which we verify is small in Appendix G.

Definition 10 Let ¢; := 1,/ay and € := sup, ;.
To control Taylor expansion errors, we require upper bounds on V3L and its Lipschitz constant:?

Assumption 3 Let ps, py to be the minimum constants such that for all 0, HV?’L(H) HOP < p3 and
V3L is py-Lipschitz with respect to ||-|| op- Then we assume that py = O(np3).

Next, we require the following generalization of Assumption 1:

: —VLiVS L] —
Assumption 4 For all t, W = O(1) and ||VSE-|| = ©(ps).

Finally, we require a set of “non-worst-case" assumptions, which are that the quantities V2L, V3L,
and Ap,i, (V2 L) are nicely behaved in the directions orthogonal to u;, which generalizes the eigen-
gap assumption. We verify the assumptions on V2L and V3L empirically in Appendix G.

[V3Liww)||  [V2Li@E 55 [Amin(V2L0)]
2 1 o R TR R P O

Assumption 5 Forall t and v, w L uy, T

With these assumptions in place, we can state our main theorem which guarantees &, 7, © predict
the loss, sharpness, and deviation from the constrained trajectory up to higher order terms:

Theorem 11 Let 7 := O(e™ ') and assume that min,< 7 |&| > c18. Then for any t < 7, we

have
L(6:) = L(6]) + &7 /n + O (0 /) (Loss)
S(6:) = 2/n+ e + (St - w)d, + O(€2/n) (Sharpness)
0, = 92 + 0 + O(€d) (Deviation from 61)

2. For simplicity of exposition, we make these bounds on V?L globally, however our proof only requires them in a
small neighborhood of the constrained trajectory 6.

13
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The sharpness is controlled by the slowly evolving quantity 7; and the period-2 oscillations of
(VS -U)Zy. This combination of gradual and rapid periodic behavior was observed by Cohen et al.
[7] and appears in our experiments. Theorem 11 also shows that the loss at §; spikes whenever 7 is
large. On the other hand, when 7; is small, L(6;) approaches the loss of the constrained trajectory.

Appendix E. Definition of the Predicted Dynamics

Below, we present the full definition of the predicted dynamics:

Definition 12 (Predicted Dynamics, full) Define 0g = vo, and let Ty = Uy - ug, 3, = VS* - 0y

Then

67 — 2
2

Ut+1 Ut+1

vip1 = Pk (I —nV2L)Piv; + 0P vs}[ ] — (1 +ny))x} - ur (5)

For convenience, we will define the map step, : RY — R? as follows:

Definition 13 Given a vector v and a timestep t, define step,(v) by

62 — g2
P1t+l step,(v) = Pqﬁﬂ {(I — nVQLt)PuJ‘t’U + nVStJ‘ { L 5 H (6)
ugy1 - step,(v) = —(1+ny)z. )

where x = uy - v and y = V.S - v.

It is easy to see that 041 = step,; ().
Proof [Proof of Theorem 9] Defining A, = (I — nVQLt)Pjt, we can unfold the recursion in (5) to
obtain the following formula for ?;.

t
* _ § 1
Ut+1 =7 Put+1
s=0

It is then immediate to see that &; = 0y - ug, 9y = V.Si- - Oy have the following simple update:

s+1

114

k=t

2 *2
0% —

x *
28} — (1 +nyf)x; - upy1. (8)

VSt {

t
* % N 52 _ .’L'*2
zipr = —(L+nyey and  ypg =17 E Bs—st {828},
s=0

where we recall that we have defined

s+1

Bt = VS [[] Ar|VSS )
k=t

|

Appendix F. Experimental Details
F.1. Architectures

We evaluated our theory on four different architectures. The 3-layer MLP and CNN are exact
copies of the MLP and CNN used in [7]. The MLP has width 200, the CNN has width 32, and
both are using the swish activation [25]. We also evaluate on a ResNet18 with progressive widths
16, 32,64, 128 and on a 2-layer Transformer with hidden dimension 64 and two attention heads.

14
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F.2. Data

We evaluated our theory on three primary tasks: CIFAR10 multi-class classification with both cate-
gorical MSE loss and cross-entropy loss, CIFAR10 binary classification (cats vs dogs) with binary
MSE loss and logistic loss, and SST2 [27] with binary MSE loss and logistic loss.

F.3. Experimental Setup

For every experiment, we tracked the gradient descent dynamics until they reached instability and
then began tracking the constrained trajectory, gradient descent, gradient flow, and both our pre-
dicted dynamics (Appendix D) and our generalized predicted dynamics (Appendix H). In addition,
we tracked the various quantities on which we made assumptions for Appendix D in order to val-
idate these assumptions. We also tracked the second eigenvalue of the Hessian at the constrained
trajectory throughout training and stopped training once it reached 1.9/7, to ensure the existence of
a single unstable eigenvalue. Finally, as the edge of stability dynamics are very sensitive to small
perturbation when |z| is small (see ??), we switched to computing gradients with 64-bit precision
after first reaching instability to avoid propagating floating point errors.

Eigenvalues were computed using the LOBPCG sparse eigenvalue solver in JAX [5]. To com-
pute the constrained trajectory, we computed a linearized approximation for proj,, inspired by
Lemma 16 along with a Newton step in the u; direction to ensure that VL - « = 0. Each linearized
approximation step required recomputing the sharpness and top eigenvector and each projection
step then consisted of three linearized projection steps, for a total of three eigenvalue computations
per projection step.

Our experiments were conducted in JAX [5], using https://github.com/locuslab/
edge-of-stability as a reference for replicating the experimental setup used in [7]. All
experiments were conducted on two servers, each with 10 NVIDIA GPUs. Code is provided in the
supplementary material and will be made public on GitHub upon acceptance.

Appendix G. Empirical Verification of the Assumptions

For each of the experimental settings considered (MLP+MSE, CNN+MSE, CNN+Logistic, ResNet1 8+MSE,
Transformer+MSE, Transformer+Logistic), we plot a number of quantities along the constrained
trajectory to verify that the assumptions made in the main text hold. For each learning rate  we

have 8 plots tracking various quantities, which verify the assumptions as follows: Assumption 1 is

verified by the 1st plot, € being small is verified by the 2nd plot, Assumption 4 is verified by the

3rd and 4th plots, Assumption 3 is verified by the 5th plot, and Assumption 5 is verified by the last

3 plots. As described in the experimental setup, training is stopped once the second eigenvalue is

1.9/7, so Assumption 2 always holds with ¢ = 1.9 as well.

15


https://github.com/locuslab/edge-of-stability
https://github.com/locuslab/edge-of-stability

SELF-STABILIZATION: THE IMPLICIT BIAS OF GRADIENT DESCENT AT THE EDGE OF STABILITY

MLP+MSE on CIFARI10
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CNN+MSE on CIFAR10
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CNN+Logistic on CIFAR10 (cats vs dogs)
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ResNetl18+MSE on CIFARI10 (cats vs dogs)
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Transformer+Logistic on SST2
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Appendix H. The Generalized Predicted Dynamics

Our analysis relies on a cubic Taylor expansion of the gradient. However, in order for this Taylor
expansion to accurately track the gradients we need a bound on the fourth derivative of the loss
(Assumption 3). Section 4 and Appendix G show that this approximation is sufficient to capture
the dynamics of gradient descent at the edge of stability for many standard models when the loss
criterion is the mean squared error. However, for certain architectures and loss functions, including
ResNet18 and models trained with the logistic loss, this condition is often violated.

In these situations, the loss function in the top eigenvector direction is either sub-quadratic,
meaning that the quadratic Taylor expansion overestimates the loss and sharpness?, or super-quadratic,
meaning that the quadratic Taylor expansion underestimates the loss and sharpness. To capture this
phenomenon, we derive a more general form of the predicted dynamics which reduces to the stan-
dard predicted dynamics in Appendix D when the loss in the top eigenvector direction is approxi-
mately quadratic. In addition, Appendix I shows that the generalized predicted dynamics capture the
dynamics of gradient descent at the edge of stability for both mean squared error and cross-entropy
in all settings we tested.

H.1. Deriving the Generalized Predicted Dynamics

To derive the generalized predicted dynamics, we will abstract away the dynamics in the top eigen-
vector direction. Specifically, for every ¢ we define

(L’2

Fy(z) := L(6] + zu;) — L(0]) — o
We say that L is sub-quadratic at ¢ if Fy(z) < 0 and super-quadratic if F(z) > 0.
Note that knowing F;} is not sufficient to capture the dynamics in the wu, direction. Specifically,

Ti4+1 = T — NUg - VL(@I + ’Ut) 7é Ty — Nug - VL(QZ + xut).

It is still critically important to track the effect that the movement in the V.S;- direction has on the
dynamics of . As in Section 3.1, the effect of the movement in the V.Si direction on the dynamics
of z is changing the sharpness by ;. This gives us the generalized predicted dynamics update:

. » 62 _ .’17*2
Uty1 = Py (I - UVZLt)Pultvt +nP,,, VSi- [t2t] — Tiy1 Ut

Ut41 Ut41

where z7,; = —(1+ nyf)zy — nk' ().
Note that when F;(z) = 0 is exactly quadratic, this reduces to the standard predicted dynamics
update in (5). Note that the update for y is completely unchanged:

Lemma 14 Restricted to the us, V Sy directions, the generalized predicted dynamics v} imply:

t
52 _ l'*2
wi = —(L+my)a; —nF'(x}) and yiy =) Bes {2] . (10)
s=0

The proof is identical to the proof of Theorem 9.

3. This sub-quadratic phenomenon was also observed in [23].
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H.2. Properties of the Generalized Predicted Dynamics

Note that due to the sign flipping argument in Appendix K, we can assume that ' is an even function
as the odd part will only influence the dynamics through additional oscillations of period 2, so
throughout the remainder of this section we will assume that F}(x) = F;(—xz). Otherwise, we can
simply redefine F' by its even part.

Next, note that the fixed point of (10) is still when z; = J;, regardless of the shape of F}, due to
the need to stabilize the V.S;- direction. This contradicts previous 1-dimensional analyses of edge
of stability in which the fixed point in the top eigenvector direction strongly depends on the shape
of F}, the loss in the u; direction.

The limiting value of y; can therefore be read from the update for z;. If (&;,y) is an orbit of
period 2 of (10), then
F'(6)

&
In addition, note that the sharpness can no longer be approximated as S(0;) ~ 2/n + y; as the
sharpness now changes along the u; direction. In particular, it changes by F"/(x) so that

S0r) = 2/n+ y + F"(x).

Therefore, the limiting sharpness of (10) is

—0y = —(L+ny)s —nF'(6) = y=—

F{(6:)
Ot
When F; = 0 and the loss is exactly quadratic in the u direction, this update reduces to fixed point

predictions in Section 3.1.

One interesting phenomenon observed by Cohen et al. [7] is that with cross-entropy loss, the
sharpness was never exactly 2/7, but usually hovered above it. This contradicts the predictions of
the standard predicted dynamics which predict that the fixed point has sharpness 0. However, using
the generalized predicted dynamics (10), we can give a clear explanation.

S(0:) = 2/n— + F{' ().

When the loss is sub-quadratic, e.g. when Fj(x) = — p4§, we have
o0f o o7
SO0 = 2/n+ pag = pagy = 2/0 = pag <2/

so the sharpness will converge to a value below 2 /7. On the other hand if the loss is super-quadratic,
the sharpness converges to a value above 2 /7. More generally, whether the loss converges to a value
above or below 2/7 depends on the sign of F}'(8:) — 0:F} (d¢).

In our experiments in Appendix I, we observed both sub-quadratic and super-quadratic loss
functions. In particular, the loss was usually sub-quadratic when it first reached instability but
gradually became super-quadratic as training progressed at the edge of stability.

Appendix I. Additional Experiments

I.1. The Benefit of Large Learning Rates: Training Time and Generalization

We trained ResNet18 with full batch gradient descent on the full 50k training set of CIFAR10 with
various learning rates, in addition to the commonly proposed learning rate schedule 7, := 1/5(6;).
We show that despite entering the edge of stability, large learning rates converge much faster. In
addition, due to the self-stabilization effect of gradient descent, the final sharpness is bounded by
2/m which is smaller for larger learning rates and leads to better generalization (see Figure 3).
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Figure 3: Large learning rates converge faster and generalize better (ResNet18 and CIFAR10).
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I.2. Experiments with the Generalized Predicted Dynamics
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Appendix J. Additional Discussion

Multiple Unstable Eigenvalues Our work focuses on explaining edge of stability in the presence
of a single unstable eigenvalue (Assumption 2). However, Cohen et al. [7] observed that progressive
sharpening appears to apply to all eigenvalues, even after the largest eigenvalue has become unsta-
ble. As a result, all of the top eigenvalues will successively enter edge of stability (see Figure 4).
In particular, Figure 4 shows that the dynamics are fairly well behaved in the period when only a
single eigenvalue is unstable, yet appear to be significantly more chaotic when multiple eigenvalues
are unstable.

0.26 \ 100 ~
175]
w
S 0.24+ 2
B0 = 801
£ 022 5
=
g =
s %2
= 0.201 601

0.18 1 /

T T 1 404 T T t
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Training Steps Training Steps

Figure 4: Edge of stability with multiple unstable eigenvalues. Each vertical line is the time at
which the corresponding eigenvalue of the same color becomes unstable.

One technical challenge with dealing with multiple eigenvalues is that, when the top eigen-
value is not unique, the sharpness is no longer differentiable and it is unclear how to generalize
our analysis. However, one might expect that gradient descent can still be coupled to projected
gradient descent under the non-differentiable constraint .S (QTT) < 2/n. When there are k unstable
eigenvalues, with corresponding eigenvectors u;, . . . ,uf , the constrained update is roughly equiv-
alent to projecting out the subspace span{V3L;(u},u]) : i,j € [k]} from the gradient update
—nV L. Demonstrating self-stabilization thus requires analyzing the dynamics in the subspace
span({u,’; i [k} U{VEL(ul,ul) i) € [k]}) We leave investigating the dynamics of mul-
tiple unstable eigenvalues for future work.

Connection to Sharpness Aware Minimization (SAM) Foret et al. [10] introduced the sharpness-
aware minimization (SAM) algorithm, which aims to control sharpness by solving the optimization
problem ming maxs<¢ L(€ + 6). This is roughly equivalent to minimizing S(¢) over all global
minimizers, and thus SAM tries to explicitly minimize the sharpness. Our analysis shows that gra-
dient descent implicitly minimizes the sharpness, and for a fixed 1 looks to minimize L(6) subject
to S(6) = 2/n.

Connections to Warmup. Gilmer et al. [11] demonstrated that learning rate warmup, which con-
sists of gradually increasing the learning rate, empirically leads to being able to train with a larger
learning rate. The self-stabilization property of gradient descent provides a plausible explanation
for this phenomenon. If too large of an initial learning rate 7 is chosen (so that S(6p) is much
greater than 2/7)), then the iterates may diverge before self stabilization can decrease the sharpness
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to 2/mp. On the other hand, if the learning rate is chosen that S(6) is only slightly greater than
2/np, self-stabilization will decrease the sharpness to 2/79. Repeatedly increasing the learning rate
slightly could then lead to small decreases in sharpness without the iterates diverging, thus allowing
training to proceed with a large learning rate.

Connection to Weight Decay and Sharpness Reduction. Lyu et al. [22] proved that when the
loss function is scale-invariant, gradient descent with weight decay and sufficiently small learning
rate converges leads to reduction of the normalized sharpness S(6/]|6]|). In fact, the mechanism
behind the sharpness reduction is exactly the self-stabilization force described in this paper restricted
to the setting in [22]. We present here a heuristic derivation of this equivalence.

Our primary result is that gradient descent solves the constrained problem ming L () such that
S(0) < 2/n. To prove equivalence to the sharpness reduction, we will need the following lemma
from [22] which follows from the scale invariance of the loss:

5(6) = 7SO/,

Let Ly(0) := L(0) + %HGH and S)(0) = S(#) + A denote the regularized loss and sharpness
respectively and let § := W Then we have the following equality between minimization problems:

0
mm A(0) suchthat S)(0) <2/n

2
— meinL(H) + )\M such that S(0) <2/n— A
7 H9H 1 o _ 2—nA
<= min L(A#) + \—— suchthat ——-5(0
o,lle] ) 2 1611 @) < "
— minL(@) + —25@)

7 2 —nA
where the last line follows from the scale-invariance of the loss function. In particular if nA is
sufficiently small and the dynamics are initialized near a global minimizer of the loss, this will
converge to the solution of the constrained problem:

min S(6) suchthat L(f)=0.

Appendix K. Proofs
K.1. Properties of the Constrained Trajectory

We next prove several nice properties of the constrained trajectory. Before, we require the following
auxiliary lemma, which shows that several quantities are Lipschitz in a neighborhood around the
constrained trajectory:

Lemma 15 (Lipschitz Properties)
1. 0 — VL(9) is O(n~')-Lipschitz in each set S;.
2. 0 — V2L(0) is ps-Lipschitz with respect to |-,

3. 0 — Ni(V2L(0)) is ps-Lipschitz.
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4. 6 — u(0) is O(np3)-Lipschitz in each set S;.
5. 0 — VS(0) is O(np3)-Lipschitz in each set S;.

Proof The Lipschitzness of V2L(6) follows immediately from the bound HVgL(G)Hop < ps.
Weil’s inequality then immediately implies the desired bound on the Lipschitz constant of the eigen-
values of V2L (6). Therefore for any ¢, we have for all 6 € S;:

2—c_ 2—-c
> .

M(VAL(0) = A2(V2L(8)) = M(VEL(O) = Aa(V2L(0)) = 2057 > =5

Next, from the derivative of eigenvector formula:
[Vu(@) I, = |\ (V2LO)T ~ F2L(8) V> L(0) (u(6) |
< P3
~ M(VEL(0)) — A2 (V2L(0))

21p3
2—-c
= O(nps)
which implies the bound on the Lipschitz constant of u restricted to S;. Finally, because V.S(0) =
V2L(0)(u(8), u(®)),
19250, < [VLO|,, + 2L, Vu@); < Opa +153) < Ol

where the second to last inequality follows from the bound on ||Vu(#)||, restricted to S; and the
last inequality follows from Assumption 3. |

2

<

Lemma 16 (First-order approximation of the constrained trajectory update {9:{ }) Forallt <
7,

0l = 0] —1PL g5, VL +O( - n||VL||)) and S;=2/n.

Proof We will prove by induction that S; = 2/n for all t. The base case follows from the definitions
of 6y, 08. Next, assume S(6]) = 0 for some ¢ > 0. Let ¢ = 6] — nV L;. Then because 8] € .# we

have HQZH - 9’” < HGI - G’H = 1n||VL¢||. Then because 9::[+1 = proj,¢(#'), the KKT conditions
for this minimization problem imply that there exist z, y with y > 0 such that

67;1 = 92 —nVL; — xVe[VL(H) U(‘g)] ot —yVSi1

fi1
= 0] — VL — x[Sisrur + Vul 1 V] — yV S
= 6] =0V L; — 2[Sir1urss + O(mps | VEeal)] = yVSina
= 0] = nV Ly — x[Syus + O(nps |V Lel))] — y[VSi + O(n* 3| V L))
= 0] — VL, — xSpuy — yV Sy + O((|zlnps + |yln*p3) |V Lel)).
Next, note that we can decompose V.S; = us(VS; - u) + V.Si-:

0, = 0] — VL — [2S; +y(VSy - u)ue — yVSE + O((|znps + lyn* o) IV Le|).-
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Let sy = szi T We can now perform the change of variables
t
/ ' VSi-u
. 1 vy W Yy
(xvy): <.’ESt+y(VStUt),vaSt ’)7 (mvy): St ) VSLH
t
to get
9;1 = 0] — VL — 2"y —y'sy + O(m?ps||VL||(|2'| + [/]))-
Note that
Va? 4+ y?
O(Ppsl VLI (|| + [yl)) < - (1n

2
< ||V L¢|| we have

for sufficiently small € so because HQ; g0

Vi ty? < HQT _o

5 Lo = | <L

so x,y = O(n||VL|). Therefore,
0],y = 0] — VL —a'u, —ys; + 0(773,03HVL||2)
= 02 —nVL; —2'uy — s + O(e2 . 77HVLtH)
Then Taylor expanding V L;, 1 around 92 gives
VL1 -1 =VEi-u+ (V01 — VL) - up + VD - (w1 — ug)
=ul V2L[-nVL; — 2'uy — y's; + O(e* - || VL||] + O(€* - | VL)
= —2/S; + O(? - |[VLy]|)
so ' = O(e? - n||VLy||). We can also Taylor expand Sy around 0;{ and use that S; = 2/7 to get
Str1 = 2/n+ V- |~V L = 'ug o5t + O(*ps | VLi|”) | + O(€ - pnl| VL)
=2/n+nar — ' IVSil| + O (e panl|VLi]).
Now note that for e sufficiently small we have
0(62 . p317||VLtH) < 0(62 . nat) < nay.

Therefore if y* = 0, we would have S;+1 > 2/n which contradicts 02 41 € M. Therefore y’ > 0
and therefore y > 0, which by complementary slackness implies S;+1 = 2/7. This then implies
that

—nVL; - VS5 =y ||VSiH| + O(€ - pan|| VL)) =0 = ¢/ = —VL; - Hggﬁiu +O0(e - || VL))
Putting it all together gives
o, =6 - NPgs VL +O(e2 - nl|VLi|)
= 0] —PL g5, VL +O(e? - ||VL))
where the last line follows from u; - VL, = 0. |
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Lemma 17 (Descent Lemma for 1) Forallt < 7,

HOMECENI(

2
P s VL )

Proof Taylor expanding L(GtT 41) around L(HT) and using Lemma 16 gives

3
L(6]12) = L6)) + VL (00— 0] + 561 — 01756l — 61 + O sl o1 )

t 772)\2(V2Lt)’ Pi’VStVLtH 3 3
9 ut, VStVLtH + 9 + 0(77 p3HVLt|| )
2 — 2
= 10) - " Pt oo v+ O (s L),

Next, note that because 1; = O(1) we have |V L;|| = O(‘
ciently small,

Pult’v StVLtH).Therefore for € suffi-

2—c
O(w ol VL) = 0 0L < "2 Pt v
Therefore,
2—c 2
Lo}, ,) < L)) - 77(4) Pi,vstVLt" = L(6]) - 77’ et vstVLtH
which completes the proof. |

Corollary 18 Let L* = ming L(60). Then there exists t < 7 such that
2 L(6)) — L*
] <o 1)

Proof Inductively applying Lemma 17 we have that there exists an absolute constant c such that

2
1< 1(6,) < L) —en 3 | Phos, VL
t<9

which implies that

2 Zt<§ ’
<

w51

min ’
t<T

2
Pi,vstVLtH < of Leh) -1
s - nT '

K.2. Proof of Theorem 11

We first require the following three lemmas, whose proofs are deferred to Appendix K.3.

Lemma 19 (2-Step Lemma) Let

Ty 1= Vpyo — stepyq (stepy(vy)).
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Assume that ||v|| < e~ 15, Then

|rtuso<25 max ( v t||)>

Lemma 20 Assume that there exists constants cq,
c10. Then, for allt < 7, we have

[loe = Bl < O(ed)
(9).

With these lemmas in hand, we can prove Theorem 11.
Proof [Proof of Theorem 11]

First, by Lemma 21, we have ||0¢]| < O(9).

Next, by Lemma 20, we have

0, — 0] = v, = O + O(ed).
Next, we Taylor expand to calculate S(6;):
S(6) = S(6]) + VSi - v + O(mp3Jue)
=2/n+ VS#‘ cvg + VS - wpug - vp + O(np262)
=2/n+ VSi -0+ VS; - uguy - O + O(p3ed + 1p2s?)
=2/n+y + (VS - u)z + O(n'e?).

Finally, we Taylor expand the loss:
1
L(6;) = L(QI) + VLo + fvtTVQLtvt + O(ps]|ve]|®)

1
= L(6]) + ; 22+ 2ot T Lt + O(puurll + pslluell®)

2
= L(e}) + it + i VLt + O o)

— L(01) + 132 + O 18%),
n

where the last line follows from Assumption 5.

K.3. Proof of Auxiliary Lemmas

Proof [Proof of Lemma 19] Taylor expanding the update for 6,1 about 92 , we get
9t+1 = Qt - HVL((%)

1
=0, — VL — V2L, — §7IV3Lt(Uta ve) + 0<77p4Hvt||3>

Additionally, recall that the update for Qt 1118
0,1 = 0] —nPgg. VL +O( - | VL])).
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Subtracting the previous 2 equations and expanding out V3L (v, v;) via the non-worst-case bounds,

we obtain

1 1
Vi1 = (I — nv2Lt)Ut — ’I’](VLt - PéStJ_th) — EnxtQVSt — n:ntV?)Lt(ut,vtL) - g’r]v?)Lt(’UtL, UtL)

+O(moallerl® + €|V L))

VL-VS+
|VSL|?

+ O (npsellenll® + npalon* + € - nl| VL] )

1
VS — Ly, — gV L)

= - T]VQLt)vt —n 5

€ — 2 1
= (I — nVQLt)vt + nVStL[ ¢ 5 t] - 577:B?V5} S UpUp — nxtngt(ut, ’UtL)
2 3
. 0(8 ST 5>
(T _ 2 il e —x} 1o, _ 3 1L
= (I nV Lt)’Ut + nVSt ) 277.Tt VSt cUtUt nxtV Lt(ut, Vg )

3
+0 (625 - max (1, H?”) >

We would first like to compute the magnitude of v 1.
3
v
[vr1]l = O (Hvtll +npsllocl? + 0l VL[ + €6 - max <1, W) > ,

Observe that by definition of € and &, and since ||v;]| < e~ 14
O(npsllodll*) < O(llvell - € "np36) < O([[well - € ny/prps) < O(|lwel))

O(e% - max <1, ”f;')gb < O(E5+ urll - - (€71)?) < O(e%5 + [t
Hence
ot ]l = O(fvell + nI VL]l + €28) = O(ur]] + ).
Note that we can bound
lussr = wel| - verall = O(Pps| VLl - (lue]l + €d))
= 0(& - (Jurl| + €0))
< O(e® - max(|[ve]], 6)).
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Therefore, the one-step update in the wu; direction is:

Tt41 = Ut41 - U1
= Upy1 - U+ 0(62 -max(||ve]], 8))

1 3
= —U - U — 577m,?VSt cup — neV Sy - v + O <62 -max(||ve]|,§) + €20 - max <1, ’?’H> )
L 5 2 [[vell ’
=—z(14+ny) — §n:1:tVSt ~uy + O\ €9 - max <1, 5)
L 5 2 [[vell ’
=—z(1+ny) — §n:ntVSt ~uy + O\ €79 - max <1, 5)
Lo,
= —z (1 +nye) — inl’tvst ~ug + O(Ey),
where we have defined the error term FE; as
3
E, := ¢%6 - max <1, H?”) .
The update in the v direction is
— 22 1
vtlﬂ = Put+1 [(I nv? Ly)v + nVSL[ 5 ” — §T]$?V5t utPut+1 nthutHV Lt(ut,vf)

3
+0 <625 - max (1, Hq:;”) )

€2 — 22 1
= pt [(I— UV2Lt)PuLtUt +77V5tL[ : ” Pultﬂ nthSt u P qu — NIy UHIV‘;Lt(ut,vtL

Ut41 2

3
+0 (»525 - max (1, H?”) >

First, observe that

Therefore we can control the first of the error terms as

o = O(lhue = wes - (Uoell + s el

2
Pir e = [l = wsrfyye]| < Jluw = e | < Ol = i)

fEtP

Ut+1 Ut+1

1
ur + §nx§VSt utP

< O(Jlue = wra | - [Joel])
< O(eluel)),
As for the second error term, we can decompose

(it 9% Laua, o) | < ol (|| PE V2 Lo, vi)

‘ngt U, Ut H)

Ut+1

36



SELF-STABILIZATION: THE IMPLICIT BIAS OF GRADIENT DESCENT AT THE EDGE OF STABILITY

pL—pl

Ut+1

By Assumption 5, we have HPuitV‘th(ut,vtL)H < O(eps||lve]]). Additionally,
O(|lu¢ — wgs1]). Therefore

|n2ePis V2 Lulue, o) | < Oepslloall - mllvell + nllvelless = well - pallen])

SO enpsllth + nps|ve] f)

of @ 10
3
=0 <625 - max (1, ‘1:575") )

where we used nps||ve|| = O(1). Altogether, we have

—_ 2 3
'Ut+1 Pj;+1 [(I—nszt)PLvt_’_nvsl[ X :|:| +O<625'max <17 ”UtH) )

IN

Ut+1

2 _
=Pt {(I — anLt)PLvt + VSt [
We next compute the two-step update for x:

1
577!E?+1V5t+1 U1 + O(Eyq1)

= 2e(1 4+ nye) (1 + Y1) + g(nythVSt cug + 27V up — 7 VSt - urg1) + O((1+ npsllogl) By + Eps

Tipo = =T (L 4+ Nyesr) —

We previously obtained nps||v¢|| = O(1). Furthermore,

3
Eiy1 = €26 - max (1, H%:;—l’)

:o<a1mx<”;' ))
o[ (11))

Hence
Tero = (1 + 1Y) (1 + Y1) + g(nytx?vst cup + 23V Sy up — 271 VS - ui1) + O(Ey).

The first of these two error terms can be bounded as

3
v
so@%%wﬂSOG?Mﬂ>

1
§n2yt:n,52VSt - Uy
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As for the second term, we can bound
IV Sii1 - upyr — VSy - wg| < uggr - (VSip1 — V)| 4+ [VSt - (ug1 — uy)]

< VSt = VS| + O(ps) - [|uer — |
< O(n?P3(IV Lel)
< O(e°p3)

Additionally, we have

i1 = =z + O(npsvil|® + Ex).
Therefore

N1 Vit -t — 27 VS - wg| < maf| VS - wpsr — VIS, - wg| + n(afy — 27)| V81 - wgs

< O(npsloul- € + nps[oel (nosllenl® + E2) )

3
v
< O(esztH per oy Et>

= O(E).
Altogether, the two-step update for x; is
T2 = (14 nye) (1 + nyes1) + O(Ey).
Additionally, the two-step update for v is

62 — x2
vy = Py [(I —V2Li41)Po, v + VS [M” + O(Ey41)

Ut42 Ut+1 2

Ut4-2 Ut+1 Ut 42 Ut+1 2

2 _ 2
=P} (I -0V Li)Pl (I —nV2L)Piv + 0Py (I —nV?Li) P VS [ t t}

1 1 6g+1 _$t2+1
+nP,. VSii | —/——=——| + O(Ey).

Ut+2 2

Define Ty41 = step,(v¢), Dr+2 = step,1(Tt), and T; = 0; - u;, J; = V.S -v; ford € {t+1,¢+2}.
By the definition of step, one sees that

|7t = vt | < 0B,
and
1
[Tip1 — 21| < 577$?|VS75 cug + O(Ey) < O(npsl|vel|” + Ex)
The update for x after applying step is

Tiyo = —Tpp1 (L 4+ 0T q1)
= x4 (1+1ye) (1 +0Tp11)-
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Therefore
Tive — Trya| < O(|@e|n|yers — Ty |) + O(Er)
< O(noslell|viss = vk ) + O(ED)
< O(E).
Additionally, the update for v+

Ut42 Ut+1 Ut42 Ut+1

1’2
Ufio = P (I = V2L Pt (I —nV2L)Pilvg + 0P (I —nV2Lyy1) P VSL[Z}

2 —2
vt €1 — Li41
ut+2 t-‘rl 2 *

Therefore
etz = ot | < OIVStall @R — 7E10) + B
< O(mps|vell[Ze1 — e | + Er)
< O(A3llurl* + )

O(ﬁ llel® )
= O(Ey)
Altogether, we get that
3
re|| < O(Ey) = Of €26 - max 1M
Il < O ),
as desired. |

Proof [Proof of Lemma 20] Define
0 t if is even
Wy = o
ri—1 tifis odd
and define the auxiliary trajectory v by vy = vg and Uy+1 = step(v;) + wy. I first claim that v; = v,
for all even ¢t < .7, which we will prove by induction on ¢. The base case is given by assumption
so assume the result for some even ¢t > 0. Then,
Vt42 = stept+1(stept(vt)) + 7
= step, 1 (step,(0r)) + 7
= stepy1 (Vi+1) + wep
— Bis2
which completes the induction.
Next, we will prove by induction that for t < .7,

Hvtj‘ — 0 — It| < O(ed) < 0.
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By definition, 7y = vy = 79, so the claim is clearly true for ¢ = 0. Next, assume the claim holds for
t. If t is even then ||w;|| = 0; otherwise ||v¢|| < 2¢20, and thus

]| < 0(625 . max(1,02)3) < O(%).
First observe that

X 3
O = bt < || - nvRLo @ LH+‘2‘+||wt||

< (14 1 Amin(V2Ly)]) Hv — 4 H +0(e) - 3 —£t1+0(626)

< (14 1Pmin(V2L0)|) [ — | + Oe0) - | | + O(e)
¢
Next, note that
Try1 _ (14 n7:)Z: + O(€%0)
Tevr (L4 nd) 2 + O(€26)
_ (L+ni)T + O(%6) + O(e) - |57 — 07|
(1 + n9e) 2 + O(€20)
= s o+ gl - o))
Therefore
Tyy1 — To41 Ty —dy 2 L sl
- < |2 o(E + Hv —UH.
Ty T ( * gl )
Let d; = max (H@L By ) Then
Hthrl ”t+1’ (1 + 7| Amin VL) |+ O(e))dy + O(€2))

33t+1 - !Et+1

5 < (1+ O0())ds + O(€25).

Tt
Therefore
des1 < (140 Amin(V2Le)| + O(€)dy + O(¢*9)
< (14 0(e))dy + O(€29),
so for t < .7 we have d;+1 < O(€d). Therefore

) |§t+l - %t+1| < 0(66) < 0257

~1 * |
Hvt+1 — Ut
so the induction is proven. Altogether, we get |0y — 0¢|| < O(ed) for all such ¢, as desired. [ |

Proof [Proof of Lemma 21] Recall that

" 62 — ot *2
rip=—1+ny)z; and yiy, = UZﬁs—nt[ 5 },

Since ¢t < T ‘)\rrlbin(VQLt)" we have that Bs_,; = O(p3), and thus
g < O(p3)tnd” = O(/p1ps).-
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Therefore
[Zoa] = (14 nie) || < (1+O(€)) |-
Since t < O(e~1), |4¢| grows by at most a constant factor, and thus |4;| < O(). Finally, recall that

. t N s+1 N 52 _ :E*Z
ity =S PE T 4| Vs, [2}
s=0 k=t
By the triangle inequality,
o] < 0ttess®) < 06).
Therefore ||0¢]| < O(9). [ ]
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