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Abstract

Low-Rank Adaptation (LoRA) enables efficient
fine-tuning of large language models through com-
pact additive updates, but these updates can still
interfere with pretrained directions that support
broad model capabilities, causing catastrophic
forgetting. The recent Orthogonal-Projection
LoRA (OPLoRA) method protects dominant pre-
trained directions, but its rigid preservation rule
can limit adaptation and hinder optimization near
the spectral boundary. To address this, we in-
troduce Dynamic Budgeted-Border Orthogonal-
Projection LoRA (Dynamic BB-OPLoRA), a
subspace-aware LoRA that replaces a strict preser-
vation rule with a rigid-core/flexible-border de-
composition of the top singular subspace of each
pretrained weight matrix. The rigid core pre-
serves the most dominant pretrained directions,
while the flexible border allows controlled task-
specific adaptation near the spectral boundary
without destabilizing the core. The border up-
date is governed by a stiffness-weighted budget
that is dynamically adjusted using a gradient-
derived pressure signal. We evaluate the method
on commonsense reasoning, mathematical rea-
soning, and Python code generation. Experi-
ments show that Dynamic BB-OPLoRA improves
the stability—plasticity trade-off over LoRA and
OPLoRA, achieving stronger adaptation while
maintaining resistance to cross-domain forgetting.

1. Introduction

Large language models (LLMs) achieve strong performance
across a wide range of tasks (Brown et al., 2020; Touvron
et al., 2023), but adapting them to downstream domains
remains costly. Full fine-tuning updates all model parame-
ters, requiring substantial memory, compute, and storage for

! Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email @domain.com>.

each adapted model. This has motivated parameter-efficient
fine-tuning methods, which keep most pretrained weights
fixed and learn only a small number of task-specific param-
eters (Houlsby et al., 2019; Lester et al., 2021; Li & Liang,
2021).

Among these methods, Low-Rank Adaptation (LoRA) (Hu
et al., 2022) is widely used for its simplicity and efficiency.
LoRA freezes pretrained weights and learns a low-rank
additive update that can be merged into the base model after
training, avoiding inference-time overhead while using far
fewer trainable parameters than full fine-tuning. However,
LoRA updates are not explicitly constrained to preserve
pretrained knowledge. Even low-rank changes can interfere
with directions important for general capabilities, so task
adaptation may improve target performance while causing
catastrophic forgetting (Biderman et al., 2024; Dou et al.,
2024).

A principled strategy for mitigating such interference is
to constrain LoRA updates with respect to pretrained sub-
spaces. MiLoRA (Wang et al., 2025) initializes adaptation
in the minor singular subspace, LoRA-Null (Tang et al.,
2025) projects updates onto the null space of representa-
tive pretrained activations, and OPLoRA (Xiong & Xie,
2026) applies double-sided orthogonal projectors to restrict
LoRA updates entirely to the orthogonal complements of
the pretrained weight matrix’s top- K singular subspaces.

This gives OPLoRA an exact preservation guarantee for the
protected top- K singular triples during adaptation. While
exact preservation effectively mitigates forgetting, freezing
the entire top- K subspace can be overly rigid. Because sin-
gular values often decay gradually near the spectral cutoff,
the transition between preserved and adaptable subspaces
is naturally a continuum rather than a discrete boundary.
Consequently, marginal protected directions may be closer
in importance to nearby unprotected directions than to the
leading modes. The cutoff can also be sensitive to multi-
plicities or near-ties, and directions outside the initial top- K
subspace may gain energy during adaptation. This rigidity
may also hinder optimization by preventing small but use-
ful updates along boundary directions. Thus, treating all
protected directions equally may remove useful adaptation
capacity precisely near the boundary where the distinction
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between preserved and adaptable subspaces is least stable.

Motivated by these observations, we propose Dynamic
Budgeted-Border Orthogonal-Projection LoRA (Dy-
namic BB-OPLoRA), a subspace-aware low-rank adapta-
tion method that preserves the most dominant pretrained di-
rections while allowing controlled adaptation near the spec-
tral boundary. Given a fixed top- K singular subspace of Wy,
Dynamic BB-OPLoRA partitions it into a rigid core of size
K — N and a flexible border of size N. The core remains in-
variant, while the border admits a budgeted Border x Border
update induced directly from the existing LoRA factors,
adding no trainable parameters. Border flexibility is reg-
ulated by a stiffness-weighted budget and adjusted during
training using a gradient-derived pressure signal. Our main
contributions are as follows.

(i) We introduce Dynamic BB-OPLoRA, a core-border
decomposition of the top-K singular subspace that exactly
preserves a rigid core while allowing budgeted adaptation
in a flexible border.

(ii) We propose a parameter-free border construction gov-
erned by a novel stiffness-weighted budget. This budget
dynamically allocates flexibility using a gradient-derived
pressure signal, using existing LoRA factors.

(iif) We prove exact preservation of the core singular triples
of Wy and show improved adaptation quality and forgetting
resistance across commonsense reasoning, mathematical
reasoning, and Python code generation on the Qwen2.5-
7B (Qwen team et al., 2025).

Figure 1 contrasts standard LoRA, OPLoRA, and the pro-
posed Dynamic BB-OPLoRA.

2. Related Work

Full fine-tuning large language models is expensive in mem-
ory, compute, and storage, motivating parameter-efficient
fine-tuning methods that adapt only a small number of task-
specific parameters.

Parameter-efficient adaptation. Early parameter-
efficient methods keep the backbone mostly frozen by
inserting adapter modules into transformer layers (Houlsby
et al., 2019; Pfeiffer et al., 2021) or by optimizing
continuous prompts or key—value prefixes (Lester et al.,
2021; Li & Liang, 2021). While effective, these approaches
can introduce inference-time overhead: adapters add extra
modules, whereas prompt- and prefix-based methods
require additional learned tokens or states to be processed
by the model.

Low-rank adaptation variants. Low-rank adaptation
avoids additional modules by representing task-specific

changes as additive updates to existing weight matrices.
LoRA (Hu et al., 2022) freezes pretrained weights and learns
low-rank updates that can be merged into the base model,
avoiding additional inference latency. Subsequent variants
improve parameter efficiency, optimization, capacity, or
initialization: AdaLoRA (Zhang et al., 2023) adaptively al-
locates rank budgets across layers, LORA-XS (Batazy et al.,
2024) trains a small matrix between SVD-derived frozen
factors, DoRA (Liu et al., 2024) separates weight magni-
tude and direction, OLoRA (Biiyiikakyiiz, 2024) uses QR-
based orthonormal initialization, and PiSSA (Meng et al.,
2024) initializes adapters from principal singular compo-
nents. More recently, GOAT (Fan et al., 2025) combines
SVD-structured priors with mixture-of-experts LoORA and
optimization-alignment scaling.

Pretrained subspaces and forgetting. Beyond reducing
adaptation cost, parameter-efficient fine-tuning should pre-
serve pretrained capabilities, since adaptation can degrade
knowledge acquired during pretraining (Biderman et al.,
2024; Dou et al., 2024). Prior approaches mitigate for-
getting with Fisher-weighted regularization (Kirkpatrick
etal., 2017), distillation (Li & Hoiem, 2017), replay (Riemer
etal., 2018), or projection-based updates such as Orthogonal
Gradient Descent (Farajtabar et al., 2020). Within LoRA,
MiLoRA (Wang et al., 2025) favors minor singular direc-
tions at initialization, while LoORA-Null (Tang et al., 2025)
projects updates onto the null space of representative pre-
trained activations. Most closely related, OPLoRA (Xiong
& Xie, 2026) uses double-sided weight-space projectors to
restrict LORA updates to the orthogonal complement of the
top-K singular subspaces and proves exact preservation of
the protected singular triples.

However, OPLoRA imposes a hard top-K constraint that
treats all protected directions equally. Dynamic BB-
OPLoRA keeps fixed SVD bases but relaxes this rule by
splitting the top-K subspace into a rigid core and a flexible
border. The core remains invariant, while the border admits
budgeted Border x Border adaptation. This allows controlled
flexibility near the spectral cutoff, where directions can be
less stable and may still contain task-relevant signal.

3. Preliminaries

In this section, we review the notation and background used
throughout the paper, including LoRA, fixed top-K SVD
bases, and the associated orthogonal projectors that underlie
the proposed subspace-aware adaptation method.

3.1. Low-Rank Adaptation (LoRA)

Consider a pretrained linear layer with frozen weight W €
R™exme TLoRA (Hu et al., 2022) parameterizes a trainable
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Figure 1. Comparison of LoORA, OPLoRA, and Dynamic BB-OPLoRA. LoRA applies an unconstrained low-rank update, OPLoRA
freezes the full top- K subspace via orthogonal projection, and Dynamic BB-OPLoRA splits this subspace into a preserved rigid core and
a flexible border whose budget is dynamically adjusted by a gradient-derived pressure signal.

additive update as a rank-r factorization:
W =W, + AW, AW =~,BA, (1)

where B € R™¢*" and A € R" ™ are trainable, and
r < min(my, ng) denotes the adaptation rank. The scalar
ve > 0 is a layer-specific scaling factor, typically set to
~e = a/r for some hyperparameter « > 0.

3.2. Top-K SVD bases and orthogonal projectors

Fix an integer K > 0. For K > 0,let U € R™e*K and
Vi € R™*K denote the matrices whose columns are the
top- K left and right singular vectors of W, computed once
before training. Following OPLoRA (Xiong & Xie, 2026),
we define the corresponding orthogonal projectors

Py, = UxUyj, Py, == VgV,

Py, ==1In, —Pu., Py =1, —Py,.

@

OPLoORA constrains the LoRA update by applying these
projectors on both sides:

W =W + AWopLorA,

3)
AWopLora = P{, (v/BA)Py, .

4. Dynamic BB-OPLoRA: Rigid Core, Flexible
Border

In this section, we introduce Dynamic BB-OPLoRA by first
defining the core—border decomposition of the top-K singu-

lar subspace, then constructing the corresponding adapter
update, and finally describing the stiffness-weighted and
pressure-driven budget used to control border adaptation.

4.1. Core-border decomposition of the top- K subspace

Given a border fraction p € [0, 1], define the border size

0 K=0 =0
N={" IPED @
max{1, |pK |}, otherwise,

and the core and border index sets

Se.:={1,..., K — N}, Sp:={K-N+1,...,K}.
%)
Let U, € R™*N and 'V, € R™**N denote the submatrices
of Uk and V i with columns indexed by S,. If K > N,
let U, € R™*(E=N) and V,, € R™*E-N) denote the
submatrices of U g and V g with columns indexed by S..

Thus, the top-K subspace is split into a rigid core of size
K — N and a flexible border of size N.

4.2. Construction of the adapter update

For layer ¢, define

Xo =y BA c R"™¢*m (6)
as the standard LoRA update matrix. Dynamic BB-
OPLOoRA adapts the pretrained weight as

W =W, + AW,. @)
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The adapter update is decomposed as
AWy = AW, ous + AWe b, (®)

where the two terms are defined below.

Outside block. The outside component is obtained by
projecting X, onto the orthogonal complements of the top-
K left and right singular subspaces:

AW oue :=Pf, X, Py . 9)

Border block via implicit border parameterization.
The border component is induced directly by the LoRA
factors (B, A) and introduces no additional trainable pa-
rameters; we refer to this construction as implicit border
parameterization (IBP). Define the border-coordinate matrix

Moy = Ul X V3, = 7 (U] B)(AV,) € RV*V . (10)

Applying the stiffness-weighted budget (SWB; Section 4.3)
yields a rescaled matrix M € RN*N which is then re-
embedded into the ambient space as

AWgybd = Ub ]/\ZV;— (11)

The rigid core has no update action or cross-subspace in-
teraction. Only the Border x Border and Outside x Outside
blocks can be nonzero, corresponding to the budgeted bor-
der update and the projected LoRA update, respectively.
During training, the border budget is updated every T steps
using the pressure-driven rule in Section 4.4.

4.3. Stiffness-Weighted Budget (SWB)

Stiffness profile. Letdy; > dgo > --- > den > 1, and
define the diagonal stiffness matrix

Dz = diag(dg,l, e ,dgyN). (12)
Border index ¢ = 1 corresponds to global singular index
K — N + 1 (adjacent to the rigid core), whereas ¢ = N
corresponds to K (adjacent to the outside span). Since larger
d¢.; imposes a stronger penalty on the i-th border coordinate
under the budget defined below, the nonincreasing ordering
preserves greater stiffness near the core and allocates greater
flexibility near the spectral boundary. For N > 1, we use
the parameterization

N —1
N -1

de,¢:1+A< ) i=1,...,N, (13)

with scale A > 0 and shape k > 0. For N = 1, we set
deq =1

Budgeted rescaling. Let 7,(¢) > 0 denote the border bud-
get at step ¢, and let £c,p, > 0 be a small constant that pre-
vents division by zero when || Dy M,aw (t) D¢|| vanishes.
Define

: 1e(t)
se(t) :== mln(l, 1D Moo () Dl +€Cap> ;14
and set .
NE(E) = $0(t) Mo (£). (15)
Then -
|De 2 @) e < me(t). (16)

4.4. Pressure-driven dynamic budget

We now define a gradient-derived pressure signal that adapts
the border budget 7, (t) during training: the budget increases
when the gradient indicates sustained demand for border
adaptation and decreases otherwise.

Adapter-gradient proxy. Let L(t) denote the training
loss at step t, and let * aggregate the leading batch and
sequence dimensions. Let g cap(t) € R**™ denote the
adapter-branch input activation, captured before LoRA
dropout and before any outside/border branching, and let
ye(t) € R**™¢ denote the corresponding layer output. De-
fine oL
ge(t) == 3 )
Ye(t)
as the upstream gradient flowing into y,(¢). For a linear
map y = W T with leading dimensions aggregated into *,
the gradient of L with respect to TV equals g " € R™¢x"¢,
where the transpose denotes contraction over x. Motivated
by this identity, we define the adapter-gradient proxy

Go(t) = go(t) T Tpcap(t) € R™XMe, (18)

R** e (17)

Border pressure.
sented by

In the border basis, the proxy is repre-

Cy(t) := U] Gy(t) Vy € RNV, (19)
and we define the normalized pressure ratio
Cy(t

[l s

where e, > 0 is a small constant that prevents division
by zero when Hég(t)H vanishes. By construction, p,(t) €
F

[0, 1), measuring the fraction of proxy-gradient energy that
lies in the border subspace.

Exponential Moving Average (EMA) smoothing. To
reduce step-level noise, fix 8 € (0,1) and define the EMA

pe(t) == Bpe(t —1) + (1 — B) pe(?), (21)
initialized at py(0) := 0.
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Hysteresis budget update. Given thresholds 7 > 7| >
0, step size An > 0, and upper bound 7. > 0, update the
budget every T' > 1 steps according to

min{W + Ana 77max}7 ﬁf > Tt
max{n, — An, 0}, pe <7, (22)
e, otherwise.

Ne <

The gap 71— forms a hysteresis band that prevents the bud-
get from oscillating when p,(¢) hovers near a single thresh-
old. In practice, budget updates are applied only within a
middle training window: they start after a short warmup
to use early pressure history and stop before fine-tuning
ends to stabilize the final optimization phase. The complete
per-step update procedure is summarized in Algorithm 1.

Algorithm 1 Dynamic BB-OPLoRA per-step update for

layer ¢

Require: Fixed bases Uk, Vg, Uy, Vy; LoRA factors
B, A; scale y; stiffness Dy; state (1, De); step t; €cap

Require: Hyperparameters T', 5, 74, 7|, A1, max; Eprs

1: Compute AW, .+ via Equation (9)

2: if N :/(\) then

3: Set M + 0, AWZ,bd +~0

4: else e

5:  Compute M,aw, S¢, M, and AW, 4 via Equa-
tions (10), (11), (14) and (15)

6: end if

7: Set AW, AW&out + AW@bd

8: if N > 0and ¢ € [tspart, tstop) and t mod T = 0 then

9:  Compute éz, Cy, and p, via Equations (18) to (20)
10:  Update py and 7, via Equations (21) and (22)
11: end if
12: return AW, and updated state (1, p¢)

5. Experiments

We evaluate Dynamic BB-OPLoRA on commonsense rea-
soning, mathematical reasoning, and Python code genera-
tion. To ensure a controlled comparison with prior subspace-
aware LoRA methods, we follow the experimental protocol
of OPLoRA (Xiong & Xie, 2026), using the same task fam-
ilies, datasets, backbone model, and evaluation metrics as
the OPLoRA study. We match the reported LoRA-related
hyperparameters where possible, and re-run all compared
methods in our own environment to ensure that the main
comparisons are internally controlled. We focus our direct
comparison on OPLoRA because it is the closest method to
ours and the strongest reported baseline under this protocol;
the original OPLoRA study compares against LoRA (Hu
et al., 2022), PiSSA (Meng et al., 2024), MiLoRA (Wang
et al., 2025), and LoRA-Null (Tang et al., 2025) and re-
ports the best overall results for OPLoRA. Thus, improve-

ments over OPLoRA provide a conservative comparison
against prior subspace-aware and SVD-based LoRA vari-
ants. For completeness, the corresponding baseline tables
from OPLoRA are provided in Appendix B.2.

We evaluate OPLoRA with two preserved-subspace sizes,
K = 16 and K = 128, denoted as OPLoRA-16 and
OPLoRA-128, respectively. All reported results are av-
eraged over six independent runs with different random
seeds. For our method, each configuration is denoted
BB-OPLoRA-K-p, where K is the top singular subspace
size and p € [0, 1] is the border fraction. Following Equa-
tion (4), N = max{l, |[pK |} for K > 0 and p > 0; the
top K — N directions form the rigid core and the remaining
N directions form the flexible border.

We evaluate four variants: BB-OPLoRA-16-0.25, BB-
OPLoRA-16-0.5, BB-OPLoRA-20-0.2, and BB-OPLoRA-
128-0.5. Their corresponding rigid-core and flexible-border
sizes are (12,4), (8,8), (16,4), and (64,64), respec-
tively, where each pair is reported as (core size, border size).
These settings cover low-K regimes with different core—
border splits, as well as a larger preserved-subspace regime
with a flexible spectral border.

All additional BB-OPLoRA-specific hyperparameters are
kept fixed across all experiments and are reported in Ap-
pendix B.1. Therefore, differences among BB-OPLoRA
variants arise only from the choice of K and p, and differ-
ences between BB-OPLoRA and the baselines primarily
reflect the proposed border mechanism under the shared
OPLoRA experimental protocol. Also, we provide addi-
tional ablation studies in Appendix B.3.

5.1. Main Task Evaluation

We first evaluate task performance and cross-domain forget-
ting across three fine-tuning domains.

5.1.1. COMMONSENSE REASONING

Setting. The Qwen2.5-7B (Qwen team et al., 2025) is
finetuned on the commonsense170k dataset (Hu et al., 2023)
and evaluated on eight commonsense reasoning benchmarks:
BoolQ (Clark et al., 2019), PIQA (Bisk et al., 2020), SIQA
(Sap et al., 2019), HellaSwag (Zellers et al., 2019), Wino-
Grande (Sakaguchi et al., 2021), ARC-e, ARC-c (Clark
etal., 2018), and OBQA (Mihaylov et al., 2018). To mea-
sure catastrophic forgetting, we additionally evaluated the
fine-tuned models on three held-out tasks from other do-
mains: MathQA (Amini et al., 2019), MBPP (Austin et al.,
2021), and RACE (Lai et al., 2017). We report results for
the Qwen2.5-7B in Table 1.

Results. BB-OPLoRA improves over both LoRA and
OPLoRA in terms of the overall average score. The
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Table 1. Commonsense reasoning results on Qwen2.5-7B across BoolQ, PIQA, SIQA, HellaSwag, WinoGrande, ARC-e, ARC-c, and
OBQA, with forgetting evaluated on MathQA, MBPP, and RACE. For BB-OPLoRA- K -p, the two numbers denote the preserved subspace
size K and border fraction p, respectively. Values are reported as mean + standard deviation over six independent runs with different

random seeds. The best and second-best results in each column are highlighted.

Method Fine-Tuning Evaluation Forgetting Evaluation Avg
BoolQ PIQA SIQA HSwag WinoG ARC-e ARC-c OBQA MathQA MBPP RACE Avg
LoRA 87.23 80.85 52.32 79.11 7639 7683 5435 4790 50.63 56.10 41.33 63.91 £ 0.33
OPLoRA-16 87.76 80.82 5245 79.05 76.38 7771 55.05 4750 50.89 5727 41.28 64.20 +0.42
OPLoORA-128 87.77 80.67 5247 7895 76.73 7746 5525 48.00 50.78 55.60 41.95 64.15 £ 0.61
BB-OPLoRA-16-0.25 87.53 81.00 54.31 79.00 77.09 79.57 5696 48.05 51.06 6028 41.93 65.16 & 0.34
BB-OPLoRA-16-0.5 87.94 81.21 54.16 78.88 77.12 80.97 58.65 47.93 51.79 6130 41.23 65.56 + 0.36
BB-OPLoRA-20-0.2 8790 80.83 53.28 79.11 7694 7878 5580 48.26 50.69 61.03 41.16 64.89 £ 0.35
BB-OPLoRA-128-0.5 88.02 80.82 52.58 79.08 76.69 78.30 5546 47.73 5094 5830 41.40 64.48 +0.32

Table 2. Mathematical reasoning results on MATH and GSMS8K, with forgetting evaluated on ARC-e, ARC-c, and SIQA. In-domain,
forgetting, and final averages are computed over the corresponding task groups. Values are reported as mean = standard deviation over six
independent runs with different random seeds. The best and second-best results in each column are highlighted.

Method Fine-Tuning Evaluation Forgetting Evaluation
MATH GSMSK ARC-e ARC-c SIQA . In Domain AVG . Forgetting Avg . Avg

LoRA 42.06 74.19 7039 4342 47.71' 58.12 I 5384 55554037
OPLoRA-16 41.81 76.44 71.81 4351 4822 : 59.12 : 54.51 : 56.36 &= 0.38
OPLORA-128 41.75 77.73 73.98 45.00 49.01 59.74 L 55.99 I_57.49 + 0.30
BB-OPLoRA-16-0.25 42.16 79.60 76.54 46.10 49.58 | 60.88 | 57.41 | 58.79 £0.2
BB-OPLoRA-16-0.5 41.92 79.92 7349 4450 49.04 60.92 | 55.68 157.77 & 0.25
BB-OPLORA-20-0.2 42.17 82.22 73.65 4471 48.761 62.20 I 55.71 158.30 & 0.31
BB-OPLoRA-128-0.5 41.78 81.64 74.11 4499 48.81 | 61.71 I 55.97

158.27 +0.22

strongest configuration is BB-OPLoRA-16-0.5, which
achieves an average score of 65.56, compared with 63.91
for LoRA, 64.20 for OPLoRA-16, and 64.15 for OPLoRA-
128. This configuration also obtains the best performance on
PIQA, WinoGrande, ARC-e, ARC-c, MathQA, and MBPP.
In particular, the improvements on ARC-e and ARC-c sug-
gest that allowing a flexible border within the top-K sub-
space can improve adaptation on challenging commonsense
reasoning tasks without sacrificing the preservation objec-
tive. BB-OPLoRA-16-0.25 also performs strongly, achiev-
ing the best SIQA score and the second-best overall average
score among all methods.

Overall, the commonsense results show that BB-OPLoRA
preserves the main benefit of OPLoRA while adding con-
trolled flexibility near the spectral boundary. The improve-
ment is most pronounced for BB-OPLoRA-16-0.5, which
improves the overall average by 1.36 points over OPLoRA-
16 and by 1.41 points over OPLoRA-128. These trends
support the role of the border mechanism as a controlled
relaxation of the fully rigid top- K constraint.

5.1.2. MATHEMATICAL REASONING

Setting. The Qwen2.5-7B model is fine-tuned on the first
100K examples from the MetaMathQA dataset (Yu et al.,
2023) and evaluated on MATH (Hendrycks et al., 2021)
and GSM8K (Cobbe et al., 2021). We report the average
over these two benchmarks as the in-domain average. To
measure catastrophic forgetting, we evaluate the fine-tuned
models on three held-out commonsense reasoning tasks:
ARC-e, ARC-c, and SIQA. Results are shown in Table 2.

Results. BB-OPLoRA improves both in-domain mathe-
matical reasoning and cross-domain retention relative to
LoRA and OPLoRA. Among all methods, BB-OPLoRA-
20-0.2 achieves the best in-domain average score, 62.20,
improving over LoORA, OPLoRA-16, and OPLoRA-128 by
4.08, 3.08, and 2.46 points, respectively. This improvement
is mainly driven by GSMS8K, where BB-OPLoRA-20-0.2
obtains the highest score, 82.22, compared with 74.19 for
LoRA, 76.44 for OPLoRA-16, and 77.73 for OPLoRA-128.
For MATH, the differences are smaller, but BB-OPLoRA-
20-0.2 also achieves the best score, 42.17, closely followed
by BB-OPLoRA-16-0.25 with 42.16.
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Table 3. Python code generation results on MBPP and MBPP++, with forgetting evaluated on HellaSwag, OBQA, and SIQA. In-domain,
forgetting, and final averages are computed over the corresponding task groups. Values are reported as mean =+ standard deviation over six
independent runs with different random seeds. The best and second-best results in each column are highlighted.

Method Fine-Tuning Evaluation Forgetting Evaluation
MBPP MBPP++ HSwag OBQA SIQA In Domain AVG . Forgetting Avg . Avg

LoRA 80.69 69.63 7260 4420 49.60 75.16 I 5547 63344015
OPLORA-16 80.91 70.02 7269 43.87 49.70 : 75.46 : 5542 '6344+0.14
OPLORA-128 80.51 69.80 7284 4440 49.64 75.15 5563 63444032
BB-OPLORA-16-0.25 81.57 70.15 7293 4480 50.48 75.86 . 5607 6399 £ 035
BB-OPLORA-16-0.5 81.17 69.84 7274 4420 4976 | 7551 | 5557 | 6355402
BB-OPLORA-20-0.2  81.66 70.37 7270 4407 49.72 | 76.02 | 5550 1 63.70 & 0.4
BB-OPLORA-128-0.5 81.44 70.50 7270 4413 49.55 | 75.97 | 5546

163.66 £+ 0.25

For forgetting evaluation, BB-OPLoRA-16-0.25 achieves
the best forgetting average, 57.41, outperforming LoRA,
OPLoRA-16, and OPLoRA-128 by 3.57, 2.90, and 1.42
points, respectively. This configuration also obtains the
best score on all three held-out commonsense tasks: ARC-
e, ARC-c, and SIQA. These results suggest that a smaller
preserved subspace with a moderate border fraction can
provide strong cross-domain retention after mathematical
fine-tuning.

Overall, the best average score is achieved by BB-OPLoRA-
16-0.25, with an overall average of 58.79. BB-OPLoRA-
20-0.2 achieves the strongest in-domain mathematical rea-
soning performance, while BB-OPLoRA-16-0.25 provides
the strongest forgetting resistance. This pattern indicates a
trade-off between in-domain adaptation and cross-domain
retention, and shows that the core—border split can be tuned
to favor either stronger mathematical reasoning performance
or stronger preservation of commonsense capabilities.

5.1.3. PYTHON CODE GENERATION

Setting. The Qwen2.5-7B model is fine-tuned on the
CodeFeedback dataset (Zheng et al., 2024) and evaluated
on MBPP and MBPP++ (Liu et al., 2023). We report the
average over these two benchmarks as the in-domain av-
erage. To assess catastrophic forgetting, we evaluate the
fine-tuned models on three held-out commonsense reason-
ing tasks: HellaSwag, OBQA, and SIQA. Results are shown
in Table 3.

Results. BB-OPLoRA improves code-generation perfor-
mance over LORA and OPLoRA across all tested configura-
tions. Among all methods, BB-OPLoRA-20-0.2 achieves
the best in-domain average score, 76.02, compared with
75.16 for LoRA, 75.46 for OPLoRA-16, and 75.15 for
OPLoRA-128. This configuration obtains the best MBPP
score, 81.66, while BB-OPLoRA-128-0.5 achieves the best
MBPP++ score, 70.50. These results suggest that the pro-

posed border mechanism can improve task-specific code-
generation performance while retaining the same LoRA
backbone parameterization and shared OPLoRA training
protocol.

On the cross-domain forgetting benchmarks, BB-OPLoRA-
16-0.25 achieves the best forgetting average, 56.07, outper-
forming LoRA, OPLoRA-16, and OPLoRA-128 by 0.60,
0.65, and 0.44 points, respectively. This variant also ob-
tains the best score on each of the three held-out common-
sense tasks: HellaSwag, OBQA, and SIQA. Therefore, BB-
OPLoRA-16-0.25 provides the strongest cross-domain re-
tention after code fine-tuning.

Overall, BB-OPLoRA-16-0.25 achieves the best overall av-
erage score, 63.99, while BB-OPLoRA-20-0.2 achieves the
strongest in-domain code-generation performance. This
trend is consistent with the mathematical reasoning results:
BB-OPLoRA-20-0.2 favors in-domain adaptation, whereas
BB-OPLoRA-16-0.25 provides the strongest balance be-
tween adaptation and forgetting resistance.

5.2. Diagnostic Analysis

We next analyze the border dynamics and their effect on the
pretrained singular structure.

5.2.1. BORDER BUDGET DYNAMICS

To examine the training dynamics of the proposed border
mechanism, we track the mean border budget 7,,¢an and the
mean pressure signal ppean OVer training progress for BB-
OPLoRA-16-0.5 on the Qwen2.5-7B fine-tuned for com-
monsense reasoning. Both Nyean and Piean are layer-wise
averages computed over all adapted layers. As shown in
Figure 2, the pressure signal increases early in training,
indicating gradient demand for adaptation in the border sub-
space. The border budget then increases during the active
update window and gradually stabilizes. This behavior is
consistent with the intended pressure-driven update: border
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Figure 2. Border-budget dynamics during training. The plot shows
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Figure 3. Retention (%) of the original first 8 and first 16 dominant
singular modes after fine-tuning. Retention is measured by exact
index overlap between the original and adapted top-q singular-
mode sets, with ¢ € {8, 16}.

flexibility is expanded when the training signal supports
adaptation near the spectral boundary, and then converges
to a stable fixed point.

5.2.2. SUBSPACE RETENTION

We further analyze how the proposed core—border mecha-
nism affects the singular structure of the adapted weights.
Although the rigid core is protected by construction, the rel-
ative ordering of singular directions can still change during
adaptation, since directions outside the rigid core may gain
energy. To quantify this effect, we measure the retention
of the original dominant singular modes after fine-tuning.
Specifically, we report the percentage of the original first
8 and first 16 singular modes that remain among the corre-
sponding dominant modes after adaptation.

Figure 3 shows this analysis for Qwen2.5-7B fine-tuned for
commonsense reasoning. BB-OPLoRA improves retention
of the dominant modes compared with OPLoRA-16. The
best BB-OPLoRA configuration achieves 88.0% retention
for the first 8 modes and 78.2% retention for the first 16
modes, compared with 83.8% and 72.5% for OPLoRA-16,
respectively. This reflects the distinction between preserving
a fixed subspace and preserving its dominance after adap-
tation. A fully rigid top- K constraint can shift task-driven
updates to outside directions, allowing them to gain spec-

tral energy, whereas the flexible border absorbs part of this
pressure and improves retention of the dominant pretrained
modes.

5.3. Computational Cost

We report adapter-side FLOPs for one activation vector in
a linear layer Wy € R™*™. Let r be the LoRA rank, K
the preserved subspace size, and N < K the border size.
Standard LoRA costs Crora = 2r(m + n). The outside
branch applies right and left top- K projections around the
LoRA update, with cost Coyy =~ (4K + 2r + 1)(m + n).

BB-OPLoRA additionally includes a BorderxBorder
branch, x, = xV}, and dypq = :JchCTUJ, which costs
2N (m + n) + 2N?. Thus, the total BB-OPLoRA adapter-
side costis Cpp-opLorA &~ (4K +2r+2N +1)(m+n)+
2N?. Since N < K and typically K, N,r < min(m,n),
the extra border cost is small relative to the frozen base
transformation cost 2mn. The SVD bases are computed
once and kept fixed, and the full update matrices are not
materialized. Empirically, the overhead is modest. On
commonsense evaluation with the Qwen2.5-7B, LoRA took
00:22:48, OPLoRA-16 took 00:23:03, and BB-OPLoRA-
16-0.5 took 00:23:18, corresponding to only about 1.1% and
2.2% overhead over LoRA, respectively.

5.4. Implementation details

All experiments were run on a single NVIDIA A100 GPU.
All methods used the same training and evaluation proto-
col, including optimizer, batch size, sequence length, preci-
sion, number of training steps, and LoRA hyperparameters.
The full hyperparameter configuration is reported in Ap-
pendix B.1. The software environment used Python 3.11.7,
PyTorch 2.7.0, CUDA 12.6, PEFT 0.14.0, and Transform-
ers 4.45.1. The anonymized implementation is available
online.!

6. Conclusion

We introduced Dynamic BB-OPLoRA, a subspace-aware
low-rank adaptation method that protects a rigid core of
dominant pretrained singular directions while allowing bud-
geted adaptation in a flexible border near the spectral bound-
ary. A stiffness-weighted, pressure-driven budget regulates
border flexibility during training, helping preserve dominant
pretrained structure while improving optimization flexibility.
Across commonsense reasoning, mathematical reasoning,
and Python code generation, Dynamic BB-OPLoRA im-
proves average performance over LORA and OPLoRA while
maintaining strong resistance to cross-domain forgetting.

"https://anonymous.4open.science/r/
bb-oplora-nc—-4773/
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A. Additional Theoretical Details

A.1. Boundary Effects and Approximate Bases

Remark A.1 (Boundary multiplicities and near-ties). When the singular values of W exhibit multiplicities or near-ties,
individual singular vectors need not be uniquely determined; only the associated singular subspaces are invariant. If a cluster
of tied or nearly tied singular values straddles either cutoff, namely K or K — IV, then the resulting partition into core,
border, and outside components may depend on the particular basis returned by the numerical SVD routine.

Remark A.2 (Mitigation by a flexible border). The implementation dependence noted in Remark A.1 is most consequential
when ambiguous singular directions are treated as rigid. Dynamic BB-OPLoRA constrains only the top K — N directions
to be rigid and assigns the remaining /N directions within the top-K span to a flexible, budgeted border. For fixed K,
increasing N shifts the rigid/flexible boundary away from the most tie-prone cutoff region, reducing sensitivity to near-ties
and subspace-estimation errors concentrated near the spectral boundary.

A.2. Block-Structure Consequences

Assumption A.3 (Exact bases). (Ug, V) are exact orthonormal bases for the top- K left and right singular subspaces of
‘W), respectively.

Proposition A.4 (No top- K—outside interactions). Under Assumption A.3, the update AW defined in Equation (8) satisfies
Py, AWP{_ =0,

Al
Py, AW Py, =0. (AD

Proof. By construction,
AW = AWOM + AWbd,

AVVout — PéK AVVout P\l/Ky
AWbd = PUb AWbd PVb'

Therefore,
Py, AW Py =Py, AW Py + Py, AWpg Py

=Py, Py, AWou Py + Py Py, AW,q Py, Py
=0,
where we used PUKPJUK =0 and PVbPJ‘;—K = 0. Similarly,
Py, AW Py, =P, AWou Py, + P, AWpq Py,
=Py, AW, Py Py, + Py, Py, AWLa Py, Py,
=0,
because P{; Py, = 0and P§; Py, = 0. O
Proposition A.5 (No core interactions). Under Assumption A.3, the update AW satisfies
Py, AWPy, =0,
Py, AW Py, =0, (A2)
Py, AW Py, =0.

Proof. Using the decomposition
AW = AWou + AWha,  AWou =Py, AWou Py, AWihg = Py, AW Py,
and the orthogonality relations
Py, Py, =0, Py Py, =0, Py, Py, =0, Py Py, =0,

we obtain
PUc AW PVC = O7 PUc AW va = O, PUb AW PVC = 0.
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A.3. Core-Direction Invariance

LetS.={1,...,K — N}. Foreach i € S, let (ug, v¢;) denote the corresponding left and right singular-vector pair of
Wo.

Proposition A.6 (No update action on core singular directions). Assume Assumption A.3. Then, for every i € S,

AW g, =0, (A3)
AW Ty, = 0.
Consequently,
(Wo + AW) vg; = Woue 4, (A4)

(WQ + AW)T’LL@,Z' = W(—)r’u,z’i.
Proof. Fixi € S,. Since v ; € range(V.) C range(V ), we have PéKUM = 0. Hence,

AW ourvr,i = P XiPy vp
=0.
Moreover, v ; L range(Vy), so V;w’i = 0. Therefore,
AWbde == Ub]\//TVbTvM
=0.
Thus AW, ; = 0.

The transpose identity follows analogously. Since ug,; € range(U.) C range(Ug ), we have PéK ug,; = 0 and UbTuM =0.
Therefore,

AW Jyues =Pl XJPE wei AW ue, = VM U ug,
= O’ frng 0.
Hence AW "Tuy; = 0. The identities in Equation (A4) follow immediately. O

Remark A.7 (Scope of the invariance). Proposition A.6 applies only to the rigid core. The action of Wy + AW on the
border subspace is not invariant in general; it is constrained only by the budget bound in Equation (16), and the singular
values and vectors associated with S, may change. Thus, Dynamic BB-OPLoRA is more expressive than variants that freeze
the entire top- K subspace, with the additional flexibility concentrated near the spectral boundary. Under multiplicities or
near-ties, these statements should be interpreted at the subspace level rather than for individual singular vectors.
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B. Additional Experimental Details
B.1. Hyperparameter Configuration

This section reports the shared training hyperparameters and the BB-OPLoRA-specific hyperparameters used across all
experiments.

Warmup-calibrated pressure threshold. The pressure threshold is calibrated from an initial warmup window. During
this window, the pressure ratio p(t) is recorded, but the border budget 7, is not updated. Let WV denote the set of warmup
steps before the budget-update window begins. We define the warmup mean pressure as

1
ﬁwarm - - Z Pt)-
W

The layer-specific upper threshold is then set to
™ = 1.3p"™.

Budget update interval. We specify the budget-update frequency as a relative fraction of an epoch and convert it to an
integer step interval before training. Let Sepoch denote the number of optimizer steps in one epoch. We use

T = max {1, round(0.003 Sepoch) } -
The pressure-driven budget update in Equation (22) is then applied every 1" optimizer steps, i.e., when ¢ mod 1" = 0.

Table Bi. Hyperparameter configuration used across all experiments.

Hyperparameter Commonsense Math Python
LoRA rank (r) 32 64 32
Scaling factor (o) 32 64 32
LoRA dropout 0.05 0.05 0.05
Learning rate 2e-4 3e-4 2e-4
Batch size 32 32 32
Epochs 1 1 1
Weight decay 0.0 0.0 0.0
Learning rate scheduler Cosine Cosine Cosine
Warmup ratio 0.03 0.03 0.03
Precision bfloat16 bfloatl6  bfloatl6

Table B2. LoRA target modules used in all experiments.

Module group  Target modules

Attention g-proj, v.proj, o_proj
MLP up_proj, down_proj
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Table B3. BB-OPLoRA-specific hyperparameters used across all experiments.

BB-OPLoRA hyperparameter Value
Stiffness scale A 1.0
Stiftness shape x 2.0

EMA coefficient 3 0.95
Upper pressure threshold 74+ 1.3py ™
Lower pressure threshold 7 0

Budget step size An 0.0125
Maximum border budget 7max 0.8
Pressure numerical constant e, 107°
SWB numerical constant ecap 1078

Budget-update window start
Budget-update window end
Relative update 7'

11% of training
74% of training
max{1, round(0.003 Sepocn)}
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B.2. OPLoRA Baseline Tables

For completeness, we provide the corresponding baseline tables from Xiong & Xie (2026). These numbers are not used as
the primary comparison in our main results, because our main experiments use re-run baselines under our implementation,
environment, and six-seed evaluation protocol.

Table B4. Comparison of LoRA-based fine-tuning methods on commonsense reasoning and forgetting benchmarks. All models are fine-
tuned from the Qwen?2.5 7B. Bold and underlined values indicate the best and second-best scores. Values are taken from OPLoRA (Xiong
& Xie, 2026).

Fine-Tuning Evaluation Forgetting Evaluation

Method BoolQ PIQA SIQA HSwag WinoG ARC-e ARC-c OBQA | MathQA MBPP RACE | Avg

Baseline Methods

LoRA 86.75 79.76 5143 78.12 73.95 76.26 55.03 45.8 50.35 58.6 39.62 | 63.24
PiSSA 75.04  75.08 52.04 71.75 75.92 69.23 43.85 42.0 31.86 0.6 40.57 | 52.54
MiLoRA 86.05 7736 5342 7473 76.47 71.42 52.13 44.4 46.47 2.6 39.62 | 56.79
LoRA-Null 83.30 77.61 5157 75.67 74.51 75.84 54.83 46.8 50.24 19.8 40.11 | 59.12
OPLoRA-16 86.64 7938 5256 79.01 76.64 78.54 55.46 47.8 50.92 59.6 40.28 | 64.26
OPLoRA-128 86.64 79.76 51.43 77.62 74.03 76.14 56.14 474 51.29 59.2 39.23 | 63.53

Table B5. Comparison of LoRA-based methods fine-tuned on MetaMathQA (first 100K samples) using the Qwen2.5 7B. Best and
second-best scores are highlighted in bold and underlined. Values are taken from OPLoRA (Xiong & Xie, 2026).

Fine-Tuning Eval Forgetting Eval

Method MATH GSMSK | ARC-e ARC-¢ SIQA | Avg
Baseline Methods

LoRA 45.96 82.18 81.40 5042  51.28 | 62.25
PiSSA 32.74 74.45 72.47 38.65 44.37 | 52.54
MiLoRA 44.04 82.48 81.27 48.38 51.17 | 61.47
LoRA-Null 43.72 75.12 73.22 49.89  46.44 | 57.68
OPLoRA-16 47.34 83.70 81.86 50.59 51.43 | 62.98
OPLoRA-128 46.72 83.70 82.24 50.20 5292 | 63.16

Table B6. Performance comparison of LoRA-based methods fine-tuned on CodeFeedback dataset using the Qwen2.5 7B. Best and
second-best results are highlighted in bold and underlined. Values are taken from OPLoRA (Xiong & Xie, 2026).

Fine-Tuning Eval Forgetting Eval

Method MBPP MBPP++ | HSwag OBQA SIQA | Avg
Baseline Methods

LoRA 80.2 68.3 79.1 47.4 544 | 65.88
PiSSA 68.3 58.2 78.0 43.2 51.7 | 59.88
MiLoRA 80.7 66.7 78.6 46.2 55.1 | 65.46
LoRA-Null 79.6 65.7 78.0 46.0 54.8 | 64.82
OPLoRA-16 80.2 69.0 79.1 47.4 55.0 | 66.14
OPLoRA-128 80.4 68.8 79.2 47.4 55.5 | 66.26
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B.3. Ablation Studies

We conduct an ablation study on the Qwen2.5-7B in the commonsense reasoning setting to isolate the roles of the stiffness-
weighted budget and the pressure-driven dynamic update. The full BB-OPLoRA-20-0.2 model uses both components. In
the first ablation, we remove stiffness weighting by setting d, ; = 1 for all border coordinates in Equation (13), so all border
directions are penalized equally. In the second ablation, we remove the pressure-driven update and use a fixed maximum
border budget 1, = 0.8 for all layers throughout training. If the border budget is set to zero, the Borderx Border component
is suppressed and the entire top-K subspace is treated as rigid, recovering the OPLoRA-style constraint. If this rigid top- K
constraint is also removed, the update is no longer projected away from the pretrained singular subspace and reduces to
standard LoRA.

As shown in Table B7, the full method achieves the best overall average. This suggests that the two components are
complementary: uniform border stiffness weakens the benefit of the border mechanism, while a fixed maximum budget is
less effective than adapting the budget according to the training signal.

Table B7. Ablation results on the Qwen2.5-7B for commonsense reasoning. The variant without SWB sets d;,; = 1 for all border
coordinates, and the variant without dynamic budget uses a fixed maximum budget 1, = 0.8 for all layers. Values are reported as mean +
standard deviation over six independent runs with different random seeds. The best and second-best results are highlighted.

Method Fine-Tuning Evaluation Forgetting Evaluation Avg

BoolQ PIQA SIQA HSwag WinoG ARC-e ARC-c OBQA MathQA MBPP RACE Avg

LoRA 87.23 80.85 5232 79.11 7639 7683 5435 4790 50.63 56.10 4133 63.91 4 0.33
OPLORA-16 87.76 80.82 5245 79.05 7638 7771 5505 4750 50.89 57.27 4128 64.20 4 0.42
BB-OPL0oRA-20-0.2 87.90 80.83 5328 79.11 7694 7878 5580 4826 50.69 6103 41.16 64.89 + 035
BB-OPL0oRA-20-0.2 w/o SWB 87.37 80.55 5324 79.05 7672 7685 5572 4770 5082 5490 4156 64.05 4 0.40

BB-OPLoRA-20-0.2 w/o dynamic budget 87.65 8097 52.71 78.81 77.01 76.87 5521 4795 50.75 59.55 4122 64.43 £0.26
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C. Limitations and Future Work

* Relative to a fully rigid top-K preserved subspace (OPLoRA), the flexible border introduces additional degrees of
freedom, enabling greater expressivity within the top-K span (subject to the stiffness-weighted budget). While this
added flexibility mitigates practical brittleness near the spectral cutoff (e.g., under approximate SVD or near-ties), it
does not theoretically eliminate underlying non-uniqueness or leakage phenomena.

* The implicit border parameterization couples the border and outside-subspace updates through the shared LoRA factors.
While this design avoids the need for an independent trainable border matrix (keeping the parameter count identical to
standard LoRA), it prevents the border and outside adaptations from being independently parameterized.

* Dynamic BB-OPLoRA introduces several hyperparameters governing the dynamic budget, including update windows,
pressure thresholds, and update intervals. These choices are explicitly motivated by training dynamics: for example,
delaying budget updates ensures the pressure estimate relies on stable training history rather than noisy initial gradients,
while pausing updates near the end of fine-tuning stabilizes final optimization. Future work could automate these
controls using data-driven criteria, such as pressure signal convergence or validation-based triggers.

* To enable a controlled comparison, our experiments focus on the same benchmark suite and backbone models utilized
in the OPLoRA protocol. Future work will extend this evaluation to larger, more diverse LLM backbones across a
wider array of tasks. A broader evaluation will help characterize the domains where BB-OPLoRA provides the most
benefit, and how tuning the core size (K) and border fraction (p) influences the stability-plasticity trade-off.
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