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Abstract— Many common manipulation tasks move slowly
enough that velocities and Coriolis forces do not contribute
meaningfully to the dynamics of the robot. As a result, quasi-
dynamic simulation of these systems, in which all forces are
assumed to be in equilibrium, can produce physically accurate
results for use in motion-planning and control. Recent work has
combined the quasi-dynamic model with a relaxed formulation
of Coulomb friction, where the resulting dynamics are the
solution to a convex quadratic program. We extend this recent
work by directly manipulating rigid point clouds, without the
need for meshing or decomposition into convex primitives. We
also introduce a novel torsional friction model to mimic the
frictional behaviors of the sorts of patch contacts that exist
on real systems. These ideas are demonstrated in a grasping
example, where a dense point cloud is manipulated with and
without torsional friction, clearly showing the utility of the
torsional friction model.

I. INTRODUCTION

Accurate and computationally efficient simulation for
contact-rich robotic manipulation tasks is crucial for de-
veloping model-based control policies. Existing simulators
like Bullet [1], Drake [2], Dart [3], and MuJoCo [4], are
able to model complex contact and friction interactions
between a wide variety of geometries. While these simulators
evaluate the full second-order dynamics of a robot, for many
manipulation tasks, these second-order dynamics are not
always necessary, and substantial computational savings are
possible.

For manipulation systems where objects are generally
moving slowly, the velocities of the bodies are small enough
that accelerations and Coriolis forces do not impact the
dynamics in a meaningful way. As a result, quasi-dynamic
[5] simulation methods, in which all forces are assumed to be
in equilibrium, can be employed to solve for displacements
in the configurations at each time step.

This work is inspired by [6], where a relaxed friction
model from [7] is incorporated into a quasi-dynamic sim-
ulation method that treats actuators as impedances. Each
simulation step consists of solving a small, well-defined
convex Quadratic Program (QP), making the method fast
and efficient, with virtually none of the stability problems
encountered with full second-order dynamics formulations.
This quasi-dynamic model was used successfully in a global
planner in [8] where it was leveraged to build sophisticated
motion plans for common manipulation tasks. In both of
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Fig. 1. Quasi-dynamic simulation of grasping a point cloud with and
without torsional friction on the points. In the bottom sequence of frames,
a simulation without torsional friction results in non-physical rotation of
the bunny about single-point contacts with each gripper. Our method (top)
includes torsional Coulomb friction at each contact point to avoid this
behavior.

these works, only relatively simple shapes like spheres, cap-
sules, and boxes were considered, due to the complications
involved in collision checking.

In this paper, we make two contributions to the state of
the art for quasi-dynamic simulation: the first is a compu-
tationally efficient framework for computing the dynamics
of rigid objects whose complex geometry is represented by
point clouds, and the second is a convex torsional friction
model to effectively model patch contacts and avoid some of
the non-physical behaviors seen when manipulating a rigid
point cloud with rigid manipulators. Since the new torsional
friction model is also represented as a convex constraint,
each simulation step can still be computed efficiently by
solving a QP. Together, these contributions enable fast and
robust simulation of manipulation tasks involving complex
non-convex geometries that would otherwise be challenging
to decompose into simpler primitives.

II. CONVEX QUASI-DYNAMIC MODELS

This section describes the general quasi-dynamic for-
mulation with actuators modeled by impedances, closely
following [6], [9]. The configuration of the whole system,
q ∈ Rnu+na , can be partitioned into an actuated part,
qa ∈ Rna , and an un-actuated part qu ∈ Rnu , stacked
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Fig. 2. Description of contact geometry for a given signed distance function
ϕ = ∥β − α∥, where α and β are the closest points between two convex
shapes. The unit contact normal vector n extends from α to β, with a set
of orthogonal tangent-plane vectors d1 and d2.

as q = [qTa , q
T
u ]

T . In a quasi-dynamic model, there is no
accumulation of velocity between time steps. As a result, a
new velocity or a configuration displacement is computed at
each time step.

The actuated degrees of freedom are treated as if they were
controlled with impedance control. This means that we have
some diagonal joint stiffness matrix Kq ∈ Sna×na , with the
generalized force τk modeled as:

Kqδq̄a = τk, (1)

where δq̄a is the desired change in actuated configuration.
The un-actuated degrees of freedom are simply acted upon
by an external generalized force τa, and contact forces.

A. Contact and Friction Model

Rigid contact and Coulomb friction can be incorporated
into a quasi-dynamic model in the same fashion as a second-
order dynamic model. First, collision information between
pairs of convex objects can be computed with any number
of methods, given that they return the closest points between
objects as well as a contact normal vector [10]–[13]. As
shown in figure 2, these closest points are denoted α and
β, with the signed-distance function (SDF) between these
denoted by ϕ. Each of the nc pairwise contact interactions
has its own α, β, normal vector pointing from α to β, and
a set of orthogonal tangent vectors d1 and d2. Together, the
set {d1, d2, n} describe a dextral triad of orthonormal vectors
[14], [15].

In [7], Anitescu introduces a convex relaxation of tan-
gential Coulomb friction that is exact when objects are
sticking, and only introduces a slight ”boundary layer” when
objects are sliding. This relaxation allows for the inclusion
of friction as a linear inequality in a quadratic program,
enabling convex time-stepping methods [9]. In this work, we
extend Anitescu’s friction model to handle torsional friction
about the contact normal. This section omits indices that
specify which contact pair is being considered for clarity,
but the method extends to an arbitrary number of contacts.

A Jacobian mapping forces λi ∈ R3 at the contact
point into generalized coordinates is calculated by taking
the Jacobian of the following function with respect to the
generalized velocity v ∈ Rnv :

f(q, v) =

[
νβ − να

nT (ωβ − ωα)

]
, (2)

where the relative velocity of the contact points is calculated
by taking the difference between the velocity of β (νβ ∈ R3)
and α (να ∈ R3). This Jacobian will be referred to a J :

J =
∂f(q, v)

∂v
. (3)

where each vector in (2) is resolved in the world frame. With
this Jacobian, we can now write our friction constraints for
a given point as the following:

ϕ+ [JT (ñ+ d̃i)]
T δq ≥ 0 ∀i (4)

where ñ = [nT , 0]T , and the the first four d̃’s describing the
standard pyramidal tangential friction-cone approximation
are the following:

d̃1 =

[
µvd1
0

]
, d̃2 =

[
µvd2
0

]
, (5)

d̃3 =

[
−µvd1

0

]
, d̃4 =

[
−µvd2

0

]
. (6)

We also introduce two more d̃’s describing torsional friction:

d̃5 =

[
03
µω

]
, d̃6 =

[
03

−µω

]
, (7)

where µv ∈ R+ is the tangential coefficient of friction and
µω ∈ R+ is the torsional coefficient of friction. These six
linear inequalities describe the contact and friction for a
given pair and can be vertically concatenated into a single
Aδq ≥ b constraint for convenience:

A =


JT (ñ+ d̃1)

JT (ñ+ d̃1)
...

JT (ñ+ d̃6)

 , b = −ϕ16. (8)

B. Optimization Formulation

The force balance for the actuated and un-actuated com-
ponents of the configuration with contact forces can be posed
as, [

hKqδqa − hKqδq̄a + τa
1
hMu − hτu

]
+

nc∑
n

AT
j λj = 0, (9)

where the contact/friction model is described as follows:

Ajδq ≥ bj , (10)
λj ≥ 0, (11)

(Ajδq − bj) ◦ λ = 0. (12)

These conditions are the KKT optimality conditions for a
convex Quadratic Program (QP) where (9) is stationarity,
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Fig. 3. Visualization of the boundary layer that exists only when a point
in contact begins rotating due to an external torque τ . In the exact same
fashion as the tangential friction constraints, a boundary layer is introduced
during sliding that is proportional to the time step h.

(10) is primal feasibility, (11) is dual feasibility, and (12) is
complementarity [16]. This QP is as follows:

min
δq

1

2
δqT

[
hKq 0
0 Mu/h

]
δq − h

[
Kqδq̄a + τa

τu

]T
δq

s.t. Ajδq ≥bj , ∀j ∈ E
(13)

where E is the set of contact pairs being considered and h ∈
R+ is the time-step size. For large point clouds, this pruning
of constraints is critical for keeping the resulting QP small.
Another benefit to the QP formulation is differentiability: In
recent years, differentiable convex optimization has enabled
smooth automatic differentiation through QP solvers with
good results [17]–[20].

III. NUMERICAL EXAMPLES

Two examples are shown to demonstrate the behavior and
utility of our formulation: The first example is a simple
spinning sphere that showcases the tightness of the relaxed
friction constraints, and the second is a more practical
example of gripping a dense point cloud with and without
torsional friction.

A. Torsional Boundary Layer

To demonstrate the boundary layer induced by the relaxed
torsional friction constraints, figure 3 demonstrates what
happens when a sphere in contact with the floor is spun.
An increasing external torque is applied to the sphere, and
up until the maximum allowable friction torque is saturated,
the sphere doesn’t move. Once the external torque exceeds
this limit, the sphere begins to spin and lifts off from the
surface by a fraction of a centimeter.

This boundary-layer behavior mirrors the tangential fric-
tion case, where this is the only deviation from Coulomb
friction and the size of this boundary layer decreases with
step size. For most manipulation tasks that aren’t pushing
or sliding, full sticking behavior is desirable, making this
relaxed model appropriate.

B. Grasping a Point Cloud

In this example, shown in Fig. 1, parallel grippers are
used to grasp a point-cloud bunny with and without torsional
friction. The bunny was modeled as a rigid body with 992
points, each of which was constrained to consider the floor,
the left gripper, and the right gripper. The simulator checks
the signed distance function for each of these 992 points
with respect to the three objects, and selects five points for
each object to include in the quadratic program. Each of the
selected points contributes the constraints shown in (8) to
the optimization.

While these five closest points in question can change from
time step to time step, the size of the QP remains the same.
The resulting QP for this example has 13 primal variables
with 80 inequality constraints, and is solved with a custom
primal-dual interior-point algorithm [21]–[23] that leverages
templating based on the number of contacts considered
during a simulation.

When the grippers close on the bunny, it is possible for
there to be single points of contact with each gripper. In
this case, the lack of torsional friction results in the bunny
rotating about these contact points. While this is technically
correct behavior given point contacts, the true system does
not exhibit this behavior due to patch-contact effects, result-
ing in a significant sim-to-real gap. On a real robotic system,
there is always some compliance either on the gripper or the
object that manifests in a patch contact instead of a point
contact. The patch contact provides a lever arm for torsional
friction, preventing the bunny from pivoting. Just like with
tangential friction, the torsional friction is proportional to the
normal force on the contact.

By including torsional friction for each point contact, we
are able to replicate torsional friction behaviors while still
treating the object as a rigid point cloud.

The full simulation step takes less than 90 µs for a time
step size of h = 0.01s., with the profile of this function
shown in Fig. 4.1 Since a majority of the time is spent solving
the QP, there is reason to believe this sort of simulation
makes more sense on a CPU than a GPU, despite the possi-
bility of a very dense point cloud. There may be cases where
the point cloud is dense enough that computing and sorting
all of the pairwise contacts is the limiting computational
factor, in which case a GPU implementation would make
more sense.
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