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1. Introduction

In probabilistic machine learning, we are often interested in optimizing expectations of the
form Ly = Eq,(2) [fp.6(2)] w.r.t. to their parameters, where fyg(2) is some objective
function, and ¢ and 8 denote the parameters of the sampling distribution g4(z) and other
(e.g. model) parameters, respectively. In the case of widely used variational autoencoders
(VAEs, Kingma and Welling (2014), Rezende et al. (2014)), g4(z) is the variational posterior
and @ denotes the model parameters.

In most cases of interest, this expectation is intractable, and we estimate it and its
gradients, V4L and VgL, using Monte Carlo samples z ~ gg(2z). In this paper, we address
gradient estimation for continuous variables in variational objectives.

A naive implementation of V4L results in a score function, or REINFORCE, estimator
(Williams, 1992), which tends to have high gradient variance; however, if f depends on ¢
only through z, we can use reparameterization (Kingma and Welling, 2014; Rezende et al.,
2014) to obtain an estimator with lower variance by replacing the score function estimator
of the gradient with a pathwise estimator.

In variational inference, fgg(2) typically depends on ¢ not only through z but also
through the value of the log density log g4(z). Then, the gradient estimators still involve the
score function V4 log ¢s(z) despite using reparameterization. Roeder et al. (2017) propose
the sticking the landing (STL) estimator, which simply drops these score function terms to
reduce variance. Tucker et al. (2019) show that STL is biased in general, and introduce the
doubly-reparameterized gradient (DREGS) estimator for INAE objectives, which again yields
unbiased lower-variance gradient estimates. This is achieved by applying reparameterization
for the second time, targeting the score function terms. The DREGs estimator has, however,
two major limitations: 1) it only applies to latent variable models with a single latent layer;
2) it only applies in cases where the score function depends on the same parameters as the
sampling distribution.

In this work we address both limitations and introduce GDREGs, a generalized doubly-
reparameterized gradient estimator that applies to general score functions; we also extend the
DREGS estimator to hierarchical models and show that both estimators improve performance
on conditional and unconditional image modelling tasks.
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2. Background

We are interested in computing gradients of variational objectives L9 =E. g, (2 ) [fo.0(2)]
w.r.t. the variational parameters ¢ of the sampling distribution g4(z), and parameters 0 of
a second distribution pg(z), such as a learnable prior. Here fgg(2) is a general function
that can depend on both ¢4(2) and pg(z) explicitly.

One such objective is the importance weighted autoencoder (IWAE) bound (Burda et al.,
2016). For a VAE with likelihood px(x|z), (learnable) prior pg(z), and variational posterior
(or proposal) g¢(z|x), the IWAE objective with K importance weights wy, is given by

£IWAE Ezl,...,zK~q¢(z\:u [log ( Zwk)] Wy, = pe(;:)éj;'(:)lzk) (1)

Gradient estimation. In practise, we approximate the expectation in L4 ¢ by Monte
Carlo sampling, so that our estimates of the expectation and of its gradients become random
variables. We can distinguish between two types of gradient estimators in this setting: (i)
score function (SF) estimators and (ii) pathwise estimators. Score functions are gradients
of a log probability density w.r.t. its parameters, for example V4 log g4(2); SF estimators
treat the function fg ¢ as a black box and often yield high variance gradients. In contrast,
pathwise estimators move the parameter-dependence from the probability density into the
argument z of the function fg ¢(2) and differentiate the computation path to often achieve
lower variance gradients by using the knowledge of V. f4 ¢(2); see Mohamed et al. (2020)
for a recent review.

When computing gradients of the objective L4 g, we have to differentiate both the
sampling distribution of the expectation, g4(2), as well as the function fg ¢(2),

Ve Eoy(2) [f0.6(2)] = Eqy () [V fo.0(2) + fo.0(2) ¥ log 04(2)] 2)
Vo By, ) [f0.0(2)] = Eq,2) [Vafs6(2)] (3)

and both can give rise to score functions (note Vg fg,0(2) = Viogg4(2)f6,0(2) V108 46(2))-

In the following, we recapitulate how to address the score functions in Eq. (2) using
the reparameterization trick and doubly-reparameterized gradients (DREGs, Tucker et al.
(2019)), respectively. In Sec. 3 we introduce GDREGS, a generalization of DREGs, that
allows us to eliminate the score function in Eq. (3).

Reparameterization. We can use the reparameterization trick (Kingma and Welling,
2014; Rezende et al., 2014) to turn the score function, V¢ log g4(2), inside the expectation
in Eq. (2) into a pathwise derivative of the function fg ¢(z) as follows: we express the latent
variables z ~ g4 (2) through a bijection of new random variables € ~ ¢(€), which are indepen-
dent of ¢, z =T, (€;¢) & € = 7:]_1(z; ¢). This allows us to rewrite expectations w.r.t. g4 (2)
as By, (2) [fp.0(2)] = Eqe) [fp.6(Tq (€; ¢))], which moves the parameter dependence into the
argument of fy g(2) and gives rise to a pathwise gradient:

Vo By, ) [f.0(2)] = Ege) [V fpa(z) + Vafpo(2)VeT, (€;¢)]z:7—q(€;¢)- (4)
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Double reparameterization. Tucker et al. (2019) reduce gradient variance by replacing
the remaining score function in Eq. (4) with its reparameterized counterpart. Double
reparameterization is based on the identity (Eq. (5) in Tucker et al. (2019))

E.ngs(2) [90.6(2)Vploggp(2)] = Ecvy(e) VEngs,o(z)\Z:Tq(w) VT, (€ ¢)} (5)

which follows from the fact that both the score function and the reparameterization estimators
are unbiased and thus equal in expectation. For the IWAE objective Eq. (1), Tucker et al.
(2019) derived the following doubly-reparametererized gradients (DREGs) estimator:

K
o DREGs pIWAE __ ~2—TD . . ~ . ~ Wk
vq_‘) Ed),ﬂ - ; wkvzk 1Og wk-V(j),]:](Ek, ¢)7 €1:K Q(€)7 Wy = 25:1 W, . (6)

While the DREGS estimator reparameterizes the score function in Eq. (4), the previously
proposed STL estimator (Roeder et al., 2017) simply drops it and is usually biased as a result.
Crucially, because DREGs relies on reparameterization, it is limited to score functions of the
sampling distribution gg(z), making it inapplicable in the more general setting of arbitrary
score functions (Eq. (3)). In the following Sec. 3 we introduce the GDREGs estimator that
can be applied to these more general score function terms.

In App. C we discuss that the seemingly pathwise gradient in Eq. (4) can actually contain
score functions for hierarchical models and explain how to extend DREGs to this case.
Additional score functions arise because the distribution parameters (e.g. the mean and
covariance) of one stochastic layer depend on the latent variables of previous layers.

3. Generalized DREGs

Here, we generalize DREGs to score function terms that involve distributions pg(z) different
from the sampling distribution ge(z), such as Ey, () [9p,6(2)Velogpe(z)]. Such terms
appear, for example, when training a VAE with a trainable prior pg(z) with the ELBO or
IWAE objectives. We cannot use DREGs directly here, as it relies on reparameterization of
the sampling distribution g¢(z), which means the path would then depend on the parameters
¢ and double-reparameterization would only apply to its parameters ¢, whereas the score
function is with w.r.t. parameters 6 of a different distribution pg(z).

To make progress we need to make the path depend on the parameters 6 while still
sampling z ~ g¢(z) during training. Our solution is to: @) temporarily change the path
such that it depends on 6; @ perform the reparameterized gradient computation; (¢) change

@) (e: ) ———> E(€: ¢, 0 > > 2)(& 0
SO e 9P el CTrGe >]

2D~ ge(2) (a

re-express z\? as if sampled from pg(2)

Figure 1: Computational flow to re-express a sample z from g4(z) as if it were sampled from
pe(z). Its numerical value and distribution remain unchanged but the pathwise gradient
through it now depends on 8: Vg7T,(€; ) e—7 1 (z,0) Note that € = 7;_1(7:1(6; ¢);0) has a
different, usually more complex, distribution than € ~ ¢(€).
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the path back so we can use samples z ~ g4(z) to estimate the expectation. We change

the path by first using an importance sampling reweighting to temporarily re-write the

expectation, E, ) [¥] = Epy(2) [q(bgz; ], and then applying reparameterization to the new

sampling distribution pg(2): z = T,(€; 0) with € ~ ¢(€). We derive the gradient identity in
Eq. (7) for a general g4 g(2); we refer to it as the generalized DREGs (GDREGS) identity.
GDREGs identity
Ezrvq[9(2) Vo 10890 (2)] = Bang,|(9(2) VI log 22123 4+ VIP(2) ) Vo T (& 0)|_rr(e)]  (7)

pe(z
@ z @ Tp(€;0 ~
V3PEqy(2) (96,0 (2)] = VB Epy(a) |25 04.0(2)| = VEPEye) |20 ER 66,0(T,(:6))] (8)
ZEyo | VP (3259(2)) VoTo(€0) + 163 (Vogwo(2) — 9(=)Vologpo(2))|___ ((9;
10

Ok, [ (9(2) VTP 105 22 + VIPg(2)) VoT,(& 0)|e_r, +(cs0) + Voiso(z) - 9(x)Vologpo(2)]

In the derivation we have used the identity £V, logx = V,.x repeatedly. By noting that
VEDIE%(Z) [94,6(2)] = Eqgy(z) [Voge,0(2)], we can cancel these terms on the left hand side
of Eq. (8) and right hand side of Eq. (10). By moving —E, (.) [9¢,6(2) Ve log pe(z)] to the
other side we obtain the desired result.

Similar to DREGs (Eq. (5)), GDREGs allows us to transform score function gradients
into pathwise gradients. But, unlike DREGs, GDREGs applies to general score functions
and contains a correction term that vanishes when pg(2) and g4(z) are identical (log Z‘zg;
in Eq. (7)). Note that the pathwise derivative V7,(€;0) in Eq. (7) looks like a repara-
meterization of pg(z) in terms of a noise variable € = 7,7!(z;0) with z ~ gg(z). We can
interpret this sequence of transformations as a normalizing flow (Rezende and Mohamed,
2015) z — € — z, such that T,(€;0) = T,(7, ' (2;6); ) = z. We can think of this procedure
as re-expressing the sample z ~ qg(z) as if it came from pg(z): Its numerical value z
remains unchanged and it is still distributed according to g4(2), yet its pathwise gradient
VoTy(€;0) depends on 6. We illustrate the corresponding computational flow in Fig. 1.
Note that to derive the GDREGs identity, we only require pg(z) to be reparameterizable
(] in Fig. 1). While g4(2) may be reparameterizable as well ( in Fig. 1), this is
not necessary; we only need to be able to evaluate its density in Eq. (7).

We use the GDREGs identity to address general score functions of the form Eq. (3) and
derive the GDREGS estimator for the IWAE objective w.r.t. the prior parameters 6:

K
VSDREGSEQT]GAE = Z (ka logpA(a:|zk) — ka log wk)VQ'E,(Ek; 9)
k=1

(11)

&=Tp ' (2£.0)

with z1.x ~ g(z|x); full derivation is in App. D. The second term in Eq. (11) looks like the
DREGS estimator for ¢ in Eq. (6) except that the samples zj are now re-expressed as if they
came from pg(z). In addition we obtain a term that involves the likelihood px(x|z) and is
linear in wy. We do not apply GDREGS to the likelihood parameters A because px(x|z) is
a distribution over & rather than z; in the following we therefore drop the subscript A.

Similarly to the DREGs estimator, we can also extend the GDREGs estimator to
hierarchical objectives as we explain in App. C.
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Figure 2: Average gradient variance and gradient signal-to-noise ratio (SNR) for the
variational posterior parameters ¢ and the prior parameters 6.

We learn all parameters by optimizing the same objective Eq. (1), but employ different
gradient estimators for different subsets of parameters. In practice, we implement these esti-
mators using different surrogate objectives for the likelihood, proposal, and prior parameters,
see App. F for details. While separate objectives might seem computationally expensive,
most terms are shared between them, and modern frameworks would avoid such duplicate
computation. In practise, we found the runtime increase for training with DREGs and
GDREGS estimators to be less than 10% without any optimization of the implementation.

4. Experiments

Here, we empirically evaluate the proposed GDREGs estimator as well as the proposed
hierarchical extensions of DREGs and GDREGs, and compare them to the naive IWAE
gradient estimator (labelled as IWAE) as well as STL (Roeder et al., 2017).

Illustrative example. We first consider an extended version of the illustrative example
introduced by Rainforth et al. (2018) and Tucker et al. (2019) to show that hierarchical
DREGs and GDREGS increase the gradient signal-to-noise ratio (SNR) and reduce gradient
variance compared to the naive IWAE gradient estimator. We consider a 2-layer linear
VAE with hierarchical prior and variational posterior and find that (see Fig. 2): (i) for the
parameters ¢ of the variational posterior, our extended version of the DREGs estimator also
resolves the vanishing SNR problem of the naive IWAE estimator (Rainforth et al., 2018)
in the hierarchical case by reducing the gradient variance at a faster rate with the number
of importance samples; (ii) for the paramters @ of the prior, the GDREGs estimator has
smaller gradient variance and better SNR than the naive IWAE estimator but scales at the
same rate with the number of importance samples.

Image modelling with VAEs. We also consider conditional and unconditional image
modelling tasks with single layer and hierarchical (multi-layer) VAEs on several standard
benchmark datasets: MNIST (LeCun and Cortes, 2010), Omniglot (Lake et al., 2015), and
FashionMNIST (Xiao et al., 2017). We use the dynamically binarized versions of the datasets
to minimize overfitting. In the hierarchical case, the generative path (prior and likelihood)
is top-down whereas the variational posterior is bottom-up; for conditional modelling we
predict the bottom half of an image given its top half, as in Tucker et al. (2019); in this
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Figure 3: Conditional image modelling of MNIST with a VAE with 1 layer (top) and 2
layers (bottom). Shaded areas denote £ 1.96 standard deviations o over 5 reruns.

case, both the prior and variational posterior additionally depend on a context variable ¢
(g¢(z|x, c) and pg(z|c), respectively).

First, we evaluate the choice of estimator for the parameters of ¢4(z). Like Tucker et al.
(2019) for the single layer case, we find that our extension of DREGs to hierarchical models
leads to a dramatic reduction in gradient variance for the variational posterior parameters
¢ on all tasks (third column in Fig. 3), which translates to an improved test objective in all
cases considered. DREGs is unbiased and typically outperforms the (biased) STL estimator.
We also observed similar improvements on the training objective.

Second, we consider the estimators for the @ parameters of the prior pg(z). Using the
GDREGS estimator instead of the naive IWAE estimator consistently improves the train and
test performance when combined with any estimator for the variational posterior, especially
for conditional image modelling with deeper models. For unconditional image modelling
the improvements are marginal, though using GDREGs never hurts. In terms of gradient
variance for the prior parameters 8, GDREGs consistently performs better in the beginning
of training, when it always has lower variance. Later in training this is only consistently
true when also using the DREGs estimator for the variational posterior parameters ¢.

5. Conclusion

In this paper we generalized the recently proposed doubly-reparameterized gradients (DREGs,
Tucker et al. (2019)) estimator for variational objectives in two ways. First, we showed that
for hierarchical models such as VAEs seemingly pathwise gradients can actually contain
score functions, and how to consistently and effectively extend DREGs to this case. Sec-
ond, we introduced GDREGs, a doubly-reparameterized gradient estimator that applies
to general score functions, while DREGs is limited to score functions of the variational
distribution. Finally, we demonstrated that both generalizations can lead to better train
and test performance on conditional and unconditional image modelling tasks.
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Appendix A. Additional results

estimator V" IWAE STL DREGs
estimator V3" IWAE GDReGs IWAE GDReGs IWAE GDReGs
MNIST 1 layer  —38.77+0.01 —38.71+0.02 —38.76+0.03 —38.68+0.03 —38.50+0.01 —38.44+0.01
2 layer  —38.55+0.02 —38.42+0.03 —38.24+0.02 —38.14+0.02 —38.20+0.01 —38.02+0.02
3 layer  —38.63+0.01 —38.44+0.02 —38.20+0.01 —38.10+0.02 —38.20+0.01 —38.04+0.01
Omniglot 1 layer  —55.84+0.02 —55.66+0.03 —55.80+0.05 —55.62+0.05 —55.34+0.02 —55.24+0.02
2 layer  —55.27+0.03 —54.98+0.02 —54.66+0.03 —54.2840.02  —54.73+0.02 —54.36+0.03
3 layer  —55.35+0.02 —54.93+0.02 —54.64+0.03 —54.21+0.038 —54.72+0.02 —54.28+0.02

FMNIST 1 layer —102.84+0.02 —102.80+0.02 —102.99+0.02 —102.88+0.02 —102.61+0.00 —102.58+0.01
2 layer —102.74+0.02 —102.68+0.01 —102.65+0.02 —102.48+0.03 —102.40+0.01 —102.30+0.02
3 layer —102.86+0.01 —102.71+0.01 —102.68+0.01 —102.42+0.02 —102.464+0.00 —102.26+0.01

Table A.1: Test objective values (higher is better) on conditional image modelling with a
VAE model trained with IWAE. Higher is better; errorbars denote 4+ 1.96 standard errors
(0/+/5) over 5 reruns.

estimator V" IWAE STL DReGs
estimator V§P IWAE GDReGs IWAE GDReGs IWAE GDReGs

MNIST 2 layer  —86.07+0.02 —86.04+0.03 —85.29+0.02 —85.23+0.03 —85.25+0.02 —85.32+0.02
3 layer  —85.69+0.02 —85.70+0.02 —85.01+0.03 —84.94+0.05 —84.87+0.03 —84.90+0.04

Omniglot 2 layer —105.2040.02 —105.114+0.02 —104.1040.05  —104.0040.05  —104.124+0.05 —104.05+0.04
3 layer —104.68+0.02 —104.71+0.03 —104.02+0.02 —103.55+0.038 —104.71+0.03 —103.51+0.06

FMNIST 2 layer —230.65+0.03 —230.61+0.02 —230.14+0.02 —229.98+0.02 —230.04+0.03 —229.98+0.03
3 layer —230.60+0.03 —230.59+0.03 —230.26+0.04 —229.9240.03 —229.9240.02 —229.87+0.03

Table A.2: Test objective values on unconditional image modelling with a VAE model
trained with IWAE.

E ‘Tes‘t ol‘:)jec‘,tiv? ll‘d,,e‘ 10-3 ‘Pri‘or \‘/ar‘V;DE‘d,,s‘ ,10764 _ P(‘)sté‘:rio‘r V‘arV‘E,D‘ng,:g -
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|72]
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Figure A.1: Unconditional image modelling on FashionMNIST; 3 layers.
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Figure A.2: Train objective (leftmost column) and total average KL (rightmost column) in
addition to the test objective and prior gradient variance for conditional and unconditional
models with 3 stochastic layers on FashionMNIST. We find that the KL is lower for conditional
models than unconditional models, which indicates that the variational posterior and the
prior are closer to each other in this case.

Appendix B. Related work

Roeder et al. (2017) observed that the reparameterization gradient estimator for the ELBO
contains a score function term and proposed the STL estimator obtained by dropping this
score function to reduce the estimator variance. They applied the estimator to hierarchical
ELBO models but did not discuss how to treat indirect score functions. While the STL
estimator is unbiased for the ELBO objective, Tucker et al. (2019) showed that it is biased
for more general objectives such as the IWAE bound. They proposed the DREGs estimator
that yields unbiased and low variance gradients for IWAE and resolves the diminishing
signal-to-noise issue of the naive IWAE gradients first discussed by Rainforth et al. (2018).
We extend DREGs to hierarchical models, discuss how to treat the indirect score functions,
and generalize it to general score functions by introducing GDREGs.

A number of classic techniques from the variance reduction literature have also been
applied to variational inference and reparameterization. For example, Miller et al. (2017)
and Geffner and Domke (2020) proposed control variates for reparameterization gradients;
while Ruiz et al. (2016) used importance sampling with a proposal optimized to reduce
variance. Such approaches are orthogonal to methods such as (G)DREGs and STL, and can
be combined with them for greater variance reduction.

Appendix C. DREGs and GDREGs for hierarchical models

We now consider models with hierarchically structured latent variables and show that even
terms that look like pathwise gradients, such as V1P fy ¢(2) in Eq. (4), can give rise to score

10
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functions in this case. The score functions appear because the distribution parameters of one
stochastic layer depend on the latent variables of another layer.

To illustrate this, consider a hierarchical model with two layers where we first sample
Zy ~ Qg,(22) and then z1 ~ gg,(21|22).! Note that the conditioning on z; is through
the distribution parameters of g4, (21]22); to highlight this dependence of z; on 23, we
rewrite e, (21122) = oy (20,1) (z1), where we explicitly distinguish between the distribution
parameters |z, such as the mean and covariance of a Gaussian, and the network parameters
¢1 that parameterize them together with the previously sampled latent z5. A derivative

the subsequent level (we omit the true pathwise gradients (...)):

V2108 gg, (21122) = V12108 G,y (20,60 (21) (C.1)
= .V.Q1\2 log qal\z.(%l_).v@allQ(z?’ 1)+ ... (C.2)

Similar additional score functions arise for seemingly pathwise gradients of hierarchical
and/or autoregressive priors and variational posteriors.

C.1. Extending DREGSs to hierarchical VAEs

Here we show how to extend DREGs to hierarchical VAEs to effectively reduce gradient
variance for the variational posterior despite the results in the previous section. We still
consider the IWAE objective (Eq. (1)), but now the latent space z is structured, and both
po and qg are hierarchically factorized distributions.

Let us consider a 2-layer VAE @—»@—»@ and examine the term Vg? log q¢, .4, (21, 22)
in the total derivative of the IWAE objective as a concrete example. We have sampled z;
and z hierarchically using reparameterization: za(¢2) = T, (€2; a2(¢2)) and z1 (1, ¢2) =

Tg (€15 arpp(22(P2), 1))
Vs 10800, () (22(82)) G,y (2 (h0), 1) (21(81:82)) (C.3)

APANS U m el mta il e

The total derivative w.r.t. parameters of the upper layer, ¢s, gives rise to three types
of gradients: (true) pathwise gradients w.r.t. z; and 29, a direct score function because

because aja(22(¢2), ¢1) indirectly depends on ¢y through z;. Other terms in the gradient
of the objective w.r.t. ¢ as well as gradients w.r.t. the 8 parameters decompose similarly.
We have three options to estimate each score function individually: (1) leave it—this naive
estimator is unbiased but potentially has high variance; (2) drop it, similar to STL—this
estimator is generally biased; (3) doubly-reparameterize it using DREGs—this estimator is
unbiased, but can generate further score function terms.

For IWAE objectives we find that the indirect score functions come up twice: once when
computing pathwise gradients of the initial reparameterization, and a second time (with a
different prefactor) when computing pathwise gradients for the double-reparameterization of
the direct score functions. The same happens for the (true) pathwise gradients, and it is this
double-appearance and the resulting cancellation of prefactors that helps reduce gradient

1. The subscript indices refer to the latent layer indices and not to the importance samples in this case.

11
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variance for DREGs. Moreover, for most model structures it is impossible to consistently
replace all successively arising score functions by doubly-reparameterized gradients. Thus,
to extend DREGs to hierarchical models, we leave the indirect score functions unchanged
and only doubly reparameterize the direct score functions. We provide detailed derivations
and a general DREGs estimator for arbitrary hierarchical structures in App. E, and show
how to implement the corresponding surrogate loss functions in App. F.

Roeder et al. (2017) apply the STL estimator to hierarchical ELBO objectives but do
not discuss indirect score functions. Their experimental results are consistent with dropping
the direct score functions while maintaining the indirect ones, similar to how we extend
DREGS to hierarchical models; the STL estimator is biased for IWAE objectives (Tucker
et al., 2019).

C.2. Extending GDREGs to hierarchical VAEs

emmEEEEEEEEEEEEEOIT (-q)- Tty ~ ( ¢ 0) stop_grad (p)
| €2 2z (€;0) €2(€; €2 - z5 ' (€;0
v Taa, (€25 g1 (21, ¢2)) ( 7¢’): Toa (223 B2(62)) T T (€25 82(62)) 2 (60)
1 1 - stop_grad
Ley 29 (e ); &1(e;0,0) & — PIRIGL
H Ta: (€15 a1(¢1)) ( ’¢)- 7;_1‘12(21;,3”2(22,91)) ' Tp1)2 (€15 B1j2(22,61)) 1 (€:6)
........................
(@) _(c
27, 287 ~ g (21, 22) re-express z\7, 237 as if sampled from pe(z1, 22)

Figure C.1: Computational flow to re-express samples 21,22 from g¢(z1,22) =
4¢, (21)0¢, (22]21) as if they were sampled from pg(2z1,22) = pe,(22)pe, (21|22). Their
numerical values and distribution remain unchanged but the gradient flow through them
changes. Note that €; follows a different, usually more complex, distribution from €;. o; and
Bi denote the distribution parameters of the variatonal posterior and the prior, respectively.

When extending GDREGs to hierarchical models, we again encounter direct and indirect
score functions (see App. C), and we apply GDREGS to the direct score functions but leave
the indirect score functions. See App. E for derivations of a general GDREGs estimator for
arbitrary hierarchical structures and App. F for surrogate losses to implement them.

To apply GDREGs we need to re-express samples from ¢4(2z) as if they came from
pe(z). We do this for the entire hierarchy jointly. In Fig. C.1 we illustrate the necessary
computational flow for the example of a 2-layer VAE with the variational posterior factorized
in the opposite direction from the generative process; see App. E for the general case. We draw
samples 21,22 ~ qp(21,22) = 44, (21)qgp, (22|21) (by transforming independent variables
€;) and then re-express them as if they were sampled from the prior pg,(z2)pe, (21]22),
which factorizes in the opposite direction. While the numerical values of z; and z9 remain
unchanged, z; is now dependent on z9 and both depend on the respective 8 parameters when
computing gradients; we can view (21, z2) as samples that were obtained by transforming
independent variables (€7, €2) that follow a more complicated distribution than (€;, €2). As
in the single-layer case, only pg(z) needs to be reparameterizable.

12
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Appendix D. Derivation of the GDREGs estimator for the IWAE
objective

In this section we apply the GDREGs identity derived above to derive the GDREGs
estimator for the IWAE objective, Eq. (11) in the main paper.

D.1. Preliminaries on the IWAE objective

The importance weighted autoencoder (IWAE) objective is given by

K
1 (z)p(x|z)
IWAE Polz)p
Lo 215 ~qp (2K |T) [ 08 <K ; wk)] Wk q¢(zx|x) (D-1)

where wy, are the importance weights (Burda et al., 2016).
Due to the structure of the IWAE objective, any gradient w.r.t. any of its parameters
can be written as

K
VIDLIAE — Bt [Z VTP log wk] : T = szzu | (D.2)
k=1 5 Wi

using the chain rule and V,w, = wi Vi logwg. wy are the normalized importance weights,
and we have reparameterized 2z, as 7T, (€x; @). Typically, the derivatives we are interested in
are w.r.t. the parameters ¢ and 6.

We also note the following identity that we use in the derivation of the doubly reparame-
terized estimators,

VED@k = ({Ek — @%) VED log wy, (D.3)

which follows from applying the chain-rule and using V,w, = wiV, log wy.

Tucker et al. (2019) derive the DREGs identity (Eq. (5)) and use it to derive the follow-
ing doubly-reparameterized gradient estimator (DREGS) w.r.t. the approximate posterior
parameters ¢ as:

K
VOREGS £rviae = S @2V TP log wy VIPT, (e4: ). e1.ic ~ q(€) (D.4)
pst

D.2. Derivation of the GDREGs estimator

Similarly, we can derive a generalized doubly-reparameterized gradient (GDREGS) estimator

w.r.t. the prior parameters 8. We use the GDREGsS identity (Eq. (7)) derived above with
4$(2)

94.0(z) = Wy, and note that the reweighting term log e

looks like a log importance weight
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except for the missing likelihood:

K
V3D£IWAE = Ezl:K~q¢(zk|a:) [Z @kng log Wi

K
= EzLKN%(Zk\fB) [Z wkng log pg(2)

k=1 k=1
(D.5)
7) (& qe(2zk|T)
= By omag(znle) | D (ﬁWED log £ m +Vz, @k) VoTy(€r; 9)!gk=7;1<zm9)]
Lk=1
(D.6)
(D3 (& 4o (2k|)
= pe(zk) ’
(D.7)
T K
= By iengo (zilz) Z (kaEE log p(x|z1) — szzD log wk) VoTp(€r; 9)’€k=7}>1(z1c;9)] .
Lk=1
(D.8)
Thus, the GDREGs estimator is given by:
R K
Ve e Lge” = > (0k Vi logp(a|zi) — @i VP logwy) VoTy(€:0)le,r1(a0) 21k ~ do(21] ).
k=1
(11)

Note that the zj are sampled from gg(zx|x) but re-rexpressed as if they came from pg(z).
We can rewrite the importance weights as

_ po(zr)p(xlzr) _ po(zi|z)pe()
qg (2k|) G (zil®)

(D.9)

Thus, if the variational posterior gg(2;|z) is equal to the true posterior pg(zi|x), all weights
wy become equal to pg(x) and thus constant w.r.t. z;. In that case the second term in the
GDREGS estimator Eq. (11) vanishes and the overall expression simplifies to

Vg PREGS LIVAE — Zwkv logp(@|zk) VoTp(€r; O)lg, 71 (z0) - 21K ~ dp(21]2)

(D.10)
In contrast, the usual IWAE gradient involves the score function for pg(zx):
K
vnalve£IWAE Zwkve logpo(zk) 21K~ q¢(zk|q:), (Dll)
=1
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Appendix E. Derivation of the DREGs and GDREGSs estimator for IWAE
objectives of hierarchical VAEs

In this section we derivations of and further details on the extension of DREGs and GDREGs
to hierarchical VAEs with the IWAE objective.

E.1. Preliminaries and notation for the hierarchical IWAE objective

For a hierarchically structured model with L stochastic layers the IWAE objective is still
given by Eq. (D.1) but with importance weights wy given by

wp = pa(e|zr1, .-, 2k) pe(zm,---,sz)' (E.1)
q¢(2k15 - -+, ZkL|T)

Here, zp; denotes the kth importance sample (k € {1,...,K}) for the lth layer (I €
{1,...,L}). Both the variational posterior and the prior distribution factorize according to
their respective hierarchical structure. While the prior factorizes top-down in most cases,
the variational posterior can have many different structures. In order for the distributions
to be valid in the context of a VAE, we require the individual dependency graphs for the
prior (generative path) and the variational posterior (inference path) to be directed acyclic
graphs. Cycles would mean that a latent variable conditionally dependent on itself. To keep
the dependency structure general, we write the factorization of the variational posterior and
prior as follows:

46 (Zk1, - -5 ZpL|T) = Hq¢, (zri|pag ( anl(pa i) (Zk1) (E.2)
L L

Po(2k1,- -, 2kL) = Hpol(zkz\paﬁ () = Hpﬁl(paﬂ(l);ﬂl)(zkl) (E.3)
=1 =1

Here, ay(+; ¢;) and Bi(+; 6;) are the distribution parameters of the variational posterior and
prior distribution in the [th layer, respectively, and we have made the dependencies of the
conditional distributions explicit; pa,, (I) denotes the “parents” of the latent variable zy;
according to the dependency graph of the inference path (the factorization of the posterior);
similarly, pag (1) denotes the latent variables that zj; directly depends on according to the
factorization of the prior pg. Typically, the prior is assumed to factorize top-down, such
that pag (I) = 241 for all but the top-most layer.

The samples zi; are drawn from the variational posterior and can be expressed through
reparameterization as zy = Tg (€r; ar(pagy (1), ¢1)), where € is an independent noise
variable per importance sample and layer.

We note that it is these dependencies of the distribution parameters a; and 3; on pa,, (1)
and pag (1), respectively, that give rise to the indirect score functions as discussed in App. C.
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E.2. Derivation of the hierarchical DREGs estimator for IWAE

With notation fully set up we consider the reparameterized gradients of the IWAE objective
w.r.t. the variational parameters in a particular stochastic layer ¢;:

K
VgPE%AE = EGl;KNQ(6) !Z @kvg) log wk] (E4)
k=1

K
= EGl:K"‘q(E) [Z wy, (VZ;S log wkvd’z 7:11 (ekl; al(paa (l) s d)l)) + v¢z log wk)
k=1
(E.5)

where we have used the chain-rule to arrive at Eq. (E.5); the first term contains both
the (true) pathwise gradients as well as the indirect score functions; the second term only
contains a direct score function as we only take the partial derivative w.r.t. ¢;.

We can rewrite this direct score function gradient because only one term in the (log-
Jimportance weight directly depends on ¢y,

Vg, logwy = =V, 108 4oy (pa,, (1)) (Zk1)- (E.6)
Applying the DREGsS identity to this term and using Eq. (D.3) yields:

K K
Ee,. x~a(e) [Z W,V ¢, log wk] = —Ee, (o) [Z(@k — W) Vil logwp Ve, Ty (€x; u(pag, (1), ¢1))
=1 k=1

(E.7)

which agrees with the first term in Eq. (E.5) up to the prefactor. Thus, both the true
pathwise gradients as well as the indirect score functions appear twice and the prefactors
partly cancel to give rise to the DREGs estimator for hierarchical IWAE objectives:

DREGS estimator for hierarchical IWAE objectives ——

K
VBZREGSE%AE = Z@%VEIS logwi Vg, Ty (€ri; ar(pag (1), 1)) ; €.k ~q(e) (E.8)
k=1

where zi; = Ty, (€r1; 0u(pag (1), 1)), Vi € {1,...,L},Vk € {1,..., K} through reparame-
terization.

We emphasize that the total derivative w.r.t. z; contains pathwise gradients as well
as indirect score functions for both the variational posterior as well as for the prior. The
hierarhical DREGs estimator otherwise looks very similar to the DREGs estimator in the
single layer case (Tucker et al., 2019).

In App. F.1 we explain how to implement this estimator effectively and in a structure-
agnostic way. That is, we do not have to derive a new estimator for each new dependency
graph of the variational posterior or the prior.

E.3. Derivation of the hierarchical GDREGs estimator for IWAE

Next, we derive the expression for the GDREGs estimator for hierarchical VAEs with IWAE
objective.
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Applying the GDREGS identity entails re-expressing the samples zy; from the variational

posterior as if they were sampled from the prior. Starting form a sample (21, ..., 2kL) ~
q¢(2z1, ..., z1|x), we use the inverse flow of pg to obtain new noise variables for each layer,
(€k1, ..., €xr). We then use the forward flow of pg to obtain back (z1,..., zxr) but with

the gradient path now depending on 6 as discussed in Sec. 3.
More precisely, we find that

(9)

zy = Ty (€r;0u(pag (1) , 1)) original sampling of (zx1,...,2kr) ~ ¢p(21,. .., 2L|T)
(E.9)
€ = 7;1_1 (z,(j); Bi(pag (1) ,91)> inverse prior flow to obtain new “noise” variables
(E.10)
zi = T, (€x1; Bi(pag (1), 01)) forward prior flow to re-express the zj (E.11)

where €x; ~ q(€) follows a simple distribution that is different from the more complicated
distribution of €;. Note how the initial reparameterization of a sample z; depends on
the dependency structure of the variational posterior (through pa, (-)), while the other
transformations depend on the dependency structure of the prior (pag (-)).

As for DREGS, we note that only one term in the log importance weight directly depends
on the variable 8,

Ve, log wi, = Vo, 108 b, (pagy (1):6)) (2k1)- (E.12)

With these prerequesits, we can compute the GDREGs estimator for parameters 6; of the
lth stochastic layer.

K
V';DE%AE — EZ1;K~Q¢(Z\1B) Z {EkVQZ log wk] (Elg)
k=1
E.1 K
i%EZ1;K~q¢(z|w) [Z wi Vg, logpﬁl(paﬁ(z);el)(zkl)] (E.14)
k=1
K
I Z TRveL| q¢(2k1; - - - ZkL|T) n
T TRl Wk Yz T8 po(2ktL,- -+, 2kL)

k=1 (E.15)

~ =9\ oTD ~
+ (wk’ - wk) vzm IOg wk’) v9172’l (ekl; 01) gkl:ngl(zkl;el)
GDREGs estimator for hierarchical IWAE objectives
vg[DREGSEEbV’VHAE _ (E.16)
K
TD

= (ﬁkvzg 10gp>\($|zk1, ey sz) — ’wivzkl log ’U,}k;)vgl,];,l (Ekl; 01)|»€kl:7;71(zk”01)
k=1

with z1.x ~ q¢(2k|x), and where we suppressed dependencies on pa, (I) where they are
not necessary to simplify notation.

The estimator looks very similar to the GDREGs estimator for a single layer IWAE
model Eq. (11). Note that just like above for hierarchical DREGs, the total gradients
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w.r.t. zg give rise to both (true) pathwise gradients as well as indirect score functions
through the hierarchical dependencies of the variational posterior and prior.

In App. F.2 we show how to implement the hierarchical GDREGs estimator Eq. (E.16)
effectively and in a way that is agnostic to the structure of the model. That is, we do not
have to derive a separate estimator for every dependency graph of the variational posterior
and prior.

E.4. Double reparameterization and indirect score functions

In principle, we could apply double-reparameterization to the indirect score functions as
well. However, as we explain now, we often cannot doubly-reparameterize all indirect
score functions; moreover, even in cases where this is possible, it is still impractical, as the
corresponding estimator depends on the exact model structure and would require adaptation
to each dependency graph of the prior and variational posterior.

Double reparameterization of indirect score functions works in the same way as for the
direct score functions except that g ¢(2) is given by 13,% instead of wy, in this case. The
derivatives of @i have a similar reproducing property as we observed in Eq. (D.3):

VIPGE = 2(wi — w3)VIP log wy. (E.17)

Thus, double reparameterization of the indirect score functions similarly gives rise to further
indirect score functions. We note that these indirect score functions only appear for the
“children” of the current stochastic layer, that is, stochastic variables in those layers that
depend on the current layer. In this context, “children” refers to all children w.r.t. the
dependency structure of both, the variational posterior and the prior. For a particular layer
[ we obtain indirect score functions from double reparameterization of all of its (direct or
indirect) parent nodes. Following the dependency structure, we could collect all of these
terms and reparameterize them to obtain pathwise gradients only.

However, a problem arises, because we need to account for dependencies of both the
variational posterior and the prior. Reparameterization of a score function gives rise to
indirect score functions in all its “children” layers for both the variational posterior and
the prior. For general hierarchical structures, this leads to cycles, in that some of the
children of one dependency tree (the variational posterior) are the parents in the other (the
prior) and/or vice versa. In this case we are never able to collect all the terms and fully
reparameterize all the score functions.

Moreover, even if the joint dependency graph of the variational posterior and the prior
were acyclic, this derivation would be structure-specific and would need to be repeated for
each hierarchical structure. We therefore do not doubly reparameterize the indirect score
functions.

Appendix F. Surrogate losses to implement the DREGs and GDREGs
estimators for IWAE objectives

As we discussed in Sec. 3 and similar to Tucker et al. (2019), we use surrogate loss functions
to compute the gradients w.r.t. the likelihood, proposal, and prior parameters. That is, we
use different losses, such that backpropagation results in the respective gradient estimator.
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While Tucker et al. (2019) use a single surrogate loss to compute the gradient estimators for
all parts of the objective, we choose to use separate surrogate losses for each of the three
parameter groups (likelihood, variational posterior, prior). In principle, we could combine
them into a single loss, but in order to keep presentation simple we keep them separate.
Computationally this does not make a difference as modern deep learning frameworks avoid
duplicate computation.

For the likelihood parameters, we use the regular (negative) IWAE objective Eq. (1) as
a loss. That is, the gradient estimator for the likelihood parameters is given by the gradient
of the negative IWAE objective.

To construct the other surrogate losses we need to stop the gradients at various points
in the computation graph. In the following, we use the shorthand notation ___ to indicate
that we stop gradients into the underlined parts of an expression. Where it might be
ambiguous, or to highlight where we do not stop gradients, we use the shorthand __ to
indicate that gradients flow. For example, f(¢, 0) means that we backpropagate gradie‘r/lts
into ¢ but not into 6. 7

F.1. DREGs for variational posterior parameters ¢

F.1.1. SINGLE STOCHASTIC LAYER

Here we reproduce part of the surrogate loss for the variational parameters ¢ by Tucker
et al. (2019) for the single stochastic layer case:

] =

Lpreas(@) = @Lix(l()g pa(z @; + log pg(e) (ﬁc‘)/ —log Ya(g) (ﬁc‘)/)
X

(F.1)

bl

=1
2= Tq (Ek;_fég, €r ~ q(€x)

That is, we sample zj, ~ q¢(2x|x) as usual (by reparameterizing independent noise variables
€;) but stop the gradients of the parameters that parameterize the distributions when
evaluating their densities, log qa@) (2). In addition we stop the gradients around the

normalized importance weights @k.XDif{erentiating Lpreags w.r.t. the proposal parameters
¢ yields the DREGs estimator Eq. (6). Note that we do not explicitly stop gradients into A
or 6 because we use separate surrogate losses for those parameter groups. If we were to use
a combined loss, we would potentially have to stop gradients into these parameters as well,
depending on the estimator used.

To practically implement this surrogate loss, we use two copies of the variational posterior
distribution. An unaltered one (no stopped gradients) to sample z and one with gradients
into the proposal parameters stopped to evaluate the log densities. The stopped gradient
makes sure that we do not obtain a direct score function as we have doubly-reparameterized
it.

Note that for single-stochastic-layer models we could also stop the gradients of the
distribution parameters « instead as they only depend on ¢. We emphasize that this is not
possible for hierarchical models as this would eliminate the indirect score functions and thus
produce potentially biased gradients.
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F.1.2. MULTIPLE STOCHASTIC LAYERS

For multiple layers, the surrogate loss for the DREGs estimator Eq. (E.8) is given by:

Lprecs(¢) = Z@@Og wy

L
logwy = log px(e|zpyy. . Zhr) + ZZ:Ingﬁz( (ik.) Zl 08 4oy (pag (1) (s (Zkt)
=1
2= Tg Tar (€rs; au(pag, (L ¢l)) €l ~ Q(ﬁkz)
(F.2)

Again, we do not explicitly stop gradients into X or 6; as we only take gradients w.r.t. ¢.

The indirect score functions arise due to the indirect dependence of the distribution
parameters o (pag, (1); ¢>%hand Bi(pag (1); 81) on the parent latent variables pa, (1) and pag (1),
respectively. Note héw the former depends on the hierarchical structure of thé variational
posterior, whereas the latter depends on the hierarchical structure of the prior.

To implement this surrogate loss effectively, we again use two copies of the variational
posterior distribution. One un-altered one (without stopped gradiends) from which we
sample the individual reparameterized zj; and through which gradients can flow; we use
these samples to evaluate densities at and to parameterize the distribution parameters at
subsequent layers. Derivatives w.r.t. ¢»; will then give rise to pathwise gradients and indirect
score functions. We use the second copy of the variational posterior, where we have stopped
the parameters ¢;, to evaluate the density at for the log importance weights in the last
summand of Eq. (F.2).

F.2. GDREGs for prior parameter 6

F'.2.1. SINGLE STOCHASTIC LAYER

Lapreas(0 Z Gy Jog pa wL) ix(log pa(z @‘)/ +logpge) @; — log qa(g) (ac;)
X
2= (vk;‘_)
E/s =TT le2).:8), er ~ q(ex)
(F.3)

Taking the derivative of Eq. (F.3) w.r.t. @ gives rise to the GDREGs estimator for the single
stochastic layer IWAE objective. As explained in Sec. 3, we need to re-express zj such that
its path depends on 6. In effect, we first sample z, = 7, (€x; @), then compute the new
noise variable €, = 7;*1(z; 0), and re-compute z = T,(€;0). Note that we have to stop
gradients into the noise variables €, to obtain the correct gradient estimator. This explains
the stop_grad in Fig. 1.

As above, we do not explicitly stop gradients into A and ¢ as we use separate losses for
these parameter groups and only compute gradients of Eq. (F.3) w.r.t. 6.

To effectively implement this loss, we use two copies of the prior distribution. One
that we implement as a normalizing flow and a second one with stopped gradients into the
parameters. We then proceed as follows:
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e Compute the new noise variables €, by using the inverse flow 7!

»  on the samples zj
from the variational posterior.

e Stop the gradients into €.

e Use the forward flow 7,(€;0) to re-compute z;, but with path dependent on 8. These
samples when derived w.r.t. @ will give rise to the pathwise gradients.

e Use the second copy of the prior (with stopped gradients into its parameters) to
evaluate the log density at the samples z;. The stopped gradients make sure that we
do not obtain the direct score function.

F.2.2. MULTIPLE STOCHASTIC LAYERS

For multiple stochastic layers the surrogate loss that gives rise to the GDREGs estimator
Eq. (E.16) is given by:

K
I 0)=> @l —w?l
GDReGs(0) kzﬂwxogm(wmﬁ ZkL), — Yo 08 Wk

L L
log . =logpa(elzyecp2ut) + D108 P g (1)1 (1) ~ 2108 o, (90 221)
=1 =1

=Ty (zm;ﬂzum (1),81))
& :IM( 8 Ras )2,

Z;(Jl]) = Tq (€rt; 1 (pag (1), ¢1)) € ~ q(€rr)
(F.4)

As for the single layer case, we need to re-express variational posterior samples zy; as if
they were sampled from the prior. To obtain the correct gradients, we again have to stop
gradients into the new noise variables €, also see Fig. C.1.

As for hierarchical DREGs, the indirect score functions stem from the second and third
term of logw; and arise because the distribution parameters o; and G; depend on the
“parent” stochastic layers.

As before we use two copies of the prior distribution, one with regular gradients that is
set up as a flow, and a second with stopped gradients into the parameters. This allows us to
implement the GDREGs estimator regardless of the model structure.
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