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ABSTRACT

Best Arm Identification is a very challenging problem in sequential decision-
making with many real-world applications. Existing works typically assume that
all arms are feasible or/and deal with expectation-based constraints with strong
assumptions, loose sample complexity bounds, and non-optimal algorithms. This
paper introduces a multi-task best arm identification problem with risk constraint
in the fixed-confidence setting, where each arm has multiple performance metrics.
The agent aims to optimize one metric while ensuring that the quantiles of other
metrics remain below specified thresholds for each task. We first derive a tight,
instance-dependent lower bound on sample complexity. Based on this bound, we
establish optimality conditions for the static optimal sampling ratio and illustrate
how it balances among different tasks and constraints, while addressing the trade-
off between optimality and feasibility. We derive a Track-and-Stop strategy with
asymptotically optimal sample complexity and a computationally efficient strat-
egy that iteratively solves the optimality conditions. Finally, we extend our results
to the linear bandit setting. Numerical experiments show that our algorithm per-
forms relatively well.

1 INTRODUCTION

In recent years, Best Arm Identification (BAI) has been attracting considerable attention and has
been widely applied in various fields such as chemistry (Bengio & LeCun, 2007; Wang et al., 2024),
prompt learning (Shi et al., 2024), recommendation systems (Zhao & Yang, 2024), and A/B/n test-
ing (Russac et al., 2021). In this paper, we consider a multi-task BAI problem with risk constraint.
In this problem, each arm has multiple performance metrics and the agent aims to optimize one of
the metrics while ensuring that the quantiles of the rest metrics remain below specified thresholds
for each task. At each time step t, the agent chooses a task, arm, and metric pair to sample, receiving
a reward drawn from the corresponding probability distribution. In the fixed-confidence setting, the
agent must assess the feasibility and optimality of each arm across all tasks, identifying the best arm
for each task with a probability of at least 1− δ, while minimizing the number of samples required.

The multi-task BAI problem with risk constraint has numerous real-world applications. In the con-
text of drug discovery, for example, the experimenter must identify the most appropriate drug for
each disease. A drug has multiple performance metrics, including its curative effect and potential
side effects. The experimenter aims to identify the drug with the best average curative effect while
ensuring that the risk of side effects remains below a certain threshold for each disease. In such
an application, some drugs may be infeasible due to high side effects in rare cases, despite hav-
ing strong average curative effects. The experimenter must consider both optimality and feasibility
while balancing the difficulty of identifying the best drug for various diseases. Additional motivating
examples are provided in Appendix A.2.

The existing methods in the literature cannot be used directly to solve the multi-task BAI problem
with risk constraint. Traditional BAI models assume that all arms are feasible (Garivier & Kauf-
mann, 2016; Wang et al., 2021) with primary focus on evaluating the optimality of these arms.
They cannot simultaneously address both optimality and feasibility. While some works have tried
to tackle the BAI problem with constraint, their formulations either impose constraints on the sam-
pling rule (Das & Basu; Tang et al., 2024) rather than the multiple performance settings we consider
here, or they focus only on expectation-based constraints with very strong assumptions, such as
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linear structure (Shang et al., 2023; Wang et al., 2022) and known objective value (Lindner et al.,
2022). Previous work on risk-based BAI either uses a risk-based objective for unconstrained prob-
lems (Agrawal et al., 2021) or can only address a single performance metric setting (David et al.,
2018; Chang et al., 2020; Hou et al., 2022). Furthermore, the sample complexity lower bounds in
these works are often very loose and the optimality remains elusive.

The contributions of this paper are summarized as follows:

• We propose a multi-task BAI problem with risk constraint applicable to various real-world
problems. We derive a tight, instance-dependent lower bound on the sample complexity
required to guarantee a high probability identification of the feasible and optimal arm for
each task.

• Based on the lower bound, we derive the optimality conditions for the static optimal sam-
pling ratio and discuss how this ratio balances the difficulty across different tasks and
constraints, illustrating the trade-off between optimality and feasibility. Additionally, we
present a closed-form formula for the problem’s hardness by analyzing some challenging
instances.

• We derive a Track-and-Stop strategy for the multi-task BAI problem with risk constraint,
achieving asymptotically optimal sample complexity and a computationally efficient strat-
egy that iteratively solves the optimality conditions. Additionally, we extend our sample
complexity results to the linear bandit setting. Numerical experiments show that the pro-
posed algorithm performs well in comparison to several benchmarks.

Best arm identification. BAI is a widely studied problem in the bandit community (Even-Dar
et al., 2006; Gabillon et al., 2012; Kaufmann & Kalyanakrishnan, 2013). Our work builds on recent
research on standard BAI, which aims to derive instance-dependent sample complexity lower bounds
and asymptotically optimal strategies (Kaufmann et al., 2016; Garivier & Kaufmann, 2016; Degenne
et al., 2019; Degenne & Koolen, 2019; Wang et al., 2021). We extend these methods to address the
more challenging multi-task formulations with risk constraint, and the results for standard BAI can
be derived as a special case.

Constrained best arm identification. There is an extensive literature on the constrained BAI
problem. Some works focus on constraints related to the sampling ratio of arms, such as Fair
BAI (Russo & Vannella, 2024) and BAI with Knapsacks (Tran-Thanh et al., 2012; Li et al., 2023)
and other settings (Das & Basu; Tang et al., 2024), which differ from our formulation. Others ad-
dress performance-based constraints (Faizal & Nair, 2022), such as in safety linear BAI (Camilleri
et al., 2022; Shang et al., 2023). However, many of these works center on linear constraints with
stronger assumptions (Lindner et al., 2022) or requires that constraints be satisfied throughout the
exploration phase (Shang et al., 2023; Wang et al., 2022). Unlike these works, our problem fo-
cuses on pure exploration, where the agent can choose each arm and estimate both its optimality and
feasibility simultaneously. Additionally, some works explore BAI with risk constraint, where formu-
lations typically consider the single performance metric of an arm, using the mean as the objective
function and the corresponding risk measures, such as variance (Hou et al., 2022) or conditional
value at risk (David et al., 2018), as constraints. Our formulation differs from all prior works in that
we consider multi-task BAI with risk constraint in the fixed-confidence setting. Our lower bound
is both tight and instance-dependent, while the sample complexity upper bound of our algorithm
matches the lower bound and is asymptotically optimal.

Multi-objective best arm identification. Our work is also related to multi-objective BAI, which
considers arms with multiple performance metrics. However, different from the previous works that
focus on identifying the Pareto set (Auer et al., 2016; Kone et al., 2023; 2024), we aim to optimize
one performance metric while keeping the quantiles of other metrics below known thresholds. These
two types of problems have different objectives, and the Pareto set identification algorithm cannot
be used to solve our problem.

2 PROBLEM FORMULATION

In this section, we present the formulation for the multi-task BAI problem with risk constraint and
define the notation used throughout the paper.
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The agent is given M BAI tasks, each with K arms. In each task a ∈ [M ] = {1, . . . ,M}, arm
i ∈ [K] = {1, . . . ,K} corresponds to a random vector (Xa

i , Y
a
i1, . . . , Y

a
iS) ∈ RS+1, where each

element represents a performance metric of arm i. Let F a
i (·) and F a

ij(·) denote the cumulative
distribution function (CDF) of random variable Xa

i and Y a
ij , respectively, with µa

i and µa
ij being

their means. Define the ϕ-quantile of Y a
ij as

q(Y a
ij , ϕ) = inf{y : F a

ij(y) ≥ ϕ}. (1)

The agent needs to solve the following optimization problem for each task:

max
i∈[K]

E[Xa
i ] s.t. q(Y a

ij , ϕ) ≤ b, ∀j ∈ [S]. (2)

For notational simplicity, we let F a
ij represent F a

ij(b) and consider a uniform quantile level ϕ and
constraint threshold b, which can be easily extended to multiple quantile levels and thresholds. For
each task a, let µa = (µa

i )i∈[K], Qa = (q(Y a
ij , ϕ))i∈[K],j∈[S]. Then, a multi-task BAI problem

instance can be denoted as P = (µa,Qa)a∈[M ]. We adopt the following widely used assumptions.

Assumption 1. Let S denote the set of problem instances P̃ where a unique best arm i∗(a, P̃) exists
for each task a, and all constraints are active. Assume that P ∈ S.
Assumption 2. The distribution of Xa

i belongs to the single-parameter exponential family. F a
ij(·)

has a continuous density function.

Assumption 1 is widely used in the BAI problem (Garivier & Kaufmann, 2016; Camilleri et al.,
2022), as distinguishing between two arms with identical means or determining whether quantiles
equal to the threshold would require an infinite number of samples. The single-parameter exponen-
tial family (SPEF) in Assumption 2 is general and includes common distributions such as Bernoulli
and Gaussian with known variance. More details about the SPEF can be found in Appendix B.3.

In the online setting, at each time step t, the agent chooses a task, arm, and metric pair πt =
(at, it, jt) to sample, where jt = S + 1 indicates sampling from the objective function Xa

i . The
agent then observes a random sample Zt, drawn independently across tasks, arms, and metrics,
corresponding to the chosen random variable. Let Ft = σ(π1, Z1, . . . , π

t, Zt) denote the sigma-
field generated by the sampling decisions and observations up to time t.
Remark 1. In the formulation above, the agent observes only one performance metric for each
sample. In contrast, some works in the literature (Hunter & Pasupathy, 2013; Camilleri et al.,
2022; Kone et al., 2023) assume the agent observes a vector of all metrics after pulling an arm. We
focus on the former, as it is more challenging, and the sample complexity scales with the number of
constraints. An extension to the latter case is provided in Theorem 5.
Remark 2. In this formulation, we adopt the multi-task setting. An alternative is to solve each
task individually. However, the mathematical model and analysis of this setting are more general,
enabling extension to scenarios with linear structure across tasks (see Appendix D.4 for details).

A strategy for BAI is defined by three components: the sampling rule {πt}t, where πt is Ft−1

measurable; the stopping rule τ , which is a stopping time with respect to Ft; and the decision rule
(̂iτ (a))a∈[M ], where îτ (a) denotes the recommended arm for task a when the algorithm terminates.
Let Na

ij(t), j ∈ [S] and Na
i(S+1)(t) represent the number of samples of constraint j and the objective,

respectively, for arm i in task a up to time t. ωa
ij(t) = Na

ij(t)/t, j ∈ [S+1] denote the corresponding
sampling ratio up to time t. In the fixed confidence setting, given a confidence level δ ∈ (0, 1), the
agent aims to identify the best arm i∗(a,P) for all tasks a ∈ [M ] with a probability of at least 1− δ,
while minimizing the sample complexity E[τ ]. To simplify notation, we omit the dependence of
i∗(a,P) on P when it does not cause any confusion.

Additional notation. Denote by Ω = {ω ∈ RMK(S+1)
+ :

∑
a∈[M ],i∈[K],j∈[S+1] ω

a
ij = 1}. Da

1 =

{i ∈ [K] : µa
i < µa

i∗(a),∀j ∈ [S], q(Y a
ij , ϕ) ≤ b} is the set of all suboptimal arms, Da

2 = {i ∈ [K] :

µa
i > µa

i∗(a),∃j ∈ [S], q(Y a
ij , ϕ) > b} is the set of all infeasible arms with better objective value,

and Da
3 = {i ∈ [K] : µa

i < µa
i∗(a),∃j ∈ [S], q(Y a

ij , ϕ) > b} is the set of all infeasible arms with
worse objective value for task a. Let Ba1(i) = {j ∈ [S] : q(Y a

ij , ϕ) ≤ b} represent the indices of
feasible constraints for arm i, and Ba2(i) = [S]\Ba1(i) represent the indices of infeasible constraints.
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Denote A(P) = {P ′ ∈ S : ∃a ∈ [M ], i∗(a,P) ̸= i∗(a,P ′)} as the set of problem instances where
the best arm for at least one task a differs from that in P . Define kl(p, q) = p log(p/q) + (1 −
p) log((1 − p)/(1 − q)) for p, q ∈ (0, 1), and d(p, q) as the Kullback–Leibler divergence between
two distributions in a SPEF with means p and q, respectively. A table summarizing the notation is
provided in Appendix A.1.

3 SAMPLE COMPLEXITY

In this section, we establish the lower bound for the sample complexity and derive the optimality
conditions for the static optimal sampling ratio. Formal proofs of these results are provided in
Appendix B.

3.1 LOWER BOUND ON THE SAMPLE COMPLEXITY

In this subsection, we derive an instance-dependent lower bound on the sample complexity E[τ ].
This bound defines the minimum number of samples required to identify the best arm for all tasks
with high probability. To exclude trivial cases, we assume that for each task a, there are four types
of arms: the optimal arm i∗(a), suboptimal arms in Da

1 , infeasible arms with better objective values
in Da

2 , and infeasible arms with worse objective values in Da
3 . Theorem 1 provides the lower bound

on E[τ ].
Theorem 1. Given a fixed confidence level δ ∈ (0, 1), define µa

i,i∗(a) = arg inf µ̃ ω
a
i(S+1)d(µ

a
i , µ̃)+

ωa
i∗(a)(S+1)d(µ

a
i∗(a), µ̃). Under Assumptions 1-2, for any problem instance P ∈ S and any strategy

satisfying P
(
∀a ∈ [M ], i∗(a) = îτ (a)

)
≥ 1− δ,

E[τ ] ≥ H∗(P)kl(δ, 1− δ), (3)

as δ → 0, we have

lim inf
δ→0

E[τ ]
log(1/δ)

≥ H∗(P), (4)

whereH∗(P)−1 = maxω∈Ω mina∈[M ] min (V a
1 (ω), V a

2 (ω), V a
3 (ω), V a

4 (ω)), with

V a
1 (ω) = min

j∈[S]
ωa
i∗(a)jd(F

a
i∗(a)j , ϕ),

V a
2 (ω) = min

i∈Da
1

ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a)),

V a
3 (ω) = min

i∈Da
2

∑
j∈Ba

2 (i)

ωa
ijd(F

a
ij , ϕ),

V a
4 (ω) = min

i∈Da
3

ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a)) +

∑
j∈Ba

2 (i)

ωa
ijd(F

a
ij , ϕ).

The basic idea behind the analysis of Theorem 1 is that we can construct an alternative, indistin-
guishable problem instance P̃ ∈ A(P), which has a different best arm for some tasks. Using
Lemma 1 in Kaufmann et al. (2016), we can derive the number of samples necessary to distinguish
between these two instances. The main insight from Theorem 1 is that arms with varying feasibility
and optimality contribute differently to the overall complexity, as explicitly derived in Proposition 1
for certain challenging instances.

Technical Novelty. Theorem 1 extends the sample complexity results of Theorem 1 in Garivier &
Kaufmann (2016) to the multi-task BAI with risk constraint setting. The primary technical novelty
lies in transforming the problem of comparing quantiles with a threshold into one of comparing
the CDF value at a given point with the corresponding quantile level, classifying the arms for each
task into four categories based on optimality and feasibility, and analyzing the sample complexity
for each category. The analysis method is general and can be extended to other formulations, as
discussed in Section 6 and E.2.

The lower bound on the sample complexity depends on an δ-related constant kl(δ, 1 − δ) and the
statistical complexityH∗(P). The complexityH∗(P) is defined by a multi-level optimization prob-
lem. The inner problem seeks to find a problem instance indistinguishable from P in terms of KL

4
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divergence, while the outer problem tries to maximize the difference between these two instances
by finding a static optimal sampling ratio

ω∗(P) = argmax
ω∈Ω

min
a∈[M ]

min (V a
1 (ω), V a

2 (ω), V a
3 (ω), V a

4 (ω)) . (5)

A strategy is optimal when its sampling ratio ω(t) meets ω∗(P), we omit the dependence of ω∗(P)
on P whenever it is unambiguous.

3.2 STATIC OPTIMAL SAMPLING RATIO

In this subsection, we derive the optimality conditions for problem (5) and provide some insights
into the static optimal sampling ratio ω∗. Denote jh(a, i) = argmaxj∈Ba

2 (i)
d(F a

ij , ϕ) as the most
distinguishable infeasible constraint of arm i in task a. We omit the dependence of jh(a, i) on (a, i)
whenever it is unambiguous. Theorem 2 establishes the optimality conditions for ω∗.
Theorem 2. Let Ma

1 = {i ∈ Da
3 : d(µa

i , µ
a
i,i∗(a)) > d(F a

ijh
, ϕ)} and Ma

2 = {i ∈ Da
3 :

d(µa
i , µ

a
i,i∗(a)) < d(F a

ijh
, ϕ)}. Assume that Da

3 = Ma
1 ∪ Ma

2 for each task a ∈ [M ], then the
static optimal sampling ratio ω∗ satisfies:

V a
1 (ω

∗) = V a
2 (ω

∗) = V a
3 (ω

∗) = V a
4 (ω

∗) = z∗,∀a ∈ [M ]

(ωa
i∗(a)j)

∗d(F a
i∗(a)j , ϕ) = z∗,∀a ∈ [M ], j ∈ [S]

(ωa
i(S+1))

∗d(µa
i , µ

a
i,i∗(a)) + (ωa

i∗(a)(S+1))
∗d(µa

i∗(a), µ
a
i,i∗(a)) = z∗,∀a ∈ [M ], i ∈ Da

1 ∪Ma
1∑

i∈Da
1∪Ma

1

d(µa
i∗(a), µ

a
i,i∗(a))

d(µa
i , µ

a
i,i∗(a))

= 1,∀a ∈ [M ]

(ωa
ijh

)∗d(F a
ijh

, ϕ) = z∗,∀a ∈ [M ], i ∈ Da
2 ∪Ma

2

(ωa
ij)

∗ = 0,∀a ∈ [M ], i ∈ Da
1 ∪Ma

1 , j ∈ [S]

(ωa
ij)

∗ = 0,∀a ∈ [M ], i ∈ Da
2 ∪Ma

2 , j ̸= jh∑
a∈[M ]

∑
i∈[K]

∑
j∈[S+1]

(ωa
ij)

∗ = 1,

(ωa
ij)

∗ ≥ 0,∀a ∈ [M ], i ∈ [K], j ∈ [S + 1].
(6)

Remark 3. Ma
1 includes the arms in Da

3 that are easier to identify as suboptimal than infeasible,
whileMa

2 represents the opposite case. For simplicity, we disregard the case where d(µa
i , µ

a
i,i∗(a)) =

d(F a
ijh

, ϕ), since the optimal solution is not unique, and the solution to equations (6) is one of the
optimal solutions.

Insights and illustrative examples. Here we provide some insights on the static optimal sam-
pling ratio ω∗. First, it aims to balance difficulty and equalize error probability across tasks, i.e.,
V a
1 (ω

∗) = V a′

2 (ω∗), for all task a and a′. Second, it seeks to equalize the error probability among
the four types of arms for each task, i.e., V a

1 (ω
∗) = . . . ,= V a

4 (ω
∗). Third, for the best arm i∗(a),

the optimal sampling ratio is proportional to the difficulty of identification, i.e.,
(ωa

i∗(a)j)
∗/(ωa

i∗(a)j′)
∗ = d(F a

i∗(a)j′ , ϕ)/d(F
a
i∗(a)j , ϕ),∀a ∈ [M ], j, j′ ∈ [S].

Finally, for arms in Da
1 and Ma

1 , it focuses on identifying them as suboptimal, while for arms in
Da

2 and Ma
2 , it focuses on identifying them as infeasible. Illustrative examples are provided in

Appendix D.1.

Hardness of problem instance. The complexity H∗(P) quantifies the difficulty of the problem
instanceP . However, it is defined through a multi-level optimization problem, making it challenging
to identify the specific factors contributing to the problem’s hardness. To make it more explicit, we
examine some particularly challenging problem instances.
Lemma 1. Define△a

i = µa
i∗(a) − µa

i ,△a
i∗(a) = minl∈Da

1∪Ma
1
(µa

i∗(a) − µa
l ), σ

a
i = (

∫
x2dF a

i (x)−
(µa

i )
2)

1
2 ∈ (0,∞), then for each task a ∈ [M ], and arm i ∈ Da

1 ∪Ma
1 , as△a

i → 0,

inf
µ̃a
i >µ̃a

i∗(a)

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃

a
i∗(a))→

(µa
i − µa

i∗(a))
2

2(
(σa

i )
2

ωa
i(S+1)

+
(σa

i∗(a)
)2

ωa
i∗(a)(S+1)

)
. (7)

5
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Lemma 2. Define△a
ij = |F a

ij − ϕ|, σa
ij = (F a

ij(1− F a
ij))

1
2 ∈ (0,∞), then for each task a ∈ [M ],

arm i ∈ [K] and constraint j ∈ [S], as△a
ij → 0,

d(F a
ij , ϕ)→

(F a
ij − ϕ)2

2(σa
ij)

2
. (8)

Lemma 1 and Lemma 2 show that as the problem instance becomes increasingly difficult, the KL
divergence can be approximated using only the first two moments. Using these two lemmas, we can
derive both an upper and lower bound forH∗(P) in the following proposition.

Proposition 1. Define

H =
∑

a∈[M ]

∑
j∈[S]

(σa
i∗(a)j)

2

(△a
i∗(a)j)

2
+

∑
i∈Da

1∪Ma
1∪{i∗(a)}

(σa
i )

2

(△a
i )

2
+

∑
i∈Da

2∪Ma
2

(σa
ijh

)2

(△a
ijh

)2

 . (9)

For the problem instance P with △a
i → 0,∀a ∈ [M ], i ∈ Da

1 ∪Ma
1 , and △a

ij → 0,∀a ∈ [M ], i ∈
[K], j ∈ [S], we have 2H ≤ H∗(P) ≤ 4H.

Proposition 1 provides better insight into the magnitude ofH∗(P). For the best arm i∗(a), the prob-
lem’s hardness depends on the feasibility gap across all constraints. For suboptimal and infeasible
arms in Da

1 andMa
1 , it depends on the variance and optimality gap, while for infeasible arms in Da

2
andMa

2 , it is determined by the feasibility gap of the most distinguishable constraints. Addition-
ally, Proposition 1 leads to a sampling ratio in Lemma 3, which is proportional to the identification
difficulty.

Lemma 3. For the problem instance P with△a
i → 0,∀a ∈ [M ], i ∈ Da

1 ∪Ma
1 , and△a

ij → 0,∀a ∈
[M ], i ∈ [K], j ∈ [S], consider the static sampling ratio ω̃ with

ω̃a
i∗(a)j =

(σa
i∗(a)j)

2

H(△a
i∗(a)j)

2
, ∀a ∈ [M ], j ∈ [S]

ω̃a
i(S+1) =

(σa
i )

2

H(△a
i )

2
, ∀a ∈ [M ], i ∈ Da

1 ∪Ma
1 ∪ {i∗(a)}

ω̃a
ijh

=
(σa

ijh
)2

H(△a
ijh

)2
, ∀a ∈ [M ], i ∈ Da

2 ∪Ma
2

(10)

ω̃a
ij = 0 otherwise. Define H(P, ω̃)−1 = mina∈[M ] min (V a

1 (ω̃), V a
2 (ω̃), V a

3 (ω̃), V a
4 (ω̃)), then we

haveH(P, ω̃) = O(H), where O(·) represents the suppression of certain constants.

Comparison to previous work. The most related work to ours is Garivier & Kaufmann (2016),
which considers the unconstrained, single-task BAI problem. Their formulation is a special case of
ours with M = 1, Da

2 = Da
3 = ∅, and the agent knows that all arms are feasible. In this case,

Theorem 2 reduces to ω∗ ∈ Ω,

(ωi(S+1))
∗d(µi, µi,i∗) + (ωi∗(S+1))

∗d(µi∗ , µi,i∗) = z∗,∀i ∈ [K] \ {i∗}∑
i∈[K]\{i∗}

d(µi∗ , µi,i∗)

d(µi, µi,i∗)
= 1, (11)

recovering their main results given in Theorem 5 of Garivier & Kaufmann (2016).

4 THE OPTIMAL STRATEGY

In this section, we propose an asymptotically optimal strategy and a computationally efficient strat-
egy for the multi-task BAI problem with risk constraint. Formal proofs for all the results in this
section are provided in Appendix C.
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4.1 TRACK-AND-STOP STRATEGY

We extend the Track-and-Stop strategy proposed in Garivier & Kaufmann (2016) for solving the
unconstrained, single-task BAI problem. The main novelty lies in deriving a new sampling rule by
solving the equations in (6) and a stopping rule that incorporates the influence of multiple tasks and
risk constraints.

Sampling rule. From the analysis of Theorem 1, the constraint q(Y a
ij , ϕ) ≤ b is equivalent to

F a
ij ≥ ϕ. Therefore, a problem instance can be represented as P = (µa,F a)a∈[M ] with F a =

(F a
ij)i∈[K],j∈[S]. Define

µ̂a
i (t) =

1

Na
i(S+1)(t)

∑
s≤t

ZsI(as = a, is = i, js = S + 1),

F̂ a
ij(t) =

1

Na
ij(t)

∑
s≤t

I(Zs ≤ b)I(as = a, is = i, js = j),

(12)

and let P̂(t) = (µ̂a(t), F̂ a(t))a∈[M ] denote the empirical problem instance. The static optimal
sampling rule ω∗(P) is not implementable because it depends on the unknown parameters P . A
natural approach is to plug in the estimate P̂(t) and track the empirical optimal sampling ratio
ω∗(P̂(t)). The sampling rule can be defined as

πt+1 =

{
argmin(a,i,j)∈Ut

Na
ij(t) if Ut ̸= ∅

argmax(a,i,j)∈[M ]×[K]×[S+1] t(ω
a
ij)

∗(P̂(t))−Na
ij(t)

, (13)

with Ut = {(a, i, j) : Na
ij(t) <

√
t−MK(S+1)/2}. Since the computation of ω∗(P̂(t)) depends

on the empirical sets {i∗(a, P̂(t))} and D̂a
1(t), the algorithm will, for simplicity, apply an equal

sampling rule when either of these sets is empty for some task a.

The sampling rule chooses each (a, i, j) pair at least Ω(
√
t) times overall. Asymptotically, P̂(t)

converges to P∗ and ω∗(P̂(t)) converges to ω∗(P).

Algorithm 1 Track-and-Stop Strategy
1: Initialization. Pull each (a, i, j) ∈ [M ]× [K]× [S + 1] n0 times.
2: Set t← n0MK(S + 1), and update P̂(t), ω∗(P̂(t)), Ut, Na

i(S+1)(t), N
a
ij(t).

3: while infP̃∈A(P̂(t)) f(P̂(t), P̃) ≤ β(t, δ) do
4:

πt+1 =

{
argmin(a,i,j) N

a
ij(t) if Ut ̸= ∅ or ∃a ∈ [M ], {i∗(a, P̂(t))} = ∅ or D̂a

1(t) = ∅
argmax(a,i,j) t(ω

a
ij)

∗(P̂(t))−Na
ij(t)

5: Sample the πt+1 and obtain one observation Zt+1.
6: Set t← t+ 1, and update P̂(t), ω∗(P̂(t)), Ut, Na

i(S+1)(t), N
a
ij(t).

7: end while
8: Output. Select îτ (a) = argmaxi∈[K] µ̂

a
i (τ) s.t. F̂ a

ij(τ) ≥ ϕ, ∀j ∈ [S], as the best arm for
each task a ∈ [M ].

Stopping rule and decision rule. We derive the stopping rule using the generalized likelihood ratio
test method. Define

f(P̂(t), P̃) =
∑

a∈[M ],i∈[K]

Na
i(S+1)(t)d(µ̂

a
i (t), µ̃

a
i ) +

∑
j∈[S]

Na
ij(t)d(F̂

a
ij(t), F̃

a
ij)

 , (14)

and let τ = inf{t ∈ N : infP̃∈A(P̂(t)) f(P̂(t), P̃) > β(t, δ)}. The algorithm stops only if the GLS
statistic exceeds the threshold β(t, δ). Lemma 4 establishes the statistical validity of the stopping
rule. For the decision rule, we use P̂(t) to determine the best arm for each task a ∈ [M ].
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Lemma 4. Given a fixed confidence level δ ∈ (0, 1) and α > 1. There exists a constant
C(α,M,K, S) such that for any sampling rule {πt}t, using the stopping rule with β(t, δ) =

log
(
Ctα

δ

)
, then for all problem instance P ∈ S, P

(
∃a ∈ [M ], îτ (a) ̸= i∗(a)

)
≤ δ.

Sample complexity. The following theorem establishes the sample complexity upper bound for Al-
gorithm 1. Combined with Theorem 1, this allows us to conclude that Algorithm 1 is asymptotically
optimal.
Theorem 3. Under Assumptions 1-2, for problem instance P ∈ S, Algorithm 1 satisfies

lim sup
δ→0

E[τ ]
log(1/δ)

≤ H∗(P). (15)

Remark 4. The intuition behind Theorem 3 is that as δ → 0, the exploration step ensures each
metric is sampled infinitely often, while the sample complexity required to eliminate randomness
becomes negligible. Meanwhile, the tracking procedure ensures the empirical sampling ratio con-
verges to the static optimal ratio, making the upper bound asymptotically matching the lower bound.

4.2 AN EFFICIENT STRATEGY

While the Track-and-Stop strategy is asymptotically optimal, it incurs high computational costs due
to the need to solve an optimization problem at every iteration. To address this, we propose a more
computationally efficient strategy based on the optimality conditions outlined in Theorem 2.

Sampling rule. For each task a ∈ [M ], define

sa,i,j(P,ω(t)) =


ωa
i(S+1)(t)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)(t)d(µ
a
i∗(a), µ

a
i,i∗(a)), if i ∈ Da

1 ∪Ma
1 , j = [S + 1]

ωa
i∗(a)j(t)d(F

a
i∗(a)j , ϕ), if i = i∗(a), j ∈ [S]

ωa
ijh

(t)d(F a
ijh

, ϕ), if i ∈ Da
2 ∪Ma

2 , j = jh
∞, otherwise.

(16)

The optimality conditions in Theorem 2 aim to equalize sa,i,j(P, t), which is non-decreasing with
respect to the corresponding sampling ratio. Consequently, a natural strategy can be derived by
iteratively solving these conditions. Define

(at, it, jt) = argmin
(a,i,j)∈[M ]×[K]×[S+1]

sa,i,j(P,ω(t)). (17)

The sampling rule is to choose (at, it, jt) if it ∈ Da
2 ∪Ma

2 ∪ {i∗(a)} or it ∈ Da
1 ∪Ma

1 with

Nat

i∗(a)jt(t)

Nat

i∗(a)jt(t) +Nat

itjt(t)
>

(ωat

i∗(a)jt)
∗(P)

(ωat

i∗(a)jt)
∗(P) + (ωat

itjt)
∗(P)

, (18)

and choose (at, i∗(a), jt) otherwise. In its implementation, we can use P̂(t) to estimate P and adap-
tively update the sampling ratio. This strategy is similar to the BestChallenger method in Garivier
& Kaufmann (2016), with an extension to the multi-task and risk-constrained setting based on the
results in Theorem 2.

5 NUMERICAL EXPERIMENT

In this section, we conduct numerical experiments to evaluate the performance of the proposed
algorithms. Additional experimental results and further details are provided in Appendix D.

Two experiments with different configurations are considered. The first experiment involves a Gaus-
sian bandit, and the second involves a Bernoulli bandit. Each experiment consists of 2 tasks, 4 arms,
and 1 constraint. Arm 1 is the best, while arms 2, 3, and 4 are suboptimal and infeasible with a
better mean, and infeasible with a worse mean, respectively. The detailed parameters of the problem
instances are summarized in Appendix D.2.

Since no existing methods can directly be applied to solve our problem, we propose the following
benchmarks for comparison:
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Figure 1: Empirical sample complexity for 1000 runs with δ = 0.1 and n0 = 10 for Gaussian bandit
(left) and Bernoulli bandit (right).
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Figure 2: Change in empirical sampling ratio for ESR strategy in Gaussian bandit.

• Equal Sampling Rule (USR): sampling each task, arm, and constraint/objective pair
equally.

• Approximate Sampling Rule (ASR): using the sampling ratio proposed in Lemma 3, which
is proportional to the difficulty of identification.

• Frank-Wolf Sampling Rule (FWSR): extending the state-of-art strategy for unconstrained,
single task BAI (Wang et al., 2021) to the multi-task BAI with risk constraint setting.

The pseudo-code for all strategies, along with the derivation of the Frank-Wolfe strategy, can be
found in Appendix D.3. We refer to the Track-and-Stop strategy as the Exact Sampling Rule (ESR)
and the efficient strategy in Section 4.2 as the Sequential Sampling Rule (SEQSR).

Figure 1 illustrates the empirical sample complexity for 1000 independent runs of various strategies
across two experiments, with δ = 0.1 and n0 = 10. For all experiments, we use the same stopping
rule with β(t, δ) = log(log(t) + 1)/δ, which is suggested in Garivier & Kaufmann (2016), and is
also used in Degenne et al. (2020) and (Wang et al., 2021). The SEQSR and ESR outperform or are
comparable to other benchmarks. Figure 2 shows the change of empirical sampling ratio relative
to the total sample size for ESR strategy in Gaussian bandit. As the total sample size increase, the
empirical sampling ratio converges to the static optimal ratio, confirming the asymptotic optimality
of the ESR sampling ratio. The conclusion remains consistent across different hyperparameters
n0 (D.5), confidence levels δ (D.6), and on a larger example (D.8). The computational efficiency of
ASR, FWSR, SEQSR, and USR is comparable and significantly higher than that of ESR (D.7).

6 EXTENSION TO LINEAR BANDIT

In this section, we address the multi-task linear BAI problem with constraint and show that Theo-
rem 1 extends naturally to the linear bandit setting.

9



486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539

Under review as a conference paper at ICLR 2025

In the linear bandit setting, arm i corresponds to a vector xi ∈ Rd. For each task a ∈ [M ], arm i has
multiple performance metrics (Xa

i , Y
a
i1, . . . , Y

a
iS) ∈ RS+1 that exhibit a linear structure. Another

formulation that incorporates the linear structural information across tasks is provided in Theorem 6
of Appendix E.2.
Assumption 3. There exist unknown parameters θa1 , . . . , θ

a
S+1 ∈ Rd satisfying Xa

i = xT
i θ

a
S+1+ εai

and Y a
ij = xT

i θ
a
j + εaij , where εai ∼ N(0, (σa

i )
2), εaij ∼ N(0, (σa

ij)
2), ∥xi∥2 ≤ 1,∀i ∈ [K], and

∥θaj ∥2 ≤ 1,∀a ∈ [M ], j ∈ [S + 1].

The agent needs to solve the following optimization problem for each task

max
i∈[K]

xT
i θ

a
S+1 s.t. xT

i θ
a
j ≤ b, ∀j ∈ [S]. (19)

Theorem 4 extends Theorem 1 to the linear setting, providing a lower bound on the sample com-
plexity E[τ ].
Theorem 4. Given a fixed confidence level δ ∈ (0, 1). Under Assumption 3, for any linear BAI

problem instance P ∈ S and any strategy satisfying P
(
∀a ∈ [M ], i∗(a) = îτ (a)

)
≥ 1− δ,

E[τ ] ≥ H∗(P)kl(δ, 1− δ), (20)

where Λa
j =

∑
i∈[K] ω

a
ij

xix
T
i

(σa
ij)

2 ,Λ
a
S+1 =

∑
i∈[K] ω

a
i(S+1)

xix
T
i

(σa
i )

2 ,

H∗(P)−1 =
1

2
sup
ω∈Ω

min
a∈[M ]

min

(
min
j∈[S]

(b− xT
i∗(a)θ

a
j )

2

xT
i∗(a)(Λ

a
j )

−1xi∗(a)

, min
i∈Da

1

((xi − xi∗(a))
T θaS+1)

2

∥xi − xi∗(a)∥2(Λa
S+1)

−1

,

min
i∈Da

2

∑
j∈Ba

2 (xi)

(b− xT
i θ

a
j )

2

xT
i (Λ

a
j )

−1xi
, min
i∈Da

3

 ((xi − xi∗(a))
T θaS+1)

2

∥xi − xi∗(a)∥2(Λa
S+1)

−1

+
∑

j∈Ba
2 (xi)

(b− xT
i θ

a
j )

2

xT
i (Λ

a
j )

−1xi

). (21)

7 CONCLUSION

We study the multi-task BAI problem with risk constraint in the fixed-confidence setting. We pro-
vide a lower bound on sample complexity, derive the optimality conditions for the optimal sampling
ratio, extend the Track-and-Stop strategy with an upper bound asymptotically matching the lower
bound, and derive an computationally efficient strategy. Numerical experiments demonstrate that
our algorithm outperforms relatively well. Some potential future research directions include: 1) to
derive the optimal strategy in the fixed-budget setting or to design efficient algorithms to address
the optimization problem associated with the sample complexity lower bound; 2) to consider per-
formance constraints on the arms as well as constraints on the sampling ratio, such as fairness and
resource constraints.
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A NOTATION AND MOTIVATING EXAMPLES

A.1 TABLE OF NOTATION

Table 1 summarizes the notations and their meanings used throughout the paper.

A.2 MOTIVATING EXAMPLES

In this subsection, we present motivating examples for our problem formulation.

• Drug discovery. In drug discovery, each drug (arm) has multiple metrics, like efficacy and
side effects. The experimenter can choose one metric to evaluate via clinical experiments
in each iteration. The goal is to identify the drug with the highest mean efficacy while
ensuring side effect risk (quantile-based) stays below a threshold for each disease (task).

• Supply chain management. In supply chain management, each supplier (arm) has multi-
ple metrics, such as total cost, delivery reliability, and product quality. Since monitoring a
metric incurs additional costs, companies can evaluate one metric per iteration. The goal is
to identify the supplier with the lowest mean total cost while ensuring the risk of significant
delays or quality issues (quantile-based) stays below a threshold for each product (task).

• Financial risk management. In financial risk management, each investment strategy (arm)
has multiple metrics, such as return, volatility, and drawdown. The decision-maker can
evaluate one metric per iteration. The goal is to identify the strategy with the highest mean
return while ensuring risk metrics (quantile-based) remain below a threshold under each
market condition (task).
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Table 1: Notation
Notation Meaning

M,K,S Number of tasks, arms, and constraints, respectively
Xa

i Random performance in the objective function of arm i under task a
Y a
ij Random performance in the j-th constraint of arm i under task a

F a(·), F a
ij(·) Cumulative distribution function of Xa

i and Y a
ij , respectively

µa
i , µ

a
ij Expectation of Xa

i and Y a
ij , respectively

q(Y a
ij , ϕ) The ϕ-quantile of Y a

ij , with ϕ ∈ (0, 1)
τ Stopping time of the algorithm
îτ (a) Arm identified as the best for task a upon algorithm termination
Na

ij(t) Number of samples of constraint j for arm i in task a up to time t
Na

i(S+1)(t) Number of samples of the objective for arm i in task a up to time t

ωa
ij(t) Sampling ratio up to time t

δ The confidence level δ ∈ (0, 1)
Da

1 Set of all suboptimal arms for task a
Da

2 Set of all infeasible arms with better objective value for task a
Da

3 Set of all infeasible arms with worse objective value for task a
Ba1(i) Indices of feasible constraints for arm i in task a
Ba2(i) Indices of infeasible constraints for arm i in task a
d(p, q) KL divergence between two distributions with means p and q
P A BAI problem instance P = (µa,Qa)a∈[M ]

i∗(a,P) Best arm under task a in problem instance P , often denoted by i∗(a)
A(P) Set of alternative problem instances of P
jh(a, i) The most distinguishable infeasible constraint of arm i in task a
ω∗(P) The static optimal sampling rule for problem instance P
µ̂a(t) Empirical estimate of µa = (µa

i )i∈[K] at time t

F̂ a(t) Empirical estimate of F a = {F a
ij}i∈[K],j∈[S] at time t

P̂(t) Empirical estimate of instance P at time t, P̂(t) = (µ̂a(t), F̂ a(t)a∈[M ]

D̂a
1(t), D̂a

2(t), D̂a
3(t) Empirical estimate of sets Da

1 ,Da
2 ,Da

3 at time t

B SAMPLE COMPLEXITY ANALYSIS

B.1 PROOF OF THEOREM 1

Theorem 1. Given a fixed confidence level δ ∈ (0, 1), define µa
i,i∗(a) = arg inf µ̃ ω

a
i(S+1)d(µ

a
i , µ̃) +

ωa
i∗(a)(S+1)d(µ

a
i∗(a), µ̃). Under Assumptions 1-2, for any problem instance P ∈ S and any strategy

satisfying P
(
∀a ∈ [M ], i∗(a) = îτ (a)

)
≥ 1− δ,

E[τ ] ≥ H∗(P)kl(δ, 1− δ), (22)

as δ → 0, we have

lim inf
δ→0

E[τ ]
log(1/δ)

≥ H∗(P), (23)

whereH∗(P)−1 = maxω∈Ω mina∈[M ] min (V a
1 (ω), V a

2 (ω), V a
3 (ω), V a

4 (ω)), with

V a
1 (ω) = min

j∈[S]
ωa
i∗(a)jd(F

a
i∗(a)j , ϕ),

V a
2 (ω) = min

i∈Da
1

ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a)),

V a
3 (ω) = min

i∈Da
2

∑
j∈Ba

2 (i)

ωa
ijd(F

a
ij , ϕ),

V a
4 (ω) = min

i∈Da
3

ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a)) +

∑
j∈Ba

2 (i)

ωa
ijd(F

a
ij , ϕ).

13



702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755

Under review as a conference paper at ICLR 2025

Proof. Consider the original optimization problem in (2),

max
i∈[K]

E[Xa
i ] s.t. q(Y a

ij , ϕ) ≤ b, ∀j ∈ [S]. (24)

According to Assumption 2, the CDF F a
ij(·) has a continuous density function, then by definition,

we have q(Y a
ij , ϕ) = (F a

ij)
−1(ϕ).

Therefore, the constraints are equivalent to

(F a
ij)

−1(ϕ) ≤ b, ∀j ∈ [S], (25)

which is also equivalent to
F a
ij(b) ≥ ϕ, ∀j ∈ [S]. (26)

By the definition of CDF, we have F a
ij(b) = E[I(Y a

ij ≤ b)], and the original optimization problem is
equivalent to

max
i∈[K]

E[Xa
i ] s.t. E[I(Y a

ij ≤ b)] ≥ ϕ, ∀j ∈ [S], (27)

where I(·) is the indicator function, it takes on the value 1 if · is true, and 0 otherwise. For notational
simplicity, we let F a

ij represent F a
ij(b).

Let P = (µa,F a)a∈[M ] represent a problem instance, A(P) = {P ′ ∈ S : ∃a ∈ [M ], i∗(a,P) ̸=
i∗(a,P ′)}.
In the fixed confidence setting, for a problem instance P ∈ S, the algorithm needs to satisfy that,

P(∃a ∈ [M ], îτ (a) ̸= i∗(a,P)) ≤ δ, (28)

and for any problem instance P̃ ∈ S,

P(∃a ∈ [M ], îτ (a) ̸= i∗(a,P)) ≥ 1− δ. (29)

Define

f(ω,P, P̃) =
∑

a∈[M ]

∑
i∈[K]

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) +

∑
j∈[S]

ωa
ijd(F

a
ij , F̃

a
ij)

 . (30)

Then, we can obtain that

∑
a∈[M ]

∑
i∈[K]

E[Na
i(S+1)(τ)]d(µ

a
i , µ̃

a
i ) +

∑
j∈[S]

E[Na
ij(τ)]d(F

a
ij , F̃

a
ij)


= E[τ ]

∑
a∈[M ]

∑
i∈[K]

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) +

∑
j∈[S]

ωa
ijd(F

a
ij , F̃

a
ij)


= E[τ ]f(ω,P, P̃).

(31)

According to the Lemma 1 of Kaufmann et al. (2016), we have

E[τ ]f(ω,P, P̃) ≥ kl(δ, 1− δ),∀P̃ ∈ A(P). (32)

Then we can obtain that

kl(δ, 1− δ) ≤ E[τ ] inf
P̃∈A(P)

f(ω,P, P̃) ≤ E[τ ] sup
ω∈Ω

inf
P̃∈A(P)

f(ω,P, P̃). (33)

According to (31), we have

E[τ ] sup
ω∈Ω

inf
P̃∈A(P)

∑
a∈[M ]

∑
i∈[K]

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) +

∑
j∈[S]

ωa
ijd(F

a
ij , F̃

a
ij)

 ≥ kl(δ, 1− δ). (34)

Therefore, we conclude that
E[τ ] ≥ H∗(P)kl(δ, 1− δ), (35)
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where

H∗(P)−1 = sup
ω∈Ω

inf
P̃∈A(P)

∑
a∈[M ]

∑
i∈[K]

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) +

∑
j∈[S]

ωa
ijd(F

a
ij , F̃

a
ij)

 . (36)

Next, we provide a detailed analysis on H∗(P). For each task a ∈ [M ] and constraint j ∈ [S],
define

Cai∗(a,P)j = {(µ̃, F̃ ) : F̃ a
i∗(a,P)j < ϕ}. (37)

For each task a ∈ [M ] and arm i ∈ [K] \ {i∗(a,P)}, define

Cai = {(µ̃, F̃ ) : µ̃a
i ≥ µ̃a

i∗(a,P), F̃
a
ij ≥ ϕ, ∀j ∈ [S]}, (38)

where (µ̃, F̃ ) = (µ̃a, F̃ a)a∈[M ] = P̃ denote the problem instance P̃ .

Then we can represent A(P) as the intersection of some subsets.

A(P) =
{
(µ̃, F̃ ) : ∃a ∈ [M ], i∗(a,P) ̸= i∗(a, P̃)

}
=

⋃
a∈[M ]

{
(µ̃, F̃ ) : i∗(a,P) ̸= i∗(a, P̃)

}
=

⋃
a∈[M ]

({
(µ̃, F̃ ) : ∃j ∈ [S], F̃ a

i∗(a,P)j < ϕ
}⋃{

(µ̃, F̃ ) :
∃i∈[K]\{i∗(a,P)},

µ̃a
i ≥µ̃a

i∗(a,P),F̃
a
ij≥ϕ,∀j∈[S]

})

=
⋃

a∈[M ]

 ⋃
j∈[S]

Cai∗(a,P)j

⋃ ⋃
i∈[K]\{i∗(a,P)}

Cai

 .

(39)

Define G(ω,P) = infP̃∈A(P) f(ω,P, P̃), according to (39), we have

G(ω,P) = min
a∈[M ]

min

(
min
j∈[S]

fa
i∗(a,P)j(ω,P), min

i∈[K]\{i∗(a,P)}
fa
i (ω,P)

)
, (40)

where fa
i∗(a,P)j(ω,P) = infP̃∈Ca

i∗(a,P)j
f(ω,P, P̃), fa

i (ω,P) = infP̃∈Ca
i
f(ω,P, P̃).

By the definition of Cai∗(a,P)j and Cai , we have

fa
i∗(a,P)j(ω,P) = inf

P̃∈Ca
i∗(a,P)j

f(ω,P, P̃) = ωa
i∗(a,P)jd(F

a
i∗(a,P)j , ϕ), (41)
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and

min
i∈[K]\{i∗(a,P)}

fa
i (ω,P)

= min
i∈[K]\{i∗(a,P)}

inf
P̃∈Ca

i

f(ω,P, P̃)

= min
i∈[K]\{i∗(a,P)}

inf
P̃∈Ca

i

∑
a∈[M ]

∑
i∈[K]

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) +

∑
j∈[S]

ωa
ijd(F

a
ij , F̃

a
ij)


= min

(
min
i∈Da

1

inf
P̃∈Ca

i

∑
i∈[K]

ωa
i(S+1)d(µ

a
i , µ̃

a
i ), min

i∈Da
2

inf
P̃∈Ca

i

∑
i∈[K],j∈[S]

ωa
ijd(F

a
ij , F̃

a
ij),

min
i∈Da

3

inf
P̃∈Ca

i

∑
i∈[K]

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) +

∑
j∈[S]

ωa
ijd(F

a
ij , F̃

a
ij)

)

= min

(
min
i∈Da

1

inf
µ̃a
i >µ̃a

i∗(a)

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃

a
i∗(a)),

min
i∈Da

2

∑
j∈Ba

2 (i)

ωa
ijd(F

a
ij , ϕ),

min
i∈Da

3

inf
µ̃a
i >µ̃a

i∗(a)

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃

a
i∗(a)) +

∑
j∈Ba

2 (i)

ωa
ijd(F

a
ij , ϕ)

)
= min(V a

2 (ω), V a
3 (ω), V a

4 (ω)).
(42)

, where the last equality is from the Lemma 5.

Then, we conclude that

G(ω,P) = min
a∈[M ]

min (V a
1 (ω), V a

2 (ω), V a
3 (ω), V a

4 (ω)) , (43)

and
H∗(P)−1 = max

ω∈Ω
min
a∈[M ]

min (V a
1 (ω), V a

2 (ω), V a
3 (ω), V a

4 (ω)) . (44)

B.2 PROOF OF THEOREM 2

Lemma 5. Define g(ω) = inf µ̃a
i >µ̃a

i∗(a)
ωa
i(S+1)d(µ

a
i , µ̃

a
i ) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃

a
i∗(a)), and

µa
i,i∗(a) = arg inf µ̃ ω

a
i(S+1)d(µ

a
i , µ̃) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃), then we have

g(ω) = ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a)),

∂

∂ωa
i(S+1)

g(ω) = d(µa
i , µ

a
i,i∗(a)),

∂

∂ωa
i∗(a)(S+1)

g(ω) = d(µa
i∗(a), µ

a
i,i∗(a)).

(45)

Proof. Since both d(µa
i , µ̃) and d(µa

i∗(a), µ̃) are decreasing in (−∞, µa
i ), and are increasing in

(µa
i∗(a),+∞), then it is sufficient to search the infimum in the interval [µa

i , µ
a
i∗(a)]. Therefore, we

have
g(ω) = inf

µ̃a
i >µ̃a

i∗(a)

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃

a
i∗(a))

= inf
µ̃∈[µa

i ,µ
a
i∗(a)

]
ωa
i(S+1)d(µ

a
i , µ̃) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃)

= inf
µ̃

ωa
i(S+1)d(µ

a
i , µ̃) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃)

= ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a)).

(46)
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In our analysis, we assume that d(µa
i , µ̃) is strictly convex function of µ̃,∀a ∈ [M ], i ∈ [K], which

is satisfied by many distributions in SPEF such as Bernoulli, Gaussian with known variance and
Gamma with known shape parameter (Juneja & Krishnasamy, 2019). Therefore, µa

i,i∗(a) is the
unique solution of

ωa
i(S+1)

∂d(µa
i , µ

a
i,i∗(a))

∂µa
i,i∗(a)

+ ωa
i∗(a)(S+1)

∂d(µa
i∗(a), µ

a
i,i∗(a))

∂µa
i,i∗(a)

= 0. (47)

Then we can obtain

∂

∂ωa
i(S+1)

g(ω)

= d(µa
i , µ

a
i,i∗(a)) + (ωa

i(S+1)

∂d(µa
i , µ

a
i,i∗(a))

∂µa
i,i∗(a)

+ ωa
i∗(a)(S+1)

∂d(µa
i∗(a), µ

a
i,i∗(a))

∂µa
i,i∗(a)

)
∂µa

i,i∗(a)

∂ωa
i(S+1)

= d(µa
i , µ

a
i,i∗(a)).

(48)

We can also obtain ∂
∂ωa

i∗(a)(S+1)
g(ω) = d(µa

i∗(a), µ
a
i,i∗(a)), which concludes the proof.

Lemma 6. The optimization problem

max
ω∈Ω

min
a∈[M ]

min (V a
1 (ω), V a

2 (ω), V a
3 (ω), V a

4 (ω)) , (49)

is a convex optimization problem.

Proof. According to the proof of Theorem 1, we have

H∗(P)−1 = max
ω∈Ω
G(ω,P)

= max
ω∈Ω

min
a∈[M ]

min

(
min
j∈[S]

fa
i∗(a,P)j(ω,P), min

i∈[K]\{i∗(a,P)}
fa
i (ω,P)

)
= max

ω∈Ω
min
a∈[M ]

min

(
min
j∈[S]

inf
P̃∈Ca

i∗(a,P)j

f(ω,P, P̃), inf
P̃∈Ca

i

f(ω,P, P̃)

)
,

(50)

where

Cai∗(a,P)j = {(µ̃, F̃ ) : F̃ a
i∗(a,P)j < ϕ}, Cai = {(µ̃, F̃ ) : µ̃a

i ≥ µ̃a
i∗(a,P), F̃

a
ij ≥ ϕ, ∀j ∈ [S]} (51)

and

f(ω,P, P̃) =
∑

a∈[M ]

∑
i∈[K]

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) +

∑
j∈[S]

ωa
ijd(F

a
ij , F̃

a
ij)

 (52)

For each P̃ , f(ω,P, P̃) is a concave function of ω. Since G(ω,P) is the infimum of concave
functions, it is also concave. Ω is a convex set, consequently, the corresponding maximization
problem is a convex optimization problem.

Theorem 2. Let Ma
1 = {i ∈ Da

3 : d(µa
i , µ

a
i,i∗(a)) > d(F a

ijh
, ϕ)} and Ma

2 = {i ∈ Da
3 :

d(µa
i , µ

a
i,i∗(a)) < d(F a

ijh
, ϕ)}. Assume that Da

3 = Ma
1 ∪ Ma

2 for each task a ∈ [M ], then the
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static optimal sampling ratio ω∗ satisfies:

V a
1 (ω

∗) = V a
2 (ω

∗) = V a
3 (ω

∗) = V a
4 (ω

∗) = z∗,∀a ∈ [M ]

(ωa
i∗(a)j)

∗d(F a
i∗(a)j , ϕ) = z∗,∀a ∈ [M ], j ∈ [S]

(ωa
i(S+1))

∗d(µa
i , µ

a
i,i∗(a)) + (ωa

i∗(a)(S+1))
∗d(µa

i∗(a), µ
a
i,i∗(a)) = z∗,∀a ∈ [M ], i ∈ Da

1 ∪Ma
1∑

i∈Da
1∪Ma

1

d(µa
i∗(a), µ

a
i,i∗(a))

d(µa
i , µ

a
i,i∗(a))

= 1,∀a ∈ [M ]

(ωa
ijh

)∗d(F a
ijh

, ϕ) = z∗,∀a ∈ [M ], i ∈ Da
2 ∪Ma

2

(ωa
ij)

∗ = 0,∀a ∈ [M ], i ∈ Da
1 ∪Ma

1 , j ∈ [S]

(ωa
ij)

∗ = 0,∀a ∈ [M ], i ∈ Da
2 ∪Ma

2 , j ̸= jh∑
a∈[M ]

∑
i∈[K]

∑
j∈[S+1]

(ωa
ij)

∗ = 1,

(ωa
ij)

∗ ≥ 0,∀a ∈ [M ], i ∈ [K], j ∈ [S + 1].
(53)

Proof. The static optimal ratio can be obtained by solving the following optimization problem

max
ω∈Ω

min
a∈[M ]

min (V a
1 (ω), V a

2 (ω), V a
3 (ω), V a

4 (ω)) , (54)

which is equivalent to

max z

s.t. ωa
i∗(a)jd(F

a
i∗(a)j , ϕ) ≥ z, ∀a ∈ [M ], j ∈ [S] (λa

i∗(a)j)

ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a)) ≥ z, ∀a ∈ [M ], i ∈ Da

1 (λa
i )∑

j∈Ba
2 (i)

ωa
ijd(F

a
ij , ϕ) ≥ z, ∀a ∈ [M ], i ∈ Da

2 (λa
i )

ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a)) +

∑
j∈Ba

2 (i)

ωa
ijd(F

a
ij , ϕ) ≥ z,

∀a ∈ [M ], i ∈ Da
3 (λa

i )∑
a∈[M ]

∑
i∈[K]

∑
j∈[S+1]

ωa
ij = 1, (ν)

ωa
ij ≥ 0,∀a ∈ [M ], i ∈ [K], j ∈ [S + 1] (ρaij).

(55)

The KKT condition of this problem includes the following four part:

• The stationary condition:

∑
a∈[M ]

∑
j∈[S]

λa
i∗(a)j +

∑
a∈[M ]

∑
i∈Da

1∪Da
2∪Da

3

λa
i = 1 (56)

λa
i∗(a)jd(F

a
i∗(a)j , ϕ) + ρai∗(a)j = ν, ∀a ∈ [M ], j ∈ [S] (57)

λa
i d(µ

a
i , µ

a
i,i∗(a)) + ρai(S+1) = ν, ∀a ∈ [M ], i ∈ Da

1 ∪ Da
3 (58)∑

i∈Da
1∪Da

3

λa
i d(µ

a
i∗(a), µ

a
i,i∗(a)) + ρai∗(a)(S+1) = ν, ∀a ∈ [M ] (59)

λa
i d(F

a
ij , ϕ) + ρaij = ν, ∀a ∈ [M ], i ∈ Da

2 ∪ Da
3 , j ∈ Ba2(i) (60)

• The complementary slackness condition:
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λa
i∗(a)j

(
ωa
i∗(a)jd(F

a
i∗(a)j , ϕ)− z

)
= 0, ∀a ∈ [M ], j ∈ [S] (61)

λa
i

(
ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a))− z

)
= 0, (62)

∀a ∈ [M ], i ∈ Da
1 (63)

λa
i

 ∑
j∈Ba

2 (i)

ωa
ijd(F

a
ij , ϕ)− z

 = 0, ∀a ∈ [M ], i ∈ Da
2 (64)

λa
i

(
ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a))

+
∑

j∈Ba
2 (i)

ωa
ijd(F

a
ij , ϕ)− z

)
= 0, ∀a ∈ [M ], i ∈ Da

3 (65)

ρaijω
a
ij = 0, ∀a ∈ [M ], i ∈ [K], j ∈ [S + 1] (66)

• The feasibility of dual problem:

λa
i∗(a)j ≥ 0, ∀a ∈ [M ], j ∈ [S] (67)

λa
i ≥ 0, ∀a ∈ [M ], i ∈ Da

1 ∪ Da
2 ∪ Da

3 (68)
ρaij ≥ 0, ∀a ∈ [M ], i ∈ [K], j ∈ [S + 1]. (69)

• The feasibility of the original problem (55).

We can derive the optimality equations in Theorem 2 by solving the KKT condition.

First, for each task a ∈ [M ], it is easy to observe that

(ωa
ij)

∗ = 0,∀i ∈ Da
1 , j ∈ [S]

(ωa
ij)

∗ = 0,∀i ∈ Da
2 ∪ Da

3 , j ∈ Ba1(i)
(ωa

i(S+1)))
∗ = 0,∀i ∈ Da

2 .

(70)

Since we can find a feasible solution ωa
ij = 1/MK(S + 1) and the corresponding objective value

z > 0. Then any solution with z = 0 is not optimal.

According to the constraints in problem (55), we have z = 0 if ∃a ∈ [M ], j ∈ [S], ωa
i∗(a)j = 0,

or ∃a ∈ [M ], i ∈ Da
1 , ω

a
i(S+1) = 0 or ωa

i∗(a)(S+1) = 0. Therefore, we have (ωa
i∗(a)j)

∗ > 0,∀a ∈
[M ], j ∈ [S] and (ωa

i(S+1))
∗ > 0, (ωa

i∗(a)(S+1))
∗ > 0,∀a ∈ [M ], i ∈ Da

1 . According to (66), we
have ρai∗(a)j = 0,∀a ∈ [M ], j ∈ [S] and ρai(S+1) = 0, ρai∗(a)(S+1) = 0,∀a ∈ [M ], i ∈ Da

1 .

Consider the arm i ∈ Da
2 ∪ Da

3 , according to (60), we have

λa
i d(F

a
ij , ϕ) + ρaij = ν, ∀a ∈ [M ], i ∈ Da

2 ∪ Da
3 , j ∈ Ba2(i). (71)

Since jh = argmaxj∈Ba
2 (i)

d(F a
ij , ϕ), then in order to satisfy (60), we have

ρaij > 0,∀a ∈ [M ], i ∈ Da
2 ∪ Da

3 , j ∈ Ba2(i), j ̸= jh. (72)

According to (66), we have

(ωa
ij)

∗ = 0,∀a ∈ [M ], i ∈ Da
2 ∪ Da

3 , j ∈ Ba2(i) \ {jh}. (73)

By combining (70) and (73), we can obtain that

(ωa
ij)

∗ = 0,∀i ∈ Da
2 , j ̸= jh. (74)

Now, we prove that λa
i∗(a)j > 0,∀a ∈ [M ], j ∈ [S], and λa

i > 0,∀a ∈ [M ], i ∈ Da
1 ∪ Da

2 ∪ Da
3 .
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• λa
i∗(a)j > 0,∀a ∈ [M ], j ∈ [S]:

Since we know that (ωa
i∗(a)j)

∗ > 0 and ρai∗(a)j = 0, assume that ∃a ∈ [M ], j ∈
[S], λa

i∗(a)j = 0, then according to (57), we have ν = 0, which will lead to λa
i∗(a)j =

0,∀a ∈ [M ], j ∈ [S] and λa
i = 0,∀a ∈ [M ], i ∈ Da

1 ∪ Da
2 ∪ Da

3 in order to satisfy
(57)-(60). This contradicts (56), and we conclude that λa

i∗(a)j > 0,∀a ∈ [M ], j ∈ [S].

• λa
i > 0,∀a ∈ [M ], i ∈ Da

1 ∪ Da
2 :

For i ∈ Da
1 , since we know that (ωa

i(S+1))
∗ > 0 and ρai(S+1) = 0, assume that ∃a ∈

[M ], i ∈ Da
1 , λ

a
i = 0, then according to (58), we have ν = 0, which will lead to λa

i∗(a)j =

0,∀a ∈ [M ], j ∈ [S] and λa
i = 0,∀a ∈ [M ], i ∈ Da

1∪Da
2∪Da

3 in order to satisfy (57)-(60).
This contradicts (56), and we conclude that λa

i > 0,∀a ∈ [M ], i ∈ Da
1 . For i ∈ Da

2 , the
analysis is the same, hence we omit it.

• λa
i > 0,∀a ∈ [M ], i ∈ Da

3 :

It is easy to see that (ωa
i(S+1))

∗ > 0, (ωa
i∗(a)(S+1))

∗ > 0 or (ωa
ijh

)∗ > 0, otherwise, we will
have z = 0, which will not be the optimal solution. Assume that ∃a ∈ [M ], i ∈ Da

3 , λ
a
i =

0, then for the first case (ωa
i(S+1))

∗ > 0, (ωa
i∗(a)(S+1))

∗ > 0, according to (66), we have
ρai(S+1) = 0. According to (58), we have ν = 0, which will lead to λa

i∗(a)j = 0,∀a ∈
[M ], j ∈ [S] and λa

i = 0,∀a ∈ [M ], i ∈ Da
1 ∪ Da

2 ∪ Da
3 in order to satisfy (57)-(60). This

contradicts (56). For the second case (ωa
ijh

)∗ > 0, according to (66), we have ρaijh = 0.
Then using (60), we can obtain v = 0, which will lead to λa

i∗(a)j = 0,∀a ∈ [M ], j ∈ [S]

and λa
i = 0,∀a ∈ [M ], i ∈ Da

1∪Da
2∪Da

3 in order to satisfy (57)-(60). This contradicts (56).
And we conclude that λa

i > 0,∀a ∈ [M ], i ∈ Da
3 .

Since λa
i∗(a)j > 0,∀a ∈ [M ], j ∈ [S], and λa

i > 0,∀a ∈ [M ], i ∈ Da
1 ∪ Da

2 ∪ Da
3 , according to the

complementary slackness condition, we have

ωa
i∗(a)jd(F

a
i∗(a)j , ϕ) = z, ∀a ∈ [M ], j ∈ [S] (75)

ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a)) = z, (76)

∀a ∈ [M ], i ∈ Da
1 (77)

ωa
ijh

d(F a
ijh

, ϕ) = z, ∀a ∈ [M ], i ∈ Da
2 (78)

ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a))

+ ωa
ijh

d(F a
ijh

, ϕ) = z, ∀a ∈ [M ], i ∈ Da
3 (79)

For each task a ∈ [M ], consider arm i ∈ Da
3 , they need to satisfy

λa
i d(µ

a
i , µ

a
i,i∗(a)) + ρai(S+1) = ν, ∀a ∈ [M ], i ∈ Da

3

λa
i d(F

a
ijh

, ϕ) + ρaijh = ν, ∀a ∈ [M ], i ∈ Da
3

(80)

For i ∈ Ma
1 with d(µa

i , µ
a
i,i∗(a)) > d(F a

ijh
, ϕ), then using (80), we have ρaijh > 0. According to

(66), we have (ωa
ijh

)∗ = 0. Then (ωa
i(S+1))

∗ > 0, and (ωa
i∗(a)(S+1))

∗ > 0. In this case, (79) is
equivalent to

ωa
i(S+1)d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ

a
i,i∗(a)) = z,∀a ∈ [M ], i ∈Ma

1 . (81)

In this case, we have

λa
i d(µ

a
i , µ

a
i,i∗(a)) = ν, ∀a ∈ [M ], i ∈ Da

1 ∪Ma
1∑

i∈Da
1∪Ma

1

λa
i d(µ

a
i∗(a), µ

a
i,i∗(a)) = ν, ∀a ∈ [M ] (82)

which can be simplified to ∑
i∈Da

1∪Ma
1

d(µa
i∗(a), µ

a
i,i∗(a))

d(µa
i , µ

a
i,i∗(a))

= 1. (83)
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For i ∈ Ma
2 with d(µa

i , µ
a
i,i∗(a)) < d(F a

ijh
, ϕ), then using (80), we have ρai(S+1) > 0. According to

(66), we have (ωa
i(S+1))

∗ = 0. Then (ωa
ijh

)∗ > 0, and (79) is equivalent to

ωa
ijh

d(F a
ijh

, ϕ) = z,∀a ∈ [M ], i ∈Ma
2 . (84)

According to Lemma 6 and the fact that the KKT conditions are sufficient for a global optimal
solution of a convex optimization problem, we conclude the proof of Theorem 2.

B.3 SINGLE-PARAMETER EXPONENTIAL FAMILY

The single-parameter exponential family can be defined as

Γ =

{
(pη)η∈K : dpη(x) = exp(ηx− Λ(η))dρ(x)

}
, (85)

where ρ denote the reference measure on R, Λ(η) = log
∫
x∈R exp(ηx)dρ(x), K = {η : Λ(η) <

∞} ⊂ R. According to Dembo (2009), Λ(·) : K → R is convex and C∞ in K◦. Proposition 2
provides some useful properties:
Proposition 2. Define Λ∗(θ) = supη∈K(ηθ − Λ(η)), and let µ =

∫
xdpη, ν =

∫
xdpγ denote

the mean of distribution pη and pγ , respectively, KL(·, ·) denote the Kullback-Leibler divergence
between two distributions, then

(1) µ = Λ′(η), ∀η ∈ K◦.

(2) η = Λ∗′(µ) and Λ∗(µ) + Λ(η) = µη.

(3) ∀η, γ ∈ K◦,

d(µ, ν) = KL(pη, pγ) = Λ(γ)− Λ(η)− µ(γ − η) = Λ∗(µ)− Λ∗(ν)− γ(µ− ν). (86)

(4) ∂d(µ,ν)
∂ν

∣∣∣∣
ν=µ

= 0, ∂2d(µ,ν)
∂2ν

∣∣∣∣
ν=µ

= 1
σ2 , where σ2 is the variance of distribution pη .

Proof. (1) By definition, we have

Λ′(η) =

∫
x∈R x exp(ηx)ρ(x)dx∫
x∈R exp(ηx)ρ(x)dx

=

∫
x∈R

x exp(ηx− Λ(η))ρ(x)dx = µ. (87)

(2) Since
Λ∗(θ) = sup

η∈K
(ηθ − Λ(η)) = η∗θ − Λ(η∗), (88)

where η∗ satisfy that θ = Λ′(η∗). Let θ = µ, we have µ = Λ′(η∗) = Λ′(η) according to
(1). Then Λ∗′(µ) = η and Λ∗(µ) + Λ(η) = µη.

(3) By definition of the KL divergence, we have

d(µ, ν) = KL(pη, pγ) = Epη

[
log

(
dpη(x)

dpγ(x)

)]

= Epη

[
log

(
exp(ηx− Λ(η))

exp(γx− Λ(γ))

)]

= Epη

[
(η − γ)x+ Λ(γ)− Λ(η)

]
= Λ(γ)− Λ(η)− µ(γ − η).

(89)

Notice that, µ = Λ′(η), ν = Λ′(γ), η = Λ∗′(µ), γ = Λ∗′(ν), then it is straight to see that
d(µ, ν) = Λ∗(µ)− Λ∗(ν)− γ(µ− ν).
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(4) According to (3), we have d(µ, ν) = Λ∗(µ)− Λ∗(ν)− γ(µ− ν), then by definition

∂d(µ, ν)

∂ν
= −Λ∗′(ν)− ∂γ

∂ν
(µ− ν) + γ

= −Λ∗′(ν)− ∂γ

∂ν
(µ− ν) + Λ∗′(ν)

=
∂γ

∂ν
(ν − µ),

(90)

and we have ∂d(µ,ν)
∂ν

∣∣∣∣
ν=µ

= 0. Furthermore,

∂2d(µ, ν)

∂2ν
=

∂2γ

∂2ν
(ν − µ) +

∂γ

∂ν
. (91)

Since γ = Λ∗′(ν), using the Danskin’s Theorem, we have

∂γ

∂ν
= Λ∗′′(ν). (92)

Therefore, we have

∂2d(µ, ν)

∂2ν

∣∣∣∣
ν=µ

= Λ∗′′(µ)

=

∫
x∈R

x exp(ηx− Λ(η))(x− Λ′(η))ρ(x)dx

=

∫
x∈R

x2 exp(ηx− Λ(η))ρ(x)dx− µ

∫
x∈R

x exp(ηx− Λ(η))ρ(x)dx

= Epη [X
2]− µ2

=
1

σ2
.

(93)

B.4 PROOF OF LEMMA 1

Lemma 1. Define△a
i = µa

i∗(a) − µa
i ,△a

i∗(a) = minl∈Da
1∪Ma

1
(µa

i∗(a) − µa
l ), σ

a
i = (

∫
x2dF a

i (x)−
(µa

i )
2)

1
2 ∈ (0,∞), then for each task a ∈ [M ], and arm i ∈ Da

1 ∪Ma
1 , as△a

i → 0,

inf
µ̃a
i >µ̃a

i∗(a)

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃

a
i∗(a))→

(µa
i − µa

i∗(a))
2

2(
(σa

i )
2

ωa
i(S+1)

+
(σa

i∗(a)
)2

ωa
i∗(a)(S+1)

)
. (94)

Proof. The proof is motivated by the Theorem 2 of Shin et al. (2018). Define

g(ω) = inf
µ̃a
i >µ̃a

i∗(a)

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃

a
i∗(a)), (95)

According to Lemma 5, we have

g(ω) = inf
µ̃∈[µa

i ,µ
a
i∗(a)

]
ωa
i(S+1)d(µ

a
i , µ̃) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃) (96)

Applying the second order Taylor Extension for d(µa
i , µ̃) at µ̃ = µa

i , we can obtain that

d(µa
i , µ̃) = d(µa

i , µ
a
i ) + (µ̃− µa

i )
∂d(µa

i , µ̃)

∂µ̃

∣∣∣∣∣
µ̃=µa

i

+
(µ̃− µa

i )
2

2

∂2d(µa
i , µ̃)

∂2µ̃

∣∣∣∣∣
µ̃=µa

i

+ o((µ̃− µa
i )

2)

(97)
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According to Proposition 2, we have

d(µa
i , µ̃) =

(µ̃− µa
i )

2

2(σa
i )

2
+ o((µ̃− µa

i )
2), (98)

By the same argument, we can obtain

d(µa
i∗(a), µ̃) =

(µ̃− µa
i∗(a))

2

2(σa
i∗(a))

2
+ o((µ̃− µa

i∗(a))
2), (99)

Define
f(ω, µ̃) = ωa

i(S+1)d(µ
a
i , µ̃) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃),

ζ(ω, µ̃) = ωa
i(S+1)

(µ̃− µa
i )

2

2(σa
i )

2
+ ωa

i∗(a)(S+1)

(µ̃− µa
i∗(a))

2

2(σa
i∗(a))

2
,

h(ω) = inf
µ̃∈[µa

i ,µ
a
i∗(a)

]
ζ(ω, µ̃) =

(µa
i − µa

i∗(a))
2

2(
(σa

i )
2

ωa
i(S+1)

+
(σa

i∗(a)
)2

ωa
i∗(a)(S+1)

)
.

(100)

Since µ̃ ∈ [µa
i , µ

a
i∗(a)], we can obtain that

f(ω, µ̃) = ζ(ω, µ̃) + o((µa
i∗(a) − µa

i )
2) (101)

Let µ̃1 = arg inf µ̃∈[µa
i ,µ

a
i∗(a)

] f(ω, µ̃), µ̃2 = arg inf µ̃∈[µa
i ,µ

a
i∗(a)

] ζ(ω, µ̃). Then, we have g(ω) =

f(ω, µ̃1), h(ω) = ζ(ω, µ̃2). Therefore, we can obtain
|g(ω)− h(ω)| = |f(ω, µ̃1)− ζ(ω, µ̃2)|

≤ |f(ω, µ̃1)− ζ(ω, µ̃1)|+ |ζ(ω, µ̃1)− ζ(ω, µ̃2)|

= o((µa
i∗(a) − µa

i )
2) +

∣∣∣∣∣∣(µ̃1 − µ̃2)
∂ζ(ω, µ̃1)

∂µ̃1

∣∣∣∣∣
µ̃1=µ̃2

+ o((µ̃1 − µ̃2))

∣∣∣∣∣∣
= o((µa

i∗(a) − µa
i )

2).

(102)

Therefore, we conclude that, as△a
i → 0,

g(ω)→ h(ω), (103)
which means

inf
µ̃a
i >µ̃a

i∗(a)

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃

a
i∗(a))→

(µa
i − µa

i∗(a))
2

2(
(σa

i )
2

ωa
i(S+1)

+
(σa

i∗(a)
)2

ωa
i∗(a)(S+1)

)
. (104)

B.5 PROOF OF LEMMA 2

Lemma 2. Define △a
ij = |F a

ij − ϕ|, σa
ij = (F a

ij(1 − F a
ij))

1
2 ∈ (0,∞), then for each task a ∈ [M ],

arm i ∈ [K] and constraint j ∈ [S], as△a
ij → 0,

d(F a
ij , ϕ)→

(F a
ij − ϕ)2

2(σa
ij)

2
. (105)

Proof. Applying the second order Taylor Extension for d(F a
ij , ϕ) at ϕ = F a

ij , we can obtain that

d(F a
ij , ϕ) = d(F a

ij , F
a
ij) + (ϕ− F a

ij)
∂(F a

ij , ϕ)

∂ϕ

∣∣∣∣∣
ϕ=Fa

ij

+
(ϕ− F a

ij)
2

2

∂2d(F a
ij , ϕ)

∂ϕ

∣∣∣∣∣
ϕ=Fa

ij

+ o((ϕ− F a
ij)

2)

=
(F a

ij − ϕ)2

2(σa
ij)

2
+ o((ϕ− F a

ij)
2).

(106)
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as△a
ij → 0, we have d(F a

ij , ϕ)→
(Fa

ij−ϕ)2

2(σa
ij)

2 .

B.6 PROOF OF PROPOSITION 1

Proposition 1. Define

H =
∑

a∈[M ]

∑
j∈[S]

(σa
i∗(a)j)

2

(△a
i∗(a)j)

2
+

∑
i∈Da

1∪Ma
1∪{i∗(a)}

(σa
i )

2

(△a
i )

2
+

∑
i∈Da

2∪Ma
2

(σa
ijh

)2

(△a
ijh

)2

 . (107)

For the problem instance P with △a
i → 0,∀a ∈ [M ], i ∈ Da

1 ∪Ma
1 , and △a

ij → 0,∀a ∈ [M ], i ∈
[K], j ∈ [S], we have 2H ≤ H∗(P) ≤ 4H.

Proof. Combining the results of Theorem 1 and 2, we have

H∗(P)−1 = max
ω∈Ω

min
a∈[M ]

min (V a
1 (ω), V a

2 (ω), V a
3 (ω)) , (108)

with
V a
1 (ω) = min

j∈[S]
ωa
i∗(a)jd(F

a
i∗(a)j , ϕ),

V a
2 (ω) = min

i∈Da
1∪Ma

1

inf
µ̃a
i >µ̃a

i∗(a)

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃

a
i∗(a)),

V a
3 (ω) = min

i∈Da
2∪Ma

2

ωa
ijh

d(F a
ijh

, ϕ).

(109)

According to Lemma 2, we have as△a
ij → 0,∀a ∈ [M ], i ∈ [K], j ∈ [S],

d(F a
i∗(a)j , ϕ)→

(F a
i∗(a)j − ϕ)2

2(σa
i∗(a)j)

2
, d(F a

ijh
, ϕ)→

(F a
ijh
− ϕ)2

2(σa
ijh

)2
. (110)

According to Lemma 1, we have as△a
i → 0, ∀a ∈ [M ], i ∈ [K],

inf
µ̃a
i >µ̃a

i∗(a)

ωa
i(S+1)d(µ

a
i , µ̃

a
i ) + ωa

i∗(a)(S+1)d(µ
a
i∗(a), µ̃

a
i∗(a))→

(µa
i − µa

i∗(a))
2

2(
(σa

i )
2

ωa
i(S+1)

+
(σa

i∗(a)
)2

ωa
i∗(a)(S+1)

)
. (111)

Define

Ṽ a
1 (ω) = min

j∈[S]
ωa
i∗(a)j

(F a
i∗(a)j − ϕ)2

2(σa
i∗(a)j)

2
,

Ṽ a
2 (ω) = min

i∈Da
1∪Ma

1

(µa
i − µa

i∗(a))
2

2(
(σa

i )
2

ωa
i(S+1)

+
(σa

i∗(a)
)2

ωa
i∗(a)(S+1)

)
,

Ṽ a
3 (ω) = min

i∈Da
2∪Ma

2

(F a
ijh
− ϕ)2

2(σa
ijh

)2
,

H̃(P)−1 = max
ω∈Ω
H̃(P,ω)−1 = max

ω∈Ω
min
a∈[M ]

min
(
Ṽ a
1 (ω), Ṽ a

2 (ω), Ṽ a
3 (ω)

)
,

H∗(P)−1 = max
ω∈Ω
H(P,ω)−1 = max

ω∈Ω
min
a∈[M ]

min (V a
1 (ω), V a

2 (ω), V a
3 (ω)) .

(112)

Then, it is straightforward to check that as△a
i → 0,∀a ∈ [M ], i ∈ Da

1 ∪Ma
1 , and△a

ij → 0,∀a ∈
[M ], i ∈ [K], j ∈ [S],

H(P,ω)−1 → H̃(P,ω). (113)
Let

ω∗ = argmax
ω∈Ω

min
a∈[M ]

min (V a
1 (ω), V a

2 (ω), V a
3 (ω)) ,

ω̃ = argmax
ω∈Ω

min
a∈[M ]

min
(
Ṽ a
1 (ω), Ṽ a

2 (ω), Ṽ a
3 (ω)

)
,

(114)
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then we haveH∗(P)−1 = H(P,ω∗)−1 and H̃(P)−1 = H̃(P, ω̃)−1.

Furthermore, as△a
i → 0,∀a ∈ [M ], i ∈ Da

1 ∪Ma
1 , and△a

ij → 0,∀a ∈ [M ], i ∈ [K], j ∈ [S], we
have

|H̃(P)−1 −H∗(P)−1| = |H̃(P, ω̃)−1 −H(P,ω∗)−1|
≤ |H̃(P, ω̃)−1 −H(P, ω̃)−1|+ |H(P, ω̃)−1 −H(P,ω∗)−1|
→ 0.

(115)

where the third line can be verified using (113).

Next, we focus on analyzing the H̃(P)−1. We first provide a lower bound on H̃(P)−1. Consider a
feasible sampling ratio:

ωa
i∗(a)j =

(σa
i∗(a)j)

2

(△a
i∗(a)j)

2H
, ∀a ∈ [M ]

ωa
i =

(σa
i )

2

(△a
i )

2H
, ∀a ∈ [M ], i ∈ Da

1 ∪Ma
1 ∪ {i∗(a)}

ωa
ijh

=
(σa

ijh
)2

(△a
ijh

)2H
, ∀a ∈ [M ], i ∈ Da

2 ∪Ma
2

(116)

and ωa
ij = 0, otherwise. Then, we can obtain that

H̃(P)−1 = max
ω∈Ω
H̃(P,ω)−1 ≥ 1

2
min(

1

H
,
1

2H
,
1

H
) =

1

4H
. (117)

Let l∗ = argminl∈Da
1∪Ma

1
(µa

i∗(a)−µ
a
l ), then△a

i∗(a) = µa
i∗(a)−µ

a
l∗ . We then prove an upper bound

on H̃(P)−1.

H̃(P)−1 = max
ω∈Ω
H̃(P,ω)−1

= max
ω∈Ω

min
a∈[M ]

min
(
Ṽ a
1 (ω), Ṽ a

2 (ω), Ṽ a
3 (ω)

)
=

1

2
max
ω∈Ω

min
a∈[M ]

min

(
min
j∈[S]

ωa
i∗(a)j

△a
i∗(a)j

(σa
i∗(a)j)

2
,

min

 min
i∈Da

1∪Ma
1

(△a
i )

2

(σa
i )

2

ωa
i(S+1)

+
(σa

i∗(a)
)2

ωa
i∗(a)(S+1)

,
(△a

i∗(a))
2

(σa
i )

2

ωa
i(S+1)

+
(σa

i∗(a)
)2

ωa
i∗(a)(S+1)

 ,

min
i∈Da

2∪Ma
2

ωa
ijh

(△a
ijh

)2

(σa
ijh

)2

)

≤ 1

2
max
ω∈Ω

min
a∈[M ]

min

(
min
j∈[S]

ωa
i∗(a)j

△a
i∗(a)j

(σa
i∗(a)j)

2
,

min

(
min

i∈Da
1∪Ma

1

ωa
i(S+1)

(△a
i )

2

(σa
i )

2
, ωa

i∗(a)(S+1)

(△a
i∗(a))

2

(σa
i∗(a))

2

)
, min
i∈Da

2∪Ma
2

ωa
ijh

(△a
ijh

)2

(σa
ijh

)2

)

=
1

2
max
ω∈Ω

min
a∈[M ]

min

(
min
j∈[S]

ωa
i∗(a)j

△a
i∗(a)j

(σa
i∗(a)j)

2
,

min
i∈Da

1∪Ma
1∪{i∗(a)}

ωa
i(S+1)

(△a
i )

2

(σa
i )

2
, min
i∈Da

2∪Ma
2

ωa
ijh

)

=
1

2H
,

(118)
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where the last equation is obtained by solving the corresponding optimization problem.

Therefore, we conclude that 2H ≤ H̃(P) ≤ 4H, which also implies 2H ≤ H∗(P) ≤ 4H as
△a

i → 0,∀a ∈ [M ], i ∈ Da
1 ∪Ma

1 , and△a
ij → 0,∀a ∈ [M ], i ∈ [K], j ∈ [S].

B.7 EXTENSION TO OTHER FORMULATIONS

In this section, we extend the results of Theorem 1 to a new formulation, in which the agent observes
a vector of all metrics after pulling an arm. Such performance setting was also considered in the
literature (Hunter & Pasupathy, 2013; Camilleri et al., 2022). However, we address a complex
multi-task BAI problem with risk constraint under the fixed-confidence setting. Let ωa

i denote the
sampling ratio of arm i under task a in this formulation. Theorem 5 provides the lower bound on
the sample complexity E[τ ] and Lemma 7 outlines the optimality conditions satisfied by the static
sampling rule ω.

Theorem 5. Given a fixed confidence level δ ∈ (0, 1). For any problem instance P ∈ S and any

strategy satisfying P
(
∀a ∈ [M ], i∗(a) = îτ (a)

)
≥ 1− δ,

E[τ ] ≥ H∗(P)kl(δ, 1− δ), (119)

as δ → 0, we have

lim inf
δ→0

E[τ ]
log(1/δ)

≥ H∗(P), (120)

whereH∗(P)−1 = maxω∈Ω mina∈[M ] min (V a
1 (ω), V a

2 (ω), V a
3 (ω), V a

4 (ω)), with

V a
1 (ω) = min

j∈[S]
ωa
i∗(a)d(F

a
i∗(a)j , ϕ),

V a
2 (ω) = min

i∈Da
1

ωa
i d(µ

a
i , µ

a
i,i∗(a)) + ωa

i∗(a)d(µ
a
i∗(a), µ

a
i,i∗(a)),

V a
3 (ω) = min

i∈Da
2

ωa
i

∑
j∈Ba

2 (i)

d(F a
ij , ϕ),

V a
4 (ω) = min

i∈Da
3

inf
µ̃a
i >µ̃a

i∗(a)

ωa
i d(µ

a
i , µ̃

a
i ) + ωa

i∗(a)d(µ
a
i∗(a), µ̃

a
i∗(a)) + ωa

i

∑
j∈Ba

2 (i)

d(F a
ij , ϕ).

(121)

Lemma 7. Define A1 = {a ∈ [M ] : V a
1 (ω) ≥ z∗}, and A2 = {a ∈ [M ] : V a

1 (ω) = z∗}. The
static optimal sampling ratio ω∗ satisfies:

V a
1 (ω

∗) ≥ z∗,∀a ∈ A1

V ã
1 (ω

∗) = V a
2 (ω

∗) = V a
3 (ω

∗) = V a
4 (ω

∗) = z∗,∀a ∈ [M ], ã ∈ A2

(ωa
i )

∗d(µa
i , µ

a
i,i∗(a)) + (ωa

i∗(a))
∗d(µa

i∗(a), µ
a
i,i∗(a)) = z∗,∀a ∈ [M ], i ∈ Da

1

(ωa
i )

∗
∑

j∈Ba
2 (i)

d(F a
ij , ϕ) = z∗,∀a ∈ [M ], i ∈ Da

2

(ωa
i )

∗(d(µa
i , µ

a
i,i∗(a)) +

∑
j∈Ba

2 (i)

d(F a
ij , ϕ)) + (ωa

i∗(a))
∗d(µa

i∗(a), µ
a
i,i∗(a)) = z∗,∀a ∈ [M ], i ∈ Da

3

∑
i∈Da

1

d(µa
i∗(a), µ

a
i,i∗(a))

d(µa
i , µ

a
i,i∗(a))

+
∑
i∈Da

3

d(µa
i∗(a), µ

a
i,i∗(a))

d(µa
i , µ

a
i,i∗(a)) +

∑
j∈Ba

2 (i)
d(F a

ij , ϕ)
= 1,∀a ∈ A1∑

a∈[M ]

∑
i∈[K]

(ωa
i )

∗ = 1,

(ωa
i )

∗ ≥ 0,∀a ∈ [M ], i ∈ [K].
(122)
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C ASYMPTOTICALLY OPTIMAL STRATEGY

C.1 PROOF OF LEMMA 4

Lemma 4. Given a fixed confidence level δ ∈ (0, 1) and α > 1. There exists a constant
C(α,M,K, S) such that for any sampling rule {πt}t, using the stopping rule with β(t, δ) =

log
(
Ctα

δ

)
, then for all problem instance P ∈ S, P

(
∃a ∈ [M ], îτ (a) ̸= i∗(a)

)
≤ δ.

Proof. By definition of the stopping rule τ = inf{t ∈ N : infP̃∈A(P̂(t)) f(P̂(t), P̃) > β(t, δ)}, we
have

P
(
∃a ∈ [M ], îτ (a) ̸= i∗(a)

)
≤P

(
∃t ∈ N,∃a ∈ [M ],∃i ∈ [K] \ {i∗(a,P)}, i∗(a, P̂(t)) = i, inf

P̃∈A(P̂(t))
f(P̂(t), P̃) > β(t, δ)

)

≤
∞∑
t=1

P

(
inf

P̃∈A(P̂(t))

∑
a∈[M ],i∈[K]

Na
i(S+1)(t)d(µ̂

a
i (t), µ̃

a
i (t)) +

∑
j∈[S]

Na
ij(t)d(F̂

a
ij(b, t), F̃

a
ij)

 > β(t, δ)

)

≤
∞∑
t=1

P

( ∑
a∈[M ],i∈[K]

Na
i(S+1)(t)d(µ̂

a
i (t), µ

a
i (t)) +

∑
j∈[S]

Na
ij(t)d(F̂

a
ij(b, t), F

a
ij)

 > β(t, δ)

)

≤
∞∑
t=1

e1+MK(S+1)

(
β(t, δ)2 log t

MK(S + 1)

)MK(S+1)

e−β(t,δ),

(123)
where the last line is obtained by extending Theorem 2 of Magureanu et al. (2014).

Since we have β(t, δ) = log
(
Ctα

δ

)
, it can be verified that if we choose the constant C satisfy

∞∑
t=1

eMK(S+1)

MK(S + 1)MK(S+1)

([log(Ctα) + log(1/δ)]2 log t)MK(S+1)

tα
≤ C, (124)

then we can obtain P
(
∃a ∈ [M ], îτ (a) ̸= i∗(a)

)
≤ δ, which concludes the proof.

C.2 PROOF OF THEOREM 3

In this subsection, we prove the sample complexity results in Theorem 3. The proof of Theorem 3 is
more or less identical to that of Garivier & Kaufmann (2016), we include it here for completeness.

Lemma 8. (Lemma 17 in Garivier & Kaufmann (2016)) Using the tracking rule in (13),
we have Na

ij(t) ≥ (
√
t − MK(S + 1))+ − 1, For any ϵ > 0 and t0 > 0 such that

supt≥t0 max(a,i,j)∈[M ]×[K]×[S+1] |(ωa
ij)

∗(P̂(t))− (ωa
ij)

∗(P)| ≤ ϵ, then

sup
t≥tϵ

max
(a,i,j)∈[M ]×[K]×[S+1]

∣∣∣∣Na
ij(t)

t
− (ωa

ij)
∗(P)

∣∣∣∣ ≤ 3(MK(S + 1)− 1)ϵ. (125)

Let Br∞(c) denote a ball of radius r centered at c under the infinity norm. For problem instance
P = (µa,F a)a∈[M ], since ω∗(P) is a continuous function of P , we have ∀ϵ > 0, ∃ξ(ϵ) > 0, such

that ∀P̃ ∈ Bξ(ϵ)∞ (P), we have ω∗(P̃) ∈ Bϵ∞(ω∗(P)).

Lemma 9. For problem instance P ∈ S, define ET (ϵ) =
⋂T

t∈T 1/4{P̂(t) ∈ Bξ(ϵ)∞ (P)}, we have

P(EcT (ϵ)) ≤ B(ϵ,P) exp
(
−C(ϵ,P)T 1/8

)
, (126)
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where

B(ϵ,P) =
∑

a∈[M ],i∈[K]

(
exp(MK(S + 1)d(µa

i − ξ(ϵ), µa
i ))

1− exp(d(µa
i − ξ(ϵ), µa

i ))
+

exp(MK(S + 1)d(µa
i + ξ(ϵ), µa

i ))

1− exp(d(µa
i + ξ(ϵ), µa

i ))

+
∑
j∈[S]

(
exp(MK(S + 1)d(F a

ij − ξ(ϵ), F a
ij))

1− exp(d(F a
ij − ξ(ϵ), F a

ij))
+

exp(MK(S + 1)d(F a
ij + ξ(ϵ), F a

ij))

1− exp(d(F a
ij + ξ(ϵ), F a

ij))

))
,

C(ϵ,P) = min
a∈[M ]

(
min
i∈[K]

(
d(µa

i − ξ(ϵ), µa
i )
∧

d(µa
i + ξ(ϵ), µa

i )
)∧

min
i∈[K],j∈[S]

(
d(F a

ij − ξ(ϵ), F a
ij)
∧

d(F a
ij + ξ(ϵ), F a

ij)
))

.

(127)

Proof. By definition of ET (ϵ), we have that

P (EcT (ϵ)) = P

 T⋃
t∈T 1/4

{P̂(t) /∈ Bξ(ϵ)∞ (P)}


= P

 T⋃
t∈T 1/4

 ⋃
a∈[M ],i∈[K]

µ̂a
i (t) /∈ Bξ(ϵ)∞ (µa

i )
⋃ ⋃

j∈[S]

(
F̂ a
ij(b, t) /∈ Bξ(ϵ)∞ (F a

ij)
)

≤
T∑

t=T 1/4

∑
a∈[M ],i∈[K]

(
P
(
µ̂a
i (t) /∈ Bξ(ϵ)∞ (µa

i )
)
+
∑
j∈[S]

P
(
F̂ a
ij(b, t) /∈ Bξ(ϵ)∞ (F a

ij)
))

.

(128)

Let T is large enough to satisfy that Na
ij(t) ≥

√
t−MK(S + 1) ≥ 0, then we have

P
(
F̂ a
ij(b, t) /∈ Bξ(ϵ)∞ (F a

ij)
)

=P
((

F̂ a
ij(b, t) ≤ F a

ij − ξ(ϵ)
)⋃(

F̂ a
ij(b, t) ≥ F a

ij + ξ(ϵ)
))

=P
(
F̂ a
ij(b, t) ≤ F a

ij − ξ(ϵ)
)
+ P

(
F̂ a
ij(b, t) ≤ F a

ij + ξ(ϵ)
)
,

(129)

Denote F̂ a
ij,l(b) as the estimate of F a

ij based on first l observations from Y a
ij , then we have

P
(
F̂ a
ij(b, t) ≤ F a

ij − ξ(ϵ)
)

=P
(
F̂ a
ij(b, t) ≤ F a

ij − ξ(ϵ), Na
ij(t) ≥

√
t−MK(S + 1)

)
≤

t∑
l=

√
t−MK(S+1)

P
(
F̂ a
ij,l(b) ≤ F a

ij − ξ(ϵ)
)

≤
t∑

l=
√
t−MK(S+1)

exp
(
−ld(F a

ij − ξ(ϵ), F a
ij)
)

≤
exp

(
−(
√
t−MK(S + 1))d(F a

ij − ξ(ϵ), F a
ij)
)

1− exp
(
−d(F a

ij − ξ(ϵ), F a
ij)
) ,

(130)
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where the second equation is from the Chernoff inequality. Using similar argument, we can obtain
that

P
(
F̂ a
ij(t) ≤ F a

ij + ξ(ϵ)
)
≤

exp
(
−(
√
t−MK(S + 1))d(F a

ij + ξ(ϵ), F a
ij)
)

1− exp
(
−d(F a

ij + ξ(ϵ), F a
ij)
) ,

P (µ̂a
i (t) ≤ µa

i − ξ(ϵ)) ≤
exp

(
−(
√
t−MK(S + 1))d(µa

i − ξ(ϵ), µa
i )
)

1− exp (−d(µa
i − ξ(ϵ), µa

i ))
,

P (µ̂a
i (t) ≤ µa

i + ξ(ϵ)) ≤
exp

(
−(
√
t−MK(S + 1))d(µa

i + ξ(ϵ), µa
i

)
1− exp (−d(µa

i + ξ(ϵ), µa
i ))

.

(131)

Therefore, we conclude that

P (EcT (ϵ)) ≤
T∑

t=T 1/4

B(ϵ,P) exp(−
√
tC(ϵ,P)) ≤ B(ϵ,P) exp

(
−C(ϵ,P)T 1/8

)
. (132)

Theorem 3. For problem instance P ∈ S, the Algorithm 1 satisfies that

lim sup
δ→0

E[τ ]
log(1/δ)

≤ H∗(P). (133)

Proof. Let Q = (νa,Φa)a∈[M ] denote an problem instance. Define

g(P̃, ω̃) = inf
Q∈A(P̃ )

∑
a∈[M ],i∈[K]

(
ω̃a
i(S+1)d(µ̃a

i )
d(µ̃a

i , ν
a
i ) +

∑
j∈[S]

ω̃a
ijd(F̃

a
ij ,Φ

a
ij(b))

)
.

Z∗
ϵ (P) = inf

P̃∈Bξ(ϵ)
∞ (P)

ω̃∈B3(MK(S+1)−1)ϵ
∞ (ω∗(P))

g(P̃, ω̃).
(134)

According to Lemma 8, ∀ϵ > 0, ∃Tϵ > 0, such that ∀T ≥ Tϵ, on event ET (ϵ), we have

sup
t≥

√
T

max
(a,i,j)∈[M ]×[K]×[S+1]

∣∣∣∣Na
ij(t)

t
− (ωa

ij)
∗(P)

∣∣∣∣ ≤ 3(MK(S + 1)− 1)ϵ. (135)

Note that, the stopping rule is

τ = inf{t ∈ N : inf
P̃∈A(P̂(t))

f(P̂(t), P̃) > β(t, δ)}

= inf{t ∈ N : inf
P̃∈A(P̂(t))

tg(P̂(t),ω∗(P̂(t))) > β(t, δ)}

= inf{t ∈ N : g(P̂(t),ω∗(P̂(t))) > β(t, δ)

t
}.

(136)

Therefore, ∀T > Tϵ and on ET (ϵ), we have

min(τ, T ) ≤
√
T +

T∑
t=

√
T

I (τ > t) ≤
√
T +

T∑
t=

√
T

I
(
g(P̂(t),ω∗(P̂(t))) ≤ β(t, δ)

t

)

≤
√
T +

T∑
t=

√
T

I
(
Z∗

ϵ (P) ≤
β(t, δ)

t

)
≤
√
T +

β(t, δ)

t
.

(137)

Following Garivier & Kaufmann (2016), we have

T0(δ) = inf{T ∈ N :
√
T +

β(t, δ)

t
< T} = 1

Z∗
ϵ (P)

(
O(log(1/δ)) +O(log log(1/δ))

)
,

which means ∀T > max(T0(δ), Tϵ), on ET (ϵ), we have τ < T .
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Figure 3: Optimal static sampling ratio ω∗ under different F41(b)

Finally, we conclude that

E[τ ] =
∞∑

T=1

P(τ ≥ t)

=

max(T0(δ),Tϵ)∑
T=1

P(τ ≥ t) +

∞∑
T=max(T0(δ),Tϵ)

P(ET (ϵ))P(τ ≥ t|ET (ϵ)) + P(EcT (ϵ))P(τ ≥ t|EcT (ϵ))

≤ T0(δ) + Tϵ +

∞∑
T=1

P(EcT (ϵ))

≤ 1

Z∗
ϵ (P)

(
O(log(1/δ)) +O(log log(1/δ))

)
+ Tϵ +

∞∑
T=1

B(ϵ,P) exp
(
−C(ϵ,P)T 1/8

)
.

(138)
Furthermore, we have

lim sup
δ→0

E[τ ]
log(1/δ)

≤ 1

Z∗
ϵ (P)

. (139)

Let ϵ→ 0, we have

lim sup
δ→0

E[τ ]
log(1/δ)

≤ H∗(P). (140)

D NUMERICAL EXPERIMENT

D.1 ILLUSTRATIVE EXAMPLES

In this subsection, we provide illustrative examples to demonstrate how the static optimal sampling
ratio balances identification difficulty across different tasks and constraints, managing the trade-off
between optimality and feasibility.

Single task example. In this example, there is 1 task, 4 arms and 1 constraint. The Xi are
Gaussian random variables with means µ = (1.0, 0.8, 1.2, 0.6) and standard deviations σ =
(1.0, 0.8, 1.0, 1.0). The Yij are Gaussian random variables with F = (0.95, 0.95, 0.80, 0.82). The
threshold parameter is ϕ = 0.9. Arm 1 is optimal, arm 2 is suboptimal, arm 3 is infeasible but has
a better objective value, and arm 4 is infeasible with a worse objective value.

Figure 3 illustrates the change in the static optimal sampling ratio ω∗ for different values of F41(b).
When F41(b) is much less than ϕ, identifying arm 4 as infeasible is easier than identifying it as sub-
optimal, therefore, ω42 = 0. In contrast, when F41(b) is close to ϕ, identifying arm 4 as suboptimal
becomes easier, then ω41 = 0. When both cases are equally difficult, there are multiple solutions,
and Figure 3 shows one of them, verifying the results in Theorem 2.
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Figure 4: Optimal static sampling ratio ω∗

under different µ2

0.700 0.725 0.750 0.775 0.800 0.825 0.850 0.875 0.900
F31(b)

0.0

0.2

0.4

0.6

0.8

1.0

R
at

io

Optimal allocation ratio under different settings

11
31
12
22
42

Figure 5: Optimal static sampling ratio ω∗

under different F31(b)

Figures 4 and 5 illustrate how the ω∗ changes with µ2 and F31(b). As µ2 approaches µ1, distin-
guishing between arms 1 and 2 becomes more difficult, and the ω∗ shifts focus toward verifying the
optimality of these arms, causing ω12 and ω22 to increase gradually. However, as F31(b) approaches
ϕ, the ω∗ shifts to focus on the feasibility of arm 3, leading to a gradual increase in ω31.

Multiple tasks example. This example involves 2 tasks, 3 arms, and 1 constraint. The Xa
i are

Gaussian random variables with means µ1 = (1.00, 0.90, 1.10), µ2 = (1.00, 0.99, 1.10), and
standard deviations σ1 = (1.0, 0.6, 1.0), σ2 = (1.0, 0.6, 1.0) . The Y a

ij are Gaussian random
variables with F 1 = (0.91, 0.91, 0.89) and F 2 = (0.91, 0.91, 0.89). The threshold parameter is
ϕ = 0.9. Arm 1 is optimal, arm 2 is suboptimal, and arm 3 is infeasible with a better objective
value.
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Figure 6: Optimal static sampling ratio ω∗

under different µ1
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Figure 7: Approximate sampling ratio in
Lemma 3 under different µ1

2

Figures 6 and 7 illustrate how the ω∗ and ω̃ in Lemma 3 changes with µ1
2. As µ1

2 approaches µ1
1,

both sampling rules focus on assessing the optimality of arms 1 and 2 in task 1, causing ω1
12 and

ω1
22 to gradually increase. When µ1

2 reaches 0.99, both tasks become equally difficult, resulting in
an equal sampling ratio across the two tasks.

D.2 EXPERIMENT CONFIGURATIONS

In Experiment 1, all random variables are Gaussian, with their mean and variance parameters
summarized in Table 2 and 3. Other parameters are set as b = 2.04 and ϕ = 0.9.

In Experiment 2, the objective-related random variables are Bernoulli, with their mean and variance
parameters summarized in Table 4. The constraint-related random variables are Gaussian, with
their mean and variance parameters summarized in Table 5. Other parameters are set as b = 2.0
and ϕ = 0.9.
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Table 2: Objective-related random variable parameters in experiment 1

TASK1 TASK2

Mean Variance Mean Variance
X1 1.000 1.000 1.000 1.000
X2 0.800 1.000 0.800 1.000
X3 1.200 1.000 1.200 1.000
X4 0.900 1.000 0.900 1.000

Table 3: Constraint-related random variable parameters in experiment 1

TASK1 TASK2

Mean Variance Quantile Mean Variance Quantile
Y11 0.400 1.000 1.682 0.400 1.000 1.682
Y21 0.400 1.000 1.682 0.400 1.000 1.682
Y31 1.203 1.000 2.485 1.203 1.000 2.485
Y41 2.045 1.000 3.326 2.045 1.000 3.326

D.3 PSEUDO-CODE OF ALL STRATEGIES

This subsection summarizes the pseudo-code for all strategies used in numerical experiments.

USR. The USR strategy in Algorithm 2 samples each task, arm, and metric pair equally.

Algorithm 2 USR Algorithm
1: Initialization. Pull each (a, i, j) ∈ [M ]× [K]× [S + 1] n0 times.
2: Set t← n0MK(S + 1), and update P̂(t), ω∗(P̂(t)), Na

i(S+1)(t), N
a
ij(t).

3: while infP̃∈A(P̂(t)) f(P̂(t), P̃) < β(t, δ) do
4:

πt+1 = argmin
(a,i,j)∈[M ]×[K]×[S+1]

Na
ij(t)

5: Sample the πt+1 and obtain one observation Zt+1.
6: Set t← t+ 1, and update P̂(t), ω∗(P̂(t)), Na

i(S+1)(t), N
a
ij(t).

7: end while
8: Output. Select îτ (a) = argmaxi∈[K] µ̂

a
i (τ) s.t. F̂ a

ij(τ) ≥ ϕ, ∀j ∈ [S], as the best arm for
each task a ∈ [M ].

ASR. The ASR strategy in Algorithm 3 utilizes the static sampling rule in (10) along with the em-
pirical estimate P̂(t) and updates the sampling rule adaptively. Note that, for simplicity, we set
Da

3 = Ma
2 in implementation to avoid solving the optimization problem required to differentiate

between Ma
1 and Ma

2 . We then use the approximate sampling rule, which does not significantly
impact the performance of the algorithm in our example.
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Algorithm 3 ASR Algorithm
1: Initialization. Pull each (a, i, j) ∈ [M ]× [K]× [S + 1] n0 times.
2: Set t← n0MK(S+1), and update P̂(t), ω̃(P̂(t)) (according to (10)), Ut, Na

i(S+1)(t), N
a
ij(t).

3: while infP̃∈A(P̂(t)) f(P̂(t), P̃) < β(t, δ) do
4:

πt+1 =

{
argminNa

ij(t) if Ut ̸= ∅ or ∃a ∈ [M ], {i∗(a, P̂(t))} = ∅ or D̂a
1(t) = ∅

argmax tω̃a
ij(P̂(t))−Na

ij(t)

5: Sample the πt+1 and obtain one observation Zt+1.
6: Set t← t+ 1, and update P̂(t), ω̃(P̂(t)), Ut, Na

i(S+1)(t), N
a
ij(t).

7: end while
8: Output. Select îτ (a) = argmaxi∈[K] µ̂

a
i (τ) s.t. F̂ a

ij(τ) ≥ ϕ, ∀j ∈ [S], as the best arm for
each task a ∈ [M ].

Algorithm 4 SEQSR Algorithm
1: Initialization. Pull each (a, i, j) ∈ [M ]× [K]× [S + 1] n0 times.
2: Set t← n0MK(S + 1), and update P̂(t), ω(t), Ut, Na

i(S+1)(t), N
a
ij(t).

3: while infP̃∈A(P̂(t)) f(P̂(t), P̃) < β(t, δ) do
4: (at, it, jt) = argmin(a,i,j)∈[M ]×[K]×[S+1] sa,i,j(P̂(t),ω(t))
5:

πt+1 =


argminNa

ij(t) if Ut ̸= ∅ or ∃a ∈ [M ], {i∗(a, P̂(t))} = ∅ or D̂a
1(t) = ∅

(at, it, jt) if Condition 1
(at, i∗(a, P̂(t)), jt) if Condition 2

6: Sample the πt+1 and obtain one observation Zt+1.
7: Set t← t+ 1, and update P̂(t), ω̃(P̂(t)), Ut, Na

i(S+1)(t), N
a
ij(t).

8: end while
9: Output. Select îτ (a) = argmaxi∈[K] µ̂

a
i (τ) s.t. F̂ a

ij(τ) ≥ ϕ, ∀j ∈ [S], as the best arm for
each task a ∈ [M ].
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Table 4: Objective-related random variable parameters in experiment 2

TASK1 TASK2

Mean Variance Mean Variance
X1 0.800 0.160 0.800 0.160
X2 0.600 0.240 0.600 0.240
X3 0.900 0.090 0.900 0.090
X4 0.400 0.240 0.400 0.240

Table 5: Constraint-related random variable parameters in experiment 2

TASK1 TASK2

Mean Variance Quantile Mean Variance Quantile
Y11 0.350 1.000 1.632 0.350 1.000 1.632
Y21 0.450 1.000 1.732 0.450 1.000 1.732
Y31 1.500 1.000 2.782 1.500 1.000 2.782
Y41 1.800 1.000 3.082 1.800 1.000 3.082

SEQSR. The SEQSR strategy in Algorithm 4 utilizes the sampling rule in (16)-(18) along with the
empirical estimate P̂(t) and update the sampling rule adaptively. In the Algorithm 4, condition 1 is:

(
it ∈ D̂a

2(t) ∪ M̂a
2(t) ∪ {i∗(a, P̂(t)}

)⋃
(
it ∈ D̂a

1(t) ∪ M̂a
1(t),

Nat

i∗(a,P̂(t))jt
(t)

Nat

i∗(a,P̂(t))jt
(t) +Nat

itjt(t)
>

(ωat

i∗(a,P̂(t))jt
)∗(P̂(t))

(ωat

i∗(a,P̂(t))jt
)∗(P̂(t)) + (ωat

itjt)
∗(P̂(t))

)
,

the condition 2 is:

(
it ∈ D̂a

1(t) ∪ M̂a
1(t),

Nat

i∗(a,P̂(t))jt
(t)

Nat

i∗(a,P̂(t))jt
(t) +Nat

itjt(t)
≤

(ωat

i∗(a,P̂(t))jt
)∗(P̂(t))

(ωat

i∗(a,P̂(t))jt
)∗(P̂(t)) + (ωat

itjt)
∗(P̂(t))

)
.

Note that, for simplicity, we set Da
3 = Ma

2 in implementation to avoid solving the optimization
problem required to differentiate between Ma

1 and Ma
2 . We then use the approximate sampling

rule, which does not significantly impact the performance of the algorithm in our example.

FWSR. The FWSR strategy in Algorithm 5 extends the algorithm in Wang et al. (2021) for the
standard BAI problem.

According to Lemma 6, we know that

G(ω,P) = min
a∈[M ]

min

(
min
j∈[S]

fa
i∗(a,P)j(ω,P), min

i∈[K]\{i∗(a,P)}
fa
i (ω,P)

)
, (141)
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is a non-smooth concave function and

fa
i∗(a,P)j(ω,P) = ωa

i∗(a,P)j d(F
a
i∗(a,P)j , ϕ),

gai (ω,P) =


inf µ̃a

i >µ̃a
i∗(a,P)

(
ωa
i(S+1) d(µ

a
i , µ̃

a
i ) + ωa

i∗(a,P)(S+1) d(µ
a
i∗(a), µ̃

a
i∗(a))

)
, if i ∈ Da

1∑
j∈Ba

2 (i)
ωa
ij d(F

a
ij , ϕ), if i ∈ Da

2

inf µ̃a
i >µ̃a

i∗(a,P)

(
ωa
i(S+1) d(µ

a
i , µ̃

a
i ) + ωa

i∗(a,P)(S+1) d(µ
a
i∗(a,P), µ̃

a
i∗(a))

)
+
∑

j∈Ba
2 (i)

ωa
ij d(F

a
ij , ϕ), if i ∈ Da

3

fa
i (ω,P) = min

(
min
i∈Da

1

ga1 (ω,P), min
i∈Da

2

ga2 (ω,P), min
i∈Da

3

ga3 (ω,P)
)
.

(142)

Then, we can compute that

∂fa
i∗(a,P)j(ω,P)

ωa
ij

=

{
d(F a

i∗(a,P)j , ϕ) if i = i∗(a,P), j ∈ [S]

0 otherwise

∂gai (ω,P)
ωa
ij

=


d(µa

i , µ
a
i,i∗(a,P)) if i ∈ Da

1 ∪ Da
3 , j = S + 1

d(µa
i∗(a,P), µ

a
i′,i∗(a,P)) if i = i∗(a,P), i′ ∈ Da

1 ∪ Da
3 , j = S + 1

d(F a
ij , ϕ) if i ∈ Da

2 ∪ Da
3 , j ∈ Ba2(i)

0 otherwise

(143)

Using (143), we can compute ∇fa
i∗(a,P)j(ω,P),∇gai (ω,P) and define the r-sub-differential sub-

space in Wang et al. (2021) with r ∈ (0, 1):

HG(ω,P)(ω, r) = cov

{
∇fa

i∗(a,P)j(ω,P),∇gai (ω,P) | a ∈ [M ], i ∈ [K], j ∈ [S], (144)

fa
i∗(a,P)j(ω,P) < G(ω,P) + r, gai (ω,P) < G(ω,P) + r

}
,

where cov{I} denotes the convex hull of the set I. Next, we apply the Frank-Wolfe algorithm to
adaptively update the sampling rule, as outlined in Algorithm 5. In the numerical experiment, we
set rt = t−0.9/MK(S + 1), consistent with the setting used in (Wang et al., 2021).

D.4 MOTIVATION FOR THE MULTI-TASK SETTING

For the multi-task BAI problem we consider, another natural approach is to solve each task indi-
vidually. In this subsection, we discuss the motivation behind and the benefits of solving the tasks
simultaneously.

First, we compare the numerical performance of the two methods across different numbers of tasks
M . Each task consists of 4 arms with a single constraint. All tasks are homogeneous, sharing the
same parameters as outlined in Tables 2-3.

We represent the methods that use SEQSR strategy and solves each task individually as Single-
SEQSR, to achieve the performance guarantee P(∀a ∈ [M ], i∗(a) = îτ (a)) ≥ 1− δ, we control the
error probability for each task to be less than δ/M .

We refer to our methods that use the SEQSR strategy and solve all tasks simultaneously as Multi-
SEQSR. To estimate the sample complexity, we conduct 1000 independent replications, with the
results summarized in Table 6.

The results show that Multi-SEQSR requires fewer samples to achieve the same statistical guaran-
tees. For example, when M = 8, Single-SEQSR incurs an additional sample cost of 18.94%, which
may be attributed to the statistical conservatism inherent in the stopping rule.

Another advantage of the multi-task setting is the generality of its mathematical models, which can
include the single-task problem as a special case. More importantly, the formulation and analysis
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Algorithm 5 FWSR Algorithm
1: Initialization. Pull each (a, i, j) ∈ [M ]× [K]× [S + 1] n0 times.
2: Set t← n0MK(S+1), and update P̂(t), ω(t), x(t)← (1/MK(S+1), . . . , 1/MK(S+1)),

Na
i(S+1)(t), N

a
ij(t).

3: while infP̃∈A(P̂(t)) f(P̂(t), P̃) < β(t, δ) do

4: if
√
⌊t/MK(S + 1)⌋ ∈ N or ∃a ∈ [M ],

(
{i∗(a, P̂(t))} = ∅ ∪ D̂a

1(t) = ∅
)

then
5: z(t+ 1)← (1/MK(S + 1), . . . , 1/MK(S + 1))
6: else
7: z(t+ 1)← argmaxz∈Ω minh∈HG(ω(t),P̂(t))(x(t),rt)

< z − x(t), h >

8:
9: x(t+ 1)← t

t+1x(t) +
1

t+1z(t+ 1)
10:
11:

πt+1 = argmax
(a,i,j)∈[M ]×[K]×[S+1]

x(t+ 1)

ω(t)

12: end if
13: Sample the selected arm πt+1 and obtain observation Zt+1.
14: Increment t← t+ 1, and update P̂(t), ω(t), Na

i(S+1)(t), N
a
ij(t).

15: end while
16: Output: For each task a ∈ [M ], select the best arm:

îτ (a) = argmax
i∈[K]

µ̂a
i (τ) s.t. F̂ a

ij(τ) ≥ ϕ, ∀j ∈ [S]

Table 6: Comparison of Single-SEQSR and Multi-SEQSR under different numbers of tasks

M δ Single-SEQSR Multi-SEQSR Ratio Additional Cost
2 0.1 2984.01 2745.81 1.09 8.67%
4 0.2 5943.42 5292.85 1.12 12.29%
6 0.24 9411.51 8053.55 1.17 16.86%
8 0.24 13428.68 11290.69 1.19 18.94%

methods can be extended to scenarios where there is linear structure across tasks, as demonstrated
in Section E.2.

D.5 EFFECT OF HYPER-PARAMETERS n0

Figure 8 and Table D.5 summarize the empirical sample complexity for 1000 independent runs of
various strategies across different n0 values for the Gaussian bandit. The results are consistent with
those in Figure 1. ESR and SEQSR outperform the other benchmarks.

Table 7: Empirical sample complexity for 1000 runs times with δ = 0.1 and different n0 for Gaus-
sian bandit

n0 USR ASR FWSR SEQSR ESR
10 10179.68 4807.64 5692.85 2745.81 3792.85
20 10216.50 4751.39 5893.63 2806.00 3814.50
30 10293.07 4853.74 5956.22 2816.83 3848.68
40 10262.33 4794.75 5887.34 2943.61 3829.84
50 10114.14 4912.75 6024.18 3437.72 4100.23
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Figure 8: Empirical sample complexity for 1000 runs times with δ = 0.1 and n0 = 30 (left) and
n0 = 50 (right) for Gaussian bandit.
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Figure 9: Empirical sample complexity for 1000 runs times with n0 = 10 and δ = 0.05 (left) and
δ = 0.01 (right) for Gaussian bandit.
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Figure 10: Average time per run (seconds) for different strategies in Gaussian and Bernoulli Bandit
with n0 = 10.

D.6 EFFECT OF CONFIDENCE LEVEL δ

Figure 9 presents the empirical sample complexity for 1000 independent runs of various strategies
across different values of δ for the Gaussian bandit. The results align with those in Figure 1. As
δ decreases, all algorithms require more samples, with ESR and SEQSR outperforming the other
benchmarks.

D.7 COMPUTATIONAL EFFICIENCY

Figure 10 shows the average time per run (in seconds) for various strategies in both Gaussian and
Bernoulli bandits, each using the same fixed sample size: 3000. The computational efficiency of
USR, ASR, FWSR, and SEQSR is comparable and significantly higher than that of the ESR strategy.

In the Gaussian bandit example, SEQSR is much more efficient than in the Bernoulli bandit. This is
because, in Bernoulli bandit, SEQSR uses the sampling rules in (16)-(18), which require solving an
optimization problem to obtain ω∗(P̂(t)) in some iterations. However, in Gaussian bandit case, the
optimal condition ∑

i∈Da
1∪Ma

1

d(µa
i∗(a,P), µ

a
i,i∗(a,P))

d(µa
i , µ

a
i,i∗(a,P))

= 1,∀a ∈ [M ] (145)

is equivalent to

(ωa
i∗(a,P)(S+1))

∗(P) = σa
i∗(a,P)(S+1)

√√√√ ∑
i∈Da

1∪Ma
1

((ωa
i(S+1))

∗(P))2

(σa
i(S+1))

2
, (146)

Define
(at, it, jt) = argmin

(a,i,j)∈[M ]×[K]×[S+1]

sa,i,j(P,ω(t)). (147)

A more efficient sampling rule is to choose (at, it, jt) if it ∈ Da
2∪Ma

2∪{i∗(a,P)} or it ∈ Da
1∪Ma

1
with

ωa
i∗(a,P)(S+1)(t) > σa

i∗(a,P)(S+1)

√√√√ ∑
i∈Da

1∪Ma
1

(ωa
i(S+1)(t))

2

(σa
i(S+1))

2
. (148)

and choose (at, i∗(a,P), jt) otherwise. Since this sampling rule does not require solving an opti-
mization problem, it is much more efficient.
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Figure 11: Empirical sample complexity for 1000 runs time with n0 = 10 and δ = 0.1 for Gaussian
bandit with more arms.

Table 8: Objective-related random variable parameters in Gaussian bandit example with more arms

TASK1 TASK2

Mean Variance Mean Variance
X1 1.000 1.000 1.000 1.000
X2 0.700 1.000 0.700 1.000
X3 0.600 1.000 0.600 1.000
X4 1.300 1.000 1.300 1.000
X5 1.400 1.000 1.400 1.000
X6 0.700 1.000 0.700 1.000
X7 0.800 1.000 0.800 1.000

D.8 GAUSSIAN BANDIT EXAMPLE WITH MORE ARMS

In this subsection, we consider a larger Gaussian bandit example with 2 tasks, 7 arms, and 1 con-
straint. The mean and variance parameters of the corresponding random variables are summarized
in Table 8 and 9. Other parameters are set as b = 2.0 and ϕ = 0.9.

Figure 11 presents the empirical sample complexity for 1,000 runs of this example. The results
indicate that SEQSR, with an average sample complexity of 2074.71, performs relatively better than
the other strategies. FWSR, with an average sample complexity of 2862.06, and ESR, with ,3103.25
show comparable performance.

E EXTENSION TO LINEAR BANDIT

E.1 PROOF OF THEOREM 4

Theorem 4. Given a fixed confidence level δ ∈ (0, 1). Under Assumption 3, for any linear BAI

problem instance P ∈ S and any strategy satisfying P
(
∀a ∈ [M ], i∗(a) = îτ (a)

)
≥ 1− δ,

E[τ ] ≥ H∗(P)kl(δ, 1− δ), (149)
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Table 9: Constraint-related random variable parameters in Gaussian bandit with more arms

TASK1 TASK2

Mean Variance Quantile Mean Variance Quantile
Y11 0.350 1.000 1.632 0.350 1.000 1.632
Y21 0.450 1.000 1.732 0.450 1.000 1.732
Y31 0.450 1.000 1.732 0.450 1.000 1.732
Y41 1.650 1.000 2.932 1.650 1.000 2.932
Y51 1.650 1.000 2.932 1.650 1.000 2.932
Y61 1.750 1.000 3.032 1.750 1.000 3.032
Y71 1.750 1.000 3.032 1.750 1.000 3.032

where Λa
j =

∑
i∈[K] ω

a
ij

xix
T
i

(σa
ij)

2 ,Λ
a
S+1 =

∑
i∈[K] ω

a
i(S+1)

xix
T
i

(σa
i )

2 ,

H∗(P)−1 =
1

2
sup
ω∈Ω

min
a∈[M ]

min

(
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a
j )

2

xT
i∗(a)(Λ

a
j )

−1xi∗(a)

, min
i∈Da

1

((xi − xi∗(a))
T θaS+1)

2

∥xi − xi∗(a)∥2(Λa
S+1)

−1

,

min
i∈Da

2

∑
j∈Ba

2 (xi)

(b− xT
i θ

a
j )

2

xT
i (Λ

a
j )

−1xi
, min
i∈Da

3

 ((xi − xi∗(a))
T θaS+1)

2

∥xi − xi∗(a)∥2(Λa
S+1)

−1

+
∑

j∈Ba
2 (xi)

(b− xT
i θ

a
j )

2

xT
i (Λ

a
j )

−1xi

). (150)

Proof. The analysis follows the same approach as in the Theorem 1 and we initiate the analysis for
the linear bandit starting from (35)

E[τ ] ≥ H∗(P)kl(δ, 1− δ), (151)

where

H∗(P)−1 = sup
ω∈Ω

inf
P̃∈A(P)

∑
a∈[M ]

∑
i∈[K]

ωa
i(S+1)d(x

T
i θ

a
S+1, x

T
i θ̃

a
S+1) +

∑
j∈[S]

ωa
ijd(x

T
i θ

a
j , x

T
i θ̃

a
j )

 .

(152)
For each task a ∈ [M ] and constraint j ∈ [S], define

Cai∗(a,P)j = {θ̃ : xT
i∗(a,P)θ̃

a
j > b}. (153)

For each task a ∈ [M ] and arm i ∈ [K] \ {i∗(a,P)}, define

Cai = {θ̃ : (xi − xi∗(a,P))
T θ̃aS+1 ≥ 0, xT

i θ̃
a
j ≤ b,∀j ∈ [S]}, (154)

where θ̃ = (θ̃aj )a∈[M ],j∈[S+1] = P̃ denote the problem instance P̃ .

According to (39), we have

A(P) =
⋃

a∈[M ]

 ⋃
j∈[S]

Cai∗(a,P)j

⋃ ⋃
i∈[K]\{i∗(a,P)}

Cai

 , (155)

Define

f(ω,P, P̃) =
∑

a∈[M ]

∑
i∈[K]

ωa
i(S+1)d(x

T
i θ

a
S+1, x

T
i θ̃

a
S+1) +

∑
j∈[S]

ωa
ijd(x

T
i θ

a
j , x

T
i θ̃

a
j )

 , (156)

and G(ω,P) = infP̃∈A(P) f(ω,P, P̃). Then, according to (155), we have

G(ω,P) = min
a∈[M ]

min

(
min
j∈[S]

fa
i∗(a,P)j(ω,P), min

i∈[K]\{i∗(a,P)}
fa
i (ω,P)

)
, (157)
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where fa
i∗(a,P)j(ω,P) = infP̃∈Ca

i∗(a,P)j
f(ω,P, P̃), fa

i (ω,P) = infP̃∈Ca
i
f(ω,P, P̃).

We first consider fa
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i∗(a,P)j(ω,P) = inf

P̃∈Ca
i∗(a,P)j

f(ω,P, P̃)

= inf
xT
i∗(a,P)

θ̃a
j >b

∑
a∈[M ]

∑
i∈[K]

ωa
i(S+1)d(x

T
i θ

a
S+1, x

T
i θ̃

a
S+1) +

∑
j∈[S]

ωa
ijd(x

T
i θ

a
j , x

T
i θ̃

a
j )


= inf

xT
i∗(a,P)

θ̃a
j >b

∑
i∈[K]

∑
j∈[S]

ωa
ijd(x

T
i θ

a
j , x

T
i θ̃

a
j )

= min
j∈[S]

inf
xT
i∗(a,P)

θ̃a
j >b

∑
i∈[K]

ωa
ijd(x

T
i θ

a
j , x

T
i θ̃

a
j ).

(158)

According to Assumption 3, we have∑
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where Λa
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∑
i∈[K] ω

a
ij

xix
T
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(σa
ij)

2 .

Consider the optimization problem

inf
xT
i∗(a,P)

θ̃a
j >b

1

2
(θaj − θ̃aj )

TΛa
j (θ

a
j − θ̃aj ). (160)

The KKT condition can be derived as

Λa
j (θ

a
j − θ̃aj ) + λxi∗(a,P) = 0, (161)

xT
i∗(a,P)θ̃

a
j = b. (162)

According to (161), we have
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Plug (163) into (162), we have
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Next, we analyze mini∈[K]\{i∗(a,P)} f
a
i (ω,P), notice that
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The analysis for mini∈Da
2
fa
i (ω,P) and mini∈Da

3
fa
i (ω,P) are similar.

Finally, we conclude that

H∗(P)−1 =
1

2
sup
ω∈Ω

min
a∈[M ]

min

(
min
j∈[S]

(b− xT
i∗(a)θ

a
j )

2

xT
i∗(a)(Λ

a
j )

−1xi∗(a)

, min
i∈Da

1

((xi − xi∗(a))
T θaS+1)

2

∥xi − xi∗(a)∥2(Λa
S+1)

−1

,

min
i∈Da

2

∑
j∈Ba

2 (xi)

(b− xT
i θ

a
j )

2

xT
i (Λ

a
j )

−1xi
, min
i∈Da

3

 ((xi − xi∗(a))
T θaS+1)

2

∥xi − xi∗(a)∥2(Λa
S+1)

−1

+
∑

j∈Ba
2 (xi)

(b− xT
i θ

a
j )

2

xT
i (Λ

a
j )

−1xi

). (171)

E.2 LINEAR STRUCTURES ACROSS TASKS

In this subsection, we introduce a new multi-task BAI problem with constraints, incorporating linear
structural information among tasks. In personalized medicine, the agent aims to identify the best
drug for each patient, represented by a feature vector capturing demographics and physical condi-
tions. Patients with similar features are likely to experience similar efficacy and side effects. Thus,
observations from one patient can inform others, enabling the agent to improve sampling efficiency
by utilizing structural information across patients.

Consider that each task a is associated with a feature vector ca ∈ Rd. For simplicity, we assume that
each arm i has two performance metrics (Xa

i , Y
a
i ) ∈ R2 (S = 2), represented as linear functions

of the features ca, a ∈ [M ]. The results can be extended to settings with multiple constraints using
our previous method.

Assumption 4. There exist unknown parameter βi, γi, i ∈ [K] such that Xa
i = βT

i c
a + ϵ and

Y a
i = γT

i c
a + ϵ, where ϵ ∼ N(0, σ2), ∥ca∥2 ≤ 1,∀a ∈ [M ], and ∥βT

i ∥2 ≤ 1, ∥γi∥2 ≤ 1,∀i ∈ [K].

The agent needs to solve the following optimization problem for each task

max
i∈[K]

βT
i c

a s.t. γT
i c

a ≤ b. (172)
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Theorem 6. Given a fixed confidence level δ ∈ (0, 1). Under Assumption 4, for any linear BAI

problem instance P ∈ S and any strategy satisfying P
(
∀a ∈ [M ], i∗(a) = îτ (a)

)
≥ 1− δ,

E[τ ] ≥ H∗(P)kl(δ, 1− δ), (173)

where Λi =
∑

a∈[M ]
ωa

i1

σ2 c
a(ca)T ,Θi =

∑
a∈[M ]

ωa
i2

σ2 c
a(ca)T ,

H∗(P)−1 =
1

2
sup
ω∈Ω

min
a∈[M ]

min

(
(b− γT

i∗(a)c
a)2

(ca)TΛ−1
i∗(a)c

a
, min
i∈Da

1

((βi∗(a) − βi)
T ca)2

(ca)T (Θ−1
i +Θ−1

i∗(a))c
a
,

min
i∈Da

2

(b− γT
i c

a)2

(ca)TΛ−1
i ca

, min
i∈Da

3

[
((βi∗(a) − βi)

T ca)2

(ca)T (Θ−1
i +Θ−1

i∗(a))c
a
+

(b− γT
i c

a)2

(ca)TΛ−1
i ca

])
.

(174)

Proof. The proof follows the same approach as that of Theorem 4 and is therefore omitted.
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