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Abstract001

To introduce human-created conventions spec-002
ified in natural language into multi-agent sys-003
tems (MASs), it is necessary to convert them004
into rules that agents can process and reason005
about. In this paper we introduce a quantifier-006
free higher-order formal language for represent-007
ing these conventions. To facilitate the transla-008
tion, we employ large language models (LLMs)009
to convert natural language conventions into010
this formal logic. However, assessing the qual-011
ity of these automatically generated translations012
requires similarity metrics that capture seman-013
tic meaning, while faithfully reflecting differ-014
ences in logical structure. Existing metrics used015
in natural language to first-order logic (NL-016
FOL) translation tasks, such as BLEU and Log-017
ical Equivalence, prove insufficient for this pur-018
pose. They usually lack sensitivity to semantic019
similarities between conceptually related pred-020
icates and fail to account for structural differ-021
ences between formulae. This paper proposes022
a novel similarity metric designed specifically023
to address these limitations by accounting for024
similarity across both semantic and structural025
dimensions. We test our proposed metric and026
compare it to BLUE and LE on the NL-FOL027
pairs from the MALLS dataset and show that028
it provides more comprehensive and reliable029
similarity assessments.030

1 Introduction031

Conventions can be defined as recurrent behaviour032

patterns of communities (Balke et al., 2013) that033

increase the predictability of interaction outcomes.034

The term ‘convention’ is often related to patterns035

resulting from an agreement among members of036

a given community or culture. The term ‘norm’037

is often associated with legal aspects of behaviour038

and contains rewards or sanctions. In this paper,039

we will use the term ‘convention’, but our pro-040

posal could be applied to norms or rules, as they041

all share the same basic structure. In an AI context,042

such conventions can coordinate agents’ actions in 043

multi-agent systems (MASs) and simplify decision- 044

making machinery. In general, not all agents are 045

necessarily willing or capable of adhering to the 046

same conventions. However, in a cooperative multi- 047

agent system, it is reasonable to assume that agents 048

will align on shared conventions to enhance coordi- 049

nation and overall system performance. 050

When these conventions are expressed in nat- 051

ural language (NL), they must first be translated 052

into a formal representation that agents can process. 053

Large language models (LLMs) have shown strong 054

capability in performing such translations. How- 055

ever, reliable methods are still needed to assess the 056

quality of such translations. To enable systematic 057

evaluation, we adopt gold-standard formalisations 058

of NL conventions as reference standards. 059

Evaluating the similarity between formal rep- 060

resentations requires sensitivity to both logical 061

structure and semantic meaning. Existing metrics 062

adapted from natural language to first-order logic 063

(NL-FOL) translation, such as BLEU and Logical 064

Equivalence (LE), fall short in this regard. For 065

instance, BLEU measures surface token overlap 066

but ignores semantic relationships between predi- 067

cates, while LE captures truth-table similarity but 068

overlooks finer structural and semantic nuances. 069

Consequently, neither provides a comprehensive 070

picture of how closely a generated formula aligns 071

with the intended meaning. 072

To overcome these limitations, we propose a new 073

similarity metric that compares formulae by con- 074

verting them into Disjunctive Normal Form (DNF)- 075

like trees and measuring similarity across both se- 076

mantic and structural dimensions. We then bench- 077

mark our metric against BLEU and LE, examining 078

not only correlations but also cases of disagree- 079

ment. Our analysis reveals that the proposed sim- 080

ilarity correlates moderately with both baselines, 081

while offering deeper insights in situations where 082

BLEU and LE diverge. These results highlight the 083
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advantages of combining semantic and structural084

perspectives, and they underscore the limitations085

of existing metrics when applied in isolation. Our086

proposed similarity metric is designed to work with087

quantifier-free higher-order logic (HOL). This for-088

malism was chosen because it provides the expres-089

sive power needed to capture complex convention090

structures while avoiding the computational over-091

head introduced by quantifiers.092

The contributions of this work are as follows:093

(1) we introduce a quantifier-free formal language094

and tree-based representation that enables tractable095

yet comprehensive similarity comparison; (2) we096

develop and validate a composite similarity metric097

that integrates semantic and structural assessment;098

and (3) we provide detailed analysis of metric be-099

haviours, revealing specific limitations of the differ-100

ent approaches and identifying directions for future101

improvement in formal representation evaluation.102

The remainder of the paper is organised as fol-103

lows. Section 2 reviews related work, and Section 3104

introduces our quantifier-free HOL. Section 4 de-105

tails the proposed similarity metric, while Section 5106

and Section 6 present and analyse the experimental107

results. Section 7 discusses the strengths and lim-108

itations of our approach, before concluding with109

Section 8.110

2 Background111

Some NLP techniques for norm extraction have112

been presented and evaluated in Ferraro et al.113

(2020), including relation extraction and semantic114

parsing. Nevertheless, they did not involve LLMs115

in their work. In this section, we focus on the tech-116

niques that use LLMs for norm extraction. Some117

previous works applied LLMs to extract implicit118

norms as natural language text from sources that119

were themselves written in natural language (Fung120

et al., 2023; Qu et al., 2024; Zin et al., 2024; Pujari121

and Goldwasser, 2025). Apart from these, other122

works required the LLMs learn norm from input123

and follow them in their downstream tasks, but did124

not require them to generate the norms as output125

(Bachinger et al., 2024; Kim et al., 2025). Haque126

and Singh (2024) proposed an approach for formal-127

ising norms by extracting normative relationships128

from unstructured legal contracts via LLMs. Sim-129

ilarly, Janatian et al. (2023) aimed to create struc-130

tured representations for legalisation. One of the131

most recent symbolic attempts is to generate Defea-132

sible Deontic Logic (DDL) from nature language133

description (Horner et al., 2025). The authors pro- 134

pose thorough criteria to compare the generated 135

DDL with expert-crafted formalisation from dif- 136

ferent aspects, including completeness, syntactic 137

and semantic correctness, deontic modality accu- 138

racy, precondition appropriateness, and meaning- 139

fulness/reuse of atom names. Each aspect is repre- 140

sented as binary value (1 for satisfied, 0 for unsat- 141

isfied). Although the calculation of final success 142

score is formally defined, they did not clarify if they 143

automated the procedure for deciding if an aspect is 144

satisfied or not. Moreover, this approach is tailored 145

specifically to DDL, as it is a non-monotonic logic 146

that incorporates features absent in monotonic log- 147

ics such as First-Order logic (FOL). As a result, 148

adapting it to our setting is challenging. 149

In our search for suitable similarity metrics, we 150

extend our focus to NL–FOL translations, since 151

our proposed language remains closely related to 152

FOL and this area has been more extensively stud- 153

ied. However, we have found that many works are 154

focusing on the downstream task accuracy (e.g., 155

inference) (Olausson et al., 2023; Tian et al., 2021; 156

Faghihi et al., 2024; Han et al., 2024; Raheja et al., 157

2024), and they do not include metrics for simi- 158

larities between FOLs. Some works also applied 159

solvers or verifiers to validate if two FOLs are log- 160

ically equivalent (Thatikonda et al., 2024; Wang 161

et al., 2024; Karia et al., 2025; Ryu et al., 2025). 162

In Yang et al. (2024) they adapted BLEU and LE 163

(also used in (Xu et al., 2024; Liu, 2025)), which 164

are suitable for our language. For BLEU calcu- 165

lation, a tokenizer is used to convert FOLs into 166

tokens, including operators, terms, parentheses and 167

commas. BLEU measures similarity by calculating 168

n-gram overlap between token sequences of gener- 169

ated and gold standard FOLs. As for LE, a parser 170

first parses FOLs as CFG trees based on token se- 171

quences. Predicates from generated FOLs are then 172

bound to gold standard ones, and LE calculates the 173

overlap ratio between their truth tables. Therefore, 174

we have chosen to use them as our baseline metrics. 175

3 A Quantifier-free Higher-order Logic 176

Since machine-readable rules for conventions are 177

highly similar to FOL in structure, and there are 178

more established models and datasets for NL-FOL 179

translation, we initially decided to use FOL for 180

representation. 181

For instance, consider this rule for the conven- 182

tion ‘playing chop card’. It is from the board game 183
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Hanabi, and this rule reads as follows: ‘If a player184

played a card from their chop slot (which is by185

default the right-most in a player’s hand, where186

the card is unknown to this player), then they are187

considered to have played their chop card’.188

convention(189

play_card(S), #action190

role(Ag,Role) & chop(Role, S), #condition191

interp(Ag, play_chop(S)) #interp192

).193

This rule can simply be broken into three parts194

that describe the action, condition, and interp195

(short for ‘interpretation’). The agent can take the196

action when all the beliefs in condition are satis-197

fied. The action taken under specific condition198

should be interpreted as a conventional move by199

the other agents, marked in interp. This rule can200

be written in a FOL implication-style clause:201

(role(Ag,Role) ∧ chop(Role, S)) →202

(play_card(S) ∧ interp(Ag, play_chop(S)))203

However, it quickly became evident that FOL204

is not enough. Theory of mind and nested205

beliefs are common in gaming conventions,206

like Hanabi’s. Foe example, a nested belief207

‘Alex believes that Sam believes that they have208

played their chop card’ would be represented as209

Believe(Alex,Believe(Sam,done(Alex,play_210

chop),turn)). This is a higher-order predicate in211

logic.212

Therefore, we propose a quantifier-free HOL. In213

other words, while we allow nested predicates, we214

do not include quantifiers for the time being. We215

also note that while we do have predicates such216

as Believe, we are not truly stepping into modal217

logic since we do not (in this work) deal with such218

predicates as operators.219

For evaluating the similarity of formulae, we con-220

vert each formula in our language into a DNF-like221

tree so we can compare those trees. This conver-222

sion is possible in our proposed language because223

not having quantifiers allows us to avoid the infi-224

nite branching issues that arise in first or higher225

order logics. Furthermore, DNF-style distributivity226

of ‘and’ over ‘or’ still applies. Though the literals227

are no longer flat predicates but possibly nested228

predicate terms. To create those nested predicate229

terms, we treat each predicate symbol as a node230

in the tree, whose arguments become its children.231

Just like a DNF, disjunctions will be at the top of232

the tree, conjunctions a level below that, and the 233

nested predicate atoms as leaves. In summary, the 234

only difference from classical DNF is that the liter- 235

als are not atomic variables but structured/nested 236

predicate terms. 237

4 The Semantic Similarity Metric 238

Assuming we have a well-formed formula in our 239

quantifier-free HOL, we represent it structurally as 240

a DNF-like tree. This allows us to compare the 241

semantic similarities of formulae while taking their 242

structural composition into account, rather than 243

considering terms in isolation. In this DNF-like 244

representation, each predicate symbol is treated as 245

a node in the tree, and its arguments appear as child 246

nodes. Nested predicates are handled naturally in 247

this framework, since the output of one predicate 248

node can itself serve as the child of another. Log- 249

ical connectives (∧, ∨, ¬) are also represented as 250

internal nodes in the tree. 251

For example, suppose we have a DNF- 252

like formula in our higher-order setting: 253

(R(w,v) ∧ ¬S(i,j)) ∨ P(x,Q(y,z)). This 254

mirrors the disjunctive normal form structure 255

of propositional logic, but the literals here are 256

predicate expressions (possibly nested), rather than 257

atomic propositional variables. The DNF-like 258

tree structure is illustrated in Figure 1 with the 259

tree always starting with OR as root, since it is 260

the primary connective operator between groups 261

of predicates. The position of the other elements 262

in the tree, from shallow to deep, is: AND, NOT, 263

predicate terms, and arguments. 264

Figure 1: A example of a DNF-like tree.

We assign unique names to the AND operators 265

in each tree to indicate that they connect distinct 266

groups of nodes. Without this naming, informa- 267

tion about the grouping along paths would be lost 268

during the comparison of formulae. 269

After converting a formula in our quantifier-free 270

HOL to a DNF-like tree, the similarity between 271

two formualae in our logic becomes the similarity 272

between the two DNF-like trees. 273
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Suppose we are comparing two DNF-like trees,274

T1 and T2. To do so, and because the similarity275

between two trees (TreeSim) is asymmetric, we276

choose to be cautious and take the minimal similar-277

ity of each possible directional combination. This278

ensures the reported similarity reflects the worst-279

case alignment between the trees, accounting for280

differences in structure and grouping of subtrees:281

Sim(T1, T2) =
min(TreeSim(T1, T2), T reeSim(T2, T1))

(1)
282

This Sim has the range [0, 1]. The value closer283

to 1 means the trees are more similar to each other284

(1 for identical trees), while the value closer to285

0 means less similar. For tree similarity in one286

direction, we first calculate the similarity between287

each path in T1 with T2 as a whole, and then take288

the average across all paths of T1. Intuitively, this289

ensures that every path in T1 contributes to the final290

score, and prevents the result from being dominated291

by a single path match. This similarity from T1 to292

T2 is defined as follows:293

TreeSim(T1, T2) =
NoP (T1)∑

i=1

PathTreeSim(PT1
i , T2)

NoP (T1)

(2)294

where NoP (T1) is the number of paths in tree T1,295

and PT1
i is the i-th path of T1.296

To calculate the similarity between a single path297

in T1 and a tree T2, we take the maximal similarity298

between T1 and the paths in T2. In other words,299

we consider for T1 its best matching path in T2.300

We also consider how many times a certain path in301

T2 (PT2
j ) is used as the best match for the different302

paths in T1. The intuition is that if a path in T2 is303

reused to match multiple paths in T1, we penalise304

for this repetition by dividing the path similarity305

with T2 by the number of times the matching path306

in T2 has been reused. The similarity between a307

path in T1 and T2 is defined as follows:308

PathTreeSim(PT1
i , T2) =

max
j∈[1,NoP (T2)]

PathSim(PT1
i ,PT2

j )

PathReuse(j∗(i))

(3)309

where j∗(i) is the best-matching path in tree T2310

for path P T1
i , and it is defined accordingly:311

j∗(i) = arg max
j∈[1,NoP (T2)]

PathSim(P T1
i , P T2

j )312

And the number of times that matched path (j∗(i)) 313

has also matched other paths of tree T1 is defined 314

by the PathReuse function accordingly: 315

PathReuse(j) =

NoP (T1)∑
k=1

δ(j∗(k) = j) 316

where δ(condition) simply returns 1 every time 317

the condition is true. 318

To calculate the similarity between two paths, 319

the basic idea is to calculate the similarity between 320

the nodes of each level of the path, one at a time, 321

and take the average of those node similarities. The 322

intuition here is that two paths are considered sim- 323

ilar if their nodes match well across most levels. 324

The average similarity captures the overall align- 325

ment of their structure. However, there are other 326

penalisations that we ultimately have to introduce, 327

and which are captured in the path similarity equa- 328

tion defined below: 329

PathSim(Pi,Pj) =
X∑

n=1

PenNodeSim(APi
n ,A

Pj
n )

X ·Harmonic_Sum(Y )

(4) 330

First, we have X = min(PathLength(Pi), 331

PathLength(Pj)), where PathLength(P ) re- 332

turns the length of path P . In other words, X 333

describes the length of the shorter path, and the 334

averaging of node similarities stops once all nodes 335

in the shorter path have been compared. 336

Now note that in Equation 4, in addition 337

to computing the average of node similar- 338

ities by dividing their summation by X , 339

we also divide that final path similarity 340

by the harmonic sum of Y , where Y = 341

(max(PathLength(Pi), PathLength(Pj)) − 342

X) + 1, and it represents the difference between 343

the paths’ lengths. We add 1 to avoid dividing 344

by 0 when the difference is 0. The intuition 345

behind dividing by the harmonic sum is to penalise 346

for differences in path lengths that result in 347

ignoring nodes in the longer path. The choice 348

of the harmonic sum has been motivated by 349

its smooth penalisation effect that grows with 350

larger differences, while avoiding overly harsh 351

reductions. Though other penalisation strategies 352

can be investigated in future work. 353

Finally, we note that the node similarity used in 354

Equation 4 is already a penalised version of the 355

actual similarity between two nodes (NodeSim). 356
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This penalisation depends on the number of nodes357

whose similarity is being aggregated (X). For ex-358

ample, when comparing only two nodes, a simple359

average can be misleading. If one similarity is360

very high and the other very low, the high value361

can dominate, masking the poor alignment of the362

low-similarity node. As an illustration, consider363

the two-length paths describing ‘cold(Alex)’ and364

‘eating(Alex)’. Since both paths share the same365

constant at the second node (‘Alex’), this node366

contributes a high similarity to the overall path367

similarity. However, the first nodes (‘cold’ vs. ‘eat-368

ing’) are semantically very different, with a low369

similarity. To address this issue, and motivated by370

the initial experimental results, we decided to pe-371

nalise the similarities, where lower similarities get372

a stronger penalisation. Furthermore, we reduce373

the penalisation as the number of nodes (X) grows.374

This is because as the number of nodes increases,375

the influence of individual nodes is diluted by the376

other nodes, so less penalisation is needed. This377

design ensures that the metric remains sensitive to378

mismatches in small sets while remaining stable379

for longer paths.380

To achieve this, we define PenNodeSim as fol-381

lows:382

PenNodeSim(APi
n ,A

Pj
n ) ={

NodeSim(APi
n ,A

Pj
n ) , if X = 1

NodeSim(APi
n ,A

Pj
n )1+

α
X , otherwise

(5)383

where X is the length of the shorter path (as384

defined earlier). The first case states that if we are385

only aggregating one node similarity, no penalisa-386

tion is applied. Otherwise, the penalisation depends387

on the number of nodes being considered (X) and388

a scaling factor α, which controls the strength of389

the penalisation. When α is 0, no penalisation is390

applied. But our experiments reveal that perfor-391

mance is best when α is 3, 4 or 5 (we use 5 in our392

experiments). The larger α is, or the lower X is,393

the more aggressive the penalisation.394

We note that our proposal includes penalisation395

at different stages. Naturally, alternative penalisa-396

tion approaches could be examined in future work.397

Similarly, while our primary aggregation method398

has been the average, future research may explore399

alternative aggregation strategies.400

Next, we define the similarity between two401

nodes (NodeSim). Node similarities are derived402

from embeddings that capture their semantic mean-403

ing, allowing us to recognise related nodes even404

when their symbols differ (e.g. ‘buy’ and ‘pur- 405

chase’). But first, some rules are applied before 406

the embedding-based similarity is calculated. For 407

example, if one or both of the nodes is an operator, 408

then we apply the following rules. The similarity 409

between different operators is 0 (this is the case for 410

the similarity between AND and NOT, recall that 411

the OR is always a root node so it never gets com- 412

pared to other nodes). The similarity between an 413

operator and a node that is not an operator (like vari- 414

ables, constants, or predicate symbols) is also 0. A 415

special case is the similarity between ANDs, which 416

are numbered uniquely in each tree to indicate dis- 417

tinct groups (as explained earlier in this Section). 418

When comparing ANDs, we consider all possible 419

matchings between the AND nodes of the two trees, 420

and we calculate the overall semantic similarity of 421

the two trees for all these possible AND match- 422

ings. We then retain only the matchings that yield 423

the highest similarity between the two trees, and 424

we discard the rest. This is important because it 425

ensures that the similarity score reflects the most 426

meaningful structural alignment of the trees: only 427

the AND groups that correspond best to each other 428

contribute to the final similarity, while misaligned 429

groups are naturally penalised. Accordingly, we 430

assign a 1 to the similarity of matched ANDs and a 431

0.2 to the similarity of unmatched ANDs. The low 432

value for unmatched ANDs allows us to acknowl- 433

edge a minimal notion of similarity without letting 434

them substantially influence the overall score. 435

When comparing two nodes that are not oper- 436

ators (such as variables, constants, or predicate 437

symbols), we assess their semantic similarity us- 438

ing embeddings. Here ‘semantic similarity’ is the 439

linguistically lexical similarity calculated based 440

on embeddings. These embeddings are obtained 441

from a pretrained SentenceTransformers (SBERT) 442

model (Reimers and Gurevych, 2019). Each node 443

is encoded using the model to obtain its embed- 444

ding. For nodes with unknown atomic words or 445

compund words (connected with - or _), the model 446

will tokenise these nodes into sub-tokens, calcu- 447

late embeddings for each sub-token separately, and 448

combine them into one embedding. Node similari- 449

ties are computed as normalised cosine similarity 450

between embeddings, scaled to the range [0, 1]. 451

5 Experiments 452

To evaluate our proposed similarity metric (Equa- 453

tion 1), we compared it against existing metrics on 454
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a standard NL-FOL translation task, particularly455

BLEU (Papineni et al., 2002; Lin and Och, 2004)456

and LE (Yang et al., 2024). Although BLEU and457

LE were originally applied for NL-FOL translation,458

they provide suitable baselines for our evaluation459

since our quantifier-free HOL is similar to FOL.460

We adopt the experimental setup of Yang et al.461

(2024), using the MALLS dataset and Logi-462

cLLaMA for NL-FOL translation task. MALLS463

provides a human-verified test set of 1,000 natu-464

ral language statements paired with gold-standard465

FOL representations generated by GPT-4.466

Our proposed similarity metric operates over467

a subset of our HOL. Accordingly, we filter the468

original test set by removing NL-FOL pairs con-469

taining unsupported operators (e.g.,
⊕

and ↔)470

and eliminate quantifiers from the FOL representa-471

tions. We further exclude formulae with more than472

five unique conjunctions in their DNF-like trees473

to avoid prohibitively expensive alignment compu-474

tations. After filtering, 408 pairs remain. The re-475

sulting representations are treated as gold-standard476

formulae and denoted as GD. To obtain model-477

generated formulae, we apply LogicLLaMA, a478

LLaMA-2-7B model fine-tuned on MALLS, to479

translate the corresponding natural language state-480

ments. We set the model on HPC, and requested481

2 GPU on a NVIDIA A100 node with 64 CPU482

cores and 192 GB memories. For 408 pairs the483

translation and evaluation tasks took roughly one484

hour. We apply the same preprocessing steps to485

the generated outputs, including quantifier removal,486

yielding the generated representations denoted as487

Gen. Each GD-Gen pair corresponds to the same488

natural language statement.489

5.1 Evaluation490

We used two baseline metrics: BLEU and LE. Ac-491

cording to Yang et al. (2024), LE determines logical492

equivalence between FOLs, while BLEU confirms493

that the model correctly extracted predicate names494

and entities from natural language input.495

However, we note that LE does not guarantee496

actual logical equivalence, as it treats each pred-497

icate as a proposition to create finite truth tables,498

neglecting quantifiers and variable bindings. Since499

it only considers truth table overlap, two formu-500

lae with completely different meanings can still501

achieve nearly identical truth tables. For analysis,502

we calculated correlations between all three metrics503

and defined agreement/disagreement categories for504

further investigation.505

6 Results 506

BLEU and LE show no correlation with each other 507

(r = 0.23). This result is expected since they cap- 508

ture different aspects of similarity. In contrast, Sim 509

correlates moderately with both BLEU and LE (r 510

= 0.665 for both). This suggests that our metric 511

captures both token-level and logical structure sim- 512

ilarities. To validate this consistency, we conducted 513

a systematic analysis of the results. We divided the 514

scores into three rank-based quantiles: High (top 515

30%), Medium (middle 40%), and Low (bottom 516

30%). This stratification helps mitigate distribu- 517

tional effects that could distort score comparisons. 518

Figure 2: Sim correlation with BLEU and LE across
quantiles.

Figure 2 visualises the relationship between Sim 519

and the baseline metrics BLEU and LE. Each dot 520

represents a single evaluated example (or case) 521

(408 in total), plotted according to its LE score 522

on the x-axis and BLUE score on the y-axis. The 523

dots are coloured by their Sim quantile range (High 524

with 123 cases, Medium with 162 cases, and Low 525

with 123 cases), allowing visual comparison across 526

metrics. This figure shows that Sim correlates mod- 527

erately with both baseline metrics. High Sim scores 528

occur most frequently when both BLEU and LE 529

scores are high (about 72% of High cases). Low 530

Sim scores are more possible to align with low 531

BLUE and LE scores (about 54% of Low cases). 532

We define agreement and disagreement cate- 533

gories based on score ranges. Perfect agreement 534

occurs when all three metrics fall in the same range 535

(all high, all medium, or all low). We identify 536

two main disagreement categories: Strong Dis- 537

agreement and Mild Disagreement, each with two 538

sub categories (marked with ‘All’ or score name). 539
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Here we consider High versus Low as ‘far’, and540

High/Low versus Medium as ‘close’. When both541

BLEU and LE are far from Sim, or only BLEU or542

LE is far from Sim, it falls under Strong Disagree-543

ment. For Mild Disagreement, both BLEU and LE544

are close to Sim, or one of them is close and the545

other falls in the same score range of Sim. In our546

analysis, we focus on Strong Disagreement cases,547

and the Mild Disagreement cases where BLEU and548

LE agree with each other. These are the cases pre-549

sented in Figure 3.550

Figure 3: Overall of disagreement categories.

Results show perfect agreement occurs in 41.9%551

of cases, suggesting moderate level of consistency552

among the three metrics. An additional 23.5% of553

cases receive medium Sim with opposing BLUE554

and LE scores. This illustrates that Sim often pro-555

vides intermediate assessment that bridges the dis-556

crepancy between BLEU and LE. These numbers557

illustrate that we have more Agreements and Mild558

Disagreements. In other words, disagreement is559

kept at reasonable levels. Strong disagreements560

form only 5.8% of cases. This aligns with our ex-561

pectation that Sim remains consistent with other562

metrics. Finally, we note that, as shown in Figure 3,563

two disagreement categories remain empty: High564

Sim Mild Disagreement (All Medium), and Low565

Sim Strong Disagreement (All High).566

For each category, we select the top 10 cases567

with highest disagreement scores, or all cases if the568

number of cases in that category is smaller than569

10. For each category, we quantified the strength570

of disagreement between metrics. When only one571

baseline metric (either BLEU or LE) differed from572

Sim, we measured disagreement as the absolute573

difference between Sim and that metric. When574

both baseline metrics disagreed with Sim, we used575

the average of BLEU and LE to represent their576

combined behaviour and calculated the difference577

between Sim and this average. Details of this anal-578

ysis are presented next. 579

6.1 Disagreements With a High Sim 580

Strong Disagreement cases with a high Sim are rare 581

(0.9% in total). Disagreements occur primarily due 582

to two factors: 583

BLEU assigns low scores when predicates dif- 584

fer lexically despite semantic similarity. Mi- 585

nor variations such as morphological differ- 586

ences (missing ‘s’ suffix) or truncated predi- 587

cate names (CriticallyAcclaimedFilm versus 588

CriticallyAcclaimed) cause significant BLEU 589

score drops, while Sim correctly recognises seman- 590

tic similarity through embeddings. 591

LE is affected by how parsers handle operator 592

precedence. Sim’s parser may create different tree 593

structures than LE’s parser, particularly for expres- 594

sions with complex operator combinations. For 595

example, Sim’s parser gives OR higher priority, so 596

no matter there are parenthesis for the predicates 597

connected by OR or not, it will offer the same pars- 598

ing result, while LE’s parser will be affected. See 599

Appendix A.1 for detailed case analysis. 600

6.2 Disagreements with a Low Sim 601

Disagreements with low Sim are slightly more com- 602

mon (6.1%) and reveal important limitations of 603

baseline metrics when structural differences are 604

present. 605

High LE with Low Sim: LE remains insen- 606

sitive to predicate argument structure. When 607

LLMs embed arguments into predicate names 608

(e.g., ParticipatesInSprints(x) instead 609

of ParticipatesIn(x,sprints)), LE’s edit- 610

distance-based predicate binding overlooks these 611

structural differences. Sim correctly penalises such 612

cases due to different path lengths and additional 613

tree paths from extra arguments. 614

High BLEU with Low Sim: High n-gram over- 615

lap can mask significant logical structure differ- 616

ences. Common patterns include: (1) alternative 617

implication positions where predicates appear on 618

opposite sides of implications, and (2) missing 619

parentheses that change operator scope. These cre- 620

ate large structural differences that Sim captures 621

through DNF-like tree comparison, while BLEU’s 622

token-level analysis misses them. 623

Our analysis also revealed cases where 624

embedding-based matching can misalign semanti- 625

cally related terms (e.g., Romance matching Movie 626

instead of hasRomance), and where variable repre- 627

sentations affect path matching. See Appendix A.2 628
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for detailed case analysis and formula comparisons.629

6.3 Disagreements with a medium Sim630

Medium Sim scores with strong BLEU/LE agree-631

ment (12.2% of cases) primarily reflect Sim’s cal-632

culation methodology rather than genuine metric633

disagreement.634

All High baseline metrics: These cases in-635

volve semantically similar but imperfectly matched636

predicates. High overlap leads to strong baseline637

scores, but node mismatches (e.g., Trails aligned638

with Mountain, or ContainsAlcohol matching639

NonAlcoholic) reduce Sim. This occurs because640

embedding pooling from subtokens can produce641

vectors close in embedding space even for concep-642

tually different or opposite terms.643

All Low baseline metrics: Sim’s aver-644

aging mechanism can yield medium scores645

when only partial differences exist. Com-646

mon patterns include: (1) predicate splitting647

(StudiesAndAssessesHumanBehaviorAndMental648

Processes splits into two predicates), where one649

split matches well; (2) predicate merging (multiple650

predicates merge into compound names); and (3)651

extra predicates in longer representations, where652

additional paths have limited impact on overall653

similarity when other paths match well.654

These cases demonstrate that Sim’s bidirectional655

path-based comparison provides nuanced assess-656

ment in ambiguous situations. See Appendix A.3657

for detailed examples.658

6.4 Final Notes659

Our metric’s bi-directionality explains some dis-660

agreements with BLEU and LE. Unlike these unidi-661

rectional metrics, we evaluate both directions and662

select the minimum similarity. This increases confi-663

dence in high scores, which require strong matches664

in both directions. Medium Sim scores are less665

interpretable, often reflecting asymmetries such as666

partial coverage or weak predicate matches. High667

Sim indicates consistent bidirectional agreement,668

while low Sim reflects structural differences with-669

out indicating their origin. Smaller DNF-like trees670

achieve higher scores when paths match well, but671

substantial structural differences reduce similarity672

regardless of tree size, even with nearly identical673

predicates.674

7 Discussion and Future Work675

Our systematic analysis reveals several advantages676

of the Sim metric compared to existing approaches,677

which we present next. (1) Sim evaluates similar- 678

ity from a semantic rather than an edit-distance 679

perspective. This allows it to match conceptually 680

related predicates that other metrics miss, offering 681

greater flexibility when evaluating LLM-generated 682

formulae that may use different predicate or argu- 683

ment names. (2) Sim includes both semantic and 684

structural similarity in a single measurement, offer- 685

ing a unified perspective on formal representations. 686

(3) Sim is bidirectional, making it sensitive to per- 687

formance differences due to path length and tree 688

size variations. 689

However, our evaluation also highlights impor- 690

tant limitations. (1) DNF-like trees remain diffi- 691

cult to process for long formal representations with 692

many AND connected groups under OR, making 693

alignment calculations increasingly expensive. (2) 694

Token embeddings do not guarantee genuine se- 695

mantic similarities. Embedding pooling can pro- 696

duce high similarity scores for unexpected com- 697

pounds. When candidates are similar to each other, 698

this creates additional confusion. (3) Current align- 699

ment methods are not globally optimal. Our ap- 700

proach now considers only the alignment between 701

the similar predicates, but it does not guarantee an 702

optimal alignment on path-level for best Sim score. 703

Several promising directions warrant investiga- 704

tion. Domain-specific ontologies could provide 705

more meaningful similarity distinctions, particu- 706

larly for specialised applications. Alternative em- 707

bedding approaches that better differentiate irrele- 708

vant and contradictory terms may improve match- 709

ing accuracy. Finally, formulating path matching 710

as a weighted bipartite matching problem and ap- 711

plying algorithms such as the Hungarian algorithm 712

could achieve globally optimal alignments. See 713

Appendix B for detailed discussion. 714

8 Conclusions 715

In this paper, we have introduced a novel similarity 716

metric that jointly captures semantic and structural 717

aspects of logical formulae specified in a quantifier- 718

free HOL. Compared with BLEU and LE, our met- 719

ric better integrated semantic and structural analy- 720

sis, offering a fuller picture of translation fidelity 721

between natural language and logic which is essen- 722

tial for accurately evaluating how natural language 723

conventions are translated into formal representa- 724

tions within multi-agent systems. 725
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Limitations726

In this section, we discuss the limitations and risks727

of our work.728

The dataset and model are designed for En-729

glish and might not be able to adapt to other lan-730

guages. Also, performance on different domains731

needs more thorough analysis.732

Although the dataset is claimed to cover different733

domains, we only work with 1000 pairs. Moreover,734

due to the features of our HOL, the test set we735

applied is even smaller, which could raise represen-736

tative issues.737

While we are involving more LLMs in our on-738

going experiments, this paper focuses specifically739

on assessing our proposed metric with BLEU and740

LE, for which LogicLLama was used and we main-741

tained, to be faithful to that experiment.742

Another issue is that the strategy for searching743

for best matches and the parameters for penalty744

were decided experimentally with our given dataset.745

Alternative proposals can be explored in future746

work.747

Concerning computational expenses, the time748

consumption of our metric seems to be higher than749

BLEU and LE (but never crosses the 2-5 seconds750

limit).751

The semantic similarity of predicates, as we dis-752

cuss in the paper, is limited to lexical similarity.753

Also, since our subset HOL does not support quan-754

tifiers, it is difficult to work with complete truth755

tables, which is also what LE suffers from. Lastly,756

due to the computational complexity of our met-757

ric, our proposal cannot process long inputs with758

numerous ANDs in a reasonable amount of time.759

The generated output’s quality is merely decided760

by the similarity between Gen and GD that de-761

pends on lexical similarity, and not actually assess-762

ing whether both Gen and GD are representing the763

same concepts. For instance, a low similarity might764

happen because of the lexical differences in rep-765

resentation, and not because they are representing766

different concepts.767
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Figure 4: Cases of disagreement with a high Sim.

or when Sim’s parser produces different structures947

than LE’s parser (explained in Section 2), as we948

illustrate with the following selected cases.949

High Sim Strong Disagreement (Low BLEU):950

BLEU assigns low scores to semantically simi-951

lar cases when predicates are not identical, even952

when they refer to similar concepts. Since BLEU953

relies solely on n-gram token overlap, even mi-954

nor lexical variations, such as missing morpho-955

logical suffixes (e.g. ‘s’ suffix versus no suf-956

fix, case 2-79 of Figure 4) or truncated predicate957

names (e.g. CriticallyAcclaimedFilm versus958

CriticallyAcclaimed, case 4-42 of Figure 4)959

cause significant drops in BLEU’s scrore.960

High Sim Strong Disagreement (Low LE): LE961

is affected by structure differences. In this selected962

case (case 6-27 of Figure 4), the difference involves963

only an extra predicate connected by OR (note964

that GD represents the gold standard and Gen the965

generated formula):966

GD :967

((Fruit(x) ∧ Fruit(y) ∧ HigherV itaminC968

Content(x, y)) → BetterPreventScurvy(x, y))969

Gen :970

((Fruit(x) ∧ Fruit(y) ∧ HigherV itaminC971

Content(x) ∧ LowerV itaminCContent(y))972

→ BetterAtPreventingScurvy(x, y))973

The DNF-like trees have the same974

size. The only different paths are975

[not,lowervitaminccontent,var,y] from976

the generated tree (or LowerVitaminCContent(y)977

in the original expression) and [not, higher-978

vitaminccontent,var,y] from the gold standard979

tree (or HigherVitaminCContent(x,y)). These980

paths match in both directions. This is very rare,981

but it happens because the path with the extra y982

argument in the GD and the path with the extra983

predicate LowerVitanCContent in Gen end up984

matching with each other. Thus, LE in this case985

does capture the structure difference, while Sim986

fails.987

High Sim Strong Disagreement (All Low): In 988

case 4-89 of Figure 4, besides the truncated pred- 989

icate names affecting BLEU (PlayedOnField vs 990

OnField), LE is also affected by different parsing 991

strategies. Consider these expressions: 992

GD : 993

((PlayedWithBall(x) ∧ PlayedOnField(x)) ∨ 994

(PlayedWithRacket(x) ∧ PlayedOnCourt(x))) 995

Gen : 996

(PlayedWithBall(x) ∧ PlayedOnField(x) ∨ 997

PlayedWithRacket(x) ∧ PlayedOnCourt(x)) 998

Sim’s parser prioritises OR, treat- 999

ing both expressions identically as 1000

[PlayedWithBall(x) ∧ PlayedOnField(x),∨, 1001

PlayedWithRacket(x) ∧ PlayedOnCourt(x)]. 1002

Parentheses around the ANDs do not change this 1003

structure. LE’s parser treats the GD expression 1004

identically but parses the Gen expression as 1005

[PlayedWithBall(x) ∧ PlayedOnField(x),∨, 1006

PlayedWithRacket(x),∧,PlayedOnCourt(x)], 1007

leading to less similar truth tables. 1008

A.2 Disagreements with a Low Sim 1009

Figure 5: Cases of disagreements with a low Sim.

Disagreements with low Sim cases are slightly 1010

more common than those with high Sim cases 1011

(6.1%) but still represent a small portion of the 1012

total cases. In these cases, a high LE may occur 1013

due to LE being insensitive to extra predicate ar- 1014

guments. A high BLEU may occur due to BLEU 1015

being insensitive to structural differences behind 1016

surface token differences. 1017

Low Sim Strong Disagreement (High LE): Dis- 1018

agreements occur mostly when the LLM generates 1019

predicates with arguments embedded in predicate 1020

names. For example, in case 6-85 of Figure 5, 1021

the LLM generated ParticipatesInSprints(x) 1022

for the predicate ParticipatesIn(x,sprints) of 1023

the gold standard, where the argument ‘sprints’ is 1024

moved to the predicate’s name in LLM’s result. 1025
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This often lowers BLEU as well. LE, which binds1026

predicates by finding the closest match based on1027

edit distance, remains largely insensitive to such1028

structural differences. So additional or missing1029

arguments do not strongly affect its score. Sim,1030

however, generates DNF-like tree paths for each1031

predicate argument. Extra arguments introduce ad-1032

ditional paths that results in paths being re-matched1033

more often, which in our proposal implies incur-1034

ring penalties. Differences in path lengths also in-1035

cur penalties in our approach, preventing Sim from1036

achieving a high score in such cases. In summary,1037

although these two predicates seems similar for a1038

human reader, they do differ in their logical struc-1039

ture (such as the different number of arguments in1040

this example), which both Sim and BLEU reflect.1041

Some cases with missing arguments still achieve1042

high BLEU scores because the generated HOL1043

representations differ from the gold standard only1044

by the absence of arguments (ServesMultiple-1045

Purposes(x) versus ServesMultiplePurposes-1046

(x,floodControl,irrigation,hydroelectric-1047

PowerGeneration)), while the remaining struc-1048

ture is identical. In such cases, and again, Sim1049

assigns low scores because the gold standard tree1050

contains three additional paths. For a generated1051

tree with only five paths, this represents a large1052

difference in the numbers of paths of DNF-like1053

trees. This example refer to case 6-52 of Figure 5.1054

If we compare the Sim scores of both cases 6-851055

and 6-52, the scores in 6-85 are lower due to the1056

fact that the expression there included a larger1057

number of predicates with similar issues.1058

Our analysis of the results show that sometimes1059

the Sim approach can lead to mismatches even1060

when nodes are similar. For example, in case1061

1-8 of Figure 5, we would expect Romance and1062

hasRomance to have a relatively high score, and1063

similarly with Comedy and hasComedy. But that1064

is not what happens. Instead, we end up with1065

Romance, Comedy, hasRomance, and hasComedy1066

all matching Movie. According to cosine similar-1067

ity, Movie embeddings are closer to Romance and1068

Comedy than hasRomance and hasComedy. Com-1069

pound embeddings (like hasRomance) are built by1070

pooling multiple subtokens, so they don’t align1071

precisely with single-token embeddings (Romance).1072

This leads to lower cosine similarity scores and1073

occasional mismatches during path alignment.1074

Variables in Sim can also result in lower scores.1075

This is because a variable x gets translated into1076

var(x), which results in differences in path lengths,1077

and could also impact the matching of paths. 1078

This is the case of 1-20 of Figure 5, where 1079

the path [not,angles,var,x] gets matched with 1080

[not,polygon,var,x] instead of [not,hasan- 1081

gles,var,x], preventing optimal matching. 1082

Low Sim Strong Disagreement (High BLEU): 1083

High BLEU scores in these cases usually result 1084

from HOL strings with few token-level differences, 1085

contributing to high n-gram overlap ratios. How- 1086

ever, these differences create large logical structure 1087

differences that Sim successfully captures. 1088

A common token-level difference involves al- 1089

ternative implication positions, with predicates on 1090

different sides of the implication (as in case 2-99 1091

of Figure 5). All predicates remain identical: 1092

GD : 1093

((FashionChoice(x) ∧ Trendy(x) ∧ 1094

Comfortable(x)) → (Colorful(x)∨ 1095

InterestingPatterns(x)) ∧ Stylish(x)) 1096

Gen : 1097

((FashionChoice(x) ∧ Trendy(x) ∧ 1098

Comfortable(x) ∧ (Colorful(x)∨ 1099

InterestingPatterns(x))) → Stylish(x)) 1100

Since predicates, operators, parentheses, and com- 1101

mas mostly overlap with only few misplacements, 1102

BLEU scores remain high. 1103

Another common case involves missing paren- 1104

theses on the right side of implications, leading 1105

to different parsing results. Unlike previous cases 1106

where our parser treats OR differently than BLEU 1107

and LE parsers, both parsers handle implications 1108

identically and correctly: implications only affect 1109

predicates or predicate groups directly connected 1110

within parentheses. When multiple predicates ap- 1111

pear on an implication’s right side without encom- 1112

passing parentheses, only the closest predicate to 1113

the implication is affected. For example, in case 1114

6-26 of Figure 5, the LLM makes a mistake by 1115

forgetting the parenthesis on the right hand side: 1116

GD :(Animal(x) ∧Reptile(x)) 1117

→ (HasScales(x) ∧ LaysEggs(x)) 1118

Gen :(Animal(x) ∧Reptile(x)) 1119

→ HasScales(x) ∧ LaysEggs(x) 1120

Gold standard parsing yields 1121

[Animal(x) ∧ Reptile(x), → , 1122

HasScales(x) ∧ LaysEggs(x)], while generated 1123

parsing produces [Animal(x) ∧ Reptile(x), → 1124

,HasScales(x), ∧ ,LaysEggs(x)], where only 1125

HasScales(x) connects to the implication. This 1126

12



creates large logical structure differences. The1127

only score that doesn’t get affected here, when it1128

should, is the BLEU score, because missing only a1129

pair of parenthesis does not prevent the rest of the1130

tokens in Gen from building n-grams identical to1131

the ones in GD.1132

Low Sim Mild Disagreement (All Medium):1133

This uncommon category (only 1.2% of all cases)1134

typically involves missing predicates and differ-1135

ence in logical structures.1136

A.3 Disagreements with a medium Sim1137

Figure 6: Cases of Disagreement with a medium Sim.

Although a medium Sim mainly results from1138

ambiguity between BLEU and LE, there are some1139

cases where BLEU and LE strongly agree with1140

each other (12.2% in total). These instances pri-1141

marily reflect the behaviour of Sim’s calculation1142

method rather than genuine metric disagreement.1143

Medium Sim Mild Disagreement (All High):1144

These cases mainly involve mismatches among se-1145

mantically similar nodes, as mentioned in Low Sim1146

Strong Disagreement (High LE) cases. To provide1147

a couple of examples, we first note that in case 3-801148

of Figure 6, structures remain basically identical1149

with more overlapping predicates in both gold stan-1150

dard and generated HOL strings, leading to higher1151

LE and BLEU scores. Sim, however, gets a lower1152

score because not all node matches are semanti-1153

cally appropriate, such as Trails being aligned1154

with Mountain. On the other hand, in case 7-46 of1155

Figure 6, Sim matches nodes with opposite mean-1156

ings: ContainsAlcohol and NonAlcoholic. This1157

occurs because predicate embeddings are pooled1158

from their subtokens, meaning that the resulting1159

vectors may appear close in embedding space even1160

when the underlying meanings differ. Cosine sim-1161

ilarity further contributes to this effect: while it1162

can detect opposites to some degree, it does not1163

produce strongly negative similarity for negated or1164

conceptually reversed terms.1165

Medium Sim Mild Disagreement (All Low): In 1166

what follows we present a few more reasons on why 1167

Sim may be higher than others. In case 5-45 of Fig- 1168

ure 6, StudiesAndAssessesHumanBehaviorAnd- 1169

MentalProcesses(x) splits into StudiesHuman- 1170

BehaviorAndMentalProcesses(x) ∧ Assesses- 1171

HumanBehaviorAndMentalProcesses(x). In 1172

such cases, one of the split predicates typically 1173

matches the original with high similarity, while 1174

the other receives a penalty. However, because 1175

Sim computes similarity as the average across all 1176

matching paths, this splitting has limited impact 1177

on the overall score when the remaining paths are 1178

identical or highly similar. 1179

The reverse pattern that multiple predicates con- 1180

nected by operators merge into a single predicate 1181

in Gen exhibits similar behaviour. For instance, 1182

AppropriateForWinter(x) ∨ AppropriateFor- 1183

CoolWeather(x) merged as AppropriateFor- 1184

WinterOrCoolWeather(x) (case 6-98 of Figure 6). 1185

Beyond these common cases, other merging 1186

patterns exist, such as Atom(y) ∧ Atom(z) 1187

merged into Atoms(y), as in case 6-34 of Fig- 1188

ure 6. Note that when when ¬ precedes 1189

a predicate, that predicate may not match 1190

the merged predicate. For instance, when 1191

WorksOvertime(x) ∧ ¬Paid(x) from GD 1192

merged into WorksOvertimeWithoutPay(x) in 1193

Gen, ¬Paid(x) is converted into [paid,var,x] 1194

in DNF-like tree, which does not match to 1195

[not,worksovertimewithoutpay,var,x] (case 1196

2-32 of Figure 6). 1197

Similar behaviour occurs when there are extra 1198

predicates in longer HOLs (as in case 4-38 of Fig- 1199

ure 6): 1200

GD : 1201

(Prism(x) → (DispersesLightIntoColors(x) 1202

∧ RefractsDifferentWavelengths(x) ∧ 1203

V aryingAngles(x) ∧ CreatesSpectrum(x))) 1204

Gen : 1205

(Prism(x) → 1206

(DispersesLightIntoConstituentColors(x) ∧ 1207

RefractsDifferentWavelengthsOfLight(x) 1208

∧ CreatesSpectrum(x))) 1209

Here, an extra pedicate (VaryingAngles(x)) 1210

exists in GD, but other predicates remain al- 1211

most identical, creating only one additional 1212

[and41,varyingangles,var,x]. This path can 1213

still match to another path with same length and 1214

starting with AND. Even though the path similarity 1215
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is penalised, it does not substantially affect the Sim1216

score.1217

However, in the above cases, LE has to use dum-1218

mies to ensure same length of formulae, which1219

means there is always one predicate from one side1220

that cannot be bound in the CFG tree for truth table1221

generation. Meanwhile, the extra predicate will1222

bring several tokens that do not exist in one side1223

(often tokens from other predicates are not identi-1224

cal), creating many n-grams that are not in Gen.1225

These leads to both scores being low.1226

B Proposed Solutions and Future1227

Research Directions1228

First, since the matching is semantic-based and em-1229

beddings can lead to confusion, we believe that1230

supplementing the system with knowledge repre-1231

sentation approaches such as ontologies would be1232

helpful, especially for domain-specific cases. With1233

an additional knowledge base, different concepts1234

would have more distinct and meaningful similari-1235

ties.1236

Second, changes to the embedding calculation1237

method could also be beneficial. Currently, cosine1238

similarity is normalised, meaning that nodes that1239

are irrelevant to each other yield a similarity of1240

0.5. Treating irrelevant and contradictory nodes as1241

having 0 similarity might be better practice when1242

most nodes have similarities higher than 0.1243

Finally, the final similarity is the average simi-1244

larity across all paths, where each path’s similarity1245

is itself an average of node similarities. When1246

the final similarity is low, either there are no high-1247

similarity matches to the paths, or high-similarity1248

matches have been used by other paths and pe-1249

nalised. Therefore, low similarity can result from1250

either generation quality or matching behaviour.1251

To exclude unexpected matching behaviours, we1252

need to review how predicates are matched. The-1253

oretically, if the matches are accurate, the ratio of1254

high-performance matches among all paths should1255

approximate the final similarity score. When paths1256

are not ordered based on their matching behaviour1257

(i.e., the overall similarity for each predicate group),1258

a path may be used for non-meaningful matches1259

before being used for meaningful ones, leading to1260

similarity scores that are not penalised or are under-1261

penalised. In the rearranged paths, predicates with1262

high-performance matches receive higher priority.1263

However, this still does not guarantee a global op-1264

timum. In fact, matching between paths can be1265

formulated as a weighted bipartite matching prob- 1266

lem based on path similarity. We plan to apply 1267

algorithms such as the Hungarian algorithm for 1268

this matching task. 1269
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