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ABSTRACT

We study representation learning in low-rank Constrained Markov Decision Pro-
cesses (CMDPs) with unknown dynamics, where the agent must maximize re-
wards under safety constraints. While representation learning has significantly
advanced for unconstrained MDPs, its extension to CMDPs remains open due
to the critical challenge of safe exploration under learned features, particularly
concerning the management of soft constraint violation. In this work, we pro-
pose REP-PD, the first algorithm that provably integrates representation learning
with policy optimization in low-rank CMDPs. By iteratively learning a low-rank
transition representation via MLE and utilizing a composite Q-function tied to the
unconstrained Lagrangian, REP-PD guides policy updates to balance reward max-
imization, exploration, and robust constraint adherence. Through this approach,
REP-PD achieves a near-optimal policy with a sampling complexity bound inde-
pendent of the state space dimension without prior feature knowledge. Notably,
REP-PD’s regret matches the lower bounds for unconstrained low-rank MDPs,
achieving strong performance concerning soft constraint violation. We then con-
sider a stronger hard constraint violation metric, where the agent must strictly
satisfy constraints at all times, and propose REP-PD-hard by designing a novel
policy optimization module. Our work thus provides a robust and theoretically
grounded approach to representation learning in constrained reinforcement learn-
ing, with guarantees on bounded soft and hard constraint violation.

1 INTRODUCTION

Constrained Markov Decision Processes (CMDPs) provide a principled framework for constrained
reinforcement learning (RL), where agents must maximize rewards while satisfying constraints.
This framework is particularly relevant for safety-critical domains where constraints encode safety
requirements (1 2). Several remarkable algorithms have been developed within this framework
(35145 155 165 [7).

On the theoretical front, provably constrained RL has also garnered increasing attention. Recent
works (8; 195 [10; 115 125 [13)) primarily focuse on tabular setup, achieving sample complexity de-
pendent on the cardinality of the state space, rendering them inapplicable to CMDPs with contin-
uous state spaces. Indeed, solving CMDPs in continuous or high-dimensional state spaces poses a
significant challenge due to the curse of dimensionality, which complicates both policy optimiza-
tion and exploration. Linear CMDP methods (14 [15; [165 (175 [18; [19) partially mitigate this issue
by assuming transitions are linearly representable via low-dimensional latent features, achieving
dimension-independent sample complexity. However, they crucially require prior knowledge of the
latent features, a restrictive assumption in practice as handcrafting accurate representations for com-
plex dynamics is often infeasible, leaving the challenge of solving CMDPs in unknown, complex
environments largely unaddressed.

Representation learning has proven effective in combating the curse of dimensionality for uncon-
strained MDPs, enabling agents to discover latent features without manual engineering (20; 21} [22;
23; 245 1255 [26)). However, extending these techniques to CMDPs presents difficulties. It is hard to
balance exploration, reward maximization, and constraint satisfaction under learned features. The
fundamental challenge lies in performing safe and effective exploration guided solely by learned
features in the presence of constraints. The agent must explore to learn both the dynamics and the
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constraint within the feature representation. The uncertainty of features makes it extremely difficult
to design exploration strategies that are both sufficiently informative for representation learning and
robustly safe with respect to the constraints. Consequently, representation learning for CMDPs in
unknown environments remains an open problem.

In this paper, we propose REP-PD, the first provable algorithm for low-rank CMDPs that jointly
learns latent representations and optimizes policies while ensuring soft constraint violation satisfac-
tion. REP-PD considers the unconstrained Lagrangian function of the original constrained problem
and guides the policy to explore with a composite Q-function associated with the Lagrangian, en-
suring both reward maximization and robust constraint adherence. Specifically, we construct a com-
posite Q-function, which merges the reward and cost utility Q functions. Besides, an exploration
bonus is integrated into the composite Q-function to facilitate exploration. The policy is updated by
maximizing this composite Q-function. In each iteration of REP-PD, we first extend the empirical
datasets using a strategically designed exploration policy that mixes the current policy with uniform
exploration. Then, a low-rank representation of the transition function is learned using MLE from
collected empirical data, and the exploration bonus is updated based on the learned representation.
Subsequently, leveraging both the learned representation and this exploration bonus, we update the
composite Q-function and the policy accordingly. Our approach achieves a near-optimal policy with
a sampling complexity bound independent of the state space dimension. Notably, REP-PD’s regret
matches the lower bounds for unconstrained low-rank MDPs (21), indicating that our constraint-
aware extensions do not introduce excessive overhead. We further extend our algorithm to address
the more stringent metric of hard constraint violation by designing a novel policy optimization mod-
ule. This algorithm, REP-PD-hard, is then shown to have a theoretical bound on its performance
under this stricter metric. Our work thus provides a robust and theoretically grounded approach to
representation learning in constrained reinforcement learning, with guarantees on bounded soft and
hard constraint violation. Specifically, we make the following contributions:

* We propose REP-PD, the first provably efficient algorithm for low-rank CMDPs that jointly
learns latent transition representations and optimizes policies under constraints. By inter-
leaving MLE-based representation learning with Lagrangian multiplier updates, REP-PD
adaptively balances exploration, reward maximization, and constraint adherence in high-
dimensional state spaces without prior knowledge of transition features.

* We establish the theoretical guarantees for REP-PD, demonstrating its near-optimal per-
formance. Specifically, REP-PD achieves near-optimal regret and soft constraint violation
bounds of (’N)(|A|d2 VK). These results scale polynomically with the feature dimension d
rather than the state space dimension, enabling efficient learning in high-dimensional set-
tings. Our novel analysis links learned feature error to constraint violation probabilities,
avoiding pointwise transition model error bounds typically required in prior linear CMDP
works (14; 155 [165 [17; |18). Moreover, we propose a variant of our algorithm, REP-PD-0,
which is proven to achieve zero soft constraint violation for sufficiently large K.

* We propose REP-PD-hard to tackle the more stringent metric of hard constraint violation.

~ /
REP-PD-hard incorporates a novel policy optimization module to achieve O (%)

regret and O (%) hard constraint violation bounds. Notably, the O(\/? ) hard con-

straint violation bound aligns with the optimal bounds for tabular and linear settings.

1.1 RELATED WORKS

Provably Constrained RL CMDPs have emerged as a fundamental framework for safe RL, re-
quiring agents to maximize rewards while satisfying cumulative cost constraints (2 27). Sev-
eral remarkable works have been developed on this foundation (3; i4; |55 65 [7; 28). Meanwhile,
there has been a growing body of work on provably safe reinforcement learning. Many works
(85195 105 1115 1125 135 129; 30) considered tabular set-up. Among the best known regret and constraint

violations achieved are O(1/|S[?|.A[H®K ), which can not cope with the large state space.

Recent advances in linear CMDPs (315 [145 1325|195 [155 1165 [175 [18) achieve dimension-independent
sample complexity by assuming transitions are linearly representable via low-dimensional features
¢*(s,a). These methods leverage optimistic exploration bonuses tied to ¢*(s, a), ensuring safety
via confidence intervals on transition dynamics. However, their reliance on predefined latent fea-
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MDP Paper Known Env Regret Violation
Tabular ®) Yes O (VISPIAHIK) | O (\/\$|3|A\H4K)

12) Yes O (VISPP|AIHSK 0

(19) Yes O (Vd2HSK O (Vd?HSK

Linear @) Yes O (VBETEK O (VEBH3K
13) Yes O (VBHSK 0

S diK A d4K

REP-PD No O (|A\\/(1_w4> O (|A|\/1_77)4)
Low-rank ~ K

REP-PD-0 No O (|A\ (1_7)6) 0

Table 1: Comparison of tabular/linear/low-rank CMDPs with bounded soft constraint violation
results. |S|, |A|, d, H, v and K denote state space size, action space size, feature dimension,
horizon, discounted factor, and number of episodes, respectively.

Known [ Known Safe
MDP Paper Env | Action Set Regret Violation
Tabular @® Yes | Yes [0 (VISPIAH'K) |0 (VISPIAIIK)
(13) Yes Yes o} \/W 0
(14 Yes Yes O (Va#H*K 0
Linear (16) Yes No O (VEHK O ( d3H4K)
@ Yes No O (VEHK o) ( dHQK)
(18) Yes Yes O (V&P HSK 0
Low-rank | REP-PD-hard | No No 0 (M) O (M)

Table 2: Comparison of tabular/linear/low-rank CMDPs with bounded hard constraint violation
results. |S|, |A|, d, H, v and K denote state space size, action space size, feature dimension,
horizon, discounted factor, and number of episodes, respectively.

tures—assumed to be known a priori or handcrafted—Iimits applicability to complex scenarios
where transition structures are unknown and must be learned from data. In contrast to these works,
our study targets CMDPs with unknown latent features, where the low-dimensional transition struc-
ture must be learned directly from data. While prior art on linear CMDPs focuses on exploitation of

known features, we introduce a data-driven framework that jointly learns latent features (;AS via MLE,
eliminating the need for prior knowledge of ¢*. To our knowledge, the only prior work on low-rank
CMDPs is that of (33), which focused on reward-free RL in a finite-horizon setting. In contrast,
our work addresses the reward-known problem, and our method is applicable to the infinite-horizon
regime.

Representation Learning in RL. A growing body of research has focused on theoretically
grounded representation learning in RL, aiming to derive low-dimensional features that efficiently
capture environment dynamics. For example, works such as (34; 135} 136) investigated representation
learning in block MDPs, leveraging hierarchical or modular state decompositions to improve sample
efficiency. (37) studied representations under a Gaussian noise model, establishing guarantees for
feature learning in noisy environments.

Low-Rank MDPs have emerged as a pivotal framework for representation learning in structured
environments. Model-based approaches, including (20; 215 1385 225 235 24; [39) learn latent tran-
sition features by leveraging model classes of transition probabilities, achieving sample-efficient
exploration under realizability assumptions. In contrast, model-free methods like (25) eschew ex-
plicit transition models and proven efficiency under minimal reachability conditions. (40) devel-
oped reward-free exploration in low-rank MDPs. Recent extensions to multi-agent settings, such
as (26} 41k 142), further explored representation learning in Markov games. Notably, none of these
works address safety constraints in CMDPs. While existing methods achieve dimension-agnostic
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sample complexity in reward-driven settings, they lack mechanisms to ensure constraint satisfaction
during exploration or policy optimization. To our knowledge, this work presents the first represen-
tation learning framework tailored for reward known low-rank CMDPs, bridging the gap between
unsupervised feature discovery and provable safety guarantees.

2 BACKGROUND

We consider an episodic constrained MDP, denoted by (S, .A, P*,r, g,v,d;) where S is the state
space, A is the action space, P* is the transition function, r is the reward function, g is the utility
function, ~y is the discounted factor, and d; is the initial distribution. Following prior work (43
44; [21), we assume trajectory reward is normalized, i.e., for any trajectory {sp,an}72 ,, we have

Sy (snsan) € [0, 1] and Y5, v g(sn, ar) € [0, 1]

In an infinite-horizon discounted CMDP, each episode starts with state s; ~ d;. Then at each step
h, the agent observes state s;, € S, picks an action aj, € A, and receives a reward r (s, ay) and
a utility g(sp,an). The MDP then transitions to sp1 which is drawn from P*(:|sp,ay). In this
paper, we assume access to reward and utility function feedback, but does not require access to the
transition model. For any s € S, 7(als) denotes the probability of selecting action a € A when
the state is s under policy . We define the expected value function for the discounted reward under
policy  starting from state s as:

Vg*,r(s) = EP*JT
h=1

> A r(snan)ls1 = 31 : (1)

where E is taken with respect to the policy 7 and the transition function P*. Similarly, we define
the action-value function for the reward as:

> A" (snoan)ls1 = s,a1 = a )

h=1

Qg*,r(sﬂ a) - EP*JT

For simplicity, when the context is clear, we sometimes abbreviate V7. . and Q%. ,. as V™ and Q7,
respectively. We also define the value function for the utility Vg”(s), and the action-value function
for the utility Q7 (s, a) analogously. We denote V' (s), and Q7 (s, a) for j = r, g.

Definition 1. For brevity, we denote P*V[(s,a) = IES/NP*(,M(L)V}’T(S/)forj =r.g.

Using this notation, the Bellman’s equation associated with the policy 7 becomes

Q;‘r(sva) = (7‘ + 'yP*Vf)(s,a) 3)

Note that V7 (s) = (7 (-[s), Q7 (s, )) .4, where (7(-[s), QT (5,)) 4 = > _,e4 Th(als)QF (s,a).
The objective of the learning agent is to find an optimal policy that maximizes the expected reward
while satisfying a safety constraint on the expected utility:

max, V" (s1), subject to V" (s1) > b. “4)

where b € (0, ﬁ} is a given threshold. While we focus on a single constraint for simplicity, our
method naturally extends to handle multiple constraints. We denote the optimal policy as 7* which
solves the above optimization problem.

In the absence of prior knowledge about the constraint, the agent must balance exploration and
exploitation while ensuring that the policy satisfies the constraint. To this end, we allow the policy to
occasionally violate the constraint and aim to minimize the regret and the total constraint violations
over K episodes. This approach is consistent with existing literature on constrained RL (8; |19; 45).

To formally define the performance metrics, Let 7 denote the policy employed by the agent in
episode k. The regret and constraint violation are defined as follows.

K
Regret(K) = Z V7 (s1) — V™ (s1), )
k=1

K K
Violation, ¢ (K) = [Z(b — VT (31))] ., Violationg,q(K) = Z (b= V= (s1)],
k=1 n k=1



Under review as a conference paper at ICLR 2026

where [z]+ = max{z, 0}. The regret measures the gap between the total reward value by following
the optimal policy 7*, and the total reward value obtained by following agent’s policy 7y, at episode
k over K episodes. The soft constraint violation quantifies the cumulative difference between the de-
sired constraint threshold and the achieved utility, allowing for both positive and negative deviations
over time. In contrast, the hard constraint violation is a stricter metric that measures only the cu-
mulative positive deviations. As shown in (16)), even zero soft violation may lead to hard constraint
violation that grows linearly with the number of episodes, while soft constraint violation can only
grow sub-linearly with the number of episodes if the hard constraint violation grows sub-linearly.

Dual problem and Slater’s Condition. We then introduce some additional notation that will be
used throughout this paper.

Definition 2. For any policy m and Lagrangian multiplier Y, we define the composite value function
and Q-function as V™Y (s) = V7 (s) + YV (s) and Q™Y (s,a) = Q7 (s,a) + YQj (s, a).

We can cast problem @]) as a saddle point problem max, miny £(7,Y), with Lagrangian
L(m,Y) = V7 (s1) + Y (V[ (s1) —b) = V™Y — Yb. Although the Lagrangian is non-concave
in w (46)), the strong duality holds (47). Hence, there exists an optimal Lagrangian multiplier Y*
such that max, £(m, Y*) recovers the optimal reward value function.

We assume the following Slater’s condition in this paper.

Assumption 1 (Slater’s Condition). There exists 6 > 0, and a policy 7, such that Vgﬁ(sl) >b+0,
The Slater’s condition is mild in practice and widely used in prior work (19; [8; 48). We use the
properties of the Slater’s condition to bound the performance of our algorithm.

Under the Slater’s condition, Y* is bounded.

V(1) = VT
Lemma 3 (Boundedness of ). The optimal dual-variable Y* < ~=—) (s1)

We set £ = 2/0 in the following analysis.

Low-rank CMDP. In this paper, we study low-rank CMDPs, which are characterized by a low-rank
decomposition of the transition function. Specifically, we assume the following:

Assumption 2. [low-rank CMDP] The transition function of the CMDP P* : § x A — A(S)
admits a low rank decomposition with rank d € N if there exists two embedding functions ¢* :
SxA— R p*: S — R such that

Vs,s' € S,a € A: P*(s'|s,a) = (¢*(s,a), u*(s)). (6)

For normalization, we assume ||¢*(s,a)|| < 1 for all (s,a) and for any functions g : S — [0,1],
IS 1 (s)9(s) s> < V.

Remark 4. The low-rank CMDP assumption, characterized by the existence of low-dimensional
embedding functions ¢*(s,a) and p*(s'), is widely adopted structural assumption in RL (20; 121}

23). This assumption encompasses several common settings as special cases, including tabular
CMDPs, linear CMDPs, and block CMDPs.

Function approximation setup and MLE oracle. Since the transition function P* is unknown, we
employ a function class M = {(p, ¢) : p € O, ¢ € I'} to characterize p* and ¢*, and by extension,

to approximate P*. To select the appropriate transition P from the function class M, we assume
access to a supervised learning-style Maximum Likelihood Estimation (MLE) oracle.

Definition 5 (MLE Oracle). Given a model class M and a dataset D in the form of
(s,a,s'), the MLE oracle returns the maximum likelihood estimator P = (fi,d) =
arg max,, ¢)em Ep In(u(s") T d(s,a)).

3 REP-PD

In this section, we present the Primal-Dual Representation Learning Algorithm (REP-PD) for low-
rank CMDPs. REP-PD achieves provable safety guarantees and near-optimal policies by synergisti-
cally combining representation learning with a primal-dual policy optimization framework.
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Algorithm 1 Primal-Dual Representation Learning Algorithm (REP-PD)

1: Input: Parameters A, ay, 7, function class M = {(u, ¢) : p € ©, ¢ € I'}, Iteration K

2: Initialize 7 (- | s) to be uniform, Y7 = 0; set Dy = 0, D, = 0.

3: forepisode k =1,--- , K do

4:  Collect the transition (s, a,s’,a’,3) where s ~ dpi™',a ~ U(A),s' ~ P*(:|s,a),a’ ~
U(A), 5~ P*(-|s',a’), where U(.A) denotes the uniform distribution on A.

5:  Update datasets : Dy =Dy_1 + {(s,a,5")}, D, =Dj_, +{(s,d,3)}.

6:  Learn representation with MLE oracle:

S -
Py = (fuk, dr) = arg max Ep, 1oy [Inp' (s)¢(s,a)] .

)

7. Update empirical covariance matrix % = > s.aeDy, br(s,a) (s, a)T + Al

8:  Set the exploration bonus: by (s, a) := min (ak \/q?)k(s, a) TS o (s, a), b).
9:  Update policy 73, = arg max, Q’ + YkQ’Ig
ks

Py, r+bi g+b”
10:  Update Yj,+1 = max{min{Y} + n(b— Vg’“g+i) (s1)), &}, 0}
k> k
11: end for
12: Return 7y, ,Tx

3.1 REP-PD ALGORITHM

As illustrated in Algorithm [I] REP-PD operates within an iterative loop across K episodes, with
each iteration systematically refining the agent’s environmental understanding and policy. This re-
finement is achieved through three tightly coupled phases: Environment Modeling via Representa-
tion Learning, Uncertainty-Aware Exploration, and Constraint-Guided Policy Optimization.

Environment Modeling via Representation Learning: The initial and foundational step in REP-
PD is to overcome the challenge of unknown environment dynamics in high-dimensional state
spaces. To this end, the algorithm first employs representation learning via MLE to approximate
the underlying environment’s transition function. By collecting transition data (s, a, s’,a’, §) via a
data collection strategy that mixes the current policy with uniform exploration, REP-PD constructs
empirical datasets. The datasets are then utilized to learn a low-rank transition model Pk = (fig, ng)
by maximizing the log-likelihood of observed transitions. This process ensures the learned model
effectively captures the inherent low-rank structure of the CMDP, providing an efficient and accurate
approximation of the environment’s dynamics without requiring prior feature knowledge.

Uncertainty-Aware Exploration through Bonus Construction: With an approximated transition
representation in hand, the next critical challenge is to facilitate effective and safe exploration,
particularly under the uncertainty of learned features. REP-PD addresses this by introducing an
uncertainty-aware exploration bonus derived by the learned representations. Specifically, the algo-
rithm computes an empirical covariance matrix, » ., from the collected state-action features, which
quantifies the uncertainty associated with these features. An exploration bonus, b, (s,a), is then con-

structed as a scaled Mahalanobis norm of gz@k(s, a) with respect to S capped by an upper limit of
b to ensure stability. This bonus will be integrated into the composite Q-function in the subsequent
phase to encourage exploration. This is crucial for balancing the exploitation of current knowledge
with the necessary exploration for robust representation learning and policy optimization.

Constraint-Guided Policy Optimization with Primal-Dual Adaptation: The final, crucial step
integrates the learned environment model and the exploration strategy into a primal-dual pol-
icy optimization module to achieve the primary objective of maximizing rewards under safety
constraints. The core idea is to update the policy 7, by maximizing a composite Q-function:
T = argmaxXy, Q;;k by + YkQ;;k g This composite function merges the reward and utility
Q-functions, each augSmented with an’exploration bonus derived from the learned features. This cru-
cial augmentation seamlessly integrates insights from representation learning and exploration into
the policy update mechanism.
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Constraint satisfaction is managed by a Lagrangian multiplier Y}, which adaptively weights the
constraint within this composite objective. This Lagrangian multiplier is updated by taking a step
toward minimizing £(m,Y) over Y > 0, following the rule: Y;11 = max{min{Y; + n(b —

lg;f,g+l;k (s1)),&},0}, where np > 0 is the step-size and & is an upper bound ensuring Y* € [0, &].

If the estimated constraint violation b — V7% (s;) is non-negative, Y}, increases to prioritize safety;
otherwise, it decreases to focus on reward maximization. This adaptive Lagrangian multiplier adjust-
ment ensures a dynamic trade-off between reward maximization and constraint adherence, driving
the algorithm towards a policy that is both high-rewarding and compliant with safety requirements.
The careful selection and interplay of these parameters are crucial for the method’s theoretical guar-
antees, specifically ensuring near-optimal regret and bounded soft constraint violation that scales
polynomially with the feature dimension rather than the state space dimension.

3.2 THEORETICAL ANALYSIS

In this subsection, we conduct an analysis of REP-PD, establishing theoretical bounds on its regret
and soft constraint violation. Furthermore, we demonstrate that it is possible to achieve zero soft
constraint violation for large enough K.

Theorem 6 (Regret and Soft Violation Bounds). Set a = O(/(|A] + d2) yIn(|M|k/$)), A\x =

O (dIn(|M]k/d)), n = 29(517\;%) in algorithm With probability 1 — 6, we have

~ (| A|bd?\/KIn(K|M]/$) o ~ (| A|bd?\/KIn(K|M]/5)
Regret(K)<O< 1 — )2 ),V@olatzonsoft(K)<O< 01— )2 ) )

Thus, we obtain a bound that is independent of the state space dimension, while exhibits polynomial
dependency on 6, | A, b,d, In(|M]/§) and 1/(1 — 7).

Remark 7 (Tightness of Bounds). The O(|A|d*v/K) scaling matches the lower bound for reward
known unconstrained low-rank MDPs (21)), suggesting our constraint-aware extensions avoid exces-
sive overhead. The 0~ dependency aligns with Slater’s condition and is unavoidable in constrained
optimization (U19).

The regret and soft constraint violation bounds presented in Theorem [ are supported by three fun-
damental components, with the complete proof detailed in the appendix:

1. Representation Learning Guarantees: This component (lemma [I4H17)) ensures that the

learned features ¢y, accurately approximate the true low-rank structure ¢*, with a statistical
error propagating polynomially in the feature dimension d (not state dimension |S|).

2. Lagrangian Stability under Slater’s Condition: Through primal-dual policy optimiza-
tion (Lemma , the composite value function V™Y combines reward and utility
objectives, enabling a unified optimization landscape. The dual variable Y}, adaptively pe-
nalizes constraint violations, ensuring Y3 remains bounded and balances exploration and
constraint adherence.

3. Elliptical Potential-based Regret and Violation Aggregation: Using the simulation
lemma (Lemma [30), we decompose the composite regret into terms involving the bonus

by, and the representaion error. The Mahalanobis norm || ¢y,| s—1 quantifies uncertainty, and
k
its sum over episodes is bounded via elliptical potential lemma (Lemma [29).

Remark 8 (Comparison to Linear CMDPs). Our work eliminates the requirement of known ¢* in
linear CMDPs. The cost is an additional |A| factor in regret and violation bounds, reflecting the
overhead of learning (;AS online, which is a reasonable trade-off. Furthermore, our theoretical analy-
sis diverges from prior linear CMDP approaches (15} [18) by circumventing the need for pointwise
transition error bounds. Instead, we exploit the low-rank structure to relate global representation
error to policy suboptimality.

Moreover, we can achieve zero soft constraint violation for sufficiently large K.
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Algorithm 2 Primal-Dual Representation Learning Algorithm with hard constraint violation (REP-
PD-hard)

1: Input: Parameters Ay, ay, 7, n, Model class M = {(u, @) : u € ©, ¢ € I'}, Iteration K.

2: Initialize 7o (- | s) to be uniform; set Dy = (), D =

3: forepisode k =1,--- , K do

4:  Collect the transition (s, a,s’,a’,3) where s ~ dpi',a ~ U(A),s' ~ P*(:|s,a),a’ ~

U(A),§ ~ P*(-|s',a’), where U(.A) denotes the uniform distribution on A.
5:  Update datasets : Dy =Dy_1 + {(s,a,5")}, D, =D,_, +{(s,d,3)}.
6:  Learn representation with MLE oracle:

P = ([ ) = E ’ 1 T(s .
K (fiks Pr) arg(ufg)égw Dy +D), [HH (s )¢(s,a)]

7. Update empirical covariance matrix 3 = > (5,0)€Dx br(s,a)dr(s,a)T + Mgl

8:  Set the exploration bonus: by (s, a) := min <ozk \/gzgk(s, a) TS o (s, a), b)

9: Initialize Y3 = 0.
10 whileY, < K4 do

. al i ™ s
11: Set T, = arg max,: QPk,rﬁBk + YkQPk,ngjm'

. — _ Tk Tk —
12: Update 73, = soft maxT(C)}_BNHA)’c + YkQﬁk,g+l3k) and Y, =Yy +n.
13: if qu >b:  break.

14:  end while

15 ifY, > KY%  SetY, = K4,
16: end for

17: Return 7y, ,Tx

Corollary 9. In Algorithm replacing b = b + (, and set £ = ﬁ. Then, with probability at
least 1 — p, we have:

|A|bd*V K o |A|bd*V K
< —_— < Ll bt S
Regret(K) < O (62(1 ) Violations s (K) < max ¢ O 01— )2 K¢, 05,

where ( = min{O (%) ,0/2}.

We refer to this variant of the algorithm as REP-PD-0. When O (%) < 6/2, the violation

term becomes non-positive, thereby ensuring zero soft constraint violation for sufficiently large K.

2
However, the upper bound on regret increases to O ( “gégf_\gg) as a consequence. This trade-off

aligns with findings in prior work on tabular CMDPs (49) and linear CMDPs (15)), which demon-
strate that achieving zero violation inherently incurs an additional 1/(1 — ) factor. Despite our
distinct setting, this additional 1/(1 — -y) dependence appears to be similarly unavoidable. A de-
tailed analysis of zero soft constraint violation is provided in the appendix.

4 REP-PD-HARD

In this section, we delve into the more stringent scenario of hard constraint violation. We introduce
the Primal-Dual Representation Learning Algorithm for hard constraint violation, referred to as
REP-PD-hard, that achieves sublinear regret and hard constraint violation guarantees by designing
a novel policy optimization module.

4.1 REP-PD-HARD ALGORITHM

As discussed in the Background, hard constraint violation is a stricter metric than soft constraint
violation. Consequently, designing algorithms that simultaneously achieve sub-linear regret and
maintain bounded hard constraint violation with unknown dynamics becomes considerably more
challenging. To address this problem, REP-PD-hard incorporates a crucially distinct policy opti-
mization module. The core innovation is to find the perfect dual variable at each episode to balance
reward maximization and constraint satisfaction.
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As shown in Algorithm 2] REP-PD-hard maintains an iterative loop, alternating between repre-
sentation learning, constraint-aware exploration, and primal-dual policy optimization. The key
difference between REP-PD-hard and REP-PD lies in the primal-dual policy optimization mod-
ule. To satisfy the stricter hard constraint violation, REP-PD-hard must find the perfect dual vari-
able in each episode. Moreover, instead of the greedy policy used in REP-PD, REP-PD-hard em-
ploys a soft-max policy. This choice is motivated by the distinct analysis required for hard con-
straint violation, which leverages the Lipschitz property of the soft-max policy. The softmax policy
soft-max(X) = {soft-max’ (X )}Ia“i‘1 for any X € Rl is a | A|-dimensional vector with parameter
7 where the a-th component
exp(X,/7)
2k exp(Xi/7)

The algorithm iteratively update the policy and increase Y}, by 7 until Y3, > K/ or Vg = b. Upon
exiting the inner loop, one of the following two cases holds:

soft-max? (X)

¢ Y, = K'Y*and V% (s1) < b. In this case, we reach the upper bound of the dual variable.

We demonstrate that the upper bound of /'/4 is sufficient to achieve O(K3/4) regret and
O(V/K) hard constraint violation.

* Y, < KY*and Vg™ = b. In this case, we prove that with an appropriate choice of 7 and 7,
we can ensure V™ (s1) < b+O(K '), thus balancing regret and hard constraint violation.

Remark 10 (Relaxed Assumptions in REP-PD-Hard). Compared to existing CMDPs algorithms
with bounded hard constraint violation, REP-PD-Hard significantly relaxes standard assumptions.
Beyond unknown dynamics, it removes the requirement of a known safe action set, which is com-
monly assumed in prior work (13 14} |18).

4.2 THEORETICAL ANALYSIS

Due to the stricter requirement of hard constraint violation, the analysis of REP-PD-hard differs with
that of REP-PD. Simply put, we categorize the episodes into two cases based on the value of Yj:

episodes where Y;, < /K and episodes where Y;, = /K. As previously discussed, by carefully
selecting the values of 1 and 7, we ensure that both the regret and hard constraint violation are
bounded for both cases. The complete proof is provided in Appendix.

We prove Algorithm [2]achieves the regret and hard constraint violation which are sublinear in K.
Theorem 11 (Regret and Hard Violation Bounds). Set o, = O(\/(JA| + d2) vy In(]M|k/d)), A, =
O (dIn(|M|Ek/d)), T = (1{5)3, n= \/?(11_7). in algoritthith probability 1 — ¢, we have

Abd2 K3/4n (| M| /5 | A|bd2V/Kln (| M| /5))

Regret(K) <OC =) (1—7)?

To our knowledge, this is the first result that achieves sublinear regret and hard constraint violation
bound for low-rank CMDPs. The O(+/K) hard constraint violation bound matches the bounds
attained in the tabular and linear setting. The K3/ regret suboptimality stems from the exploration
due to unknown transition dynamics. These results confirm that REP-PD-Hard maintains strong
theoretical guarantees under significantly weaker assumptions, marking a novel advancement in
constrained RL with unknown dynamics.

)) , Violationparqe(K) <O (

5 CONCLUSION

We propose the first provably efficient algorithm for representation learning in CMDPs without
requiring known latent features. Our approach interleaves representation learning, exploration
bonuses, and primal-dual optimization to ensure both near-optimal reward and bounded soft con-
straint violation. We further propose REP-PD-hard to handle stricter hard constraints while main-
taining sublinear regret. Together, our results establish a scalable and theoretically grounded frame-
work for constrained reinforcement learning in high-dimensional and unknown environments. A
key direction is extending our results to other safety type, such as instantaneous safety. Utilizing a
decaying e-greedy strategy for exploration is also a direction for future work.
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A  NOTATIONS

Firstly, we summarize the notations frequently used in the proofs. Hereafter, we assume cg, c1,- - ,
are some universal constants, and the notation f(x) < g(x) means there exists some constant ¢; > 0,
such that f(z) < ¢1g(z) for any .

Let d7. (s) be the state occupancy measure

Pels) = (1=7) Y _ A" Pi(sn = s|s1 ~ du),
h=1

where P (s, = s|s; ~ dp) is the probability that s, = s, after starting at state s; ~ d; and
following 7 thereafter.

Also, let d%.. (s, a) = 7(a|s)dp. (s) be the state-action occupation measure. Hence,

Vj”(sl):/ J(s,a)ddp(s,a). (7

)

We define
1 k—1
= Z dz (s).

With slight abuse of notation, we overload the above notatlon and use py, for 1/k Zk ! d7. (s, a).
Next, define p) : S — R as a marginal distribution of s’ for a triple

(s,a,8") ~ pr(s)U(a)P*(s" | s,a).
We define three matrices as follows:
Y e xU(A)6 = KEsmpamt(a)[0(5,@)0 " (s,a)] + Al
St = KE(s ayopr [(5,0)0 " (5,a)] + M1,
Skip = FE(aa)mp, [6(5, )0 (5, 0)] + AT
Note that for a fixed ¢, iw is an unbiased estimate of 3, . 7(4),¢-

B PROOF OF THEOREM

We now provide a detailed proof of Theorem [6] which establishes the regret and soft constraint
violation bounds for REP-PD. We start by proving a lemma that bounds the dual variable updates:

Lemma 12. ForY € [0,¢], we have

K 2 72
;(Y ~Y)(b—VE* L (1) < 32% + Q(T’_KW @®)
Proof.
Vi1 - Y[?
=|Projio.q(Ya+n(b=Vi* ; (51)))=Projjo.g(Y)[*
<Yk +nb-Vgr ;5 (s1)) = Y)?
72h2
§(Yk—Y)2+W+2W(Yk— Jo=VEr i, (51))
Summing over k, we obtain
0< [V — Y
K
<V YP 20— VE L () (Y~ ¥)  PBK /(1 )
k=1

13
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Thus, we have

X _
. Vi—Y[]? K

E _ k < .

k:l(Y WOV o)<, a4y

Since Y7 = 0, we have the result. O

Using Lemma[T2] we can prove the following lemma:
Lemma 13. ForY € [0,¢], we have

K K
> (VB (s1)=VEE (s1))+Y Y (b=VEE (51))
k=1 k=1
K —
Y2 22K
_ VT Lo oA
;(VP* (s1) = VEE (s1)) + 2 + 201 — )2
K K
FSVAVE (o) = VE (1) + SV — YDV L (s1) = VB, (s1)
k=1 k=1

Proof.

' K

ZY Yi)b=VE" i (s0)+) Yilb=VZ* . (1))
=1 k=1
K

IV = YVE L (s1) = VEE (s0)
k=1

; SIS me 51))
K

I = YVE L (s1) = VEE (s0)
k=1

Y2 7’]262[( i * Tk

<oy T am o t 2 YelVE (o) = V(1))

k=1
+ZY3%P+A>4QNM

where first inequality follows from lemma [T2] and the second inequality follows from the fact that
Vﬂ'* (81) 2 b.
g

Hence, we have that
K

K

Y (VB (1) = VB (1) + Y Y (b= VEE (s1))

k=1 k=1

Y2 p?RRK e~ .
<7 - N0 7r* - Tric/
~ 27’ + 2(1 _7)2 +;(VP ,T(Sl) VP 7r(sl))

K K
EYVVE (1) — VR (o) + 300V Vi) (VEE o (s1) — Vi (51)

k=1 k=1
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Then we provide an important lemma to ensure the concentration of the bonus term.

Lemma 14 (Concentration of the bonus term). Set A\, = O(d1In(k|®|/)) for any k. Define % =
Pik>®
kEswpk,aNU(.A) [¢(87 a)¢T (87 a)] + )‘kla Ek,¢ = Zf;ol (b(s(l)u a(l))¢T (s(l)7 a(l)) + )‘k—[ With
probability 1 — 6, we have Vk € KT V¢ € @,
cill(s,a)lls— <llgls.alls s <edlé(s,a)llz-s

PR XU(A), ¢ ka(A).d;

Proof. See ((21), Lemma 11) O]

Lemma 15 (One-step back inequality for the learned model). Take any g € S x A — R such that
lglloc < B. We condition on the event where the MLE guarantee (27):
]ESNpk,aNU(A) [fk (Sa CL)] 5 Ck:a

holds. Then, for any policy m, we have

‘]E(s,a)wd;k [Q(S, a)] | < E(g,&)wd"ﬁk Hék(ga &)fol

P XU(A),

\/ (AL <y 0y (925, )]} + B2A + B2, + /(1= 1A By 0 [92(5, )]

Recall X, ;1) 50 = FEsmpy ant () (95 (s, a)op (s,a)] + Al

Proof. First, we have an equality:

Es.ay~ay, 905, 1= 5 3y mar, smr(3,8),amm() 1905 D) + (1= VEinias amm(sy) 908, )]
k
9)
The second term in[9]is upper-bounded by

dy(s)m(a] s) s g
(1- 7)\/1(2113)( WEszk,aNU(A) [9%(s, a)]

di(s)m(a|s)
<“‘”\/ B T Guta) e Wl (0]

<= DAy, o) [92(5,0)]

Next we consider the first term in @) By CS inequality, we have

E(g,a)wgk,SNPk(g,a),aw(s) l9(s,a)]

=Ea)ay, oi(5,a)" /Zﬂk(S)w(a | $)g(s,a)ds

P XU(A),

< By 100G H [ 3 ine)nta | gl pics)

X X UA), b,
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Then,

2
1/ S el | Dol DI,

e

{kEs~pk7a~U A)[¢k¢k +>\1J { Zuk m(a | s) (S’Cl)d(s)}

2
+ B2\d

/Zuk (5.8)m(a | s)g(s,a)d(s)

P)
= kBsnpp ania) {(ESNPk(g,a),aNﬂ(s) la(s, a)]) } +BArd

kEsNPk,aNU(.A) [(ESNP*(E,&),aNTr(s) [9(s, a)])ﬂ + B2)‘kd + kB2Ck (MLE guarantee)
ESNpk,&NU(A),SNP*(§,d),a~ﬂ'(s) [92(‘9’ a)} + B2Akd + BZka- (Jensen)

LA {Espp amtr(A),5~ P (50)sa~U () [9°(5,0) ]} + B*Apd + Bk
(Importance sampling)

< KAE np; anv(a) [¢°(s,a)] + B*Avd + B?k(. (Definition of p},)

< kE.;\,pk a~U(A)

<k
<k

Here we use || 3", 7(a | 8)g(s,a)||o < Band [ | fx(s)h(s)d(s)||2 < Vdforany h:S — [0,1] in
the second inequality.

Then, the final statement is immediately concluded. O

Now, we provide one-step back inequality for the true model and learned model.
Lemma 16 (One-step back inequality for the true model ). Take any g € S x A — R such that

lglloc < B. Then,
E(s,a)~az, 19(5,a)] < Egsaymar, 107 (5, a)l\g— R%A \/’fIAUEwmc a~v () [9%(5, @)] + ArdB?

+y/a- w>|A\Es~pk,a~U<A> [92(5, 0)]-

Recall B, g+ = kE(5.0)p [0%(5,0)0*(s,0) T] + Al
Proof. First, we have
]E(s,a)fvd};* [g( )] ’YE(§ a)~dE, ,s~P*(3,a),a~m(s) [g(sv (l)] + (1 - V)Esrvdl,awfr(so) [9(57 CL)} .

(10)
The second term in[I0]is upper-bounded by

(- 7)\/?;33: DR 1205, 00) < IAE g ) (5, 0] (1= ),

By CS inequality, the first term in[T0]is further bounded as follows:

]E(g a)~dp, s~P*(5,a),a~m(s) |9 [9(s,a)]

B aeaz. ' 5,0)" [ S w (e | s)g(s,a)ils)

m(a | s)g(s,a)d(s)

sa)NdP*”d) s,a HE 1

E/Jk,qb*
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Here, we have

I/ S| o O, .

{/Zu ap <s,a>d<s>}T

{FE (s 0)mp [0%(5,0) {67 (5,0)} T] + AT } {/ZM*(S)W(G | S)Q(Sva)d(s)}

2
(8.8)~p [/Z“ (3.a)m(als)g(s,a)d(s)| ¢+ MdB?
<k {E(§,d)~pk,s~P*(.§,d),a~ﬂ'(s) [g (Sa a)]} + Akd82 (Jensen)
Therefore,
k {]E(E,&)Npk,SNP*(é,&),aNﬂ'(s) [92(53 a)} } + )‘kdB
< EAH{EG,a)mpr s~ P (50),a~0 () [9°(5,0)] } + AedB? (Importance sampling)

< k| A { s~opi,a~U(A) [92(5, a)]} + \ndB2.
In the last line, we use the following inequality:

]Eswpk,aNU(A) [92(87 a)]
= YE(5,8)mprs~ P (5,3),a~U(A) [9°(5,0)] + (1 = NEqg,ndy anva) [9°(s,0)]
> VE(5,8)~pr 5 P (5,3),a~U(A) [9°(5,0)] -
Finally, we have
]E(s,a)rvd};* [g(s, a)]
<E¢a)~az, 1975, )”E;}im\/’Y{k‘A|ES~pk,aNU(A) 9% (s, @)] + AedB?}

A ey o) l92(5, )] (1= 7).

This concludes the proof. O

Next, we prove the optimism in the initial distribution.
Lemma 17 (Almost Optimism at the Initial Distribution). Consider an episode k (1 < k < K) and
set oy, = O(/ (AT + @) yIn(Mk/5)), A = O (dIn(|M|k/6)),Ce = O (W) With
probability 1 — §,Vk € [1,--- | K],Vr € II, we have

Vieriie — VErr 2 =V ([ =) HA[G

Py, r+by

Proof. In this proof, letting fi(s,a) = ||Py(- | s,a) — P*(- | s,a)
vk, Vo,

1, we condition on the event

Eswpk.,aNU(.A [fl?(s (l)] <GB s~pj,a~U(A) [f]?(& a)] < ks

l6(s: @)l 1.6 = OlS(s:a)[gor )

XU(A),¢
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From Lemma|[T4]and Lemma[27} this event happens with probability 1 — §. Then, for any policy T,
from simulation lemma [30]

( )(V;k T+bk VIZ"’T*,T)

= E(s,a)r\/d;k {bk(sv a) + WES/N[D,C(S@) [Vlgr*,r(sl)] - ’}/ES’NP*(S,(L) [VI;T*,T(S/)H

> E(Sva)Nd}Ek [mln <ak|q§k(s a)lls-1 2) (11

PR XU(A),dp

FVE gy (os0) VB ()] = Bt o) [VE- 1 ()]

where in the last step, we replaced the empirical covariance by the population covariance. Note the
notation < is up to universal constants. Here, since ||V]J*’T oo < 1 (since we assume trajectory-wise

total reward is normalized between [0, 1]), we have:

Esapma, {IES,N butoay VB ()] = Egmpe (o [Vg*,r(sf)]} | <Egapag, [fils,a).
The above is further bounded by Lemma T3}
|]E(s,a)/\zd’}5D [fk (87 (L)] |
k

<E(§,a)~dgk |61 (3, )]s VT \/k|A|Es~p;C,a~U(A) [f2(s,a)] + 4\pd + 4k(y,

PR XU(A), oy

/(U= DAy, anvr) [ (55 a))

Then,
E(s,a)wn [fr(s,0)] S/ Eia ~ay, ||¢k ,@)|lg— HVIAG( =) (12)
PR XU(A), ¢k

where
o = Y{k[A|G + Med + kG } < v (JA] + d2) In(|Mk/S).
Note we here use [ (s, a) < 2, Eqp, anv(a)[fr(s,a)?] < ¢ and B, anl(A) [fr(s,a)?] <

Combining all things together,
‘E&a)ngk{Es,Npk(S,a) VTP*’T(S,)]_E/NP)((Sva) Vp*vr(sf)}}‘
< E(s,a)rwd”p [fk(S,a)]
k
S W E 3,a)~d™ ) ~7 a -1 1- A
S okEGa~ay l|px (5 a)”z ><U(.A),d">k+ (1=7)[A[Ck
akE(s a) ~d7r ||¢k($ a)”E 1 TV (1 - ’Y)|A|<k7 (13)

PEXU(A), Gy
where ay, := \/aj.
Going back to (TT)), we have
( )(ng T‘-‘rbk Vlg*,r)
> Eisa)oge |min [ o $,a)]|s- ,b
S Y e —

+’7Es’~f’k(s,a) [VP*,T(S )] - VES’NP*(&G) [Vg*ﬂ’(sl)]}

Z= E(S,a)wd;k min (akfbk(s a)lls-1 ,b)

P XU(A),

+m,b)}

— min (Ozk|¢k(5 a)”z !
> —/(1 =) AlCk

From the second line to the third line, we again use [|VZ. [l = O(1 and. This concludes the
proof. O

XU(A),é
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Lemma 18. Ser o, = O(\/(JA| + @) yIn(J]M|k/6)), M = O (dIn(|M|k/d)) in algorithm
With probability 1 — §, we have
K K

(VB (5) ~ VEE (1)) + S Ya(VE (s1)~ VB~ (1)
k=1 k=1

] K £bl Al
5\/}{1 (1 Fmaasy) mOEM T

Proof.
(V7 (1) = V7 (s1)) + Ya(VyT (s1) = V™ (1))
S(VE 45, (51) = VT (s0)) + Ya(VE 5 (s1) =V (s1))+V/IAIG(T =)~
S (VEr L, (51) = Vi (1)) + Y(VEE 5 (s1)=Vy™ (s1)) + VIAIG(1 =)~

= (1= ) Eqamazt |05 @) + VB, (10 lVE 1 ()= 1Epeiwisnn [VEE, 5 ()] ]
-1 7 T
+ Yk(l — 7) E(s,a)Nd;’i’ [bk(& a) + ’}/Epk( '|s,a) [ 4 g+bk(8/)] _’)/EP*(SI‘S’G) [Vp:,ngl;k (s/)H

|G (1 = 7)1
Here we use the 2nd form of Lemma[30]in the last display.

Then, noting [|bx|lc < b, |Yi| < &, we have ||V;k rapy oo S e 7 YellVy

Combining this fact with the above expansion, we have
VB, = VEE + Yi(VEL = VEE )
_ " b
< (]- - 7) ! E(s,a)r\/d;k* [bk(sv a)] + <(1 — 7)2) E(s,a)r\zd;’i [fk(sv a)]

(@) (b)

. b
+ &L =) B gy ars [br(s )l + ((157)2) E (g aymars (s, @)/ TAIG(T =)~

(©) d)

(14)

First, we calculate the first term (a) in Inequality Following Lemma and noting the bonus b,
is O(1), we have

B (s ay~are [i)k(s’ a)}

<E ™ b
S Ea~ de {mm (Ozkn@o(s a)”z lwa) (bk, )]

§E 5,a)~dk ™ (5, )Hz;}:w

\/k’Y'AkX}g s~pp ,a~U(A) |:||¢k(5 CL)” —1 :|+d7Akb2

PIXUCA), B

+\/A|aiES~pk7M<A) stz Ja-v.

Pl XU(A), b,

Note that we use the fact that B = b when applying Lemma In addition, we have

KEyp, antrih [nms 0% }

P XU(A), by

=kTr(E,, xv ()01t KFE o xva) [Oedf ] + e} 1)
<d.

19
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Then,

E(s,a)~d;'g [Bk(sa a)}

<E (i 167G, 0) s [1dbAlad +9dNB2 + \fdl AR (1= 2) k.

Second, we calculate the term (b) in inequality Following Lemma |16 and noting f7(s,a) is
upper-bounded by 4 (i.e., B = 4 in Lemma[I6), we have

]E(s,a)/\ad;k* [fk(57 a’)]

<EGaymare 6% (5, a)”E;;,w \/k|AWEs~pk,a~U(A) [f2(s,a)] + 4yAid
A e, anta U (5:0)(1 = )]

S Egay~are 19705 a)”E;,:,w VEANG + 4yAkd + /[ AG (1 — )

S Egayeare ||¢*(§,&)||z;k1_¢* ag + VAl (1 =),

where in the second inequality, we use E,,, o~v(a)[fi(s,a)] < (k. and in the last line, recall
VIVEIAIG + Xed + ke S o

Similarly, we can upper bound the term (c) and (d). Combining the calculation, we have:

L Tk " Tk
VP*,T - VP*,T‘ + Yk(VP*,g - VP*,g)

1+¢ - > d|Alag (1 — )
ST (E@,@Nd;aw*(s, @)l AR+ dAD? 4+ ) T
(1+&0b

+ =52 (E(é,a)rvd;’g 1™ (3, d)HEZ;,w ok + V/[A[Ce(1 - 7)) :

Hereafter, we take the dominating term out. First, recall

ax S VA + BYE[MI5) S /JAIE (K MI/S).

Then, denote D(®) = In det(zfz1 E(gﬁ)wd;ﬁ [6*(5,a)¢*(3,a)"]) — Indet(A; ), we have

K

D B amaz 167G @)l

k=1
K

< KZ]E(g,a)~d;k; [¢* (3, d)TZ;leéb*(g, a)l (CS inequality)
k=1

SVEK-D(®) (Lemma28land A\; < --- < Ag)

K
< — ).
< \/dKln <1+d)\1)

The last inequality uses potential function bound and Lemma [29] noting ||¢*(s,a)||2 < 1 for any

(s,a).
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Finally,

ZVP* —VEE A Vi(VE . — VEE )
51-&(\/6”““ <1+>\/d|A|OéK+dAKb2+Z\/W>
iy (W&HZW )

b K b K
<—=—/dKIn |1+ — |+/d|A]a% + ——/dKIn |1+ —
ST n +d/\1 |A\O¢K+<1_7)2 n +d)\1 oK

(Some algebra. We take the dominating term out.)

/27,,1/2
S \/dK In (1 + d/\1> EblA|d? ?1111_ gKMl/é)

This concludes the proof.

Then, we have the regret and soft constraint violation guarantee.
Theorem 19 (Regret and Soft Constraint Violation of Algorithm [I). Ser o) =

OW(AT+ @)y In([MIE/D), Ay = O(dm(ME/8), n = 22 in algorithm
With probability 1 — §, we have

|A|bd*V K o |Ajbd*VE
Regret(K) < O <9(1 ) , Violationse s (K) < O V=

Proof. We, first, show the regret bound. Note from Lemma Lemma [17] and Lemma for
Y € 1]0,€], with probability 1 — §, we have

K
> (VB VpE (1)) + Y (b= Vpe ,(s1))
k=1
Y2 K K| A In(K|M|/9) ( K ) €b|.A|d?
S+ + +/KIn 14+ —————c M|/
w217 g\/ i) (M) ) MO T
(15)
Replacing Y with 0 in (I3)), we have
K
S VA L (51) = VEE (1))
k=1
- 2
< K K| A|In(K|M]|/d) 1 (1 K ) (K €b|Ald
S TN T a—y YU e ) MO R
Substituting n = 26(1)1 \F’Y and £ = into the equation, we have the result.
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We, now, show the violation bound. Since

K
S VB (1) = VEE (51) + Y (b — Vi (51)
k=1
Y2 K K| A|In(K|M]|/5)
S TRE +£\/ =)

i K €bA|d2
+\/K1 (1+ a0

Putn = 20(51\;%),5:%andY<§,wehave

K
(VB (1) = VBE (1) +Y (b= VB (s1))
k=1

20V K K|A|In(K|M|/$) K £b|.A|d?
59(1—w>+\/ -7 #Kl“(”d?ln(wva)) KM T

Now, there exists a policy 7/ such that Vf’ =+ 215:1 Ve, Vgﬂ' =+ Zle V. By the occu-
pancy measure, V;™ and VT are linear in occupancy measure induced by 7. Thus, the average of
K occupancy measure also produces an occupancy measure which induces policy 7’ and Vr”/, and
V. We take Y = 0 when Zk (b= Ve (sh)) < 0, otherwise Y = £. Hence, we have

VB L( Zv;;f 51)+ & bf—zvgf 51))
= VP*,r(sl) - VP*,r(xl) + f[b - VP*,g(Sl)]+
2 |A| In(K|M|/d) ( K ) £b|A|d?
< =1+ F—F—7= K|M|/é .
Vo T\ aex TR @y ) MY T
Since £ = %, and using the result of strong duality (Lemma , we have
% -
1 b|.A|d?
- — VEE (8f), < O(———x 16
7 2 VPl < OG5 o2) (16)
Hence, the result follows. O

orollary uarantee o orithm |1). After interacting with the environments for =

Corollary 20 (PAC G f Algorith A ] ] ith th ] K
2p2 4 *

O(%) episodes, we have - Zle VE. . (s1) = Vit .(s1) < € with high probability.

Proof. 1t directly follows from the standard regret to PAC reduction (21). From Theorem [I9] when
Kis

€26(1 — )"
| A[b2d* In(|M]/5)

with probability 1 — &, we can ensure + Zszl V}I:’T(sl) = Vit (s1) <e O

o( )

C PROOF OF THEOREM [L]]

This section provides detailed proofs for our results on hard constraint violation.

Assumption 3 (positive action-gap). For all Py, we assume that there exists a minimum action-gap
Omin Such that:

min = min min_ (QF, (s,a"(s) = QF, (s,a)) > 0.
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Assumption [3] ensures that the optimal action at each state is clearly separated from the suboptimal
actions, which is standard for softmax-policy analyses (50). All results in this section are derived
under this assumption.

In analogy to the soft constraint setting and in conjunction with the properties of the soft-max policy,
we present the following lemma.

Lemma 21. Set o), = O(\/(|A|+d2)71n(|./\/l|k/5)), A = O(dln(|IM|k/d)), 7 = %
in algorithm With probability 1 — 6§, we have

_ 1
= VRG1=)
K

Z V k 81 ZYk ﬂ- 81 Vgﬂk(sl))

k=

K KO ARG | | Al exp(—mm)
5\/1“<”d21n<|M|/6>>”“K'M/‘” TS ER R (e

To upper bound the regret, we decompose it into two main components:

K K
Regret(K) < (V77 (s1) + ViV (s1) = V(1) — YaV e (s1)) + 3 Ya(Vy™ (s1) — b)
k=1 k=1

T T2
A7)
Using Lemma[21] we can bound 7.
To bound 75, we first define the set of episodes where the constraint is violated:
L= {k: (VS "(s1) < b}.
For episodes in I, 75 is upper bounded by 0. We only need to consider the episodes in the comple-
ment set ['“.
Let Vg”k’y be the estimated value function computed by the Algorithm [2{ when the dual variable is

Y. Before upper bound 75 for episodes in the set I'C, we show that due to the softmax property, the
difference between V™Y and V¥ *1 is bounded.

Lemma 22. Denote 7"}; as the soft-max policy computed at iteration k with Y. Then,
VY 1(s)| < Of

(1) —
)

Proof. For any state s, the value function satisfies the Bellman equation:

Y Y
Vit = By ) [905:@) + 1B rmpe [V (5]

Y,
Vot =Eeay) [ (5,0) + By [Vg* <s’>}]

’

Y Y
Let A, = sup, [Vy'™* (s) — V4'* (s)|. Subtracting the two equations, we have:

v/

‘ITY T
=[Banny 1) (905 @) + 1B [V (] = By 1 [ (5,0) + Egnp- [Vg* <s’>l] |

Y Yy’

Ty Ty TrY/
< E“Nﬂ':(‘ls) |:,YES/NP* Vs (S/) —Ve (S/)]:| ’ - ‘EGNW;’;HS) |:g(57 a) +VEsp-[Vg* (Sl)]:|

Fl F2
YI
_]Ea"‘ﬂ'k (-ls) |: (S, a) +7Es P+ [Vqﬂk (sl)]:| ‘

>
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For term I'y,
ﬂ"Y TK'Y/ 7Ty T
19 |V ) = 7 )] < s 9 () = v () =4,
S/
For term Iy, by the update rule of the policy, we have:

Iy =

> (7 (als) ==Y (als)) - (g<s7 a) +E [V <s'>])‘

a

’ Yy’
< m Cls) =m Cls)ll - g + 7P Va™ oo
< lm = s

By the property of the soft-max (Theorem 4.4 in (51)

Substituting I'; and I's:

27
Ay <vA, + ily
T
Solving for it gives:
2
A, U
T(1—7)
Thus, the difference between the value functions is bounded as claimed. O
Lemma 23. Set 7 = (1{5)3, n= \/?(11_7). Forany k € T, Yy (V%Y (s1) — b) < O((7=5y7% )-

Proof. It Y}, = 0, ,the result is trivially true. When Y, > Oand k € ', we know that Vg”’c Y (s1) =
Yi—n v
bwhile V™" (s,) < b. From Lemma[22]

LIS .
VY (s) = Vg ()] < O(m—)

K(1—7)
7, Ye < w:"‘f",Yk—n L < "
Ve (s)) < Vg (31)+O(K(1_7))\b+O(K(1_ ))
Since Y}, < VK and n = m’
1
Y Tk, Yi _ < . 1
WV (1) =) < O =) 1o
O

Then, we can derive the final bounds on regret and hard constraint violation for Algorithm[2]

Theorem 24 (Regret and Hard Constraint Violation of Algorithm [P). Ser «p =
O(/(AT+ @)y I(IMIR/D), N = O(dIn(MIk/9)), 7 = 555, 0 = = in algo-
rithm 2] With probability 1 — §, we have

|A|bd? K3/

Regret(K) < O < (1)

712
> , Violationpg.q(K) < O <W>

(1=7)?
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Proof. We, first, show the regret bound. From , Lemma and Lemma forY € [0, VK],
with probability 1 — §, we have

K K3/ A[bd? | A exp(—2zi) 1
Regret(K)5\/ln<1+W>IH(MM|/5)( ) + (1_” +(1_7)2.

We, now, show the violation bound. Since

K K
SV (s1) = VI (s0))+ DYV (51) = Vi (s1))
k=1 k=1

K K3/4) Albd?
5¢m0*dﬂmwwa>(K”W&< e

We have

K
Z k(b — V™ (s1)) ZYk Vo (s1) = Vi (s1))
k=1

. K N K3/4| Albd?
5¢IG+WMMWQ”MM”)<7V‘

Note that by the update of Y, we have YV, = V'K for all k such that b — Vg“’“ (s1) > 0. Since
S (b= Vi (s1)4 = Y pepr(b — V), we have that

K

K |.A|bd2
b—VTk(s = b—VTk(s <4/KIn 1+>1nKM ) .
Hence, the result follows. O

D ANALYSIS FOR ZERO SOFT CONSTRAINT VIOLATION

To achieve zero soft constraint violation, we reformulate the original constrained problem as a tighter
optimization problem—

maximize recaajs)V," (s1) subjectto V[ (s1) = b+ (. (19)
Instead of enforcing the original threshold b, we tighten the constraint to b + ¢, where ¢ > 0 is
carefully chosen. By ensuring { < 6/2, Slater’s condition remains satisfied, preserving strong

duality (47). This allows us to derive an optimal dual variable Y'¢ for the tighter problem, bounded
as:

*

¢ V™ (s1) = Vi(s1) 4
VS o Seaoy)

(20)

Then, we state the formal guarantee for the tighter problem.
Theorem 25. In Algorlthml replacmg b=b+(, and set £ = (1 LR Then, with probability at
least 1 — p, we have

Regret(K) < O <|A|bd2\/?> + K@( ¢

0(1—~)? 1—9)

772
Violation(K) < max {(’) <M> - KC,O} , (21)

where ¢ = min{O (‘;{49“()? \,:):) 0/2}.
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792
When O (%) < 0/2, the violation term becomes non-positive, ensuring zero soft constraint

violation for sufficiently large K. Plugging in the upper bound for (, we obtain the upper bound on
regret as

Regret(K) < O <W> O <W>

o) (1)’
where we replace the upper bound of { by O (%). Thus, the upper bound on regret is

Before proving Theorem 23] we first introduce the following lemma:
Lemma 26. If 7% is the optimal solution of (@, then

o ¢

VT (1) = VT (21) < m (22)

T T

The proof of this lemma for finite state MDPs can be found in (52); we extend it to low-rank MDPs.

Proof. Denote v™ = dF.. Let v*(s,a) corresponds to the state-action occupancy measure for the
optimal policy 7* and denote v (s, a) = (1 —/v)v*(s,a) + (/7™ (s, a), where 7 is a policy such
that V7 (s1) > b+ 0.

We have

/ o(s, @) (s,a) > (1 — C/)b+ (/b +7)=b+ ¢ 23)

Hence, the state-action occupancy measure ¢ (s, a) is feasible for the tighter CMDP. Now, we have

/ r(s, a)dv’(s,a) (24)

:(1—(/9)/ r(s,a)du*(s,a)+§/0/ r(s,a)dv™ (s, a)

k) 7a‘

2(1=¢/0)V;(s1)

Since 1< (s, a) is feasible, then V™" (s1) > [

57

,T(s,a)dv(s,a). Thus,

Vi (s1) = VS (s1) < ¢/0V)(51) < (25)

0(1—7)

Hence, the result follows. O

Now, we are able to proof Theorem@

Proof of Theorem First, we prove the upper bound on regret. The regret can be decomposed as
the following:

K

K
Regret(K) = Y (V7 (s1) — V™ (s1)) + Z(V:“ (51) — V™ (s1)) (26)
k=1 k=1

The first term can be bounded via Lemma[26

Since the tighter optimization problem is also CMDP, we note that the second term in the right hand
side of (26)) is essentially the regret of the tighter CMDP.

Hence, from Theorem[6]and Lemma 26| we obtain the expression of the regret bound in Theorem 23]
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Constraint Violation: Again applying Theorem [6] to the tighter optimization problem (19), we
obtain

. ]
S b+ V(1) <O <W> .
k=1

O(1 —~)?

Hence,

K K T
e e |Albd*VE

Rearranging ylelds:

K —_
U JAPEVE
>0, (1>><0<9(1_w2> K.

K b2
Erovpin] amefo( M) el

Thus, the result follows. O

Hence, we have

E AUXILIARY LEMMAS

First, we present the MLE guarantee. Regarding the proof, refer to (20, Theorem 21). Note P,
and 75, are the quantities appearing in the proposed algorithms. We can also immediately obtain the
statement to the offline case.

Lemma 27 (MLE guarantee). For a fixed episode k, with probability 1 — ¢,
Eoet0.5p5+0.50, } a0 | B ([ 5,0) = P*(-[ 5,0) [1}] S ¢,
where ( := W. As a straightforward corollary, with probability 1 — §, Vk € KT,

Es{0.50140.50, Lt/ (A) Pk (- 5,0) = P*(-| s,0)[17] S 0.5¢k, 27)

where (, == 71“‘/\/;”6/5).

The following is a standard inequality to prove regret bounds for linear models. Refer to (20, Lemma
G.2)

Lemma 28. Consider the following process. Fork =1,--- | K, My = My_1+ Gy, with My = Aol
and Gy, being a positive semidefinite matrix with eigenvalues upper-bounded by 1. We have that:

K
2Indet(My) — 2Indet(Aol) > > Tr(GpM; ).
k=1

Lemma 29 (Potential function lemma). Suppose Tr(G}) < B>.

KB?
2Indet(Mg) — 2Indet(Aol) < dln (1+ ) .

o

Lemma 30 (Simulation lemma). Given two CMDPs (P’ r + b, g) and (P, r, g), for any policy m,
we have:

T T 1
P/ r+b VP,T = mE(s,a)r\/d;, [b(s,a)

+ ’YEP’(SWS,CL) [Q7];7r(3/7 71')] - ’YEP(Slls,G) [Q?D,r(slv 77)]]
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and
LE(s a)~dp [b(s, )+
11—~ 7 P
YEP/(5/15,0) [ QP r45(8"s T)] = VEp(s15,0) [QF i (8", T)]].
Similarly, give two CMDPs (P',r,g + b) and (P, r, g), for any policy 7, we have:
;’,g+b - V};T,g = ﬁE(s,a)Nd;, [b(s,a)

+ 'YIEP/(S/|s,a) [Q}T?,g (5/7 7T)] - ’-YEP(S/|S,¢1) [Q?,g(slv 7T)H

T T
VP’,T+b - VPJ‘ -

and
1

L=y
A/EP’(S’\S,a) [QTIg,g+b(Sl7 ’/T)} - ’Y]EP(s’|s,a) [Q}B’,g%»b(slv ’/T)H

V;’,g-&-b — Vgg = E(S,Q)Nd;, [b(S, a)“r

We have used the following result from the optimization which is proved in Lemma 9 in (19).
Lemma 31. Ler Y™ be the optimal dual variable, and C > 2Y*, then, if

VT (s1) = V7 (1) + Clb =V (s1)]4 <0 (28)
then
. 26
b=V (s1)]+ < rok (29)
Comparison of Cumulative Regret Comparison of Constraint Violation
—— REP-PD —— REP-PD
804 REP-UCB REP-UCB

200 4

—— Ghost et al. 22 —— Ghost et al. 22

60 1 150 4

40 4 100 A

Cumulative Regret
Constraint Violation

201 50 1

0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Episodes Episodes

Figure 1: Comparison of regret and violation between REP-PD and REP-UCB.

F EXPERIMENT

To validate the convergence of REP-PD in CMDPs, we conduct experiments on a simulated job
scheduling environment. Our implementation demonstrates the algorithm’s ability to jointly learn
latent representations while ensuring constraint satisfaction, without prior knowledge of transition
dynamics.

The experimental setup is similar to (15;/16). We design a constrained MDP with discrete state space
S = {0,1,...,9}, where s represents the number of pending jobs. The action space A = {0,1}
allows the agent to either withhold jobs (a=0) or submit them (a=1). Total time horizon (H) is
divided in 10 steps. The transition dynamics follow:
max{s, — 2ap,0} with probability 0.8
Sh41 = { max{sp —ap,0}  with probability 0.1
Sh otherwise
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We assume that at time steps from 3 to 6, the reward is 1 — 0.9a, In other time steps, the reward is
1 — 0.2a. This mimics the setup where at certain time, it might be more costly to process a job. The

utility function g(s,a, s’) = S_TSI quantifies job processing efficiency, with a per-episode constraint
b— Zf;ol 9(Sh,an, Sp+1) = b = 2, ensuring minimal job backlog.

We implement REP-PD with latent dimension d = 2, regularization A = 1, exploration bonus
coefficient « = 0.1, and dual step size n = 0.2.

To demonstrate the effectiveness of our constraint-aware design, we compare against REP-UCB
(21), an unconstrained low-rank MDP approach using similar representation learning but without
dual variable updates, and a linear method (15) where the transition feature is known. As shown in
Figure[I] REP-PD achieves comparable regret to REP-UCB while significantly reducing cumulative
constraint violations. Notably, the performance of REP-PD is similarly to that of the linear method.
This observation aligns with our theoretical analysis, which shows that in environments with small
action spaces, the performance of REP-PD is similarly to that of the linear method. This validates
that REP-PD successfully adapts representation learning techniques to the CMDP setting through
the primal-dual architecture.
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