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Abstract

Second-order optimization methods, which lever-
age the local curvature of the loss function, have
the potential to dramatically accelerate the train-
ing of machine learning models. However, these
methods are often hindered by the computational
burden of constructing and inverting large curva-
ture matrices with O(p?) elements, where p is the
number of parameters. In this work, we present
a theory that predicts the exact structure of the
global curvature by leveraging the intrinsic sym-
metries of neural networks, such as invariance
under parameter permutations. For Multi-Layer
Perceptrons (MLPs), our approach reveals that
the global curvature can be expressed in terms
of O(d? + L?) independent factors, where d is
the number of input/output dimensions and L is
the number of layers, significantly reducing the
computational burden compared to the O(p?) el-
ements of the full matrix. These factors can be
estimated efficiently, enabling precise curvature
computations. To evaluate the practical implica-
tions of our framework, we apply second-order op-
timization to synthetic data, achieving markedly
faster convergence compared to traditional opti-
mization methods. Our findings pave the way for
a better understanding of the loss landscape of
neural networks, and for designing more efficient
training methodologies in deep learning. Code:
github.com/mtkresearch/symo_notebooks

1. Introduction

Neural network models are commonly trained using adap-
tive variants of gradient descent and momentum (Schmidt
et al., 2021). Second-order optimization methods, which
exploit the curvature of the loss function, have shown the
potential for significantly faster convergence compared to
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first-order approaches (Bottou et al., 2018). These meth-
ods face a major challenge: the need to compute and invert
curvature matrices of size p X p, where p is the number
of model parameters. Several studies have explored block-
diagonal and Kronecker-factored approximations for cur-
vature computation in neural networks (Martens & Grosse,
2015; Eschenhagen et al., 2024). Recent advances have
scaled these methods effectively (Ba et al., 2017; Anil et al.,
2021; Kasimbeg et al., 2025), even enabling second-order
pre-training of large language models (Liu et al., 2025).
However, despite their computational efficiency, these ap-
proximations lack strong theoretical guarantees for nonlin-
ear problems (Bernacchia et al., 2018; Karakida & Osawa,
2020). Exact second-order optimization, avoiding block-
diagonal approximations, remains tractable only for small-
scale models (Cai et al., 2019; Arbel et al., 2023; Korbit
et al., 2024) or specific architectures, e.g. reversible neural
networks (Buffelli et al., 2024).

Most neural network architectures are built on a layered
structure, where the core operations consist of matrix-vector
products combined with relatively simple nonlinearities.
Due to this structural framework, neural networks exhibit
well-known symmetries: for example, permuting the rows of
a parameter matrix while applying the same permutation to
the columns of the matrix in the subsequent layer leaves the
overall computation of the network unchanged, as illustrated
in Figure 1 (Hecht-Nielsen, 1990; Chen et al., 1993). While
all neural networks exhibit symmetries, the specific symme-
tries vary by architecture. This raises a natural question: can
we harness the unique symmetries of a given neural network
architecture to design a tailored optimization algorithm?
Our key contribution is demonstrating that, by leveraging
the precise symmetries of a model, we can compute the cur-

W2 Wi

Figure 1. Illustration of permutation symmetry. The output of
a neural network is invariant for swapping any pair of neurons
within a layer. That corresponds to simultaneously swapping the
rows of incoming and the columns of outgoing weight matrices.
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vature at significantly reduced computational cost, making
second-order optimization computationally feasible.

While prior work has leveraged continuous symmetries to
enhance optimization (Neyshabur et al., 2015; Meng et al.,
2018; Zhao et al., 2022; 2023b) and to impose constraints
on the curvature (Kunin et al., 2020), our study is the first to
utilize discrete symmetries for computing the full curvature
matrix. A key innovation of our approach is the computa-
tion of the global curvature, averaged over the parameter
space, rather than the local curvature, which depends on
specific parameter values. The primary motivation for con-
sidering global curvature is its efficient computation, which
serves as the main contribution of this work. Future research
will explore whether global curvature serves as a reliable
approximation of local curvature and whether it offers inher-
ent advantages (Yang et al., 2021; Yao et al., 2021; Titsias,
2024). A detailed discussion of the related work is given in
Appendix A.

We contribute the following:

» For Multi-Layer Perceptrons (MLPs), we derive an ex-
act expression for the global curvature matrix, reveal-
ing that it depends on O(d? + L?) unknown factors,
where d is the number of input/output dimensions and
L is the number of layers. This significantly reduces
the computational complexity compared to the original
matrix size of O(p?).

* We analyze the impact of the activation function on
global curvature and find that less symmetric functions,
such as ReLLU, exhibit a more intricate curvature struc-
ture compared to more symmetric functions, such as
linear or Tanh activations. This increased complexity
corresponds to a larger number of unknown factors in
the curvature matrix.

* We propose a simple algorithm for estimating the un-
known factors of the curvature and for computing the
second-order update, that significantly reduces com-
plexity by using a surrogate matrix with O(d? + L?)
elements instead of the O(p?) elements of the full ma-
trix.

* We demonstrate the effectiveness of our approach by
running second-order optimization on a two-layer MLP
and synthetic data. Empirical results show that the
second-order update substantially accelerate conver-
gence.

2. Background

In this section, we recall known facts that are instrumental
for stating our main results, and we also provide a new
theorem that may be of independent interest, Theorem 2.2.

In Section 2.1, we review second-order optimization. In
Section 2.2 we describe all known symmetries of neural
networks, and we motivate our choice for this study. In
Section 2.3 we prove that probability distributions remain
invariant upon equivariant maps, under a more general case
than previously known. In Section 2.4, we describe how
the curvature is constrained by the symmetries of the neural
network.

2.1. Second-order optimization

We consider a scalar loss function £(0) of parameters
6 < RP. In machine learning, the loss also depends on
either a dataset or a data distribution, but we do not make
this dependence explicit here. Second order optimization
corresponds to the following update

0t+1 = 0,5 — aMtV[,(Ot) (1)

where « is the learning rate and M, is the pre-conditioning
matrix, usually the inverse of the curvature matrix. Vari-
ous studies have employed different formulations for the
curvature matrix, including the Fisher information matrix
(Martens & Grosse, 2015; Bernacchia et al., 2018; Garcia
et al., 2023), the Gauss-Newton matrix (Botev et al., 2017;
Yu et al., 2024; Buffelli et al., 2024), the Hessian matrix
(Goldfarb et al., 2020), and the gradient covariance matrix
(Duchi et al., 2011). Within our framework, all these matri-
ces transform identically under the symmetries of a neural
network (see Section 3). While their numerical values dif-
fer, they share the same underlying structure, making our
approach applicable to any of them.

In most previous work, the pre-conditioning matrix is local,
it depends on the current value of the parameters, M (6;).
Here we take a different approach, similar to Titsias (2024),
and we consider global averages of the curvature. In particu-
lar, we consider a probability distribution p; of parameters 0
at training step ¢, which is induced by a distribution of initial
conditions on parameters evolving under the same training
dynamics. We define the gradient mean and covariance

B =E VL(6:) @

i = EVLO)VLO) — i 3)

and we set the preconditioning matrix equal to the inverse
square root of the gradient covariance

M, =%,7 “

The choice of taking the square root is motivated by other
adaptive methods, such as Adam (Kingma & Ba, 2014),
Adagrad (Duchi et al., 2011), Shampoo (Gupta et al., 2018)
and RMSProp (Tieleman & Hinton, 2012). A debate on
whether the curvature matrix should be square rooted is
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currently ongoing (Lin et al., 2024; Choudhury et al., 2024;
Morwani et al., 2025), our experience is that the square root
significantly stabilizes training. Appendix B argues that the
square root is also a reasonable choice for the toy case of a
quadratic loss function.

We note that previous methods take an average of gradients
over training iterations or data points, while we define the
covariance by an average over an ensemble of models with
different initialization. In practice, we estimate the covari-
ance within a single model (see Section 3), we assume that
the structure present in the global curvature is also present
in the local curvature and captures meaningful variations for
optimization purposes.

2.2. Symmetries of neural networks

Neural networks exhibit a rich variety of symmetries. The
most general and ubiquitous is permutation symmetry (see
Figure 1), whereby permuting the rows of a weight matrix
and simultaneously permuting the columns of the subse-
quent layer’s weight matrix leaves the network’s output
unchanged (Hecht-Nielsen, 1990). Permutation symmetry
applies to nearly all neural networks and is so fundamen-
tal that new architectures often require deliberate design
choices to break it (Lim et al., 2024). Beyond permutation
symmetry, additional symmetries arise in specific architec-
tures: sign flip for networks with odd activation functions
(Chen et al., 1993), rescaling in ReLU networks, exploiting
their homogeneity (Neyshabur et al., 2015), translation in
Softmax layers (Kunin et al., 2020), scaling in normalization
layers (Kunin et al., 2020), general linear transformations of
keys and queries in transformers (Ziyin, 2024), deep linear
networks (Zhao et al., 2022) and data-dependent transfor-
mations (Zhao et al., 2023a). It is unlikely that any other
symmetries exist, at least in common neural network archi-
tectures (Grigsby et al., 2023; Chen et al., 1993).

In Section 2.3, we introduce a critical assumption underpin-
ning our work. Specifically, we require not only that the
neural network output be invariant under a given symmetry
group acting on the parameters, but also that the probability
distribution over the initial parameters exhibits the same
invariance. As reviewed in Appendix C, this condition fur-
ther necessitates that the transformation must be similar
to an orthogonal transformation (Flytzanis, 1977). This
additional assumption excludes many of the symmetries
discussed earlier, such as scaling, translations and general
linear transformations, but retains permutations, sign flips,
rotations and reflections. Consequently, we restrict our anal-
ysis to these key symmetry groups, with a particular focus
on orthogonal transformations.

A Multi-Layer Perceptron (MLP) of L layers is defined by

the following expression

hy=Wyouhy_1)+b, L=1,....,L (5

where o is the actibvation function, a pointwise nonlinearity
(0 is the identity), hg = = € R% is the input, hy, =y €
R. is the output and h, € R% is the latent representation
of layer ¢. The parameters of the neural network are the
biases b, € R% and weights W, € R%*d-1_We consider
the following transformation, applying to all layers ¢ =
1,...,L.

bg — ngg (6)

Wy — ViW, V-, N

where the matrix V;, € R% >4 is assumed orthogonal for
each layer, V,/ = V[l. We denote by G the corresponding
transformation acting on the set of all parameters, which
combines the effect of V; for all layers. This transformation
leaves the output of the neural network invariant if it belongs
to a symmetry group that depends on the activation function.
We consider three cases:

¢ Linear activations. The network is invariant if V}
belongs to the set of orthogonal matrices O(dy), that
corresponds to the orthogonal group (rotations and
reflections). Across all layers, the transformation G
belongs to the product G, = O(dy) x ... x O(dp—1).
The group is continuous and compact, of dimension

o) 2elde) (Zhao et al., 2022).

¢ Odd activations (e.g. Tanh) The network is invariant
if V, belongs to the set of signed permutation matrices
B(dy), that corresponds to the signed symmetric group.
Across all layers, the transformation G belongs to the
product G, = B(d;) x ... x B(dr—1). The group
is discrete and includes Hf;ll 24¢4,! elements (Chen
etal., 1993).

¢ Other activations (e.g. ReLU) The network is in-
variant if V; belongs to the set of permutation matrices
S(dp), that corresponds to the symmetric group. Across
all layers, the transformation G belongs to the product
Gs = S(dy) x...xS(dr—1). The group is discrete and
includes HeLz_ll dy! elements (Hecht-Nielsen, 1990).

The three groups satisfy a decreasing set of constraints,
Go D Gp D Gs. Correspondingly, we show in Section 3
that the structure of the curvature increases in complexity as
the group gets smaller. We note that there is no symmetry
on the input and output side of the MLP, therefore Vj, = I4,
and Vi, = I, are fixed to identity matrices. Additional
constraints may be introduced if the data has symmetries,
but we do not consider that case in this work.
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Figure 2. Gradient covariance matrix for two-layer MLP with Tanh activations, in a tiny model with 5 neurons in each layer. W7, Ws
are the weights and b1, by are the biases of the two layers. A and B: Covariance is measured by averaging 10000 models with different
initialization, before training (A: ¢ = 0) and after 20 steps of gradient descent (B: ¢ = 20). C: Covariance generated by our theory for a
random draw of the factors. We highlight that theory predicts the overall structure, rather than the specific numerical values.

Throughout this work, we assume that the loss function
depends on the parameters only through the output of the
neural network, therefore the loss itself is also invariant for
the group action

L(GO) = L(8) VG eG (8)

where G is equal to either G,, Gy, or Gg.

2.3. Invariant distribution throughout training

In this section, we assume that the parameter distribution is
invariant under the specified symmetry group at initializa-
tion. We then demonstrate that this invariance is preserved
throughout training, if the parameter update rule is equiv-
ariant with respect to the same symmetry group. Previous
studies have established that such invariance holds under
the assumption of a globally invertible map (Kohler et al.,
2019). Here we extend this result by proving that the same
invariance is maintained under the less restrictive assump-
tion of local invertibility, as stated in Theorem 2.2. This
generalization broadens the applicability of the result and
may be of independent interest.

Parameters are initialized at ¢ = 0 according to a probabil-
ity distribution p(6@y), and their evolution at subsequent
training steps is governed by the update rule

0, = ut(0t71> 9

At this stage, we do not impose a specific form on the update
rule, as the results in this section are derived under general
assumptions. However, these results will be utilized for the
update rule of Equation (1).

Assumption 2.1. The probability distribution on the initial
parameters 6 is invariant under the action of group G

po(Geo) = p0(00) VG e G (10)

We consider different groups depending on the activation
function, as described in Section 2.2, namely G = G, Gy,
or G;. Appendix D shows that Assumption 2.1 is satisfied
by the most common initialization routines used in deep
learning. In Pytorch for example, Assumption 2.1 holds
for nn.init.normal and nn.init.orthogonal,
with all groups G,,Gyp,Gs.  Also, it holds when us-
ing nn.init.uniform and nn.init.sparse with
Gy, Gg, but not with G,, and it still holds when using layer-
dependent parameters, for example nn.init.kaiming
and nn.init.xavier. See Appendix D for details.

Theorem 2.2. Assume that the update rule 0y = u.(0¢_1)
is differentiable and its Jacobian is non-singular almost
everywhere. Furthermore, it is equivariant under a volume-
preserving transformation G, namely
Then, if the probability distribution of parameters is invari-
ant at step t — 1, then it must be invariant also at step
t

pe(GO;) = p(6:) (12)

The proof is provided in Appendix E. A similar result can
be found in Theorem 1 of Kohler et al. (2019), however they
assume that the mapping u; is globally invertible, which is
quite restrictive. Theorem 2.2 considers the more general
case in which the mapping is just locally invertible.

The assumption of equivariance of u, is satisfied by many
optimizers in deep learning, provided that the loss is invari-
ant. Appendix F shows that both gradient descent (with or
without momentum) and the second-order update of Equa-
tion (1) are equivariant for all groups G, Gy, G, while the
Adam optimizer is equivariant for Gy,, G, but not G,.
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Figure 3. Gradient covariance matrix for three-layer MLP with Tanh activations, similar to Figure 2 but with three layers. Most of the
correlations across layers are lost when adding the third layer. The covariance generated by our theory agrees with the observed structure.

Corollary 2.3. Assume the update is equivariant at all steps.
Given Assumption 2.1 and Theorem 2.2, by induction, the
distribution is invariant at all steps, p:(G6:) = p:(0;), Vt.

Remark. This result does not help in finding the functional
form of the distribution, that remains unknown except in
very simple cases (see Appendix B for a toy example where
the distribution remains Gaussian at all time steps).

2.4. Constraints on mean and covariance of gradient

In this section, we demonstrate that the invariance of the
loss function, as outlined in Section 2.2, together with the in-
variance of the probability distribution, discussed in Section
2.3, imposes specific constraints on both the gradient mean
and covariance. Furthermore, we note that any transforma-
tion G belonging to one of the three groups G, Gy, Gy is
orthogonal, meaning that all its elements satisfy the property
GT =G~L

Lemma 2.4. Assume both the loss function and the proba-
bility distribution are invariant for an orthogonal transfor-
mation G, namely L(GO;) = L(0) and p;(GO) = p:(6:).
Assume that the mean p and covariance . of the gradient
exist and are finite. Then, the mean satisfies the eigenvalue
equation

n, = G, (13

and the covariance matrix is invariant upon the congruent
transformation

Y, = G2,.GT (14)

Furthermore, any analytic matrix function f(X) of the co-
variance matrix satisfies the same equation

f(Z) = Gf(S)G" (15)

The proof is provided in Appendix G. It is important to note
that Equations (13) and (14) are linear and homogeneous,

which implies the possibility of infinitely many solutions
(see Lemma C.3). In Section 3, we identify a solution space
that remains valid for all members of a given symmetry
group. Since this space is infinite, both the mean pu, and
the covariance >; may evolve to different values at different
time steps, while still satisfying Equations (13) and (14).

Appendix H demonstrates that Equations (14) and (15) hold
identically for the Hessian matrix when averaged over the
parameter distribution. Additionally, it provides examples of
Hessians observed in experiments (Figures 7, 8, 9). Similar
results extend to other types of curvature matrices, including
the Fisher Information matrix and the Gauss-Newton matrix.

3. Results

In this section, we derive exact expressions for the mean
and covariance of the gradient in a MLP and compare them
with empirical results obtained from experiments on syn-
thetic data. Given the layered architecture of MLPs and
the distinction between weights and biases, we introduce a
flattened vector of parameters encompassing all layers, by
concatenating and vectorizing all tensors in column-major
order, given by

HZVQC(thl,...,WL,bL) (16)

We visualize the gradient covariance matrix by vectorizing
the parameters according to Equation (16). For the Hessian
matrix, we present analogous results in Figures 7, 8, and 9
of Appendix H.

Figure 2 presents the gradient covariance matrix for a two-
layer MLP with Tanh activations in a tiny model with five
neurons per layer. The results are shown for both empirical
experiments (panels A and B, see Section 4 for details) and
our theoretical predictions (panel C, see Section 3.2 for de-
tails). The structure observed in experiments closely aligns
with theoretical predictions, both before training (panel A,
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t = 0) and after 20 steps of gradient descent (panel B,
t = 20). We highlight that our theoretical framework cap-
tures the overall structure of the covariance matrix rather
than its exact numerical values. The estimation of specific
values is further discussed in Section 3.4.

Figure 2 further reveals that input weights exhibit column-
wise correlations, likely reflecting dependencies in their in-
put data, while output weights show row-wise correlations,
capturing similarities in their output. Additionally, correla-
tions are observed between the rows of the output weights
and the columns of the input weights, potentially indicating
input-output dependencies. Figure 3 extends this analysis
to a three-layer MLP. The observed gradient covariance
structure remains consistent with theoretical predictions.
However, the covariance matrix becomes block-diagonal,
indicating a significant reduction in inter-layer correlations
as the number of layers increases from two to three. As
demonstrated in Section 3.2, our theoretical framework pre-
dicts that this absence of correlations between layers persists
for architectures with more than three layers. We speculate
that the invariance with respect to sign changes of both the
incoming and outgoing weights of a neuron may lead to
cancellations in the covariance of these weights. However,
further studies are needed to understand this observation.

Figure 4 presents the gradient covariance matrix for a three-
layer MLP with ReLU activations and excluding biases.
Once again, our theoretical framework accurately captures
the observed structure of the covariance matrix, both before
training and after a few optimization steps. Notably, the
reduced symmetry of ReLLU activations results in a more
intricate covariance structure, characterized by significant
correlations across layers. As demonstrated in Section 3.3,
these inter-layer correlations persist regardless of the net-
work’s depth. In the following sections, we provide the
theoretical framework used to derive the gradient covari-
ance structures observed in Figures 2, 3, and 4.

3.1. Theoretical results

In this section, we present solutions to Equations (13) and
(14) that remain valid for all possible transformations G
within a given symmetry group. These solutions are derived
for each of the three symmetry groups introduced in Section
2.2. Using the vectorization of parameters of Equation (16),
the transformation in Equations (6), (7) can be rewritten in
block-diagonal form

VoW
1%l

G = (17)

Vi1 @V
Vi

where ® denotes Kronecker product. For the mean gradient,
we use a notation similar to the parameter vector, Equation
(16)

oL or oL oc
- i G|
H Igvec<awl’ab1’ ’8WL’8bL) (18)
:Vec(ulaﬂ’lv"'aﬂLaﬂ’L) (19)

where we define i, = Eg 38—‘52, n, = Ee g—é, and w, =

. _ o oc T
Vec(Wy). Similarly, we define Y0 = Eg Dw Dwr
ST aoc oc T S ar oc T
Eal = Ko ob; ow,, and Zgg/ = Ko 9b, Obl ° Then,

the covariance of the gradient is written in terms of its con-
stituent blocks as

n Sf . T B

Yo XYoo Xin Yoo
= : : : : (20)

S 2 S 2F,

ELl ZL1 ELL ZLL

Then, Equation (13) for the mean gradient becomes

e = (Vo1 @ Vo) py @1
o = Vi fg (22)

forall ¢ =1,..., L. Equation (14) for the covariance of the
gradient becomes

Yo = (V€—1 ® Vé) b7% (V[T—l ® VET) (23)

Soer = Vg Sewr ViF (24)
Soer = Ve Sewr (Vi_1 @ V) (25)
forall £,¢' = 1,..., L. In the next sections, we provide

solutions to Equations (21), (22), (23), (24), (25).

3.2. Odd activations (e.g. linear or Tanh)

Here, we examine both linear and nonlinear odd activations
(e.g., Tanh) together, as they yield the same structure for the
mean and covariance of the gradient.

Theorem 3.1. Assume L > 1. If the loss and distribution
of parameters are invariant for either groups Go, Gy, then
the mean gradient is equal to

n, =0 for{=1,...,L (26)
fa, =0 fort=1,...,L—1 (27)
i, =71 (28)

where zy, is a vector of size dr. The covariance of the
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Figure 4. Gradient covariance matrix for three-layer MLP with ReLU activations. Similar to Figure 3 but without bias and averaging
over 100000 models. In contrast to Tanh activations, ReLU activations retain correlations across layers. The covariance shows a

remarkably complex structure that is well predicted by theory.

gradient, given in terms of its constituent blocks, is equal to

Y11 =01 ®1g, (29)
Yoo = ¢y (Idl—l ®Id€) for{=2....L—1 (30)
Yrr=1lg,_, ®PL @31)
To=(Wol)K ifL=2 (32)
Se = oo 1y, fort=1,....L—1 (33)
iLL = (iL (34)
~ ~T

Yi1=¢ ®lg, 39)
- ~T

Yrp=1la, ®op (36)

where ¢y, Qgg are positive scalars, &51 € R, q~5L_1 € Rz

are column vectors, ®; € Roxdo o, ¢ RiLxde &, ¢
ReLXdL  qre positive-definite matrices and ¥, € R%* 42 jg
a matrix. All other terms are zero. K is the commutation
matrix (see Chapter 3.7 of Magnus & Neudecker (2019)).

Proof is in Appendix I. We refer to the set
(ZL, o, D0, D1, bp_1,P1, P, P, ¥y) as the factors,
which are undetermined. We provide an algorithm for
estimating the factors in Section 3.4 The number of
undetermined factors is of order O(d? + L). We note that
the values of those factors should ensure that the covariance
is positive semi-definite.

3.3. Other activations (ReLU)

In the case of non-symmetric activations, we have the fol-
lowing

Theorem 3.2. Assume L > 1. If the loss and distribution
of parameters are invariant for the group G, then the mean
gradient is described by Equations (113)-(117) in Appendix
J. The covariance of the gradient, given in terms of its

constituent blocks, is described by Equations (118)-(142) in
Appendix J.

The proof is also provided in Appendix J. We note that
the number of undetermined factors is O(d? + L?). The
number of factors is larger than the case of odd activations,
thus revealing a more complex structure. We interpret this
result as a consequence of the smaller size of the group G
with respect to G, Gy, (see Section 2.2).

3.4. A practical algorithm for second-order optimization

We observed in Figures 2,3,4, that the covariance is very
structured. In contrast to previous approximations (Martens
& Grosse, 2015; Eschenhagen et al., 2024), the matrix is not
block-diagonal, although it is Kronecker-factorized. This
structure may capture the most important variations in the
loss landscape, therefore we use it for computing the second-
order update in Equation (1). We break down the computa-
tion of the second-order update into three steps: 1) Estimate
the factors of the covariance; 2) Compute the factors of its
inverse square root; 3) Compute the matrix-vector product
between the inverse square root of the covariance and the
gradient. We demonstrate that all three steps can be per-
formed efficiently, leveraging the convenient properties of
the matrix. A detailed description of the complete proce-
dure is provided in Algorithm 1 in the Appendix, using the
simple case of a two-layer MLP with Tanh activation and
no bias. Similar steps can be applied to other cases.

The gradient covariance, as defined in Equation (3), requires
averaging over models initialized with different parame-
ters. However, we observe that the number of factors of
the covariance is much smaller than the total number of
elements in the covariance matrix. As shown in Figures
2, 3, and 4, many elements of the covariance matrix share
identical values. We leverage this observation to estimate
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the covariance efficiently, even from the gradient of a single
model, by averaging over the corresponding pairs of param-
eters. An example of this estimation process is provided
for the case of a two-layer MLP with Tanh activations and
no bias. Similar equations can be derived for the case with
bias and ReLU activations. We estimate the factors using
the following equations:

dy
1 oL oL
(®1); = - ; ( 8W1>ij (awl)ﬂ (37)
di
1 oL oL
Hik =g ; oWy ), \oW, )
d1
1 oL oL
(Y1) = o ; (am)ij <6Wz>,ﬂ- (39)

These are matrix-matrix products of size equal to the neural
network width, that can be computed efficiently using a
GPU.

To quantify the error in estimating the factors of global
covariance by a single model, we computed their correlation
with a high-precision reference estimate. This reference
was obtained by averaging across an ensemble of 10000
models, which serves as our ground truth. Table 1 shows
that the correlation between the single-model estimate and
the ground truth increases with layer width d+, for all factors
@1, Uy, ®5. To further improve the estimates and reduce
error, we apply momentum to Equations (37), (38), and (39)
across training iterations. Appendix K provides additional
details, along with an empirical analysis of the estimation
error in presence of momentum (see Figure 10).

Table 1. Correlation between single-model estimates of the factors
and ground truth, varying the width of the hidden layer. Single
model estimates improve with the layer width.

Layer widths
o v o
(do, d1,da) ' ' ?
(100, 10, 100) 0.67+0.05 0.38£0.06 0.3040.05
(100, 100, 100) 0.90+0.02 0.61+£0.04 0.524+0.03
(100, 1000, 100)  0.96+0.01 0.64+0.03 0.54+0.03
(100, 10000, 100)  0.97+0.01  0.65+0.03 0.56+0.03

We denote the flattened vector of all factors by ¢. Af-
ter obtaining estimates of the factors ¢ by Equations (37),
(38), (39), we could construct the covariance matrix > us-
ing Theorem 3.1, and then compute its inverse square root
¥~ z. However, this process becomes computationally ex-
pensive for high-dimensional models. To make this step

more feasible, we leverage the fact that any analytic func-
tion of the covariance matrix retains the same structure as
the covariance itself, as shown by Lemma 2.4 and Equa-
tion (15). Therefore, the inverse square root ¥ =% can be
fully described by another set of factors, denoted by the
vector ¢™'. Instead of computing the full matrix X and its
inverse square root Y72, we compute the factors ¢™* from
¢, without ever constructing the large matrices. Appendix
L provides a detailed procedure for efficiently computing
@"™". In short, because the factors do not depend on the layer
widths dq,...,dr_1, we compute a surrogate covariance
A where the layer widths are set to the smallest values al-
lowed (d; = 1 for Tanh activations and d; = 2 for ReLU
activations). The surrogate matrix A is significantly smaller
than the full matrix ¥. For an MLP, the surrogate matrix
has O(d3 + d% + L?) elements, while the full matrix has
D opde (de—1 + 1)]? elements. We then compute the inverse
square root A2 of the surrogate and derive the correspond-
ing factors ¢isr. Appendix L provides examples comparing
the full and surrogate matrices for small MLPs with Tanh or
ReLU activations (Figures 11, 12, 13).
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Figure 5. Optimization of a two-layer MLP with linear acti-

vations. Test loss vs training iterations. The Symmetry-based

Optimizer (SymO) is compared with other first- and second-order

optimizers.

In the final step, we compute the product between the inverse
square root of the covariance matrix >~z and the gradient
vector, as described in Equation (1). This computation can
be carried out efficiently by using the estimated factors ¢'™",
without the need to explicitly compute Y2, We observe
that each block of the covariance matrix (as well as its
inverse square root) consists of Kronecker products, which
enables efficient computation of matrix-vector products (see
e.g. Martens & Grosse (2015)). For the case of a two-layer

MLP with Tanh activations and no bias, the update is equal
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to (see Equation (206) in Appendix L)

oL
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Figure 6. Optimization of a two-layer MLP with Tanh activa-
tions. Test loss vs training iterations. The Symmetry-based Op-
timizer (SymO) is compared with other first and second order
optimizers.

4. Experiments

We test second-order optimization on a two-layer MLP with-
out bias and synthetic data, using either linear or Tanh ac-
tivation. The model has layer width dy = 100, d; = 70,
do = 40, with a total of 9800 parameters. The synthetic
dataset consists of 5000 training and 5000 testing data
points, where the input is sampled from a Gaussian distribu-
tion with zero mean. The covariance matrix of the input is
generated using random orthogonal eigenvectors (Mezzadri,
2007), and the eigenvalues are set on a logarithmic grid
between 10~ and 10°. We optimize the square loss, where
the target output is provided by a neural network (teacher)
with identical architecture of the network to be optimized
(student). The weights of both the teacher and student net-
works are drawn randomly from a Gaussian distribution. We
use full-batch optimization, where the gradient is computed
over the entire training dataset in each iteration. Although
full batch training is uncommon in neural networks, second-
order optimizers usually benefit from large batches (Zhang
et al., 2019; Anil et al., 2021), therefore we leave the study
of mini-batch training to future work.

We compare five optimization algorithms: gradient descent
(GD), Adam (Kingma & Ba, 2014), KFAC (Martens &

Grosse, 2015), Shampoo (Gupta et al., 2018) and our opti-
mizer, which we call SymO (Symmetry-based Optimizer).
For all optimizers, learning rate is set by a grid search.
For second-order optimizers, we additionally set a second
hyperparameter by grid search: damping A for KFAC, ini-
tialization e for Shampoo and decay parameter 3 for SymO.
See Table 2 for the hyperparameter values used and Ap-
pendix M for details. Figures 5, 6 show the optimization
trajectories of the five optimizers for, respectively, linear
and Tanh activations. The symmetry-based optimizer SymO
tends to converge faster than all other optimizers with nearly
identical time per iteration.

5. Discussion

We introduce a novel theoretical framework for deriving the
exact structure of the global curvature of neural networks,
and for estimating a second-order optimizer. We provide
preliminary evidence suggesting that the structure of the
global curvature enhances convergence when applied as a
preconditioner. However, a comprehensive analysis of the
errors introduced by our approximation will be a subject of
future investigation. While we focus on the case of MLP and
synthetic data, our framework is general and can be extended
to other neural network architectures, including residual
networks, convolutional networks, recurrent networks, and
transformers. Future work will explore the symmetries and
corresponding curvature structures for these architectures,
and will evaluate the effectiveness of our approach on real-
world data and larger models.

We note that most prior studies on second-order optimiza-
tion have relied on block-diagonal and Kronecker-factored
approximations of the curvature matrix (Martens & Grosse,
2015), which are exact only in models that are either linear
in the input (Bernacchia et al., 2018) or in the parameters
(Karakida & Osawa, 2020). Our work demonstrates that the
global curvature matrix is not inherently block-diagonal, but
we do find that matrix blocks exhibit a Kronecker-factored
structure. We also note that the block-diagonal terms of the
update in Equations (40), (41) are similar to the update of
Shampoo (Gupta et al., 2018). Thus, our findings partially
justify the approximations used in previous studies and offer
a more nuanced understanding of their validity.

Our framework could have significant applications in fields
that require second-order estimates for large models. For
example, Bayesian deep learning relies on approximating
the posterior over parameters by a Gaussian distribution
(Blundell et al., 2015; Lin et al., 2019). The covariance of
this distribution is usually approximated using a diagonal or
block-diagonal structure (Daxberger et al., 2021). Our work
offers a method for efficiently computing the full covari-
ance, which may lead to more accurate Bayesian posterior
estimates.
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Impact statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Related work

Numerous efforts have been made to make second-order optimization feasible for deep neural networks. Like our work,
prior studies have explored architecture-specific curvature for various models, such as MLPs (Martens & Grosse, 2015),
ConvNets (Grosse & Martens, 2016), recurrent networks (Martens et al., 2018), and transformers (Eschenhagen et al.,
2024). However, these approaches rely on block-diagonal and kronecker-factored approximations, which lack theoretical
guarantees and are exact only in limited scenarios, such as when networks are linear either in their input (Bernacchia et al.,
2018) or their parameters (Karakida & Osawa, 2020). Recent research has aimed to compute curvature exactly, without
relying on block-diagonal approximations, but such methods are restricted to small-scale models (Cai et al., 2019; Arbel
et al., 2023; Korbit et al., 2024) or to reversible networks (Buffelli et al., 2024). Crucially, none of these studies leverage the
inherent symmetries present in neural network architectures. In contrast, our work introduces a novel framework that derives
the exact structure of curvature matrices by utilizing model symmetries for the first time. This approach is not limited by
model size and can be scaled to accommodate any large neural network with symmetries, providing a robust and widely
applicable solution to second-order optimization.

Neural networks exhibit a range of symmetries that can be broadly categorized into discrete (e.g., permutations and sign
flips, Chen et al. (1993)) and continuous (e.g., scaling, translations, and rotations, Kunin et al. (2020); Ziyin (2024)). While
continuous symmetries have been extensively studied for their potential to improve optimization (Neyshabur et al., 2015;
Meng et al., 2018; Zhao et al., 2022; 2023b), discrete symmetries have received comparatively less attention. Our work is the
first to leverage discrete symmetries specifically to enhance optimization. Prior research has employed discrete symmetries
in other contexts, such as model merging (Tatro et al., 2020; Entezari et al., 2021; Ainsworth et al., 2022; Jordan et al.,
2023; Navon et al., 2024) and analyzing the structure and stability of fixed points in the loss landscape (Fukumizu & Amari,
2000; Simsek et al., 2021; Zhang et al., 2021). Despite these applications, their direct use in optimization strategies remains
unexplored, and our work fills this critical gap. Additionally, the study of optimization dynamics has incorporated both
discrete (Chen et al., 2024; Ziyin, 2024) and continuous symmetries (Du et al., 2018; Kunin et al., 2020; Zhao et al., 2023a;
Ziyin et al., 2024), highlighting the broader interest in understanding how symmetries influence training. By focusing on
how discrete symmetries may improve optimization, we introduce a novel perspective that complements existing approaches.

A key distinction of our approach compared to prior work on second-order optimization and symmetries is our focus on
global rather than local curvature, also termed position-independent versus position-dependent curvature (Titsias, 2024).
Existing studies predominantly estimate local curvature, which depends on a specific set of model parameters and captures
the loss landscape’s behavior around a single point. Only two previous works, Yang et al. (2021) and Yao et al. (2021), have
explored global curvature, though with different interpretations. Yang et al. (2021) characterize global structure through
mode connectivity (Garipov et al., 2018), while Yao et al. (2021) define it via an exponential moving average of curvature.
Instead, we define global curvature by an average of the curvature matrix over an ensemble of model parameters, and we
show that it can be estimated efficiently.

Similar to our study, Kunin et al. (2020) explores symmetry-induced constraints on curvature. However, their work is
restricted to analyzing local curvature, which limits them to continuous symmetries and yields fewer constraints compared to
the stronger and more numerous constraints that emerge when analyzing the effect of discrete symmetries on global curvature.
Furthermore, global curvature estimation can offer more robust insights for optimization, as it is not tied to a specific
parameter configuration. The only previous study to incorporate global curvature is Titsias (2024), which investigates
position-independent preconditioning. However, their approach does not integrate symmetries into the computation, whereas
our approach uniquely combines global curvature estimation with symmetry constraints.

B. Quadratic loss

In this section, we study a toy example to build some intuition into the dynamics of parameters when optimizing a loss
function using the update introduced in Section 2.1, Equation (1). Given a parameter vector 8 € R”, a constant and positive
definite Hessian matrix H € RP*P_ we consider the quadratic loss function

1
£(6) = 5(6 - 0*)"H(6 -6 (42)
The global minimum of this loss is #*. When optimizing this loss by gradient descent, the path taken in the space of
parameters depends strongly on the Hessian matrix H. If H is a scalar matrix, H o I, then the loss is isotropic and the

parameters follow a straight line to the minimum. Instead, if H is badly conditioned, then some directions in parameter
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space are much more curved than others, and gradient descent takes a convoluted path, which may significantly slow down
convergence. Second-order optimization straightens the path and accelerates convergence.

The gradient of the quadratic loss is equal to VL = H (0 — 0). We are given an ensemble of models following a normal
distribution p(@) = N(0|pg, Xe), where p1y and 3g are, respectively, the mean and covariance of the parameters. Since
the gradients are a linear function of the parameters, gradients also follow a normal distribution, V.L ~ N'( Hgs Yg), where
the mean and covariance are given by

Mg = H(pg —0") and Xg=HYgH 43)
We define the optimization dynamics by the continuous flow

de *
= —aXIVL = —aXiH(6 - 67) (44)

This is the continuous-time version of the second-order optimization update considered in Section 2.1, Equation (1), with

v =-— % In our derivation, we keep a generic value of v and we later argue in favor of the choice v = —%.

Since the update of Equation (44) is linear in the parameters, the distribution of parameters remains Gaussian at all time
steps, and so does the distribution of gradients. However, the mean and covariance of both distributions change in time.
The dynamics of the mean is obtained by averaging Equation (44), while the dynamics of the covariance is obtained by
averaging the same equation multiplied by the parameter vector. We find

dpg

7 —aXgH(pg — 67) (45)

dx
= o (SYHTe + SeHY) (46)
Using the identity ¥ = HgH, and assuming that I and X9 commute, we obtain

dro

i H'™27 50 (g — 6%) 47
dx
—0 — _9q H'*? x ;T (48)
dt
We note that these equations simplify by setting v = —%, because the dependence on H disappears. In that case, the
equation for the covariance becomes % = —2a 2(19/ ?. We further assume an isotropic initialization of parameters, g o< I

at t = 0. The isotropic initialization is a natural choice in absence of any structured prior. In that case, the distribution
remains isotropic at all times, X9 = sI, where the scalar s is time-dependent. This also ensures commutation of g and H.
Then, the optimization dynamics is described by

dpg

a *
a —ﬁ(ue -6 (49)

ds

i —2ay/s (50)

In this case, the mean of the distribution takes a straight path to the minimum 6. When considering optimization in discrete
time, this implies that a large learning rate can be used and convergence is faster.

For a constant learning rate o, we show that the continuous dynamics converge in finite time. The solutions of Equations
(49),(50) are

po= (1 ji) (1o — 6%) + 6" 1)
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s = (/30 — at)? (52)
where 1, and s¢ are the initial values at ¢ = 0, and the dynamics stops at ¢t = \/50, when all models have converged to the
minimum 6. We note that discretization of the dynamics in Equations (49),(50) has a large error near convergence, even
if the learning rate « is small. Therefore, we expect that discrete parameter updates would differ significantly from the
predicted solution in Equations (51),(52). To avoid this problem, we consider an exponentially decaying learning rate

a = agf’ (53)

with 0 < 8 < 1. With this choice of the learning rate, and assuming that g and /3 are chosen to satisfy /so = he

&0
Tog(1)° ¢
solutions of Equations (49),(50) are equal to

peo = B'(po —0") + 6" (4)

2
a3 >
5= (55)
(10g(6 )
In this case as well, all models converge quickly (exponentially fast) to the minimum of the loss. With the choice of an

exponentially decaying learning rate, the discretization error of the dynamics in Equations (49),(50) remains small, therefore
we expect the discrete updates to follow closely the solution in Equations (54),(55). The assumed equality /sq =

[670]
log(%)
is satisfied, for example, when sg ~ 1, g is small and 8 ~ 1 — ay. We find the relationship 8 ~ 1 — aq to hold in our
experiments, see Table 2.

C. Existence of invariant measures

In this section, we discuss the conditions for a transformation G to accept an invariant probability density and, given a
suitable GG, what can we say about the mean and covariance of the invariant probability. Those conditions are identical to
those of the mean and covariance of the loss gradient, discussed in the main text, therefore the results of this section can be
used to analyze the properties of the gradient statistics as well. While in the main text we assume that G is orthogonal, the
results of this section do not use that assumption and are valid also for non-orthogonal G.

A necessary condition for the existence of an invariant probability density is that the transformation is volume-preserving.
This can be shown by computing the normalization condition. Denoting the probability density p(6) and the linear
transformation G, invariance is given by p(G@) = p(6). The domain of p is also invariant. Using the change of variable
0 = GO', df = |det(G)|d@', the normalization condition can be written as

1= / d0 p(6) = |det(G)] / 0’ p(GO') = |det(G)] / 6’ p(8') = |det(G)] (56)

Therefore, |det(G)| must be equal to one, which means that the transformation must be volume-preserving. For example,
the distribution §(8), the Dirac delta function, is invariant for any volume-preserving transformation, since §(GO) =
|det(G)| ™" 6(@). However, besides volume preservation, the transformation (¢ must satisfy stronger requirements to accept
non-trivial invariant distributions.

A useful example is provided by rescaling transformations, in which a parameter w; is multiplied by a constant A and
another parameter w9 is multiplied by its inverse 1/\. Rescaling is volume-preserving and keeps ReLU neural networks
invariant (Neyshabur et al., 2015). However, besides the delta function, it is not possible for any other probability distribution
of wy and ws to be invariant for rescaling, because it would have to be constant along the one-dimensional curves with
constant wowi, which are unbounded.

It was shown in Flytzanis (1977) that, to accept an invariant distribution whose domain spans the entire space, the linear
transformation must be similar to an orthogonal transformation. Technically speaking, that is equivalent to the requirement
that all eigenvalues of G lie on the unit circle of the complex plane. That condition implies volume-preservation, but is
much stronger. However, transformations that are similar to orthogonal transformations are not necessarily orthogonal (see
Lemma C.2).
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We provide a proof that is valid for the case of distributions with finite and positive definite covariance. The proof includes
a procedure for constructing an invariant covariance ¥, given the transformation G. First, Lemma C.1 shows that the
covariance of an invariant distribution must be invariant upon a congruent transformation, akin to a Lyapunov equation
(Simoncini, 2016). Lemma C.2 provides conditions on the transformation G to accept an invariant distribution, and lemma
C.3 shows how to construct the covariance of an invariant distribution.

Lemma C.1. Assume that a probability density is invariant for a linear volume-preserving transformation, p(G0) = p(0),
and it has a finite mean and covariance. The mean p and covariance % of the distribution must satisfy the following
equations

p=Gp 7
¥ =GxGT (58)

We note that the equation for p is an eigenvalue equation, while the equation for X is a congruent transformation, also
known as homogeneous discrete-time Lyapunov equation (Simoncini, 2016).

Proof. The result can be obtained by a change of variable 8 = GO', d@ = |det(G)|d@’, using volume preservation,
|det(G)| = 1 and the invariance of the probability density:

= / 46 0 p(8) = |det(C)| / 40’ GO’ p(GO) = G / ' 0 p(6') = Gpu (59)
- / 40 007 p(0) — puT = |det(G)| / 6’ GO0 GTH(GO') — GupGT = 60)
=G [ / a6’ 0'0'" p(e') — WT} GT = GxGT (61)

0

Lemma C.2. [fthe homogeneous discrete-time Lyapunov equation
Y =GxGT (62)

has a positive definite solution ¥, then G must be similar to an orthogonal matrix, thus it can be diagonalized and its
eigenvalues must lie on the unit circle of the complex plane.

Proof. Since Y. is positive definite, its square root and inverse exist and are unique. We define the matrix U as
U=Y"3GY: <= (G=X:Ux3 (63)
Substituting this expression into the Lyapunov equation (62), we obtain
Y =xiyniyy Ul = 22007y« UUT =1 (64)

Therefore, U must be an orthogonal matrix, and G is similar to U, therefore it must be diagonalizable and have all eigenvalues
in the unit circle of the complex plane.

O
For example, a Gaussian distribution with zero mean and covariance equal to X is invariant for G = YU "2, for a fixed
Y and any orthogonal U. However, other distributions, not necessarily Gaussian, may be invariant for the same group of

transformations, for example any distribution with the same level sets. Many other distributions may be invariant only for a
small subset of U values, for example permutations, or reflections / rotations with respect to a specific axis.

Lemma C.3. Given a transformation G that is similar to an orthogonal transformation, with real Jordan form given by

G=VBV! (65)

16



Global curvature for second-order optimization of neural networks

where B is orthogonal and block-diagonal, with a +1 or —1 diagonal entry for each real eigenvalue of G and a 2 x 2
rotation block for each pair of complex conjugate eigenvalues of G. The columns of the real matrix V are the real and
imaginary parts of all the right eigenvectors of G.

Then, a solution X of the Lyapunov equation (62) is equal to
¥ =vDv” (66)

If G has distinct eigenvalues, the matrix D is diagonal with a 1 x 1 block, with an arbitrary positive value, for each real
eigenvalue of G (either +1 or —1), and a 2 x 2 diagonal scalar matrix block, with an arbitrary positive value, for each
complex conjugate pair of eigenvalues of G.

If G has degenerate eigenvalues, D is block-diagonal with an arbitrary 11 X p positive definite matrix block for each real
eigenvalue of G, where p is its multiplicity, and a 2p1 X 2u block of the form D, ® I, where D,, is an arbitrary positive
definite matrix of size | X p, for each complex conjugate pair of eigenvalues of G, where w is their multiplicity.

Proof. Using the Jordan form (65), we rewrite the Lyapunov equation (62) as
S=VBV sV VBTV — vy = py-lny-t BT (67)
We define the positive definite matrix
D=vIsv " — x=vDV" (68)
then the above equation is rewritten as
D = BDB” (69)

Since B is orthogonal, this equation implies that D and B commute. Therefore, for either +1 or —1 diagonal entries in B,
the matrix D has a single scalar positive value on the diagonal. For each complex conjugate pair of eigenvalues e**?, the
matrix B has a 2 x 2 block

cos(¢p)  sin(¢)
( —sin(¢) cos(¢) ) (70)

The only symmetric matrix that commutes with a 2-dimensional rotation is the identity matrix, therefore D must have a
2 x 2 positive scalar matrix block.

The case in which G has degenerate eigenvalues is a straightforward generalization of the case with distinct eigenvalues. In
that case: when B has an identity block I,,, where 11 is the multiplicity of eigenvalue 1, then D has a corresponding block
with an arbitrary positive definite matrix D, of size ug X po; when B has a minus identity block —1I,, where 1i, is the
multiplicity of eigenvalue —1, then D has a corresponding arbitrary positive definite matrix D, of size jix X jir; When B
has blocks of size 2pug X 2pug

cos(6)  sin(®)
Tug ®< —sin(¢) cos(o) ) 71

where /14 is the multiplicity of conjugate eigenvalue pairs of angle ¢, then D has a corresponding block of size 24 X 2u4
of the form D, ® 1o where D, is an arbitrary positive definite matrix of size g X p,

O

D. Invariant initialization of parameters

In this section, we discuss which of the most common parameter inizialization routines used in deep learning are consistent
with Assumption 2.1. In other words, we ask whether the probability distribution used to initialize parameters is invariant for
the given symmetry group. As described in Section 3, the transformation in Equations (6), (7) can be rewritten in terms of a
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single vector of parameters encompassing all layers, by concatenating and vectorizing all tensors. Then, the transformation
can be written as @ — G, where the vector of all parameters is equal to

0 = Vec (W1,bq,..., Wy, byp) (72)
and the transformation has a block-diagonal structure

Vo@W;
Vi
G = (73)
Vo1 @V,
Vi

In the next sections, we discuss whether different initialization routines are invariant for the transformation G, when G
belongs to the three different groups considered in this study, G,, Gy, Gs.

D.1. Gaussian (normal) initialization

In this case, the probability distribution used to initialize parameters is given by the standard multivariate Gaussian

ov_2 Ll
po(0) = (2m0~°) ™ 2 exp = (74)

where o2 is the variance of the distribution. This distribution is invariant for any orthogonal transformation @ — U8, where
U is any orthogonal matrix. It is straightforward to verify that the transformation given by Equation (73) is orthogonal,
when all V; for ¢ =1, ..., L are all orthogonal. Therefore, Gaussian initialization is invariant for all G,, Gy,, Gs.

D.2. Orthogonal initialization

In this case, each tensor in {W7, by, ..., Wy, by} is generated according to a uniform distribution in the compact set of
orthogonal matrices (Mezzadri, 2007), by a QR decomposition of a random Gaussian matrix (e.g. generated as in Section
D.1), and then dropping the excess rows or columns. An additional step of flipping the sign of some rows and columns is
necessary for technical reasons, to make the distribution uniform (see Mezzadri (2007)).

We recall that V; are orthogonal forall ¢ = 1,..., L, thus VZTV}g = W‘/ZT = I4,. The transformation G in Equation (73)
corresponds to transforming each weight matrix as Wlf = VgWgVﬂl. When d,_; < dy, then WZTWK =14, , implies
Wi Wi = Ve W VIVW VL = Vi W WV = Ve aVE =T, (75)
Similarly, when dy_1 > dy, then WgWeT = I4, implies
Wi = VW VE Ve a WV = Vewow TV = vl =14, (76)

Furthermore, the transformation keeps the uniformity of the group (Mezzadri, 2007), therefore the orthogonal initialization
is also invariant for all G, Gy,, Gs.

D.3. Uniform initialization

In this case, each parameter is initialized by drawing a number from a uniform distribution U/ (a, b), where a and b are,
respectively, the lower and upper bound of the distribution.

It is straightforward to verify that this distribution is not invariant for orthogonal transformations, therefore ruling out
the group G,. In fact, the domain of the distribution is a hypercube, which is not invariant for rotations. However, any
permutation of the parameters leaves the distribution invariant, therefore the distribution is invariant for the group Gg. If the
lower and upper bound are opposite, a = —b, then the distribution is also invariant for sign flips and therefore it is invariant
for the group Gy,.
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D.4. Sparse initialization

In this case, a random fraction of parameters is set to zero, and the others are initialized following a Gaussian distribution.
This distribution is not invariant for orthogonal transformation, because rotations do not preserve sparsity in general.
Therefore the group G, is again ruled out. However, the distribution is invariant for both permutations and sign flips, and
thus for the groups Gy,, Gs.

D.5. Layer-dependent initialization

In some circumstances, different distributions are used to initialize distributions in different layers. For example, layer-
dependent variances when using the normal distribution, or layer-dependent lower and upper bounds when using the uniform
distribution. All results of previous sections apply to this case as well, because the transformation of Equation (73) is
block-diagonal and therefore applies separately to different layers. In other words, parameters of different layers are not
mixed in Equation (73).

E. Proof of Theorem 2.2

By assumption, the Jacobian matrix of u is nonsingular except on a set of measure zero. Then, we can use the Coarea
formula for computing the probability density after the mapping (Krantz & Parks, 2008). Since the dimension of the image
and preimage are equal, then the set of preimages is discrete. Therefore, the probability of 8,1 at step ¢ + 1 is given by the
change of variable formula

Pra1(@i1) = Y pe(0:) | det (Ju, (0:))7 (77)
0.€U,(0r 1)

where J,, is the Jacobian matrix of u, and U;(0:41) is the set of pre-images of 6;;1, namely all values 6; such that

u;(0;) = ;41 Given the assumption of equivariance, we have that u; (G8;) = G, and therefore GO; € U;(GO;11)

for all 6; € U;(6;41). On the other hand, for all 0 e U (GO:1), since G is invertible and using again equivariance, it
must be u;(G~10) = 6,1, and therefore G160 € U;(0;+1). Those two observations together imply that the elements of
U (GO, 1) are equal to the elements of U/;(0;,1) multiplied by G. Therefore, we can compute the transformed probability
density as

pis1(GO) = D> pi(8) [ det(Ju,(0)) T = Y pi(GO:) | det(Ju,(GO:)) (78)
0:cl; (G9t+1) eteut(9t+1)

We use invariance of the probability at step ¢, namely p;(G6;) = p:(0;), and we note that equivariance and chain rule imply
Ju, (GO;) = Jy,(0,)G~" and therefore det(Jy, (GO;)) = det(Jy,(0;))det(G)~ . Finally, since G is volume-preserving,
|det(G)| = 1, then

pi+1(GOt41) = Z pi(0:) | det (Ju, (et))rl = pr+1(0t41) (719)
0:€U(0141)
F. Equivariance of optimizers

In this section, we ask whether common optimizers used in deep learning are equivariant for the three groups considered in
the main text. All results are derived under the assumption that the loss is invariant. We show that both gradient descent
(with or without momentum) and the second-order update of Equation (1) are equivariant for all groups G,, Gy, Gg, while
Adam optimizer is equivariant for Gy, Gg, but not G,.

The gradient descent update is
0,5 = u(Ot_l) = 025_1 - aVE(Ot_l) (80)

First, we note that the gradient is equivariant when the linear transformation G is orthogonal. Given the loss £(8) and the
change of variable ' = G0, we define the transformed loss £(0) = £(8’). Using the chain rule, we have

VL(0) = GTVLO) = GTVL(GO) = VL(GO) =G 'VL(0) (81)
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by assumption, the loss is invariant, £ = E and G is orthogonal, GT_1 = @, therefore
VL(GO) = GT%VE(O) =GVLO) = u(G)=Gu(b) (82)

We note that the gradient is not equivariant in general, however it is equivariant when the transformation G is orthogonal.
The extension to momentun is straightforward, although the update depends on all previous values of the parameters. In that
case

t—1

0=, ({6;-1,...,00}) = 0,1 —a(1—B) > _ B IVL(O) (83)

=0
Similar to the case of gradient descent, the update is equivariant for any orthogonal transformation (acting at all steps)
w ({GO,_1,...,GO0}) = Gu, ({6;_1,...,00}) (84)

Since all groups considered in this work consists of orthogonal transformations, gradient descent (with or without momentum)
is equivariant for all groups G, G, Gs.

In the case of Adam optimizer, the update is equal to (we summarize time-dependent scalars in o)
t—=1 pt—t'—1
v—0 P1 VL(O)

0, =u, ({0i—1,...,00}) =01 — — )
VSl BTV L) © VLB + ¢

(85)

Because of the denominator, this update is not equivariant for all orthogonal transformations. However, it is equivariant
for signed permutations. We note that the numerator changes sign while the denominator does not, therefore the update is
equivariant for sign flips. Furthermore, the update of a parameter depends only on the gradient of that parameter, therefore
the update is equivariant for permutations. Therefore, Adam optimizer is equivariant for Gy,, G, but not G,,.

In the case of the second-order update of Equation (1), we note that Lemma 2.4 applies at £ = 0 under assumption 2.1. Since
the inverse and square root are analytic functions of positive definite matrices, then M in Equation (1) satisfies Equation
(15), provided that ¥ is positive definite. By induction, we can iteratively apply Theorem 2.2 to prove that the update is
equivariant at all steps ¢, for all groups G, Gy, Gs.

G. Proof of Lemma 2.4

Given the loss £(8) and the change of variable 8’ = G, we define the transformed loss £(0) = £(8’). Using the chain
rule, we have

VL(0) =GTVLO) = GTVLGO) = VL(GO) =GT 'VLi(0) (86)
by assumption, the loss is invariant, £ = £, and G is orthogonal, GT ™ = G, therefore
VL(GO) = GT'vL(0) = G VL(0) 87)

We note that the gradient is not equivariant in general, however it is equivariant when the transformation G is orthogonal.
Similarly, it follows that

VL(GOVL(GO)T =G VLO)VL(O) GT (88)

Using the invariance of the probability distribution, p(G8) = p(8), and a volume-preserving change of variable 8’ = G,
with |det(G)| = 1, it is easy to show that
IEVE(GG) = /de p(0)VL(GO) = /de p(GO)VL(GO) = |det(G)| ! /dO' p(0" VL) = I([;)VE(B) (89)

Using similar steps, we obtain

%vc(ee)vc(Ge)T = ]gvz(e)vc(e)T (90)
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Averaging Equations (87),(88), it follows that

Furthermore, since G is orthogonal (G G = I), any power of ¥ satisfies the same equation

n=Gp

and X =GXGT

27 = (GEGT) .. (GEGT) = GEmGT

and so does any analytic function of X, because analytic functions are defined by power series.
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Figure 7. Global Hessian matrix for two-layer MLP with Tanh activations. Same as Figure 2 but shows the global Hessian instead of
the gradient covariance. We highlight that theory predicts the overall structure, rather than the specific numerical values.
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Figure 8. Global Hessian matrix for three-layer MLP with Tanh activations. Same as Figure 3 but shows the global Hessian instead of
the gradient covariance. We highlight that theory predicts the overall structure, rather than the specific numerical values.

H. Hessian matrices

In this section, we show that results similar to Theorem 2.4 and Figures 2, 3, 4, hold not only for the gradient cgvariance, but
also for the Hessian. Given the loss £(8) and the change of variable ' = G, we define the transformed loss £(6) = L£(6").

Applying the chain rule twice, noting that the transformation is linear, we have

V2L(0) = GTV2L(0))G = GTVAL(GO)G = V2L(GO) = GT 'V2L(0)G

by assumption, the loss is invariant, £ = L~, and G is orthogonal, GT_1 = (G, therefore

V2L(GO) = GTIVIL0)G = G V2L(0)GT

21
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Figure 9. Global Hessian matrix for three-layer MLP with ReLU activations. Same as Figure 4 but shows the global Hessian instead
of the gradient covariance. We highlight that theory predicts the overall structure, rather than the specific numerical values.

We define the averaged (or global) Hessian as

H= Igv%(o) 95)

Using steps similar to Equation (89), it is straightforward to show that the global Hessian satisfies Equations (14), (15),
namely

H=GHG" and f(H)=Gf(H)G" (96)

for any analytic function f of the global Hessian matrix. Therefore, the statements of Lemma 2.4 for the gradient covariance
hold identically for the global Hessian.

Figures 7, 8, 9 show similar results as Figures 2, 3, 4, but for the global Hessian instead of the gradient covariance. The
figures show that the global Hessian has a structure similar to the gradient covariance, which is predicted equally well by our
theory. Again, theory predicts the structure, rather than the specific values of the matrix. The specific values need to be
estimated, as explained in Section 3.4.

I. Proof of Theorem 3.1

We have either V; € O(dy), the set of orthogonal matrices, or V; € B(d,), the set of signed permutations, for ¢ = 1,...,L—1,
while Vp = I, and Vi, = I, . The gradient mean of the bias is given by. Equation (22), equal to

fro = Ve g 7

First we note that, since V;, =1, , then fi; is not zero and remains undetermined. Besides that special case, this equation
has a non-zero solution for fi, only if all transformations within the group have a common eigenvector corresponding to
an eigenvalue equal to one. However, no such eigenvector exists for either groups: for orthogonal matrices, eigenvectors
with eigenvalue equal to one correspond to axes of rotation and/or reflection, that can point at any direction for different
orthogonal tranformations; For signed permutations, flipping simultaneously the sign of one row and the same column of a
matrix translates to flipping the sign of the corresponding component in its eigenvector. Therefore signed permutations also
do not have a common eigenvector and ft, must be equal to zero.

The mean gradient of the weights is given by Equation (21), equal to

pe = (Vi1 @ Vi) py (98)
This equation has a non-zero solution for g, only if all possible products V;_; ®V; within a group have a common eigenvector

corresponding to an eigenvalue equal to one. However, for the same reasons described above, no such eigenvector exists for
either groups and therefore it must be p, = 0.
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Now we turn to the covariance of the gradient. The bias-bias covariance must satisfy Equation (24), equal to
Yo = Vi Soo ViF (99)

Since ig/, = ieT,zu we only need to study the cases ¢ < ¢’. First, we note that it must be ilu/ = 0 for all £ # ¢, because
Equation (99) must hold for all orthogonal or signed permutation matrices V¢, Vi, but that is impossible. For example,

setting Vpr = I,,, there is no matrix i@/,g satisfying flggg =V flggg for all possible V; in the group. Next, we consider the

case £ = {'. We note that, since V;, = I, , then 3,1, remains undetermined. For ¢ < L, we multiply Equation (99) by V,
and use its orthogonality (Vng = I4,), we obtain

Yo Vo= Ve S (100)

The only matrix that commutes with all orthogonal or signed permutation matrices is a scalar matrix (Stuart & Weaver,
1994), therefore we must have

S = b Ly, (101)
for some scalar value gizyg.
The weight-weight covariance must satisfy Equation (23), equal to
See = (Vo1 @ Vo) Zeer (Vi_, @ V) (102)

Since Y1y = Zﬁ/, we only need to study the cases £ < ¢'. First, we study the case £ = ¢ and £ # 1, L. In that case, using
the orthogonality of V, Vj/, we rewrite Equation (102) as

Soe (Vier @ Vi) = (Vi1 @ Vi) B (103)

Similar to the case of the bias, the only matrix that commutes with all products of orthogonal or signed permutation matrices
is a scalar matrix, therefore it must be

S = e (Ly,_, ®1a,) (104)
for some scalar value ¢,. For / = 1, L, we have the following two equations
i1 = (Ido ® Vl) Y11 (Id() ® VlT) and X1 = (VL_1 ® IdL) YL (Vg—l ® IdL) (105)

Using similar arguments as above, since these equations must be valid for all orthogonal or signed permutation matrices V;
and V7,_1, we must have

Yu=®®Ilg, and Xpp=1; , ® Py (106)

for some matrices ®1, ®;. Next, we study the case ¢/ = ¢ + 1. We use the commutation matrix K, which is a
symmetric permutation, thus K = K7, K? = I. The commutation matrix exchanges the factors in a Kronecker product:
K(A® B)K = B ® A (see Chapter 3.7 of Magnus & Neudecker (2019)). We rewrite Equation (102) as

YooK = (Vee1 @ Vi) Seenn K (Vi @ V) (107)

and solve for Xy 1 K instead of Xy 4. This equation must be valid for all orthogonal or signed permutation matrices V;
({=1,...,L —1). We show that, if either { > 1 or ¢ < L — 1, then ¥y o4 1K =0 — X, 41 = 0. In the former case, we
set Vy = 1g,, Vog1 = Ig,,,, then there is no finite matrix X sy K that satisfies X 1 K = (Vo—1 ® Ig,) X¢ 041 K for all
Vi—1 in the group. In the latter case, we set V;_1 =1, , and V; = 1,,, then there is no finite matrix ¥, ¢4 K that satisfies
Seo1K =S K (V4 ®1g,) forall Vpyy in the group. If L = 2, Equation (107) is equal to

LK = (I, ® V1) S12K (Ig, @ V/1) (108)
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that has the finite solution
YK =V 0l,) = Yp=WUel)K (109)

for some matrix ¥;. Lastly, we study the case ¢ > ¢ + 1. In that case, we can set Vo1 =1y, |, Vir = I4,, and either
Vp =14, or Vpy_y =1y,,_, in Equation (102) to show that 3, ,» must be equal to zero.

The bias-weight covariance must satisfy Equation (25), equal to
Seer = Vo Seo (VI @ V) (110)

We note that, in this case, f)gg/ #* izg, therefore we must consider all pairs of values ¢, ¢'. For ¢/ = ¢ > 1, it must
be Yy = 0. In that case, we set V; = I, and there is no finite matrix Y, satisfying Xg = X (VE, @1g,) for all
Vi—1 in the group, thus f)gg =0. For ¢/ = ¢+ 1and ¢ < L, we set V; = I, and there is no finite matrix EZ,EH
satisfying ié,é—&-l = SZ,ZH (Ig, ® Viy1) for all V4 in the group, thus i[7g+1 = 0. For the special cases £ = ¢ = 1 and
¢ = {+ 1= L, we rewrite Equation (110) as, respectively

Y=V 3n (Is, ® Vi')  and Sro1=Vie1 Sro1z Vil ®1a,) (111)

Since these equations must be valid for all orthogonal or signed permutation matrices V; and V,_1, we must have

~ ~T ~. ~T

Yu=¢, ®ly and Y 1p=1I4_, ¢, (112)
For some column vectors (}51 and {b 1,1 For other values of ¢, ¢/, we set V; = I, in Equation (110) and note that there is no
matrix satisfying 3¢, = X0 (VjI_; @ V;}') for all Vi _1, Vpr in the group, therefore it must be 3¢, = 0.
J. Non-symmetric activations (ReLLU)
For the mean of the bias gradients, we have

B = Cela, (=1,...,L—1 (113)
i, =71 (114)

where z; € Rz, & € R remain undetermined, d;, + L — 1 unknowns. For the weights

By =29 ® 1q, = Vec (14,2}) (115)
py = Co(1a, , ®14,) = CeVec (1@12;71) (=92, L-1 (116)
=14, , ® 2z, = Vec (zL1dTH) (117)

where zg € R%, z; € Rz, (¢ € R remain undetermined, dy + dy, + L — 2 unknowns. In total, for the mean gradient we
have dy + 2d;, + 2L — 3 unknowns.

For covariance of the biases, since ié’,é = fJZTg,, we only need to study the cases £ < ¢/. We have

= = :(2)

S = oY Id€+%1d41§e (=1,...,[—1 (118)

= (,:‘_)gg/ T , ,

S = 1,1 00 =1,...,L—1, (<{¢ 119

T Ve (19)

= 1 -

S ﬁld,z&:f (=1,...,L—1 (120)
?

S, =0, (121)

where r,r 1s a symmetric matrix of size dy, X dp, (ilg € Rir, (fjw, ~g1)7 ~1(52) € R, remain undetermined, a total of

dp(dr +1)/2+ (L —1)dy + L(L —1)/2+ 2(L — 1) unknowns.

24



Global curvature for second-order optimization of neural networks

For the weights, since ¥y = %7, we only need to study the cases £ < ¢’. Inlayers £ = 2,..., L — 1, we have
@ 1(}2) . ¢(3) ¢(4)
Y = ¢Z (Idé—l ®Ide) + Tg (Idé—l ® 1dzldg) + dy1 (1dz 11dg,1 ®Id2) + dedy_, (1dli lldz 1 ® 1d€1dz)
(122)
For¢/=2,...,L — 2, we have
(1) (2)
¢ ¢

(10,15, @10 K + (10,15, © 14,10 ) K (123)

Y41 = —F— _
* Vde—1des1 der/doe—1deqq

For2 < /+1 < /¢ < L, wehave

We, ¢/

v de—1dp_1dedy

Note that this form depends on 4(L — 2) + 2(L — 3) + (L — 3)(L — 4)/2 unknowns. Terms including the first and last
layers have slightly different form

See = (1@7115;_1 ® 1dz1§;/) (124)

1
u= (0 el ) + 5 (21 @ 1417 (125)
1
1 2)
% 7( P17, @14, ) K + (6215 014,17 ) & N
12 = Vds Py 1 did, 1 T a1y, 126)
1
h \/m LA Sdyr_y ditd, 127
1 1) 1 ) T
o= i (A ®111T)+(11 © 14w 128
1L \/m dr—1 d1tdyp, \/m do+dp_1 diW1 L ( )
1 T .
T Jadids (Lo 2 @ Ludn) (129)
1 T 1 .,
Y1, = <1dL21’b(Llll ® IdLl) Kt o <1sz¢(LQz1 ® 1dL11§L1> K (130)
Vidr—> T
1
Pt =l 0 00) + 7 (L1, @ 0f) (131)
In the special case L = 2, we have instead
B = (W) 9l ) K+ (07 ©1413) K (132)

For the cross-terms, we note that 3/ #* ieT,[, therefore we must consider all pairs of values £, ¢’. In all layers except the
first and last one, we have

(1) (2)

N _ T

B = = (1 1) + o= (1 0 1ad) (ALL a3

R TN

by =— (I, ®1 + ——11 1 ,®1 {#+L—-1,L 134
b do1 (dz dz“) der/dps1 ( de de“) 7 (134)

S Wy, e / /

Yo = — (1,17 ®1 UCA£00+1, ¢#£L, ¢ 1,L 135
w = e (1017, , ®17,) # # # (135)
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Terms involving the first and last layer are equal to

~ -7 1 /~7T

S = <¢1 ®1d1) + T (¢§ 7 1d11’§1) (136)

S 1 ~T T

Y= m(ldewﬂ@)ldl) (=2,...,L—1 (137)

S = (Qm ® 13[) (138)

Nen '

S _ 1 ~. T T _

Spe= N (wde ® 1@) 0=2,....L—-1 (139)

_ 1 r -

Si= \/EZiI,(ldL,1@>@L) (140)

5 — (1 nel 1, 17 nel 141
-1, = (Lo, . ® ¥y + 1y, 1y, , ® Y (141)

T ®&ZL) (=2 ... [—2 (142)

1
— (14,1
\/dL—ldé( detdia
Proof

We have V; € S(d;), the set of permutation matrices, while Vp = I, and V;, = I;, . We start from the gradient mean of the
bias, given by Equation (22)

By =V (143)
First we note that, since V;, = I, , then fi;, remains undetermined.

For ¢ < L, we note that all permutations V7 have a common eigenvector, corresponding to the eigenvalue equal to one, given
by a vector with components all equal. That is the only eigenvector common to all permutations, therefore f1, = (14, for
¢ < L and some scalar (.

The gradient mean of the weights is given by Equation (21)

py = (Vi1 © Vi) g (144)

For ¢ # 1, L, the only eigenvector common to all possible products V,_; ® V, within the group, corresponding to an
eigenvalue equal to one, is again the vector will all components equal. Therefore it must be p, = (¢(14,_, ® 14,) for some
scalar (y. For £ = 1, L, by similar arguments we find, respectively

nw=2z0®1ly, and p; =14 _, 2z (145)
for some column vectors zg, zj,.

Now we turn to the covariance of the gradient. The bias-bias covariance must satisfy Equation (24), equal to
Ser = Vi S Vit (146)

Since f)g/,g = i;ﬂ,,, we only need to study the cases ¢ < ¢'. First, we study the case £ = ¢'. For { = L, we note that
Vi, = 14, and therefore » 11, is undetermined. For ¢ < L, we multiply Equation (146) by V; and use its orthogonality
(VZTVZ = I4,), we obtain

See Ve = Vi S (147)

We note that a matrix that commutes with all permutation matrices V, must be the sum of a scalar matrix and a matrix with
all elements equal (Stuart & Weaver, 1991). Therefore, for ¢/ < L we have

7(2)

S = oM 14, + d%ldelg; (148)
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for some scalars éél), gzgf). For ¢ # ¢', since the only eigenvector common to all permutations is a vector with all components

equal, then Equation (146) is satisfied by

Wegr

x = 1 ~
S = 1,17 ifl <l < L,and Xy = —14&7 ifl<L 149
= el o= =lad (149)

For some scalar gy, and column vector @y.

The weight-weight covariance must satisfy Equation (23), equal to
Yo = (‘/2—1 & W) Y (‘/Z?—l & WT) (150)

Since Y1y = Eﬁ/, we only need to study the cases £ < ¢’. First, we study the case £ = ¢ and £ # 1, L. In that case, using
the orthogonality of V, Vj/, we rewrite Equation (150) as

oo (Vem1 @ Vi) = (Vo1 @ Vi) e (151

Similar to the case of the bias, a matrix that commutes with a product of permutation matrices must have the form (Stuart &
Weaver, 1991)

(1) ¢§2) T ¢é3) T §4) T T
S = o) (I, @14,) + R (I, , @ 14,17 + i (1@711(1H ® Ide) o (1%11(1H ® 1d£1df)

(152)

For some scalars ¢§1), qbf), qbf), ¢§4). For ¢ = 1,L, since Vy = 14,, V—1 = Ig,_,, the covariance block satisfies,
respectively

L1 =T @Vi) S0 (I, ®VY')  and  Zpp = (Vo1 ®14,) S0 (Vi ®14,) (153)

Using similar arguments as above, since these equations must be valid for all permutation matrices V7 and V7,1, we must
have

1
S = (<1>§1> ®1d1) ;= (q>§2) ® 1d11§1) and ¥ = (IdH ® <I>(L”) T

T (1dL711dTL71 ® <1>(LQ>) (154)

dr—1

for some matrices @gl), CIDEQ), <I>(Ll), <I>(LQ). Next, we study the case ¢/ = £ + 1. We use the commutation matrix K, which is a

symmetric permutation, thus K = KT, K? = I. The commutation matrix exchanges the factors in a Kronecker product:
K(A® B)K = B ® A (see Chapter 3.7 of Magnus & Neudecker (2019)). We rewrite Equation (150) as

YooK = (Vee1 @ Vi) Seenn K (Vi @ V) (155)

and solve for ¥, sy K instead of ¥, s41. We start with £ # 1, L — 1, then this equation must be valid for all permutation
matrices Vy_1, Vi, Viy1. Using similar arguments as above, we find

e . (2) . ,
£ (1@,11%1 ® Idg) K+ ——— (1d“11d“1 ® 1d51d2) K (156)

Y41 = ———
Vde—1dei1 der/dg—1dgi1
for some scalars wél), wéz). For / = 1, L — 1, Equation (155) becomes, respectively
LK =14, @ V1)K (Vi @ V') and Ep 10K =Via® V1) 210K (Ly, @ V) (157)

These equations must be valid for all permutations V;, V5 and Vo, Vz 1. We find

1 )47 1 (2)4T T
9 :—(<1 ®I)K+ ( 17 o1 1>K 158
12 \/@ 1/"1 da d1 dl\/@ 1 da dy +d;y ( )
1 T T
Sion = o= (1d“w%)1 ®Id“>K o (mef’l ®1d“1§;1>K (159)
2 —1 2
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For some column vectors 1,[;(11), 52), (lep 1112L_1. The case L = 2 is distinct, since Equation (155) is equal to
LK = (I, ® V1) 812K (Ig, @ V/1) (160)
that has the solution
Sy = (\1/5” ® Idl) K+ (\11§2> ® 1d11dTl) K (161)

for some matrix ;. Lastly, we study the case ¢/ > ¢ + 1, starting with £ > 1 and ¢’ < L. In that case, Equation (150) must
be valid for all different possible permutations Vy_1, Vi, Vpr_1, V. The solution is

we e
Vde—1de _1dedp

If ¢ = 1, ¢/ < L, Equation (150) must be valid for all different possible permutations V;, Vp:_1, Vs, and

S = (1@7113{%,_1 ® 1d21§;/) (162)

1
\de—1didy

If ¢ > 1, ¢ = L, Equation (150) must be valid for all different possible permutations Vz_1, V4, V1 _1, and

Sy = (wl,z,ldg_l ® 14, 1;,) (163)

v
Vde—1dp—1dg

Lastly, for £ = 1, ¢/ = L (with L > 2), Equation (150) must be valid for all different possible permutations V3, V1, _1, and

S = (10,015, @ 10wl ) (164)

1 1) 17 T 1 T @7
D) :7(‘0( 1 ® 14,1 )+7 141 ®1g,w 165
1L /7dL_1d1dL 1,L~dp 1 ditdy, /7d0dl,_1d1 dotd;_4 di1 %7 T, ( )
The bias-weight covariance must satisfy Equation (25), equal to
Yoo = Ve See (Vi_, @ V) (166)

We note that, in this case, f]gg/ #+ i; ¢» therefore we must consider all pairs of values ¢, ¢'. We start with ¢ = ¢. For
¢ # 1, L, Equation (166) must hold for all possible different permutation matrices Vy_1, V;, therefore

" 7 (2)
14 T 4 T T
\/E (1dz—1 ®Idg) + —— (1d£_1 ® 1d21d[> (167)

der/do—1
7(2)

for some scalars q@él), .. For the special cases ¢ = ¢’ = 1 and ' = ¢ = L, we rewrite Equation (166) as, respectively

EM =

Su=ViSu(IpoV!) and X =%p (VI ®1) (168)

Since these equations must be valid for all permutation matrices V; and V;_1, we must have

S ~T L (T T S 1 T z
Sn=(6" o1y )+~ (87 ©1,17) ad £, = (15, @ 1) (169)
dy dr1

~(1) ~(2 ~
For some column vectors ¢§ ), ¢§ ) and some matrix ®,. Next, we look at the case ¢ = ¢ + 1. For ¢/ < L — 1, we rewrite
Equation (166) as

Yeer1 = Ve Soep1 (V" @ Vi) (170)
This equation must be valid for all permutations Vy, Vy 1, therefore

,lz}él) T ~22) T T
(1o @17, ) + T (10,17, @17, (171)

s Y
o Vdeyt Vet
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(1)
¢

for some scalars 1[) , 1/3;2) . For the special case £ = £ + 1 = L, we rewrite Equation (166) as

Yr o=V 1Y 11 (VLT_l ®1q,) (172)

This equation must be valid for all permutations V7, _1, therefore we find
= ~T ~2)T
YL = (IdLl ® ) + <1dL11§L1 ® Py, ) (173)

for some column vectors 1215;1), @ND(LQ) Lastly, we study the case ¢ # £,£ + 1. For £ # L and ¢’ # 1, L, Equation (166) must
hold for all possible different permutation matrices Vy, Vyr_1, Vyr, therefore we have

Sor = \/% (1d21dT£,_1 ® 15@,) (174)
For some scalar &y ¢/. For £ = L and ¢’ # 1, L, Equation (166) becomes
Sre =S (Vi @ V) (175)
This equation must hold for all possible different permutation matrices Vi1, Vy, therefore we have
Spo = dwlldz (@101}, @13 (176)
For some column vector & 4. For £ # 1, L and ¢/ = 1, Equation (166) becomes
So =V S (Ia, @ V) (177)
This equation must hold for all possible different permutation matrices Vi, V;, therefore we have
Yn = \/ledl (14,07, ®17) (178)
For some column vector &y1. For £ # 1, L — 1, L and ¢/ = L, Equation (166) becomes
Sop = Vi Xer (ViZi®14,) (179)
This equation must hold for all possible different permutation matrices Vy, V1, _1, therefore we have
Ses = \/d;Td@ (1013, o) (180)
For some column vector &,y,. Lastly, we have the case ¢ = L, ¢/ = 1. In that case Equation (166) becomes
Se1=3r1 (Ig, @ Vi) (181)
This equation must hold for all possible different permutation matrices Vi, therefore we have
S = —— (017 (182)
\/E 1

for some matrix €271.

K. Estimation of factors

In this section, we provide some details on how to estimate the factors of the gradient covariance. First, we provide a
derivation of Equations (37),(38),(39) in the main text. We then describe how to improve the estimates by adding momentum,
and provide an empirical analysis of the estimation error (Figure 10).
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Figure 10. The factors of the covariance can be estimated by a single model. Mean pairwise correlation of estimated factors across 10
independently initialized models (45 pairs of models) as a function of training iteration (gradient descent), for different values of the
momentum parameter 3. A correlation value close to 1 would imply that hyperparameter estimates agree across independent models.
Without momentum (8, = 0), the hypeparameters of independent models display a correlation of 0.5. With momentum, correlations
reach about 0.7.

We consider the example of a two-layer MLP with Tanh activations and no bias, but a similar procedure can be followed for
other cases. The covariance is described in Theorem 3.1, in this case is equal to

5o (2 Zn)o( mel  (holK) .
2?2 Yoo K (\If{ X Idl) Id1 ® Py
First, we assume that the covariance ¥ is given, and we are asked to obtain the factors {®1, o, ¥4 }. Later we consider the

case in which we have an estimate of ¥, instead of its true value. Given X, to obtain the factors {®;, ®5, U1 } we need to
invert the following expressions, describing each block of the covariance

Yi=®;® I, Yoy = Ii, ® ®2 Yo = (\Ifl & Idl) K (184)
It is convenient to rewrite these equations including the indices of all matrix elements
(Ell)ide = (‘I)l)jl dik (222)ij,kl = 041 (@2)% (212)1']‘,1.;1 = (\Ijl)j]f iy (185)

The problem of inverting these equations is underparameterized, therefore we look for the least square solution. That is
equal to

dy
1
(@)= - Cn)iya (186)
1=1
1 &
((I)Q)ik = dil (222)2']'#]” (187)
j=1
1 &
(\Ill)jk = dil Z (ZlQ)ij,ki (188)
i=1

In practice, the covariance Y is not given, we only have access to an estimate from the observation of a gradient vector. We
note that the mean gradient is zero in this case (Theorem 3.1), therefore, we substitute the values of 311, 319, Yoo with the
observed outer product of the observed gradient, and we obtain Equations (37),(38),(39) in the main text.

These equations show sums over neurons of the first layer, of dimension d;. The larger is d;, the lower is the expected
error in the estimates, because there will be a correspondingly large number of repeated values in the gradient covariance,
therefore the value can be estimated by summing over the corresponding pairs of parameters. In practice, the expected
value of the error in the estimate depends on the distribution of the gradients, which is unknown and likely non-Gaussian,
therefore it is not easy to estimate.
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To improve the estimate of the factors, we use momentum, a standard method for noise reduction. Equations (37),(38),(39)
provide an estimate of the factors for a fixed iteration step during training. We rewrite those equations here in matrix form
for convenience

1 /oc\"/oc

1= dy (3W1) <5W1> (189)
1/ ocC oL \"

P2 =g (awg) (6W2> (190)
1 /oc\*/oc\"

=g <8W1) (am) 91

Across training iterations, instead of using the equations above, we use the following standard instance of momentum for
estimating the factors at step ¢ given the estimate at step ¢ — 1

_ 1-8, (0C\" [ oC

(®1), = Bn (1), + i <6W1)t (3W1>t (192)
_ 1—8n [ 0L oL\t

(®2), = Bn (P2),_, + 0 <8W2>t <8W2)t (193)
B 1-8, (0L \" [ oc\"

(1), = Br (W), + T (awl) (a%) (194)

All factors are set to zero at ¢ = 0, and estimates at step ¢ are divided by the factor (1 — 3},) to remove the bias in the
estimate, as in standard practice (Kingma & Ba, 2014).

We study the estimation error by running 10 models, each one with its own random initialization and its own individual
esimate of the hyperparametsrs. We training each model separately by gradient descent. At each iteration, we estimate the
hyperparamaters of each model and save it into a flattened vector containing all factors. Then, we compare the models by
computing correlation between each pair of models (a total of 45 pairs) and compute the mean correlation across pairs. A
large correlation would imply that estimates of different models agree, suggesting that the estimates are good. We run the
same model described in Section 4, with layer widths dy = 100, d; = 70, d3 = 40, for a total of 9800 parameters, 5000
training input data points drawn from a Gaussian distribution with badly conditioned covariance and the output given by a
teacher network with identical architecture and random weights (see Section 4 for details).

Figure 10 shows the mean correlation as a function of training iterations for different values of ;. Without momentum
(Br = 0), the factors estimated from different individual models display a correlation of about 0.5, showing that individual
models estimate similar but not identical factors. The introduction of momentum allows increasing the correlation up to
about 0.7, therefore it provides a significant improvement. However, the correlation drops back to about 0.5 after a number
of iterations that depends on the value of 35. We note that the number of steps it takes to drop is equal to about 10 times the
intrinsic timescale of momentum, equal to (1 — ﬁh)_l.

A full B surrogate (o] full D surrogate

eigenvalues

w wv o
eigenvalues
N w » v o

=
=

o
o

0 20 40 60 0 5 10 15
Figure 11. Comparison of full (A) and surrogate (B) matrix for a two-layer MLP with Tanh activations. Panels C and D compare the

eigenvalues of the two matrices. We note that the eigenvalues are identical, although some of the eigenvalues of the full matrix are
repeated multiple times.
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Figure 12. Similar to Figure 11, for a three-layer MLP with Tanh activations.
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Figure 13. Similar to Figures 11 and 12, for a three-layer MLP with ReLU activations.

L. Surrogate matrix

In this section, we describe how to perform operations on the covariance matrix using a smaller surrogate matrix. In
particular, we need to compute its inverse square root, that is required by the second-order update of Equation (1). First we
recall that, using either Theorem 3.1 (Tanh activation) or Theorem 3.2 (ReLU activation), we can describe the covariance
matrix by a set of factors. We consider the case of Tanh, but a similar argument can be used for the case of ReLU. We define
the flattened vector of all factors by

¢ = Vec ({¢2a T ¢L71}’ {qzlv LR $L71}7 (’2)17 &L—h (I)la (I)L7 i)L7 q”l) (195)
Using Theorem 3.1, We can compute the covariance matrix given the factors ¢ and the layer widths {d,}, and vice versa.
¢, {d1,...,d,1} +— 3 (196)

The next important observation is that, by Lemma 2.4, Equation (15), any analytic function of the covariance matrix must
have the same structure of the covariance itself. Therefore, provided that the covariance is positive definite, the inverse
square root is also described by a vector of factors, identified by the “isr” superscript

~isr

. . . =, =, ~isr . . =, .
¢ = Vee ({857, 08,1 {08, o OFL, 1 b1 dry, @, @7, BT, i) (197)
Also in this case, we can compute the matrix given the factors and the layer widths, and vice versa
~ 1
¢ {dy,...,d 1} +— X272 (198)

A naive approach for computing the factors ¢'" of the inverse square root ¥~ would be to compute X from ¢, then its

inverse square root £~ 2 and finally ¢'" from X~ z.

G {d,....dp_1} — S — N7 — (199)
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However, the matrix 3 may be very large and exceed the available memory. Furthermore, computing its inverse square root
may be computationally very expensive. Therefore, we would like to compute ¢™" directly from ¢, without ever computing
and square rooting / inverting the big matrix 3.

We solve this problem by noting that the factors do not depend on the choice of the layer widths. In other words, any
18T

alternative choice {d} } of the layer widths would give the same outcome ¢™".
S Ad A} A ATE s (200)

where A is a surrogate matrix with the same factors as . but different layer widths. Therefore, we can set the layer widths
to very small numbers, corresponding to a surrogate matrix A that is easy to store in memory and to square root / invert. In
particular, the smallest number that retains the factors is d; = 1 for case of Tanh and dj = 2 for the case of ReLU.

For example, in the case of a two-layer MLP (L = 2) with Tanh activation and no bias, the full matrix has size (dod; +
dydsy) x (dody + dyds) and is equal to

O 21 (¥ @14) K
Y = 1 L 201
( K(@?@Idl) Id1®(132 (20D)

while the surrogate matrix has size (dp + do) X (do + d2) and is equal to

o U
(it e

Therefore, the surrogate matrix has a factor d? less elements than the full matrix. The main point of this section is that any
analytic function of X has the same form of X, for some other values of the factors, and that the same operation applies to A.
In the case of the inverse square root, we thus have

(pisr ® Id1 \Ijisr ® Id K
2 B % 1isrT ( ! 15)1" (203)
K (qzl ® Idl) Iy, ® &
(I)isr \I/isr
Az=( 1 ! 204
2 < \IfllsrT (1)125r ( )

We note that the knowledge of the surrogate matrix is sufficient to compute the product between the full matrix and any
vector. For example, given the gradient vector

oL oL
VL=Vec| ———, 7+ 205
o <8W1 oW, ) (205)
Using the properties of Kronecker product, we derive the update for a two-layer Tanh MLP without bias
1 oL . oL . T T OL o« OL
E—*VE — V @lhr \I/lhr , \IIISI‘ (blsl' 206
: ec(aw1 T 7 A R BT T aw2> (206)

Figures 11, 12, 13 compare the full and surrogate matrix for a few example MLPs. They show that the eigenvalues of the
full and surrogate matrices are identical, although some of the eigenvalues are repeated multiple times in the full matrix.

M. Hyperparameter settings

Table 2 shows the hyperparameter values for the experiments illustrated in Figures 5, 6. We note that most optimizers are
quite robust with respect to small changes of the hyperparameter values. An exception is KFAC, we found that it was very
sensitive to the combination of learning rate o and damping A. In Table 2, boldface values are set by grid search, while
others are set to standard values. The latter include momentum parameters for Adam (5; = 0.9, 82 = 0.999) and KFAC
(6 = 0.9), and the exponent of Shampoo, set to p = i as common to most applications. For SymO, we set the momentum
parameter to 5, = 0.95, as that value seemed to stabilize training in all our experiments (See Figure 10 in Appendix K).

In the case of SymO, we choose an exponentially decreasing learning rate, o = ao3¢. While this choice is uncommon in
neural network optimization, it is motivated by the analytical study of a toy quadratic problem, which is detailed in Appendix
B. While neural network optimization is very far from a quadratic problem, it may represent a reasonable approximation
near a fixed point, and we found that it worked fine in the non-convex optimization problems illustrated in Figures 5, 6.
More work is necessary to find out the optimal settings of SymO.
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Algorithm 1 Symmetry-based Optimization update (SymO)

Input: gradient VL, previous factors {®q, @9, ¥y },_1, momentum parameter (3,
Compute current factors {®;, Po, U1 }+ using Equations (192),(193),(194)
Compute surrogate covariance matrix A by Equation (202)

Divide A by (1 — f3},) (bias correction)

Compute inverse square root of surrogate matrix Az by numerical algebra
Compute factors { DI, Gt Wisr} of A== by Equation (204)

Compute SymO update by Equation (206)

Return: SymO update, current factors {®;, $o, Uy };

Table 2. Hyperparameter values used in experiments, for all optimizers, either in the case of linear activations (Figure 5), or Tanh
activations (Figure 6). Values in boldface are set by grid search, others are set to standard values.

GD Adam KFAC Shampoo SymO
a=0.01 a=1le—5 a= 0.8 ap= 0.05
Linear activation «a= 0.8 51 =0.9 A=13e—4 e=1le—10 B=0.95
B2 = 0.999 8=0.9 p=1 B, = 0.95
a=0.01 a= 0.006 a=0.8 ap=0.09
Tanh activation o= 0.8 B =0.9 A= 0.017 e=1le—8 B=0.91
B = 0.999 £=0.9 p=1 Bn =0.95
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