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ABSTRACT

We consider a stochastic sparse linear bandit problem where only a sparse sub-
set of context features affects the expected reward function, i.e., the unknown
reward parameter has a sparse structure. In the existing Lasso bandit literature,
the compatibility conditions, together with additional diversity conditions on the
context features are imposed to achieve regret bounds that only depend logarith-
mically on the ambient dimension d. In this paper, we demonstrate that even
without the additional diversity assumptions, the compatibility condition on the
optimal arm is sufficient to derive a regret bound that depends logarithmically on
d, and our assumption is strictly weaker than those used in the lasso bandit lit-
erature under the single-parameter setting. We propose an algorithm that adapts
the forced-sampling technique and prove that the proposed algorithm achieves
O(poly log dT') regret under the margin condition. To our knowledge, the pro-
posed algorithm requires the weakest assumptions among Lasso bandit algorithms
under the single-parameter setting that achieve O(poly log dT') regret. Through
numerical experiments, we confirm the superior performance of our proposed al-
gorithm.

1 INTRODUCTION

Linear contextual bandits (Abe & Long, 1999;|Auer,[2002;/Chu et al.,[201 1} Lattimore & Szepesvari,
2020) are a generalization of the classical Multi-Armed Bandit problem (Robbins| [1952; [Lai &
Robbins| [1985). In this sequential decision-making problem, the decision-making agent is provided
with a context in the form of a feature vector for each arm in each round, and the expected reward
of the arm is a linear function of the context vector for the arm and the unknown reward parameter.
To be specific, in each round ¢ € [T] := {1, ..., T}, the agent observes feature vectors of the arms
{x;x € R? : k € [K]}. Then, the agent selects an arm a; € [K] and observes a sample of
a stochastic reward with mean XI 0,B", where 3% € R? is a fixed parameter that is unknown to
the agent. Linear contextual bandits are applicable in various problem domains, including online
advertising, recommender systems, and healthcare applications (Chu et al., 20115 |Li et al.| 2016;
Zeng et al., 2016 [Tewari & Murphy, [2017). In many applications, the feature space may exhibit
high dimensionality (d > 1); however, only a small subset of features typically affects the expected
reward, while the remainder of the features may not influence the reward at all. Specifically, the
unknown parameter vector 3 is said to be sparse when only the elements corresponding to pertinent
features possess non-zero values. The sparsity of 3* is represented by the sparsity index sg =
I8*lo < d, where ||x||o denotes the number of non-zero entries in the vector x. Such a problem
setting is called the sparse linear contextual bandit.

There has been a large body of literature addressing the sparse linear contextual bandit prob-
lem (Abbasi-Yadkori et al., 2012; (Gilton & Willett, 2017; Wang et al., [2018} |Kim & Paikl 2019;
Bastani & Bayati| [2020; Hao et al., 2020bj} L1 et al., 2021} [Oh et al.| 2021} |Ariu et al.| 2022 (Chen
et al. 2022; |L1 et al.| [2022} |(Chakraborty et al.l [2023)). To efficiently take advantage of the sparse
structure, the Lasso (Tibshirani, [1996) estimator is widely used to estimate the unknown parame-
ter vector. Utilizing the ¢;-error bound of the Lasso estimation, many Lasso-based linear bandit
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algorithms achieve sharp regret bounds that only depend logarithmically on the ambient dimension
d. Furthermore, a margin condition (see Assumption [2) is often utilized to derive an even poly-
logarithmic regret in the time horizon, thereby achieving (poly-)logarithmic dependence on both d
and 7T simultaneously (Bastani & Bayati, 2020; [Wang et al.| 2018 [Li et al. 2021} |Ariu et al.| [2022;
Li et al.| 2022; (Chakraborty et al., 2023).

While these algorithms attain sharper regret bounds, there is no free lunch. The analysis of the
existing results achieving O(poly log dT') regret heavily depends on various stochastic assumptions
on the context vectors, whose relative strengths often remain unchecked. The regret analysis of the
Lasso-based bandit algorithms necessitates satisfaction of the compatibility condition (Van De Geer
& Biihlmann, 2009) for the empirical Gram matrix ), xt,atxtT o, constructed from previously se-
lected arms. Ensuring this compatibility—or an alternative form of regularity, such as the restricted
eigenvalue condition—for the empirical Gram matrices requires an underlying assumption about the
compatibility of the theoretical Gram matrix, e.g., %]E[Z o Xt kXI «)- Moreover, to establish regret
bounds, additional assumptions regarding the diversity of context vectors — e.g., anti-concentration,
relaxed symmetry, and balanced covariance — are made (refer to Table[T|for a comprehensive com-
parison). Many of these assumptions are needed solely for technical purposes, and their complexity
often obscures the relative strength of one assumption over another. Thus, the following research
question arises:

Question: Is it possible to construct weaker conditions than those in existing conditions to achieve
O(polylog dT) regret in the sparse linear contextual bandit (under the single-parameter setting)?

In this paper, we provide an affirmative answer to the above question. We show that (i) the compati-
bility condition on the optimal arm is strictly weaker than the existing stochastic conditions imposed
on context vectors for O(poly log dT') regret in the sparse linear bandit literature (under the single-
parameter setting). That is, the existing conditions in the relevant literature imply our proposed
compatibility condition on the optimal arm, but the converse does not hold (refer to Figure[T). Ad-
ditionally, (ii) we propose an algorithm that achieves O(poly log dT') regret under the compatibility
condition on the optimal arm combined with the margin condition. Therefore, to the best of our
knowledge, the compatibility condition on the optimal arm that we study in this work — combined
with the margin condition — is the mildest condition that allows O(poly log dT) regret for sparse
linear contextual bandits (Oh et al.| 2021} |ILi et al.| 2021} |Ariu et al.| | 2022; |(Chakraborty et al.,[2023).

Our contributions are summarized as follows:

* We propose a forced-sampling-based algorithm for sparse linear contextual bandits:
FS-WLasso. The proposed algorithm utilizes the Lasso estimator for dependent data based
on the compatibility condition on the optimal arm. FS-WLasso explores for a number of
rounds by uniformly sampling context features and then exploits the Lasso estimated ob-
tained by weighted mean squared error with /1 -penalty. We establish that the regret bound
of our proposed algorithm is O(poly log dT).

* One of the key challenges in the regret analysis for bandit algorithms using Lasso is en-
suring that the empirical Gram matrix satisfies the compatibility condition. Most existing
sparse bandit algorithms based on Lasso not only assume the compatibility condition on
the expected Gram matrix, but also impose an additional diversity condition for context
features (e.g., anti-concentration, relaxed symmetry, and balanced covariance), facilitating
automatic feature space exploration. However, we show that the compatibility condition
on the optimal arm is sufficient to achieve O(poly log dT") regret under the margin condi-
tion, and demonstrate that our assumption on the context distribution is strictly weaker than
those used in the existing sparse linear bandit literature that achieve O(poly log dT') regret.
We believe that the compatibility condition on the optimal arm studied in our work can be
of interest in future Lasso bandit research.

* To establish the regret bounds in Theorems2]and 3] we introduce a novel analysis technique
based on high-probability analysis that utilizes mathematical induction, which captures the
cyclic structure of optimal arm selection and the resulting small estimation errors. We
believe that this new technique can be applied to the analysis of other bandit algorithms
and therefore can be of independent interest (See discussions in Section[3.3)).

* We evaluate our algorithms through numerical experiments and demonstrate its consistent
superiority over existing methods. Specifically, even in cases where the context features of
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Table 1: Comparisons with the existing high-dimensional linear bandits with a single parameter
setting. For algorithms using the margin condition, we present regret bounds for the 1-margin (for

simple exposition). We define & := LE[S Xt kX, 1) B = Elxexx/,] for each k € [K],
x;':at*ﬂ* > maxpqr xzkﬂ* + A,],and X" := E[Xtﬁat*x;ajl

* T
3= E[Xnaixua;

Paper Compatibility or Eigenvalue Margin  Additional Diversity =~ Regret

Kim & Paik|(2019) Compatibility on 3 X X O(soVT log(dT))
Hao et al.|(2020b) Minimum eigenvalue of 2 X X O((soT log d)?)

Oh et al. (2021} Compatibility on = X Relaxed symmetry & s,/ Tlog (dT))

Li et al.|(2021) Bounded sparse eigenvalue of X1 v/ Anti-concentration O(s3(log(dT)) log T)
Ariu et al. (2022} Compatibility on % v gi}izi‘: dsig‘vr:figgc‘eg‘ O(s2log dT)
Chakraborty et al.|(2023) Maximum sparse eigenvalue of 3, v/ Anti-concentration O(s3(log(dT)) log T))
This work Compatibility on X* v X O(s2(log(dT)) log T))

1|Ariu et al.|(2022) show a regret bound of O (s log d+ so (log so)% log T'), but they implicitly assume that the
{2 norm of feature is bounded by s4 when applying the Cauchy-Schwarz inequality in their proof of Lemma
5.8. We display the regret bound when only the /o, norms of features are bounded.

all arms except for the optimal arm are fixed (thus, assumptions such as anti-concentration
are not valid), our proposed algorithms outperform the existing algorithms.

1.1 RELATED LITERATURE

Although significant research has been conducted on linear bandits (Abe & Long,|1999; Auer, 2002;
Dani et al.l 2008; Rusmevichientong & Tsitsiklis, 2010; |Abbasi-Yadkori et al., 2011} [Chu et al.
2011; |Agrawal & Goyall 2013} |Abeille & Lazaric, [2017; | Kveton et al., [2020a) and generalized lin-
ear bandits (Filippi et al., [2010; |L1 et al., 2017} [Faury et al., 2020; Kveton et al., 2020b; |Abeille
et al, 2021} [Faury et al.l 2022}, applying them to high-dimensional linear contextual bandits poses
challenges in leveraging the sparse structure within the unknown reward parameter. Consequently,
it might lead to a regret bound that scales with the ambient dimension d rather than the sparse set
of features with cardinality so. To overcome such challenges, high-dimensional linear contextual
bandits have been investigated under the sparsity assumption and have attracted significant attention
under different problem settings. |Bastani & Bayati (2020) consider a multiple-parameter setting
where each arm has its own underlying parameter and only one context vector is generated per round.
Bastani & Bayati| (2020) propose Lasso Bandit that uses the forced sampling technique (Golden-
shluger & Zeevi, 2013) and the Lasso estimator (Tibshirani, |1996). They establish a regret bound
of O(K s§j(logdT)?) where K is the number of arms. Under the same problem setting as [Bas-
tani & Bayati| (2020), [Wang et al.| (2018) propose MCP-Bandit that uses uniform exploration for
O(s3log(dT)) rounds and the minimax concave penalty (MCP) estimator (Zhang, 2010). They
show the improved regret bound of O(s2(logd + so) log T').

On the other hand, there has also been an amount of work in the single-parameter setting where
K different contexts are generated for each arm at each round and the rewards of all arms are
determined by one shared parameter. |Kim & Paik| (2019) leverage a doubly-robust technique (Bang
& Robins, [2005) from the missing data literature to develop DR Lasso Bandit, achieving a regret
upper bound of O(sg\/T log(dT’)). |Oh et al.| (2021) present SA LASSO BANDIT, which requires
neither knowledge of the sparsity index nor an exploration phase, enjoying the regret upper bound
of O(soV/T log(dT)). |Ariu et al.|(2022) design TH Lasso Bandit, adapting the idea of Lasso with
thresholding, originally proposed by [Zhou| (2010). This algorithm estimates the unknown reward
parameter along with its support, achieving a regret bound of O(s3logdT') under the 1-margin
condition (Assumption[2). All the aforementioned algorithms rely on the compatibility condition of
the expected Gram matrix for the averaged arm, denoted by X := %E[Z ke[K] X)X, ]. Moreover,
Oh et al.| (2021); |Ariu et al.| (2022) impose strong conditions on the context distribution, such as
relaxed symmetry and balanced covariance (Assumptions[7Jand[§). There is another line of work that
combines the Lasso estimator with exploration techniques in the linear bandit literature, such as the
upper confidence bound (UCB) or Thompson sampling (TS).|Li et al.[(2021) introduce an algorithm



Published as a conference paper at ICLR 2025

that constructs an ¢;-confidence ball centered at the Lasso estimator, then selects an optimistic arm
from the confidence set. (Chakraborty et al.| (2023) propose a Thompson sampling algorithm that
utilizes the sparsity-inducing prior suggested by Castillo et al.[(2015)) for posterior sampling. Under
assumptions such as the general margin condition, bounded sparse eigenvalues of the expected Gram
matrix for each arm, and anti-concentration conditions on context features, both|L1 et al.| (2021) and
Chakraborty et al.[(2023)) achieve a O(poly log dT") regret bound. Hao et al.[(2020b) propose ESTC,

an explore-then-commit paradigm algorithm that achieves a regret bound of O((soT log d)3 ) under
the fixed arm set setting. [Li et al.| (2022) introduce a unified algorithm framework named Explore-
the-Structure-Then-Commit for various high-dimensional stochastic bandit problems. |L1 et al.[(2022)

1
establish a regret bound of O(sg T3 \/log(dT)) for the Lasso bandit problem. (Chen et al.| (2022)
propose SPARSE-LINUCB algorithm, which estimates the reward parameter using the best subset
selection method based on generalized support recovery.

2 PRELIMINARIES

Notations. For a positive number N, we denote [N] as a set containing positive integers up to N,

ie., [N] :={1,...,N}. Foravector v € R, we denote its j-th component by v; for j € [d], its
transpose by v ', its £p-norm by ||v||o = > jera H{vj # 0}, its Lz-norm by [v||2 = V/ vTv,and its

lso-norm by ||v||oc = max;e(q) [v;]. Foreach I C [d] and v € R%, v; = [v11,...,vaz]" where
for all j € [d], vj; = v;1{j € I}. Refer to Appendix |A|for a more detailed explanation of the
notations.

Problem Setting. We consider a stochastic linear contextual bandit problem where 7" is the number
of rounds and K (> 3) is the number of arms. In each round ¢ € [T, the learning agent observes a
set of context features for all arms {x;; € X' : i € [K]} C R? drawn i.i.d. from an unknown joint
distribution, chooses an arm a; € [K], and receives areward r; ,,. We assume thatr; ,, = XI CARS
n; where 3* € R? is the unknown reward parameter and 7, is an independent o-sub-Gaussian
random variable such that E[n;|F; 1] = 0 for the sigma-algebra F; generated by ({Xr i }re[,ic(x]»
{ar}rep {rra, frep—1)). 16, E[e|F] < es*7*/2 forall s € R. We assume {Xt1,-- XK b1
is a sequence of i.i.d. samples from some unknown distribution Dy on the Lebesgue measurable
sets. Note that dependency across arms in a given round is allowed. We also define the active set
So = {j : B} # 0} as the set of indices j for which 3] is non-zero. Let sy := [So| denote the
cardinality of the active set Sy, which satisfies sg < d.

Define aj := argmax,c g x;': xB" as the optimal arm in round ¢. Then, the goal of the agent is to
minimize the following cumulative regret:

R(T) =Y (%8 = x/,,8") -

t=1
2.1 ASSUMPTIONS

We present a list of assumptions used for the regret analysis later in Section[3.2]

Assumption 1 (Boundedness). For absolute constants Tiax, b > 0, we assume ||X||co < Tmax for

allx € X, and ||3"||1 < b, where b may be unknown.
Assumption 2 (o-margin condition). Let A; = XI ax B — maXy£a: x;': wB3" be the instantaneous

gap in round t. For o > 0, there exists a constant A, > 0 such that for any h > 0 and for all
te [T P(A <h) < (&)

Assumption 3 (Compatibility condition on the optimal arm). For a matrix M € R%*¢ and a set
I C [d], the compatibility constant $(M, I) is defined as

I18™™™M
W 1Bl < 3118yl #0} .

Let us denote the context feature for the optimal arm in round t by X¢ o» . Then, we assume that the
expected Gram matrix of the optimal arm ¥* := E[Xt,q; XZ a:] satisfies the compatibility condition

2 := min
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Oh et al. (2021) Lietal. (2021) Ariu et al. (2022) Chakraborty et al. (2023)
v' Compatibility on 3
v Relaxed symmetry v" Compatibility on &
v' Balanced covariance po7! ke K v Relaxed symmetry b k K
v Anti-concentration v Balanced covariance v" Anti-concentration
v Bounded sparse eigenvalue
of 31, T
. . cannot
cannot T implies | DX iy cannot

imply

v/ Margin condition
can derive I v Bounded features

I O(polylog dT’) regret bound I

implies .
implies

_I_imply implies )l( Ci?;;l(;t

N

X cannot achieve

No margin condition

This work

+ Compatibility on X* (Assumption 3)

O(poly log dT') regret

Figure 1: Illustration of relationships among distributional assumptions on context used in the sparse
linear contextual bandit literature. The blue arrows represent implication relationships while the red
arrows represent infeasible implication relationships. The conditions written in blue with the check
bullet v in the figure imply the compatibility on the optimal arm (Assumption , serving as suffi-
cient conditions, while the conditions written in orange indicate additional assumptions necessary to
achieve the existing methods’ regret guarantees, but not needed in our analysis. The case where all
sub-optimal arms are fixed serves as a counter-example for the infeasible implication relationships.
We provide the proofs of the implication relationship in Appendix [B] which may be of independent
interest.

with ¢, > 0, i.e., *(X*,Sy) > ¢2. Note that X" is time-invariant since the set of features is drawn
i.i.d. for each round.

Discussion of assumptions. Assumption [1|is a standard regularity assumption commonly used
in the sparse linear bandit literature (Bastani & Bayati, [2020; Hao et al., 2020bj |Ariu et al., 2022;
Li et al) [2022; |Chakraborty et al., 2023)). It indicates that both the context features and the true
parameter are bounded.

Assumption 2] restricts the probability that the expected reward of the optimal arm is close to those
of the sub-optimal arms. To our best knowledge, the margin condition in the bandit setting was
first introduced in |Goldenshluger & Zeevi (2013) and is widely used in linear contextual bandit
literature (Wang et al., 2018} [Bastani & Bayati, [2020; [Papini et al.|, [2021} L1 et al., [2021} Bastani
et al., 2021} /Ariu et al | [2022;|Chakraborty et al.,[2023)). Unlike the minimum gap condition (Abbasi-
Yadkori et al., 201 1; |Papini et al.,|2021), which prohibits the instantaneous gap from being smaller
than a fixed constant, the margin condition allows a probability of a small gap. The case where
o = 0 imposes no additional constraints, while o = oo is equivalent to the minimum gap condition.
The margin condition with general e smoothly bridges the cases with and without the minimum gap.

Assumption[3]is related to the compatibility condition used to guarantee the convergence property of
the Lasso estimator in the high-dimensional statistics literature (Biihlmann & Van De Geer, [2011).
Since the compatibility condition ensures that the Lasso estimator approaches its true value as the
number of samples grows large, many pieces of high-dimensional linear contextual bandit literature
assume the condition (Wang et al.,|2018}; Kim & Paik| 2019;Bastani & Bayati,[2020;|Oh et al., 2021}
Ariu et al., [2022). [Kim & Paik|(2019); Oh et al.| (2021)); |Ariu et al.[(2022) assume the compatibility
condition on 3 := E[>, Xt,kth’ ). [Li et al. (2021) assume the minimum sparse eigenvalue of
the expected Gram matrix of the optimal arm when the instantaneous gap is greater than a constant
A, whose definition slightly differs from ours. Unlike previous works, we assume the compatibility
condition on the optimal arm without any constraints. Under this assumption, a theoretical guarantee
about the convergence of the Lasso estimator can be derived only if sufficient selections of the
optimal arms are guaranteed, which necessitates more technical analysis. On the other hand, most
of the previous work in sparse linear bandit that achieves poly-logarithmic regret under the margin
condition implicitly assumes Assumption 3] indicating that our assumptions are strictly weaker than
others.



Published as a conference paper at ICLR 2025

Algorithm 1 FS-WLasso (Forced-Sampling then Weighted Loss Lasso)

1: Input: Number of exploration My, Weight w, Regularization parameters {; }¢>1
2: fort=1,2,....,T do

3: Observe {x; x H< |
4: if t < Mj then > Forced sampling stage
5: Choose a; ~ Unif(.A) and observe r; 4,
6: else > Greedy selection stage
Mo t—1
7: Compute 3,_; = argminw Z(Xlaﬁ*ﬁ,ai)%r Z (Xlai/@*”,ai)%r)‘t—l 1811
B i=1 i=Mo+1
8: Select a; = argmax, (g xzk3t71 and observe 1 4,
9: end if
10: end for

Theorem 1. The compatibility condition on the optimal arm (Assumption[3)) is strictly weaker than
the assumptions made in previous Lasso bandit works under the single-parameter setting (Oh et al.|
2021} |Li et al] 2021} |Ariu et al.| 2022 |Chakraborty et al.|[2023), as illustrated in Figure|l)

Discussion of Theorem E] Oh et al.|(2021); |Ar1u et al.| (2022) assume the relaxed symmetry and
balanced covariance of the context features, while other works in the literature, such as [L1 et al.
(2021)); |[Chakraborty et al.| (2023) assume an anti-concentration condition for the feature vectors.
These conditions imply that estimation error is reduced when data is obtained by a greedy policy, or,
in some cases, by any policy. Since choosing the optimal arm is also a greedy policy with respect to
the true parameter, the assumptions in prior works imply ours. The case where the context feature
vectors of sub-optimal arms are fixed and only the feature vector of the optimal arm has randomness
indicates that the converse does not hold. For a detailed proof of Theorem I] refer to Appendix

Remark 1. Under the multiple-parameter setting, |Bastani & Bayati| (2020); |Wang et al.| (2018)
assume the compatibility condition on the feature vectors whose instantaneous gaps are lower-
bounded by h. On the other hand, we impose no such constraint in Assumption 3| for the single-
parameter setting. Further direct comparisons of the compatibility conditions are not possible since
compatibility conditions do not translate directly across the two different settings. However, we
show that Assumption |3|is weaker than those of \Bastani & Bayati|(2020); |Wang et al.|(2018) when
compared within the problem instances that are convertible to both settings through a certain con-
version (Kim & Paik| [2019; |Oh et al.| 2021)). Refer to Appendix|C|for more details. It is important
to note that we mainly compare our results with the Lasso bandit results under the single-parameter
setting (Oh et al}| 2021} \Li et al.||2021}; |Ariu et al.| 2022 |Chakraborty et al.||2023), which is the pre-
dominant setup in linear contextual bandits (Abbasi-Yadkori et al.| 2011} Abeille & Lazaric, |2017;
Chakraborty et al.| 2023} |Filippi et al., | 2010; \Hao et al.| 2020b; | Kim & Paik, |2019; \Li et al.} 2021}
Oh et al.|2021)).

3 FORCED SAMPLING THEN WEIGHTED LOSS LASSO

3.1 ALGORITHM: FS-WLAsso

In this section, we present FS-WLasso (Forced Sampling then Weighted Loss Lasso) that adapts the
forced-sampling technique (Goldenshluger & Zeevi, |2013}; [Bastani & Bayati} [2020). FS-WLasso
consists of two stages: Forced sampling stage & Greedy selection stage. First, during the Forced
sampling stage the agent chooses an arm uniformly at random for M, rounds. Then, for ¢ in the
Greedy selection stage, the agent computes the Lasso estimator given by

B = arggﬂﬂ wlo(B) + Li—1(8) + \e—118l1, (1)

where Lo(3) := Zﬁ“l (% ,.8 — 7i.q;)? is the sum of squared errors over the samples acquired

1,0
through random sampling, L; 1 (3) := Zf;]lwo +1 (Xzai B—7i.q;)? is the sum of squared errors over
the samples observed in the Greedy selection stage, w is the weight between the two loss functions,
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and A\;_; > 0 is the regularization parameter. The agent chooses the arm that maximizes the inner
product of the feature vector and the Lasso estimator. FS-WLasso is summarized in Algorithm

Remark 2. Both FS-WLasso and ESTC (Hao et al| |2020b) have exploration stages, where the
agent randomly selects arms for some initial rounds. However, the commit stages are very different.
ESTC estimates the reward parameter only using the samples obtained during the exploration stage
and does not update the parameters during the commit stage, whereas FS-WLasso continues to
update the parameter using the samples obtained during the greedy selection stage. Therefore, our
algorithm demonstrates superior statistical performance, achieving lower regret (and thus higher
reward) by fully utilizing all accessible data.

Remark 3. The minimization problem (1)) takes the sum of squared errors, whereas the standard

Lasso estimator takes the average. While \; is typically chosen to be proportional to \/1/t in the
existing literature (Bastani & Bayati, 2020; \Oh et al., 2021} Ariu et al.| 2022} \Li et al.} |2021)), this
slight difference leads to )\, being proportional to \/t in Theoremsand

3.2 REGRET BOUND OF FS-WLASSO

Definition 1 (Compatibility constant ratio). Ler X := £E[3", 5 Xe,4X/ ] be the expected Gram

matrix of the averaged arm. We define the constant p := ¢2 | $*(X, So) as the ratio of the compati-
bility constant for X* to the compatibility constant for X.

By the definition of ¥, it holds that £ = ZE[xrar,%/,:] + ZE[X 0 Xerx/,] =
7% E[Xt,a: % 2], which implies ¢*(2, Sp) > ¢*(2,Sp)/K > ¢7/K > 0. Hence, p is well-

defined with 0 < p < K.

Remark 4. When comparing the compatibility conditions only, the compatibility condition on the
optimal arm implies the compatibility condition on the averaged arm. However, that is not the
essence of what we compare between our work and the existing works. Note that under the margin
condition, the entire set of stochastic context assumptions (e.g., the compatibility condition along
with additional diversity assumptions) in the previous literature implies the compatibility condition
on the optimal arm, as illustrated in Figure [l|and demonstrated in Appendix[B|

We present the regret upper bound of Algorithm|I} A formal version of the theorem and its proof
are deferred to Appendix [E.2]

Theorem 2 (Regret Bound of FS-WLasso). Suppose Assumptions hold. For ¢ € (0,1], let T
be a constant that depends on T ax, So, ¢x, 0, a, Ay, log d,log 8. If we set the input parameters of
Algorithm[1|by
_ 4 o942 44
My = Cy max {p*ah,, 5267 log(d/0) , pP0 wmai 55 © AT%¢. " (loglog 7 + log(d/9)) } ,

At = Co0Zmax <\/(t — My) log (d(log(t — My))?/6) + /w2 My log(d/5)> ,w=+/7/My,

for some universal constants Cy, Co > 0, then with probability at least 1 — 6, Algorithmachieves
the following cumulative regret:

R(T> < 2:Emaxbj\40 + IT + IT )
1
where I, = O (UZA:1 (a:?naxso/d)f)H“ log(d/é)) and

1+ 1+a
(arfnaxso/gﬁi) Y 1-a

o B v gy mt A (logd—&-logb%T)Q) fora € (0,1),

I _ O (WﬂimxSO/d’z)Q 1 log T _
T = 5 logT' (logd + log =5 fora=1,
02(w2 So/<152)1+é
O <(af1)2 . a0/ 0 (logd—l-log(l;)) forl < a<oo.

Discussion of TheoremE] In terms of key problem instances (sg, d, and T), Theoremestablishes
the regret bounds that scale poly-logarithmically on d and 7T, specifically, O(ngrlT_Ta(logd +
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log logT)aTH) for a € (0,1), O(s3log T (logd + loglogT)) for « = 1, and O(s§+% log d) for

a > 1. [Li et al|(2021) construct a regret lower bound of O(TFTQ (log d)aTH + log T') when
a € [0, 1], which our algorithm achieves up to a log T factor. The expected regret for Algorithm E]
can also be obtained by taking 6 = 1/T. For the T-agnostic setting, we derive FS-Lasso, which
uses forced samples adaptively, and establish the same regret bound as in Theorem [2] (Appendix [F).
Existing Lasso bandit literature that achieves O(poly log dT") regret under the single parameter set-
ting necessitates stronger assumptions on the context distribution (e.g., relaxed symmetry & bal-
anced covariance or anti-concentration), which are non-verifiable in practical scenarios. In addition,
when context distributions do not satisfy the strong assumptions employed in the previous literature,
the existing algorithms can critically undermine regret performance, with no recourse for adjustment
nor guarantees provided. That is, there is nothing one can do when such strong context assumptions
are not satisfied in the existing literature. However, we show that the compatibility condition on the
optimal arm is sufficient to achieve poly-logarithmic regret under the margin condition, and demon-
strate that our assumption is strictly weaker than those used in other Lasso bandit literature under
the single-parameter setting.

Our result also improves the known regret bound for the low-dimensional setting, where sy may be
replaced with d. In this case, Assumption [3] becomes equivalent to the HLS condition (Hao et al.|
2020a; |Papini et al., 2021). Under the HLS condition and the minimum gap condition, |Papini et al.
(2021) show that OFUL (Abbasi-Yadkori et al.,[2011) achieves a constant regret bound independent
of T with high probability (Lemma 2 in (Papini et al.||2021)). However, when the margin condition
(Assumption is assumed, the result of |Papini et al. (2021) guarantees O (log T') regret bound only
when @ > 2. Our algorithm achieves a constant regret bound with high probability when @ > 1,
expanding the range of « that the constant regret is attainable.

Remark 5. Theorem[2]requires the value of sy when determining My, the length of the forced sam-
pling stage. On the other hand, there are sparsity-agnostic Lasso bandit algorithms (Oh et al.| 2021}
Ariu et al.| 2022 |Chakraborty et al.| | 2025). However, these sparsity-agnostic algorithms require
stronger diversity assumptions on the context distribution that are not verifiable in practice. Even
when the sparsity is known, other works in the literature still either incorporate extra stochastic
conditions (Li et al.| |2021) or apply specific optimality criteria for context distributions (Bastani
& Bayati, 20205 (Wang et al.| |2018). As discussed earlier, these additional assumptions may pose
obstacles in practical applications. Regardless of sparsity-awareness, our work focuses on alleviat-
ing these stringent stochastic assumptions on context distributions, providing the weakest conditions
known to achieve poly-logarithmic regret. Furthermore, by tuning My as a whole, not knowing the
sparsity does not worsen the complexity nor the performance of the algorithm in practice. My does
not solely depend on sg, but also on other problem-dependent factors that may be unknown to the
algorithm in practice and hence M should be regarded as a tunable parameter. Note that all Lasso
bandit including the sparsity agnostic ones and parametric bandit algorithms also have parameters
that must be tuned in practice, such as the ones that depend on the sub-Gaussian parameter of the
noise o. Refer to Appendix|[D|for more details.

In most regret analyses of sparse linear bandit algorithms under the single-parameter setting (Kim &
Paik,2019;|Li et al.,2021;|Oh et al., 2021} |Ariu et al.,2022; |Chakraborty et al.,[2023)), the maximum
regret is incurred during the burn-in phase, where the compatibility condition of the empirical Gram
matrix is not guaranteed. The compatibility condition after the burn-in phase is ensured by additional
diversity assumptions on context features (e.g., anti-concentration (Li et al.,[2021;|Chakraborty et al.,
2023)), relaxed symmetry & balanced covariance (Oh et al., 20215 |Ariu et al., |2022)), rather than by
explicit exploration within the algorithms. Therefore, the Lasso estimator calculation (Oh et al.,
2021 |Ariu et al.| 2022) or explicit exploration (UCB in|Li et al.|(2021)) or TS in |Chakraborty et al.
(2023)) during their burn-in phases does not contribute to the regret bound.

On the other hand, our forced sampling stage does not compute parameters but acquires diverse
samples without requiring diversity assumptions on context features beyond the compatibility con-
dition on the optimal arm, making it more efficient during the burn-in phases. If additional diversity
assumptions (Li et al.l 2021} |Oh et al.l 2021} |Ariu et al., 2022} |(Chakraborty et al.l [2023) are also
applied to our algorithm, we show that O(poly log T') regret is achieved without the forced sampling
stage in Algorithm

Theorem 3. Suppose that Assumptions [I\3| hold, and further assume either the anti-concentration
(Assumption[)) or relaxed symmetry & balanced covariance (Assumption[6lf8) assumptions. Let ¢¢
be an appropriate constant that is determined by the employed assumptions, and T be a constant
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that depends on 0, Tmax, S0, Dx, Ox, GG, @, logd, and logd. If we set the input parameters of
Algorzthmby My = 0, i.e. no forced-sampling stage, and Ny = Co0ZTmax+/tlog (d(logt)2/9),

where Cy is the same universal constant as in Theorem I then with probability at least 1 — §,

Algorithm[I|achieves the following cumulative regret with probability at least 1 — §:

I, + I,(T) T<rt
R(T) <
(T) = {Ib+12(7')+IT T>T,
where
Ib =0 (x?naxbs%(b(;4 (IOg(l’max80¢El) + IOgd - log 6)) )
oz s 21t 5
O ( IIZ;([i/_i(Z)) 1 (10gd+ 10g logT) ’ ) fOrO[ S [07 1) )
2 so/¢2
L(T)=<0 W”“‘Xf/mlogT(logd—l—loglogT)) fora=1,

2
(ai)? . (M“““‘Asf/%) (logd + log (1;)) forl < a< oo,
and I takes the same value as in Theorem|[2]

Discussion of Theorem[3] Theorem [3] offers that random exploration of Algorithm [I| may not be
necessary if the additional diversity assumptions on context features are given. This result indicates
that the number of exploration may be tuned according to the specific problem instance. The as-
sumptions of the Theorem E] are still weaker than, or equally strong as |Oh et al.| (2021); [Li et al.
(2021)); IChakraborty et al.[ (2023)), while the regret bounds are no greater than theirs. We slightly
improve the regret bound of |Li et al.[(2021) when 1 < a < oo. Speciﬁcally, a term proportional

to s2/(A.¢%) in Li et al,| (2021) is sharpened to sn o /(A gb* ) in our result. We also achieve
a tighter regret bound than (Chakraborty et al.[(2023), which is proportional to K. Our result is
proportional to at most K2 since ¢ > () holds under their assumptions, as shown in Lemma

3.3 TECHNICAL CHALLENGES AND SKETCH OF PROOFS

Under Assumption [3| a small estimation error of Z’)’t is ensured when the optimal arms have been
chosen a sufficient number of times. Specifically, if the optimal arms have been selected sufficiently
many times up to round ¢, it ensures the compatibility constant of the empirical Gram matrix is
Q(¢?t). Then, the Lasso estimation error can be controlled via the oracle inequality for the weighted
squared Lasso estimator (Lemma @]) A well-estimated estimator, in turn, leads to the selection
of the optimal arm in the next round. This observation highlights the cyclic relationship between
estimation error and the selection of optimal arms. However, this is not a case of circular reasoning;
rather, it is a domino-like phenomenon that propagates forward in time.

On the other hand, such cyclic structure has not been observed in previous Lasso bandit litera-
ture (Bastani & Bayatil 20205 |Oh et al., 2021; L1 et al.l 2021} |Artu et al., |2022; |(Chakraborty et al.}
2023). This is because existing methods rely on diversity assumptions on the context distribution,
which ensure that samples obtained by the agent’s policy automatically explore the feature space,
resulting in a positive compatibility constant for the empirical Gram matrix regardless of the pre-
viously selected arms. However, since such convenience is no longer available in our setting, we
meticulously analyze the cyclic structure between the estimation error and the selection of optimal
arms by deriving a novel mathematical induction argument.

There are three main difficulties that lie in the way of constructing the induction argument. First, the
initial condition of the induction must be satisfied, in other words, the cycle must begin. We guaran-
tee the initial condition through random exploration (Theorem 2)) or additional diversity assumptions
(Theorem [3). We show that after the initial stages, the algorithm attains a sufficiently accurate es-
timator, which starts the cycle. Second, the algorithm must be able to propagate such favorable
events to the next round. A small estimation error does not always guarantee the selection of the
optimal arm. Instead, we show that it leads to a bounded ratio of sub-optimal selections over time.
The compatibility condition on the optimal arm implies that if the optimal arms constitute a large
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Figure 2: The evaluations of Lasso bandit algorithms are presented. Figure [2a shows results where
all context feature vectors are sampled from a correlated Gaussian distribution. Figure [2b] shows
results where the context feature vectors of sub-optimal arms are fixed throughout time, and only
the feature vector of the optimal arm has randomness. We plot the mean and standard deviation of
cumulative regret across 100 runs for each algorithm.

portion of the observed data, the algorithm attains a small estimation error. We build an induction
argument upon these relationships. Lastly, due to the stochastic nature of the problem, the algorithm
suffers a small probability of failing to propagate the good events in every round. Without careful
analysis, the sum of such probabilities easily exceeds 1, invalidating the whole proof. We bound
the sum to be small by carefully constructing high-probability events that occur independently of
the induction argument, then prove that the induction argument always holds under the events. The
complete proof is illustrated in Appendix [E]

4 NUMERICAL EXPERIMENTS

We perform numerical evaluations on synthetic datasets. We compare our algorithms, FS-WLasso
and FS-Lasso, with sparse linear bandit algorithms including DR Lasso Bandit (Kim & Paik]
2019), SA Lasso BANDIT (Oh et al.l|2021), TH Lasso Bandit (Ariu et al., 2022), ¢;-Confidence
Ball Based Algorithm (L1-CB-Lasso) (Li et al.} [2021), and ESTC (Hao et al., [2020b). We plot the
mean and standard deviation of cumulative regret across 100 runs for each algorithm.

The results clearly demonstrate that our proposed algorithms outperform the existing sparse linear
bandit methods we evaluated. In particular, even in cases where the context features of all arms,
except for the optimal arm, are fixed (rendering assumptions such as anti-concentration invalid),
our proposed algorithms surpass the performance of existing ones. More details are presented in
Appendix [}

5 CONCLUSION

In this work, we study the stochastic context conditions under which the Lasso bandit algorithm
can achieve a poly-logarithmic regret. We present rigorous comparisons on the relative strengths
of the conditions utilized in the sparse linear bandit literature, which provide insights that can be
of independent interest. Our regret analysis shows that the proposed algorithms establish a poly-
logarithmic dependency on the feature dimension and time horizon.

10
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6 REPRODUCIBILITY STATEMENT

For each theoretical result, we provide the full set of assumptions in the main paper (Section [2.T),
and the complete proofs of the main results are provided in Appendix [E| and [} We have also in-
cluded the data and code, along with instructions to reproduce the main experimental results, in the
supplementary material.
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A NOTATIONS AND DEFINITIONS

We introduce notations that are necessary for the analysis.

Linear Bandit

B* € R?: True reward parameter

Xk € R¢: Context feature vector in round ¢, arm k
X': Set of all possible context feature vectors

Dy Distribution of context vectors tuple {x; ; } 2,
a¢: Chosen arm in round ¢

ay: Optimal arm in round ¢

1z Zero-mean sub-Gaussian noise in round ¢

o Variance proxy of 7

Tta, = xZ a 3" + n;: Observed reward in round ¢

14
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* reg, = x/ . 8" —x/,,B6": Instantaneous regret in round ¢

* d: Dimension of feature and true parameter vectors
* K: Number of arms
* T': Time horizon

High-Dimensional Statistics

e Sp:= {j €ld:(B); # O}: Active set
* sp := |Sp| Sparsity index

* vj5, =v;1{j €S}
* Vg, = [V1,8- - - Vd,So
* VS5 = VId\so

« C(So) = {veR?: |vslli <3|vs, 1}

s ¢% (M, Sp): Compatibility constant of matrix M over set So

]T

Note that the definition of compatibility constant in Assumption [3|can be rewritten as ¢?(M, ) =

it
: sov_ Mv
infvecn\toy Hvre

Assumptions

* Tmax: {oo-norm upper bound of x € X

e b: £1-norm upper bound of 3*

LVAVEESS ED o xza: B — xzaﬁ*: Instantaneous gap
* A,: Margin constant, or relaxed minimum gap

* a: Margin condition parameter

* x,: Optimal arm feature as random vector

¥ =FE [x*xﬂ : Expected Gram matrix of optimal arm
* ¢.: Lower bound of ¢? (X", Sp)

Algorithm

* Mj: Number of random exploration rounds
» w: Weight between square errors of random samples and greedy samples
* )\:: Lasso regularization parameter

* (3,: Lasso estimate of 3"

Analysis
* J: Probability of failure
* X:=+E {Zszl X kX, k} : Theoretical Gram matrix of all arms

o 31 := E [x.X. | At > A,]: Theoretical Gram matrix of optimal arm with large gap

e 3. :=FE [Xt, kxz k} : Theoretical Gram matrix of arm k

* p: Compatibility constant ratio

¢ Vidgtr = Do WXt 0, X[ 4, + Zi\ioj\z 1 Xt.a,%( 4,0 (Weighted) Empirical Gram matrix
* N, (t'): Number of sub-optimal selections during ¢t = My + 7 + 1to My + 11 + ¢/

« A,: Upper bound of 2z max[|3* — 81

s F;: o-algebra generated by {X; i }rep.ick] 10r frefe)s {Trar Fre[t—1)

Fi': o-algebra generated by {Xri}rep)icx], {@r bre)s {rra, brep
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Generic notations

* No =NuU {0}
* [N]:={1,2,..., N}: Set of natural numbers up to N
* R>: Set of non-negative real numbers

e 1: Indicator function

Il [o: €o-norm of a vector, i.e. number of non-zero elements

* || - |l2: £2-norm of a vector

Il - loo: £oo-norm of a vector or a matrix, i.e., maximum of absolute values of elements
* (-);: j-th element of a vector

* (-)i;: ij-th element of a matrix

* 0,4: Zero vector in R?

+ I;: Identity matrix in R?*¢

(Q, F,P): Probability space

B DISCUSSION ON ASSUMPTION 3] AND PROOF OF THEOREM [I]

We introduce some of the assumptions made in related works about sparse linear bandit. We show
that these assumptions imply Assumption [3| proving that our assumptions are strictly weaker than
others.

Assumption 4 (Anti-concentration (Li et al., 2021; [Chakraborty et al.,|[2023)). There exists a pos-
itive constant & such that for each k € [K], t € [T], v € {ueR?|[ull, < Cy}, and h > 0,

]P)((XZ,CV)Q < hl|v|3) < &h. Cy4 equals d inLi et al.| (2021) and is a big enough constant that
depends on &, K, sg, and more in|Chakraborty et al.|(2023)).

Assumption 5 (Sparse eigenvalue of the optimal arm (Li et all [2021)). Let I' =
{w eN:A > 2_§A*} be the event that the instantaneous gap is large enough, and X[ =

E [XI X5 T | F] be the expected Gram matrix of the optimal arm conditioned on the event I'. Then,

there exists a constant ¢1 > 0 such that

TE*
n ¥ > %,
ver\(04)  ||v][;

Ivllp<Cso+1

where C* is a big enough constant that depends on & (in Assumptiond)), K, and more.
Assumption 6 (Compatibility condition on the averaged arm (Oh et al.| 2021} |Ariu et al.| [2022)).
Let 3 = E{xt,k},{,‘:pr % Zle xt_,kx;':k} be the expected Gram matrix of the averaged arm.
Then, there exists a constant ¢ > 0 such that ¢* (2, Sg) > ¢o.

Assumption 7 (Relaxed symmetry (Oh et al., 2021} |Ariu et al.,[2022)). For the context distribution

P, there exists a constant 1 < v < oo such that 0 < P;X((;)) < v foranyx € X with Px(x) # 0.

Assumption 8 (Balanced covariance (Oh et al.|[2021}; [Ariu et al.| 2022))). There exists 0 < Cy < 00
such that for any permutation (iy,...,ix) of (1,...,K), any k € {2,..., K — 1}, and any fixed
B € R?, it holds that

E [xikxl]l{xl,ﬁ <...< XLTK,B}] < CyxE [(xilxj1 —|—xiniTK)]1{Xg,3 <...< XLTK,B}] .

We show that some of the assumptions imply the following property, which we name the greedy
diversity.

Definition 2 (Greedy diversity). For any fixed 3 € RY, define the greedy policy with respect to

an estimator (3 as g ({Xk.}kl,(:1 = argmaxc(gj X} B. Denote the chosen feature vector with
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respect to the greedy policy by Xxg = x ) The context distribution D x satisfies the greedy

el ({xk }kK=1
diversity if there exists a constant ¢ > 0 such that for any 3 € RY,

¢2 (E{xk}kKﬂNDX [XIBXﬁT] 750) 2 (b?; :

Remark 6. Note that Xgr = X Under the greedy diversity, Assumption 3| .holds with ¢ = ¢
by plugging in 3 = (3*. Therefore, the greedy diversity implies the compatibility condition on the
optimal arm.

Anti-concentration to ours:

The following lemma shows that anti-concentration implies the greedy diversity, hence it implies
Assumption E} While [Li et al.| (2021)); |(Chakraborty et al.| (2023) use e-net argument to ensure the
compatibility condition of the empirical Gram matrix, we follow a slightly different approach to
ensure the compatibility condition of the expected Gram matrix. Another point to note is that |L1
et al|(2021); Chakraborty et al.| (2023) employ additional assumptions, such as sub-Gaussianity of
feature vectors and maximum sparse eigenvalue condition, to upper bound the diagonal elements of
the empirical Gram matrix. To make the analysis simpler, we replace the upper bound by 2

Lemma 1. IfAssumpnonIholds with Cyq > 6422
with ¢% > K.

max-*

EK sg + 1, then the greedy diversity is satisfied

max

Proof of Lemmall] We first show that E [ngﬂ has a a positive minimum sparse eigenvalue, then
use the Transfer principle (Lemma adopted in |L1 et al. (2021); |Chakraborty et al.[ (2023). Let
v € R? be a vector with ||v|, = 1 and ||v||, < C4. For a fixed value of b > 0, (XgTV)Q <h
implies that there exists at least one k € [K] such that (x;] v)? < h holds. Then, we infer that

i ((xBTv)2 < h) <P(3ke[K]: (x[v)2 <h)
K
<Y P (V)P < h)
k=1
< EKh,
where the second inequality is the union bound, and the last inequality is from Assumption[d Then,

. 2 . .
using that (XﬁTV) =v' (x[;XgT) v, we bound the minimum sparse eigenvalue of the expected
Gram matrix.

E [VT (XngT) v] = /OOC P (VT (XQXBT) v>uz)de

o
x‘“

> / P (VT (x5x5T) v > x) dx
0

oy
A

Z/O (1 -¢Kx)dx
1

= 5K )

Now, we use the Transfer principle. Let 33 = E {x,gxﬂ and £ = g1,. Inequality (2) shows that
for [|v||, < Cg, it holds that

. 1 _
vISv > §VTEV.
For any j € [d], we have 3;; = E {( )2} < 22 ... Then, the conditions of Lemmahold with
n= 3D =212, 14 and m = Cy. Suppose u € C(S). By Lemma , we have

max

P2l
u'E [xBxg] u >

= gex Il =" 3)
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The first term is lower bounded as the following:

1
o g—

1 2
> 4
= 26K s ”uSo”l ’ €]

where the second inequality is the Cauchy-Schwarz inequality. The second term is upper bounded
as the following:

2
D: H 2 2 2
H o [Zmaxully ully s, [I3
Cqy—1 = 6422 EKsy 646EKsy — 4EKsy '

max

&)

where the inequality holds by [[ul|, = [lus,|l; + [[uss|li < 4[lus,||, when u € C(S). Putting
inequalities (3), @), and (3] together, we obtain

2
T T lus ||1
u E[x5xﬁ]u2 T 050 ,

which implies ¢*(E[xx;], S0) > 575

Sparse eigenvalue to ours :

Assumption [5] does not imply the greedy diversity, but still implies the compatibility condition on
the optimal arm. As in the previous subsection, we replace the upper bound of the diagonal entries
of the Gram matrix obtained in|Li et al. (2021) with z:2,, _ for simpler analysis.

Lemma 2. Suppose Assumpttonsl l 4| and E] hold with C* = 6422, ¢K. Then, Assumption@holds
with qﬁ > L

max

Proof of Lemma 2| Lemmaﬂ] shows that Assumption ] implies compatibility Condition on the opti-

mal arm with ¢? > 457 It ¢1 < 45 7 » then the proof is complete. Suppose -3 it > 45 <
By the margin condition, the probability of the event I is at least P (I") = 1 — (At <2 = A*) >

1-— (2*%)(1 = % Then, we have
¢* (%, 9) = ¢* (E [x.x, 1{I'}] + E [x.x,] 1 {T*}] , So)

E
> ¢” (E [x.x1{T'}],5)
— ¢ (E [x.x] | T] P(I), So)

¢) (EFv‘SO) ) (6)

\/
—

-2
where the first inequality holds by concavity of the compatibility constant (Lemma [20) and
¢* (E [x.x, 1{I°}],S0) > 0 (Lemma. By Assumptlon for all v € R? with [[v||, <
C*sg + 1, it holds that

vISiv>v (¢ v
By invoking Lemmawith =35 (1-9% = @21, D =22, I andm = C*so + 1, we
obtain
L2
Pt
C*So

Following the proof of Lemma [I] especially inequalities (@) and (3)), we derive that for all u €
C (Sp),

Vu e C(So),u" Shu > 62 |[u))? -

2
1
T 1 2 2
u EFU > S0 ||uSo||1 457 K'SO ||uSo||1 .

18



Published as a conference paper at ICLR 2025

Since we supposed that ﬁ < %?, we deduce that
sou' Tfu S 82 1
lus i =70 46K

=

which proves ¢? (2., Sp) > % Together with inequality (6), we obtain ¢? (£*,5y) > %

O
Relaxed symmetry & Balanced covariance to ours:

The following lemma shows that assumptions from |Oh et al.| (2021); |Ariu et al.| (2022)) imply the
greedy diversity, hence they imply Assumption

Lemma 3. [If Assumption @-@hold, then the greedy diversity holds with ¢ = 25)63&‘

Proof of Lemma[3] See Lemma 10 of [Oh et al.| (2021)) and the paragraph followed by its statement.
O

C COMPARISONS WITH MULTIPLE-PARAMETER SETTING

In this section, we compare the assumptions for the multiple-parameter setting (Bastani & Bayati,
2020; Wang et al.,|2018)) with our Assumption

In the multiple-parameter setting, there are K true parameter vectors, one for each arm, denoted
by B81,89,.--,8x € R?. The active sets of the parameters may differ, and they are denoted by
S1,82,...,8k C [d]. Ineach round ¢ € [T}, a single context vector x; € X is sampled from a
fixed distribution and revealed to the agent, and the mean reward of arm i € [K] is given by x, 3;.

We first note that direct comparisons of the assumptions defined for these two different problem
settings are not possible. For instance, there is no “feature vector for optimal arm” in the multiple-
parameter setting to start with, as every feature vector is optimal for some arm. Therefore, the
algorithms and the assumptions defined for one specific setting must be converted into the other
setting; only then it would be possible to make comparisons.

A method that converts a single-parameter bandit instance into a multiple-parameter one was intro-
duced by |Kim & Paik|(2019);/Oh et al.[(2021); |Ariu et al.| (2022), although it has only been used for
experimental comparisons, and theoretical comparisons between the two settings have never been
made. We explain the procedure for the conversion for completeness. Suppose one has a single-
parameter bandit instance and an algorithm that operates in the multiple-parameter setting. The con-
version concatenates K feature vectors of the single-parameter setting, x; 1,X¢2,...,X¢,k € R4,

. . . T .
into one Kd-dimensional vector, x; := (X, X/, -+ x/g) € R¥? and provide it to the

algorithm as the context vector. If the true parameter is 3, then'the hidden parameters the arms

. T
that the algorithm must learn are 8; = (1{i =1}3" 1{i=2}3" ... 1{i=K}3") for
i =1,2,..., K. Formally, we introduce a conversion that maps a single-parameter bandit instance
to a multiple-parameter bandit instance.

Definition 3 (Conversion mapping single-parameter to multiple-parameter). Let
(B, {xt1,--- Xtk }) be a single-parameter bandit instance where 3 € R? and x;), € R?
for k € [K]. Then, a conversion mapping C from a single-parameter bandit instance to a
multiple-parameter bandit instance is defined as follows:

C(B,{xt1, - -»%xex}) =B, -, Br,%Xt) ,

where

B, = (]l{z‘: ngt .. ]l{i:K}ﬁT)T eRM for i € [K], x= (x;':1~~XZK)T € R¥?,

We will show that under this conversion, the converted assumptions of |Bastani & Bayati| (2020))
and \Wang et al.| (2018) are stronger than ours. We first recall the assumptions for the multiple-
parameter setting.

19



Published as a conference paper at ICLR 2025

Assumption 9 (Arm optimality, Assumptions 3 in Bastani & Bayati| (2020)). There exist constants
h, ps« > 0 such that P(x € U;) > p. for all i € [K]|, where

U := {x cX|x'B; > mjxx—rﬂj + h} .
VE)

Assumption 10 (Compatibility condition on the constrained optimal arm, Assumption 4 in |Bastani
& Bayati|(2020)). There exists a constant ¢g > 0 such that for all i € [K], ¢(2;,5;) > ¢o, where
Y, =E[xx'|x €U

Assumption [I0] imposes the compatibility condition on the set of features that are optimal for the
i-th arm with large gaps. Although the original statements impose the conditions on a subset of
arms Koy C [K], following the proof of Proposition 2 in Bastani & Bayati (2020) reveals that
Kopt = [K] must hold, and we replace it with [K] for simpler comparisons. We define another
set for comparison, which is constructed in the same way as U; but without the instantaneous gap
condition as follows:

Wi = {x cXx|x'B, > mjxx—rﬂj} .
VE

Clearly, U; C W;. Intuitively, Assumption [3]is translated into the converted multiple-parameter
instances as imposing the compatibility condition on a principal sub-matrix of the Gram matrix
generated by the features in W;, which is weaker than Assumption |10] demonstrated in two steps:
the compatibility condition is imposed on a sub-matrix corresponding to the i-th arm, and the Gram
matrix of interest is generated on a larger set. We rigorously demonstrate the relationship between
the assumptions under the conversion by the following lemma.

Lemma 4. Suppose that Assumption [9) and [I0| hold for a multiple-parameter bandit instance that
is converted from a single-parameter instance by a conversion mapping C (Definition[3). Then, for
those multiple-parameter instances, Assumption |3 holds with ¢ > Kp.¢2 in the original single-
parameter setting.

Proof of Lemmald] Let (B,{xi,...,xx}) be a single-parameter bandit instance and
C(B,{x1,...,xK}) = (By,-..,Bxk,x) be the converted multiple-parameter bandit instance. Note
that for fixed ¢ € [K], if x € Uj, then x; is the optimal arm in the original setting. Let x, € R< be
the optimal feature vector in the single-parameter setting, i.e., X, = argmax;cgj x; 3. Then, we
have

E[x.x]] = E[x:x,; ,x € W;]

-

.;
Il
-

E[x;x; ,x € Uj]

'FW%

«
I
—

p*IE[xixzT |x e U],

M) >

1

.
Il

where the first equality holds by the definition of W;, the first inequality is due to that U; C W,
and the last inequality holds by Assumption @ Note that E[x;x,] | x € U;] is a d x d principal
submatrix of 3; € RFX4xKd  Since X; satisfies the compatibility condition with constant ¢ by
Assumption the compatibility constant for E[x;x, | x € U;] must be at least ¢o. Formally, we
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Multiple-parameter bandit instance Single-parameter bandit instance
c(S) S
Moy c
C M
My i

Figure 3: Illustration of the results of Lemma 4| and Lemma [S| Let C be a conversion mapping
that converts a single-parameter bandit instance into a multiple-parameter one by K d-dimensional
context vector construction, Mj a set of multiple-parameter instances converted by C satisfying
Assumption[9]and[I0] M a set of multiple-parameter instances converted by C satisfying Assump-
tion and S a set of single-parameter instances satisfying Assumption|3| By the definition C(S)
denotes the image of S under C which is the set of multiple-parameter instances converted from S
by C. Similarly, C~1(M)}) is the inverse image of M; under C which is the set of single-parameter
instances that map to a member of M. By Lemma we ensure that C~1(M;) C S, which means
that our compatibility condition on the optimal arm (Assumption [3)) is weaker than those of Bas-
tani & Bayati| (2020); [Wang et al.| (2018)) through the conversion mapping C. On the other hand,
LemmaE]ensures that My C Ma.

let ¢*¢ = E[x;x; |x € U;] and prove the claim by the following argument:
95 < ¢° (%4, i)
508" 2B

= iIl
BeC(s)\{oxa} ||Bs, |2

508" =0

< in
_ﬁG%(Si)\{UKd} ||1651 %

s¢=0ka
i

Bec(So\foa}  [|Bs, |2
= ¢2(25Xd7 SO) *

Therefore, by the concavity of compatibility constants (Lemma[20), we conclude that Assumption 3]
holds with ¢? > Kp,¢3. O

Lemma [ should be interpreted with particular care. We note that the comparison is possible only
between bandit instances that are converted using the conversion mapping C, and Lemma [ states
that for those instances, our assumption (Assumption [3) is weaker than those of Bastani & Bayati
(2020); [Wang et al.| (2018) (Assumptions E] and @]) However, it does not imply that our analysis
holds for any multiple-parameter instances that satisfy Assumptions [9]and [I0} This is trivial given
that our algorithm and assumptions are presented only under the single-parameter setting and there
are multiple-parameter bandit instances that satisfy Assumptions [9] and [T0| but do not have corre-
sponding single-parameter instances. If the whole algorithm and analysis were to be transferred to
the multiple-parameter setting, we would require a multiple-parameter counterpart of Assumption 3|
that validates the analysis. We introduce such an assumption and compare it with the assumptions
in|Bastani & Bayati (2020); Wang et al.| (2018)).

Assumption 11 (Compatibility condition for the optimal feature). There exists p, > 0 such that
P(x € W;) > ps forall i € [K]|. There exists ¢. > 0 such that for all i € [K], ¢(Z,5;) > ¢,
where Y := E[xx " |x € W].
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Assumption [IT] does not impose the constraints regarding the gap h in Assumptions[9and [I0] and
hence it is strictly weaker than those. Formally, we introduce the following lemma.

Lemma 5. In the multiple-parameter setting, Assumption[9 and[I0|imply Assumption

Proof of Lemma[3] Since U; C W, for all i € [K], we have that P(x € W;) > P(x € U;).
Therefore P(x € U;) > p, implies P(x € W;) > p,. We also have that E[xx",x € W;] =
E[xx",x € U;]. Then, we derive that
E[xx'|x € W;] = E[xx',x € W]
= Exx',x € Uj]
= pExx"|x € Uy,
which implies that ¢ (X}, S;) > p.¢3. O

D ADDITIONAL DISCUSSION ON SPARSITY-AWARENESS

In this section, we provide additional discussion on the sparsity-awareness of our algorithm in com-
parison to sparsity-agnostic algorithms (Oh et al., [2021} |Aru et al., [2022)).

Although M, theoretically depends on sg, sy does not need to be precisely specified (as long as
it is within a constant factor of sg). For instance, if an upper bound on sy smaller than the trivial
ambient dimension d exists, this information can be leveraged. Besides, it is essential to note that
My does not solely depend on sg but is a tunable parameter that depends on sy combined with
other problem-dependent factors that are unknown to the algorithm. Tuning parameters that depend
on unknown factors applies not only to ours, but also to almost all Lasso bandit and parametric
bandit algorithms — such as parameters that depend on the sub-Gaussian parameter of the noise o
and the upper bound of the norm of the context vector z,.x. We do not need to specify each of
those problem parameters separately in practice. Rather, M is tuned as a whole. We observe that
our algorithm is not sensitive to the choice of M in numerical experiments. Figure ] shows the
cumulative regret of FS-WLasso under the setting of Experiment 2 with different values of M, and
shows the robust performances under different values of M.

Fixed Sub-optimal Arms, d = 100, s = 20, K =10

—— FS-WLasso MO = 50

FS-WLasso MO = 100
—— FS-WLasso M0 = 150
2001 - FS-WLasso MO = 200
—— FS-WLasso MO = 250

250 A

1501

1001

Cumulative Regret

50

0 250 500 750 1000 1250 1500 1750 2000
Time

Figure 4: Evaluations of FS-WLasso with various lengths of forced-sampling stage under the setting
of Experiment 2

There is a clear distinction between knowing sparsity and assuming stronger context distributions.
Sparsity is about the unknown parameter (3*, not about context distribution. Whether or not s
is known in practice, one still needs to tune hyper-parameters — and even if the algorithm is
sparsity-agnostic, there are still hyper-parameters to be tuned anyway with other unknown problem-
dependent factors such as the sub-Gaussian parameter of the noise. Hence, not knowing sg does not
lead to any increased complexity in practice.
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On the other hand, stronger context distributions employed in the existing literature (e.g., relaxed
symmetry & balanced covariance) are about x;. When context distributions do not satisfy the strong
assumptions in previous literature, algorithms can critically undermine regret performance, with no
recourse for adjustment or guarantees. What is even worse is that such stochastic assumptions on
the context distributions are NOT verifiable in practice, particularly in high dimensions. Our work
primarily focuses on alleviating these stochastic assumptions on context, providing the weakest
conditions on context distribution known to achieve the poly-logarithmic regret.

Besides, there are other works that still incorporate extra stochastic conditions despite knowing
sparsity (Li et al., 2021)) or specific optimality criteria for context distributions also under sparsity-
awareness (Bastani & Bayati, 2020; [Wang et al., [2018). Even with sparsity-awareness, our work
is the first Lasso bandit result that achieves the poly-logarithmic regret bound without additional
context distributional assumptions after compatibility condition. In this regard, we still provide a
new insight that the previous literature did not know.

To conclude this section, we introduce the fundamental challenges of making our algorithms
sparsity-agnostic. Regret analysis in Lasso bandits necessitates satisfying the compatibility con-
dition of the empirical Gram matrix constructed from previously selected arms. Ensuring this re-
quires (i) an underlying assumption about the compatibility of the expected Gram matrix and (ii) a
sufficient number of samples to guarantee that the empirical Gram matrix concentrates around the
expected Gram matrix. We note that the number of required samples depends on sy because the
matrix concentration inequality we use (Lemma[30) depends on sq. Therefore, in most sparse linear
bandit algorithms (Kim & Paik} [2019; [Li et al.,2021};|Oh et al., 2021} |Ariu et al., 2022} (Chakraborty
et al., 2023), including ours, the maximum regret is incurred during the burn-in phase, where the
compatibility condition of the empirical Gram matrix is not guaranteed, and the length of the burn-in
phase depends on s if one would like the tightest bound.

As we demonstrate in Appendix [B] the diversity assumptions employed by the previous works (As-
sumptions ] [7land[8) are designed to ensure that samples obtained by greedy selections (or even any
other policies) automatically explore the feature space, allowing the algorithm to employ a single
exploitative policy, regardless of which phase it is in. For example, in|Oh et al.| (2021), the length
of the burn-in phase, denoted by Ty, clearly depends on sq as Ty = O(s{), but their algorithm only
makes greedy selection without explicitly specifying Ty. In contrast, in our case (Theorem 2, we
only assume the compatibility condition on the optimal arm. Without the diversity assumptions on
the context distribution, a greedy policy or other exploitative policies no longer ensure the compat-
ibility condition on the empirical Gram matrix. Therefore, our algorithm runs in two phases: the
Forced sampling stage and the Greedy selection stage. At the end of the forced sampling stage,
we expect the compatibility condition on the empirical Gram matrix to be ensured. As a result, the
length of the forced sampling stage depends on so. We again note that a possible range of s is
sufficient to set M theoretically, instead of its precise value.

E REGRET BOUND OF FS-WLASso

In this section, we provide proofs for Theorems [2| and [3] We briefly mention some trivial impli-
cations of Assumptions |I{and [2| Under Assumption , we have reg, = x,, ar 8" — XI B <

1Xt,ar = Xt,a0lloo 18" 11 < 22maxb, where the Cauchy-Schwarz inequality and the triangle inequal-
ity are used. The fact that the instantaneous regret is at most 2,0 implies that A, < 2.4,
since otherwise P(A; > 221maxb) > 1 — (2zmaxb/AL)® > 0 by Assumption which contradicts
At S meaxb

E.1 ProrosITION[]

We introduce a proposition that establishes the core parts of the proofs for Theorem 2] and 3]

Proposition 1. Suppose Assumptionshold. Let 6 € (0,1] and 71 € Ny be given. Let T2 be a
constant that satisfies

7d 28dC3 204824 s? d? 64>
To9 > max {Cg log 5 + 2C5 log log 2y 4 220Tmax%0 (log — +2log l‘maxso) , 271, szo} ,

5 s 11 qu% 5 7¢§
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Qv

2
where Cy = max {2, (40001’““5 ) (8096"‘“‘50) } Suppose the agent runs Algorithmwith A

A, d? #2
as follows:
/ 2d d(log 2(t — My))?
At = 40T max ( 2w2 My log 5 + 2431\/(1? — My) log 7d(log ((5 0)) ) .
Define the (weighted) empirical Gram matrix as Vi in = Ziv 101 WX, X[, +

Zi\/l 01\;:-5-1 X4 atxt a,- 1f the compatibility constant of \Y% Mo+ Satisfies

Y 4 ‘max 80 maxS
QSQ (VMO"rTl?SO) > max{ i %0 < a

1
o 1
A, 42 > AMo+725 64xfnaxso log 6} ,

then with probability 1 — 49, the estimation error Oth satisfies the following for allt > My+To+1:

2000 Zmaxso | 2loglog 2(t — M) + log ¢
I ?? t — Mo '

Furthermore, under the same event, the cumulative regret fromt = Mo+ 11 + 1 to T with T >
My + 7o is bounded as the following:

|8 - B

T
Y. reg <Inp+Ir
t=Mo+71+1
where
1
5A, (8022, 50\ 1
I, = 1 ((,252> (7’2—7'1—|—1)—|—4A*logg7
1+« Lo 14+a
O zza=m (m'zéégxso) T (10gd+log IOgT) ’ ) ae(0,1),
L (oads ) log T
Ir=10 A*( r;;;O) (log T) (1ogd+1og log T ) a=1,
(1:'2 S 1+%
o <(aa1)2 ' Zi (%) (log d + log (1;)> a>1.

Proof of Proposition[l] Let N, (t') = Zfﬁ‘ﬂ&tj;l 1{a; # a}} be the number of sub-optimal
arm selections during the first ¢’ greedy selections, starting from ¢ = My + 71 + 1. Define the
following events :

/ d

56 = eQ: i 1,a; < max 2My1 = 5
{w ;Ié&;]( Zn X; ] <oz 00g5}
Mo+n 2
7d (log 2
Eg=qweN:Vn>1 max Z ni(xi’a) SQ% xmax\/nlog(()gn) ,
Jj€ld] Py 0
5 Mo+71+t" 9 1
En(m)=weQ:Vt' >0,N,(t) < 1 Z min{L( R H,@ - Bi_ 1|| ) }+4log5 ,
i=Mo+711+1

Mo+71+t' o2t/
5*(7’1,7'2): wEQ:Vt/ZTQ—T1+17¢2 Z Xt’azxza: > %

t=Mo+71+1

The first two events are concentration inequalities of the noise, which are necessary to guarantee
the error bound of the Lasso estimator. The third event is upper boundedness of the number of
sub-optimal arm selections conditioned on the estimation errors, and the event occurs with high
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probability by the margin condition. The last event is that the compatibility constant of the empirical
Gram matrix of the optimal feature vectors from round t = M,y + 7 + 1 being bounded below,
which holds with high probability by concentration inequality of matrices and Assumption [3] In
Appendix we show that each event happens with probability at least 1 — 4. By the union
bound, all the events happens with probability at least 1 — 49, and we assume that these events are
valid for the rest of the proof.

We first present a lemma that bounds the estimation errors in rounds t = My + 71 + 1... My + 7.

Lemma 6. For each t' = 0,...70 — 11, the estimation error of BM0+T1+15’ is bounded as the
following:

1

A, 2 \°
< .
17 2%max \ 80z2 _ so

max

HB* - 5M0+n+t/

J— ’ A [© 2
Define N(t') = Z?i“ﬁ;j:ltﬂ (232—"“‘ 8" — Bt*l”1) . N(t') is determined by the errors of the

estimators from round My + 71 + 1 to round My + 71 + t’. The following lemma shows that small

N(t') implies small estimation error in round My + 71 +¢ + 1 whent' > 1 — 7 + 1.

Lemma 7. Supposet’ > 15 — 1 + 1and N(t') < 8096?3 - t'. Then, the following holds:

max

Hﬁ* - /3M0+7-1+t’

< 2000 maxso | 2loglog2(m + ') + log %d .
L o3 T+t

Combining the two lemmas and using mathematical induction leads to the following lemma :

Lemma8. N(t') < <%t holds for all t' > 0.

max 50

Combining Lemma [7| and Lemma [8} and by setting t = My + 71 + t/, we obtain that for all
t > My + 79 + 1, it holds that

2000 Zmaxso | 2loglog2(t — My) 4 log %4
o3 t — M ’

which proves the first part of the proposition.

o =], <

To prove the second part of the proposition, define A, as the following:

2 1
_ A (‘1’7) * t< Mo+
At = * 80x1211ax30 — 0 2 )
400022, so 2log log 2(t—Mjp)+log %‘1
2 \/ t— M, t2M0+7'2+1

Note that by Lemmas H, and for all t > My + 71, it holds that 2z, .

utilize the following lemma.

g -8, <& we

Lemma 9. Let 7 € Ny be given. Suppose {Zt}toio is a non-increasing sequence of real numbers

that satisfies 2acmaXH,6* — ﬁtul < A, for allt > 7. Then, under the event EN(T), the cumulative
regret fromt = T 4+ 1 to T is bounded as follows:

T | 5Tl A\
Z regt§4ATlog5+4ZAtmin{L (At> } .
t=7+1 t=7 *

By Lemma[9| with 7 = M + 74, we have

T 1 5 T! N
Z reg, < 4Ap4r, log 5 + 1 Z Ata . 7
t=Mo+71+1 t=Mo+71 *
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~lte .
We are left to bound Zt Mot D¢ . We separately bound the summation for cases where ¢ <

Mo+ mand t > My + 7 + 1. FOI'M()+T1 <t < My + 19, we have

Mo+72 . Mo+72 ¢ Lto
Z ‘X_ AlJra *
T S ),

t=Mo+T11 t=Mo+T11 max

1ta
= Alte i ) 1
=A, 801‘2 (T2 — 711+ ) .

l’l’l'IX

1
Note that Ay, 1r, = A, (%) “ < A, by Lemma If we set I, = 4A,log} +

11
80 a
5L (71"‘2“&0) (19 — 71 + 1), then we have

4 *
Mo+7ms —l+a
- 1 5 Z A
4AJ\/[0+T1 IOg g + Z ia S IT2 N (8)

t=Mo+11 *
Fort= Mo+ +1,...,T — 1, we have

1ta
:i:l Alte _ TZ_I 400022, 50 *e (9loglog 2(t — My) + log AN
! o3 t— Moy
t=Mop+72+1 t=Mo+12+1
14
1+a T—Mo—1
_ (4000Imax O> +a ZO <2 10g lOg 2n =+ lOg 76d> 2 (9)
2
(b* n=ro+1 n
By Lemma[26] we have
. Lia
1ta &TIT (2 loglog 2T + log %d) > ae(0,1)
T Mo~ (910glog 2n + log 74\ 2 7d
Z g log g 5 < (log T)(2loglog 2T + log 721 a=1
n o og log 275 +log Z& =
et (aioi)Z ’ (21 glos? i-;:llg 2 ) a>1
) (10)

2048;,“&)(90 (log 4 +210g max 0) Z
8 X (1og § +2log 4) where the first inequality holds by the choice of 7o 2 m +

% (log 5+ 2log M), and the second inequality holds by Lemma a We need to

Lemmarequires To > 8, and it is guaranteed by 1o >

check another property of 75 to simplify the regret when o > 1. Recall that 5 > Cslog % +
2
2C; log log 28(203 , where C> = max {2, (400”"‘“ ) (80’”"‘“3 ) ° } Then, by Lemmawith

A ?3
C = Cy and b = log ¢, it holds that
2
2loglog 2n + log %d 40001:maxso 8022, .50\ “
Vn > 73, o < AL o2 Tﬁ . (11
Therefore, for o« > 1, it holds that

atl et
(2loglog2m +1log ) * (210g10g272+10g76d> 2 (210g10g272+7d)
= 5

a—1

T, 2 T2
1— l-a
400022, so 8022, .50\ ° 7d
<(U5) (M) (e )
(12)
Putting Eq. (9), (10), and (12) together, we obtain
ox s 1o l-a HT&

- 2 (MT) 777" (2loglog 2T + log 2) ae(0,1)

S A< (4000;%) (log T)) (21oglog 2T + log 2) a=1
t=Mop+72+1

1
4aA%=t (400 80 a1
(i_*l)z ( U;E“‘”‘SO) ( wg‘z‘“‘so) (2 loglog 275 + log %d) a>1.
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Then, we conclude that

T-1 “~lta
5 A,
T2 aa S (13)

t=Mo+72+1 *

where

2

1-|—()z . 14«
O (17;)&* (””CI;;;X”) 7" (logd-i-log logT) ’ > a€(0,1)

*

— 1 (o 50 log T
It =40 - ( e ) (logT) (logd—i—log )) a=1
o2 z2 S0
@) 7(04—1)2 C AT (7(;%‘ ) (logd + log 5) a>1.
The proof is complete by combining inequalities (7), (8), and (T3).
T Mo+72 1+ T—-1 —~1+a

- 15 AT s A,

> reg <Al log 571 > Ae 1 > Ao
t=Mo+71+1 t=Mo+T71 t=Moy+1o+1
<I,+Ir.

E.2 PROOF OF THEOREM[2|

Theorem (Formal version of Theorem|[2) Suppose Assumptions hold. For 6 € (0,1], let T be a
constant given by

7d 28dC3 2048 d? 6422
T:maX{0210g6+20210g10g 5 2, Zznax <1g : +210g13;5n2a,(50)}’

2 3
where Co = max {2, (4002123"80 ) (Sox(‘;‘;"so ) } If we set the input parameters ofAlgorithm
by

2
100 80 o Td\ 2048 2 2d2
My = max {p ( szgx ) ( Tihax ) (2 loglog 27 + log — 5 ) M log } )

03 & ’

2 : log 2(t — Mj))?2
At = 40T max (\IQwQMolog6d+22\/(t—M0)10g 7d(log (g 0)) ) ,

U):\/T/Mo,

then with probability at least 1 — 56, Algorithm([I|achieves the following total regret,

Z reg; < 2xmabe0 + IT + IT )
t=1

1
0? (2250 " 1
A <f) <logd+10g 5) )
o . 1ta
E(lolc)A" (OT%?SO) T (logd+1og logT) ’ ) ac(0,1),

where

Al* (”%‘5"50) (log T) (longr log logT)) a=1,

2
(afl)Q e (xuggm) (logd+ log 5)) a>1.
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Proof of Theorem[l] We prove Theorem [2] by invoking Proposition [[[with 7y = 0 and 75 = 7.
Observe that 7 satisfies the lower bound condition of 7 in Proposition|l|since 7y = 0 and w2M0 =

7. We must show that the compatibility constant of V;, = Zi]\i"l WX q, xiTa satisfies the lower

bound constraint of the proposition. We first show that ¢2(V M) > 4"”2‘“‘50 (Somg‘;"s ) D) Mo+

Let 3, = z\} iw"l Xt,0,%X{ 4, Since a; ~ Unif([K]) for ¢ < My, the expected value of 3, is

E {ﬁ)e} = E [XQX(H .
{xk}szlNDX
a~Unif([K])

By the definition of p, we have ¢? (E (0} D [xaxaT]> > %3. By Lemma , with probability

a~Unif([K])
atleast 1 — 2d2 exp (m), it holds that
2
e (z ) > O (14)
2p
Since My > % log‘ 1nequality (T4) holds with probability at least 1 — §. Note that

A% My = Zf\il WX q, ;r% = wM, 26. Therefore, with probability at least 1 — ¢, the compatibility
constant of V M, 1 lower bounded as the following:

¢* (Vo) = fino. (15)

By the choice of 7 and w, we obtain an upper bound of Aps,4+.

/ d 7d
Ao+ = 40T max < 2w? My log 5 421 \/7' (2 loglog 27 + log 5))
7d 3 7d
< 40T max 2w2 M, | 2loglog 27 + log 5 + 21 [w2My | 2loglog 27 + log 5

250 T max 7d
< onw\/MO (2 loglog 27 + log 6) , (16)

where the first inequality is due to log§ < 2loglog 27 + log % and 7 = w?My, and the last
inequality is 4 x (ﬁ ¥ 2%) < 25 Then, it holds that

1 1

50022, sow (Smeax o

4% max S0 (SOxmax

7d
pe > Ag+r < A \/MO (2 loglog 27 + log 6>

A, 3
(a”
2
< %WMO
<¢* (Vi) (1s)

where the first 1nequahty comes from 1nequa11ty (T6), the second inequality holds by the choice of

My > p? 100”?’;;"8 ) (809;‘4;‘;"5 ) (2loglog 27 + log %), and the last inequality follows by
inequality (15]
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4 2
On the other hand, by the choice of w = z o > %log 2%2, and My >

2 4 2 2 .
% log %, it holds that

wMO = \/TMO

< 20484, s o 2d%\ (2048p%x} .55 o 2d*
- of of

_ 2048pri S0 log %
2 0

Then, we have
. 2
2 (VMU) > P, (19)
2p

10242 . s 2d?

“Ta T
d2

> 6422 sqlog =5

1
> 6422 sglog 5 (20)

where the third inequality holds by Lemma [21] Putting bounds (I7)-(I8) and (19)-(20) together, we

obtain
O 4 max 80 2 o 1
¢2 (VMO) > max{ TmaxS0 < JUmaX50> /\M0+T,64xfnaxso log 5} .

A 3

Then, the conditions of Proposition |I| are met with 71 = 0 and » = 7. Take the union bound
~ 2
over the event that ¢ (VMO) 2 %;wMO holds and the event of Proposition which happen with

probability at least 1 —9 and 1 —46 respectively. Then, with probability at least 1 —54, the cumulative
regret from ¢t = My + 1 to T is bounded by I, + I in Proposition[T} Since we know the value of

2

242
=T +1l=7+1=0 (22 (mi,agw) " (logd + log é)) , we further bound I, as follows:

[

1

8022 .50 “ta 1
]7'2 = 2A, <¢E> (7'2 -7+ 1) + 10g g

o? (a2, 50 e 1
=0 (A* (Qﬁ) <logd—|—1og 5) .

The cumulative regret of the first M, rounds is bounded by 2z,,xbMjy, which is the maximum
regret possible. The proof is complete by renaming I, to 1. O

E.3 PROOF OF THEOREM [3]

Theorem (Formal version of Theorem[3) Suppose Assumptions[I{3|hold. Further assume that either
Assumption || or Assumptions [B}{8] hold. Let ¢ > 0 be a constant that depends on the employed
assumptions, specifically,

52 { ﬁ Under Assumption
G =

b3 :
s.ée  Under Assumptions[6li8]

For 0 € (0,1], let T be the least even integer that satisfies

28dC3 4096z, s3 d? 6422 50
max 1 _ 2 1 max 2
s 5 ¢4G og 5 + og 7¢% + s

7d
T > max {03 log 5 + 2C3loglog
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2

2 [e3
where C's = max {2, ( 1080274550 ) (8096”‘;"50 ) } If we set the input parameters of Algorithm

AL g @3

by My =0and \y = Q%Uxmax tlog %d(loéig%)z’ then with probability at least 1 — 50, Algorithm
achieves the following total regret.

d {Ib+Iz(T) T<r+1
D reg, <
2 L+ Lr+1)+Ir T>r1+1,
where
20482 42 6422 s 1
Iy = 220xb <W (1 og — + 2log — 22— ) + 4log ) ,
o o b 0
1 o3, 50\ T iza 1\ 52
@ (—a)As ( '2":‘ ) T (logd+1og 3) a€0,1),
2 2
L(T)=<0 Z—z(%) (logT) (logd+10g logT>> a=1,
* G
o? o2 z) S0 1
O w27 & ( no ) (logd +1log 3) a>1,
1 0TS 1+O‘ ogT) 2
O (dyar (Z2) 1'% (logd +10g57) © ) ae(0,1),
Ir=<¢0 Al* (”%‘z‘)gxso) (log T) (ogd—i—loglogT)) a=1,
2 +3
o <(a—1)2 : ZQ (Zm&(so) (logd + log (1;)> a>1.

Proof of Theorem[3] From Lemma [I] and Lemma [3] we know that the greedy diversity, defined in
2
Definition 2| holds with compatibility constant ¢g. Let 1o = 2048;7‘“‘“‘5 <log + 2log M)
G
We present a lemma about the greedy diversity.

Lemma 10. Under the greedy dlversny (Definition [2)), suppose Algorithm [I) runs with My = 0.

Define the empirical Gram matrix as Vt = Zf 1 Xi,a; 1 o, FOT 6 € (0,1), let Egp be the event
that the compatibility constant of the empirical Gram matrix bezng lower bounded for big enough t.
Specifically,

2
Eap = {wEQ:Vt>TO+1,¢2 (Vt,S'O) > ¢2Gt} .

Then, we have P (Egp) > 1 — 4.

We prove the theorem under the events Egp, &, En (10), En(7), and E* (37, 7). By Lemma|10|and
Lemma |13{15] each of the events holds with probability at least 1 — §, and by the union bound, all
the events happen with probability at least 1 — 54. Next lemma states a regret bound of Algorithm ]
that is independent of Assumption 3}

Lemma 11. Suppose Assumptions [I| [2| hold and Dx satisfies the greedy diversity (Definition [2).
Suppose Algorithm |l| runs as in Theorem Then, under the events Egp, £, and En (o), the
cumulative regret is bounded as the following:

T

Z reg, < I + I (T),
t=1
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where

204824 . s? d? 6422 1
I, = 2%Tmaxb (Irﬂaxs() (log 5 + 2log l‘max80> +4log 5) ,

0% %k
1 0_12 S0 1+a 1—a 1 1+a
O ( =tme (“hw0) T (logd +10g3) T ) ae01),
L) =0 L () (ogT) (logd + log 257 —1
o(T) = A, o2 (logT) logd + log 5 a=1,
2 ox s 2 1
O (ai?)gA* ( E%X 0) (10gd+ log 5)) a>1.

We can assume that ¢2 > ¢Z by the Remark @ If ¢. ~ ¢g, or specifically ¢? < 8¢Z, then
Theorem [3|reduces to Lemma [ 1] by replacing ¢. with ¢ and adjusting the constant factors appro-
priately. Lemmais also sufficient to prove the theorem when T’ < 7 + 1. We suppose ¢? > 8¢2
and T' > 7 4 1 from now on.

We invoke Proposition |1| with 7y = %T and 5 = 7. We must first show that 7 satisfies the
lower bound condition of 75 in Proposition Since we suppose ¢ > 8¢Z, Cs in the state-

ment of Theorem [3]is greater than C in the statement of Proposition [I} Hence, we have 7 >

Cs log % +2C5 loglog %. T trivially satisfies the rest of the lower bound conditions of 75 when

= %T and My = 0. Now, we must show that ¢> (V%T, SU) satisfies the lower bound constraint

4096z 52 2 642
LmaxS0 (log % + 2 log xm2ax S0 + 2’
¢G ¢G
2048z 2

1 maxsg d72 64mn]ax80 _
we have 57 > py log % + 2log po + 1 = 79 + 1. Then, under the event Egp,
3 G

G
@2 (V%T) > % holds. By the choice of 7 and Lemma , we have

2loglog 27 + log % - AL PE ? 2 g
- S0 80x '

2 2
T 1080 x2, .« HaxS0

in Proposition As we have chosen 7 to satisfy 7 >

Then, we have

7d(log 271)2
A = 27 OTmaxt/ Tlog w
11 \/QIOglog 27 + log %
=29 0TmaxT
-

y AL} 0 \*
< 2 max
= 27 O bmaxT (1080;53%,(30) (80952 50

AT (N
 16ZmaxSo \ 8022, so '

max

Therefore, it holds that

1

42 maxSo 8022 so\ OET
max A\, < 260 21
< 2 (\7%7) . (22)
On the other hand, by 7 > % (log %2 + 2log 64“7‘27%“50), we have
2
(o) 5
10244 s2 ( d? 6422 so
Z max°0 10g7+210g max )
9% 4 9%
1

> 6422 s log 5 (24)
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where the last inequality holds by Lemma[21] Putting inequalities (ZI)-(22) and 23)-([24) together,
we obtain

1
- 47 maxso (8022 so\ * 1
2 max©°0 max©°0 2
¢ (V%T) > max{ A ( pe ) Ar, 645,180 log 5} .

Then, the conditions of Proposition |1{hold with 7 = %T and 7o = 7. By the first part of Proposi-

tion [T} we obtain
< 2000 X maxso | 2loglogt + %d
1 @2 t

for t > 7. On the other hand, by inequality (33) from the proof of Lemma[TT] we obtain

|6 -5,

v 2 270TmaxSo | 21oglog2t 4 log %d
H/B - ﬁt = 2
e t

1

for t > 7o + 1. Define A, as follows:

/ d
54Ua1123axso 2loglog 2tt+log 75 L <
Ay = G
400022 / 2loglog t+ T2
Uzémxso £ tg 2 t>T.

< A;holds forall t > 79+ 1, and A, is decreasing in ¢ since we assumed

Then, 2z | 8° ~ B,
that ¢2 > 8¢3. By Lemmalgl, it holds that

T 1 5= AN\
> reg, <4A,, log < + > A min{l, (A‘f) } . (25)

t=19+1 t=719

Following the proof of Proposition [I] especially inequality (T3], we obtain that

Following the proof of Lemma|[IT} we observe that

d z ~ 1 5o A\°
ZregtSZregtJrélATologSJrZZAtmm 1, A

t=1 t=1 t=79

1
S 2xmaxb <’7’() + 410g 6) + IQ(T + ].) . (26)

Combining Eq. (23) and (26), we conclude that

T

1
D reg, < 2wmaxh <7’0 +4log 6> + L(r+1)+Ip.
t=1
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E.4 PROOF OF TECHNICAL LEMMAS IN APPENDIX
E.4.1 HIGH PROBABILITY EVENTS

We prove that the events assumed in the proof of Proposition [T] hold with high probability. Recall
the definitions of the events.

d
E.=<weEN:ma i (Xia;):| < 0%maxy/2Molog < »
flo el i), < 000 |
Mo+n 2
d (log 2
Eg=qweN:Vn>1 max Z m(xi’a) §2% xmax\/nlogwgn) ,
Jeld | Vot 0
5 Mognt 2 1
En(n)=QweQ:Vt' >0,N,(t) < 1 Z min{l,( 2287 - B 1||> }+4log6
i=Mo+n+1
Mo+71+t' ¢2t/
EXm,m2) =qw eV > — 7 +1,¢7 Z Xt,an;—aj —
t=Mo+71+1

Lemma 12. We have P (£.) > 1 — 4.

Proof of Lemma(I2] Recall that Fi is the o-algebra generated by
({Xr,i}re[t],ie[K]7{a'r}‘re[t]a{rr,af}re[t—l])- Fix j c [d] By sub-Gaussianity of
n, Ele™ | F] < e“f for all s € R. Since (Xt,q,); is Fi-measurable, we get
E[esnt(xt,at)j ‘]:t] < e (xea)io? /2 o gstal 0?2 Therefore, {nt(xt,at)j}fiol is a se-

quence of conditionally oy, ,-sub-Gaussian random variables. Then, by the Azuma-Hoeffding

inequality, we have
Mo 5
]P’( <axmaX\/2Molog6> <9.
t=1

Z Nt (Xt,at )j
Take the union bound over j € [d] and obtain

l / 2d
(EC (?é?i]( Z nt X4, a, S O Tmax 2J\40 IOg 6)
Moy

Edz (Zm (Xt,a,);

6.

/ 2d
< 0Tmax\/ 2My IOg 5)

IN

Lemma 13. We have P (€,) > 1 — 4.

Proof of Lemman Fix j € [d]. Following the same argument as in the proof of Lemma
{n(Xt,a,)5} e t—ny+1 18 @ sequence of conditionally oZmax-sub-Gaussian random variables. By
Lemmal[27] it holds that

Moth/

3 7(log 2t)?
P i\ Ri,a; )] >23 max t'1 - < d.
Y mias| 2 2o fr10s WET )
i=Mo+1
Taking the union bound over j € [d] concludes the proof. O

Lemma 14. For any n € Ny, we have P (Ex(n)) > 1 — 4.
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Proof of Lemma[I4] LetY; = 1 {an,+nti # @3z, 1t} Define F;™ to be the o-algebra generated
by ({xr.i}rep,icir]s {ar }refts {rra, }ref)- Note that the only difference between F; and F;' is
that F;" is also generated by 7 4,. Y; is ‘Fftfo 4 nyi-measurable. By Lemma with probability at
least 1 — 4, the following holds for all ¢’ > 1:

t t’
_5 1
d < Z i | Fitgingio1) +4log 5 27)
=1

By Lemmaz Y- = 1 happens only when A;, < 2xpax . 1» Where t; = My ;— n 4+ 1.
By Assumptlon (At < 22max |8 — B, _1H |]-'v_1) < (21&% B* —Bt:—IH ) , where
i i * i 1

we use the fact that ﬁti—1 is ]-'ti_l—measurable and A, is independent of .7-';: _;. Then, we have

E[Y: | Fi | =P(Yi=1|F,)
<P (At- < 2T ax ||B° — Bt,AHl | }}f_l)

( 2xmax
<

g ﬁHH)

On the other hand, E [Y; | F;"_,] has a trivial upper bound of 1. Therefore, we deduce that

8 -8, 1H) } ©8)

Plug in inequality (28) to (27) and we obtain the desired result. O

B (15| 7] < min {1, (2

204824

Lemma 15. If 5 > Tl+¢ (log & +2log M) then we have P (£* (71, 72)) > 1-0.

Proof of Lemmal[I3] Let \72‘, = Ziv [01\;07-1&-? 11 Xta x;':a:. Note that E {V;‘,} =
ZﬁoﬁgiﬂlE[x*xﬂ = t'¥*. By Assumptlon ¢? (E [VZ‘,} 750) > ¢2t’ . By

Lemma 3] with probability at least 1 — 4, ¢? (Vj,5) > %" holds for al t’ >
20481210“9 (log £ 1 2log & max 0)’

t' > 1 — 71 + 1 implies t/ > 204%% (log + 2log 7“‘50) + 1. Therefore, we conclude
thatg*(ThTz)Zl—(s. O

2
(log s +2log 7‘““ 0) + 1. Since 7 > 71 + 720482‘““§

E.4.2 PROOF OF LEMMA[6]

Proof of Lemma[B] We apply Lemma using the constraints of ¢? (VN[0+T1,SO). Under the
events & and &g, it holds that for ¢ >

t

max anl (Xi,a;) Z 0i(Xi,a;);
Jeld] i=Moy+1
t
< maxw Zm “11 + max Z 74 Xlal
J€ld] P jeld]

—Mo+
_ 2
< OTmax (w\/m+24\/ t— Mo)l d(10g2(fS My)) ) 7

which implies
Mo t

Zwm Xi,a; Z i (xi,ai)j

1=Moy+1

max
J€ld]

<

At
1 (29)
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Q=

For ¢/ > 0, we have ¢2 VJV10+T1+t’7SO > ¢2 VM0+71’SO) 2 412(1:50 (80$$§xs ) >\M0+7'2
by the condition of Proposition[I} By Lemma|[T9] it holds that

280 A Mo+t

1
ATpaxso [ 8073 50 | @
A 0 < ¢2a ) >\Mo —+712

IN

o
18" = Brsy e,

*

280

1
4T maxSo 801’max‘S “
2
#2
1
c

B A* ¢2 Y
2%y \ 8022 5o ’

where the second inequality holds since ); is increasing in ¢ and t' < 75 — 79. O

IN

*

E.4.3 PROOF OF LEMMA[]]

Proof of Lemmal[7} Decompose \Y% Mo+7+t as follows:

Mo+71+t’
1 3 T
Vitgtri+tr = Vgrr, + E Xi,a;Xi,q,
1=Mo+71+1
Mo+71+t’ Mo+11+t'
C T T T

=Vipir + D (Xiﬂqﬁxi,ai - Xi,a:Xi,a;) + ) Xi,ar X qr
i=Mo+71+1 i=Mo+T71+1
Mo+71+t’ Mo+71+t'

-V 1 <7 , T , T

= VMotr, + {ai # af} (Xia Xia; — Xiar X4 ar + Xi,azXiqr
i=Mo+71+1 i=Mo+71+1
Mo+71+t' Mo+71+t'

C * T *

= VM0+T1 + E 1 {ai 7é a; } Xi,a;Xia; — § 1 {ai 7é a; } Xi,arX

i=Mo+71+1 i=Mo+11+1
Mo+71+t’
-
+ ) Xi,arXiqr -
i=Mo+11+1

Note that ¢2 (Vatg+m»S0) > 6422, 50log t holds by the assumption of Proposition [I| By
Mo+r1+t * Mo+ -+t
Lemma 21} ¢ (3,207 7 1{a; # af}Xia,X],.,5) and ¢*( — S50 1{a
a; }xz a? xZ ar ,So) are lower bounded by 0 and —163: soN,, (t') respectively. Under the event
Mo+711+t
5 (T17T2) ¢2(Z7, OIV[0+T1+1 Xi e X? (1 750) =
lower bounds and by concavity of compatlblhty constant (Lemma[20), we have
¢2t/
85 2
Nt + 410g(1§ We supposed that N(t') <
) <

642775 +4log & 5+ Then, together with

max

. By combining the

¢)2 (vM0+T1+t’) > 64xmax (30)

— 16z maxSONTl( )
Under the event Ex(71), we have N, (t')
i e
80x2 . so

max

Eq. @b, 62 (Vs grp0r) > 22t/ holds.

On the other hand, since t’ > 79 — 71 > 71, it holds that ¢’ > TlT“/ Then, we obtain the following

5
< 7
Ny, (t

’. Combining these facts, we hav

lower bound of ¢? (V MOJrTlthl) :

. . 2
¢? (VMO+T1+t/> > ¢° (VMOJFHJFTI;#) > (7’1 +t).
As shown in Eq. (@29), under the events Se, &y, it holds that
max ;¢ ‘ZMOI wn; (Xia,); + ZE=M0+1 m(xi,ai)j‘ < 2. Therefore, by Lemma , we
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have that

H/B* - ﬂM0+‘rl+t’

280 A My 71+t
1 ﬁ(ﬁ +¢)

_ 640xmaxso
2w2 M log = + 21
= 2ntt) <V My log 7 +
From w?My < 75 < 11 +t' and log Q(S—d < 2loglog2(m +t') + log E, we obtain

640 T maxSo 7d
§ pTe— 1/ 2w2 My log — —|— 24\/ (1 +t)(2loglog 2(1y +t') + log — 3 )

6402 maxSo

<(< \f+24 \/Tl +1')(2loglog 2(my +t/)+10g7;>

Q

(11 +t)(2loglog 2(11 +t') + log — 3 ) .

HIB* - ﬁIVIOJrnth’

T P2+ )

)

QOOUxmdxso 2loglog2(ry + t') + log %
T1 + t/

where the last inequality used the fact 6 (\f + 24> < 200. O

E.4.4 PROOF OF LEMMA[§]

Proof of Lemma([8] By Lemmal6] for 1 < ' < 75 — 74 + 1, it holds that

Mo+711+t’ 2 «
N7/l max * >
Ny < > 8 B
Ay 1
t=Mo+71+1
Mo+711+t’ 2
< > s
- 2 S0
t=Mo+71+1 max
¢2
= t’.
©80x2

max

To prove that the inequality holds for ¢ > 7 — 71 + 1, we use mathematical induction on ¢'.

Suppose N(t') < g5z 2 51’ holds for some ¢ > 7 — 71 + 1. We must prove that it implies
Nt +1)< m(t’ + 1). By Lemma we have

. 2 20002 maxso | 2loglog2(ri +t') + log %4
HB ~Batoime|], S T T+t '

2

log1 log 7 2 2 2 e L )
Note that for n > 7o, 2icglog2ntlos ( A7 0) < ¢ m ) holds, which is shown in

n 40002, s 80x2

Eq. (TI). Since 71 +t' > 74, we have

< A* 80xmax % .
17 2Tmax o3

HB* - ﬁM0+Tl+t/

Therefore, we have

N{t'+1)=N({t')+ (QCBAITX B = Bty rr v 1>°‘
2 2
< S’ o
=% Zix ' +1).
By mathematical induction, N (') < g5- . ~t' holds for all ' > 75 — 71 + 1, O

max S
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E.4.5 PROOF OF LEMMA[9]

Proof of Lemma[9] By Lemma . the instantaneous regret in round ¢ > 7 + 1 is at most A;_1,

ie., reg, < 2TmaxlB* — B,_1l1 < A¢_1. Define N, (t) = Z:+:+1 1 {a; # a}}. The cumulative

regret from round ¢ = 7 + 1 to T is bounded as the following:

T T
> reg < Y Ay al{ar #aj}

t=7+1 t=7+1
= Z Ai_1 (Ny(t—7) = N, (t—7—1))
t=7+1
=Y Ay (NA(t) = No(t = 1)) . (31)
t'=1

To show that the bound above is increasing in N, (¢') for ' > 1, we rewrite Eq. (3I) using the
summation by parts technique as follows:

T—1 T—1—-1
ZZT+t,_1 (N-(t') = N.(t' — 1)) Z Ay 1N (t Z Ay N (t
t'=1 t'=1
. T—71-1 o o
B AT,1N7-<T—T) + Z (A-,—+t/,1 _ATth’)NT(t/)'

t'=1

(32)

Since A; is non-increasing, we have Zﬂ_t/_l — ZTH/ > 0. One can observe that the value of
Eq. (32) increases when N (t') is replaced by a larger value for ¢ > 1. Under the event Ex(7),

it holds that N (t') < 2 Z:+Tf+1 min {1 (%) } + 4log 4 for all ' > 1. Replace N-(t') by

s :;t;rl min {1, (ZA:I ) } + 4log 3 for ¢’ > 1 in Eq. (3T)) and obtain the desired upper bound.

> Arpva (N-() = No(' = 1))

5 . AT “ At,1 *
< — -
AT< mln{l,( *> }+4log >+t ET QAt 1° mln{ ( . ) }

T-1

= 4ZTlog% + g ZAtmin{l, <A£_1> } .
t=1 *

E.4.6 PROOF OF LEMMA [10]

Proof of Lemma Let Fir be the o-algebra generated by

({xr.i}reticix)s {0 bres {rra, trepg).  Then, X;,, and B, are F; -measurable. Under
the greedy diversity, we have that for all £ > 1,

0% (B [Xea, X0, | FiEr] o S0) = 0 (B [xp_ x5 | FCi].50)
> 65

By Lemma l with probability at least 1 — §, ¢? (Vt75’0) > %‘gt holds for all ¢ >

M(log +21og¢)+1:m+1- -
¢(; Kl G
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E.4.7 PROOF OF LEMMA [T]]

Proof of Lemmalll] By Lemma under the events &, and Egp, the estimation error of ﬁt for
t > 19 + 1 is bounded as follows:

et
t
B 2% 0ZmaxSo | 2loglog 2t + log %d
- #R ¢
270 Tmax 21oglog 2t + log 74
ox : S0 g log g5 . (33)
PG t
Define A, as follows:
X 54012, 50 | 2loglog2t + log %
t — (ZSG t .

Then, 256max||,3 ﬁt || L < A, forallt > 15+ 1, and A, is decreasing in t. Therefore, we can use
Lemma 9| with 7 = 7, which gives the following upper bound of cumulative regret:

1 5 A
Z regt<4ATolog + - ZAtmln{ <At) }

t=To+1 t 70

We first address the case where o < 1. Plugging in the definition of A;, We have

T 1 Zl‘i’a
Z regt<4ATolog + - Z Ac
t=1p+1 t =Ty
14+
14a T-1 7d\ "2
— 1 5 54022, 50 2log log 2t + log *5*
=4A; log — e . (34
F 4A::< o2 ) Z( ‘ GY
—o

By Lemma[26] we bound the sum as the following:

14«
T—1 7d Pl 1—a d
Z <210g10g2t+1og < ) - {EEQT = (2loglog2T +log ™) € [;),1) (35)

t log T') (21og log 2T + log Z4) a=

t=7o
By combining inequalities (34) and (33)), we conclude that
d 1
> reg, <44, log 5+ h(),
t=10+1
where

1 oz _so I4a 1 log T
O gajas ( rea ) (logd+log ) a€0,1),

I,(T) = o (%)Q(Mgﬂ (10gd+10glogT>> a=1.

G

Now, suppose « > 1. We need more sophisticated analysis to bound the regret in this case. Let 7
be a constant that satisfies the following:

21oglog 27 + log 74 54 -
vz, ZOEETMTIES "xma"()) . (36)
75 A*d)G
By Lemma [25| it is sufficient to take 7, = Cjlog % + 2C{loglog =52 QSdC , where C) =
2
max {2, (M‘ZE%;XS) } Now, we bound the cumulative regret as the followmg:
G
T 75 T-1 1+a
> reg, <4A,, log + = Z A, + > Aa , (37)
t=70+1 t ) t TH+1
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where the sum ZZ":TD A is treated as 0 when 75 > 7). Plug the definition of A, into the first
summation and obtain

54Uxmdx5 2loglog 2t + log
Z A= : Z
% t

t=7o t=71o

By Lemma with r = 1, we have

2loglog 2t + log ™ d
Z\/ ogogt—i—og <2\/ (2loglog27'0—|—log7§>

t=7o

/
To

7d
_ 2T6\/210g10g276 + log & -

By constraint (36) of 7/, we achieve
0

5 o 5 (bdoxs .S 2log log 27/ + log 72
4ZAt§4(O>'QTé\/ ; :

t=19 ¢G TO
< 57 (540$mdx ) <54ammdx 0)1
-2 o AWor
< 5A,Th
- 2

oL (@50 (1ord o 1og L 38)
Al Py og g5 )]

For the last summation in inequality (37), we have

14+a T-1

lto
i —1+a B w i 2loglog 2t + log %d 2
o t

t=71{+1

atl
< 5402 3,05 50 e 4o (2loglog 27 + log %d) 3
= ¢G (OZ _ 1)2 /agl 5

where the equality holds by the definition of A, and the inequality comes from Lemma Again
by constraint (36)), we have

a+1

21og log 27/ 4 Td) 2 4 1=a d

( og log 1-071 6) < 5 Uxmaxso 210g10g27_(1)+10gl .
o ALPE 0

/73
To

Then, we have

T-1 1+a 2
%Y 5402, S0 , 7d
E AO‘ S o1 ( Py ) (2 log log 27 + log 5

t 70 '+1
o o2 so\’ 1

=0 max?0 ) (logd +1log < ) | - 39
((a—lm*( ) (o “’gé)) )

Plugging in inequalities of Eq. (38) and Eq. (39) into Eq. (37) yields

d 1
> reg, <44, log 5+ 0(T),
t=710+1

where

a? axfnaxso 2 1
L(T)=0 ((a “1)7A, ( P > (logd+ log 6)
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in case a > 1.
Putting all together, for any o > 0, we obtain

T
1
Z reg, < 4A,, log 5T I(T), (40)
t=10+1

where

2

1 o S0 l4a l1—a log T
@) (1_Q)Aa< Fra ) T2 <logd+log 3 ) a€f0,1],

I (T) = o’a;tznaxso 2 log T _
2(T) = O (== (logT) (logd + log =& a=1,
G
2 ox2 s 2
O =Fras (Zmp2) (logd+log§)) a>1.

We bound the cumulative regret of first 79 rounds by 2,407y, which is the maximum regret pos-
sible. We also bound A, < 2x,,xb, since A, represents the maximum instantaneous regret in
round ¢t = 7 + 1. Together with Eq. (@0), we obtain

T
1
Zregt < 2maxb (To + 4log 5) + I(T).
t=1

F FORCED SAMPLING WITH LASSO (FS-LAsso)

In this section, we present FS-Lasso, an algorithm that uses forced-sampling adaptively. We prove
that FS-Lasso is capable of bounding the expected regret even when 7' is unknown. The regret
bound matches the regret bound of FS-WLasso.

Forced-sampling algorithms in the existing literature (Goldenshluger & Zeevil [2013; [Bastani &
Bayati, |2020) are designed for the multiple parameter setting where each arm has its own hidden
parameter and one context feature vector is given at each round. Additionally, the compatibility
assumptions employed by [Bastani & Bayati|(2020) (Assumption 4 in (Bastani & Bayati, |2020)) in-
volve the compatibility condition of the expected Gram matrix of the optimal context vectors when
the gap is large enough (measured by h in (Bastani & Bayati, |2020)). This assumption enables a
more straightforward regret analysis because it implies that a small estimation error is guaranteed if
the agent chooses the optimal arm only when it is clearly distinguishable from the others. However,
our assumption (Assumption [3) does not imply such a convenient guarantee. Furthermore, Bastani
& Bayati|(2020) make an additional assumption (Assumption 3 in (Bastani & Bayatil [2020)), stating
that some subset of arms is always sub-optimal with a gap of at least & (denoted by gy, in (Bastani
& Bayati, 2020)), and the probability of observing an optimal context corresponding to the rest of
the arms with a sub-optimality gap h is lower-bounded by p..

We consider the single parameter setting where there is one unknown reward parameter vector and
multiple feature vectors for each arm are given at each round. We emphasize that directly translat-
ing assumptions or theoretical guarantees across these different settings is either not trivial or not
optimal, or usually both. Under Assumptions we show that FS-Lasso achieves the same regret
bound as FS-WLasso without constraining the expected Gram matrix of the optimal arms only to
cases where the sub-optimality gap is large, or a lower bound on the probability of observing such a
large sub-optimality gap.

F.1 ALGORITHM: FS-Lasso

For a non-empty set of index Z, let us define Lz(3) as follows:

LI(ﬁ) = %Z (Xz—{ai/g - rivai)2

i€l
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Algorithm 2 FS-Lasso (Forced Sampling with Lasso)

1: Input: Forced sampling function ¢ : Ny — R>g, localization parameter 2 > 0, regularization
parameters A1, {2 }¢>1

2: Imitialize: 7.(1) = 7,(1) =0, 8y = By = 04

3: fort=1,2,....,T do

Observe {xt K

50 if[Te(t)] < q(IT( )|) then

6: Choose a; ~ Unif(.A) and observe r 4,

7

8

noR

Te(t+1) = Te(t) U {t}

: Bi7.(t+1) = argming L7, 41)(8) + A1 B[11
9: else

10: Zit = argmanE[K] XZkﬁw—e(t)‘

11: if xzﬁtﬁlﬁ(t)\ > maxg4g, szﬂw—e(m + h then
12: Choose a; = a;

13: else .

14: Choose a; = argmaxye () X; 187 (1)

15: end if

16: Observe 7y 4,

17: To(t+1) =T,(t) U {t}

18: Update 87, 4141y = argming L7, (141) + A2t |81
19: end if

20: end for

F.2 REGRET BOUND OF FS-Lasso

Theorem 4. Suppose Assumptions|I|3|hold. If the agent runs Algorithm[2with the input parameters

as
512p%at 52 log 2d%(n + 1)3 10 (12822, 50\ * A, ¢\
q(n) = max {4, — | — 55— h= ]
e A 2 2 \12822,__s0
2h 2 log 4d(|T, ()] + 1)2
)\1 - L7 A2t:40'$max\/ Og (|7;( )|+ ) 5
20T max S0 ’ t

then, the expected cumulative regret is bounded as follows:

E Z regt] < 2Zmaxbly + I7,

t=1

where

IO _ (q T max O log d)

s I+a l—a lta
O < As “‘3" O) Tz (logd+1logT) 2 ) ae(0,1),
Ir <O (Al ( Tluge B0 ) (log T)(log d + logT)) a=1,
) ((a i (”‘;‘é"so) (log d + log T)) a>1.

F.3 PROOF OF THEOREM

Proof of Theorem ] We define 7T, to be the set of rounds that take greedy actions, and 7. to be the
set of rounds that take random actions. We define n4(t) = |7, N [t]| to be the number of greedy
selections up to round ¢, and n.(t) = | 7. N [¢]| to be the number of random selections up to round ¢.

We first bound the estimation error of 3, the estimator obtained by forced-sampled arms.
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Lemma 16. Suppose q(n) and A of Algorithm satisfy  q(n) >
2
£ gt max{204810g2d2(n+ 1)3, 3120 Jog 2d(n + 1) } and \y = —ZP . Define an

4pTmax S0
event T'.(t) = {w €Q: H,@ - 5\7}(0

|‘<

— 2Zmax

} Then, forall t € Ty, P (Te(t)¢) < ﬁ

(t) is the set of

We further define a set 7,7 (t) = {z eT(+1)|ng(d) > {%J + 1}. T

rounds that the latter half of the greedy actions are made, rounded up. Note that |7;* )| = PLHT@)—‘ .
We show that the number of sub-optimal arm selections during the latter half of the greedy actions

is bounded with high probability.

Lemma 17. Let N—(t) = ZieT @ Hai # a7} N—=(t) is the num-

ber of sub-optimal arm selections durmg the latter half of the greedy ac-
2

tions. Let T'n-(t) = {w EQ:N-(t) < 2= {"%ﬁ—‘ } If the in-

64x2 .. so

Y

1
put  parameters of Algorithm satisfy  h < 2 (usé‘ﬁ)a, q(n)
2,4

%‘5"83 max {2048 log 2d?(n + 1)?, 242 5120° 160 2d(n + 1)3 }log 2d?(n+1)3, and A\ = ikl

4pTmaxS0’
c nq t 4

mdxso

Finally, we bound the estimation error of [3 when the majority of the samples are obtained from
greedy actions.

Lemma 18. Suppose t € Ty, Aoy = 40Tmax w

L,(t) = {w cqO-: H’@* _B\Tg(t)lHl < 1280;;211“30 210g4(:ng(t)2}. Then, P (T, (t)°) < % 4

, and ng(t) > ne(t). Define an event

*

ding(t) 2 Ping(t)
€Xp (_ 16384xg;1mxsg> + 2d” exp (_ 4096x§naxsg )

Now, we bound the total regret of Algorithm l We observe that there are at most n.(7") random

8192z

actions. We set Ty = max { n.(7T), %"30 logd } For all random actions and the first T greedy

actions, we bound the incurred regret by 2,50 - 277, which is the maximum regret possible. Now,
we bound the regret incurred by the greedy selections from n,(t) = Ty + 1. We decompose the
expected instantaneous regret in round ¢ as follows:

E [reg,] < E [reg,1 {I'c(t)}] + E [reg, 1 {I'y(¢)°}] + E [reg, 1 {reg, > 0,Tc(¢), 'y (?)}] .

The first two terms are the regret when good events do not hold. We take 2,4 as the upper bound
of the instantaneous regret in this case, and bound the terms using Lemmas[16]and [T8]

E [reg, 1 {Tc(t)}] + E [reg, 1 {I'y (¢)°}]
< 2maxh (P (Te()) + P (Ty(t)))

2 20 in (t) ding(t )
< 2mah [ ——— + ——— # 2d? 79
= (ng(t)S T, TP < 1638423 R TirTa

max max

22 Ping(t ) ping(t )
< 2Zmaxb | ——5 79 2d2 79 .
= (ng(t)2 +exp < 1638423 AP T 30062

de de
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The sum of the expected regret when the good events do not hold is bounded as the following:
ng(T)
Y. Elreg,1{Te(t)}] + Efreg, L {Ty(t)}]
ng (t):T0+1
ng(T)

22 Ping(t ) Ping(t )
< 2 111'1xb T 79 2d2 79
< D 2w <ng(t)2 +exp < 1638423 AP T J0g6a1

ng (t):T0+1 max max

< 88maeh + 2rd | 0. + 242 i d
Tmax T max ex —_—_ ex — | dx
= P\ 1638428, 52 P\ 409602 53
16384z ¢+ 8192d2x 82 d*Ty
< 88T maxh + 2T maxd 2099 max 50 Lmax @il .
= O5Fmaxh o 20 ( o exP( 16384zL_s2 ) © o P\ 710961, 52
By the fact that T, > 8192255+"‘l"3‘310gci the exponential in the last term is bounded by
exp ( ﬁ) < d%. We obtain the bound of cumulative regret without the good events,
max*©0
which is a constant independent of 7'
ng(T)
c c 4915220 . bs?
Z E [reg, 1 {Te(t)°}] + E [reg, 1 {T'y(¢)}] < 88maxb + Tao
ng(t)=To+1 *

Now, we are left to bound the cumulative regret when the good events I'y(t),Ic(¢) hold. We
first show that if the agent chooses a; = a; by the if clause in line 11, since XI @ ﬂm | >

MaxyLg, xZ kém ()] T h is satisfied, then under I (t), a; = a; holds. Suppose not, then we have

XZatﬁne(t) > XtT,a;* Bn.) + h. On the other hand, we have XZaZ 8" — x #,8" > 0. Combining
these two inequalities, we obtain

h < (Xt B — XtT,a:Bneu)) + (XtT,azﬂ* - XtT,aﬁ*>
=%/, (ﬂne(t) - ﬁ*) +X{ o (5* - /Bne(t))
B =Bt x

where we apply the Cauchy-Schwarz inequality for the last inequality. However, under T, (%), it
holds that H 8" — Bn ®) H < 5 which is a contradiction since h < h.
Wl

S meax

I
Therefore, under the event I (¢ ) ar # A} occurs only when the agent performs a greedy action
according to ,@m (1)) by the else clause in line 13. By Lemma , the instantaneous regret is at most

2 2
B* =B, . < 2‘)605)?‘“‘8 \/W . Lemma [24) further tells us that the regret is

2
greater than 0 only when A, < 2560;‘“‘”‘3 \/ 2es 4;["9(0 . Therefore, we deduce that

E [reg,1 {reg, > 0,T'.( (t)}]
2560xmax 210g 4dng (t)2 { _ 2560350 [2logddn,(t)?
<5 .

2560xm1x /2log 4dng 256cmmm 2log4dng(t)?
T ¢ t
2560xmax 2log 4dnq 256022, .50 |2logddngy(t)? :
1/ min :
A, P2 t

256crxmax 2log4dT? min 1 256022, 50 [2log4dT?
\Taer T w |

21’1113,){

<E

ng(t)
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where the third inequality holds by the margin condition, and the last inequality by ny(t) <t < T.
We separately deal with the cases @ < 1 and a > 1. The expected cumulative regret under the good
events when a < 1 is bounded as the following:

ng(T)
> Elreg i {reg, > 0,T(),Ty(t)}]
ng(t)=To+1
"D (956002, 5o [2logddT?\ 956002, 5o [2log4dT?
< Z 2 ‘ min 4 1, AL b2 t)
ng(t)=To+1 ¢* *¢* Mg

ng(T)

1 (2560wmax [210g 4dT2>
a 2
ng(t)=To+1 AL &

>

1+a

_ 1 (2560J:mdx oy/2log 4dT2) f 1

S e > SRSy

A* (rb* ( ): +1 ( ) 2

14+«

_ L (256022, 50\/2log 4dT” d

= Ao $2 Z ta

* * T

If o« < 1, we have Z::TO—H n= < ﬁTl_Ta. If « = 1, then ZZ:TO_H n~! < logT. Then,

we obtain the desired upper bound of the expected cumulative regret under the good events.

ng(T)

Y. Efreg,d{reg, > 0,Tc(t),Ty(1)}] <
ng(t):To+1
O (it (2 ) " 1552 (logd 4 log T) 0,1

<1—a>A:( ¢? ) z (logd +logT) a€(0,1) @
o (A% (%‘é"so) (log T)(log d + logT)) a=1.

2
Now, we address the case where o > 1. Let T} = (%) . (2 log 4dT2). We first sum the

regret until ny(t) = 1.

T

Y. Elreg,L {reg, > 0,Ic(t), Ty(t)}]
ng(t):T0+1
T «
2 2log 4dT? 2 2log 4dT?
< Z ( 56030;0dx og td >min{1,< 560xmsx og td ) }
ng(t):To+1 d)* ng( ) *¢* ng( )
T 2
< Z 256022, 50 |2log4dT

2
ng(t)=To+1 X ng(t)

256022, 50+/2log AdT? i 1
_ ) _
& ng()=To+1 V ng(t)
< 256022 . s0v/2log 4dT? VT
- o3 2
1 (256022, 50
20\, ¢?

2
) (21log 4dT?).
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Then, we bound the sum of regret from ng(t) =77 + 1to T
ng(T)

> Efreg,l {reg, > 0,Tc(t),Ty(t)}]
ng(t)=T1+1

- 256027 50 |2logddT? ) 256022, 50 [2log4dT?
< Z 3 min < 1, :
ng(H)=T1+1 % ng(t) A, p? ng(t)
< XT: 256022, 50 [2logddT?\ [ 256022, 50 |2log4dT?
ng()=T1+1 i ng(t) A, ¢? ng(t)

14+«
1 (2560mfnaxso V/2log 4dT? ) i 1

2 EE
Af ¢* ng(t):Tl-‘rl ng(t) 2
The summation is upper bounded by
T T
1 1
Y, e < / e dv
no(=rip1 Me(t) TS
<1
< / —a dz
T xr 2
2 l—o
< 2
“a-1"1
11—«
2 256022 . s0/2log 4dT?
o o — 1 A*ﬁ
Therefore, we obtain that
ng(T) 2 2
2 25607 .. So
> Elregd {reg, > 0,T(t),Ty(1)}] < R ( " ) (2log4dT?).
ng(t)=Ti+1 * *
(42)
Combining inequalities of Eq. and Eq. (@2), we obtain that
ng(T)
> Efreg,d {reg, > 0,Tc(t),T4(t)}] < Ir,
Ng (t):Tg+1
where
1 oz _so I4o l-a lta
O —ayas ( s ) T2 (logd+1logT) = a€(0,1),
Ir<{0o (A% (%) (log T)(log d + 1ogT)) a=1,
0'.’1','2 S 2
(9((&%)&# ( o 0) (logd+1ogT)> a>1.
Putting all together, we obtain
T
4915225 . bs?
E Zregt] < 42 axbTh + 88T maxh + % + Ir.
t=1 *
which is the desired result. O

F.4 PROOF OF TECHNICAL LEMMAS
F.4.1 PROOF OF LEMMA[I6]

Proof of Lemma[I6] We use Lemma with w; = gy Define ) = DT 2oie T () XivaiXia, -

The lemma requires two events to hold: lower-boundedness of ¢? (2?,&)) and
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max;eq) ITeIW ‘ZiETe(t) ni(xi,a,)j’ < 2. Since ﬁ)tg is the empirical Gram matrix of ran-

domly chosen features, its expectation is 3 = %]E {Zle Xt,kXI k} Then, by Lemma , with

probability at least 1 — 2d? exp (—wfg*;:%), ®? (f]i S0> > %. Since {n;(Xi,a,)5 }ir 1)
max 0 e

is a sequence of conditionally oxy,,x sub-Gaussian random variables as shown in the proof of
Lemma 2] we apply the Azuma-Hoeffding inequality and obtain

L R AITe®)]
m Z 0i(Xia;)j ZZ SQeXP(W .

1€Te(t) max

Taking the union bound over j € [d] and plugging in the definition of \; yields

1 M LR To(1)]
e | ST mikia);| = O | < 2dexp (— o )
Jeta) [T (0)] »emm(x”“” =)= eXp( 51202070 k057

Lemma@ guarantees that under the two events, it holds that

250\
‘< 021
1 - #2

2p

h

meax

Hﬁ* RO

By taking the union bound over the two events, we conclude that

4 47,2
) $4T(0)] 9.l Te(t)]
P0) < o (- ez ) + e (-5 )

max

Singe t2 € Ty we know that |7.(t)] >2 q(|T4(t)]) and T4(t) + 1 = ny(t). By g(n) >
PP max {2048 log 2d?(n + 1)3, 2129~ log 2d(n + 1)3}, we obtain

h2

G| Te(t)] GLh?|Te(t))|

242 ——xlfeAl ) S . A RACANPA T

d exp( 2048p%x . S 2dexp 512p202x ., S
)

max max

4 472

2 ~ ¢a([ Ty (1)) _ ehiq([Ty(2))
s exp( 2048p2z4 . s 2dexp 512p%202xd . 3
< 2d% exp (— log 2d*(|T, ()| + 1)%) + 2d exp (— log 2d(|T, ()| + 1)%)

1 1
= +
(ITa@[+ 1)~ (|Ty(®)] +1)°
2

ng(t)3’

which is the desired result. O

F.4.2 PROOF OF LEMMA [T7]

Proof of Lemmal(I7] By the union bound, we have

P(Tn-()9) <P [Tn-(05 |J Tel) |+ D PI)).

€Ty (t) €Ty (t)
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By Lemma[I6] the summation is bounded as the following:

S rrans ¥ ot

= i + 3
ng(t)*  ny(t)?

<D

~ ng(t)?

Under the event I' (¢), A; > 2h implies that for any a # a, it holds that
X0t BIT ()| — X0aB17. ) > (Xiar BT ) — XiaBi7))) — (xZa:ﬁ* ~ X4 ) +2h
=X/a (Bm(z‘)l - 5*) + X (5* - Eln(i)\) +2h

Bz ~ ﬁ*Hl +2h

Z *2xmax

>h.

Then, the agent chooses a; = a} in round 7. Taking the contraposition, it means that a; # o} implies
A; < 2h under the event I'. (). Then, we have that

P | Tn-(1)S, U (@) ] <P z 1{A; <2h} > d)i lrng(t)—‘

6422, s 2
€Ty (t) €Ty (t)

max

{1{A; <2h}}, e7; (1) is a sequence of independent Bernoulli random variables, whose expectation

i = by the margin condition and the definition of /. Then, by Hoeffding’s

(03
: 2h _ *
1S at most (K) = 71281‘3“”8

inequality, we have

max

Pl > 1{A; <20} > ¢ {ng(t)w

6422, sq 2
i€Ty (t)

=P| Y (1{A;<2n}-E[1{A; <2n}]) > i . P’g(ﬂ— > E[1{A; < 2h}]

6422
€Ty (t) €T, (1)

max

<P DY (1{Ai<2n}-E[1{A; <2h}) > ¢ [ng(t)w

12822 . so
€Ty (1)

ny(t) ¢? 2
<o (2[4 (1) )

ng(t)ds
< S A s S
—eXp( 163842 52

max

Combining all together, we obtain

. 19 ng(t)o}
P(Ty-(t)°) < SWOE T exp <163894x453> '

max
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F.4.3 PROOF OF LEMMA [T3]

Proof of Lemma@ Define the empirical Gram matrix of the latter half of the greedy actions as

Et =0 (t)l > T (1) Xi alxl a;- Define the empirical Gram matrix of optimal features of the
latter half of the greedy actions as Et = m > Ty (1) Xi,a;XIa;- We decompose 3, as
follows:
- 1
2:t = - Z XiﬂiXiT,ai
T @] &
€Ty (1)
1 1
= — Z Xi,aniT)af + — Z {az 7& a; } (Xz a; X ;raL Xi,a;‘XZa’.‘)
70l =, AU :
. 1 1
=3, +— Z 1{a; # af}xi’aixzai - — Z 1{a; # aj} ;0%
70l =, 7o, /

4 ~ % 2
By Lemma [22} with probability at least 1 — 2d? exp (—%), ¢*(2,-,S0) > % The
max©0

compatibility constant of the second term is lower bounded by 0. The compatibility constant of

the last term is lower bounded by — ‘J;: E:; | 1622, 50 by Lemma By the concavity of the
compatibility constant, we have '
2 1622, soN (¢
¢ (Et 750) - g xmax,sio ( ) .
2 rael

Under the event I' 5 (t), it holds that 1““;#‘25;@) > & % Therefore, we have ®? (ﬁ];, SO) > %i.

Let 3, = %25:1 Xia;Xia;- Then, since ng(t) > n.(t) and |7, (t)] = [%T(t)—‘, we deduce that
|7, (t)] > %. Then, it holds that

7;t(t)\ o ()

¢2
4

¢ (50%) =

>

S

* N

5"

—_

B, ) —

By the choice of A2 ; = 40T max w and Lemma fort € T,
1280 Zmax 2log 4dn,(t)2 A 2 1
( > 0';’;‘2 S0 0og t“g( ) ’¢2(Et ,SO) > ;,FN(t)> <
1 *

By the union bound, we have

2

P(Ty(t)) <P (Pg(tmf(ﬁ{ S0) 2 ;,rmo) +P (¢2<25 80) < ¢2) +P (Ty- (1))

1 19 Ping(t) Ping(t)
< T 1942 IR AN 7‘7
S @ T,z A e ( 100624, 52 ) P\ " Te3san, 2 )
which completes the proof. O

G TECHNICAL LEMMAS FOR APPENDICES [E/AND[H

In this section, we state and prove the lemmas used for the analysis of Appendices[E]and[F|
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G.1 ORACLE INEQUALITY FOR WEIGHTED SQUARED ERROR LASSO ESTIMATOR

We present the oracle inequality for the weighted squared error Lasso estimator. The proof mainly
follows the proof of the standard Lasso oracle inequality with the compatibility condition (Biihlmann
& Van De Geer, [2011)), but with adaptive samples and weights. We provide the whole proof for
completeness.

Lemma 19. Let 8° € R? be the true parameter vector and {x¢};_, be a sequence of random

vectors in R? adapted to a filtration {]—'t}?zo. Let ¢ be the noised observation given by x[ B* +n;,
where 1, is a real-valued random variable that is Fy1-measurable. For non-negative constants

Wy, Wa, . .., Wy, and A, > 0, define the weighted squared error Lasso estimator by
n
N ) 2
B = argmin \,, | B||; + Zwt (rt — x;r,B) . (43)
BeRr? t=1
Let Vn = Z?Zl wtxtxtT and assume @ (Vn, So) > ¢2 > 0. Then, under the event
{w € Q: max;e[q) ‘Z:Zl wen (x¢),;| < - } B satisfies
~ 2)\n80
g -5 < .
H 1 o2

Proof of Lemma[l9 Define X,, = (JwiX1 /w2Xs ---\/WpX,) € Rexn  p, =
(Ywiry Jwary - ,/wnrn)T € R", and n,, = (Vwim +/Wara - -y/Wn n)T € R™.

The minimization problem ([@3) can be rewritten as

. 2
argmin A, |8, + ||rw — XVTV,BH2 .
BeR?
Since B achieves the minimum, it holds that

N ~ 112
MllBll+ |[rw = XLB| < A8l + [[rw — X187 - (44)

Using that ry, = 1, + X, 3", expand the squares as

re = X0 = |nw + X308 - )|

2

. 2
= lImwll3 + 200 X0 (8" - B) + || XL 8" - B 45)
By plugging Eq. @3)) into Eq. (#4) and reordering the terms, we have
~ 12 o o
|x58 =B, < 2 (1871 = 18I1) + 200X (B - 87)
< X (18711 = 18I ) + 2 1 Xwnllo 18" = Bl (46)

Note that X7, is a d-dimensional vector whose j-th component is (Xw?,); = S wiemi(Xi) ;.

Under the event {w € Q: max;eg ‘Zle WMy (xt)j’ < )jT"} we have || Xwny ||, < 2. Plug it
into the Eq. and obtain
* > 2 * > )‘n * .
|x28 =B, <2 (1871 = 1BI11) + F18° = Bl (47)
On the other hand, by the definition of Sy, we have
181 = 1Bl = 1185, Ih = 185, I = 1Bss Il
<(B" = B)sallL — 1Bs5]lx
= 168" = B)solli = 18" = B)sg

1- (48)
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Also, note that

18° =Bl = 18" = B)soll1 + 118" = B)ss 11 - (49)
By plugging Eq. (8] and Eq. #9) into Eq , we have
0<|xT8 - B, < 216" - sl ~ 216" - B (50)

Eq. (30) implies || (8" — B)s¢ |1 < 3//(8* *ﬁ)s()
Then, we have the following result:
NNTE: . .
[xze -8, + S8 — B = x50 - B[, + 2 (168" ~ Bl +18° ~ B )
<208 = B)s, ln

“ 2

50 HXw(ﬁ* _B)Hg
o7

< [xte - B+ 222,

where the first inequality comes from Eq. (50), the second inequality holds due to the compatibility
condition of V,, = X, X[, and the last inequality is the AM-GM inequality, namely 2v/ab < a+b.
Therefore, we have ||3* — 3|1 < 22—%‘,50 O

1, by which we conclude 8* — 3 € C(Sp).

<20,

G.2 PROPERTIES OF COMPATIBILITY CONSTANTS

For this subsection, we assume that Sy C [d] is a fixed set and denote the compatibility constant of
a matrix A as ¢?(A) instead of ¢?(A., Sp) for simplicity.

Lemma 20 (Concavity of Compatibility Constant). Let A, B € R**? be square matrices. Then,
¢*(A+B) > ¢*(A) +¢°(B).

Proof of Lemma[20] By definition,

- s08' (A+B)3
BeCSO\0a} || Bg, ||}

. (soﬂTAﬁ SOBTBﬁ>

2

~pecenion \ g [7 (185,

¢*(A+B)=

0 soﬁTAﬁ+ inf Soﬁ BIB
,BG(C(SO \{04} HIBS H ﬁ'G(C(So \{04} H,@ So Hl
= ¢*(A) +¢*(B).

O

Lemma 21. Let x be a d-dimensional random vector and ¥ = E [XXT} € R4 Assume that
II%]| o, < Zmax almost surely. Then, for any v € C(Sy) \ {04}, it holds that

™
Sov_ &V < 1622

maxso N

Ivsolly

Consequently, it holds that 0 < ¢*(X) < 1622, 50 and ¢*(—X) > —1622

max max

Proof of Lemma[21] From vl (XXT) V= (XTV) 2 > 0, it holds that
viZv=v'E [XXT} v
=E [VT (XXT) V]
>0,
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]‘"’Tﬁ;’ . The upper bound is proved as follows:
VSO

1

which proves 0 <

viv=FE [VT (XXT) v}
=K [(xTv)q
<E |@max [V])?]
= e VI3 (51)

where the inequality holds by Holder’s inequality and ||x|| < @max. Since v € C(Sp), we have
IvIly = llvs, Iy + HVSng < 4|vg,|l;. Therefore, we have

SOVTEV < Som?nax ||V||?
2 — 2
Ivsolly vsolly
2
Sox?nax (16 HVSo”l)

2
||VSD||1

= 1622

Il’laXSO ’

where the first inequality comes from inequality (31) and the second inequality holds by ||v||; <
A vsolly- H

Lemma 22. Let {x;}]_, be a sequence of random vectors in R? adapted to filtration {F;}I_,
such that ||X¢llco < Tmax holds for all t > 1. Let ¥, = %22:1 xx; and ¥, =
%2;1 E [xtx;'— | .7-},1] If ¢° (ET) > @2 for some ¢po > 0, then with probability at least

T 4 - 2
120 exp (= gtz ), 6*(5) = 4 holds

max

Proof of Lemma[22] Let 72;‘ = (x¢)i - (%¢); — E[(x¢)i - (x¢)j | Fe—1] for 1 < i,j < d. Then,
E[yy | Fi—1] = 0and |v,’| < 222,.. By the Azuma-Hoeffding inequality,

2
]P’( Zs) §2exp<—27—i > .
xmax

1 i

—>
t=1

By taking the union bound over 1 < 7,5 < d, we have

. _ T2
IP’(||2T e > 5) < 24 exp (_2 - ) .

max

Alternatively, by taking ¢ 3(5720 we obtain that with probability at least 1 —
20 exp (~ gl )
2
1£, — Sl < 0
3280

Then, by Lemma , we conclude that with probability at least 1 — 2d? exp (—2048:#@2)
* 0

“max ©

$2(5,) > 2 holds. O

Lemma 23. Let {x;}]_, be a sequence of random vectors in R? adapted to filtration { F;}7_ such
that ||X¢||oo < @Tmax for all t > 1. Let Vy := Zle x;x; and V; = 25:1 E [xixiT | ]-",L-_l].
Suppose that there exists a constant ¢g > 0 such that ¢ (Vt) > qﬁgt for all t > 1.
For any 6§ € (0,1], with probability at least 1 — §, ¢? (Vt> > %gt holds for all t >

4 2 2
2048045 (log 2 g log 64z,n§xso) ey
¢0 0 ¢U
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ProofofLemma@ By Lemma [22| with ﬁ]t = %Vt and ¥, = %Vt, @2 (%Vt) > %ﬁ holds with
2

4 4 2
probability at least 1 — 2d? exp _2048(§+ts(2)>' Letty = [204827‘8{”*"80 <log %2 + 2log 642)73"‘50)—‘ .

max

By taking the union bound over ¢t > ¢y + 1, we conclude that
2 > 2
2 (x Pt 2 (X Pt
]P’<3t2t0+1.¢><vt)<2>§ > IP<¢ (Vt)<2)

< i 2d? exp fLﬁt
- 204824 . s

max

< 247 S ol Ve d— N
= /t0 =P ( 204821 s2 ) **

max

2048z . s2 dato
— 2d2 max®°0 _ 0
( i eP ( 20484, 52

max

where the last inequality holds by ¢g > % (log %2 + 2log 6493(3;%50)' O

G.3 GUARANTEES OF GREEDY ACTION SELECTION

Lemma 24. Suppose a; = argmax,c 4 XZaﬁtfl is chosen greedily with respect to an estimator

ﬁt% in round t. Then, the instantaneous regret in round t is at most 2 max ||ﬁ* — ,@Fl || 1+ Conse-
quently, if Ay > meaxuﬁ* — B4

—_ *
 then ay = aj.

Proof of Lemma[24] Let af = argmax,c 4 X,I .3". By the choice of a;, the following inequality
holds:

X} 0Bt — XZa:IBt—l > 0. (52)
Then, the instantaneous regret is bounded as the following:

T *
t,at

< (Xzafﬁ* - XtT,at *) + (XzatﬁtA - XZ@@A)

= Xza; (,6* - Bt—l) JFXZa,, (Bt—l - /3*)

o pd, et ],

B =B, (53)

LT *
reg, = Xt,a;f,@ —X

S th,az

S 2xmax

where the first inequality holds by inequality (32) and the second inequality is due to Holder’s
inequality. This result proves the first part of the lemma.

Suppose that A; > meaxH B — BF 1 H 1" Then, the instantaneous regret in round ¢ is either O or no
less than A, which implies that reg, is either 0 or greater than meaxHﬂ* — B, H1 By (53) we

have reg, < 2xmaXHﬁ* — th ||1 Therefore, the reg, must be 0, which implies a; = a;. O]

G.4 BEHAVIOR OF loglogn

Let b > 1 be a constant and define f(z) = w for x > 2. The derivative of f(z) is

—2— —2log log 22—
fl(z) = f=2= lefl g2e b f'(x) is decreasing in = and f’(2) < 0, therefore f(x) is decreasing

for x > 2.

Lemma 25. Suppose C > 2, b > 1, and n > Cb + 2Clog (2log2C +b). Then, f(n) =
2loglog 2n+b < 1
n - C-
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Proof of Lemma[23] Let ng = Cb + 2Clog (2log2C +b). Since ng > Cb > 2 and f(z) is
decreasing for x > 2, it is sufficient to show that f (ng) < &. We rewrite f(ng) — & as the

following:

1 2loglog2ng+b 1

[ (o) — cT T e C
_ 2Cloglog2ng + Cb —ng
n O?’LQ
_ 2Cloglog 2ng — 2C'log (21og 2C + b)
o Cno

2
= n—(loglogQC’(b—F210g(210g20+b)) —log (21og2C + b)) .
0

Now, it is sufficient to prove log 2C(b + 2log (2log2C + b)) < 2log2C + b. We prove it by
applying logz < £ for all z > 0 multiple times.

log 2C (b + 2log (2log 2C + b)) = log 2C + log (b + 21log(21log 2C + b))
<log2C + log <b + 2 (2log 2C + b))
e

= log 2C + log (4 log 2C' + <1 + 2) b)
e e

2
e

4 1
<log2C + — log2C + b
e

<2log2C +b.

e

O

Lemma 26. Let f(z) = 2loglos2xtlosb g0y constant b > 1 and x > 2. Suppose 8 < A < B are

xr
integers and r > 0 is a nonnegative real number. Then,

L B'"" (2loglog2B +b)" r€[0,1)
= (log B) (2loglog 2B + b) r=1

Z f(n)r < 2r—1 (2loglog 2A+b)" 1.9
ol - (loslgips re,)
2. (210g12+2f+b) r>2

holds.

Proof of Lemma[26] Since f(x) is decreasing for z > 2, we have

B B
fn) < [ flx) dx.
n:%»l /:4

B (2loglog2z+b"
We bound [, (%) da for each case of r.

Case I: v € [0,1)

B T B T
21
/ ( oglog 2z + b) d < / (210glog2B + b) i
A z A z

B

= (2loglog 2B + b)r/ " dx
A

1
= (2loglog2B +b)" - T (B! — AT

1
< 1731—7” (2loglog2B +b)" .
—-T
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Case2:r=1

B B
2loglog 2 2loglog 2B
/ og log a:—&—bdxg/ og log +bda:

A x A x
B

1
= (2loglog2B + b)/ —dx
A T

= (2loglog2B +b) (log B — log A)
< (log B) (2loglog 2B +b) .

Case 3: r € (1,2]

First, apply Jensen’s inequality to " with p := % to obtain
. 2loglog 2z b "

2loglog 22\ " b "
(B (0
p 1-p

=p'7 " (2loglog2x)" + (1 —p)'~"b".

Then, the integral can be split into

B T B T B r
2log log 2 b 2loglog 2 b
[ (Romlonett' i [ (lotlosB) gy [ (2)
A € A € A €

I Iz

I, is bounded by

B r
b b" 1 1
o 1—r e _ o 1—7r o
(1-p) /A (x) dx = (1—p) r—1 <A7«—1 Br—1>

(1 —p)(2loglog2A +b)"
N (r—1)Ar—1 ’

where the last equality holds by the definition of p.
To bound Iy, use integration by parts with u = (21loglog2z)" and v/ = % and get

/B 2loglog2z\" dr = |- 1 (2loglog2x)" B+/B r _(210g10g295)r_1110?;2x du
A T r—1 1 4 r—1 xr—1

A
(2loglog2A)" 2r /B (210g10g2x)"“_1d
x

<
- (r—1)A1 r—1

A z" log 2x

I3

For 1 < r < 2, it holds that (2loglog 2z)"~! < 2loglog 2z < log 2x. Then,

B
Igg/ —dx
A "

1 1 1
r—1\Art  pr-i

o
(r— A1

IN
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We have

B r
2loglog2
Il :pl_r/ (Og 08 Jj) dx
A X

< pi (2loglog2A)" 2r
- (r—1)Ar—1 (r—1)2A7-1

P (2logLog2A> N T o
r— DAL o1z

, 2loglog 24+b\"
_ p(2loglog 24 + b)’ pr( Tlog log 2 )

r—nA T T 124l
p(2loglog2A +b)"  r(2loglog2A +b)"
(r—1)Ar—1 (r—1)24r-1 7

where the last inequality holds since p < 1 and 2loglog2A4 > 2 whenever A > 8. Finally, we
obtain

B T
2loglog 2
/ (Ogogﬂ”b) de< T + I,
A X

p(2loglog2A+0b)" 2r(2loglog2A+b)" (1 —p)(2loglog2A +b)"

(r—1)Ar—1 (r—1)2A7—1 (r—1)Ar—1
_ ( 1 LT ) (2loglog2A +b)"
r—1 (r—1)2 Ar—1
2r —1  (2loglog2A +b)"
T r—12 Ar—T '

Case4: r > 2.
Use integration by parts with u = (2loglog 2z + b)" and v’ = -1 and get

B r / rq B B r—1
/ (2 loglog 2z + b> dp — { 1 (2loglog2z + b) } N / 1 2r(2loglog2x +b) I
r A

A x -1 Zr=1 A r—1 z" log 2z
Iy
1 (2loglog2A +b)" 2r /B (2loglog 2z + b)" " i
—r—1 Ar—1 r—1J4 x" log 2x
1 (2loglog2A +b)" B (21oglog 2z +b)"!
< . +4 dx .
r—1 Ar—1 A x" log 2x

Is

For x > A > 8, it holds that (2loglog 22 + b)(log 2z) > (2loglog 16 + 1)(log 16) > 8. Then,

B . r—1
Is < / (2loglog 2z + b)(log 2z) (2loglog 2z + b) "
A 8 x" log 2z

_ 1/B (2loglog 2x + b)" i

8Ja x”
= g .
1 . (2loglog2A+b)" 2 . (2log log2A+b)T. ]

Therefore we have Iy < = + %4, which implies Iy < = =

—1 Ar—l
G.5 TIME-UNIFORM CONCENTRATION INEQUALITIES

The following lemma is a special case of Theorem 3 from |Garivier] (2013). For completeness, we
provide the proof adapted to this lemma.
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Lemma 27 (Time-Uniform Azuma inequality). Ler { X}~ be a real-valued martingale difference
sequence adapted to a filtration {F;},° . Assume that {X:},", is conditionally o-sub-Gaussian,

ie, E [eSX‘ | ]:t—ﬂ < e# forall s € R. Then, it holds that

- 7(log 2n)?
Y x| > 2%0 nlog(Ogn)>§6.

]P’(ﬂnEN: 5
t=1

Proof of Lemma[27] By the union bound, it is sufficient to prove one side of the inequality, namely,

3.5(log 2n)?
3 X>24 log —————— ] <.
(nEN Z p \/n og 5 <4é
>

Let t; = 27 for j 0. Partition the set of natural numbers into Iy, I;,..., where I; =
{tj,t; +1,...,tj41 — 1} For a fixed positive real number s;, whose values we assign later, deﬁne

D; = exp <5th -5 ) Then, by sub-Gaussianity of X;, we have E[D; | F;_1] < 1. Define

S 0'2"1
M, = D,Dy---D, = exp (sj S X - 52 ) where My = 1. Then, E[M, | Fo_1] =

E [M,_1Dy, | Fo-1] < M,_1, therefore {M,} ~ , is a super-martingale. By Ville’s maximal in-
equality, we get

IP’(EInGIj:Mn>(1S><6.

Note that M,, > (15 is equivalent to >_;' | X; > S]U n 1og 1. Take s; = %\/% and

obtain
P anefj;Ztha ,/ 1/ f <94.
t=1

Forn € I;, 5 <t; < nholds, therefore 3 ,/ + t’ <z V2 [ = — 2% /. Furthermore,

replace § with W to obtain

- 3 72(j + 1)2 66
P<3n61j:ZXt2240 nlog 65— | < 5 +1p
t=1

T2 (j+1)° _ m*(log, 2t;)*
6 - 6

From

< (fos 2)2 (log 2t;)? < I(log2n)?, we get

= PO 7(log 2n)? 60
IP’(ElnGIj:ZXt224J nlog 25 SWQ(j+1)2'

t=1

Take the union bound over j > 0, and by the fact Z;io ﬁ = % we get the desired result.

= 5(log 2n)2
<Hn€N ZXt 240\/n10g35(05gn)>§6.

t=1

O

Next lemma is a time-uniform version of Theorem 1 in Beygelzimer et al.| (2011). We combine the
proof of the theorem and a standard super-martingale analysis to obtain a time-uniform inequality.

Lemma 28 (Time-uniform Freedman’s inequality). Let {X;},—, be a real-valued martingale dif-
ference sequence adapted to a filtration {]—'t}fio. Suppose there exists a constant R > 0 such that
forallt > 1, | X:| < R holds almost surely. For any constant 1 € (O7 %] and 6 € (0,1], it holds

that
1 1
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Proof of Lemma We have |nX;| < 1 almost surely forall ¢ > 1. Since 1+ z < e forallz € R
and e® < 1+ z + 2% forall z € [—1, 1], it holds that

E [GUXt | ]:tfl] <E [1 +nX: +n° X7 | ]:tfl}
=14+ 9°E [X7 | Fioi]
< M EXIF] (54)
Define Dy := exp (nX; — n’E [X? | Fi-1]). Eq. 4) implies E[D; | F;_1] < 1. Define
M, := DiDy---D, = exp(n> 1 Xe —n* >4 E[X? | Fi—1]), where My = 1. Then,

E[M, | Fa-1] = E[Mn_1D, | Fm1] < My, therefore {M,}, ; is a super-martingale. By
Ville’s maximal inequality, we obtain

1 E[Mo]
P(aneN:M,>=)< —5.
(neman > 5) <55
The proof is complete by noting that M,, = exp (n>;_, X; —n*> ;1 E[X}? | Fioa]) > 3 is
equivalentto >, | X; >n >, E[X}? | Fooa] + %log 3. O

Next lemma is a widely known application of Lemma 28]

Lemma 29. Let {Yt}fi 1 be a sequence of real-valued random variables adapted to a filtration
{Fi};2- Suppose 0 <Y, <1 holds almost surely for all t > 1. For any 6 € (0, 1], it holds that

n n 1
P(ElneN:ZYtZZZ]E[K|}}_1]+4log§>§5. (55)
t=1 t=1

Proof of Lemma29) Let X; = Y, — E[Y; | 4—1]. Then, {X,},~, is a martingale difference se-
quence adapted to {F; },°  with | X;| < 1 almost surely. Apply Lemmawith n = 1 and obtain

P(ElneN:ZXt>iZE[Xt2|}}1]+4log(15><5. (56)
t=1 t=1

We have
E[X} | Fio] =E[(Y; —E[Y; | Feoa])? | Fioi]
<E[Y?|Fi1]
<E[Y: | Fi-a],
where the last inequality holds by 0 < Y; < 1. Then, Eq. (]3_3[) implies

P|l|dneN: Y: — EY; | Fi—1] > - E[Y; | Fi_1] +4log=] <6,
< t:1t ; [t| t1]f4; [t| tl] g6>

which is equivalent to the desired result of Eq. (53). O

H AUXILIARY LEMMAS

Lemma 30 (Corollary 6.8 in (Biihlmann & Van De Geer, [2011)). Let $¢, X1 € R Suppose
that the compatibility constant of X over the index set S with cardinality s = |S| is positive, i.e.,

$2(20,S) > 0. If [ Zo — 1 flee < L0 then ¢2(£4, ) > ¢*(So, So)/2

- 3250
Lemma 31 (Transfer principle, Lemma 5.1 in (Oliveira, 2016)). Suppose S and X are dx d matrices
with non-negative diagonal entries. Assume ) € (0,1) and m € [d] are such that
vv € Rwith ||v]|, < m,v ' Zv>(1-nv' v,

Assume D is a diagonal matrix whose elements are non-negative and satisfies D ;; > 3| i — (1=
1)%;;. Then,

2
_ |Dv]|y

Vv € R v, <m,v v > (1 -n)v Sv T
m—
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I NUMERICAL EXPERIMENT DETAILS

Our numerical experiment in Section 4] measures the performance of various sparse linear bandit
algorithms under two different distributions of context feature vectors. For both experiments, we
set d = 100, T = 2000, and n; ~ N(0,0.25). For given sg, we sample Sy uniformly from all
subsets of [d] with size s¢, then sample 3§, uniformly from a so-dimensional unit sphere. We tune
the hyper-parameters of each algorithm to achieve their best performance.

Experiment 1. (Figure @ Following the experiments in | Kim & Paik| (2019)); |Oh et al.| (2021);
Chakraborty et al.|(2023), for each ¢ € [d], the i-th components of the K feature vectors are sampled
from NV (0x, V), where V;; = 1for1 <i < K and V;; = 0.7 for 1 <4,j < K with i # j. In this
way, the arms have high correlation across each other. Note that assumptions of |(Oh et al.| (2021));
Ariu et al.[(2022); |Li et al.| (2021); |[Chakraborty et al.| (2023) hold in this setting. By Theorem
FS-WLasso may take My = 0. To distinguish our algorithm from SA Lasso BANDIT, we set
My =10 and w = 1.

Experiment 2. (Figure 2b) We evaluate our algorithms for a context distribution that does not
satisfy the strong assumptions employed in the previous Lasso bandit literature (Oh et al., 2021}
Ariu et al.l 2022; |Li et al., 2021} |Chakraborty et al.l 2023). We sample K — 1 vectors for sub-
optimal arms from N (04, I,;) and fix them for all rounds. For each ¢ € [T'], we sample the feature
for the optimal arm from A (04, I;). Then, we appropriately assign the expected rewards of the
features by adjusting their 3*-components. Specifically, for a sampled vector x and a desired value

c, wesetx = x + % B* so that we have x'" 3* = c. We set the fixed sub-optimal arms to
2
have expected rewards of 0.1, 0.2, ..., 0.9, and sample the expected reward of the optimal arm from

Unif(0.9,1). To prevent the theoretical Gram matrix from becoming positive-definite or having a
positive sparse eigenvalue, we sample five indices from S§ in advance and fix their values at 5 for
all arms and rounds.

All experiments were held in a computing cluster with twenty Intel(R) Xeon(R) Silver 4210R CPUs
and 187 GB of RAM.
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