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Abstract
We study learning a low-degree spherical polynomial of degree k0 = Θ(1) on the unit sphere in Rd

using an over-parameterized two-layer neural network with augmented features. Our main result
is an improved sample complexity: for any regression risk ε ∈ (0,Θ(d−k0)], a network trained
via Gradient Descent with Projection (GDP) achieves n ≍ Θ(log(4/δ) · dk0/ε) with probability
1 − δ, δ ∈ (0, 1), improving over Θ(dk0 max{ε−2, log d}). This rate is nearly optimal, yielding
regression risk log(4/δ) · Θ(dk0/n) with probability at least 1 − δ, close to the minimax rate
Θ(dk0/n) for kernels of rank Θ(dk0). To our knowledge, this is the first sharp risk bound with
algorithmic guarantees for over-parameterized networks on such tasks. Our approach goes beyond
the NTK limit by learning a subspace of its eigenspace, using a projection operator to restrict the
solution to a low-dimensional RKHS subspace, enabling the sharp bound.

1. Introduction

With the success of deep learning across machine learning [21], understanding neural network gen-
eralization is central. Prior work shows gradient-based methods (GD/SGD) achieve vanishing train-
ing loss in deep networks [1, 2, 13, 14, 30, 43]. Under over-parameterization, training dynamics
are approximated by kernel methods such as the NTK [19], though infinite-width networks can still
exhibit feature learning [36]. In this regime, weights stay near initialization, enabling first-order
Taylor approximation and tractable generalization analysis [2, 7, 16].

Generalization can be studied via learning low-degree polynomials, motivated by spectral bias
[8, 11, 25], where networks favor top eigenspaces of the NTK operator. For data on Sd−1 ⊂ Rd,
degree-ℓ polynomials admit representations via spherical harmonics up to degree ℓ, aligned with
top NTK eigenvalues (see Section C and Theorem 11). Existing works study both NTK and fea-
ture learning beyond NTK for learning low-degree polynomials. QuadNTK [4] uses second-order
expansion to learn sparse polynomials; Nichani et al. [24] combines NTK and QuadNTK for dense
polynomials with sparse high-degree parts; other methods include two-stage optimization [12] and
mean-field analyses [33]. However, sharp regression risk analysis for over-parameterized networks
learning low-degree polynomials [4, 12, 16, 24, 33] is largely missing. For instance, Nichani et al.
[24] obtain risk ε when n ≳ dk0 max

{
ε−2, log d

}
, while Ghorbani et al. [16] show vanishing NTK

risk for Θ̃(dk0) ≤ n ≤ Θ(dk0+1−δ) as d → ∞ without rates or sharpness. Under fixed d settings
common in sharp nonparametric regression [18, 23, 31, 38], even vanishing risk is not established.
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Understanding sharp regression risk for learning low-degree polynomials remains important.
In this paper, we assume f∗ lies in the RKHS of an over-parameterized two-layer network with
bounded norm, where f∗ is a degree-k0 polynomial on Sd−1 ⊂ Rd, k0 ≥ 1. Our main result
(Theorem 1) shows that training with Gradient Descent with Projection (GDP) and n ≥ Θ(log(4/δ)·
d2k0) yields risk log(4/δ) · Θ(dk0/n) with probability ≥ 1 − δ. Since the minimax risk for rank
r = Θ(dk0) kernels is Θ(r/n) = Θ(dk0/n) [26, Theorem 2(a)], our rate is nearly optimal. This
is, to our knowledge, the first nearly optimal risk bound with algorithmic guarantees for learning
low-degree spherical polynomials via over-parameterized ReLU networks; unlike prior projected
methods [35, 41], we design GDP tailored to neural networks achieving near-optimal rates.

We organize the paper as follows. Section 2 introduces the setup, Section 3 presents GDP
and main results, and Section A of the appendix outlines proofs and techniques. Section E of the
appendix provides the simulation results.

Notations. Bold letters denote matrices/vectors and regular letters denote scalars. A[i] is the i-th
column of a matrix A, while subscripts indicate rows/elements;

⇀
x i denotes the i-th feature. ∥·∥F

and ∥·∥p denote Frobenius and ℓp/matrix p-norms. [m : n] (or [n]) denotes integer ranges. Var [·] is
variance, In the identity matrix, and 1I{E} an indicator function. Ac and |A| denote complement and
cardinality. vec (·) and tr (·) denote vectorization and trace. The unit sphere is Sd−1 = {x ∈ Rd :
∥x∥2 = 1}. Let X be the input space, and Lp(X , µ) (p ≥ 1) be the space of p-integrable functions
with ⟨f, g⟩Lp(µ) =

∫
fg dµ and ∥f∥pLp(µ) =

∫
|f |p dµ < ∞. B (x; r) is the Euclidean ball. For

g : X → R, ∥g∥∞ = supx∈X |g(x)|, and L∞ is the bounded class. ⟨·, ·⟩H and ∥·∥H are Hilbert
space inner product and norm. We use the following asymptotics: a = O(b) (a ≲ b), Õ (refined
constants), a = o(b), a = w(b), and a ≍ b (= Θ(b)). Unif

(
Sd−1

)
is the uniform distribution.

Constants may change line to line. EP [·] denotes expectation under P . PS is orthogonal projection,
Span(A) the column span, and A the closure. Throughout this paper we set X = Sd−1.

2. Problem Setup

We introduce the problem setups for nonparametric regression with the target function as a low-
degree spherical polynomial in this section.

2.1. Two-Layer Neural Network

We are given training data
{
(
⇀
x i, yi)

}n
i=1

with
⇀
x i ∈ X and yi ∈ R, where

⇀
x i ̸=

⇀
xj for i ̸= j.

Let S =
{
⇀
x i

}n
i=1

, Pn be the empirical distribution over S, and y = [y1, . . . , yn]
⊤ ∈ Rn. The

responses satisfy yi = f∗(
⇀
x i)+wi, where {wi}ni=1 are i.i.d. sub-Gaussian with mean 0 and variance

proxy σ20 , i.e., E [exp(λwi)] ≤ exp(λ2σ20/2) for all λ ∈ R, and f∗ is the target function. Define

w = [w1, . . . , wn]
⊤ and f∗(S) =

[
f∗(

⇀
x1), . . . , f

∗(
⇀
xn)

]⊤
. The features are drawn i.i.d. from

P = Unif
(
Sd−1

)
with measure µ. We study a two-layer neural network (NN) with augmented

feature:

f(W,x) =
1√
m

m∑
r=1

arσ
(
⇀
wr

⊤
x
)
+

1√
m

⇀
w

⊤
m+1F(W(0),x), (1)

where σ(·) = max {·, 0},W =
{
W,

⇀
wm+1

}
denotes the weights of the network, W =

{
⇀
wr

}m
r=1

,
⇀
wm+1 are weights with

⇀
wr ∈ Rd,

⇀
wm+1 ∈ Rm, and m is the width. The augmented feature
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F(W(0),x) ∈ Rm satisfies [F(W(0),x)]r = 1I{⇀
wr(0)

⊤
x≥0

}, and a = [a1, . . . , am] ∈ Rm. We

may write W,
⇀
wr as WS,

⇀
wS,r to indicate dependence on S.

Novel Augmented Feature Compared to the Regular ReLU Network. Compared to the vanilla

network f (vanilla)(W,x) = 1√
m

∑m
r=1 arσ

(
⇀
wr

⊤
x
)

, (1) includes the additional term 1√
m

⇀
w

⊤
m+1F(

W(0),x), which ensures the associated NTK is a PSD kernel K (defined in (2)) with strictly pos-
itive eigenvalues (Theorem 31, Appendix D.6). In contrast, for f (vanilla), the NTK eigenvalues{
λ̃j

}
j≥0

satisfy λ̃2t+1 = 0 for t ≥ 1 [6, Proposition 5], so the corresponding eigenspaces fail

to span all spherical harmonics of order 2t+ 1, limiting the learning of spherical polynomials with
odd-degree (≥ 3) components.

2.2. Kernel and Kernel Regression for Nonparametric Regression

We define kernel functions for u,v ∈ X by

K(0)(u,v) :=
π − arccos(u⊤v)

2π
, K(1)(u,v) := u⊤vK(0)(u,v), K = K(0) +K(1), (2)

which corresponds to the NTK of the two-layer NN (1) with constant second-layer weights a, and
K is PSD. Let K ∈ Rn×n be the Gram matrix over S, Kij = K(

⇀
x i,

⇀
xj), and Kn := K/n with

analogous definitions for K(α),K
(α)
n , α = 0, 1. Let Kn = UΣU⊤ with eigenvalues {λ̂i}ni=1

in non-increasing order; Kn is non-singular [14] and λ̂1 ∈ (0, 1) since supxK(x,x) = 1. Let
HK be the RKHS of K. As K is continuous on compact X × X , the operator TKf(x) =∫
X K(x,x′)f(x′)dµ(x′) is positive, self-adjoint, and compact. By the spectral theorem, there exist

eigenpairs {(ej , λj)}j≥0 with 1 ≥ λ0 ≥ λ1 ≥ · · · > 0 and TKej = λjej . Let {µℓ}ℓ≥0 be distinct
eigenvalues with cumulative multiplicities mℓ. Then {vj =

√
λjej}j≥0 is an ONB of HK . For

γ0 > 0, define HK(γ0) = {f ∈ HK : ∥f∥H ≤ γ0} = {f =
∑

j≥0 βjej :
∑

j≥0 β
2
j /λj ≤ γ20}. By

Theorem 31, {ej} are spherical harmonics. LetHS = {
∑n

i=1K(·,⇀x i)αi}.

The task of nonparametric regression. We consider the target function f∗(x) =
∑k0

ℓ=0

∑N(d,ℓ)
j=1 aℓ,j

Yℓ,j(x) where x ∈ X , {Yℓ,j} are degree-ℓ spherical harmonics forming an orthogonal basis of
Hℓ with dimension N(d, ℓ). Background on Sd−1 is in Section C, where it is also shown that
{ej} = {Yℓ,j}ℓ≥0,j∈[N(d,ℓ)]. We assume f∗ ∈ F∗ with

F∗ =
{
f =

k0∑
ℓ=0

N(d,ℓ)∑
j=1

aℓ,jYℓ,j :

k0∑
ℓ=0

N(d,ℓ)∑
j=1

a2ℓ,j/µℓ ≤ γ20
}
. (3)

By Theorem 11 in the appendix, F∗ contains all degree-k0 polynomials on X with finiteHK-norm
γ0. The goal is to estimate f̂ from {(⇀x i, yi)}ni=1 so that EP

[
(f̂ − f∗)2

]
decays rapidly; we analyze

the rate when f̂ is given by the over-parameterized NN (1) trained by GD.

Minimax Lower Risk Bound for Learning a Low-Degree Spherical Polynomial. From (3) and
Theorem 31, F∗ ⊆ ∪k0ℓ=0Hℓ with k0 = Θ(1). Define the finite-rank kernel with r0 := mk0 =∑k0

ℓ′=0N(d, ℓ′): K(r0)(x,x′) :=
∑k0

ℓ=0

∑N(d,ℓ)
j=1 µℓYℓ,j(x)Yℓ,j(x

′) for all x,x′ ∈ X , so that F∗ ⊆
HK(r0)(γ0). Lemma 12 shows r0 = Θ(dk0) for k0 = Θ(1) and d > Θ(1). By [26, Theorem 2(a)],
the minimax lower bound for the regression risk with K(r0) is Θ(r0/n) = Θ(dk0/n).
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3. Summary of Main Result
3.1. Training by Gradient Descent with Projection

In training the two-layer NN (1), a is randomly initialized to ±1 with equal probability and fixed
thereafter, and all other weight vectors are optimized. The quadratic lossL(W) = 1

2n

∑n
i=1(f(W,

⇀
x i)

− yi)2 is minimized. At iteration t+ 1, GDP updates the network weights by

vec (WS(t+ 1))− vec (WS(t)) = −
η

n
ZS(t)P

(r0)(ŷ(t)− y),

⇀
wm+1(t+ 1)− ⇀

wm(t) = −
η

n
√
m
F(W(0),S)⊤P(r0)(ŷ(t)− y), (4)

where F(W(0),S) ∈ Rn×m with [F(W(0),S)]i = F(W(0),
⇀
x i)

⊤, ŷ(t)i = f(W(t),
⇀
x i), and

ft(·) = f(W(t), ·). The matrix ZS(t) ∈ Rmd×n is specified by [ZS(t)][(r−1)d+1:rd]i = 1/
√
m ·

1I{⇀
wr(t)⊤

⇀
x i≥0

}⇀x iar, and P(r0) = UΣ(r0)U⊤ projects onto an r0-dimensional subspace of HS

(absent in vanilla GD). Using symmetric initialization [10, 12] with evenm,
⇀
w2r′(0) ∼ N (0, κ2Id),

a2r′ ∼ unif({−1, 1}), and
⇀
w2r′−1(0) =

⇀
w2r′(0), a2r′−1 = −a2r′ , ensures ŷ(0) = 0. We denote

W(0) = {⇀wr(0)}mr=1, and run Algorithm 1 deferred to Section A of the appendix for T steps.

3.2. Sharp Bound for Regression Risk

The main sharp risk bound is given in Theorem 1 (proved in Section D.2).

Theorem 1 Suppose that n ≥ Θ(log(4/δ) · d2k0), δ ∈ (0, 1), and ct ∈ (0, 1] is an arbitrary
positive constant. Suppose the network width m satisfies

m ≳
( n

dk0

) 25
2
d

5
2 , (5)

and the neural network f(W(t), ·) is trained by GDP using Algorithm 1 with the constant learning
rate η = Θ(1) ∈ (0, 1), and T ≍ n/dk0 . Then for every t ∈ [ctT : T ], with probability at least
1 − δ − exp (−Θ(n)) − 2 exp (−Θ(r0)) − 2/n over the random noise w, the random training
features S and the random initialization W(0), f(W(t), ·) = ft satisfies

EP
[
(ft − f∗)2

]
≲ log

4

δ
·Θ
(
dk0

n

)
. (6)

Here r0 = mk0 = Θ(dk0).

Theorem 1 shows that the neural network (1) trained by GDP via Algorithm 1 achieves a sharp
regression risk rate Θ(log(4/δ) · Θ(dk0/n)) for learning a degree-k0 spherical polynomial. [42]
establishes a minimax lower bound of order Θ(r0/n) as described in Section 2.2. Compared
to this lower bound, our result is nearly minimax optimal up to an additional logarithmic fac-
tor. It follows from (6) that the two-layer NN trained by GDP attains sample complexity n ≍
Θ(log(4/δ) · dk0/ε) for any regression risk ε ∈ (0,Θ(d−k0)], which is significantly smaller than
Θ(dk0 max

{
ε−2, log d

}
) in [24]. We further compare our result with competing approaches for

learning low-degree spherical polynomials in Table 1, focusing on algorithmic guarantees, specifi-
cally, whether a finite-width neural network is trained—and the sharpness of the regression risk.

[24, Theorem 1] shows that achieving regression risk ε > 0 requires sample complexity n ≳
dk0 max

{
ε−2, log d

}
, implying convergence rate Θ(

√
dk0/n) when the risk is below 1/

√
log d.
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Table 1: Comparison between our result and existing works on learning low-degree polynomials
on the spheres of Rd via training over-parameterized neural networks, with or without
algorithmic guarantees. Most results adopt a common setup where f∗ ∈ HK̃ , with K̃
being the NTK of the specific neural network studied in each work, and the responses
{yi}ni=1 are corrupted by i.i.d. Gaussian or sub-Gaussian noise with zero mean; the only
exception is [24], which assumes noise-free responses. It is noted that sample complexity
can be directly derived from the regression risk. The regression risk in [12, Theorem 1] is
characterized for risk below 1/

√
log d, where the meaning of r is given in Section 3.2, and

Θ̃ suppresses a logarithmic factor of log(mnd).

Existing Works and Our Result Finite-Width NN is Trained Sharpness of the Regression Risk

[16, Theorem 4] No
Only matching the lower bound for pointwise kernel learning,

not minimax optimal
[4, Theorem 7] Yes Not minimax optimal
[24, Theorem 1] Yes Θ(

√
dk0/n), not minimax optimal

[12, Theorem 1] Yes L1-norm regression risk Θ̃(
√
drk0/n+

√
rp/m),

not minimax optimal

Our Result (Theorem 1) Yes Nearly minimax optimal, log 6
δ ·Θ

(
dk0
n

)

However, such a rate this is not minimax optimal and is looser than our bound. The two-stage
feature learning method [12] assumes the target depends on r ≪ d directions, so GD confines the
learned function to a rank-r RKHS subspace. Without this limitation (then r = d), its L1-risk [12,
Theorem 1] is at least Θ̃(

√
dk0+1/n). Since Lp-norms increase with p, our L2 bound (Theorem 1)

yields a sharper L1-risk Θ(
√
dk0/n).

Apart from the feature learning methods in Table 1, the statistical learning literature has es-
tablished rich results in the sharp convergence rates for the risk of nonparametric kernel regres-
sion [27, 29, 39, 40]. By training over-parameterized shallow [18, Theorem 5.2] or deep [31,
Theorem 3.11] neural networks with traning features following spherical uniform distribution on
the unit sphere, these results [18, 31] show that minimax optimal rate O(n−d/(2d−1)) is achieved
for the regression risks when the target function is in HK̃(γ0) where K̃ is the NTK of a specific
studied neural studied in each work. As discussed in Section 2.2, because the target function f∗

as a degree-k0 spherical polynomial lies in the union of the eigenspaces up to degree k0, we need
to learn the subspace ∪k0ℓ=0Hℓ of dimension r0 = mk0 instead of the entire RKHS HK(γ0) for
a sharp regression risk. This observation motivates our GDP algorithm, which fits f∗ in an r0-
dimensional subspaceHS,r0 (with r = r0). For r ∈ [n− 1], we write U = [U(r) U(−r)] and define

HS,r :=
{∑n

i=1K(·,⇀x i)αi : α ∈ Span(U(r))
}

, a subspace ofHS of dimension r.

4. Conclusion

We study nonparametric regression by training an over-parameterized two-layer NN where the tar-
get function is in the RKHS associated with the NTK of the neural network and also a degree-k0
spherical polynomial on the unit sphere in Rd. We show that, if the neural network is trained by a
novel Gradient Descent with Projection (GDP), a sharp and nearly minimax optimal rate of the or-
der log(4/δ) ·Θ(dk0/n) can be obtained. A novel proof strategy is employed to achieve this result,
and we compare our results to the current state-of-the-art with a detailed roadmap of our technical
approach.
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The appendix of this paper is organized as follows. We first describe the roadmap of proofs with
our novel proof strategy in Section A. We then present the basic mathematical results employed
in our proofs in Section B, and then introduce the detailed technical background about harmonic
analysis on spheres in Section C. Detailed proofs are presented in Section D. In particular, more
results about the eigenvalue decay rates are presented in Section D.6. The simulation results are
presented in Section E.

Appendix A. Roadmap of Proofs

We present the roadmap of our theoretical results which lead to the main result, Theorem 1, in this
section. We first present in Section A.1 the basic definitions used in our proofs, and then detail the
roadmap and key technical results with our novel proof strategy for this work in Section A.2. The
proof of Theorem 1 is presented in Section D.2. Section D.3 together with the remaining parts of
the appendix present the proofs of the key results in Section A.2.

Algorithm 1 Training the Two-Layer NN by GDP
1: W(T )← Training-by-GDP(T,W(0))
2: input: T,W(0),

⇀
wm+1 = 0, η

3: for t = 1, . . . , T do
4: Perform the t-th step of GDP by (4)
5: end for
6: return W (T ),

⇀
wm+1(T )

A.1. Basic Definitions

We introduce the following definitions for our analysis. We define

u(t) := ŷ(t)− y (7)

as the difference between the network output ŷ(t) and the training response vector y right after the
t-th step of GDP. Let τ ≤ 1 be a positive number. For t ≥ 0 and T ≥ 1 we define the following
quantities: cu := Θ(γ0) + σ0 + τ + 1,

R :=
ηcuT√
m
, (8)

Vt :=
{
v ∈ Rn : v = −

(
In − ηKnP

(r0)
)t
f∗(S)

}
, (9)

Et,τ :=

{
e : e =

⇀
e 1 +

⇀
e 2 ∈ Rn,⇀e 1 = −

(
In − ηKnP

(r0)
)t

w,
∥∥∥⇀e 2

∥∥∥
2
≤
√
nτ

}
. (10)

In particular, Lemma 17 in the appendix shows that with high probability over the random noise w,
the distance of every weighting vector wr(t) to its initialization wr(0) is bounded byR. In addition,
u(t) can be composed into two vectors, u(t) = v(t) + e(t) such that v(t) ∈ Vt and e(t) ∈ Et,τ .
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We then define the set of the neural network weights during the training by GDP using Algorithm 1
as follows:

W(S,W(0), T ) :=

{
W : ∃t ∈ [T ] s.t. vec (W) = vec (W(0))−

t−1∑
t′=0

η

n
ZS(t

′)P(r0)u(t′),

u(t′) ∈ Rn,u(t′) = v(t′) + e(t′),v(t′) ∈ Vt′ , e(t′) ∈ Et′,τ , for all t′ ∈ [0, t− 1]

}
. (11)

We will also show by Lemma 17 that with high probability over w,W(S,W(0), T ) is the set
of the weights of the two-layer NN (1) trained by GDP on the training features S with the random
initialization W(0) and the number of steps of GDP not greater than T . The set of the functions
represented by the neural network with weights inW(S,W(0), T ) is then defined as

FNN(S,W(0), T ) := {ft = f(W(t), ·) : ∃ t ∈ [T ],W(t) ∈ W(S,W(0), T )} . (12)

We also define the function class F(B,w) for any B,w > 0 as

F(B,w,S, r0) := {f : f = h+ e, h ∈ HK(B) ∩HS,r0 , ∥e∥∞ ≤ w} . (13)

We will show by Theorem 2 in the next subsection that with high probability over w,FNN(S,W(0), T )
is a subset of F(B,w,S, r0), where a smaller w requires a larger network width m, and Bh > γ0 is
an absolute positive constant defined by

Bh := γ0 +Θ(1). (14)

A.2. Detailed Roadmap and Key Results

The summary of the approaches and key technical results in the proofs are presented as follows. Our
main result, Theorem 1, is built upon the following three significant technical results of independent
interest.

First, using the novel GDP algorithm and the uniform convergence to the NTK (2) during the
training process by GDP, we can have a nice decomposition of the neural network function at any
step of GDP into a function in a r0-dimensional subspace of the RKHS associated with the NTK
(2), which isHK(Bh) ∩HS,r0 , and an error function with a small L∞-norm. Formally, Theorem 2
states that with high probability over w, FNN(S,W(0), T ) ⊆ F(Bh, w,S, r0).

Theorem 2 Suppose n ≥ Θ(log(2/δ) · d2k0), δ ∈ (0, 1/2), w ∈ (0, 1), the network width m
satisfies

m ≳ max
{
T

15
2 d

5
2 /w5, T

25
2 d

5
2

}
, (15)

and the neural network ft = f(W(t), ·) is trained by GDP using Algorithm 1 with the constant
learning rate η = Θ(1) ∈ (0, 1) and the random initialization W(0) ∈ W0. Then for every t ∈ [T ]
and every δ ∈ (0, 1/2), with probability at least 1 − 2δ − exp (−Θ(n)) − exp (−Θ(r0)) over the
random training features S the random noise w, ft ∈ FNN(S,W(0), T ), and ft has the following
decomposition on X :

ft = ht + et, (16)

where ht ∈ HK(Bh) ∩HS,r0 with Bh defined in (14), et ∈ L∞ with ∥et∥∞ ≤ w.
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In particular, with the uniform convergence by Theorem 13 and the optimization results in
Lemma 17 and Lemma 21 in the appendix, Theorem 2 shows that with high probability, the neural
network function f(W(t), ·) right after the t-th step of GDP can be decomposed into two functions
by f(W(t), ·) = ft = h + e, where h ∈ HK(Bh) ∩ HS,r0 is a function in a subspace of finite
dimension r0 of the RKHS associated with K with a bounded HK-norm. The error function e has
a small L∞-norm, that is, ∥e∥∞ ≤ w with w being a small number controlled by the network width
m, and larger m leads to smaller w.

Second, local Rademacher complexity is employed to tightly bound the risk of nonparametric
regression in Theorem 3 below, which is based on the Rademacher complexity of a localized subset
of the function class F(Bh, w,S, r0) in Lemma 27 deferred the appendix. We use Theorem 2,
Lemma 27, and Lemma 28 deferred to the appendix to prove Theorem 3.

Theorem 3 Suppose n ≥ Θ(log(2/δ) · d2k0), δ ∈ (0, 1/2), w ∈ (0, 1), m satisfies (15), and the
neural network ft = f(W(t), ·) is trained by GDP using Algorithm 1 with the constant learning
rate η = Θ(1) ∈ (0, 1) on the random initialization W(0) ∈ W0. Then for every t ∈ [T ] and every
δ ∈ (0, 1/2), with probability at least 1 − 2δ − exp (−Θ(n)) − 2 exp (−Θ(r0)) over the random
noise w, the random training features S and the random initialization W(0),

EP
[
(ft − f∗)2

]
− 2EPn

[
(ft − f∗)2

]
≲

√
log

2

δ
· d

k0

n
+ w. (17)

Third, we have the following sharp upper bound for the training loss EPn

[
(ft − f∗)2

]
.

Theorem 4 Suppose the neural network trained after the t-th step of GDP, ft = f(W(t), ·), satis-
fies u(t) = ft(S)− y = v(t) + e(t) with v(t) ∈ Vt, e(t) ∈ Et,τ . Let n ≥ Θ(log(2/δ) · d2k0) and
δ ∈ (0, 1/2). If

η ∈ (0, 1), τ ≤
√
dk0

n
, (18)

then for every t ∈ [T ], with probability at least 1 − 2δ − exp (−Θ(r0)) over the random training
features S and the random noise w, we have

EPn

[
(ft − f∗)2

]
≤ Θ

(
γ20
ηt

)
+ γ20 log

2

δ
·Θ
(
dk0

n

)
. (19)

We then obtain Theorem 1 using the upper bound for the regression risk in (17) of Theorem 3 where
w is set to dk0/n, with the empirical loss EPn

[
(ft − f∗)2

]
bounded by Θ(log(2/δ) · dk0/n) with

high probability by Theorem 4.

A.3. Novel Proof Strategy
We remark that the proof strategy of our main result, Theorem 1, summarized above is significantly
different from the existing works in training over-parameterized neural networks for nonparametric
regression with minimax rates [18, 23, 31] and existing works about learning low-degree polynomi-
als [4, 12, 16, 24].

First, GDP is carefully incorporated into the analysis about the uniform convergence results
for NTK, leading to the crucial decomposition of the neural network function ft in Theorem 2. It

12
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is remarked that while existing works such as [23] also has uniform convergence results for over-
parameterized neural network, our results about the uniform convergence (in Section D.1 of the
appendix) do not depend on the Hölder continuity of the NTK.

Second, to the best of our knowledge, Theorem 3 is the first result about the sharp upper bound
of the order Θ(log(2/δ) · dk0/n) (with w = dk0/n) for the regression risk of the neural network
function which has the decomposition in Theorem 2. We note that the RHS of this upper bound (17)
is nearly Θ(dk0/n), which has the expected and the desired order since the target function is in a
r0-dimensional subspace of the RKHSHK(γ0) with r0 = Θ(dk0).

Third, a novel method based on the operator theory in RKHS has been developed to derive
the sharp upper bound for the training loss in Theorem 4. As shown in Theorem 2, the network
function ft at every step t of GDP is approximately a function in the r0-dimensional subspace,
HK(Bh) ∩ HS,r0 . We emphasize that while it is intuitive to only learn the r0-dimensional sub-
space by projection, HK(Bh) ∩ HS,r0 , since the target function lies in that function, it has been
an open problem in the research community how to handle the incurred training loss by such pro-
jection. In particular, as pointed out by the existing work [24], learning in such a subspace leads
to better alignment with the target function f∗, however, such alignment incurs additional training
loss because the network function ft only learns the information in such a subspace of dimen-
sion r0 < n, and the information in the ground truth signal f∗(S) not in the r0-dimensional
subspace is not learned by ft. We manage to show that the information of f∗(S) not in the
r0-dimensional subspace, which is PU(−r0)(f

∗(S)) where PU(−r0) = PSpan(U(r0))⊥ , is sharply

bounded in Lemma 24 of the appendix:
∥∥PU(−r0)(f

∗(S))
∥∥2
2
≤ nγ20 log

2
δ · Θ

(
dk0
n

)
. The proof

of Lemma 24 relies on a novel result in operator theory developed in this work which is of in-
dependent interest in functional analysis. Let

{
Φ(k)

}
k≥0

be an orthonormal basis of the RKHS

HK as an extension of the orthonormal basis of the RKHS HS ⊆ HK ,
{
Φ(k)

}
k∈[0:n−1]

. Us-

ing the bounded Hilbert-Schmidt norm of P TKmk0
− P Tnmk0

, where the two operators are defined as

P TKmk0
h =

∑mk0
−1

j=0 ⟨h, vj⟩H vj , P
Tn
mk0

h =
∑mk0

−1

j=0

〈
h,Φ(j)

〉
HΦ(j) for all h ∈ HK , we can prove

the following theorem showing the bounded projection of f∗ on the eigenfunctions
{
Φ(q)

}
q≥r0 :

Theorem 5 With probability at least 1− δ,
∞∑
q=r0

〈
f∗,Φ(q)

〉2
HK
≤ ζn,γ0,r0,δ :=

32γ20 log 2
δ

(µk0−µk0+1)
2
n

.

Theorem 5 proves Lemma 24, which in turn proves Theorem 4.

A.4. Beyond the Regular NTK Limit

We remark that while an over-parameterized neural network is trained, our result goes beyond the
regular NTK limit due to our new GDP algorithm. As shown in Theorem 2, the novel projection
operator P(r0) in GDP ensures that the neural network function almost lies in a r0-dimensional sub-
space of the RKHS HK(γ0) with r0 = Θ(dk0). Although such projection loses all the information
of the ground truth signal f∗(S) not lying in such a subspace, Theorem 4 shows that such informa-
tion loss due to the projection is small enough to ensure a sharp regression risk bound. In contrast,
the regular NTK-based analysis with vanilla GD must account for all eigenspaces associated with
the NTK, and therefore cannot achieve such a sharp rate.
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Simulation Results. Section E of the appendix provides the simulation results showing that a two-
layer NN (1) trained by GDP always has lower test losses across different training data size than the
vanilla gradient descent for learning a spherical polynomial with degree k0 ∈ {1, 2, 3}.

Appendix B. Mathematical Tools

B.1. Concentration Inequalities for Supremum of Empirical Processes

The Rademacher complexity of a function class and its empirical version are defined below.

Definition 6 Let σ = {σi}ni=1 be n i.i.d. random variables such that Pr[σi = 1] = Pr[σi = −1] =
1
2 . The Rademacher complexity of a function class F is defined as

R(F) = E{
⇀
x i

}n

i=1
,{σi}ni=1

[
sup
f∈F

1

n

n∑
i=1

σif(
⇀
x i)

]
. (20)

The empirical Rademacher complexity is defined as

R̂(F) = E{σi}ni=1

[
sup
f∈F

1

n

n∑
i=1

σif(
⇀
x i)

]
, (21)

For simplicity of notations, Rademacher complexity and empirical Rademacher complexity are also

denoted by E
[
supf∈F

1
n

n∑
i=1

σif(
⇀
x i)

]
and Eσ

[
supf∈F

1
n

n∑
i=1

σif(
⇀
x i)

]
, respectively.

For data
{
⇀
x
}n
i=1

and a function classF , we define the notationRnF byRnF := supf∈F
1
n

n∑
i=1

σif(
⇀
x i).

We have the contraction property for Rademacher complexity, which is due to Ledoux and Tala-
grand [22].

Theorem 7 Let ϕ be a contraction,that is, |ϕ(x)− ϕ(y)| ≤ µ |x− y| for µ > 0. Then, for every
function class F ,

E{σi}ni=1
[Rnϕ ◦ F ] ≤ µE{σi}ni=1

[RnF ] , (22)

where ϕ ◦ F is the function class defined by ϕ ◦ F = {ϕ ◦ f : f ∈ F}.

Definition 8 (Sub-root function,[5, Definition 3.1]) A function ψ : [0,∞)→ [0,∞) is sub-root if
it is nonnegative, nondecreasing and if ψ(r)√

r
is nonincreasing for r > 0.

Theorem 9 ([5, Theorem 3.3]) Let F be a class of functions with ranges in [a, b] and assume
that there are some functional T : F → R+ and some constant B̄ such that for every f ∈ F ,
Var [f ] ≤ T (f) ≤ B̄P (f). Let ψ be a sub-root function and let r∗ be the fixed point of ψ. Assume
that ψ satisfies that, for any r ≥ r∗, ψ(r) ≥ B̄R({f ∈ F : T (f) ≤ r}). Fix x > 0, then for any
K0 > 1, with probability at least 1− e−x,

∀f ∈ F , EP [f ] ≤ K0

K0 − 1
EPn [f ] +

704K0

B̄
r∗ +

x
(
11(b− a) + 26B̄K0

)
n

.

Also, with probability at least 1− e−x,

∀f ∈ F , EPn [f ] ≤
K0 + 1

K0
EP [f ] +

704K0

B̄
r∗ +

x
(
11(b− a) + 26B̄K0

)
n

.
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Appendix C. Detailed Technical Background about Harmonic Analysis on Spheres

In this section, we provide background materials on spherical harmonic analysis needed for our
study of the RKHS. We refer the reader to [9, 15, 32] for further information on these topics. As
mentioned above, expansions in spherical harmonics were used in the past in the statistics literature,
such as [3, 6].

With ℓ ≥ 0, let P (hom)
ℓ denote the space of all the degree-ℓ homogeneous polynomials on X =

Sd−1, and let Hℓ denote the space of degree-ℓ homogeneous harmonic polynomials on X , or the
degree-ℓ spherical harmonics. That is,

Hℓ =

P : X → R : P (x) =
∑
|α|=ℓ

cαx
α,∆P = 0

 , (23)

where α = [α1, . . . , αd], xα =
∏d
i=1 x

αi
i , |α| =

∑d
i=1 αi, and ∆ is the Laplacian operator. For

ℓ ̸= ℓ′, the elements of Hℓ and Hℓ′ are orthogonal to each other. All the functions in the following
text of this section are assumed to be elements ofL2(X , vd−1), where vd−1 standards for the uniform
distribution on the sphere X = Sd−1. We have ⟨f, g⟩L2 :=

∫
X f(x)g(x)dvd−1(x). We denote by

{Ykj}j∈[N(d,k)] the spherical harmonics of degree k which form an orthogonal basis of Hk, where

N(d, k) = 2k+d−2
k

(
k+d−3
d−2

)
is the dimension ofHk. They form a orthonormal basis of L2(X , vd−1).

We have
∑N(d,k)

j=1 Ykj(x)Ykj(x
′) = N(d, k)Pk(⟨x,x′⟩) for all x,x′ ∈ X , where Pk is the k-th

Legendre polynomial in dimension d, which is also known as Gegenbauer polynomials, given by
the Rodrigues formula:

Pk(t) = (−1

2
)k

Γ
(
d−1
2

)
Γ
(
k + d−1

2

) (1− t2)(3−d)/2( d

dt

)k (
1− t2

)k+(d−3)/2
.

The polynomials {Pk} are orthogonal in L2(X , dvd−1) where the measure dvd−1 is given by
dvd−1(t) = (1− t2)(d−3)/2dt, and we have∫ 1

−1
P 2
k (t)(1− t2)(d−3)/2dt =

wd−1

wd−2

1

N(d, k)
,

where wd−1 :=
2πd/2

Γ(d/2) denotes the surface of the unit sphere Sd−1. It follows from the orthogonality
of spherical harmonics that∫

X
Pj(⟨x,w⟩)Pj(

〈
x′,w

〉
)dvd−1(w) =

δjk
N(d, k)

Pk(
〈
x,x′〉),

where δjk = 1I{j=k}. We have the following recurrence relation [15, Equation 4.36],

tPk(t) =
k

2k + d− 2
Pk−1(t) +

k + d− 2

2k + d− 2
Pk+1(t)

for all k ≥ 1, and tP0(t) = P1(t).
The Funk-Hecke formula is helpful for computing Fourier coefficients in the basis of spherical

harmonics in terms of Legendre polynomials. For any j ∈ [N(d, k)], we have∫
X
f(
〈
x,x′〉)Ykj(x′)dvd−1(x

′) =
wd−2

wd−1
Ykj(x)

∫ 1

−1
f(t)Pk(t)(1− t2)(d−3)/2dt.
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For a positive-definite kernel K̃(x,x′) = κ(⟨x,x′⟩) defined on X , we have its Mercer decomposi-
tion as follows.

K̃(x,x′) =
∑
ℓ≥0

µℓ

N(d,ℓ)∑
j=1

Yℓ,j(x)Yℓ,j(x
′) =

∑
ℓ≥0

µℓN(d, ℓ)Pℓ(
〈
x,x′〉),

where µℓ is the eigenvalue of the integral operator TK̃ associated with K̃ corresponding to Hℓ. It
follows that

µℓ =
wd−2

wd−1

∫ 1

−1
κ(t)Pℓ(t)(1− t2)(d−3)/2dt.

The above equation will be used to compute the eigenvalues of the PSD kernels define in (2) in
Section D.6 of this appendix.

Proposition 10 ([20, Theorem 4.2]) Let p ∈ P (hom)
ℓ . Then there exists unique hn−2i ∈ Hn−2i for

i ∈ {0, 1, . . . , ⌊n/2⌋} such that

p(x) = hn + hn−2 + . . .+ hn−2k.

Theorem 11 Every polynomial p defined on Sd−1 of degree k for k ≥ 0 can be represented as a
linear combination of homogeneous harmonic polynomials up to degree k, that is,

p =
k∑
i=0

cipi,

where pi ∈ Hi for i ∈ {0, 1, . . . , k}.

Proof Every polynomial p defined on Sd−1 of degree k can be represented as the sum of homo-
geneous polynomials on Sd−1 by grouping the terms of p of the same degree together. It follows
from Proposition 10 that every homogeneous polynomial is a linear combination of homogeneous
harmonic polynomials up to degree k. As a result, the conclusion holds.

Lemma 12 (Estimation for r0 = mk0) For k0 = Θ(1) and d > Θ(1), we have

r0 = Θ(dk0). (24)

Proof It follows from the direct calculation that N(d, ℓ) ≍ dℓ under the given conditions, so that
r0 =

∑k0
ℓ=0N(d, ℓ) ≍ dk0 .

Appendix D. Detailed Proofs

In Section D.4, we present the proofs of Theorem 4, and the lemmas required for the proofs in
Section D.3.
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D.1. Uniform Convergence to the NTK (2) and More

We define the following functions with W = {wr}mr=1:

h(w,u,v) := 1I{w⊤u≥0}1I{w⊤v≥0}, ĥ(W,u,v) :=
1

m

m∑
r=1

h(
⇀
wr,u,v), (25)

vR(w,u) := 1I{|w⊤u|≤R}, v̂R(W,u) :=
1

m

m∑
r=1

vR(
⇀
wr,u), (26)

where u,v ∈ Rd. Then we have the following theorem stating the uniform convergence of ĥ(W(0), ·, ·)
to K(·, ·) and uniform convergence of v̂R(W(0), ·) to 2R√

2πκ
for a positive number R ≲ ηT/

√
m,

and R is formally defined in (8). It is remarked that while existing works such as [23] also has
uniform convergence results for over-parameterized neural network, our result does not depend on
the Hölder continuity of the NTK.

Theorem 13 The following results hold with η ≲ 1, m ≳ max
{
n2/d,Θ(T

5
3 )
}

, and m/ logm ≥
d.

(1) With probability at least 1− 1/n over the random initialization W(0) =
{
⇀
wr(0)

}m
r=1

,

sup
u∈X ,v∈X

∣∣∣K(α)(u,v)− ĥ(W(0),u,v)
∣∣∣ ≤ C1(m/2, d, 1/n) ≲

√
d logm

m
,α ∈ {0, 1} . (27)

(2) With probability at least 1− 1/n over the random initialization W(0) =
{
⇀
wr(0)

}m
r=1

,

sup
u∈X

v̂R(W(0),u) ≤ 2R√
2πκ

+ C2(m/2, d, 1/n) ≲
√
dm− 1

5T
1
2 , (28)

where C1(m/2, d, 1/n), C2(m/2, d, 1/n) are two positive numbers depending on (m, d, n), with
their formal definitions deferred to (36) and (38) in Section D.3.

Proof This theorem follows from Theorem 15 and Theorem 16 in Section D.3. We note that

ĥ(W,u,v) =
1

m

m∑
r=1

h(
⇀
wr,u,v) =

1

m/2

m/2∑
r′=1

h(
⇀
w2r′(0),u,v),

then the first bound part (1) forK(0) directly follows from Theorem 15. Moreover, sinceK(1)(u,v) =
u⊤vK(0)(u,v), we have∣∣∣K(1)(u,v)− u⊤v · ĥ(W(0),u,v)

∣∣∣ ≤ sup
u∈X ,v∈X

∣∣∣K(0)(u,v)− ĥ(W(0),u,v)
∣∣∣ ,

which leads to the second bound in part (1) for K(1). Part (2) directly follows from Theorem 16.

We define

W0 := {W(0) : (27), (28) hold} (29)

17
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as the set of all the good random initializations which satisfy (27) and (28) in Theorem 13. Theo-
rem 13 shows that we have good random initialization with high probability, that is, Pr [W(0) ∈ W0] ≥
1− 2/n. When W(0) ∈ W0, the uniform convergence results, (27) and (28), hold with high prob-
ability, which is important for the analysis of the training dynamics of the two-layer NN (1) by
GD.

D.2. Proofs for the Main Result, Theorem 1

Proof [Proof of Theorem 1] We use Theorem 3 and Theorem 4 to prove this theorem.
First of all, it follows by Theorem 4 that with probability at least 1 − 2δ − exp (−Θ(r0)) over

S and w,

EPn

[
(ft − f∗)2

]
≤ Θ

(
γ20
ηt

)
+ γ20 log

2

δ
·Θ
(
dk0

n

)
.

Plugging such bound for EPn

[
(ft − f∗)2

]
in (17) of Theorem 3 leads to

EP
[
(ft − f∗)2

]
≲ Θ

(
γ20
ηt

)
+ log

2

δ
· d

k0

n
+ w. (30)

Due to the definition of T ≍ n/dk0 , we have

1

ηt
≍ 1

ηT
≍ dk0

n
. (31)

We also have Pr [W0] ≥ 1 − 2/n. Let w = dk0/n, then that w ∈ (0, 1) with n > dk0 . (6) then
follows from (30) with w = dk0/n, (31) and the union bound. We note that cu is bounded by a
positive constant, so that the condition on m in (15) in Theorem 2, together with w = dk0/n and
(31) leads to the condition on m in (5).

D.3. Proofs for Results in Section A.2

We present our key technical results regarding optimization and generalization of the two-layer NN
(1) trained by GDP in this section. The following theorem,

Theorem 14 Suppose K is a continuous and positive definite kernel on X × X , and the target
function f∗ ∈ HK(γ0) is spanned by the orthogonal set {vj}r0−1

j=0 in the first k0 eigenspaces of TK
with k0 ≥ 1 and r0 = mk0 . That is,

f∗ =

r0−1∑
j=0

βjvj ,

r0−1∑
j=0

β2j ≤ γ20 . (32)

Then with probability at least 1− δ over the random training features S,

∞∑
q=r0

〈
f∗,Φ(q)

〉2
HK

≤
32γ20 log

2
δ

(µk0 − µk0+1)
2 n

:= ζn,γ0,r0,δ. (33)

18
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Similarly, for every f ∈ F(Bh, w,S, r0), with probability at least 1 − δ over the random training
features S,

∞∑
q=r0

⟨f, vq⟩2HK
≤ ζn,Bh,r0,δ. (34)

D.3.1. RESULTS ABOUT UNIFORM CONVERGENCE

We have the following two theorems, Theorem 15 and Theorem 16, regarding the uniform conver-
gence to the PSD kernel K(0) defined in (2) and the uniform convergence of v̂R to 2R√

2πκ
on the unit

sphere X .

Theorem 15 (Adapted from [37, Theorem 6.1],[38, Theorem VI.7]) Let W(0) =
{
⇀
wr(0)

}m
r=1

,

where each
⇀
wr(0) ∼ N (0, κ2Id) for r ∈ [m]. Then for any δ ∈ (0, 1), with probability at least

1− δ over W(0),

sup
u∈X ,v∈X

∣∣∣K(0)(u,v)− ĥ(W(0),u,v)
∣∣∣ ≤ C1(m, d, δ), (35)

where

C1(m, d, δ) :=
1√
m

(
6(1 + 2B

√
d) +

√
2 log

(1 + 2m)2d

δ

)
+

7log (1+2m)2d

δ

3m
, (36)

and B is an absolute positive constant. In addition, when m ≳ n1/(2d), m/ logm ≥ d, and

δ ≍ 1/n, C1(m, d, δ) ≲
√

d logm
m + d logm

m ≲
√

d logm
m .

Theorem 16 ([37, Theorem 6.1],[38, Theorem VI.8]) Let W(0) =
{
⇀
wr(0)

}m
r=1

, where each
⇀
wr(0) ∼ N (0, κ2Id) for r ∈ [m]. Suppose η ≲ 1, m ≳ 1. Then for any δ ∈ (0, 1), with
probability at least 1− δ over W(0),

sup
x∈X

∣∣∣∣v̂R(W(0),x)− 2R√
2πκ

∣∣∣∣ ≤ C2(m, d, δ), (37)

where

C2(m, d, δ) := 3

√
d

κ
m− 1

5T
1
2 +

√
2log (1+2

√
m)d

δ

m
+

7log (1+2
√
m)d

δ

3m
. (38)

In addition, when m ≳ n2/d, m/ logm ≥ d, and δ ≍ 1/n, C2(m, d, δ) ≲
√
dm− 1

5T
1
2 .

D.3.2. PROOF OF THEOREM 2

We prove Theorem 2 in this subsection. The proof requires the following theorem, Lemma 17,
about our main result about the optimization of the network (1). Lemma 17 states that with high
probability over the random noise w, the weights of the network W(t) obtained right after the t-th
step of GD using Algorithm 1 belongs toW(S,W(0), T ). Furthermore, every weighing vector wr

has bounded distance to the initialization wr(0). The proof of Lemma 17 is based on Lemma 18,
Lemma 19, and Lemma 20 deferred to Section D.4 of the appendix.
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Lemma 17 Suppose δ ∈ (0, 1/2),

m ≳ T
15
2 d

5
2 /τ5, (39)

the neural network f(W(t), ·) trained by GDP using Algorithm 1 with the constant learning rate
η = Θ(1) ∈ (0, 1), the random initialization W(0) ∈ W0. Then for every δ ∈ (0, 1/2) with
probability at least 1−2δ−exp (−Θ(n)) over the random training features S and the random noise
w, W(t) ∈ W(S,W(0), T ) for every t ∈ [T ]. Moreover, for every t ∈ [0, T ], u(t) = v(t) + e(t)

where u(t) = ŷ(t)− y, v(t) ∈ Vt, e(t) ∈ Et,τ , ∥u(t)∥2 ≤ cu
√
n, and

∥∥∥⇀wr(t)−
⇀
wr(0)

∥∥∥
2
≤ R.

Proof [Proof of Theorem 2] In this proof we abbreviate ft as f and W(t) as W. It follows
from Lemma 17 and its proof that conditioned on an event Ω with probability at least 1 − 2δ −
exp (−Θ(n)), f ∈ FNN(S,W(0), T ) with W(0) ∈ W0. Moreover, f = f(W, ·) with W ={
⇀
wr

}m
r=1
∈ W(S,W(0), T ), and vec (W) = vec (WS) = vec (W(0))−

∑t−1
t′=0 η/n ·ZS(t

′)u(t′)

for some t ∈ [T ], where u(t′) ∈ Rn,u(t′) = v(t′) + e(t′) with v(t′) ∈ Vt′ and e(t′) ∈ Et′,τ for all

t′ ∈ [0, t − 1]. It also follows from Lemma 17 that conditioned on Ω,
∥∥∥⇀wr(t)−

⇀
wr(0)

∥∥∥
2
≤ R for

all t ∈ [T ].
⇀
wr is expressed as

⇀
wr =

⇀
wS,r(t) =

⇀
wr(0)−

t−1∑
t′=0

η

n

[
ZS(t

′)
]
[(r−1)d+1:rd]

P(r0)u(t′), (40)

where the notation
⇀
wS,r emphasizes that

⇀
wr depends on the training features S. We define the event

Er(R) :=
{∣∣∣⇀wr(0)

⊤x
∣∣∣ ≤ R} , Ēr(R) :=

{∣∣∣⇀wr(0)
⊤x
∣∣∣ > R

}
, r ∈ [m].

We now approximate f(W,x) by g(x) := 1√
m

∑m
r=1 ar1I

{
⇀
wr(0)⊤x≥0

}⇀w⊤
r x. We have

|f(W,x)− g(x)| = 1√
m

∣∣∣∣∣
m∑
r=1

arσ
(
⇀
w

⊤
r x
)
−

m∑
r=1

ar1I{⇀
wr(0)⊤x≥0

}⇀w⊤
r x

∣∣∣∣∣
≤ 1√

m

m∑
r=1

∣∣∣∣ar (1I{Er(R)} + 1I{Ēr(R)}
)(

σ
(
⇀
w

⊤
r x
)
− 1I{⇀

wr(0)⊤x≥0
}⇀w⊤

r x

)∣∣∣∣
=

1√
m

m∑
r=1

1I{Er(R)}

∣∣∣∣σ (⇀w⊤
r x
)
− 1I{⇀

wr(0)⊤x≥0
}⇀w⊤

r x

∣∣∣∣
=

1√
m

m∑
r=1

1I{Er(R)}

∣∣∣∣σ (⇀w⊤
r x
)
− σ

(
⇀
wr(0)

⊤x
)
− 1I{⇀

wr(0)⊤x≥0
}(⇀wr −

⇀
wr(0))

⊤x

∣∣∣∣
≤ 2R√

m

m∑
r=1

1I{Er(R)}, (41)
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where first inequality follows from 1I{Ēr(R)}

(
σ
(
⇀
w

⊤
r x
)
− 1I{⇀

wr(0)⊤x≥0
}⇀w⊤

r x

)
= 0. Plugging

R = ηcuT√
m

in (41), since W(0) ∈ W0, we have

sup
x∈X
|f(W,x)− g(x)| ≤ 2ηcuT ·

1

m

m∑
r=1

1I{Er(R)} ≤ 2ηcuT

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
.

(42)

Using (40), g(x) is expressed as

g(x)

=
1√
m

m∑
r=1

arσ(
⇀
wr(0)

⊤x)−
t−1∑
t′=0

1√
m

m∑
r=1

1I{⇀
wr(0)⊤x≥0

} (η
n

[
ZS(t

′)
]
[(r−1)d+1:rd]

P(r0)u(t′)
)⊤

x

1⃝
= −

t−1∑
t′=0

η

nm

m∑
r=1

1I{⇀
wr(0)⊤x≥0

} n∑
j=1

1I{⇀
wr(t′)⊤

⇀
x j≥0

} [P(r0)u(t′)
]
j

⇀
x
⊤
j x︸ ︷︷ ︸

:=Gt′ (x)

, (43)

where 1⃝ follows from the fact that 1√
m

∑m
r=1 arσ(

⇀
wr(0)

⊤x) = f(W(0),x) = 0 due to the partic-
ular initialization of the two-layer NN (1). For each Gt′ in the RHS of (43), we have

Gt′(x)
2⃝
=

η

nm

m∑
r=1

1I{⇀
wr(0)⊤x≥0

} n∑
j=1

(
dt′,r,j + 1I{⇀

wr(0)⊤
⇀
x j≥0

})[P(r0)u(t′)
]
j

⇀
x
⊤
j x

3⃝
=
η

n

n∑
j=1

K(x,
⇀
xj)

[
P(r0)u(t′)

]
j
+
η

n

n∑
j=1

qj

[
P(r0)u(t′)

]
j︸ ︷︷ ︸

:=E1(x)

+
η

nm

m∑
r=1

1I{⇀
wr(0)⊤x≥0

} n∑
j=1

dt′,r,j

[
P(r0)u(t′)

]
j

⇀
x
⊤
j x︸ ︷︷ ︸

:=E2(x)

. (44)

where dt′,r,j := 1I{⇀
wr(t′)⊤

⇀
x j≥0

}−1I{⇀
wr(0)⊤

⇀
x j≥0

} in 2⃝, and qj := ĥ(W(0),
⇀
xj ,x)−K(

⇀
xj ,x) for

all j ∈ [n] in 3⃝. We now analyze each term on the RHS of (44). Let h(·, t′) : X → R be defined by

h(x, t′) := η
n

n∑
j=1

K(x,
⇀
xj)

[
P(r0)u(t′)

]
j
, then h(·, t′) ∈ HS,r0 for each t′ ∈ [0, t − 1]. We further

define

ht(·) :=
t−1∑
t′=0

h(·, t′) ∈ HK , (45)

Since W(0) ∈ W0, qj ≤ C1(m/2, d, 1/n) for all j′ ∈ [n] with C1(m/2, d, 1/n) defined in (36).
Moreover, u(t′) ≤ cu

√
n with high probability, so that we have

∥E1∥∞ =

∥∥∥∥∥∥ηn
n∑
j=1

qjuj(t
′)

∥∥∥∥∥∥
∞

≤ η

n

∥∥u(t′)∥∥
2

√
nC1(m/2, d, 1/n) ≤ ηcuC1(m/2, d, 1/n). (46)
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We now bound the last term on the RHS of (44). Define X′ ∈ Rd×n with its j-column being
X′[j] = 1

m

∑m
r=1 1I

{
⇀
wr(0)⊤x≥0

}dt′,r,j⇀xj for all j ∈ [n], then E2(x) =
η
n

(
X′P(r0)u(t′)

)⊤
x.

We need to derive the upper bound for ∥X′∥2. Because
∥∥∥⇀wr(t

′)− ⇀
wr(0)

∥∥∥
2
≤ R, it follows that

1I{⇀
wr(t′)⊤

⇀
x j≥0

} = 1I{⇀
wr(0)⊤

⇀
x j≥0

} when
∣∣∣⇀wr(0)

⊤⇀xj

∣∣∣ > R for all j ∈ [n]. Therefore,

∣∣dt′,r,j′∣∣ = ∣∣∣∣1I{⇀
wr(t′)⊤

⇀
x j≥0

} − 1I{⇀
wr(0)⊤

⇀
x j≥0

}∣∣∣∣ ≤ 1I{∣∣∣⇀wr(0)⊤
⇀
x j

∣∣∣≤R},
and it follows that∣∣∣∣ m∑

r=1
1I{⇀

wr(0)⊤
⇀
x i≥0

}dt′,r,j
∣∣∣∣

m
≤

m∑
r=1

∣∣dt′,r,j∣∣
m

≤

m∑
r=1

1I{∣∣∣⇀wr(0)⊤
⇀
x j

∣∣∣≤R}
m

= v̂R(W(0),
⇀
xj)

≤ 2R√
2πκ

+ C2(m/2, d, 1/n), (47)

where v̂R is defined by (26), and the last inequality follows from Theorem 16.
It follows from (47) that ∥X′∥2 ≤

√
n
(

2R√
2πκ

+ C2(m/2, d, 1/n)
)

, and we have

∥E2(x)∥∞ ≤
η

n

∥∥X′∥∥
2

∥∥∥P(r0)
∥∥∥
2

∥∥u(t′)∥∥
2
∥x∥2 ≤ ηcu

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
. (48)

Combining (44), (46), and (48), for any t′ ∈ [0, t− 1],

sup
x∈X

∣∣Gt′(x)− h(x, t′)∣∣ ≤ ∥E1∥∞ + ∥E2∥∞

≤ ηcu
(
C1(m/2, d, 1/n) +

2R√
2πκ

+ C2(m/2, d, 1/n)

)
. (49)

Define et(x′) = f(W,x′)−ht(x′) for x′ ∈ X , and et(x′) = 0 for x ∈ X \X . It then follows from
(42), (43), and (49) that

∥et∥∞ ≤ sup
x∈X
|f(W,x)− g(x)|+ sup

x∈X
|g(x)− ht(x)|

≤ sup
x∈X
|f(W,x)− g(x)|+

t−1∑
t′=0

sup
x∈X

∣∣Gt′(x)− h(x, t′)∣∣
4⃝
≤ 2ηcuT

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
+ ηcuT

(
C1(m/2, d, 1/n) +

2R√
2πκ

+ C2(m/2, d, 1/n)

)
≤ ηcuT

(
C1(m/2, d, 1/n) + 3

(
2R√
2πκ

+ C2(m/2, d, 1/n)

))
:= ∆m,n,η,T , (50)

where 4⃝ follows from (42) and (49). We now give an estimate for ∆m,n,η,T . Since W(0) ∈ W0, it
follows from Theorem 13 that

∆m,n,η,T ≲
√
dm− 1

5T
3
2 .
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It follows that, for any w ∈ (0, 1), when m ≳ T
15
2 d

5
2 /w5, we have ∆m,n,η,T ≤ w.

It follows from Lemma 21 that with probability at least 1 − δ − exp (−Θ(r0)) over S,w
∥ht∥HK

≤ Bh, where Bh is defined in (14), and τ is required to satisfy τ ≤ 1/(ηT ). Since
h(x, t′) ∈ HS,r0 for all t′ ∈ [0, t − 1], ht ∈ HS,r0 , so that ht ∈ HK(Bh) ∩ HS,r0 . Lemma 17
requires that m ≳ T

15
2 d

5
2 /τ5. As a result, we also have m ≳ T

25
2 d

5
2 .

D.3.3. PROOF OF THEOREM 3

We prove Theorem 3 using Theorem 2, Lemma 27, and Lemma 28.
Proof [Proof of Theorem 3]

It follows from Lemma 17 and Theorem 2 that for every t ∈ [T ], conditioned on an event Ω
with probability at least 1 − 3δ − exp (−Θ(n)) − exp (−Θ(r0)) over S and w, we have W(t) ∈
W(S,W(0), T ), and f(W(t), ·) = ft ∈ FNN(S,W(0), T ). Moreover, conditioned on the event
Ω, ft ∈ F(Bh, w,S, r0), ft = ht+ et where ht ∈ HK(Bh)∩HS,r0 and et ∈ L∞ with ∥et∥∞ ≤ w.
We then derive the sharp upper bound for EP

[
(ft − f∗)2

]
by applying Theorem 9 to the function

class F =
{
F = (f − f∗)2 : f ∈ F(Bh, w,S, r0)

}
.

Since B0 := (Bh + γ0) + 1 ≥ (Bh + γ0) + w, we have ∥F∥∞ ≤ B2
0 with F ∈ F , so that

EP
[
F 2
]
≤ B2

0EP [F ]. Let T (F ) = B2
0EP [F ] for F ∈ F . Then Var [F ] ≤ EP

[
F 2
]
≤ T (F ) =

B2
0EP [F ]. We have

B2
0R ({F ∈ F : T (F ) ≤ r}) = B2

0R

({
(f − f∗)2 : f ∈ F(Bh, w,S, r0),EP

[
(f − f∗)2

]
≤ r

B2
0

})
1⃝
≤ 2B3

0R

({
f − f∗ : f ∈ F(Bh, w,S, r0),EP

[
(f − f∗)2

]
≤ r

B2
0

})
2⃝
≤ 2B3

0

√
log

2

δ
·Θ
(
dk0

n

)
+ 2B2

0

√
rr0
n

+ 4B3
0w. := ψ(r). (51)

Here 1⃝ is due to the contraction property of Rademacher complexity in Theorem 7. 2⃝ holds with
probability at least 1 − δ over S, following from Lemma 27. ψ is a sub-root function since it is
nonnegative, nondecreasing and ψ(r)/

√
r is nonincreasing. Let r∗ be the fixed point of ψ, and r be

any nonnegative number such that 0 ≤ r ≤ r∗. It follows from [5, Lemma 3.2] that 0 ≤ r ≤ ψ(r).
Therefore, by the definition of ψ in (51), we have

r ≲
r0
n

+

√
log

2

δ
· d

k0

n
+ w ≲

√
log

2

δ
· d

k0

n
+ w (52)

since r0 = Θ(dk0) and B0 = Θ(1). It then follows from Theorem 9 that with probability at least
1− exp(−x) over the random training features S,

EP
[
(ft − f∗)2

]
− K0

K0 − 1
EPn

[
(ft − f∗)2

]
−
x
(
11B2

0 + 26B2
0K0

)
n

≤ 704K0

B2
0

·B4
0r

∗, (53)

or

EP
[
(ft − f∗)2

]
− 2EPn

[
(ft − f∗)2

]
≲ r∗ +

x

n
, (54)
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with K0 = 2 in (53). It follows from (52) and (54) that

EP
[
(ft − f∗)2

]
− 2EPn

[
(ft − f∗)2

]
≲

√
log

2

δ
· d

k0

n
+ w +

x

n
,

which proves (17) with x = dk0 .

Proof [Proof of Theorem 4]
We have

ft(S) = f∗(S) +w + v(t) + e(t), (55)

where v(t) ∈ Vt, e(t) ∈ Et,τ , e(t) =
⇀
e 1(t) +

⇀
e 2(t) with v(t) = −

(
In − ηKnP

(r0)
)t
f∗(S),

⇀
e 1(t) = −

(
In − ηKnP

(r0)
)t
w and

∥∥∥⇀e 2(t)
∥∥∥
2
≤
√
nτ . Since λ̂1 ∈ (0, 1), we have ηλ̂1 ∈ (0, 1)

if η ∈ (0, 1). We use the simplified notations PU(r0) = PSpan(U(r0)) and PU(−r0) = PSpan(U(r0))⊥ ,
we then have

ft(S)− y = ft(S)− PU(r0) (f
∗(S) +w)− PU(−r0) (f

∗(S) +w)

= PU(r0) (v(t) + e(t)) + PU(−r0) (v(t) + e(t))

= PU(r0) (v(t) + e(t))− PU(−r0) (f
∗(S)) +w) + PU(−r0)(

⇀
e 2(t)). (56)

It follows from (56) that ft(S)−PU(r0) (f
∗(S) +w) = PU(r0) (v(t) + e(t)) +PU(−r0)(

⇀
e 2(t)), or

equivalently,

ft(S) = PU(r0)(ft(S)) + PSpan(U(r0))⊥(ft(S)) (57)

with

PU(r0)(ft(S)) = PU(r0) (f
∗(S) + v(t) +w + e(t)) ,

PSpan(U(r0))⊥(ft(S)) = PU(−r0)(
⇀
e 2(t)).

It follows from (57) that

EPn

[
(ft − f∗)2

]
=

1

n
∥ft(S)− f∗(S)∥22 =

1

n
∥ft(S)− PU(r0)(f∗(S))− PU(−r0)(f∗(S))∥22

=
1

n
∥PU(r0)(v(t) +w + e(t))∥22 +

1

n

∥∥∥PU(−r0)(
⇀
e 2(t)− f∗(S))

∥∥∥2
2

1⃝
≤ 3

n

r0∑
i=1

(
1− ηλ̂i

)2t [
U(r0)

⊤
f∗(S)

]2
i
+

3

n

r0∑
i=1

(
1−

(
1− ηλ̂i

)t)2 [
U(r0)

⊤
w
]2
i

+
2

n
∥PU(−r0)(f∗(S))∥22 + 5τ2

2⃝
≤ 3γ20

2eηt
+

3

n

∥∥∥U(r0)
⊤
w
∥∥∥2
2
+ γ20 log

2

δ
·Θ
(
dk0

n

)
+ 5τ2

3⃝
≤ Θ

(
γ20
ηt

)
+

3r0(σ
2
0 + 1)

n
+ γ20 log

2

δ
·Θ
(
dk0

n

)
,
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which completes the proof. Here 1⃝ follows by Cauchy-Scharz inequality and
∥∥∥⇀e 2(t)

∥∥∥
2
≤
√
nτ ,

and 2⃝ follows from Lemma 22 since f∗ ∈ F∗ ⊆ HK(r0)(γ0) ⊆ HK(γ0), Lemma 23, and (100) in
Lemma 24 which holds with probability at least 1−2δ. It follows from the concentration inequality
about quadratic forms of sub-Gaussian random variables in [34] that

Pr
[∥∥∥U(r0)⊤w

∥∥∥2
2
− E

[∥∥∥U(r0)⊤w
∥∥∥2
2

]
> r0

]
≤ exp (−Θ(r0)) ,

so that with probability at least 1− exp (−Θ(r0)),∥∥∥U(r0)⊤w
∥∥∥2
2
≤ E

[∥∥∥U(r0)⊤w
∥∥∥2
2

]
+ r0 ≤ σ20tr

(
U(r0)U(r0)⊤

)
+ r0 = r0(σ

2
0 + 1), (58)

which leads to 3⃝ with τ =
√
dk0/n.

D.4. Proof of the Lemmas Required for the Proofs in Section D.3

Proof [Proof of Lemma 17]
First, when m ≳ T

15
2 d

5
2 /τ5 with a proper constant, it can be verified that Em,n,η,R ≤ τ

√
n/T

where Em,n,η,R is defined by (67) of Lemma 19. Also, Theorem 15 and Theorem 16 hold when
(39) holds. We then use mathematical induction to prove this theorem. We will first prove that
u(t) = v(t) + e(t) where v(t) ∈ Vt, e(t) ∈ Et,τ , and ∥u(t)∥2 ≤ cu

√
n for for all t ∈ [0, T ].

When t = 0, we have

u(0) = −y = v(0) + e(0), (59)

where v(0) := −f∗(S) = −
(
I− ηKnP

(r0)
)0
f∗(S), e(0) = −w =

⇀
e 1(0)+

⇀
e 2(0) with

⇀
e 1(0) =

−
(
I− ηKnP

(r0)
)0

w and
⇀
e 2(0) = 0. Therefore, v(0) ∈ V0 and e(0) ∈ E0,τ . Also, it follows

from the proof of Lemma 18 that ∥u(0)∥2 ≤ cu
√
n with probability at least 1− exp (−Θ(n)) over

the random noise w.
Suppose that for all t1 ∈ [0, t] with t ∈ [0, T − 1], u(t1) = v(t1) + e(t1) where v(t1) ∈ Vt1 ,

and e(t1) =
⇀
e 1(t1) +

⇀
e 2(t1) with v(t1) ∈ Vt1 and e(t1) ∈ Et1,τ for all t1 ∈ [0, t]. Then it follows

from Lemma 19 that the recursion u(t′ + 1) =
(
I− ηKnP

(r0)
)
u(t′) + E(t′ + 1) holds for all

t′ ∈ [0, t]. As a result, we have

u(t+ 1) =
(
I− ηKnP

(r0)
)
u(t) +E(t+ 1)

= −
(
I− ηKnP

(r0)
)t+1

f∗(S)− (I− ηKn)
t+1w +

t+1∑
t′=1

(
I− ηKnP

(r0)
)t+1−t′

E(t′)

= v(t+ 1) + e(t+ 1), (60)

where v(t+ 1) and e(t+ 1) are defined as

v(t+ 1) := −
(
I− ηKnP

(r0)
)t+1

f∗(S) ∈ Vt+1, (61)
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e(t+ 1) := −
(
I− ηKnP

(r0)
)t+1

w︸ ︷︷ ︸
⇀
e 1(t+1)

+
t+1∑
t′=1

(
I− ηKnP

(r0)
)t+1−t′

E(t′)︸ ︷︷ ︸
⇀
e 2(t+1)

. (62)

We now prove the upper bound for
⇀
e 2(t+1). With η ∈ (0, 2), we have

∥∥I− ηKnP
(r0)
∥∥
2
∈ (0, 1).

It follows that ∥∥∥⇀e 2(t+ 1)
∥∥∥
2
≤

t+1∑
t′=1

∥∥∥I− ηKnP
(r0)
∥∥∥t+1−t′

2

∥∥E(t′)
∥∥
2
≤ τ
√
n, (63)

where the last inequality follows from the fact that ∥E(t)∥2 ≤ Em,n,η,R ≤ τ
√
n/T for all t ∈ [T ].

It follows that e(t + 1) ∈ Et+1,τ . Also, it follows from Lemma 18 that with probability at least
1− 2δ − exp (−Θ(n)) over S and w,

∥u(t+ 1)∥2 ≤ ∥v(t+ 1)∥2 +
∥∥∥⇀e 1(t+ 1)

∥∥∥
2
+
∥∥∥⇀e 2(t+ 1)

∥∥∥
2

≤
(

γ0√
2eη

+ σ0 + τ + 1

)√
n ≤ cu

√
n.

The above inequality completes the induction step, which also completes the proof. It is noted that∥∥∥⇀wr(t)−
⇀
wr(0)

∥∥∥
2
≤ R holds for all t ∈ [T ] by Lemma 20.

Lemma 18 Let 0 ≤ t ≤ T , v = −
(
I− ηKnP

(r0)
)t
f∗(S), e = −

(
I− ηKnP

(r0)
)t
w, and

η ∈ (0, 1). Suppose δ ∈ (0, 1/2), then with probability at least 1 − 2δ − exp (−Θ(n)) over the
random training features S and the random noise w,

∥v∥2 + ∥e∥2 ≤ (Θ(γ0) + σ0 + 1) ·
√
n. (64)

Proof When t ∈ [T ], we have

∥v∥22 =
n∑
i=1

(
1− ηλ̂i

)2t [
U⊤f∗(S)

]2
i

=

r0∑
i=1

(
1− ηλ̂i

)2t [
U⊤f∗(S)

]2
i
+

n∑
i=r0+1

(
1− ηλ̂i

)2t [
U⊤f∗(S)

]2
i

≤
n∑
i=1

(
1− ηλ̂i

)2t [
U⊤f∗(S)

]2
i
+
∥∥PU(−r0)(f

∗(S))
∥∥2
2

1⃝
≤

n∑
i=1

1

2eηλ̂it

[
U⊤f∗(S)

]2
i
+ nγ20 log

2

δ
·Θ
(
dk0

n

)
2⃝
≤ nγ20

2eηt
+ nγ20 log

2

δ
·Θ
(
dk0

n

)
≤ γ20

2eη
· n. (65)
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Here 1⃝ follows from Lemma 23 and (100) in Lemma 24 which holds with probability at least
1 − 2δ, 2⃝ follows by Lemma 22 since f∗ ∈ F∗ ⊆ HK(r0)(γ0) ⊆ HK(γ0). Moreover, it follows
from the concentration inequality about quadratic forms of sub-Gaussian random variables in [34]

that Pr{∥w∥22 − E
[
∥w∥22

]
> n} ≤ exp (−Θ(n)), so that ∥e∥2 ≤ ∥w∥2 ≤

√
E
[
∥w∥22

]
+
√
n =

√
n(σ0+1) with probability at least 1−exp (−Θ(n)). As a result, (64) follows from this inequality

and (65) for t ≥ 1. When t = 0, ∥v∥2 ≤ γ0
√
n, so that (64) still holds.

Lemma 19 Let 0 < η < 1, 0 ≤ t ≤ T − 1 for T ≥ 1, and suppose that ∥ŷ(t′)− y∥2 ≤ cu
√
n

holds for all 0 ≤ t′ ≤ t and the random initialization W(0) ∈ W0. Then

ŷ(t+ 1)− y = (I− ηKn) (ŷ(t)− y) +E(t+ 1), (66)

where ∥E(t+ 1)∥2 ≤ Em,n,η,R, and Em,n,η,R is defined by

Em,n,η,R := ηcu
√
n

(
4

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
+ 2C1(m/2, d, 1/n)

)
≲
√
dnm− 1

5T
1
2 .

(67)

Proof
Because ∥ŷ(t′)− y∥2 ≤

√
ncu holds for all t′ ∈ [0, t], by Lemma 20, we have∥∥∥⇀wr(t
′)− ⇀

wr(0)
∥∥∥
2
≤ R, ∀ 0 ≤ t′ ≤ t+ 1. (68)

We define H(0) := F(W(0),S)F(W(0),S)⊤/m ∈ Rn×n. We also define two sets of indices

Ei,R :=
{
r ∈ [m] :

∣∣∣wr(0)
⊤⇀x i

∣∣∣ > R
}
, Ēi,R := [m] \ Ei,R,

then we have

ŷi(t+ 1)− ŷi(t) =
1√
m

m∑
r=1

ar

(
σ
(
⇀
w

⊤
S,r(t+ 1)

⇀
x i

)
− σ

(
⇀
w

⊤
S,r(t)

⇀
x i

))
+

1√
m

(
⇀
wm+1(t+ 1)− ⇀

wm+1(t)
)⊤

σ(W(0),
⇀
x i)

=
1√
m

∑
r∈Ei,R

ar

(
σ
(
⇀
w

⊤
S,r(t+ 1)

⇀
x i

)
− σ

(
⇀
w

⊤
S,r(t)

⇀
x i

))
︸ ︷︷ ︸

:=D
(1)
i

+
1√
m

∑
r∈Ēi,R

ar

(
σ
(
⇀
w

⊤
S,r(t+ 1)

⇀
x i

)
− σ

(
⇀
w

⊤
S,r(t)

⇀
x i

))
︸ ︷︷ ︸

:=E
(1)
i

− η

nm
F(W(0),

⇀
x i)

⊤F(W(0),S)⊤P(r0)(ŷ(t)− y)
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= D
(1)
i +E

(1)
i −

η

n

[
H(0)

]
i
P(r0) (ŷ(t)− y) , (69)

and D(1),E(1) ∈ Rn are vectors with their i-th element being D
(1)
i and E

(1)
i defined on the RHS of

(69). Now we derive the upper bound for E(1)
i . For all i ∈ [n] we have

∣∣∣E(1)
i

∣∣∣ =
∣∣∣∣∣∣ 1√
m

∑
r∈Ēi,R

ar

(
σ
(
⇀
wS,r(t+ 1)⊤

⇀
x i

)
− σ

(
⇀
wS,r(t)

⊤⇀x i

))∣∣∣∣∣∣
≤ 1√

m

∑
r∈Ēi,R

∣∣∣⇀wS,r(t+ 1)⊤
⇀
x i −

⇀
wS,r(t)

⊤⇀x i

∣∣∣ ≤ 1√
m

∑
r∈Ēi,R

∥∥∥⇀wS,r(t+ 1)− ⇀
wS,r(t)

∥∥∥
2

1⃝
=

1√
m

∑
r∈Ēi,R

∥∥∥η
n
[ZS(t)][(r−1)d+1:rd]P

(r0) (ŷ(t)− y)
∥∥∥
2

2⃝
≤ cu√

m

∑
r∈Ēi,R

η√
m

= ηcu ·
∣∣Ēi,R∣∣
m

.

(70)

Here 1⃝, 2⃝ follow from (88) and (89) in the proof of Lemma 20.
Letm be sufficiently large such thatR ≤ R0 for the absolute positive constantR0 < κ specified

in Theorem 13. Since W(0) ∈ W0, we have

sup
x∈X
|v̂R(W(0),x)| ≤ 2R√

2πκ
+ C2(m/2, d, 1/n), (71)

where v̂R(W(0),x) = 1
m

m∑
r=1

1I{∣∣∣⇀wr(0)⊤x
∣∣∣≤R}, so that v̂R(W(0),

⇀
x i) =

∣∣Ēi,R∣∣ /m. It follows from

(70) and (71) that
∣∣∣E(1)

i

∣∣∣ ≤ ηcu ( 2R√
2πκ

+ C2(m/2, d, 1/n)
)

, so that
∥∥E(1)

∥∥
2

can be bounded by

∥∥∥E(1)
∥∥∥
2
≤ ηcu

√
n

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
. (72)

D
(1)
i on the RHS of (69) is expressed by

D
(1)
i =

1√
m

∑
r∈Ei,R

ar

(
σ
(
⇀
w

⊤
S,r(t+ 1)

⇀
x i

)
− σ

(
⇀
w

⊤
S,r(t)

⇀
x i

))
=

1√
m

∑
r∈Ei,R

ar1I{⇀
wS,r(t)⊤

⇀
x i≥0

} (⇀wS,r(t+ 1)− ⇀
wS,r(t)

)⊤⇀
x i

=
1√
m

m∑
r=1

ar1I{⇀
wS,r(t)⊤

⇀
x i≥0

} (−η
n
[ZS(t)][(r−1)d+1:rd]P

(r0) (ŷ(t)− y)
)⊤⇀

x i

+
1√
m

∑
r∈Ēi,R

ar1I{⇀
wS,r(t)⊤

⇀
x i≥0

} (η
n
[ZS(t)][(r−1)d+1:rd]P

(r0) (ŷ(t)− y)
)⊤⇀

x i

= −η
n

[
H(1)(t)

]
i
P(r0) (ŷ(t)− y)︸ ︷︷ ︸

:=D
(2)
i
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+
1√
m

∑
r∈Ēi,R

ar1I{⇀
wS,r(t)⊤

⇀
x i≥0

} (η
n
[ZS(t)][(r−1)d+1:rd]P

(r0) (ŷ(t)− y)
)⊤⇀

x i

︸ ︷︷ ︸
:=E

(2)
i

= D
(2)
i +E

(2)
i , (73)

where H(1)(t) ∈ Rn×n is a matrix specified by

H(1)
pq (t) =

⇀
x
⊤
p
⇀
xq

m

m∑
r=1

1I{⇀
wS,r(t)⊤

⇀
xp≥0

}1I{⇀
wS,r(t)⊤

⇀
x q≥0

}, ∀ p ∈ [n], q ∈ [n].

Let D(2),E(2) ∈ Rn be a vector with their i-the element being D
(2)
i and E

(2)
i defined on the RHS

of (73). E(2) can be expressed by E(2) = η
nẼ

(2)P(r0) (ŷ(t)− y) with Ẽ(2) ∈ Rn×n and

Ẽ(2)
pq =

1

m

∑
r∈Ēi,R

1I{⇀
wS,r(t)⊤

⇀
xp≥0

}1I{⇀
wS,r(t)⊤

⇀
x q≥0

}⇀x⊤
q
⇀
xp ≤

1

m

∑
r∈Ēi,R

1 = ·
∣∣Ēi,R∣∣
m

for all p ∈ [n], q ∈ [n]. The spectral norm of Ẽ(2) is bounded by∥∥∥Ẽ(2)
∥∥∥
2
≤
∥∥∥Ẽ(2)

∥∥∥
F
≤ n

∣∣Ēi,R∣∣
m

1⃝
≤ n

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
, (74)

where 1⃝ follows from (71). It follows from (74) that
∥∥E(2)

∥∥
2

can be bounded by∥∥∥E(2)
∥∥∥
2
≤ η

n

∥∥∥Ẽ(2)
∥∥∥
2

∥∥∥P(r0)
∥∥∥
2
∥y(t)− y∥2 ≤ ηcu

√
n

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
. (75)

D
(2)
i on the RHS of (73) is expressed by

D(2) = −η
n
H(1)(t)P(r0) (ŷ(t)− y)

= −η
n
K(1)P(r0) (ŷ(t)− y)︸ ︷︷ ︸

:=D(3)

+
η

n

(
K(1) −H(1)(0)

)
P(r0) (ŷ(t)− y)︸ ︷︷ ︸

:=E(3)

+
η

n

(
H(1)(0)−H(1)(t)

)
P(r0) (ŷ(t)− y)︸ ︷︷ ︸

:=E(4)

= D(3) +E(3) +E(4). (76)

On the RHS of (76), D(3),E(3),E(4) ∈ Rn are vectors which are analyzed as follows. We have∥∥∥K(1) −H(1)(0)
∥∥∥
2
≤
∥∥∥K(1) −H(1)(0)

∥∥∥
F
≤ nC1(m/2, d, 1/n), (77)

where the last inequality is due to W(0) ∈ W0.
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In order to bound E(4), we first estimate the upper bound for
∣∣∣H(1)

ij (t)−H
(1)
ij (0)

∣∣∣ for all i, j ∈
[n]. We note that

1I{
1I{⇀wS,r(t)

⊤⇀
x i≥0} ̸=1I{wr(0)⊤

⇀
x i≥0}

} ≤ 1I{∣∣∣wr(0)⊤
⇀
x i

∣∣∣≤R} + 1I{∥∥∥wS,r(t)−
⇀
wr(0)

∥∥∥
2
>R

}. (78)

It follows from (78) that∣∣∣H(1)
ij (t)−H

(1)
ij (0)

∣∣∣
=

∣∣∣∣∣∣
⇀
x
⊤
i
⇀
xj
m

m∑
r=1

(
1I{⇀

wS,r(t)⊤
⇀
x i≥0

}1I{⇀
wS,r(t)⊤

⇀
x j≥0

} − 1I{
wr(0)⊤

⇀
x i≥0

}1I{
wr(0)⊤

⇀
x j≥0

})∣∣∣∣∣∣
≤ 1

m

m∑
r=1

1I{
1I{⇀wS,r(t)

⊤⇀
x i≥0} ̸=1I{⇀wr(0)⊤

⇀
x i≥0}

} + 1I{
1I{⇀wS,r(t)

⊤⇀
x j≥0} ̸=1I{⇀wr(0)⊤

⇀
x j≥0}

}


≤ 1

m

m∑
r=1

(
1I{∣∣∣⇀wr(0)⊤

⇀
x i

∣∣∣≤R} + 1I{∣∣∣⇀wr(0)⊤
⇀
x j

∣∣∣≤R} + 21I{∥∥∥wS,r(t)−
⇀
wr(0)

∥∥∥
2
>R

})
≤ 2vR(W(0),

⇀
x i)

1⃝
≤
(

4R√
2πκ

+ 2C2(m/2, d, 1/n)

)
, (79)

where 1⃝ follows from (71).
It follows from (77) and (79) that

∥∥E(3)
∥∥
2
,
∥∥E(4)

∥∥
2

are bounded by∥∥∥E(3)
∥∥∥
2
≤ η

n

∥∥∥K(1) −H(1)(0)
∥∥∥
2

∥∥∥P(r0)
∥∥∥
2
∥ŷ(t)− y∥2 ≤ ηcu

√
nC1(m/2, d, 1/n), (80)∥∥∥E(4)

∥∥∥
2
≤ η

n

∥∥∥H(1)(0)−H(1)(t)
∥∥∥
2

∥∥∥P(r0)
∥∥∥
2
∥ŷ(t)− y∥2

≤ ηcu
√
n

(
4R√
2πκ

+ 2C2(m/2, d, 1/n)

)
. (81)

It follows from (73) and (76) that

D
(1)
i = D

(3)
i +E

(2)
i +E

(3)
i +E

(4)
i . (82)

We also have

−η
n
H(0)P(r0) (ŷ(t)− y) = −η

n

(
H(0) −K(0)

)
P(r0) (ŷ(t)− y)︸ ︷︷ ︸

:=E(5)

−η
n
K(0)P(r0) (ŷ(t)− y) .

(83)

Similar to (80), E(5) is bounded by∥∥∥E(5)
∥∥∥
2
≤ η

n

∥∥∥H(0) −K(0)
∥∥∥
2

∥∥∥P(r0)
∥∥∥
2
∥ŷ(t)− y∥2 ≤ ηcu

√
nC1(m/2, d, 1/n). (84)

It then follows from (69) and (85) that

ŷi(t+ 1)− ŷi(t) = D
(1)
i +E

(1)
i −

η

n

[
H(0)

]
i
(ŷ(t)− y)
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= D
(3)
i −

η

n

[
K(0)

]
i
P(r0) (ŷ(t)− y) +E

(1)
i +E

(2)
i +E

(3)
i +E

(4)
i +E

(5)
i︸ ︷︷ ︸

:=Ei

= −η
n
K (ŷ(t)− y) +Ei, (85)

where E ∈ Rn with its i-th element being Ei, and E = E(1) + E(2) + E(3) + E(4) + E(5). It then
follows from (72), (75), (80), (81), and (84) that

∥E∥2 ≤ ηcu
√
n

(
4

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
+ 2C1(m/2, d, 1/n)

)
. (86)

Finally, (85) can be rewritten as

ŷ(t+ 1)− y =
(
I− η

n
K
)
P(r0) (ŷ(t)− y) +E(t+ 1),

which proves (66) with the upper bound for ∥E∥2 in (86).

Lemma 20 Suppose that t ∈ [0, T − 1] for T ≥ 1, and ∥ŷ(t′)− y∥2 ≤
√
ncu holds for all

0 ≤ t′ ≤ t. Then ∥∥∥⇀wS,r(t
′)− ⇀

wr(0)
∥∥∥
2
≤ R, ∀ 0 ≤ t′ ≤ t+ 1. (87)

Proof Let [ZS(t)][(r−1)d+1:rd] denote the submatrix of ZS(t) formed by the the rows of ZQ(t) with
row indices in [(r − 1)d+ 1 : rd]. By the GD update rule we have for t ∈ [0, T − 1] that

⇀
wS,r(t+ 1)− ⇀

wS,r(t) = −
η

n
[ZS(t)][(r−1)d+1:rd]P

(r0) (ŷ(t)− y) , (88)

We have
∥∥∥[ZS(t)][(r−1)d+1:rd]

∥∥∥
2
≤
√
n/m. It then follows from (88) that∥∥∥⇀wS,r(t+ 1)− ⇀

wS,r(t)
∥∥∥
2
≤ η

n

∥∥∥[ZS(t)][(r−1)d+1:rd]

∥∥∥
2

∥∥∥P(r0)
∥∥∥
2
∥ŷ(t)− y∥2 ≤

ηcu√
m
. (89)

Note that (87) trivially holds for t′ = 0. For t′ ∈ [1, t+ 1], it follows from (89) that

∥∥∥⇀wS,r(t
′)− ⇀

wr(0)
∥∥∥
2
≤

t′−1∑
t′′=0

∥∥∥⇀wS,r(t
′′ + 1)− ⇀

wS,r(t
′′)
∥∥∥
2
≤ η√

m

t′−1∑
t′′=0

cu ≤
ηcuT√
m

= R, (90)

which completes the proof.

Lemma 21 Suppose n ≥ Θ(log(2/δ) · d2k0) and δ ∈ (0, 1/2). Let ht(·) =
∑t−1

t′=0 h(·, t′) for
t ∈ [T ], T ≤ T̂ where

h(·, t′) = v(·, t′) + ê(·, t′),
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v(·, t′)− η

n

n∑
j=1

K(·,⇀xj)
[
P(r0)v(t′)

]
j
,

ê(·, t′) = η

n

n∑
j=1

K(·,⇀xj)
[
P(r0)e(t′)

]
j
,

where v(t′) ∈ Vt′ , e(t′) ∈ Et′,τ for all 0 ≤ t′ ≤ t − 1. Suppose that τ ≤ 1/(ηT ), then with
probability at least 1 − δ − exp (−Θ(r0)) over the random training features S and the random
noise w,

∥ht∥HK
≤ Bh = γ0 +Θ(1), (91)

where r0 = mk0 .

Proof We have v(t) = −
(
I− ηKnP

(r0)
)t
f∗(S), e(t) =

⇀
e 1(t)+

⇀
e 2(t) with

⇀
e 1(t) = −

(
I− ηKnP

(r0)
)t
w,∥∥∥⇀e 2(t)

∥∥∥
2
≤
√
nτ . We define

ê1(·, t′) := −
η

n

n∑
j=1

K(
⇀
xj ,x)

[
P(r0)⇀e 1(t

′)
]
j
, ê2(·, t′) := −

η

n

n∑
j=1

K(
⇀
xj ,x)

[
P(r0)⇀e 2(t

′)
]
j
,

(92)

Let Σ be the diagonal matrix containing eigenvalues of Kn, we then have

t−1∑
t′=0

v(x, t′) =
η

n

n∑
j=1

t−1∑
t′=0

[
P(r0)

(
I− ηKnP

(r0)
)t′

f∗(S)

]
j

K(
⇀
xj ,x)

=
η

n

n∑
j=1

t−1∑
t′=0

[
P(r0)U

(
I− ηΣ(r0)

)t′
U⊤f∗(S)

]
j

K(
⇀
xj ,x). (93)

We then have∥∥∥∥∥
t−1∑
t′=0

v(·, t′)

∥∥∥∥∥
2

HK

=
η2

n2
f∗(S)⊤U

t−1∑
t′=0

(
I− ηΣ(r0)

)t′
U⊤P(r0)KP(r0)U

t−1∑
t′=0

(
I− ηΣ(r0)

)t′
U⊤f∗(S)

=
1

n

∥∥∥∥∥η (Kn)
1/2P(r0)U

t−1∑
t′=0

(
I− ηΣ(r0)

)t′
U⊤f∗(S)

∥∥∥∥∥
2

2

≤ 1

n

r0∑
i=1

(
1−

(
1− ηλ̂i

)t)2

λ̂i

[
U⊤f∗(S)

]2
i
≤ 1

n

n∑
i=1

(
1−

(
1− ηλ̂i

)t)2

λ̂i

[
U⊤f∗(S)

]2
i
≤ γ20 ,

(94)
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where the last inequality follows from Lemma 22 since f∗ ∈ F∗ ⊆ HK(r0)(γ0) ⊆ HK(γ0). We

define E1 :=
∥∥∥∑t−1

t′=0 ê1(·, t′)
∥∥∥2
HK

and E2 :=
∥∥∥∑t−1

t′=0 ê2(·, t′)
∥∥∥
HK

. It follows from (58) in the

proof of Theorem 4 that with probability at least 1− exp (−Θ(r0)),
∥∥∥U(r0)⊤w

∥∥∥2
2
≲ r0 = Θ(dk0).

With n ≥ Θ(log(2/δ) ·d2k0) and r ∈ [r0], it follows from Lemma 25 that with probability 1−δ
over S, we have

λ̂r ≥ λ̂r0 ≥ λr−1 − 2

√
2 log 2

δ

n
≥ µk0 − 2

√
2 log 2

δ

n
≥ Θ(d−k0). (95)

It then follows from (95) that

E1 ≤
1

n

r0∑
i=1

(
1−

(
1− ηλ̂i

)t)2

λ̂i

[
U⊤w

]2
i
≤ Θ(dk0)

n
·Θ(dk0) ≤ Θ(1). (96)

We now find the upper bound for E2. We have

∥∥ê2(·, t′)∥∥2HK
≤ η2

n2
⇀
e
⊤
2 (t

′)K
⇀
e 2(t

′) ≤ η2λ̂1τ2,

so that

E2 ≤
t−1∑
t′=0

∥∥ê2(·, t′)∥∥HK
≤ Tη

√
λ̂1τ ≤ 1, (97)

if τ ≤ 1/(ηT ) since λ̂1 ∈ (0, 1).
Finally, it follows from (93), (96), and (97) that

∥ht∥HK
≤

∥∥∥∥∥
t−1∑
t′=0

v̂(·, t′)

∥∥∥∥∥
HK

+

∥∥∥∥∥
t−1∑
t′=0

ê1(·, t′)

∥∥∥∥∥
HK

+

∥∥∥∥∥
t−1∑
t′=0

ê2(·, t′)

∥∥∥∥∥
HK

≤ γ0 +Θ(1).

Lemma 22 (In the proof of [27, Lemma 8]) For any f ∈ HK(γ0), we have

1

n

n∑
i=1

[
U⊤f(S′)

]2
i

λ̂i
≤ γ20 . (98)

Lemma 23 For any positive real number a ∈ (0, 1) and natural number t, we have

(1− a)t ≤ e−ta ≤ 1

eta
. (99)
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Proof The result follows from the facts that log(1− a) ≤ a for a ∈ (0, 1) and supu∈R ue
−u ≤ 1/e.

Background about the Integral Operator on HS. Suppose K is a PSD kernel defined over
X × X and let the empirical gram matrix computed by K on the training features S be Kn with
the eigenvalues λ̂1 ≥ . . . ≥ λ̂n ≥ 0. We need the following background in the RKHS spanned
by
{
K(·,⇀x i)

}n
i=1

for the proof of Lemma 24. Herein we introduce the operator Tn : HS → HS

which is defined by Tng := 1
n

∑n
i=1K(·,⇀x i)g(

⇀
x i) for every g ∈ HS. It can be verified that the

eigenvalues of Tn coincide with the eigenvalues of Kn, that is, the eigenvalues of Tn are
{
λ̂i

}n
i=1

.

By the spectral theorem, all the normalized eigenfunctions of Tn, denoted by
{
Φ(k)

}n−1

k=0
with

Φ(k) = 1/

√
nλ̂k+1 ·

∑n
j=1K(·,⇀xj)

[
U[k+1]

]
j

for k ∈ [0 : n − 1], is an orthonormal basis of

HS. The eigenvalue of Tn corresponding to the eigenfunction Φ(k) is λ̂k+1 for 0 ≤ k ≤ n − 1.
Since HS ⊆ HK , we can complete

{
Φ(k)

}n−1

k=0
so that

{
Φ(k)

}
k≥0

is an orthonormal basis of the
RKHSHK .

Lemma 24 Suppose δ ∈ (0, 1/2) and n ≥ Θ(log(2/δ) ·d2k0). Let PU(−r0) = PSpan(U(r0))⊥ . Then
with probability at least 1− 2δ over the random training features S,

∥∥PU(−r0)(f
∗(S))

∥∥2
2
≤ nγ20 log

2

δ
·Θ
(
dk0

n

)
. (100)

Proof We have PHS
(f∗) =

n−1∑
k=0

〈
f∗,Φ(k)

〉
Φ(k), PHS,r0

(f∗) =
r0−1∑
k=0

〈
f∗,Φ(k)

〉
Φ(k), and define

f̄∗,r0 := PHS
(f∗)− PHS,r0

(f∗) =
n∑

q=r0

〈
f∗,Φ(q)

〉
Φ(q).

Let U(−r0) ∈ Rn×(n−r0) be the submatrix formed by all the columns of U except for the top r0
columns in U(r0). It follows by the introduction to the spaceHS before Lemma 24 that

{
Φ(k)

}n−1

k=0
is

an orthonormal basis ofHS, and Φ(k) is the eigenfunction of the operator Tn with the corresponding
eigenvalue λ̂k+1. Therefore, U(−r0)U(−r0)⊤Φ(k)(S) = 0 for all k ∈ [r0 − 1]. As a result, with
probability at least 1− δ,

1

n

∥∥∥U(−r0)U(−r0)⊤f∗(S)
∥∥∥2
2
=

1

n

∥∥∥U(−r0)U(−r0)⊤ (PHS
(f∗)) (S)

∥∥∥2
2
=

1

n

n∑
i=1

(
f̄∗,r0(

⇀
x i)
)2
.

(101)

We have

〈
Tnf̄

∗,r0 , f̄∗,r0
〉
=

〈
1

n

n∑
i=1

K(·,⇀x i)f̄∗,r0(
⇀
x i), f̄

∗,r0

〉
HK

=
1

n

n∑
i=1

(
f̄∗,r0(

⇀
x i)
)2
. (102)
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On the other hand, with probability 1− δ,

〈
Tnf̄

∗,r0 , f̄∗,r0
〉
=

〈
Tn

n∑
q=r0

〈
f̄∗,r0 ,Φ(q)

〉
Φ(q),

n∑
q=r0

〈
f̄∗,r0 ,Φ(q)

〉
Φ(q)

〉
HK

=
n∑

q=r0

λ̂q+1

〈
f̄∗,r0 ,Φ(q)

〉2
≤ λ̂r0+1

n∑
q=r0

〈
f∗,Φ(q)

〉2 1⃝
≤ λ̂r0+1ζn,γ0,r0,δ, (103)

where 1⃝ is due to Theorem 14. It follows from (101)-(103) that

1

n

∥∥∥U(−r0)U(−r0)⊤f∗(S)
∥∥∥2
2
≤ λ̂r0+1ζn,γ0,r0,δ. (104)

We now find the upper bound for λ̂r0+1. It follows from Lemma 25 that
∣∣∣λj − λ̂j∣∣∣ ≤ 2

√
2 log 2

δ
n

for all j ∈ [n] with probability at least 1 − δ. Furthermore, it follows from Theorem 31 that
λr0 = µk0+1 = Θ(d−k0−1) with r0 = mk0 . As a result, we have

λ̂r0+1 ≤ λr0 + 2

√
2 log 2

δ

n
≤ Θ(d−k0), (105)

where the last inequality holds with probability 1−δ over S due to Lemma 25 and n ≥ Θ(log(2/δ)·
d2k0). It then follows from (104) and (105) that

1

n

∥∥∥U(−r0)U(−r0)⊤f∗(S)
∥∥∥2
2
≤ Θ(d−k0) · ζn,γ0,r0,δ = Θ(d−k0) ·

32γ20 log
2
δ

(µk0 − µk0+1)
2 n

= Θ(d−k0) ·
32γ20 log

2
δ

(Θ(d−k0)−Θ(d−k0−1))
2
n

= γ20 log
2

δ
·Θ
(
dk0

n

)
,

which proves (100).

Lemma 25 ([28, Proposition 10])
Let δ ∈ (0, 1), then with probability 1− δ over the training features S, for all j ∈ [n],

∣∣∣λj−1 − λ̂j
∣∣∣ ≤ 2

√
2 log 2

δ

n
. (106)

Remark 26 We remark that the sequence {λj}j≥0 starts with index 0, so that λj−1 is in fact the j-th
element in the extended enumeration of the distinct eigenvalues of TK . The extended enumeration
[28] of the distinct eigenvalues of TK is a sequence where each nonzero eigenvalue of TK appears
as many times as its multiplicity and the other values (if any) are zero.
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Lemma 27 Suppose n ≥ r0. Then with probability at least 1−δ over the random training features
S, for every r > 0, we have

R
({
f − f∗ : f ∈ F(Bh, w,S, r0),EP

[
(f − f∗)2

]
≤ r
})
≤
√
log

2

δ
·Θ
(
dk0

n

)
+

√
rr0
n

+ 2w.

(107)

Proof Let HK,r0 = Span {vq}r0−1
q=0 be the subspace in HK spanned by {vq}r0−1

q=0 , and we define

F̂r :=
{
f ∈ F(Bh, w,S, r0),EP

[
(f − f∗)2

]
≤ r
}

. For every f ∈ F̂r, we have f = h + e such
that ∥e∥∞ ≤ w and h ∈ HK(Bh) ∩ HS,r0 , and EP

[
(h− f∗)2

]
≤ 2(r + w2). Furthermore, we

have PHr0
(h) =

∑r0−1
j=0 αjvj with αj = ⟨h, vj⟩HK

for all j ≥ 0. We define h̄ = h−PHr0
(h), then

h̄ ∈ HK(Bh). We have

EP
[
h̄2
]
= EP

∑
j≥r0

αjvj

2 =
∑
j≥r0

α2
jλj ≤ λr0 ·

∑
j≥r0

α2
j

1⃝
≤ λr0ζn,Bh,r0,δ

2⃝
≤ log

2

δ
·Θ
(
dk0

n

)
:= rn,k0,δ, (108)

where 1⃝ holds with probability at least 1 − δ over S by (34) of Theorem 14, and 2⃝ follows from
the similar argument in the last part of the proof of Lemma 24 with λr0 = µk0+1 = Θ(d−k0−1). It
then follows from (108) and the Cauchy-Schwarz inequality that for every f ∈ F̂r,

EP
[
(PHr0

(h)− f∗)2
]
≤ 2EP

[
(h− f∗)2

]
+ 2EP

[
h̄2
]
≤ 4(r + w2) + 2rn,k0,δ. (109)

We then have

R
({

PHr0
(h)− f∗ : f ∈ F̂r

})
3⃝
≤ R

({
PHr0

(h)− f∗ : EP
[
(PHr0

(h)− f∗)2
]
≤ 4(r + w2) + 2r(n, k0, δ)

})
4⃝
≤ 2R

({
f ∈ HK(r0)(Bh) : EP

[
f2
]
≤ r + w2 +

rn,k0,δ
2

}) 5⃝
≤
√
r + w2 +

rn,k0,δ
2
·
√
r0
n
.

(110)

Here 3⃝ follows from (109). Since PHr0
(f), f∗ ∈ Hr0 ∩ HK(Bh) ⊆ HK(r0)(Bh), we have

(PHr0
(f) − f∗)/2 ∈ HK(r0)(Bh) due to the fact that HK(r0)(Bh) is symmetric and convex, and it

follows that 4⃝ holds. 5⃝ follows from Lemma 28 with Q = r0 in (115) of Lemma 28.
We then derive the upper bound for R

({
h̄ : f ∈ F̂r

})
. First, it follows from Theorem 14 and

the argument similar to (108) that∥∥h̄∥∥2HK
=
∑
j≥r0

α2
j ≤ ζn,Bh,r0,δ ≤ B

2
h log

2

δ
·Θ
(
d2k0

n

)
:= B2

h̄. (111)

We then have

R
({
h̄ : f ∈ F̂r

})
= E{

⇀
x i

}n

i=1
,{σi}ni=1

[
sup

h̄∈HK(Bh̄)

1

n

n∑
i=1

σih̄(
⇀
x i)

]
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≤ Bh̄
n

E{
⇀
x i

}n

i=1
,{σi}ni=1

sup
f∈F

∥∥∥∥∥
n∑
i=1

σiK(·,⇀x i)

∥∥∥∥∥
HK

 ≤ Bh̄√
n
≤
√
log

2

δ
·Θ
(
dk0

n

)
. (112)

Finally, it follows from (110) and (112) that

R
({
f − f∗ : f ∈ F̂r

})
≤ R

({
PHr0

(h)− f∗ : f ∈ F̂r
})

+R
({
h̄ : f ∈ F̂r

})
+ w

≤
√
log

2

δ
·Θ
(
dk0

n

)
+ w

√
r0
n

+

√
rr0
n

+ w ≤
√
log

2

δ
·Θ
(
dk0

n

)
+

√
rr0
n

+ 2w, (113)

which proves (107).

Lemma 28 ([37, Lemma C.9],[38, Lemma VI.4]) For everyB,w > 0, the function classF(B,w)
is defined as F(B,w) := {f : f = h+ e, h ∈ HK(B), ∥e∥∞ ≤ w}. Then for every r > 0,

R
({
f ∈ F(B,w) : EP

[
f2
]
≤ r
})
≤ φB,w(r), (114)

where

φB,w(r) := min
Q : Q≥0

(
√
r + w)

√
Q

n
+B


∞∑

q=Q+1

λq

n


1/2
+ w. (115)

Lemma 29 ([38, Lemma B.9]) Supposeψ : [0,∞)→ [0,∞) is a sub-root function with the unique
fixed point r∗. Then the following properties hold.

(1) Let a ≥ 0, then ψ(r) + a as a function of r is also a sub-root function with fixed point r∗a, and
r∗ ≤ r∗a ≤ r∗ + 2a.

(2) Let b ≥ 1, c ≥ 0 then ψ(br + c) as a function of r is also a sub-root function with fixed point r∗b ,
and r∗b ≤ br∗ + 2c/b.

(3) Let b ≥ 1, then ψb(r) = bψ(r) is also a sub-root function with fixed point r∗b , and r∗b ≤ b2r∗.

D.5. Proofs of Theorem 14

Proof [Proof of Theorem 14] With probability at least 1− δ, we have

∞∑
q=r0

〈
f∗,Φ(q)

〉2
HK

=
∞∑
q=r0

〈
r0−1∑
j=0

βjvj ,Φ
(q)

〉2

HK

≤
∞∑
q=r0

r0−1∑
j=0

β2j ·
r0−1∑
j=0

〈
vj ,Φ

(q)
〉2

≤ γ20
∞∑
q=r0

r0−1∑
j=0

〈
vj ,Φ

(q)
〉2
≤

32γ20 log
2
δ

(µk0 − µk0+1)
2 n

.
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Here the last inequality follows by Lemma 30 with τ20 = 1 and mk0 = r0, which proves (33). Since
f ∈ F(Bh, w,S, r0), we have f =

∑r0−1
j=0 αjΦ

(j) with αj =
〈
f,Φ(j)

〉
HK

for j ∈ [0, r0 − 1].
Following a similar argument, we have

∞∑
q=r0

⟨f, vq⟩2HK
=

∞∑
q=r0

〈
r0−1∑
j=0

αjΦ
(j), vq

〉2

HK

≤
∞∑
q=r0

r0−1∑
j=0

α2
j ·

r0−1∑
j=0

〈
Φ(j), vq

〉2

≤ B2
h

∞∑
q=r0

r0−1∑
j=0

〈
Φ(j), vq

〉2
≤

32B2
h log

2
δ

(µk0 − µk0+1)
2 n

,

which proves (34).

Lemma 30 Let supx∈X K(x,x) = τ20 . For any δ ∈ (0, 1), with probability at least 1− δ over the
random training features S,

mk0
−1∑

i=0

∑
j≥mk0

〈
Φ(i), vj

〉2
H
+
∑
i≥mk0

mk0
−1∑

j=0

〈
Φ(i), vj

〉2
H
≤

32τ40 log
2
δ

(µk0 − µk0+1)
2 n

. (116)

Proof Define operator Tn : HK → HK by Tng = 1
n

∑n
i=1K(·,⇀x i)g(

⇀
x i) as introduced before

Lemma 24, and let
{
Φ(k)

}
k≥0

be an orthonormal basis of the RKHSHK .
Let P TN be an orthogonal projection operator which projects any input onto the subspace spanned

by eigenfunctions corresponding to the top N eigenvalues of the operator T , and T is defined on
the RKHSH.

We now work on the following two orthogonal projection operators, P TKmk0
and P Tnmk0

. Each of
the two operators projects its input onto the space spanned by all the eigenfunctions of the corre-
sponding operator, that is.

P TKmk0
h =

mk0
−1∑

j=0

⟨h, vj⟩H vj , P Tnmk0
h =

mk0
−1∑

j=0

〈
h,Φ(j)

〉
H
Φ(j). (117)

The Hilbert-Schmidt norm of P TKmk0
− P Tnmk0

is∥∥∥P TKmk0
− P Tnmk0

∥∥∥2
HS

=
∑

i≥0,j≥0

〈(
P TKmk0

− P Tnmk0

)
Φ(i), vj

〉2
H
, (118)

which is due to the fact that both
{
Φ(j)

}
j≥0

and {vj}j≥0 are orthonormal bases of H. It can be
verified that

〈(
P TKmk0

− P Tnmk0

)
Φ(i), vj

〉
H
=


0 if i < mk0 , j < mk0 ,

−
〈
Φ(i), vj

〉
H if i < mk0 , j ≥ mk0 ,〈

Φ(i), vj
〉
H if i ≥ mk0 , j < mk0 ,

0 if i ≥ mk0 , j ≥ mk0 ,

(119)

38



GDP FINDS NEURAL NETWORKS FOR LEARNING LOW-DEGREE POLYNOMIALS WITH NEARLY MINIMAX RATE

and similar results are obtained in the proof of [28, Theorem 12].
Because TK and Tn are Hilbert-Schmidt operators, by [28, Theorem 7], for all δ ∈ (0, 1), with

probability at least 1− δ,

∥TK − Tn∥HS ≤
2
√
2τ20

√
log 2

δ√
n

. (120)

When n ≥ 128τ40 log 2
δ

(µk0−µk0+1)
2 , ∥TK − Tn∥HS ≤

µk0−µk0+1

4 . It follows from [28, Proposition 6] and

noting that the operator norm in [28, Proposition 6] can be replaced by the Hilbert-Schmidt norm,∥∥∥P TKmk0
− P Tnmk0

∥∥∥2
HS
≤ 4

(µk0 − µk0+1)
2 ∥TK − Tn∥

2
HS ≤

32τ40 log
2
δ

(µk0 − µk0+1)
2 n

. (121)

Then (116) follows from (118), (119), and (121).

D.6. Results about Eigenvalues of the Integral Operators

The following theorem is a refined version of the Mercer’s theorem on the PSD kernel K defined in
(2), with the exact estimation about the decaying rate of the distinct eigenvalues {µℓ}ℓ≥0.

Theorem 31 (Eigenvalue of The Integral Operator Associated with the NTK (2)) Let the dis-
tinct eigenvalues of the integral operator TK associated with the PSD kenrel K defined in (2) be
{µℓ : ℓ ≥ 0} with µ0 > µ1 > . . ., where µℓ is the eigenvalue corresponding to Hℓ. Suppose that
k̄0 = Θ(1) and d ≥ Θ(1). Then µk = Θ(d−k) for 0 ≤ k ≤ k̄0. Moreover, for all x,x′ ∈ X = Sd−1,

K(x,x′) =
∑
ℓ≥0

µℓ

N(d,ℓ)∑
j=1

Yℓ,j(x)Yℓ,j(x
′) =

∑
ℓ≥0

µℓN(d, ℓ)Pℓ(
〈
x,x′〉), (122)

where µℓ is the eigenvalue of the integral operator TK associated with K corresponding toHℓ, and
{Yℓ,j}

N(d,ℓ)
j=1 are the eigenfunctions corresponding to the eigenvalue µℓ. That is, TKYℓ,j = µℓYℓ,j

for all ℓ ≥ 0 and j ∈ [N(d, ℓ)]. The series on the RHS of (122) converges absolutely and uniformly
on X × X .

Proof (122) follows from the background about Harmonic Analysis on spheres in Section C and
the Mercer’s theorem. Since K is a continuous PSD kernel defined on the compact set X × X , it
follows from the Mercer’s theorem again that the series on the RHS of (122) converges absolutely
and uniformly on X × X to K.

We now set to compute the eigenvalues
{
λk : 0 ≤ k ≤ k̄0

}
. Let the distinct eigenvalues of the

PSD kenrel K(0), which is defined in (2) and repeated below

K(0)(x,x′) = Ew∼N (0,Id)

[
1I{x⊤w≥0}1I{x′⊤w≥0}

]
=
π − arccos(x⊤x′)

2π
, ∀x,x′ ∈ X = X ,

be {λ0,k : k ≥ 0}, where λ0,k is the eigenvalue corresponding to Hk, the space of degree-ℓ homo-
geneous harmonic polynomials on X = Sd−1.
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Define

sk :=
ωd−2

ωd−1

∫ 1

−1
1I{t≥0}Pk(t)(1− t2)(d−3)/2dt,

It then follows by the computation in [3, Section D.2] that s0 = Θ(1). Also, for all t ∈ N, s2t = 0,
and

s2t−1 =
ωd−2

ωd−1

(
1

2

)2t−1

(−1)t−1Γ((d− 1)/2)Γ(2t− 1)

Γ(t)Γ(t+ (d− 1)/2)

1⃝
≍ (−1)t−1

√
d

(d− 1)
d
2
−1(2t− 1)2t−1.5

(2t)t−0.5(2t+ d− 1)t+
d
2
−1

2⃝
≍ 1

dt−0.5
,

where we used the approximation to the Gamma function [17] Γ(x) ≍ xx−0.5 exp(−x)
√
2π and

the fact that ωd−2

ωd−1
≍
√
d in 1⃝. 2⃝ is due to t = Θ(1).

It follows from [6] that λ0,k = s2k for all k ≥ 0. When k = 2t − 1 for t ∈ N, we have
λ0,k = s2k = Θ(d−(2t−1)) = Θ(d−k). Moreover, λ0,k = 0 for all k = 2t with t ∈ N, and
λ0,0 = s20 = Θ(1). As a result, we have λ0,0 = Θ(1), and

λ0,k =

{
0 k = 2t, t ∈ N, k ≤ k̄0,
Θ(d−k) k = 2t− 1, t ∈ N, k ≤ k̄0.

(123)

Let the distinct eigenvalues of the PSD kenrel K(1) which is also defined in (2) be {λ1,k : k ≥ 0},
where λ0,k is the eigenvalue corresponding toHk. Define κ(t) = tκ(0)(t) with κ(0)(t) := π−arccos t

2π
for t ∈ [−1, 1]. Then for k ≥ 1 we have

λ1,k =
ωd−2

ωd−1

∫ 1

−1
κ(t)Pk(t)(1− t2)(d−3)/2dt =

ωd−1

ωd−2

∫ 1

−1
κ(0)(t)t(1− t2)(d−3)/2Pk(t)dt

=
ωd−2

ωd−1

∫ 1

−1
κ(0)(t)

(
k

2k + d− 2
Pk−1(t) +

k + d− 2

2k + d− 2
Pk+1(t)

)
(1− t2)(d−3)/2dt

=
k

2k + d− 2
λ0,k−1 +

k + d− 2

2k + d− 2
λ0,k+1. (124)

Moreover,

λ1,0 =
ωd−2

ωd−1

∫ 1

−1
κ(t)P0(t)(1− t2)(d−3)/2dt =

ωd−2

ωd−1

∫ 1

−1
κ(0)(t)P1(t)(1− t2)(d−3)/2dt = λ0,1.

(125)

It follows from (123)-(125) that λ1,0 = Θ(1/d), λ1,1 = Θ(1/d). Moreover,

λ1,k =

{
Θ(d−k) k = 2t, t ∈ N, k ≤ k̄0,
0 k = 2t− 1, t ∈ N, t ≥ 2, k ≤ k̄0.

(126)

It then follows from (123) and (126) that µk = λ0,k + λ1,k = Θ(d−k) for 0 ≤ k ≤ k̄0
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Figure 1: Test loss for target functions with degree k0 = 1, 2, 3 for varying n in [100, 3000] with a
step size of 100. The shaded area in each plot indicates the standard deviation across 10
random initializations of the neural network.

Algorithm 2 Training the Two-Layer NN by GD
1: W(T )← Training-by-GD(T,W(0))
2: input: T,W(0)
3: for t = 1, . . . , T do
4: Perform the t-th step of GD by

vec (W(t+ 1))− vec (W(t)) = −η
n
ZS(t)(ŷ(t)− y)

5: end for
6: return W(T )
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Appendix E. Simulation Study

We present simulation results in this section. We randomly sample n points
{
⇀
x i

}n
i=1

as a i.i.d.

sample of random variables distributed uniformly on the unit sphere S9 in R10, and the variance
of the noise is set to σ20 = 1. n ranges within [100, 3000] with a step size of 100. We set the
target function as the degree-k0 spherical polynomial as f∗(x) = (s⊤x)k0 where x ∈ S9 and
s ∼ Unif (X ) is randomly sampled. We also uniformly and independently sample 1000 points on
S9 as the test data. We train the two-layer NN (1) using GDP by Algoirthm 1 with m = 10000 on
an NVIDIA A100 GPU card with a learning rate η = 1, and illustrate the test loss in Figure 1. It can
be observed that GDP always demonstrates better generalization than the vanilla gradient descent
(GD) described in Algoirthm 2 through lower test losses across different training data size. The
experiments are performed for the target function f∗ with k0 ∈ {1, 2, 3}. Figure 1 illustrates the
test loss for each n in [100, 3000] with a step size of 100.
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