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Abstract

We study learning a low-degree spherical polynomial of degree ko = ©(1) on the unit sphere in R?
using an over-parameterized two-layer neural network with augmented features. Our main result
is an improved sample complexity: for any regression risk ¢ € (0,0(d~*0)], a network trained
via Gradient Descent with Projection (GDP) achieves n =< O(log(4/6) - d*° /<) with probability
1—4,68 € (0,1), improving over ©(d* max{s~2,logd}). This rate is nearly optimal, yielding
regression risk log(4/8) - ©(d¥o /n) with probability at least 1 — d, close to the minimax rate
O(d*o /n) for kernels of rank ©(d*). To our knowledge, this is the first sharp risk bound with
algorithmic guarantees for over-parameterized networks on such tasks. Our approach goes beyond
the NTK limit by learning a subspace of its eigenspace, using a projection operator to restrict the
solution to a low-dimensional RKHS subspace, enabling the sharp bound.

1. Introduction

With the success of deep learning across machine learning [21], understanding neural network gen-
eralization is central. Prior work shows gradient-based methods (GD/SGD) achieve vanishing train-
ing loss in deep networks [1, 2, 13, 14, 30, 43]. Under over-parameterization, training dynamics
are approximated by kernel methods such as the NTK [19], though infinite-width networks can still
exhibit feature learning [36]. In this regime, weights stay near initialization, enabling first-order
Taylor approximation and tractable generalization analysis [2, 7, 16].

Generalization can be studied via learning low-degree polynomials, motivated by spectral bias
[8, 11, 25], where networks favor top eigenspaces of the NTK operator. For data on S C R,
degree-¢ polynomials admit representations via spherical harmonics up to degree ¢, aligned with
top NTK eigenvalues (see Section C and Theorem 11). Existing works study both NTK and fea-
ture learning beyond NTK for learning low-degree polynomials. QuadNTK [4] uses second-order
expansion to learn sparse polynomials; Nichani et al. [24] combines NTK and QuadNTK for dense
polynomials with sparse high-degree parts; other methods include two-stage optimization [12] and
mean-field analyses [33]. However, sharp regression risk analysis for over-parameterized networks
learning low-degree polynomials [4, 12, 16, 24, 33] is largely missing. For instance, Nichani et al.
[24] obtain risk € when nn > d* max {¢72,1log d }, while Ghorbani et al. [16] show vanishing NTK
risk for ©(d*) < n < ©(d**1-%) as d — oo without rates or sharpness. Under fixed d settings
common in sharp nonparametric regression [18, 23, 31, 38], even vanishing risk is not established.
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Understanding sharp regression risk for learning low-degree polynomials remains important.
In this paper, we assume f* lies in the RKHS of an over-parameterized two-layer network with
bounded norm, where f* is a degree-ko polynomial on S¢~! C R? ky > 1. Our main result
(Theorem 1) shows that training with Gradient Descent with Projection (GDP) and n > ©(log(4/9)-
d?0) yields risk log(4/6) - ©(d*0 /n) with probability > 1 — 6. Since the minimax risk for rank
r = O(d*) kernels is O(r/n) = ©(d* /n) [26, Theorem 2(a)], our rate is nearly optimal. This
is, to our knowledge, the first nearly optimal risk bound with algorithmic guarantees for learning
low-degree spherical polynomials via over-parameterized ReLLU networks; unlike prior projected
methods [35, 41], we design GDP tailored to neural networks achieving near-optimal rates.

We organize the paper as follows. Section 2 introduces the setup, Section 3 presents GDP
and main results, and Section A of the appendix outlines proofs and techniques. Section E of the
appendix provides the simulation results.

Notations. Bold letters denote matrices/vectors and regular letters denote scalars. Al js the i-th
column of a matrix A, while subscripts indicate rows/elements; x; denotes the i-th feature. -1 7
and ||-||,, denote Frobenius and ¢/matrix p-norms. [m: n] (or [n]) denotes integer ranges. Var ['] is
variance, I, the identity matrix, and ;) an indicator function. A®and |A| denote complement and
cardinality. vec () and tr (-) denote vectorization and trace. The unit sphere is S*~! = {x € R? :
|x|l, = 1}. Let X' be the input space, and LP (X, ;1) (p > 1) be the space of p-integrable functions
with (f,9) 1o,y = J fgdp and ||f|]1£p(u) = [|fIPdp < co. B (x;r) is the Euclidean ball. For
g: X = R, gl = supxex [9(x)], and L is the bounded class. (-,-);, and ||-||,, are Hilbert
space inner product and norm. We use the following asymptotics: a = O(b) (a < b), O (refined
constants), a = o(b), a = w(b), and a =< b (= O(b)). Unif (S¢!) is the uniform distribution.
Constants may change line to line. Ep [-] denotes expectation under P. P is orthogonal projection,
Span(A) the column span, and A the closure. Throughout this paper we set X = S~

2. Problem Setup

We introduce the problem setups for nonparametric regression with the target function as a low-
degree spherical polynomial in this section.

2.1. Two-Layer Neural Network
n

with QZ € X and y; € R, where ;l #* ;j for i # j.

=1

We are given training data {(;Z, yz)}
- n
Let S = {xz} x P, be the empirical distribution over S, and y = [y1,...,y.]' € R". The

responses satisfy y; = f* (QZ) +w;, where {w;};_, arei.i.d. sub-Gaussian with mean 0 and variance
proxy o3, i.e., E [exp(Aw;)] < exp(A203/2) for all A € R, and f* is the target function. Define

— —_ T
w = [wi,...,wy,]" and f*(S) = [f*(xl),...,f*(xn)} . The features are drawn i.i.d. from

P = Unif (Sd_l) with measure p. We study a two-layer neural network (NN) with augmented
feature:
x)

FOV, x) = ;m ;W (w %) + S W (0), ), ()

— N m
where o(-) = max {-,0}, W = {W, wm+1} denotes the weights of the network, W = {WT} ,

N r=1

W1 are weights with w, € RY, w11 € R™, and m is the width. The augmented feature
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F(W(0),x) € R™ satisfies [F(W(0),x)], = H{QT(O)szo}’ and @ = [ay,...,an] € R™. We
may write W, vTrr as Wg, \?Vs,r to indicate dependence on S.

Novel Augmented Feature Compared to the Regular ReLLU Network. Compared to the vanilla
network fOVanill) (W x) = \F > a0 (wrT ) (1) includes the additional term \}4; 1 F(

W(0), x), which ensures the associated NTK is a PSD kernel K (defined in (2)) with strictly pos-
itive eigenvalues (Theorem 31, Appendix D.6). In contrast, for fO'a1 the NTK eigenvalues

{)\j} . satisfy )\2,5+1 = 0 for t > 1 [6, Proposition 5], so the corresponding eigenspaces fail
iz

to span all spherical harmonics of order 2¢ 4 1, limiting the learning of spherical polynomials with
odd-degree (> 3) components.

2.2. Kernel and Kernel Regression for Nonparametric Regression

We define kernel functions for u, v € X' by

_ T
KO@u,v) =" arCQCOS(“ V) KW v) = u vEOuy), K= KO+ KD, (2
T

which corresponds to the NTK of the two-layer NN (1) with constant second-layer weights a, and
K is PSD. Let K € R"*" be the Gram matrix over S, K;; = K(?Z, ;j), and K,, := K/n with
analogous definitions for K(®), 7(1 ), a = 0,1. Let K, = USU' with eigenvalues {XZ}?:l
in non-increasing order; K, is non-singular [14] and A; € (0,1) since sup, K(x,x) = 1. Let
Hi be the RKHS of K. As K is continuous on compact X x X, the operator Tk f(x) =
[+ K (x")du(x') is positive, self-adjoint, and compact. By the spectral theorem, there exist
elgenpalrs {(e], Aj)}bisowithl > XAg > Ay > -+ > 0and Tke; = Ajej. Let {g}o>0 be distinct
eigenvalues with cumulative multiplicities my. Then {v; = \/Aje;};>0 is an ONB of Hy. For
Yo > 0, define Hi (o) = {f € Hi : [[fllu <} ={f= Z]>O Bie; ijo 5?/)‘3' < ’73}- By

Theorem 31, {e;} are spherical harmonics. Let Hg = {) ;" | K (-, xi)ai}.

The task of nonparametric regression. We consider the target function f*(x) = Z d (d0) ag
Y, j(x) where x € X, {Y;;} are degree-¢ spherical harmonics forming an orthogonal ba51s of
H, with dimension N(d, ¢). Background on S?~! is in Section C, where it is also shown that
{ej} = {}/&j}@zo’je[]\f(d’g)]. We assume f* € F* with

ko N(d,0) ko N(d,0)
Fr= { =D anYey Y azg/uz<vo} 3)
=0 j=1 =0 j=1

By Theorem 11 in the appendix, F* contains all degree-k( polynomials on X" with finite H g-norm
~o0- The goal is to estimate £ from {(Qz, y;i) }i, sothat Ep [(f— f *)2} decays rapidly; we analyze
the rate when fis given by the over-parameterized NN (1) trained by GD.
Minimax Lower Risk Bound for Learning a Low-Degree Spherical Polynomial. From (3) and
Theorem 31, F* C UIZiO’Hg with kg = @( ) Define the finite-rank kernel with r¢ = my, =
o (N(d,0): Ko (x,x') = S50 ),ung,J( x)Yy ;(x') for all x,x" € X, so that F* C
H g ro) (70). Lemma 12 shows g = @(dko) for ko = ©(1) and d > ©(1). By [26, Theorem 2(a)],
the minimax lower bound for the regression risk with K (70) is ©(ro/n) = ©(d* /n).
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3. Summary of Main Result
3.1. Training by Gradient Descent with Projection

In training the two-layer NN (1), a is randomly initialized to +1 with equal probability and fixed
thereafter, and all other weight vectors are optimized. The quadratic loss L(W) = ﬁ T (fOV, i)
— y;)? is minimized. At iteration ¢ + 1, GDP updates the network weights by

vee (Ws(t 4 1)) — vec (Ws (1) = — L Zs()P"(5(2) — ),

Ui

—=F(W(0),8) P (3(t) ), @)

W1 (t+ 1) — Wi (£)

RN

where F(W(0),S) € R™™ with [F(W(0),S)], = F(W(0),x,)T, y(t); = f(W(t),%,), and
f:(:) = fOV(t),-). The matrix Zg(t) € R™?*" is specified by (Zs(®)][(r—1)as1:ra) = L/ /M-

1 {v?r BT x> O}QZ-ar, and P("0) = UX(0)UT projects onto an ry-dimensional subspace of g

(absent in vanilla GD). Using symmetric initialization [10, 12] with even m, v_\\fgrz (0) ~ N(O0, I<L2Id),

ag ~ unif({—1,1}), and \?727‘/_1(0) = v_\\rgr/(O), ag—1 = —ag,, ensures y(0) = 0. We denote
W(0) = {w,(0)}™,, and run Algorithm 1 deferred to Section A of the appendix for 7" steps.

3.2. Sharp Bound for Regression Risk

The main sharp risk bound is given in Theorem 1 (proved in Section D.2).

Theorem 1 Suppose that n > O(log(4/5) - d**0), § € (0,1), and ¢; € (0,1] is an arbitrary
positive constant. Suppose the network width m satisfies
25
n\z2 ,5

m2 (o) " i, )
and the neural network f(W (t), -) is trained by GDP using Algorithm 1 with the constant learning
rate n = ©(1) € (0,1), and T < n/d*. Then for every t € [c;T: T), with probability at least
1 —0—exp(—0O(n)) — 2exp (—O(rg)) — 2/n over the random noise w, the random training
features S and the random initialization W (0), f(W(t),) = f; satisfies

ko
B [0 - £ S 1o 30 (27). ©

Here g = my, = ©(d™).

Theorem 1 shows that the neural network (1) trained by GDP via Algorithm 1 achieves a sharp
regression risk rate ©(log(4/8) - ©(d* /n)) for learning a degree-ko spherical polynomial. [42]
establishes a minimax lower bound of order O(rp/n) as described in Section 2.2. Compared
to this lower bound, our result is nearly minimax optimal up to an additional logarithmic fac-
tor. It follows from (6) that the two-layer NN trained by GDP attains sample complexity n =
O(log(4/d) - d* /) for any regression risk ¢ € (0, 0(d~*0)], which is significantly smaller than
O(d*o max {5‘2, log d}) in [24]. We further compare our result with competing approaches for
learning low-degree spherical polynomials in Table 1, focusing on algorithmic guarantees, specifi-
cally, whether a finite-width neural network is trained—and the sharpness of the regression risk.

[24, Theorem 1] shows that achieving regression risk ¢ > 0 requires sample complexity n =,
dFo max {e72,log d}, implying convergence rate ©(1/d*0 /n) when the risk is below 1/+/log d.
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Table 1: Comparison between our result and existing works on learning low-degree polynomials
on the spheres of R? via training over-parameterized neural networks, with or without
algorithmic guarantees. Most results adopt a common setup where f* € Hj, with K
being the NTK of the specific neural network studied in each work, and the responses
{yi}i_, are corrupted by i.i.d. Gaussian or sub-Gaussian noise with zero mean; the only
exception is [24], which assumes noise-free responses. It is noted that sample complexity
can be directly derived from the regression risk. The regression risk in [12, Theorem 1] is
characterized for risk below 1/+/log d, where the meaning of r is given in Section 3.2, and
O suppresses a logarithmic factor of log(mnd).

Existing Works and Our Result | Finite-Width NN is Trained Sharpness of the Regression Risk
[16. Theorem 4] No Only matching the lower bognd for p.01ntw1se kernel learning,
not minimax optimal
[4, Theorem 7] Yes Not minimax optimal
[24, Theorem 1] Yes O(+/d*0 /n), not minimax optimal
1 B . . ~ k D
[12. Theorem 1] Yes L'-norm regression ps'k @(\/d'r o/n+ /TP /m),
not minimax optimal
Our Result (Theorem 1) Yes Nearly minimax optimal, log % -0 (%)

However, such a rate this is not minimax optimal and is looser than our bound. The two-stage
feature learning method [12] assumes the target depends on r < d directions, so GD confines the
learned function to a rank-r RKHS subspace. Without this limitation (then r = d), its Ll-risk [12,
Theorem 1] is at least ©(+/d*o+1 /n). Since LP-norms increase with p, our L? bound (Theorem 1)
yields a sharper L!-risk ©(y/dko /n).

Apart from the feature learning methods in Table 1, the statistical learning literature has es-
tablished rich results in the sharp convergence rates for the risk of nonparametric kernel regres-
sion [27, 29, 39, 40]. By training over-parameterized shallow [18, Theorem 5.2] or deep [31,
Theorem 3.11] neural networks with traning features following spherical uniform distribution on
the unit sphere, these results [18, 31] show that minimax optimal rate O(n~%(2?=1)) is achieved
for the regression risks when the target function is in H z (7o) where K is the NTK of a specific
studied neural studied in each work. As discussed in Section 2.2, because the target function f*
as a degree-kg spherical polynomial lies in the union of the eigenspaces up to degree kg, we need
to learn the subspace UIZiOHg of dimension 79 = my, instead of the entire RKHS Hx (o) for
a sharp regression risk. This observation motivates our GDP algorithm, which fits f* in an ro-
dimensional subspace Hsg ,, (with 7 = ¢). For € [n — 1], we write U = [U(") U(~")] and define

Hs,r = { i K, Qi)ai ra € Span(U(T))}, a subspace of Hg of dimension r-.

4. Conclusion

We study nonparametric regression by training an over-parameterized two-layer NN where the tar-
get function is in the RKHS associated with the NTK of the neural network and also a degree-kg
spherical polynomial on the unit sphere in R%. We show that, if the neural network is trained by a
novel Gradient Descent with Projection (GDP), a sharp and nearly minimax optimal rate of the or-
der log(4/8) - ©(d* /n) can be obtained. A novel proof strategy is employed to achieve this result,
and we compare our results to the current state-of-the-art with a detailed roadmap of our technical
approach.
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The appendix of this paper is organized as follows. We first describe the roadmap of proofs with
our novel proof strategy in Section A. We then present the basic mathematical results employed
in our proofs in Section B, and then introduce the detailed technical background about harmonic
analysis on spheres in Section C. Detailed proofs are presented in Section D. In particular, more
results about the eigenvalue decay rates are presented in Section D.6. The simulation results are
presented in Section E.

Appendix A. Roadmap of Proofs

We present the roadmap of our theoretical results which lead to the main result, Theorem 1, in this
section. We first present in Section A.1 the basic definitions used in our proofs, and then detail the
roadmap and key technical results with our novel proof strategy for this work in Section A.2. The
proof of Theorem 1 is presented in Section D.2. Section D.3 together with the remaining parts of
the appendix present the proofs of the key results in Section A.2.

Algorithm 1 Training the Two-Layer NN by GDP
1: W(T') < Training-by-GDP(T', W(0))
input: T,W(O),v?zmH =0,7n
for t=1,...,7T do
Perform the ¢-th step of GDP by (4)
end for
return W(T'), Wy 41 (T)

AN AN N

A.1. Basic Definitions

We introduce the following definitions for our analysis. We define
u(t) =y(t) -y (N

as the difference between the network output y(¢) and the training response vector y right after the
t-th step of GDP. Let 7 < 1 be a positive number. For ¢ > 0 and 7' > 1 we define the following
quantities: ¢y == O(y9) + o0+ 7+ 1,

_ nea I’

R: Nk

(®)

Vi = {V ER™: v =— (In _ ﬂKnP(m)yf*(S)} , )

N N ¢ N
Eiri= {e: e=e;+eyeR" e; =— (In —nKnP(T0)> w, 62H2 < \/ﬁT} i (10)

In particular, Lemma 17 in the appendix shows that with high probability over the random noise w,
the distance of every weighting vector w,.(¢) to its initialization w,.(0) is bounded by R. In addition,

u(t) can be composed into two vectors, u(t) = v(t) + e(t) such that v(¢) € V; and e(t) € & .

10
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We then define the set of the neural network weights during the training by GDP using Algorithm 1
as follows:

t—1

W(S,W(0),T) = {W: 3t € [T] s.t. vec (W) = vec (W(0)) — Y gzs(ﬂ)P%)u(t’),
t'=0

u(t') e R™u(t') =v(t') +e(t),v(t') € Vy,e(t') € & ,, forallt’ € [0,t — 1]} . (11)

We will also show by Lemma 17 that with high probability over w, W(S, W(0),T') is the set
of the weights of the two-layer NN (1) trained by GDP on the training features S with the random
initialization W (0) and the number of steps of GDP not greater than 7. The set of the functions
represented by the neural network with weights in W(S, W (0), T') is then defined as

Fan(S,W(0),T) = {fy = FOV(), ): 3t € [T], W(t) € WS, W(0),T)}.  (12)
We also define the function class F (B, w) for any B, w > 0 as
F(B,w,S,ro) ={f: f=h+ehcHg(B)NHsr el <w}. (13)

We will show by Theorem 2 in the next subsection that with high probability over w, Fxn (S, W(0),T')
is a subset of F(B,w, S, rg), where a smaller w requires a larger network width m, and By, > g is
an absolute positive constant defined by

By =y +06(1). (14)

A.2. Detailed Roadmap and Key Results

The summary of the approaches and key technical results in the proofs are presented as follows. Our
main result, Theorem 1, is built upon the following three significant technical results of independent
interest.

First, using the novel GDP algorithm and the uniform convergence to the NTK (2) during the
training process by GDP, we can have a nice decomposition of the neural network function at any
step of GDP into a function in a rp-dimensional subspace of the RKHS associated with the NTK
(2), which is Hx (Bp) N Hs,ry, and an error function with a small L°°-norm. Formally, Theorem 2
states that with high probability over w, Fnn (S, W(0),T') C F(Bp,w, S, 19).

Theorem 2 Suppose n > O(log(2/5) - d**0), 6 € (0,1/2), w € (0,1), the network width m
satisfies

m > max {T%d%/uP,T?d%} , (15)

and the neural network fy = f(W(t),-) is trained by GDP using Algorithm 1 with the constant
learning rate n = O(1) € (0, 1) and the random initialization W (0) € Wy. Then for every t € [T
and every § € (0,1/2), with probability at least 1 — 2§ — exp (—O(n)) — exp (—O(rg)) over the
random training features S the random noise w, f; € Fnn(S, W(0),T), and f; has the following
decomposition on X :

Jt = hi + e, (16)
where hy € H(Bp) N Hg r, with By, defined in (14), e, € L™ with ||es|| ., < w.

11
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In particular, with the uniform convergence by Theorem 13 and the optimization results in
Lemma 17 and Lemma 21 in the appendix, Theorem 2 shows that with high probability, the neural
network function f(W(t), -) right after the ¢-th step of GDP can be decomposed into two functions
by fOV(t),:) = fi = h + e, where h € Hg(Bp) N Hs r, is a function in a subspace of finite
dimension 7 of the RKHS associated with K with a bounded H x-norm. The error function e has
a small L*°-norm, that s, ||e|| , < w with w being a small number controlled by the network width
m, and larger m leads to smaller w.

Second, local Rademacher complexity is employed to tightly bound the risk of nonparametric
regression in Theorem 3 below, which is based on the Rademacher complexity of a localized subset
of the function class F(Bp,w,S,rg) in Lemma 27 deferred the appendix. We use Theorem 2,
Lemma 27, and Lemma 28 deferred to the appendix to prove Theorem 3.

Theorem 3 Suppose n > O(log(2/5) - d**0), § € (0,1/2), w € (0,1), m satisfies (15), and the
neural network fy = f(OV(t),-) is trained by GDP using Algorithm 1 with the constant learning
rate n = O(1) € (0, 1) on the random initialization W (0) € Wy. Then for every t € [T'| and every
d € (0,1/2), with probability at least 1 — 20 — exp (—O(n)) — 2exp (—O(rg)) over the random
noise w, the random training features S and the random initialization W (0),

ko
Ep [(fi — £)?] - 2Ep, [(fi — )] < log§ . % +w. a7

Third, we have the following sharp upper bound for the training loss Ep, [( fi—f *)2] .

Theorem 4 Suppose the neural network trained after the t-th step of GDP, f, = f(W(t),-), satis-
fiesu(t) = f;(S) —y = v(t) + e(t) with v(t) € V,, e(t) € E;.r. Letn > O(log(2/d) - d**0) and

5 e (0,1/2). If
[ dko
n € (07 1)7 T S I (18)
n

then for every t € [T, with probability at least 1 — 20 — exp (—©(ro)) over the random training
features S and the random noise w, we have

2 % 2, 2 d*o
E - <el= log—--0(—|. 19
plGe- 7 <0 (2) oo 0 (1)) 19)
We then obtain Theorem 1 using the upper bound for the regression risk in (17) of Theorem 3 where
w is set to d¥ /n, with the empirical loss Ep, [(f; — f*)?] bounded by ©(log(2/4) - d*° /n) with
high probability by Theorem 4.

A.3. Novel Proof Strategy

We remark that the proof strategy of our main result, Theorem 1, summarized above is significantly
different from the existing works in training over-parameterized neural networks for nonparametric
regression with minimax rates [18, 23, 31] and existing works about learning low-degree polynomi-
als [4, 12, 16, 24].

First, GDP is carefully incorporated into the analysis about the uniform convergence results
for NTK, leading to the crucial decomposition of the neural network function f; in Theorem 2. It

12
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is remarked that while existing works such as [23] also has uniform convergence results for over-
parameterized neural network, our results about the uniform convergence (in Section D.1 of the
appendix) do not depend on the Holder continuity of the NTK.

Second, to the best of our knowledge, Theorem 3 is the first result about the sharp upper bound
of the order ©(log(2/6) - d* /n) (with w = d*o /n) for the regression risk of the neural network
function which has the decomposition in Theorem 2. We note that the RHS of this upper bound (17)
is nearly ©(d*° /n), which has the expected and the desired order since the target function is in a
ro-dimensional subspace of the RKHS H x (o) with 7y = ©(d*0).

Third, a novel method based on the operator theory in RKHS has been developed to derive
the sharp upper bound for the training loss in Theorem 4. As shown in Theorem 2, the network
function f; at every step ¢ of GDP is approximately a function in the rp-dimensional subspace,
Hi(Br) N Hsr,- We emphasize that while it is intuitive to only learn the r-dimensional sub-
space by projection, H (Bp,) N Hs . since the target function lies in that function, it has been
an open problem in the research community how to handle the incurred training loss by such pro-
jection. In particular, as pointed out by the existing work [24], learning in such a subspace leads
to better alignment with the target function f*, however, such alignment incurs additional training
loss because the network function f; only learns the information in such a subspace of dimen-
sion 79 < m, and the information in the ground truth signal f*(S) not in the ro-dimensional
subspace is not learned by f;. We manage to show that the information of f*(S) not in the
ro-dimensional subspace, which is Py (f*(S)) where Py—rg) = Py, yeroryL, is sharply

* 2 k
Py o (f (S))H2 < nydlog2 - © <d70> The proof

of Lemma 24 relies on a novel result in operator theory developed in this work which is of in-
dependent interest in functional analysis. Let {@(k)}k>0 be an orthonormal basis of the RKHS

H e as an extension of the orthonormal basis of the RKHS Hs C Hgk, {<I>(k)}k€[0m71]. Us-

ing the bounded Hilbert-Schmidt norm of PZx — PTn \here the two operators are defined as
My M

bounded in Lemma 24 of the appendix:

mkofl mkofl

ngoh =20 (hvj)y vj,Pg;zOh =2 =0 {h, <I>(j)>H ®U) for all h € Hye, we can prove

the following theorem showing the bounded projection of f* on the eigenfunctions {<I>(’1) }q>r0:

o) 2 2
Theorem 5 With probability at least 1 — 8, S { f*, q><Q>>iK < oo = —20 108

q=ro (“ko _”k0+1)2".

Theorem 5 proves Lemma 24, which in turn proves Theorem 4.

A.4. Beyond the Regular NTK Limit

We remark that while an over-parameterized neural network is trained, our result goes beyond the
regular NTK limit due to our new GDP algorithm. As shown in Theorem 2, the novel projection
operator P ("0) in GDP ensures that the neural network function almost lies in a ro-dimensional sub-
space of the RKHS H x (7o) with 79 = ©(d*). Although such projection loses all the information
of the ground truth signal f*(S) not lying in such a subspace, Theorem 4 shows that such informa-
tion loss due to the projection is small enough to ensure a sharp regression risk bound. In contrast,
the regular NTK-based analysis with vanilla GD must account for all eigenspaces associated with
the NTK, and therefore cannot achieve such a sharp rate.

13
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Simulation Results. Section E of the appendix provides the simulation results showing that a two-
layer NN (1) trained by GDP always has lower test losses across different training data size than the
vanilla gradient descent for learning a spherical polynomial with degree ko € {1, 2, 3}.

Appendix B. Mathematical Tools

B.1. Concentration Inequalities for Supremum of Empirical Processes

The Rademacher complexity of a function class and its empirical version are defined below.

Definition 6 Let o = {0;};_, be n i.i.d. random variables such that Pr(c; = 1] = Prjo; = —1]
1 . The Rademacher complexity of a function class F is defined as

e o [ 2 @

The empirical Rademacher complexity is defined as

f]:nzl

R(F) = Eqym [sup Zazf X ] , (21)

For simplicity of notations, Rademacher complexity and empirical Rademacher complexity are also

denoted by E [supfef 1y azf(Qz)} and E, [supfef Ls alf(Qz)] respectively.
i=1 i=1

AN
For data { } - and a function class F, we define the notation R,, F by R,,J := supscr - Z oif (XZ)
We have the contraction property for Rademacher complexity, which is due to Ledoux and Tala-

grand [22].

Theorem 7 Let ¢ be a contraction,that is,
function class F,

() — d(y)| < plx —y| for p > 0. Then, for every

E{Ui}?zl [Rn¢ ¢ .F] < 'U’E{Uz‘}?zl [Rn]:] , (22)
where ¢ o F is the function class defined by p o F = {¢po f: f € F}.

Definition 8 (Sub-root function,[5, Deﬁnition 3.1 Afunction): [0,00) — [0, 00) is sub-root if
it is nonnegative, nondecreasing and if < = w is nonincreasing for r > 0.

Theorem 9 ([5, Theorem 3.3]) Let F be a class of functions with ranges in [a,b] and assume
that there are some functional T: F — R+ and some constant B such that for every f € F,
Var [f] < T(f) < BP(f). Let 1 be a sub-root function and let r* be the fixed point of 1. Assume
that 1) satisfies that, for any r > v*, ¢(r) > BR({f € F: T(f) <r}). Fix x > 0, then for any
Ky > 1, with probability at least 1 — e™7,

Ko 704K¢ z (11(b — a) + 26 BK)
E < E — g .
Also, with probability at least 1 — e 7,
Ko+1 704Ky , x(11(b—a)+ 26BK,
VfeF, Ep [f]< ‘}( Ep [f] + B°r+ (11 7)1 0).
0

14
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Appendix C. Detailed Technical Background about Harmonic Analysis on Spheres

In this section, we provide background materials on spherical harmonic analysis needed for our
study of the RKHS. We refer the reader to [9, 15, 32] for further information on these topics. As
mentioned above, expansions in spherical harmonics were used in the past in the statistics literature,
such as [3, 6].

With £ > 0, let Péhm“) denote the space of all the degree-¢ homogeneous polynomials on X =
S%-1, and let H, denote the space of degree-¢ homogeneous harmonic polynomials on X, or the
degree-¢ spherical harmonics. That is,

Hy={ P: X 5 R: P(x ZywcAP_o, (23)
la|=£
where o = [av, ..., qq], X* = Hle X, la| = Zle «;, and A is the Laplacian operator. For

¢ #+ U, the elements of H, and H, are orthogonal to each other. All the functions in the following
text of this section are assumed to be elements of L?(X, v4_1), where vy_1 standards for the uniform
distribution on the sphere X = S*~!. We have (f, g);» == [, f(2)g(x)dva_1(z). We denote by
{Yi; }J EIN(d,R)] the spherical harmonics of degree & which form an orthogonal basis of H},, where

(d k‘) 2k+kd 2 (kgd;S

We have Z _1 Yk]( Yii(x') = N(d, k)Py({x,x')) for all x,x" € X, where P is the k-th
Legendre polynomlal in dimension d, which is also known as Gegenbauer polynomials, given by
the Rodrigues formula:

_ 1y (5 (-2 (d\" k+(d=3)/2
Py(t) = (—*)kF(TQd%l) (1-%) (dt) (1-1) :

) is the dimension of #},. They form a orthonormal basis of L?(X,vg_1).

The polynomials {P;} are orthogonal in L?(X, dvg_1) where the measure dvy_; is given by
dvg_1(t) = (1 — t?)(@=3)/2d¢, and we have

/1 P2(t)(1 _ t2)(d*3)/2dt _ Wd-1 1
a0 F wy—a N(d, k)’

where wy_1 = lg?Td//;) denotes the surface of the unit sphere S?~. It follows from the orthogonality
of spherical harmonics that

djk
[ PR WP )i a(w) = 2 P x)),
where 0 = 1;—;). We have the following recurrence relation [15, Equation 4.36],

k k+d—2
7P_ t - -
2k +d — 2 kﬂ)+2k+d—2

forall k > 1, and tPy(t) = Pi(t).
The Funk-Hecke formula is helpful for computing Fourier coefficients in the basis of spherical
harmonics in terms of Legendre polynomials. For any j € [N(d, k)], we have

/Xf((x,x’})ij(x’)dvd_l(x’) Wd- QYkJ /f VPL(t)(1 — £2)(43)/2qy.

tP(t) = Pt (t)

15
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For a positive-definite kernel K (x,x’) = x((x,x’)) defined on X, we have its Mercer decomposi-
tion as follows.

(d,0)
f{(xjxl) = ZN@ Z n,j(x)}/&j(xl) = Z/MN(dv K)P€(<X7x/>)7
>0 j=1 £20

where i is the eigenvalue of the integral operator 7 associated with K corresponding to H,. It
follows that

1
g = L2 / RO P11 — 12)@3)/2q1,
Wd—1 J-1

The above equation will be used to compute the eigenvalues of the PSD kernels define in (2) in
Section D.6 of this appendix.

Proposition 10 ([20, Theorem 4.2]) Letp € Péhom). Then there exists unique hy,_o; € H,—9; for
i€{0,1,...,|n/2|} such that

p(X) =hy+hno+...4+ hp_ok.

Theorem 11 Every polynomial p defined on S*=' of degree k for k > 0 can be represented as a
linear combination of homogeneous harmonic polynomials up to degree k, that is,

k
p=>_cpi
i=0
where p; € H; fori € {0,1,...,k}.

Proof Every polynomial p defined on S¥~! of degree k can be represented as the sum of homo-
geneous polynomials on S~! by grouping the terms of p of the same degree together. It follows
from Proposition 10 that every homogeneous polynomial is a linear combination of homogeneous
harmonic polynomials up to degree k. As a result, the conclusion holds. |

Lemma 12 (Estimation for ro = my,) For ko = O(1) and d > ©(1), we have
ro = O(dk0). (24)

Proof It follows from the direct calculation that N (d, £) =< d’ under the given conditions, so that
ro = S50 N(d, £) < do. |

Appendix D. Detailed Proofs

In Section D.4, we present the proofs of Theorem 4, and the lemmas required for the proofs in
Section D.3.
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D.1. Uniform Convergence to the NTK (2) and More

We define the following functions with W = {w, }"" :

m

h(w,u,v) = ]I{wTuzo} ]I{wTvzo}’ h(W,u,v) = Zh W, U, V) (25)
r:l

UR(W,U) = ]I{’wTu|§R}’ @\R(W,u) = m ZUR W, u , (26)
r=1

where u, v € R?. Then we have the following theorem stating the uniform convergence of E(W(O), )
to K (-, -) and uniform convergence of vr(W(0), -) to \/221; for a positive number R < nT'/v/m,
and R is formally defined in (8). It is remarked that while existing works such as [23] also has
uniform convergence results for over-parameterized neural network, our result does not depend on
the Holder continuity of the NTK.

Theorem 13 The following results hold with n < 1, m = max {n2/d, @(Tg)}, and m/logm >
d.

(1) With probability at least 1 — 1/n over the random initialization W (0) = {VT’T(O) }m ,

r=1

sup  |K@(u,v) — h(W(0),u,v)| < Cy(m/2,d, 1/n)§\/dl(;glm,oz€{0,l}. 27

uce X, vexX

m

(2) With probability at least 1 — 1/n over the random initialization W (0) = {VT’T(O)} ,

r=1

sup Dr(W(0), 1) < ——— + Cy(m/2,d,1/n) < Vdm 5Tz, (28)

ueX V21K

where C1(m/2,d,1/n),Co(m/2,d,1/n) are two positive numbers depending on (m,d,n), with
their formal definitions deferred to (36) and (38) in Section D.3.

Proof This theorem follows from Theorem 15 and Theorem 16 in Section D.3. We note that

m m/2

~ 1

h(W,u,v) = p- g h(wr,u V) m/2 E h( W2r V),
r=1 r'=1

then the first bound part (1) for K(©) directly follows from Theorem 15. Moreover, since K (V) (u, v) =
u' vK(©(u,v), we have

KO (u,v) = uv (W), u,v)| £ suwp  [KO(u,v) = h(W(0),u,v)|.
ucX ,veXx

which leads to the second bound in part (1) for K (@), Part (2) directly follows from Theorem 16.
We define

Wo = {W(0): (27), (28) hold} (29)

17
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as the set of all the good random initializations which satisfy (27) and (28) in Theorem 13. Theo-
rem 13 shows that we have good random initialization with high probability, that is, Pr [W (0) € Wy] >
1 —2/n. When W(0) € W), the uniform convergence results, (27) and (28), hold with high prob-
ability, which is important for the analysis of the training dynamics of the two-layer NN (1) by
GD.

D.2. Proofs for the Main Result, Theorem 1

Proof [Proof of Theorem 1] We use Theorem 3 and Theorem 4 to prove this theorem.
First of all, it follows by Theorem 4 that with probability at least 1 — 20 — exp (—©(r)) over
S and w,

2 gk
Ep, [(fi - 1)?] < © @g) +rdlog -0 <n> .

Plugging such bound for Ep, [(f; — f*)?] in (17) of Theorem 3 leads to

2 2 dro
Ep [(f: — f*)Q] <0 (’;‘t)) + 10g5 — + w. (30)

Due to the definition of 7' < n/d", we have

11 dr

~

— = — = . 31
nt nT n 3D
We also have Pr[Wy] > 1 — 2/n. Let w = d* /n, then that w € (0,1) with n > d*o. (6) then
follows from (30) with w = d*o /n, (31) and the union bound. We note that ¢, is bounded by a
positive constant, so that the condition on m in (15) in Theorem 2, together with w = dFo /m and
(31) leads to the condition on m in (5).

|

D.3. Proofs for Results in Section A.2

We present our key technical results regarding optimization and generalization of the two-layer NN
(1) trained by GDP in this section. The following theorem,

Theorem 14 Suppose K is a continuous and positive definite kernel on X x X, and the target
function f* € Hy (o) is spanned by the orthogonal set {v; };(’:_01 in the first kg eigenspaces of Ty

with ko > 1 and ro = my,. That is,

ro—1 ro—1
=B, Y B <. (32)
§=0 j=0
Then with probability at least 1 — 0 over the random training features S,
> . 2 322 log 2
D e R (33)
q=ro HK (Mko - ILLk'O“Fl) n

18
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Similarly, for every f € F(Bp,w,S,ro), with probability at least 1 — § over the random training
features S,

e}

S va)s, < CnBrros: (34)

q=ro
D.3.1. RESULTS ABOUT UNIFORM CONVERGENCE

We have the following two theorems, Theorem 15 and Theorem 16, regarding the uniform conver-

gence to the PSD kernel K (0) defined in (2) and the uniform convergence of Uy to \/225 on the unit

sphere X.

Theorem 15 (Adapted from [37, Theorem 6.1],[38, Theorem VL.7]) Let W(0) = {v?/r(o) }m v

where each V?T(O) ~ N(0,k1y) for r € [m]. Then for any § € (0,1), with probability at least
1 — 4§ over W(0),
sSup ’K(O) (u,v) _E(W(O)auav)‘ < Cl(m> d7 5)1 (35)

ucX ,veX

where

Cr(m,d,6) = <6(1+23x/&)+ \/Qlog( +5m) ) + g3m . (36)

and B is an absolute positive constant. In addition, when m 2, nt/ (2d), m/logm > d, and

5= 1/n, C1(m,d,8) < \/Dosm 4 dlogm < [dlogm,

Theorem 16 ([37, Theorem 6.1],[38, Theorem VL.8]) Ler W(0) = {V_\;r(O)}m v where each
r=

v?/r(()) ~ N(0,s%1y) for r € [m]. Suppose n < 1, m > 1. Then for any § € (0,1), with
probability at least 1 — 6 over W (0),

2
sup [0r(W(0),x) — K < Cy(m, d, 6), (37
xXEX 21K

where

9l (LH2vm)? 71 (1+2\F)
Cs(m, d, ) _3\[m—5Tz %8 5 08 L (38)

N|=

In addition, when m 2, n2/d m/logm > d, and § < 1/n, Co(m,d,d) < \/gm_%T .

D.3.2. PROOF OF THEOREM 2

We prove Theorem 2 in this subsection. The proof requires the following theorem, Lemma 17,
about our main result about the optimization of the network (1). Lemma 17 states that with high
probability over the random noise w, the weights of the network W (¢) obtained right after the ¢-th
step of GD using Algorithm 1 belongs to W(S, W(0), T'). Furthermore, every weighing vector w,.
has bounded distance to the initialization w,.(0). The proof of Lemma 17 is based on Lemma 18,
Lemma 19, and Lemma 20 deferred to Section D.4 of the appendix.
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Lemma 17 Suppose § € (0,1/2),
m > T7d5 /75, (39)

the neural network f(W(t),-) trained by GDP using Algorithm 1 with the constant learning rate
n = ©(1) € (0,1), the random initialization W (0) € Wy. Then for every 6 € (0,1/2) with
probability at least 1 —20 —exp (—O(n)) over the random training features S and the random noise
w, W(t) € W(S,W(0),T) for every t € [T|. Moreover, for every t € [0,T], u(t) = v(t) + e(t)

where u(t) = 5(t) — y, v(£) € Vi e(t) € Eir. [u(®)lly < cuy/m and Hv@(t) _ x?vT(O)H2 <R

Proof [Proof of Theorem 2] In this proof we abbreviate f; as f and W(t) as W. It follows
from Lemma 17 and its proof that conditioned on an event {2 with probability at least 1 — 2§ —
exp (—O(n)), f € Fnn(S,W(0),T) with W(0) € Wy. Moreover, f = f(W,-) with W =
{VTIT}ZI € W(S, W(0),T), and vec (W) = vec (Ws) = vec (W(0)) — S5 n/n-Zs(t')u(t)
for some ¢ € [T, where u(t’) € R",u(t') = v(t') + e(t') with v(t') € Vy and e(t') € & , for all
t' € [0,¢ — 1]. It also follows from Lemma 17 that conditioned on {2, ‘ W (t) — var(O) H2 < R for
all t € [1].
w, 1s expressed as

W, = ws, (t) = we(0) = Y g (Z5()] (1010 PO 0(E), (40)

where the notation wg , emphasizes that w,. depends on the training features S. We define the event

E.(R) = {‘QT(O)TX‘ < R}, E(R) = {‘@T(O)Tx‘ > R}, r € [m).

1 1 m —T
We now approximate f(W,x) by g(x) = T >y a’"]I{vTrr(o)szo}WT x. We have

E aro (WT X) - g arﬂ{?vr(o)Txm}WT x
r=1 r=1 -

FOW, %) — g(x)| = jﬁ

< \/%sz:l ar (H{ET(R)} + H{E(R)}) (J (VA":X> B H{v?r(o)szo}‘;:X> ‘
= \/% é Lm (r)} |0 <VAVT X) -7 (@T(O)TX) I om0} (wr = w,(0)Tx
= \2/},% > Ty, “D

%
Il
—
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where first inequality follows from 1 (B.(R)} <o <Wr x) -1 {‘?V (O)Tx>o}WT x) = 0. Plugging

R= % in (41), since W(0) € W), we have

1 & 2R
sup |f(W, x) — g(x)| < 2neaT - — > Mg (ryy < 2ncuT < + C2(m/2,d, 1/n)> -

xeX —1 \/%/{
(42)
Using (40), g(x) is expressed as
9(x)
1 m N . t—1 T
= ﬁZ“TU(WT(O) x)= Z \ﬁz {wr07x>0} ( )J[(rfl)dJrl:rd] P(’”O)u(t’)) X
r=1

D w1 v . =T
= _ 2 oy ; ]I{?w Tx>0} Z {Wr(t’)T;jZO} [P( O)U(t/)}j X, X, 43)

::Gt/ (X)

where (D follows from the fact that T Yoty aro(w T(O)Tx) = f(W(0),x) = 0 due to the partic-
ular initialization of the two-layer NN (1). For each Gy in the RHS of (43), we have

—T

Gt/ : 77771 Z ]I{wr Tx>0} Z <dt/ rj T ]I{WT(O)T;j>0}> [P(m)u(t/)}j x5 %
@ y zn: K(x, %) [P““O)u(t’)}j +1 Z ¢ [P“%(t/)}j
=1 =1

L Z o} X Z dy . [P< 0 )L X, x. (44)

where dy . j =1 {w NTR >0} {\T\VT(O)T;J'EO} in @, and ¢; := h(W(0), x;,x) — K(x,x) for

all j € [n] in @. We now analyze each term on the RHS of (44). Let h(-,¢'): X — R be defined by
n —\
h(x,t') = 1% K(x,x;) [P(’"O)u(t’)]j, then h(-,t") € Hs y, for each t’ € [0, — 1]. We further
j=1
define

Zh ) € Hx, (45)

Since W(0) € Wy, ¢; < C1(m/2,d,1/n) for all j' € [n] with C1(m/2,d,1/n) defined in (36).
Moreover, u(t') < cy+/n with high probability, so that we have

1B |, = %quuj(t') < %Hu(t’)HQ\/ﬁCl(m/Zd, 1/n) < neaCi(m/2,d,1/n).  (46)
j=1

[e.9]
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R with its j-column being
2 (XPu()  x.
)H2 < R, it follows that

We now bound the last term on the RHS of (44). Define X' €

x/ll — Ly ]I{v? (O)szo}dt/mjzj for all j € [n], then Ea(x) = I
We need to derive the upper bound for ||X'||,. Because er " — @
when ’\?/r(O)ng‘ > R forall j € [n]. Therefore,

I[{?vr(t')TQj 20} - ]I{?VT(O)T szo}

vTN(o)TQj‘gR}’

SI[{

- 'H{?vr(t')TszO} B ]I{?vr(O)T?]-zO}

\dys . jr

and it follows that

i I ro dt’T‘j i ’dt’ﬂ”]" i Ipos oyrs
= w(0)T x;>0 R — ) = wr(0)" x,;|<R N N
: { m } : m S : { m J’ } = UR(W<O)7Xj)
2R
+ 02(771/2, d7 1/”)’ (47)

21K

where U is defined by (26), and the last inequality follows from Theorem 16
It follows from (47) that || X'||, < /n ( 2R Cy(m)2,d, 1/n)), and we have

@Il < nea <\/22£ + Cy(m/2,d, 1/n)> (48)

1Bo(x) e < X

Combining (44), (46), and (48), for any ¢’ € [0,¢ — 1],
Su.I/\)_/ ’Gt’(x) - h(X7t/)} < HElHoo + ||E2Hoo
pdS
2R
<ew (Cutm/2.d.1/0) + 2o Camra /). @)

hi(x") for x’ € X, and e;(x’) = 0 for x € X\ X. It then follows from

Define e;(x') = f(W, x') —
(42), (43), and (49) that

letll oo < sup [f(W,x) — g(x)| 4 sup |g(x) — hi(x)|
xeX xeX
< su W, x) + sup |Gy (x) —
S LOV-X) ot + 3 €15 )
2R
+ +C'2(m/2,d,1/n)>

2R + Ca(m/2,d, 1/n)> + neyT <Cl(m/2,d,1/n) Nz

D eat (
= 247)Cy \/27

< neaT <01 (m/2,d,1/n) +3 <\/227RH + Ca(m/2.d, 1/n)>> = DT
T

where @ follows from (42) and (49). We now give an estimate for A, ,, ,, 7. Since W (0) € Wy, it

(50)

follows from Theorem 13 that
Am,nﬂ%T 5 \/&miéT%.
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It follows that, for any w € (0, 1), when m 2 T d%/w5, we have Ay, 5,17 < w.

It follows from Lemma 21 that with probability at least 1 — § — exp (—©O(rg)) over S, w
|htlly,, < Bn, where By, is defined in (14), and 7 is required to satisfy 7 < 1/(nT). Since
h(x,t") € Hg,, forallt’ € [0,t — 1], hy € Hgry, so that by € Hg(Bp) N Hs,r,. Lemma 17

. 15 5 25 5
requires that m > T2 d2 /7°. As aresult, we also have m > T2 d>2. |

D.3.3. PROOF OF THEOREM 3

We prove Theorem 3 using Theorem 2, Lemma 27, and Lemma 28.
Proof [Proof of Theorem 3]

It follows from Lemma 17 and Theorem 2 that for every ¢ € [T, conditioned on an event €2
with probability at least 1 — 30 — exp (—O(n)) — exp (—O(rg)) over S and w, we have W (t) €
W(S,W(0),T), and fONV(t), ) = fr € Fxn(S, W(0),T). Moreover, conditioned on the event
Q, fr € ]:(Bh, w, S, 7“0), ft = ht + ey where hy € HK(Bh) ﬂ’Hs’TO and e; € L with HetHoo < w.
We then derive the sharp upper bound for Ep [( fi—f *)2] by applying Theorem 9 to the function

class F = {F =(f—f*)?: fe ]:(Bh,w,S,ro)}.

Since By = (Bp +70) + 1 > (B + ) + w, we have ||F||, < B2 with ' € F, so that
Ep [F?] < B{Ep [F]. Let T(F) = B§Ep [F] for F € F. Then Var [F] < Ep [F?] < T(F) =
B2Ep [F]. We have

r

BRUE e 7 1) <)) = B33 ({7 = £ £ € FBrw S0 Bo [ - 1) < 15 })

(=] )

) r
< 2BjR ({f — [ f € F(Bp,w,S,70),Ep [(f — *)?] })

< —
— 2
BO

Q@ / ko
< 2B} 1og§ O <dn) + 2834 /% +4B3w. = (r). (51

Here @ is due to the contraction property of Rademacher complexity in Theorem 7. @ holds with
probability at least 1 — ¢ over S, following from Lemma 27. ) is a sub-root function since it is
nonnegative, nondecreasing and (1) //r is nonincreasing. Let r* be the fixed point of ¢/, and r be
any nonnegative number such that 0 < r < r*. It follows from [5, Lemma 3.2] that 0 < r < (7).
Therefore, by the definition of ¢ in (51), we have

2 dko 2 ko

*-dwaw,S log - — +w (52)
b n n

TST—OJr log
n 0

since g = O(d*) and By = ©(1). It then follows from Theorem 9 that with probability at least
1 — exp(—x) over the random training features S,

z (11B§ + 26 B3 Ko) _ 04Ky

Ep [(fe — f%)?] - Kfﬂ (Ep, [(f= )] - - S Bir*, (53)
or
Ep [(fe— £)%] = 2B, [(fi— F)] S 17+ =, (54)
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with Ky = 2 in (53). It follows from (52) and (54) that
12 92 2 dko T
Ep [(fe = )%] = 2Ep, [(fi = [*)°] S log = ——+w+—,
n n
which proves (17) with x = dko. |

Proof [Proof of Theorem 4]
We have

fi(8) = [7(S) +w + v(t) +e(t), (55)

where v(t) € Vi, e(t) € &, e(t) = e1(t) + ea(t) with v(t) = — (I, — K, P))" f%(8),
e(t) = — (I, — nKnP(To))tw and ng(t)Hz < /nr. Since A\, € (0,1), we have nA; € (0,1)

if n € (0,1). We use the simplified notations Py, = Pspan(utro)y and Pyrg) = Pgon queranyLs
we then have

ft(S) —y = fi(S) — Pywo (f(S) + W) — Py—r) (f*(S) + W)
= Pyeo) (V(t) +e(t) + Py (v(2) +e(t))
= Pyt (V) + €(t)) = Pycrg) (F5(S)) + W) + Py (€2(t)). (56)

It follows from (56) that f;(S) — Pyyrg) (f*(S) + W) = Pyrg) (V(E) + €(t)) + Py—ro) (gg(t», or
equivalently,

Jt(8) =Py (f1(8)) + Pspanutrny (f¢(S)) (57)
with
Py (fe(8)) = Pywe) (f(S) +v(t) + w +e(t)),
Ppan(uto s (fi(S)) =Py ro (€a(t)).

It follows from (57) that

Ep, [ = 7] = - 1(S) ~ )12 = 115(8) ~ B (7(8)) ~ Bugioro (£ (S)1

1 5 1 N y 2
= ~IPuo (VD) + W+ e@)]3 + - [Puiro (€2(6) = £(9))|
®

S -n) or e 23 (1= (1)) o]

2

3

2 *
+ =[Py (£*(S))l3 + 57
@) 2
D 3
— 2ent

B 2 ko
<®< )+37’0(00+1)+7310g2@<d>’
nt n é n
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which completes the proof. Here (D follows by Cauchy-Scharz inequality and H_e\g (t) H2 < /nr,

and @ follows from Lemma 22 since f* € F* C H ;.(ry)(70) € Mk (70), Lemma 23, and (100) in
Lemma 24 which holds with probability at least 1 — 24. It follows from the concentration inequality
about quadratic forms of sub-Gaussian random variables in [34] that

2 2
Pr [HU(ro)TWH2 _E [HU(T’O)TWHJ > 7‘0} <exp(—0(rg)),
so that with probability at least 1 — exp (—O(r9)),

HU(TO)TWHz <E [HU(TO)TWHz] + 19 < Jgtr (U(TO)U(TO)T) + 1o = TO(U(ZJ +1), (58)

which leads to @ with 7 = \/dFo /n.
|

D.4. Proof of the Lemmas Required for the Proofs in Section D.3

Proof [Proof of Lemma 17]

First, when m > T2 d2 /7° with a proper constant, it can be verified that E,;, , g < 7¢/n/T
where E,;, , , r is defined by (67) of Lemma 19. Also, Theorem 15 and Theorem 16 hold when
(39) holds. We then use mathematical induction to prove this theorem. We will first prove that
u(t) = v(t) + e(t) where v(t) € V;, e(t) € &, and ||u(t)||, < cyy/n for forall t € [0, 7.

When ¢ = 0, we have

u(0) = —y = v(0) + e(0), (59)

where v(0) == — f*(S) = — (T — 1K, P0))° 1*(8), e(0) = —w = €1(0)+ e5(0) with e, (0) =
—(I- nKnP(TO))OW and 32(0) = 0. Therefore, v(0) € Vp and e(0) € & . Also, it follows
from the proof of Lemma 18 that ||u(0)||, < cy+/n with probability at least 1 — exp (—©(n)) over
the random noise w.

Suppose that for all t; € [0,¢] witht € [0, — 1], u(t1) = v(t1) + e(t1) where v(t1) € V,,
and e(t1) = e1(t1) + ea(t1) with v(t;) € V,, and e(t1) € &, - forall ¢; € [0, ). Then it follows
from Lemma 19 that the recursion u(t' + 1) = (I —7K,P")) u(t') + E(#' + 1) holds for all
t' € [0,t]. As aresult, we have

u(t+1) = (I - nKnP(?"o)) u(t) +E(t+1)

t+1

t+1 t4+1—t
S (I - nKnP(”O)) £5S) — I nK) ™ w+ > (I - nKnP(”’)> E(t)
=1
=v(t+1)+e(t+1), (60)
where v(t + 1) and e(t 4 1) are defined as
t+1
v(t+1) == (1= gK,POD) T F(S) € Vi, (61)
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t+1

t+ t+1-t/
et +1) = — <I - nKnP(’”O)) wtd (I _ nKnP<7”0>) E(t). (62)
=1
erlt+) ©2(t+1)
We now prove the upper bound for eg(t+ 1). With € (0,2), we have ||T — nK,,P TO)H 0,1).
It follows that
ezt + )|, < Z [T nK,Pl 7“0> ~B@)|, < v, 63)

where the last inequality follows from the fact that || E(t)||, < E,pnpr < 7¢/n/T forall t € [T].
It follows that e(t + 1) € &41-. Also, it follows from Lemma 18 that with probability at least
1—25 —exp(—0O(n))over S and w,

lu(t + 1)l < v+ Dl + ||erE+ 1)+ |[eatt + 1)

Y0
< 1 < .
_(m—i-ao—i-T—i-)\/ﬁ_cu\/ﬁ

The above inequality completes the induction step, which also completes the proof. It is noted that
H?vr(t) — w,(0) H2 < R holds for all ¢ € [T] by Lemma 20.

2

Lemmal8 Let0 <t < T, v = — (I— K, P™)" f*(S), e = — (I— nK,P")" w, and
€ (0,1). Suppose 6 € (0, 1/2), then with probability at least 1 — 2(5 — exp (—O(n)) over the
random training features S and the random noise w,

Ivlly + llelly < (©(10) + 00+ 1) - V. (64)

Proof When ¢ € [T, we have

vIE=3 (1-m%) " [T )]

=1
70 N2t T 12 ° ~\ 2t 2
=S (1) [UTrs) D (1-n%) [UTf*(s)L
i=1 ) ) i=ro+1
n N2t T 12
< (1=0%) [UTFE)] + [Pocn )]
i=1 ) ’
O | T e ren]? 2, 2 dro
: Z; 2enhit (VTS +mbion -0 (n>
@ ny? 2 L (d®N _ %
< 5 nt+n%10g5 ®<n> §%-n. (65)
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Here @D follows from Lemma 23 and (100) in Lemma 24 which holds with probability at least
1 — 26, @ follows by Lemma 22 since f* € F* C H ) (70) € Hi(70). Moreover, it follows
from the concentration inequality about quadratic forms of sub-Gaussian random variables in [34]

that Pr{ w3 — E [|[w]3] > n} < exp(=0(n)), so that [le]l, < [[wll, < \/E [[w]}3] + v/ =

v/n(op+ 1) with probability at least 1 —exp (—O(n)). As aresult, (64) follows from this inequality
and (65) fort > 1. Whent = 0, ||v||, < v04/n, so that (64) still holds.
|

Lemmal9 Let0<n<10<t<T—1forT > 1, and suppose that |y(t') —y|ls < cuv/n
holds for all 0 < t' < t and the random initialization W (0) € W). Then
yit+1) —y=1T-nK,) () —y) +E(t+1), (66)

where |E(t +1)|y < Ep, .y r, and By, ,, , g is defined by

2
Eong i = NCuv/ (4 <R + Cy(m/2,d, 1/n)> +2C(m/2,d, 1/n)> < Vdnm 5Tz,
V21K
(67)
Proof
Because ||y(t') — y|l, < v/ncy holds for all ¢ € [0, t], by Lemma 20, we have
H\?vr(t’)—v_\\fT(O)HQ <R, YO<t <t+l. (68)

We define H®) := F(W(0),S)F(W(0),S) " /m € R™™. We also define two sets of indices

Eip = {r € [m]: ‘WT(O)T;z

}o Bir=Iml\ Eig,

then we have

yi(t+1) —y; Zar ( <Wsr (t+1)x ) o (‘?Vgr(t)gl))
+ N (Wm+1(t 1) = W (t )T a(W(0), x;)
D S (A CONIERIES (?v;m?z))
r€E; k
=p¥
+ = T ; ar (o (Ws, (¢ + D) = 7 (ws, ()i )
=E{"
——LF(W(0), x)TF(W(0),8)TPU)(5(t) — y)
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D! +EY - 1 [HO] P™) (5(1) ~y), (69)

and DU, E(M) e R™ are vectors with their i-th element being Dl(l) and Egl) defined on the RHS of
(69). Now we derive the upper bound for Egl). For all i € [n] we have

‘Egl)‘ \/— Z ar (U (\?Vs,r(tJr 1)T;z‘> -0 (VAVS,T@)T;i >

TEE’LR
1 —_ —\ —\
< — WS,r(t + 1)TX1' — WS,r(t)TXi < — Z ws, T t_|_ 1) WS r(t)

\/m rEEi,R ‘ \/7 re Ez,R H H
©_1 " (r0) (& QD cu N |Ei.|
= X sl e P GO )|, < TE Y = me

T‘EE@R TeEi,R
(70)

Here @D, @ follow from (88) and (89) in the proof of Lemma 20.
Let m be sufficiently large such that R < Ry for the absolute positive constant Ry < x specified
in Theorem 13. Since W (0) € W, we have

~ 2R
)S{lelgWR(W(O);X)‘ < m + Co(m/2,d,1/n), (71)

so that (W (0), x;) = |E; r| /m. It follows from

—

where T(W(0),x) = L 3° {5 o7a]<R)

r=1
(70) and (71) that [E"| < ney (2 + Co(m/2,d,1/n)), so that [E(V)]|, can be bounded by

HE(1>H2 < neay/n <\/22i; + Co(m/2,d, 1/n)> . (72)

Dgl) on the RHS of (69) is expressed by

1 _ a, (o VT;T ;Z -0 \;Tr ;z
D! \FTEEE;R ( ( s, (t+1) ) ( s.-(t) ))

1 N -
- ﬁ Z aT]I{vT/s,r(t)T;iEO} (WS’T(t + 1) B WS’T(t)) i

TEE'L,R

1 R
= i 2 2 G, 2o (=2 25011100 P™ GO ~¥)) X

T
freZE:R ol (W7 >0}( (Zs ()] (- 1)as1.00 P (F(0) _Y)) Xi
= 1O )] PC) (5() - y)

2
::Dl(. )
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T _

1 n ro) s~
tom 2 el oz (5 Z5Olneng P G0 -9) X
T'GEI"R ,

/

=E(*
- D +EP, (73)
where H(D (¢) € R™*™ is a matrix specified by
ATA
H%)(t) Z {WSr(t) xp>0} {WST TR, >0} Vp € [n],q € [n].

Let D) E() ¢ R” be a vector with their i-the element being DZ(-Z) and EZ@) defined on the RHS
of (73). E® can be expressed by E(2) = ZE@P () (§(¢) — y) with E?) € R™" and

AT
2)_7 Z {Wsr x,,>0} {wsr xq>0}X XP<7 Z l=-

TEE R TEEZ R
for all p € [n], ¢ € [n]. The spectral norm of E() is bounded by

2R
(\/T + Cy(m/2,d, 1/n)> , (74)

where O follows from (71). It follows from (74) that | E®) ||

B ©

Bl <2, <=5

, can be bounded by

2], < 28 e 0 st i G s ctmram). o9

\V2Tk

DZ@) on the RHS of (73) is expressed by

n
gK(l)P(ro) ( (t) _ y) +% (K(l) _ H( )(0)) P(To) (”‘( ) — y)
—DG) =E®)

£ (HO©) ~HO0) PO (5(1) ~y)

n

—E)
DB L EG L EW. (76)
On the RHS of (76), D®) E®) E(*) ¢ R™ are vectors which are analyzed as follows. We have

HK(l) _ H(l)(0>H2 < HK(l) _ H(l)(())HF <nCy(m/2,d,1/n), (77)

where the last inequality is due to W(0) € W.
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In order to bound E®), we first estimate the upper bound for ‘HS) (t) — HS) (0)‘ foralli,j €
[n]. We note that

(78)

wr (0 Txl

SI[{

I .
{][{vgv\syr(t)T;\iZO}7£I{WT(O)T;\¢ZO}} <R} {HWST W’"(O)H2>R}

It follows from (78) that

(1) -1 0)

S
| Tm . Z (I[ v?zsyr(t)TEzo}H{Wsyr(t)Ton} {wT(o) xi >0} {w,« Tx]>0}>

IA
3=
NE

—

+ 1
{]‘{$s,7.<thzo}ﬂ{wow?izo}} {‘{ws,,<t>T?]~>o}¢‘{m<owa>o}})

w0 7x:|<r} T Hjw 075, |<r) T QH{yws,,.@)aT(mH;R})

1 m
<= (
< 20R(W(0), X;) %) (\;‘;m +2C5(m /2, d, 1/n)) , (79)

where (D follows from (71).
It follows from (77) and (79) that || E(®)

(4) H , are bounded by

=2 oo

I5(0) = ylly < neavnCilm/2,d.1/n),  (80)

@ <M\ Q) - "D o) || 1
|||, < 2HO0 - B [P 15) - v,
< f( il +2C5(m/2,d,1/ )) @81
CaVT |\ ——— m/2,d,1/n) | .
= V271K 2
It follows from (73) and (76) that
D’ =D +EP +EP + E{" 82)

We also have

~THOPC (3(t) —y) = =L (HO - KO) PO (5(t) - y) ~ 2K (5(1) ~ y).

Similar to (80), E®) is bounded by

HE(E’)H < QHH(O) _K(O)H HP(rO)
27 n 9

Y@ =vlla < neuv/nCi(m/2,d,1/n). (84)
It then follows from (69) and (85) that

5i(t+1) -5:(0) =D + B - L [HO| (3() )
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— DZ(B) _ E [K(O)} P("“O) (S}(t) _ y) + Ez(l) + Ez(2) + E§3) + E(4) + E( )
n )
=E;
= K(3(1) - y) + B (85)

where E € R"™ with its i-th element being E;, and E = E) + E?) + EC) 4+ E® 4 E®)_ It then
follows from (72), (75), (80), (81), and (84) that

IE|l, < neav/n (4 <\/225 + Ca(m/2,d, l/n)) +2C1(m/2,d, 1/n)> . (86)

Finally, (85) can be rewritten as
F(t+1) -y = (I- 1K) PU (5(t) - y) + B(t + 1),

which proves (66) with the upper bound for || E||, in (86).
|

Lemma 20 Suppose that t € [0,T — 1] for T > 1, and ||y(t') —y|l, < /ncu holds for all
0<t' <t Then

RN

H‘?Vs,r(t') - WT(O)H2 <R, YO<tV<t+1. (87)

Proof Let [Zg(t)]((,_1)a1.rq denote the submatrix of Zg(t) formed by the the rows of Zgq(¢) with
row indices in [(r — 1)d + 1 : rd]. By the GD update rule we have for ¢ € [0,7 — 1] that

i i n ro) (O
W, (t+1) —ws(t) =~ [Zs(t)l - 1)d+1:ra) P (5(t) —y), (88)
We have ‘[Zs(t)][(r—l)d—i-l:rd] ’2 < y/n/m. It then follows from (88) that
- - s S MCu
[wste 1) = ws, @), < 28Ol vyasal|, [P J50) -l < T @0
Note that (87) trivially holds for ¢’ = 0. For ¢’ € [1,¢ + 1], it follows from (89) that
- / = " " n —
HWS,r(t ) — w,(0) H2 Z HWST t"+1) — WST (t") § T z_: =R, (90)
which completes the proof. |
Lemma 21 Suppose n > O(log(2/6) - d**0) and 6 € (0,1/2). Let hi(-) = i/_:lo h(-,t") for

€ [T), T < T where

h('at/) = U('a t/) + é\(-,t/),
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et - Zim-,%) [Pov(r] |

J

o) = 13t [P

J

where v(t') € Vy, e(t') € &y, forall 0 < ' < t — 1. Suppose that 7 < 1/(nT), then with
probability at least 1 — § — exp (—O(rg)) over the random training features S and the random
noise w,

[htllyy,, < Brn =" +0©(1), oD
where 1o = my,,.

Proof We have v(t) = — (I — nK,P))' £*(S), e(t) = 1 (t)+ea(t) with e, () = — (T — nK,P))" w,
HEQ(t)HQ < /nt. We define

e t) =1 S K0 [P 0)] | el = -1 S K (x50 [PV e ()] |
j=1 J=1

J J

92)
Let X be the diagonal matrix containing eigenvalues of K,,, we then have
t—1 n y B
ZU(X, / 77 Z Z {P(ro (I — K, P(ro)) f*(S)] K(ijx)
t'=0 j 1¢'= j
77 n t—1 o N
j 1t'= 7
We then have
t—1 2
Z U('v t/)
t'=0 Hi
t—1 i1 y
3 f TU Z (I — 772(7’0)) U'ProOKpProy Z (I _ nz(m)) UTf*(S)
! #=0 =0
1 t—1 . 2
= I (K)FPOOUST (1-gm)) UTp(s)
/=0 9
PN 2
o (1= (1=n\ no (1 (1—nX
1 0 < ( ) > T 1 < ( ) > T 2 )
= <1 . _
> y vire) s, 2 5 uTre), <3,
(94)
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where the last inequality follows from Lemma 22 since f *e F* C Hyto)(0) € Hi (o). We

2
define By = Hzt Lei(-,t) y and Fy = Hzt L&, t) 0y It follows from (58) in the

K

K
2
proof of Theorem 4 that with probability at least 1 — exp (—O(rp)), (TO)TWH2 < ro = ©(d™).

With n > ©(log(2/6) - d?%) and r € [r), it follows from Lemma 25 that with probability 1 — &
over S, we have

-~ - 21og 2 2log 2
A2 Ry 2 At = 20 700 2y = 2/ 720 2 0@ ). (95)

It then follows from (95) that

n 2
o (1_<1_77)‘>> O(dko
Bsld uTw]" < @ oy <o) e

We now find the upper bound for E5. We have

so that
t—1 —
By < S [ )l < Ty e <1, ©7)
t'=0

if + < 1/(yT) since A\ € (0,1).
Finally, it follows from (93), (96), and (97) that

t—1 t—1 t—1
el < [ D_0CO| + DGO D@t <vw+e().
t'=0 Hy t'=0 Hy t'=0 Hy
|
Lemma 22 (In the proof of [27, Lemma 8]) For any f € Hx(7), we have
[UTf( f
= Z <% (98)
Lemma 23 For any positive real number a € (0, 1) and natural number t, we have
(1-a)<e™™< L (99)
- ~ eta
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Proof The result follows from the facts that log(1 — a) < a fora € (0, 1) and sup,,cg ue ™™ < 1/e.
|

Background about the Integral Operator on 7g. Suppose K is a PSD kernel defined over
X x X and let the empirical gram matrix computed by K" on the training features S be K,, with
the eigenvalues Ay > ... > A, > 0. We need the following background in the RKHS spanned

by {K (- Ql)} for the proof of Lemma 24. Herein we introduce the operator T),: Hg — Hg

which is defined by 7,9 == 1 3% | K (., 21)9(21) for every g € Hg. It can be verified that the

~ n

eigenvalues of 7T}, coincide with the eigenvalues of K, that is, the eigenvalues of T;, are {)\,- } X
1=

By the spectral theorem, all the normalized eigenfunctions of 7,,, denoted by {(P(k)}z;é with

d®) = 1/y/nApy1 - > i K(- %) [U[k’“]]j for k € [0: n — 1], is an orthonormal basis of

Hs. The eigenvalue of T}, corresponding to the eigenfunction ®(*) is Appr for0 < k < n—1.

Since Hg C H i, we can complete {<I>(k) }Z;S so that {<I>("‘) } k>0 is an orthonormal basis of the
RKHS Hf.

Lemma 24 Suppose § € (0,1/2) and n > ©(log(2/5) - d**). Let Pyy(—ry) = Pgpan(utro)yL- Then
with probability at least 1 — 26 over the random training features S,

2 d*o
Py (7 S)l; < miflos 5 - © <n> : (100)

n—1 ro—1
Proof We have Py (f*) = Y (f*, @(k)> ON Py, () = OZ (f*, <I>(k)> ®*), and define
k=0 k=0

n

T = Prug(F) = Prag,,, (F) = S (17, 0@ ) 0@,

q=ro

Let U(=0) ¢ R"*("=70) pe the submatrix formed by all the columns of U except for the top 7o
columns in U0). It follows by the introduction to the space Hg before Lemma 24 that {<I>(k) Z;é is
an orthonormal basis of Hg, and ®*) is the eigenfunction of the operator T}, with the corresponding
eigenvalue Ay, 1. Therefore, U(_TU)U(_TO)TQ(M(S) = 0 forall k € [rp — 1]. As a result, with
probability at least 1 — &,

)T

%HU(*TO)U(*TO f*(S)Hz _ %HU(*TO)U(*TD)T (Pys (f*)) (S)H2 — l Z (f*’ro(;i)>2~

2 n 4
‘We have

(T, o, ) = <i 3K x)F ), f> Iy ()’ ao)
Hi

=1
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On the other hand, with probability 1 — ¢,

(T frmo, frro) = <T Z< 0 q)> o), i <.]E*,r07(1)(q >
@
<A

q=Tro q=To

_ Z”: S <f*,m,q)<q>>2 < R Z": (.8 >
q=ro

q=ro

ro+1 Cn,’yo,ro,é y (103)

where (D is due to Theorem 14. It follows from (101)-(103) that
Llgrogem ™ e <3
EHU Oy f (S)H2 < Aot 1Cnmoro o- (104)

b\ ~ 2
We now find the upper bound for A, ;1. It follows from Lemma 25 that ‘ Aj— )\j‘ < /2 l‘f 5

for all j € [n] with probability at least 1 — ¢. Furthermore, it follows from Theorem 31 that
Arg = ko411 = @(d*kofl) with rg = my,. As aresult, we have

N 2log 2
Rrgit < Ay + 21 ot < 0(dH), (105)

where the last inequality holds with probability 1 — 6 over S due to Lemma 25 and n > ©(log(2/4)-
d%o). It then follows from (104) and (105) that

3292 log 2

2
(Lo — Hkot1)" 1

et T s) ) < 0 - Guyns = 06

327 log5
(O(d ko) — ©(dFo~1))* n

2 dko
:ngogg'@ <n> )

= 0(d ).

which proves (100).

|
Lemma 25 ([28, Proposition 10])
Let § € (0, 1), then with probability 1 — § over the training features S, for all j € [n],
~ 21og 2
‘Aj_l . Aj’ <2 C;Lg 5. (106)

Remark 26 We remark that the sequence {\; } >0 Starts with index 0, so that \j_1 is in fact the j-th
element in the extended enumeration of the distinct eigenvalues of Tx. The extended enumeration
[28] of the distinct eigenvalues of Tk is a sequence where each nonzero eigenvalue of Tk appears
as many times as its multiplicity and the other values (if any) are zero.

35



GDP FINDS NEURAL NETWORKS FOR LEARNING LOW-DEGREE POLYNOMIALS WITH NEARLY MINIMAX RATE

Lemma 27 Suppose n > ro. Then with probability at least 1 — § over the random training features
S, for every r > 0, we have

. 2 2 dko 7T
m({f—f : f € F(Bp,w,S,r),Ep [(f—f ) ] Sr}) < 10g5-@<n> +\/ + 2w.

(107)

Proof Let Hg , = Span {vq}m*1 be the subspace in Hx spanned by {Uq}”r1 and we define

Fr = {fe]-'Bh,w S,70),Ep [(f ) ] <r} For every f € Fr, wehavef = h + e such
that |le]| . < wand h € Hg(By) NHs,y, and Ep [(R — f*)?] < 2(r + w?). Furthermore, we
have Py, (h) = 3772 01 ajvj with o = (h, vj),, forall j > 0. We define h=h-— Py, (h), then
h € Hi(Bp). We have

2

) @
P[P =Ep || Y aju = afN <A Yo < MolaByros
Jj=ro jzro jzro
Q. 2 d*o
< log --0(— | = Tn,ko,d> (108)
6 n b b

where (D holds with probability at least 1 — § over S by (34) of Theorem 14, and @ follows from
the similar argument in the last part of the proof of Lemma 24 with Ay, = pg,+1 = O(d~*o=1). 1t
then follows from (108) and the Cauchy-Schwarz inequality that for every f € F,,

Ep [(Py,, (h) — f)?] < 2Ep [(h— f*)?] + 2Ep [1*] < 4(r + w?) + 2 1y 5. (109)

‘We then have

R ({Pw,, ()~ 17 f € Fr})

©)

< R ({Pu,, (h) = £*: Ep [(Po,, (h) = [*)°] < 4(r +w?) + 2r(n, ko, 6) })

@ ©) T T

< Qm({fEHK@O)(Bh): Ep[f?] <r+w®+ n;”}) < \/r—l—wz—i—n’;o’5~ go_
(110)

Here @ follows from (109). Since Py, (f), f* € Hyy N Hr(Br) C Hyro) (Br), we have
(P3,, (f) = [7)/2 € Hyero) (Br) due to the fact that H () (Bp) is symmetric and convex, and it
follows that @ holds. & follows from Lemma 28 with () = r¢ in (115) of Lemma 28.

We then derive the upper bound for R ({ﬁ: fe .7?7~ }) . First, it follows from Theorem 14 and
the argument similar to (108) that

7 2 d?ko
HhHiK =Y a3 < (s < B, log - © ( - ) = B3 (111)

Jj=>ro

‘We then have

%({B:feﬁD:E{;i} {%1[ sup Zaz x,]

hEHK Bh)
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sz " — Bﬁ 2 dko
< —E;-n K(- X < —=2<y/log = - — . 112
S VERY e, |2 [ 2 oK x) L eed0 (). a1
1= 1= HK
Finally, it follows from (110) and (112) that
m({f—f*:feﬁ}) gm({mm(h)—f*: fefr}>+9‘i<{ﬁz fef}}>+w
[ 2 d*o 2 d*o /
<tllog—=-0— | +w LO%— m+w§ log—=-©(— )+ @—i-Qw, (113)
1) n n n ) n n
which proves (107).

|
Lemma 28 ([37, Lemma C.9],[38, Lemma V1.4]) Forevery B, w > 0, the function class F (B, w)

is defined as F(B,w) = {f: f =h+e,h € Hx(B), ||, < w}. Then foreveryr >0,
%({f € F(B,w): Ep [fQ} < r}) < oBw(r),
where

(114)

o0 1/2
G 2 N
©Bw(r) = Q{n(}i?go (\/;—}-w)\/g—i—B (115)
Lemma 29 ([38, Lemma B.9]) Suppose 1: [0,00) — [0, 00) is a sub-root function with the unique
fixed point r*. Then the following properties hold.
r* <rr<r*+2a.

(1) Let a > 0, then ¥ (r) + a as a function of r is also a sub-root function with fixed point 7, and

(2) Letb > 1, ¢ > 0 then 1 (br + c¢) as a function of r is also a sub-root function with fixed point r,
and rj < br* 4 2¢/b.

(3) Letb > 1, then ¢y(r) = byp(r) is also a sub-root function with fixed point r;, and r; < b*r*.
D.5. Proofs of Theorem 14

Proof [Proof of Theorem 14] With probability at least 1 — §, we have

2
o) 9 o) ro—1 oo ro—1 ro—1 9
Z <f*7¢,(q)> — Z <Z ijj,cb(q)> < Z Z 5]2. Z <Uj’¢)(q)>
q=ro M g=r \ G0 i 4770 =0 j=0
oo ro—1 9 9 21 2
S (0 e
q=ro j=0

_— 2 .
(Nko - :U’ko-‘rl) n
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Here the last inequality follows by Lemma 30 with 702 = 1 and my,, = ro, which proves (33). Since
f € F(Bp,w,S,r), we have f = 3772 ol a;00) with a; = <f,<I>(J)>HK for j € [0,ro — 1].
Following a similar argument, we have

0o ro—1 2 oo ro—1 ro—1
Z <f,vq M = Z <Z a; P vq> < Z Z oz?- Z <(I)(j),vq>2
Hi

q=To q=ro q=ro j7=0 7=0
oo ro—1 2 2
32B; log %
SB Y Y (000 < 2R
q=ro j= =0 (IukO - /'Lk0+1) n
which proves (34). |

Lemma 30 Let supycy K(x,x) = 72. For any 6 € (0, 1), with probability at least 1 — & over the
random training features S,

mko—l mi, —1

> Z< > + 3 20: <c1>(i>,vj>i§ 3276110g%2 . 16)

=0 j>my, i>my,  5=0 (ko — Pho+1)" 1

Proof Define operator T),: Hg — Hi by T, = 257 | K(-,x ) (xl) as introduced before
Lemma 24, and let {(I) } >0 be an orthonormal basm of the RKHS H .

Let Pﬁ be an orthogonal projection operator which projects any input onto the subspace spanned
by eigenfunctions corresponding to the top IV eigenvalues of the operator ', and 7" is defined on
the RKHS H.

We now work on the following two orthogonal projection operators, PTK and PT“ Each of
the two operators projects its input onto the space spanned by all the elgenfuonctlons of the corre-
sponding operator, that is.

mko—l mko—l

T Th _ j j

Py h = Z% (hyviyyvjs PE2 b= ZO (no®) o0, (117)
j= j=

The Hilbert-Schmidt norm of ngf,go — Pnj;l’o is

12{5 - > <(P73;I;§0 - PSQZO) ‘b(i)»%x{, (118)

i>0,j>0

ot~

mko

which is due to the fact that both {@U) }jzo and {v; }j20 are orthonormal bases of H. It can be
verified that

0 if 7 < Mg, § < Mg,
Oy e ;
((pig, — Pz ) #0,0) = {0 0w g Zmia g,
0 0 H (20, vj>7—[ if i > mp,,J < my,,
0 ifikaO,jkao,
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and similar results are obtained in the proof of [28, Theorem 12].
Because T and T, are Hilbert-Schmidt operators, by [28, Theorem 7], for all 6 € (0, 1), with
probability at least 1 — &,

QﬂTg\/log%
[Tk — Thllgs < - (120)
1287] log 2

7 [Tk — Tnllgs < 20— 1t follows from [28, Proposition 6] and
(o —rkg+1)

noting that the operator norm in [28, Proposition 6] can be replaced by the Hilbert-Schmidt norm,

When n >

4 3278 log 2
i —ph || < 31Tk — Tullis < : (121)
HS  (fky — Hisot1) (Htko — Hho+1)" 1
Then (116) follows from (118), (119), and (121).
|

D.6. Results about Eigenvalues of the Integral Operators

The following theorem is a refined version of the Mercer’s theorem on the PSD kernel K defined in
(2), with the exact estimation about the decaying rate of the distinct eigenvalues {1} >0

Theorem 31 (Eigenvalue of The Integral Operator Associated with the NTK (2)) Let the dis-
tinct eigenvalues of the integral operator T associated with the PSD kenrel K defined in (2) be
{pe: £ >0} with po > 1 > ..., where uy is the eigenvalue corresponding to Hy. Suppose that
ko = ©(1) andd > ©(1). Then ji;, = @(d_k)forO < k < ko. Moreover; forallx,x' € X =S4},

=> Z Yo (x)Ye;(x) =D pueN(d, £)Py({x,x')), (122)

>0 j=1 £>0

where W lS the eigenvalue of the integral operator Tx associated with K corresponding to Hy, and
{Y2, } je 1 ) are the eigenfunctions corresponding to the eigenvalue jiy. That is, Tk Yy ; = (1eYy ;
forall ¢ > 0and j € [N(d,?)]. The series on the RHS of (122) converges absolutely and uniformly
on X X X.

Proof (122) follows from the background about Harmonic Analysis on spheres in Section C and
the Mercer’s theorem. Since K is a continuous PSD kernel defined on the compact set X' x X, it
follows from the Mercer’s theorem again that the series on the RHS of (122) converges absolutely
and uniformly on X x X to K.

We now set to compute the eigenvalues {)\k: 0<k< Eo}. Let the distinct eigenvalues of the
PSD kenrel K (0), which is defined in (2) and repeated below

7 — arccos(x ' x')

K(O) (X’ X/) = EWNN(O,Id) []I{XTWZO} ]I{X’TWZO}] o s VX, ' eX = X,

be {Aox: k> 0}, where Ao, is the eigenvalue corresponding to #y, the space of degree-¢ homo-
geneous harmonic polynomials on X = S~ 1.
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Define

_ Wd—2 _12\(d—3)/2
o= 2 [ gy R0 - )9

It then follows by the computation in [3, Section D.2] that sp = ©(1). Also, forall ¢ € N, s9; = 0,
and

_was (VT T = 1D/2)T (@t - 1)
52t—1 = g1 <2> (1) LT+ (d—-1)/2)

(d o 1)%71(275 . 1)2t—1.5 @ 1

= (_1){/71\/& - _ 9
(26)4-05(2 + d — 1)t+a—1  d0D

where we used the approximation to the Gamma function [17] I'(z) =< 2%~ %% exp(—x)+/27 and
the fact that zz:f = vVdin(D. @isduetot = O(1).

It follows from [6] that Ao = sz forall £ > 0. When k£ = 2t — 1 fort € N, we have
Mi = 52 = O(d~#Y) = O(d*). Moreover, \gj, = 0 for all k = 2¢ with ¢ € N, and
o0 = s3 = O(1). As aresult, we have \g g = O(1), and

(123)

0 k=2tte Nk <k,
Aok = e _
Od*) k=2t—1,teNk<k.

Let the distinct eigenvalues of the PSD kenrel K (1) which is also defined in (2)be {\x: k> 0},
where Ao 4 is the eigenvalue corresponding to Hy. Define #(t) = tx(%)(¢) with £(0)(¢) := T=aIccost
fort € [—1, 1]. Then for £ > 1 we have

1 1
A = 42 / k() Pe() (1 — £2)(@3)/2q¢ = 2= / O )1 — t2)@=3/2 p(t)dt
—1 1

Wd—1 Wd—2

1 _
_ W2 / O (t) <kpk1(t) + kaﬂ(t)) (1 —t2)d=3)/2q¢
-1

Wd—1 2k +d—2 2k +d—2
k k+d—2
S W — "\ . 124
Skt d—2 k1t g Tk (124)

Moreover,

1 1
Arg = 2022 / w(E)Po(t) (1 — £2)(43)/2q = ‘”“/ KO () Py (8)(1 — £2)3/2dt = g .
—1 1

Wd—1 Wd—1
(125)
It follows from (123)-(125) that A\; o = ©(1/d), A1,1 = ©(1/d). Moreover,
Od™*) k=2tteNk<k
)\1 k — ( ) ) 6 ) — 03 _ (126)
0 k=2t—1,teN,t>2k<k.
It then follows from (123) and (126) that p, = Ao, + A g = O(d=*) for 0 < k < kg
|
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Figure 1: Test loss for target functions with degree kg = 1,2, 3 for varying n in [100, 3000] with a
step size of 100. The shaded area in each plot indicates the standard deviation across 10
random initializations of the neural network.

Algorithm 2 Training the Two-Layer NN by GD
1: W(T') < Training-by-GD(T', W(0))

input: 7, W(0)

cfor t=1,...,7 do

Perform the ¢-th step of GD by

Eal N

vec (W(t 4 1)) — vec (W(t)) = —~Zs(t)(F(t) — y)

5: end for
6: return W(7')
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Appendix E. Simulation Study

JEEN n
We present simulation results in this section. We randomly sample n points {xl} as a ii.d.
i=1
sample of random variables distributed uniformly on the unit sphere S° in R, and the variance

of the noise is set to 03 = 1. n ranges within [100,3000] with a step size of 100. We set the
target function as the degree-kq spherical polynomial as f*(x) = (s'x)* where x € S° and
s ~ Unif (X) is randomly sampled. We also uniformly and independently sample 1000 points on
S? as the test data. We train the two-layer NN (1) using GDP by Algoirthm 1 with m = 10000 on
an NVIDIA A100 GPU card with a learning rate n = 1, and illustrate the test loss in Figure 1. It can
be observed that GDP always demonstrates better generalization than the vanilla gradient descent
(GD) described in Algoirthm 2 through lower test losses across different training data size. The
experiments are performed for the target function f* with ky € {1,2,3}. Figure 1 illustrates the
test loss for each n in [100, 3000] with a step size of 100.
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