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ABSTRACT

The class of direct preference optimization (DPO) algorithms has emerged as a
promising approach for solving the alignment problem in foundation models. These
algorithms work with very limited feedback in the form of pairwise preferences
and fine-tune models to align with these preferences without explicitly learning a
reward model. While the form of feedback used by these algorithms makes the
data collection process easy, its ambiguity in terms of the quality of responses has
significant negative implications, including incentivizing policies that favor out-of-
distribution responses, a phenomenon referred to as likelihood displacement. In this
paper, we study how DPO-style algorithms can leverage additional information in
the form of rating gap which informs the learner how much the preferred response
is better than the rejected one. We present new algorithms that can achieve faster
statistical rates than DPO in presence of accurate rating gap information. Moreover,
we theoretically prove and empirically show that the performance of our algorithms
is robust to inaccuracy in rating gaps. Finally, we demonstrate the solid performance
of our algorithms in comparison to a number of DPO-style algorithms across a
wide range of LLMs and evaluation benchmarks.

1 INTRODUCTION

Learning from preference data (ranking information) has become a popular paradigm for solving the
alignment problem in large language models (LLMs) (Christiano et al.|[2017; [Rafailov et al.| 2023}
Zhu et al.| 2023)). Although data collection is easier and the annotators’ feedback is less noisy in
this setting, compared to the rating style feedback, the amount of information that can be extracted
from such data is very limited. Indeed, given a prompt, a preferred and a dispreferred response,
several scenarios are likely: both responses are of high/low quality or one is good and the other one
is poor. However, the contrastive learning approach used by Direct Preference Optimization (DPO)
style algorithms, such as DPO (Rafailov et al.l 2023) and Identity-mapping Preference Optimization
(IPO) (Azar et al., 2024)), is only justified for the latter case. In the cases that the two responses
have high/low quality, it makes sense to imitate/forget both of them. However, it is not possible
for a fine-tuning algorithm to identify which of these cases it is facing from the preference style
information. The lack of information about the individual or relative quality of responses can create
ambiguity for these algorithms and have negative implications on their performance. For example,
it has been shown that it can incentivize in-sample probability reduction in DPO-style algorithms
and create bias towards policies that favor out-of-distribution responses (e.g.,/Adler et al.[2024b} |Xu
et al.|[2024b; [Pal et al.|2024; [Fisch et al.|2024; Xiao et al.|2024; |Shen et al.|2024; 'Wu et al.|2024;
D’Oosterlinck et al.|2024), a phenomenon referred to as likelihood displacement (Razin et al., 2025).

In this paper, we study a setting in which, in addition to preference/ranking feedback, the training
dataset contains the relative rating of the responses, which we refer to as rating gap. We propose
three algorithms derived from two different approaches that leverage this additional information in an
efficient and principled way. We derive our first two algorithms, Rating DPO (RDPO) and Rating
IPO (RIPO), by changing the RLHF objective to maximize a linear combination of the ranking and
rating information. Our third algorithm, Maximum-Likelihood-based Rating DPO (ML-RDPO), is
derived using the maximum-likelihood (ML) principle by making certain assumptions on the joint
distribution of the ranking and rating information. In ML-RDPO, we consider a linear combination of
the likelihood objectives rather than a linear combination of the two sources of information, ranking
and rating, as is done in the derivation of RDPO and RIPO. We provide theoretical analysis for our
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Figure 1: Win rates averaged for mef € {Llama3.1-8B,Zephyr-7B,Mistral-7B}. Our
methods are labelled in blue.

algorithms showing that they can achieve faster statistical rates than DPO in the presence of accurate
rating gap information, and are robust in case this information is noisy. We empirically evaluate
our algorithms and compare them to a number of DPO-style methods across a wide range of LLMs
and evaluation benchmarks. The results validate our theoretical findings and demonstrate the solid
performance of our algorithms.

Theoretical Contributions. We prove two desirable properties, acceleration and robustness, for
our algorithms. Indeed, if the ratings are consistent with the latent reward model used by the
annotator to rank the responses (under the Bradley-Terry formulation), RDPO and ML-RDPO can
accelerate learning compared to DPO. That is, they are able to learn a well-performing policy faster
(or equivalently a better policy given a dataset of the same size) than an algorithm that only leverages
ranking information (e.g., DPO or IPO).

Empirical Contributions. In addition to these nice theoretical properties, RDPO and ML-RDPO
perform well in practical alignment problems. Figure [T] provides a summary of our experiments
(more experiments in Section[6]and the appendix), showing the average win-rate of the checkpoints
fine-tuned by different algorithms against the reference model m..¢ in AlpacaEval (Li et al., 2023b)
and ArenaHard (Li et al.,[2024)) benchmarks. The means and standard deviations are computed over
3 independent experiments where 7.¢ is one of the following models: Zephyr-7B|H Llama-3.1—8BEL
and Mistral-7BEl It can be seen that RDPO and ML-RDPO are the best and second best performing
methods, respectively. Moreover, since RDPO has the smallest variance, it can be considered as the
most consistently well-performing method across the choices of m..¢ we experimented with.

In agreement with the theoretical findings, RDPO and ML-RDPO outperform both ranking-only
methods, such as DPO (Rafailov et al.,2023), SIMPO (Meng et al.,2024), and TPO |Azar et al.|(2024)),
and rating-only methods, such as Distilled DPO (Fisch et al.,2024). Moreover, their performance is
superior to RPO (Adler et al.}2024a) and MAPPO (Lan et al.,[2025)), which are recent alignment
methods leveraging both rating and ranking information, as done by RDPO and ML-RDPO. Finally,
while RIPO does not perform as well as RDPO in the experiments of Figure[T] it still performs well in
some of the experiments we report in Section [6]and the appendix. Moreover, it serves as an example
that our principled derivation of RDPO can be extended beyond the cases where the Bradley-Terry
assumption holds.

Paper Organization. In the following section, we formalize the alignment problem. Then, in
Section 3] we derive RDPO, RIPO, and ML-RDPO from first principles. Finally, we present their
theoretical guarantees in Section[d} discuss the closest related work in Section [5] and demonstrate
their practical effectiveness in Section [§] before concluding the paper in Sectionﬁ

2 PRELIMINARIES

We present the main ingredients of the alignment problem in LLMs on which we will build in the
subsequent sections. The input to most alignment algorithms is a dataset D of tuples (z,a,d’, 2),

"nttps://huggingface.co/alignment-handbook/zephyr-7b-sft-full
https://huggingface.co/allenai/Llama-3.1-Tulu-3-8B-SFT
*https://huggingface.co/HuggingFaceH4 /mistral-7b-sft-beta
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where z is a prompt sampled from a distribution v, a and a’ are two responses, and z is a Bernoulli
random variable that is one if the response a is preferred to a’ conditioned on z, i.e., a > o’ | x and
is zero, otherwise. Given z, we define at = a¢ and a= = &’ if z = 1 and viceversa a™ = @’ and
a~ = aif z = 0. The binary variable z is assumed to be sampled according to the Bradley-Terry (BT)
model*|(Bradley & Terry,|1952),i.e., z ~ Bern (o (r*(z,a)—r*(z,a’))), where o(z) = 1/(1+e*)
is the sigmoid function and 7* is the latent reward model (RM) of the annotator. We are also given a
reference policy 7. (often the SFT checkpoint wspr) which serves as a guardrail.

In RLHF, we first employ D to train a parameterized RM, 14, and then use it to solve the following
KL-regularized RL problem:

maX Egnry [Bamry (1) [16(2,0)] = B+ KL (mo(2) |7 (-12)) )

where 3 > 0 is a hyper-parameter denoting the relative importance of reward maximization against
ensuring a low deviation from 7¢. The RM is learned by minimizing the cross-entropy (CE) loss

min Z —logo(rg(z,a™) —re(z,a)). )

(z,at,a=)eD

Fine-tuning 7y in the RLHF approach is split into two stages: reward learning using the BT model,
followed by a policy optimization using Eq.[I] More recently, a family of algorithms has emerged
that solves the above two problems in a single stage, without learning a RM explicitly. The most
notable among this family is DPO (Rafailov et al.l 2023). The key insight here is that given a RM r,
the problem in Eq.[T]admits the following closed-form solution:

m(alr) = mei(alz) exp(r(z, a)/B)/ Z(x), ©)

where Z(x) is the partition function. The next step is to introduce a parameterization of the reward r
by first parameterizing the closed form solution 7 as mp in Eq.[3} and then inverting it for r as

Z(a)mo(alz)

ro(x,a) = 3 -log merlalD)

“

The final step is to substitute the parameterized reward from Eq. ] into the CE-loss in Eq. 2] the
partition function Z(z) is canceled out, leading to the following loss for DPO:

CDPO(Q) = Z —IOgJ(ﬁ : Ag(x,aJr,a*)), ©)

(z,at,a=)€D

where Ag(r, 0%, a~) = log Z2(E) — log 72,

Another popular member of the family of DPO-style algorithms is IPO (Azar et al., 2024). IPO uses
the following square loss to fine-tune the LLM 7y:

Lro0)= Y (Ag(x,a"',a_)—%)z. ©)

(z,at,a=)€D

We conclude the section, introducing some notation that will turn out useful in the rest of the paper.

Notation. We denote by X and A the set of prompts given to and the set of responses generated
by a LLM. Moreover, we denote by II the class of policies that can be induced by a choice of the
parameters 6, i.e., Il = {7 | 30 s.t. 7(a|]z) = mp(alz) Vz,a € X x A}. We use |II| to show the size
of this classE] Finally, we denote the expected reward or performance of a policy 7 under reward r as
the following quantity (m,r) := >+ v0(x) Y_,c 4 m(alz)r(z, a). Finally, we denote the optimal
policy under the latent reward model r* as 7% = argmax, o (m, 7).

“This can be extended to the more general Plackett-Luce ranking model (Plackettl 1975} [Lucel 2012) if we
have access to several ranked responses.
>For infinite classes, the result can be generalized using covering numbers.
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3 ALGORITHMS FOR ALIGNMENT WITH RANKING AND RATING

We now consider the problem of fine-tuning a LLM where the original dataset is augmented with the
rating gaps of the responses, i.e.,
N

D= {(',I;%a/iaa;z%f(x%a/j) _f(xi7a;>)}i:17 (7)
where 7 is an approximation of the latent RM of the annotator r*. Thus, the rating gap
Ap(zi,atf,a;) == #(zi,a;) — #(z;,a; ) serves as an estimate of how much better is the cho-

sen action aj' compared the discarded one, i.e., a; . Having introduced the dataset, we are now ready
to present our algorithms in the next sections.

3.1 RATINGS DIRECT PREFERENCE OPTIMIZATION (RDPO)

For deriving RDPO, we consider the RLHF objective in Eq.[T] where the reward of interest is a linear
combination of the original reward model (RM) r and the rating estimate 7, i.e.,

D) b KL Gl )] ®

The parameter 1 weighs the contribution of the rating information 7 in Eq. 8] It is inversely related

to our confidence in the accuracy of the rating information: the smaller f3; is, the more confident we

are about the accuracy of 7. The problem in Eq. [8|admits the following closed-form solution:
r(z,a)  F(z,a)

no) T ) /2(2). ©)

Inverting the above equation and approximating 7 via mp, we can define the following implicit

meax EzNVU {anﬂg(.‘x) [7"(-')37 (l) +

75 (alr) = Trer(alr) exp (

reward model parametrized for any policy parameter 6 as rg(z,a) = -log % — % -z, a).
Finally, plugging r¢ into Eq. 2] we obtain the following loss for RDPO:
S 8
Lrppo(0) = —logo (ﬁAg — ﬁA;) , (RDPO)
i=1 !
where for compactness we used Al := Ag(z,a;,a; ) and AL := As(x,a;,a; ). Following similar

steps, we can derive several varlants of RDPO as explained in the rest of this section.

RDPO variants. Replacing the BT preference model with more general alternatives, as in IPO|Azar|
et al| (2024), we can derive Ratings IPO (RIPO) loss in which the log sigmoid function in[RDPO]is
substituted with a parabola centered at 1/2. That is,

N 2

Lrpo(0) =Y (ﬁN - BﬁA’ 1/2) : (RIPO)
i=1

It is easy to see that the RIPO loss is a shifted version of the loss used by Distilled-DPO (Fisch

et al.| [2024), which, of course, was derived from a different perspective. Other RDPO variant can be

derived by replacing the KL divergence in Eq. with other f-divergences such as x2.

We conclude this section by noticing that RDPO does not make any statistical assumption about
the rating gap information. However, it requires access to the rating gaps Az (z,a™,a™) for all
(z,a*,a™) € D (not necessarily their actual ratings). In the next section, we propose ML RDPO to
bypass this requirement at the cost of assuming that Az(z,a™, a™) is a Gaussian random variable.

3.2 MAXIMUM-LIKELIHOOD-BASED RDPO (ML-RDPO)

In order to derive ML-RDPO, we consider a linear combination of the log likelihood objectives
rather than a linear combination of the two reward models. To this end, for any reward model r, let
Ppratrank pe the joint probability distribution of the ranking and rating information. The idea behind
the ML-RDPO algorithm is to output the policy mout X 7ret(a|x) exp (7(z,a)/8) in which 7 is an
approximation of * computed maximizing the joint log-likelihood, i.e.,

7 = argmax log Pratrank(p), (10)
reR
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where R is parameterized by the policy weights as R = {r | 3 0 s.t. Ay = A,.} where the equality
holds elementwise. In order to compute 7., efficiently without the need of computing 7, we assume
conditional independence and Gaussian distributed rating gaps, to simplify the joint log-likelihood as
shown next in Lemma[3.1]

Lemma 3.1. Let us assume that the rating gaps AZ; |zi, a;, a} are Gaussian distributed with variance
V and conditional independence between z; and A% given x;, a;, a, is satisfied. Then, it holds that

N
log Ptrm(D) = 3" log o (AL) — (2V) 1 (AL - Al)?

where Al = r(x;,a;) — r(z;,al).
Now, given the definition of the induced reward class R, we can perform the change of variable from
r to Blog(mg/mret) in the optimization problem in Eq. [10[to obtain
N N
; - _ i -1 i A2 )
min Ly -rppo (0) = > —loga(Ap) +2V) 71> (AL - A" (ML-RDPO)

i=1 i=1

Ranking term Rating term

The policy oyt is therefore approximated via my« where 68* is a minimizer of Lyi,_grppo. Notice
that Ly,—gppo is the sum of a term involving only the ranking information and of a second one
computed solely from rating. This allows to easily apply ML-RDPO even when the ranking and the
rating information are not seen for the same prompts-responses tuples. Moreover, the ranking term
coincides with the DPO loss and the rating term is instead the Distilled-DPO loss weighted by V1,
Therefore, the more confidence we have in the rating information, the smaller the value for V should
be. At an intuitive level, V in ML-RDPO acts similarly to 51 in RDPO.

4 THEORETICAL RESULTS

Our main theoretical contribution is to prove that augmenting the DPO dataset with ratings gap
#(z4,a; ) —7(xi, a; ) information allows to achieve better statistical guarantees. However, the benefit
depends heavily on the quality of the rating estimates 7. In order to formalize this concept, let us
introduce the approximation error

Errr,  (7) = EorvoBaarmme (1) [(77 (2, 0) — 1% (2,0") — 7z, a) + 7(z, a’))2].
Intuitively, Err, () quantifies how close 7 is to r* under the support of the reference policy myef.
Note that requiring small Err,. () is much weaker than requiring 7(z, a) to be close to *(x, a)
for all x,a € X x A. In practice, small Err, _,(#) is a reasonable assumption for datasets like
ultrafeedback_binarized’|in which 7 is obtained querying a (rather) reliable grader such
as Chat GPT-4 (Cui et al.| [2023). We will make use of Err,_, () to characterize the statistical rate
attained by RDPO in the next section. Before delving into the proofs, let us state an important
assumption that we leverage for all our technical results.

Assumption 1. For any myof and rewardr : X X A — [Ruin, Rimax), let 7 defined as in Equation .
Then, we assume that we have access to a policy class 11 such that 7 € IL

The assumption says that the policy class is expressive enough to realize the closed form solution
of EqlT] corresponding to any bounded reward function. Moreover, we assume that each pair of
candidate actions is sampled from the reference policy, i.e., a; ~ Tyef(-|2;) and a} ~ Tyer(-|2;). We
can now state our theoretical results starting from RDPO.

4.1 THEORETICAL GUARANTEES FOR RDPO: ACCELERATION AND ROBUSTNESS

In order to present the bounds more clearly, let us define Errppo (N, d) := B2 e e log(‘nl [RI/3),
The definition is due to the fact that DPO finds a policy mppo enjoying the followmg guarantees

proven, (see for example Huang et al.| (2024} Theorem 3.1)),
(1" — o, 1) < O (\/AD(H)Eerpo(N, 5)) wp. 1—96, (11)

®https://huggingface.co/datasets/HuggingFaceH4/ultrafeedback _binarized
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where C* = erx vo(x) ZaeAﬁ (alz) 7:;ef((aa‘|zr))

coefficient and AD(IT) := max, ¢ (C* + C™ — 2Dk1, (7, Trer)) /2 . We now state our main result
for RDPO.

Theorem 4.1. Let my, be the policy with parameters minimizing Lrppo given in equa-
tion [RDPO| with hyperparameters 3 = p'/(1 — a) and B = fB'/a where B =

\/2/(3AD(H)) (1/Errppo(N,6) + 1/Err. ) " and o = (1 + Erry,. (7)/Errppo (N, 8)) " and con-

straints given by the policy class II' C Il such that 7 € II' =  BAiogr/me — %A; €
[— Rimaxs Rmax]. Then, it holds that with probability at least 1 — §

‘ is the so called single policy concentrability

(" — Tout, ) <O (\/AD(H) min (Errppo (N, §), Erry (f))) ) (12)
where AD(IT) := max e (C* + C™ — 2Dk, (7, Tretf) ) /2-

A stronger theoret1ca1 bound where AD(II) is replaced by the smaller quantity C* can be obtained
with an add1t10na1 x? regularization as shown in Theorem- in Appendix l Cl However, we notlced
that the y? can make the algorithm numerically unstable in practice. The rate proven in Eq. [l
features two important theoretical properties that we discuss next.

Acceleration. When the ratings  are accurate, it is expected that Err, () < Errppo(N,0).
Therefore, the bound in Theorem @.1| predicts that (7* — moue, 7*) < O <\/ AD(II)Err,,, )),
which is faster than the DPO rate in Eq.[T1]

Robustness. Even if the ratings 7 are inaccurate, i.e., Err, .(#) > Errppo(N,d),
guarantees for RDPO do not collapse. Indeed, Theorem - predlcts (T* — Tout, ™) S

(@) (\/ AD(IT)Errppo (N, 5)), which is the same bound achieved by DPO-like algorithms.

Moreover, Theorem 4.1 provides important guidance for the choice of the hyperparameters.

Theoretical guidance for the choice of 3, 3; in practice. Using the definitions 5 = 8'/(1 — «)
and 31 = f'/a, we have that 3/3; = 2. At this point, plugging in the value of « given in
Theorem[4.1] one obtains the relation 3/8; = Errppo (N, 6)/Erry, (7). Therefore, our analysis
suggests to set the rating trust 1/3; to the inverse of the regularization parameter, i.e. 1/4, times
the errors ratio Erroro(N.8)/Err,. (7). Therefore, in practice, the more we trust the rating over the
ranking, the larger /1 should be. As an example, 3 can be set to the default value in the DPO
implementation, e.g., § = 0.1, and (; can be chosen consequently to obtain the desired ratio 8/5;.

4.2 THEORETICAL GUARANTEES FOR ML-RDPO

We now prove theoretical results for ML-RDPO similar to those we proved for RDPO in Section 4.1}
Theorem 4.2. Let us assume that we have conditional independence between z; and A% given
¥, a;, al, and rating gaps are Gaussian A% ~ N (AL V), for all i € [N]. Under these condition,

let Tout be a solution to Eq. [IML-RDPO| optimized over a policy class II C II such that m € 11
implies B1og x /m.os € |~ Rumaxs Ranas] with 8 = O (\/ min{ R eR‘“XDY+)1%]§13x}1og(|n/5)). Then,

with probability 1 — 6, (7% — mout, r*) < 2

O (\/ AD(I) min{efmax B2 B2, +V} log(n/a))

Notice also that Theorem- can be extended to general f- dlvergences rather than the KL divergence.
In particular, as shown in Theorem | with an additional x? term, we can obtain a tighter bound
where C* replaces AD(II). We now hlghhght some interesting features of this bound.

Acceleration and Robustness Properties. As for RDPO, ML-RDPO enjoys both the acceleration
and robustness propertles. Regarding acceleration, we can see that when the variance V is low,
ie, V<O (e max B2 ), then Theorem H shows a better rate for ML-RDPO than the one for

DPO given by Eq.[T1] In particular, when the variance is small, the exponential dependence in Ryax
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can be avoided. The only prior work that avoids the eftmax dependence is|Chen et al.|(2025)), but it
requires online generation of new responses.

Note that the proof technique used in Theorem[4.2]can be used to prove a new bound for Distilled-
DPO (Fisch et al., [2024)) of order O <\/AD(H) (V+ RZ ) log(|II] /5)/N) This allows us to

max

conclude that ML-RDPO is no worse than the best between DPO and ML-RDPO with high probability.

Comparison with RDPO. As we previously mentioned, Ly, rppo iS Written as a term that
involves only the rating information and one that involves only the ranking dataset. This fact makes
ML-RDPO easily generalizable to the setting where the rating feedback is observed for only certain
responses in the dataset. On the contrary, RDPO can not be directly applied in this setting because
Lrppo does not decompose into a rating and ranking term. We elaborate on this in Appendix [B.7]
and show the efficiency of ML-RDPO with partial rating information in practice in Figure f] A
downside for ML-RDPO is the Gaussian assumption on the rating, which is avoided by RDPO.

5 RELATED WORK ON LEARNING FROM RANKING AND RATING

We will compare our algorithms with three main families of alignment algorithms classified depending
on the required input. In particular, we compared with algorithms which require only rankings, only
ratings, and finally algorithms which work exactly in our setting where both sources of information
are available. Next, we review the state-of-the-art algorithms in each of these families.

Alignment with only ranking information has been widely studied and led to popular algorithms
such as DPO (Rafailov et al.,2023)), which leverages the Bradley-Terry model, and IPO (Azar et al.,
2024)), which applies to general preference models. We will use both IPO and DPO as baselines.
Moreover, we will compare with SIMPO |[Meng et al.|(2024), which modifies DPO by removing the
regularization towards 7..¢ and dividing the log ratios by the length of the responses in the dataset.

Among the ratings-only alignment algorithms, we compare with Distilled DPO (abbreviated as
DDPO) (Fisch et al.,[2024), which uses the squared loss to learn a policy whose log ratios difference
is close to the observed ratings difference. Interestingly, our RIPO is quite similar to DDPO, albeit
their derivations follow different perspectives.

Finally, alignment from rating and ranking information has been studied only more recently. For
example, Adler et al.[(2024a) introduced RPO which minimizes KL(Bern(o(A})), Bern(a(A%))).
Unfortunately, RPO does not enjoy the performance guarantees attained by RDPO and ML-RDPO,
and more importantly, it is difficult to tune due to the non-smoothness of its loss function. We also
compare with another rating-augmented alignment algorithm dubbed MAPPO (Lan et al.,[2025) that
minimizes vazl —logo (ﬁ log (We(aflm)/mef(aj\;m)) — ﬂA% log (Tre(aflfri)/mef(a;\:m))), that is the
DPO loss up to the fact that the § for the discarded response is multiplied by the rating gap. For
completeness, we included an extended literature review in Appendix [A]

6 EXPERIMENTS

In this section, we empirically evaluate our proposed algorithms, RDPO, RIPO, and ML-RDPO, and
we demonstrate their solid performance in comparison to a number of DPO-style methods across a
wide range of LLMs and evaluation benchmarks. The experiments verify our theoretical findings,
especially in terms of robustness and faster convergence rate (acceleration).

Experiments to assess acceleration. Here we aim at verifying the favorable convergence properties
of our algorithms shown in Theorem [4.1]and Theorem[4.2] We consider having access to high-quality
rating information, 7, in the ultrafeedback_binarized dataset, and compare our methods
to a diverse set of baselines: those that only use ranking information, DPO (Rafailov et al., [2023]),
IPO (Azar et al.| 2024)), and SIMPO (Meng et al.,[2024)), those that only use the rating information,
DDPO(Fisch et al., 2024)), and finally those that leverage both pieces of information, RPO (Adler
et al., |2024a) and MAPPO (Lan et al., [2025)).

For most algorithms, we set the DPO hyperparameters to 3 = 0.1 and learning rate 10~%. For RDPO
and ML-RDPO, we tune 31 and V in Zephyr-7B as shown in Table [I|in Appendix [F.4]and keep their
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Figure 2: Win rates against GPT4, judged by Claude-Sonnet-3.5 v2, in AlpacaEval and ArenaHard.

best values, 51 = 1/10 and V = 1/100, for the experiments with Llama-3.1-8B and Mistral-7B
models. For obtaining good results with DDPO, we reduced the learning rate to 10~7, while for IPO
we used length normalization, larger 3, i.e., 8 = 0.8, and a smaller learning rate 10~7.

In Figure 2] we start the fine-tuning from each of the specified base models (Llama, Mistral, Zephyr),
and then evaluate the fine-tuned checkpoints in terms of their win-rates against GPT-4, judged by
Claude-Sonnet-3.5 v2, over AlpacaEval and ArenaHard benchmarks. RDPO performs consistently
well, being the best performing method in 3 out of the 6 experiments, and the second or third best
in the others. ML-RDPO is less consistent, but it is the best performing method for Mistral-7B and
Zephyr-7B in AlpacaEval. RPO is the best for Llama-3.1-8B in AlpacaEval, but the performance
is sub-optimal in the other cases. The other methods that are only based on either rating or ranking
information are less efficient in all experiments.

Experiments to assess robustness. Rating information is harder to collect and can be noisier than
its ranking counterparts. Therefore, we evaluate the robustness of RDPO by corrupting the rating
information in two different forms. In the first experiment, we swap the score of the chosen and
discarded responses for a certain proportion (0%, 10%, 30%) of the training data. As can be seen in
Figure when we use a small value $; = 1/40 (high trust in rating information), the performance
of RDPO worsens fast as the number of swaps is increased. On the other hand, a larger 5, = 1/10
makes the performance of RDPO robust and (almost) unaffected by the corruption.

We can draw a similar conclusion from our second experiment shown in Figure 3b] where we
add zero-mean Gaussian noise with increasing variance to the rating information (UltraFeedback
scores). Overall, these experiments confirm our theoretical observation that no matter how “bad” the
rating information is, i.e., for any value of Err, . (#), there exists a choice of 5; such that RDPO is
guaranteed to perform at least as well as DPO.
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(a) Corruption via swaps, mref = L1lama—-3.1-8B. (b) Corruption via noise, myef = Llama-3.1-8B.

Figure 3: Robustness to inaccurate ratings experiments

Experiment with missing ratings. Given that collecting rating information is more com-
plicated than preference (ranking) data, it is reasonable to expect that in a practical sce-
nario, some data points come only with ranking labels and without the rating gap information.
We set up an experiment in Figure [ to show

the capability of ML-RDPO in handling training 25.0==- DPO ML-RDPO  —e— ML-RDPO (partial)
data with partial score labeling. In particular, we

show that even when only 50% of the training % 22.5

data contains rating information, ML-RDPO is £ 0.0

preferable to DPO. Recall that, unlike RDPO, = Seszzoo -
ML-RDPO does not need to have access to the 17.5

rating gap for all the data-points in its training 0.00 025 050 075 1.00
set. We provide the derivation of the ML-RDPO Percentage of ratings

algorithm where some of the rating information
is missing in Appendix and provide theoret- Figure 4: ML-RDPO on ultrafeedback with
ical guarantees for this setting in Appendix partial ratings observation, mf = Mistral-7B.

Additional experiments. We report addi-

tional experiments in Appendix [F} In particular, in Appendix we report the pairwise win rates
between any pair of considered algorithms at 7/8B scale. This serves as additional verification of the
good performance of RDPO and ML-RDPO. In Appendix [F.2] we repeat the corruption experiments
on other choices of 7,.c¢, which confirms the trend observed in Figure[3b] especially using Mistral-7B
as myer. In Appendix we show that the gains from rating information are even more visible at
smaller scales, using as .ot the SmolLM2 models (Allal et al.l [2025) of sizes 135M, 360M and
1.7B parameters. In particular, RDPO achieves an over 90% win rate in all these cases. Finally, in
Appendix we show that minimizing a modified RDPO loss, which encourages the restriction
to the smaller policy class II' needed for the proof of Theorem leads to improved results for
Llama-3.1-8B and Mistral-7B as .. In particular, we add a piecewise linear penalty to encourage
the implicit reward difference A} — BAL /B to lie in the interval [Rumin — Rmax; Bmax — Bmin)-

7 CONCLUSIONS

We studied how DPO-style algorithms can efficiently leverage additional information in the form of
rating gap, which informs the learner how much the preferred response is better than the rejected
one. We presented three algorithms, RDPO, RIPO, and ML-RDPO, that have been derived using two
different principled approaches. Our theoretical and empirical results show the better performance of
our algorithms compared to methods that only use ranking information when the rating information
is accurate. We also showed that our algorithms are robust to noise in the rating information, and can
still perform well in this situation if their relevant hyper-parameters, 31 and V, are tuned properly.

A quick look at the losses of our proposed algorithms, we notice that they only leverage the rating gap,
A, and not the individual ratings #(;, a;") and 7(x;, a; ). This is positive because these algorithms
can work with a weaker form of feedback (rating gap vs. individual rating), but as a consequence,
they may not be able to use all the available information when the individual ratings are available.
We leave developing principled algorithms, possibly inspired by our methods, that can make full use

of the individual rating information as an interesting open question for future work.



Under review as a conference paper at ICLR 2026

REPRODUCIBILITY STATEMENTS

All the hyperparameters used are stated in the text. In particular, Appendix [F-4]reports a detailed abla-
tion. We used the TRL library von Werra et al.|(2020) as a starting codebase for our implementation.

ETHICS STATEMENT

We do not foresee any ethical concern arising from our work.

DECLARATION OF LLMS USAGE

We used LLMs as a helper in the implementation part. LLMs have not been used at all in deriving the
theoretical results and in the writing of the manuscript.

REFERENCES

Bo Adler, Niket Agarwal, Ashwath Aithal, Dong H Anh, Pallab Bhattacharya, Annika Brundyn,
Jared Casper, Bryan Catanzaro, Sharon Clay, Jonathan Cohen, et al. Nemotron-4 340b technical
report. arXiv preprint arXiv:2406.11704, 2024a.

Bo Adler, Niket Agarwal, Ashwath Aithal, Dong H Anh, Pallab Bhattacharya, Annika Brundyn,
Jared Casper, Bryan Catanzaro, Sharon Clay, Jonathan Cohen, et al. Nemotron-4 340B technical
report. arXiv preprint arXiv:2406.11704, 2024b.

Loubna Ben Allal, Anton Lozhkov, Elie Bakouch, Gabriel Martin Blazquez, Guilherme Penedo,
Lewis Tunstall, Andrés Marafioti, Hynek Kydlicek, Agustin Piqueres Lajarin, Vaibhav Srivastav,
Joshua Lochner, Caleb Fahlgren, Xuan-Son Nguyen, Clémentine Fourrier, Ben Burtenshaw, Hugo
Larcher, Haojun Zhao, Cyril Zakka, Mathieu Morlon, Colin Raffel, Leandro von Werra, and
Thomas Wolf. Smollm2: When smol goes big — data-centric training of a small language model,
2025. URL https://arxiv.org/abs/2502.02737.

Mohammad Gheshlaghi Azar, Ian Osband, and Rémi Munos. Minimax regret bounds for reinforce-
ment learning. In International conference on machine learning, pp. 263-272. PMLR, 2017.

Mohammad Gheshlaghi Azar, Zhaohan Daniel Guo, Bilal Piot, Remi Munos, Mark Rowland, Michal
Valko, and Daniele Calandriello. A general theoretical paradigm to understand learning from
human preferences. In International Conference on Artificial Intelligence and Statistics, pp.
4447-4455. PMLR, 2024.

R. A. Bradley and M. E. Terry. Rank analysis of incomplete block designs: the method of paired
comparisons. Biometrika, 39(3/4):324-345, 1952.

Tianchi Cai, Xierui Song, Jiyan Jiang, Fei Teng, Jinjie Gu, and Guannan Zhang. Ulma: Unified
language model alignment with human demonstration and point-wise preference. arXiv preprint
arXiv:2312.02554, 2023.

Shicong Cen, Jincheng Mei, Katayoon Goshvadi, Hanjun Dai, Tong Yang, Sherry Yang, Dale
Schuurmans, Yuejie Chi, and Bo Dai. Value-incentivized preference optimization: A unified
approach to online and offline rlhf. arXiv preprint arXiv:2405.19320, 2024.

Jonathan D Chang, Wenhao Zhan, Owen Oertell, Kianté Brantley, Dipendra Misra, Jason D Lee, and
Wen Sun. Dataset reset policy optimization for rlhf. arXiv preprint arXiv:2404.08495, 2024.

Huayu Chen, Guande He, Lifan Yuan, Ganqu Cui, Hang Su, and Jun Zhu. Noise contrastive alignment
of language models with explicit rewards. Advances in Neural Information Processing Systems,
37:117784-117812, 2024.

Mingyu Chen, Yiding Chen, Wen Sun, and Xuezhou Zhang. Avoiding O(eftmax) scaling in rlhf
through preference-based exploration. arXiv preprint arXiv:2502.00666, 2025.

10


https://arxiv.org/abs/2502.02737

Under review as a conference paper at ICLR 2026

Paul F Christiano, Jan Leike, Tom Brown, Miljan Martic, Shane Legg, and Dario Amodei. Deep
reinforcement learning from human preferences. Advances in neural information processing
systems, 30, 2017.

Pierre Clavier, Laixi Shi, Erwan Le Pennec, Eric Mazumdar, Adam Wierman, and Matthieu Geist.
Near-optimal distributionally robust reinforcement learning with general I_p norms. Advances in
Neural Information Processing Systems, 37:1750-1810, 2024.

Ganqu Cui, Lifan Yuan, Ning Ding, Guanming Yao, Wei Zhu, Yuan Ni, Guotong Xie, Zhiyuan Liu,
and Maosong Sun. Ultrafeedback: Boosting language models with high-quality feedback, 2023.

Karel D’Oosterlinck, Winnie Xu, Chris Develder, Thomas Demeester, Amanpreet Singh, Christopher
Potts, Douwe Kiela, and Shikib Mehri. Anchored preference optimization and contrastive revisions:
Addressing underspecification in alignment. arXiv preprint arXiv:2408.06266, 2024.

Adam Fisch, Jacob Eisenstein, Vicky Zayats, Alekh Agarwal, Ahmad Beirami, Chirag Nagpal, Pete
Shaw, and Jonathan Berant. Robust preference optimization through reward model distillation.
arXiv preprint arXiv:2405.19316, 2024.

Dylan J Foster and Alexander Rakhlin. Foundations of reinforcement learning and interactive decision
making. arXiv preprint arXiv:2312.16730, 2023.

Zhaolin Gao, Jonathan Chang, Wenhao Zhan, Owen Oertell, Gokul Swamy, Kianté Brantley, Thorsten
Joachims, Drew Bagnell, Jason D Lee, and Wen Sun. Rebel: Reinforcement learning via regressing
relative rewards. Advances in Neural Information Processing Systems, 37:52354-52400, 2024a.

Zhaolin Gao, Wenhao Zhan, Jonathan D Chang, Gokul Swamy, Kianté Brantley, Jason D Lee, and
Wen Sun. Regressing the relative future: Efficient policy optimization for multi-turn rlhf. arXiv
preprint arXiv:2410.04612, 2024b.

Taneesh Gupta, Rahul Madhavan, Xuchao Zhang, Chetan Bansal, and Saravan Rajmohan. Refa:
Reference free alignment for multi-preference optimization. arXiv preprint arXiv:2412.16378,
2024a.

Taneesh Gupta, Rahul Madhavan, Xuchao Zhang, Chetan Bansal, and Saravan Rajmohan. Multi-
preference optimization: Generalizing dpo via set-level contrasts. arXiv preprint arXiv:2412.04628,
2024b.

Taneesh Gupta, Rahul Madhavan, Xuchao Zhang, Chetan Bansal, and Saravan Rajmohan. Ampo: Ac-
tive multi preference optimization for self-play preference selection. In Forty-second International
Conference on Machine Learning, 2025.

Audrey Huang, Wenhao Zhan, Tengyang Xie, Jason D Lee, Wen Sun, Akshay Krishnamurthy, and Dy-
lan J Foster. Correcting the mythos of kl-regularization: Direct alignment without overoptimization
via chi-squared preference optimization. arXiv preprint arXiv:2407.13399, 2024.

Garud N Iyengar. Robust dynamic programming. Mathematics of Operations Research, 30(2):
257-280, 2005.

Navdeep Kumar, Adarsh Gupta, Maxence Mohamed Elfatihi, Giorgia Ramponi, Kfir Yehuda Levy,
and Shie Mannor. Dual formulation for non-rectangular Ip robust markov decision processes.
arXiv preprint arXiv:2502.09432, 2025.

Guangchen Lan, Sipeng Zhang, Tianle Wang, Yuwei Zhang, Daoan Zhang, Xinpeng Wei, Xiaoman
Pan, Hongming Zhang, Dong-Jun Han, and Christopher G Brinton. Mappo: Maximum a posteriori
preference optimization with prior knowledge. arXiv preprint arXiv:2507.21183, 2025.

Mengmeng Li, Daniel Kuhn, and Tobias Sutter. Policy gradient algorithms for robust mdps with
non-rectangular uncertainty sets. arXiv preprint arXiv:2305.19004, 2023a.

Tianle Li, Wei-Lin Chiang, Evan Frick, Lisa Dunlap, Tianhao Wu, Banghua Zhu, Joseph E Gonzalez,
and Ion Stoica. From crowdsourced data to high-quality benchmarks: Arena-hard and benchbuilder
pipeline. arXiv preprint arXiv:2406.11939, 2024.

11



Under review as a conference paper at ICLR 2026

Xuechen Li, Tianyi Zhang, Yann Dubois, Rohan Taori, Ishaan Gulrajani, Carlos Guestrin, Percy
Liang, and Tatsunori B. Hashimoto. Alpacaeval: An automatic evaluator of instruction-following
models. https://github.com/tatsu-lab/alpaca_eval, 52023b.

Zihao Li, Zhuoran Yang, and Mengdi Wang. Reinforcement learning with human feedback: Learning
dynamic choices via pessimism. arXiv preprint arXiv:2305.18438, 2023c.

Zhihan Liu, Miao Lu, Shenao Zhang, Boyi Liu, Hongyi Guo, Yingxiang Yang, Jose Blanchet,
and Zhaoran Wang. Provably mitigating overoptimization in rlhf: Your sft loss is implicitly an
adversarial regularizer. arXiv preprint arXiv:2405.16436, 2024.

R. D. Luce. Individual choice behavior: A theoretical analysis. Courier Corporation, 2012.

Yu Meng, Mengzhou Xia, and Danqi Chen. Simpo: Simple preference optimization with a reference-
free reward. Advances in Neural Information Processing Systems, 37:124198-124235, 2024.

Arka Pal, Deep Karkhanis, Samuel Dooley, Manley Roberts, Siddartha Naidu, and Colin White.
Smaug: Fixing failure modes of preference optimisation with DPO-positive. arXiv preprint
arXiv:2402.13228, 2024.

Richard Yuanzhe Pang, Weizhe Yuan, He He, Kyunghyun Cho, Sainbayar Sukhbaatar, and Jason
Weston. Iterative reasoning preference optimization. Advances in Neural Information Processing
Systems, 37:116617-116637, 2024.

R. L. Plackett. Maximum-likelihood inverse reinforcement learning with finite-time guarantees.
Journal of the Royal Statistical Society Series C (Applied Statistics), 24(2):193-202, 1975.

Rafael Rafailov, Archit Sharma, Eric Mitchell, Christopher D Manning, Stefano Ermon, and Chelsea
Finn. Direct preference optimization: Your language model is secretly a reward model. Advances
in Neural Information Processing Systems, 36:53728-53741, 2023.

Noam Razin, Sadhika Malladi, Adithya Bhaskar, Danqi Chen, Sanjeev Arora, and Boris Hanin. Unin-
tentional unalignment: Likelihood displacement in direct preference optimization. In International
Conference on Learning Representations, 2025.

Yaojie Shen, Xinyao Wang, Yulei Niu, Ying Zhou, Lexin Tang, Libo Zhang, Fan Chen, and Longyin
Wen. AIPO: Improving training objective for iterative preference optimization. arXiv preprint
arXiv:2409.08845, 2024.

Yuda Song, J] Andrew Bagnell, and Aarti Singh. Hybrid reinforcement learning from offline observa-
tion alone. arXiv preprint arXiv:2406.07253, 2024.

Shengyang Sun, Yian Zhang, Alexander Bukharin, David Mosallanezhad, Jiagi Zeng, Soumye
Singhal, Gerald Shen, Adithya Renduchintala, Tugrul Konuk, Yi Dong, et al. Reward-aware
preference optimization: A unified mathematical framework for model alignment. arXiv preprint
arXiv:2502.00203, 2025.

Hugo Touvron, Louis Martin, Kevin Stone, Peter Albert, Amjad Almahairi, Yasmine Babaei, Nikolay
Bashlykov, Soumya Batra, Prajjwal Bhargava, Shruti Bhosale, et al. Llama 2: Open foundation
and fine-tuned chat models. arXiv preprint arXiv:2307.09288, 2023.

Luca Viano, Yu-Ting Huang, Parameswaran Kamalaruban, Adrian Weller, and Volkan Cevher.
Robust inverse reinforcement learning under transition dynamics mismatch. Advances in Neural
Information Processing Systems, 34:25917-25931, 2021.

Luca Viano, Yu-Ting Huang, Parameswaran Kamalaruban, Craig Innes, Subramanian Ramamoorthy,
and Adrian Weller. Robust learning from observation with model misspecification. arXiv preprint
arXiv:2202.06003, 2022.

Leandro von Werra, Younes Belkada, Lewis Tunstall, Edward Beeching, Tristan Thrush, Nathan

Lambert, Shengyi Huang, Kashif Rasul, and Quentin Gallouédec. Trl: Transformer reinforcement
learning. https://github.com/huggingface/trl} 2020.

12


https://github.com/tatsu-lab/alpaca_eval
https://github.com/huggingface/trl

Under review as a conference paper at ICLR 2026

Chaoqi Wang, Yibo Jiang, Chenghao Yang, Han Liu, and Yuxin Chen. Beyond reverse kl: Gen-
eralizing direct preference optimization with diverse divergence constraints. arXiv preprint
arXiv:2309.16240, 2023.

Wolfram Wiesemann, Daniel Kuhn, and Ber¢ Rustem. Robust markov decision processes. Mathe-
matics of Operations Research, 38(1):153-183, 2013.

Yue Wu, Zhiqing Sun, Huizhuo Yuan, Kaixuan Ji, Yiming Yang, and Quanquan Gu. Self-play
preference optimization for language model alignment, 2024b. arXiv preprint arXiv:2405.00675,
2024.

Teng Xiao, Yige Yuan, Huaisheng Zhu, Mingxiao Li, and Vasant G Honavar. Cal-DPO: Cali-
brated direct preference optimization for language model alignment. In The Thirty-eighth Annual
Conference on Neural Information Processing Systems, 2024.

Jiajun Xu, Zhiyuan Li, Wei Chen, Qun Wang, Xin Gao, Qi Cai, and Ziyuan Ling. On-device language
models: A comprehensive review. arXiv preprint arXiv:2409.00088, 2024a.

Shusheng Xu, Wei Fu, Jiaxuan Gao, Wenjie Ye, Weilin Liu, Zhiyu Mei, Guangju Wang, Chao Yu,
and Yi Wu. Is DPO superior to PPO for LLM alignment? a comprehensive study. arXiv preprint
arXiv:2404.10719, 2024b.

Wenhao Zhan, Masatoshi Uehara, Nathan Kallus, Jason D Lee, and Wen Sun. Provable offline
preference-based reinforcement learning. arXiv preprint arXiv:2305.14816, 2023.

Shenao Zhang, Zhihan Liu, Boyi Liu, Yufeng Zhang, Yingxiang Yang, Yongfei Liu, Liyu Chen, Tao
Sun, and Zhaoran Wang. Reward-augmented data enhances direct preference alignment of 1lms.
arXiv preprint arXiv:2410.08067, 2024.

Banghua Zhu, Michael Jordan, and Jiantao Jiao. Principled reinforcement learning with human
feedback from pairwise or k-wise comparisons. In International Conference on Machine Learning,
pp. 43037-43067. PMLR, 2023.

Adil Zouitine, Matthieu Geist, and Emmanuel Rachelson. Solving robust mdps as a sequence of
static rl problems. arXiv preprint arXiv:2410.06212, 2024.

13



Under review as a conference paper at ICLR 2026

A EXTENDED RELATED WORKS DISCUSSION

This section outlines important related works that have been omitted from the main text due to space
limitations.

Learning from preferences and ratings The use of ratings estimated rewards has received little
attention at the current stage, mainly because of the concern that the data collection becomes more
complicated and inevitably noisier. However, there are some works that go against this belief and
have shown practical benefit in using rating information. For example, |Adler et al.|(2024a)), which
introduced RPO and used it for the post training of a large (340B) language model after an initial
post-training phase that was carried out from preferences only via DPO. In their case, the ratings
allowed to use a large dataset with 300K examples with a rather permissive quality filtering on the
chosen response. Their conclusion is therefore that bad quality chosen ( over even worse ones )
responses do not negatively affect the performance since they are accompanied by a low rate. Albeit
RPO is effective in practice, as confirmed by our implementation, it does not enjoy the performance
guarantees attained by RDPO and ML-RDPO, and it is difficult to tune due to the non-smoothness of
its loss function.

RPO has also been generalized in|Sun et al.| (2025)) to show that it can be seen as a general framework
capturing various existing algorithms. Remaining on the algorithmic side, ratings information has
been leveraged in deriving MAPPO |Lan et al.|(2025)), which modifies the DPO objective using the
rating gap to modify the regularization parameter 3 in front of the log ratio of the loser response. As
another example, |Chen et al.|(2024) provides a reward-based generalization of DPO dubbed NCA
(Noisy Contrastive Alignment), which ensures that the probability of the winning response does not
decrease, while this can (and in fact it does, very often) happen in DPO. However, it is questionable
if such behavior is always desirable. For example, our intuition is that this should not happen if the
rating of the winner’s response is low. Moreover, notice that the same effect can be achieved by using
an SFT term within an Online DPO scheme [Pang et al.| (2024)). In this work, the authors assume
rating feedback in order to assign the roles of winner and loser responses in the preference datasets
generated iteratively by Online DPO without the need to resort to an LLM as a judge. Finally, rating
information has been used within a data augmentation technique [Zhang et al.| (2024) to double the
size of the preference dataset available for DPO training. Moreover, access to ratings has been used
in the context of alignment from multi preferences, i.e. when multiple preferred and dispreferred
responses are available in |Gupta et al.| (2024b; 2025)). In passing, we notice that when only one
preferred response and one rejected one is available MPO and W-MPO reduce to DPO. Interestingly,
if the definition of AW, is replaced with AW (y) = S(y) — Smean () and only two responses are
available then W-MPO reduces to our Ratings DPO. In a similar vein,|Gupta et al.|(2024a) generalizes
SIMPO Meng et al.|(2024) to the case of multiple preferred and discared responses possibly with a
weight associated with them for their version dubbed W-REFA.

Learning from ratings only Several methods have focused on datasets given in the form of reward
observations or margins ( reward differences) and developed methods to compute the soft optimal
policy despite the computational hardness of the partition function. Examples are Distilled DPO
Fisch et al.| (2024) that studied in the context of offline direct preference optimization, the squared
loss minimization suggested in |Gao et al.| (2024a3b) in the context of online RLHF for single or
multi-turn, respectively. A similar approach is derived in|Cai et al.| (2023).

Other variants of DPO with additional information [Song et al.| (2024) studied which kind of
coverage conditions are necessary for DPO, IPO and in general purely offline alignment methods.
Moreover, they relax the notion of coverage needed, resorting to online interaction with the envi-
ronment but without invoking the preference oracle. This allows us to conclude that even without
collecting new preferences, online access to the environment is beneficial for DPO. Similarly, Chang
et al.| (2024) studied preference optimization from the RLHF perspective when new trajectories ( from
any desired initial prompt) can be collected and scored with the reward function, which maximizes
the loglikelihood under the Bradley-Terry model.

Furthermore, |Liu et al.|(2024) tackled the likelihood displacement problem and mitigated the issue by
adding to the algorithm an imitation learning component that increases the likelihood of generating
the chosen responses. |Cen et al.|(2024)) introduced a similar regularization mechanism by changing
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the maximum likelihood estimation problem for the reward function. In particular, they look for the
reward that maximizes the likelihood of the observed preferences and jointly makes the cumulative
reward achievable by the best policy as high as possible. We think that it is an interesting open
question to understand if the above methods can have provable benefits from ratings observations.

Provably learning from preferences Our work establishes clean theoretical guarantees under single
policy concentrability only. It is therefore related to the line of literature started by Zhan et al.[ (2023)
that studied the problem of offline alignment from a statistical learning viewpoint. The approaches in
Zhan et al.| (2023)); Zhu et al.| (2023) achieve indeed a single policy concentrability guarantee style.
However, their algorithm is not implementable because it involves estimating confidence sets for the
reward function and the transition dynamics in the multi-turn setting. Moreover, once the confidence
sets are computed, they require solving a robust MDP problem |Iyengar (2005); |Wiesemann et al.
(2013)) using the confidence sets as uncertainty sets. Although some efficient policy gradient methods
Li et al.|(2023a)); | Kumar et al.| (2025)); | Viano et al.| (2021} [2022)) and value-based methods [Zouitine
et al.| (2024); |Clavier et al.| (2024) have been developed, this approach is considered not scalable
for LLMs. Alternatively, Li et al.| (2023c) implements pessimism, implementing pessimistic value
iteration via elementwise bonuses similar to what is done in the optimistic setting with UCBVI|Azar
et al.[(2017). While more elegant theoretically, this approach does not solve the scalability issue. A
more practical pessimistic approach is obtained in Huang et al.| (2024) via x? regularization, which
also serves as a source of inspiration for our analysis.

Learning from preferences imposing a margin Our method is also related to all variants of DPO
that imposes that the pseudoreward of the chosen completion is higher that the discarded completion
one by at least a fixed margin. Examples are IPO that imposes the margin to be exactly 1/2 via
the squared loss, in the training of Llama?2 [Touvron et al.| (2023)) they use three possible discrete
values for the margin in the log sigmoid loss. Notice that the log sigmoid does not penalize the
overestimation of the margin so it encourages the pseudoreward difference to be at least as high as
the margin but not to match the exact value. SimPO Meng et al.| (2024)) uses a fixed margin as in IPO
but uses the log sigmoid loss instead of squares and neglects the effect of the reference policy in the
definition of the pseudorewards. RDPO presented in this document can be seen as a generalization of
the above approaches using a margin which is prompt completions dependent and takes values in a
continuous set.

B GENERALIZATIONS OF RDPO AND ML-RDPO

In this appendix, we present two important extensions on RDPO and ML-RDPO. First, we present a
generalization that allows to change the KL regularizer to any f-divergence. In particular, using as
regularizer the sum of KL and x2 divergence allows to prove statistical guarantees under single policy
concentrability. Secondly, we show that we can handle disjoint datasets of rating and ranking. That

is, we can apply our algorithm where the data are organized in two dataset: a classic ranking dataset

Diank = {:17,, j’,a:}{\f‘l‘”k and a ratlng only dataset Dyt = {2}, @, a;, (2}, a;) — 7(x}, al)}f\/r;‘.
We show that in this setting RDPO requires the intermediate step of estlmatmg the unobserved ratings.
That is, the rating gaps over the ranking dataset which are {r T, aj) (x4, a; } Surprisingly,
ML-RDPO avoids such step completely making it a more attractive alternative to handle this setting.

We elaborate on this in Appendix [B.2}

B.1 DIFFERENT CHOICES FOR THE REGULARIZER IN EQ.[]

A natural generalization of RDPO can be derived replacing the KL regularization in Eq. [§] with other
possible statistical divergences. An important case, is considering regularization given by the sum of
KL and x? divergence which gives the following RLHF-like problem

argmax
mell

<7T7 Fpr(z,a) n 7(z, a)

: 2 > — Dict, (7 ret) — Do (7, o) (13)
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Algorithm 1 RDPO with arbitrary regularizer

1: Input: Datasets D = {(a:,», a;,a, z;, A},)}, B, a, Policy class IT’, convex increasing function
é:R - R.

2 Set =L, =2
% Lot Ay (0, 0) 1= 6 (2921 ) — s (202,

4: Return: 7y, € argmin, oy Z _ loga(/a’Aw/mef (w;, ai,a) — 5A?;>.

where g7 € argmax,. g, Zi\;l log o(r(zi,a] ) —r(x;,a;)) is the Bradley-Terry reward estimator
and Dy, (7, Tyet ), Dy2 (7, Tref) are defined as follows

Dy (m, ') = Z vo(x) Z m(alz) log 77:/((1|x)

iev aeh (af2)

and of the y2-squared divergence defined as

Dye(m, ') = % (Z vo(z) " (alz) :,((‘;'?) - 1) .

reX acA

It is easy to see that since 2z — 1 > log(«x) holds for any x > 0, it also holds that for a fixed policy
pair 7, 7', we have that D, (7, m) > Dgy,(m, 7). However, the KL term is still important to ensure
that Eq. [I3]admits the following closed form solution

Tout(@]T) Wref(a|x)¢l_<i+x2 (f’BT(Bx,a) " f(ﬁg,la) _ C(m)> .

where we used ¢xr,+2(z) := log(x) 4+ x. The next Lemma shows that, when the reward class is
parametrized by the policy parameters, the computation of 7, can be carried out without an explicit
estimation of 7.

Lemma B.1. Generalization of RDPO. Let us consider an increasing invertible function ¢ : Rt — R
and, given an arbitrary policy class 11, let us define the reward class Ry defined as

m(alx) ) B

matlal) )~ Ef(%a) + 5((95)} ; (14)

Rn = {r: st. Imell r(z,a) =ﬁ¢<
and the Bradley-Terry reward estimate 7 g computed as
N

Fpr = argmaleoga( (ziya]) —r(2i,a))).
reRon ;4

Moreover, let us consider o, defined as

e (a) o et (al2) ™" (fBT(ﬁx’“’ +12d c<x>) .

Then, Tout is in the solution set of the following optimization problem, which corresponds to a
generalization of Lrppo. In formulas, we have

Tout € argmmz logo (5A¢ﬂ/mef — éAi) , (15)

TE i=1
7(a;|T; (b;]z;
where A¢ﬂ/ﬂ ot A¢7r/7rmf(x“az7 Z) ﬁqs ( ref a‘l\m) ) BQS (ﬂ'ref bl |$z))

For ¢(z) = log(x), we recover the original DPO loss. For ¢(z) = ¢xr,42(2) := = + log(z) we
obtain an RDPO version with an additional X2 regularization term, which has been shown useful
in[Huang et al.[(2024) to recover better theoretical results. Moreover, this generalization allows for
rating gaps informed versions of f-DPO|Wang et al.|(2023).

16



Under review as a conference paper at ICLR 2026

Proof. Let us consider the log likelihood maximization of the ranking under the Bradley-Terry model
('see Eq.[2)) and let us choose as reward class R the following class

m> _ %f(m,a) + BC(w)} :

We can perform a change of variable to obtain the following equality,

R = {r: st. Im eIl r(x,a)=5¢<

N
min —logo (r(z;,af) — r(z;,a;))

rerR
Ti=1

= grrleihl—élogo@aﬁ <7W> — B¢ <W> Lz (P(zs, 0 ) = P(wi,a7))

Tret (a7 |24) et (a; |74)

—Be@) + ch)

= gleiﬁlg;logo <ﬂ¢ <W) — B¢ <W> - g (7(ziyai) — f(u’Cz‘ﬂf)))

Wref(aﬂxi) Wref(aﬂxi)

N
. , B .
= E -1 Al — —A;
grnel%[l - ogo <5 G Tret 2} 7)o
which is the loss we report in Algorithm|[T] O

Moreover, we have the following generalization of ML-RDPO.

Generalization of ML-RDPO Using the reward class Ry for a general ¢ given in Equation
as constraint for the following optimization problem 7* = argmax,.. ¢, log P} atrank(D) and using
the conditional independence assumption and Gaussianity of the ratings gap as in the ML-RDPO
derivation, as done in the proof of Lemma(3.1] we arrive at the following minimization problem to
compute the output policy,

N
, , , 2
Tout € argminz —logo (A /m.) + (2v)~1 (A;, - ;W/ﬂmf) . (16)

mell o

i
log 7 /Tret

Again, the only difference is that Aém Jreet replaces the log gaps A

B.2 EXTENSION TO HETEROGENEOUS DATASETS AND MISSING RATINGS

In this section, we explain how RDPO and ML-RDPO can be extended to the case where the
rating and ranking datasets are only partly overlapping or even disjoint. As previously mentioned,
rank
=1
{a},a;,a;,7(x}, a;) — 7(x5, di)}fv:r'f. An important special case is represented by the setting where
the ranking is available for all data pairs in the data set, but the rating is present only on a portion of
it. Such a situation is quite likely to happen since rating gaps are more costly to obtain.

we denote the ranking dataset as Dyanx = { x4, a;", a; }l and the rating only dataset D,y =

RDPO for heterogeneous data In order to apply RDPO to this setting we need to maintain
a rating estimator 7,4 computed via least square regression using the available observations

{F(x},a;) — 7(xf, di)}iv:r? as regression targets. In particular, as a first step, we compute,

Niat
Prat = argI%in Z(r(mé, a;) — r(xh, a;) — #(xh, a;) + 7(xh, a;))?
TER =1

At this point, we can use RDPO to evaluate the reward model on the ranking dataset. This gives
Algorithm[2}

17



Under review as a conference paper at ICLR 2026

Algorithm 2 RDPO for heterogeneous data

1: Inputs:
* ¢(z) = vz +log(z), B, a.

* Policy class I’ such that = € IT’ implies ’ BAgr/nr | < RBmax — Rmins

 Datasets:
- Drank = {xz, a; ,al } Nrank
(ol 7 1 Nra
- Drat = {x-,al,a“r(xi,al) — (), ag) } e
: Setf =1~ and f; =
: Letus denote
¢ A¢7"/7Trcf (J),CL, b) = ﬁ(b (W:(f?ﬁw ) ﬁ¢ (ﬂ-r(,f )
+
A;ﬂ'/ﬂ'ref Ad’”/‘ﬁrcf (4, a; ,a; )
4: Compute the reward estimator based on ratings

W N

Nzat
Frat = argmin »  (r(a}, ;) — r(a}, a;) — #(a}, &) + #(2}, a;))°
reR i—1

5: Set AL = Prat (Ti, @) — Frag (T4, a; ) for all i € [Nyank]

51 Trat

6: Return: 7., such that 7., € argmax, cyp > ;" ”‘““ log o (BA G et B AL )

ML-RDPO for heterogeneous data ML-RDPO is particularly convenient in the heterogeneous
case because it avoids the least square regression problem for computing 7,,¢. For this derivation,
we assume that the datasets D, and D;, are independent. Therefore Pfﬂt’rank(Drat, Drank) =
Prat(Dy,t ) Pra% (D, ). Under this condition, we can rewrite the joint maximum likelihood prob-
lem as follows for any reward class R

7 = argmax log (P (Drank) Pr** (Dyat))

reR
_ argmaxlog (Prank ({x“ af ,a; } rank) Prat ({xza a;, ds, Az} rit))
reR -
Nrank Nrat
= argmax E log Pr% (2 |xs, a4, al) + E log Prat (A’\xz,al,al)
r€R i=1 =1

Now, plugging the Bradley-Terry model with reward r € 'R as probability law P ank and the Gaussian
density of variance V and mean A’ := r(z},a;) — r(z}, a;) for P**, we obtain the following loss

Nyank Niyat
argmin Z —logo(r(x;,af) —r(zi,a;)) + Z (AL = r(x),a;) + r(z;, di))z

i=1 i=1

Then, choosing the reward class
R = {7“ | Ir e I s.t. r(z,a) = 6¢(7r(a|x)/7rref(a|x))},

we can perform the change of variable from r to S (7 /Tyef)

Nrank Nrat
argmin Z —10g 0 (A g /mpes (wir 0] a7 ) + Z (AL A(M/,Tmf(arz,a“az))2 (17)
well i=1 i=1

which is the ML-RDPO loss but with the sums taken on different set of data.

C OMITTED PROOFS

This section contains the technical proofs of all the results included in the main text.

18



Under review as a conference paper at ICLR 2026

We will make use of the following quantities

m(a|z) 7 (alz)
Cﬂ- = —_ 7 C* — * A Sl et
2 (@) ) mlelo) s 2 @) 2 mlalo) e
Given the above definitions, notice that we have the following relations
1
§(C7r — 1) = Dy (7, Trer) > Dxr (7, Tret)

for all policies 7 € Il,;;. Therefore, we also have that
1
5(0* - 1) = DXZ (ﬂ-*7 7Tref) > DKL<7T*; 7Tref)-

Next, we prove the theoretical results in the order they appear in the main text.

C.1 PROOF OF LEMMA[3.T]

Proof. The key idea of the proof is to use the conditional independence and Gaussian assumption to
rewrite the joint likelihood in a simpler, computationally attractive fashion.
N
7= rgmaleogP Ti, i, al, AL, z;)
reR 59
N

rat,rank 7 / /
— argmax 3 log P (AL 2l a5, ) P(x;, a;, 0))
reR i—1

= argmax Z log Pr rank(Aﬁ,, zilxi,a;,a;)  (Using conditional independence)
rerR

=1
N N
—argmaxg log P (2424, aq, a}) + E log P (Al|x1,al, Z)
r€R i=1 i=1

At this point, let us use the assumption that A|z;, a;, a} is a gaussian random variable of variance V

. A
and mean 7(z}, a}) — r(x}, a;), That is, we set Pr**(AL|x, a,b) = \/217V exp (— (AfWAT) ) Then,

(2Rt

using the assumption that P**"* follows the Bradley-Terry model. All in all, we arrive at the following
maximization problem

N N
- Di=1 (T(xivai) — (@i, a5) — AZ)
= argmax Y logo(r(z;,al) —r(vi,a;)) — == .
sanax Y og () (o) —
Replacing the definition AL = r(xz;, a;) — r(x;, a}) concludes the proof. O

C.2 PROOF OF THEOREM [4.1]

We prove Theorem [4.1]in the following more general form. For the statement, we will use the
following definition Ay, /r, (2, a,a") == ¢ ( w(a|x) ) ¢ ( m(a’|x) )

Tret (alT) Tret (a/|x)

Theorem C.1. Let wyy; be the output ofAlgortthmI ran with ¢(z) = ¢rr4y2(x) := x + log(z),

g = \/2/30* (YErropo (N,8) + VB, (1)) "', a = (1 + Erry,, (7)/Errppo (N, 6)) ™', and policy
class 11" C Il such that 7 € Il = BAgr /o — %A; € [—Rmax, Rmax)- Then, it holds that

<7T — Tout, T

<0 (\/C* min (Errppo(V, 6), Brty,, (f))) Cowp. 1-6.

)
Moreover, if p(x) = log(z), Then, it holds that
)y <O (\/AD (II") min (Errppo (N, §), Erry,, (7 ))) , wp. 1-—24.

<7T* — Tout, T

where AD(IT') := max, ¢ (C* + C™ — 2Dk (71, Tret) ) /2.
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—— D (P, Q) (KL Divergence)

—— Dy2(P, Q) (Chi-Squared Divergence)
—— Dy2(P, Q) — Dir(P, Q)

"""" P =Q (q=0.5)

N
o
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Figure 5: Comparison between D1, and D, and their differences for Bernoulli random variables.

In order to prove the statements for ¢(x) = log(x) and ¢(z) = ¢xr1,+,2 () in a unified manner,
we consider the function ¢(x) = vz + log(z) which recovers ¢(z) = log(z) for v = 0 and
¢(x) = ¢kr4y2(x) for v = 1. The proof of Theorem is divided in the next two lemmas:
Lemmal|C.T]converts the suboptimality of the extracted policy 7o, into the excess risk of the reward
estimator corresponding to 7, defined as follows

Errr, . (Tout) = Z vo() Z Tret (@|T) Tref (b]2) (AT* (v,a,b) — 5IA¢7rout/7n-ef (7,a, b))2 .

xeX acA

Then, Lemmabounds Erry, ., (Tout) in high probability. Once these core facts are proven, the
final result is simple to get, plugging in the upper bound given in Lemma|C.2]into Lemma [C1]

Lemma C.1. Let Erryax € R be such that Erry  (Tout) < Errmax and let us run Algorithm

withy = 1land ' = 4/ QE;’F%, and policy class TI'. Then, it holds that for any comparator policy

7* € I it holds that
(7™, 1) — (Tout, ) < 8V/ErrpmaxC*.

Moreover; setting v = 0, C* is replaced by AD(IT').

An important remark is that the KL regularization is strictly suboptimal compared to x? regularization
in the worst case, since we have that AD(II") > C* unless we are in the spurious case of II" = {7ry¢f }.
However, when the policy class II" does not allow large deviations from 7,¢ the difference between
D, and Dy, is well controlled as shown in the Figure El Therefore, even with v = 0 we expect
good results in practice if the algorithm output remains close to m..¢. Next, we state the proof of
Lemma

Proof. Let us consider the notation

Tout(T,a) = 7 ¢ (Fom(alx)> 1 C_i(w,a).

1—a Tret (@] 2)

Rearranging the above definition, we obtain the following elementwise equality

(1 - O‘)Tout +of = B/d) (’/Tout>

Trref

By Lemmal[EI] we have that 7o, is the solution of the following RLHF like problem

Tout = argmax <71', (1 - a)’rout + O”A’> - B/’YDXZ (7T7 7Tref) - ﬁIDKL(ﬂ—y Wref) (18)
well

At this point, let 7 = (1 — a)rou + af and D (7, Tref) := YDy (T, Trer) + DKL (7, Tref). It holds
that

<7T*7 F> - B/DF(W*7 7Tref) < <7Tout7 'F> - ﬂ/DF(ﬂ'outn 7Tref)
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We can now use the above fact to bound the suboptimality against a comparator 7*
<7T*7T*> - <7T0utyr*> =
< <7T*, T*> - <7T* f> + /B/DF(TF* 7Tref) + <770uta > /B DF(ﬂ'outa 7Tref) <7Tout7 T*>

= (%, 1) — (7%, ) + ﬂl”cwﬁ’pm(w  Tref)

— /B, Iy *
+ <7Tout7 T> - T’Yc out — /BIDKL(Wouta 7Tref) - <770uta r > . (19)
In the final equality, we used the following chain of inequalities

Dp(ﬂ'*, 7Tlref) - DF(Trouta 7Tref) = 'YDX2 (ﬂ-*’ 7r1ref) + DKL(TF*7 7Tref) - 'YDXZ (7'(-7 7rref)
— DxL(T, Tret)

Cc* cm
=7 (2 - 1) + DKL(W*vﬂ—ref) - <2 - 1)

- DKL (7r7 71—ref)
* T

C
=75 + Dxp (7", Mref) — TS DxL (7, Trrer)

At this point, we bound the reward estimation error under 7* as follows

(w0 —7) =Y w(z) Y 7 (ala)(r(z,a) — F(z,a))

zEX acA
= (@) Y 7 (alr)mer(blz) (r* (z, a) — r*(2,b) — 7(x, @) + 7(x, b))
TEX acA
- Z vo(x) Z et (blx) (F(x,b) — r(x,b)) (20)
zeX be A

=Shift

At this point, we can perform the following change of measure trick. For notation compactness, let
f(w,a) = 4 et (blz) (r* (2, a) — r*(z,b) — 7(x,a) + 7(x, b)) and let 7 be an arbitrary policy

|33
vo(z) Y w(alz) f(x, ) (a We (alz) f(z, a)

vazmaa'f; 3 10(a) 3 mlalo) 20

reX acA acA

< \/CT”\/Errmcf(f),

where the last inequality holds because, thanks to Jensen’s inequality, we have that

Z Tret(a|T) f Z Z?Tref blx) et (alx) (r* (2, a) — r*(x,b) — 7(x, a) + 7(x, b))

acA acAbeA

Endowed with this result, we continue by upper bounding equation 20]as follows

(Tt =7) < O (@) Y e (a]2) et (b]2) (r* (2, a) — 7 (2,b) — 7(x, a) + 7(x, b))

TEX aEA
+ Shift
< /C*Err,. (7) + Shift
1
B QC + Err'f/ré(;f( r)
where in the last line we recognized the generalization error Err,__, (7) for the hypothesis 7 on the

response distribution generated by 7,¢¢. In the above derivation, we added and subtracted the term
r*(s,b) because the Bradley-Terry preference distribution is invariant under a constant additional

< + Shift
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shift of the reward function; therefore, we can only aim at learning the difference between the reward
assigned to two distinct actions after seeing the same prompt. We can not learn the individual values
r*(s,a) and 7*(s, b).

Following the same steps, we can also bound the expected reward difference under mqys.

(Tout, 7 — r*) < y/CmoutErr,  (7) — Shift
L BC™ | By, ()
ST 3
At this point, plugging into equation [I9] we obtain
By
2

— Shift.

<’/T*,7"*> - <7routar*> S <7T*a r— ,F> + C* + 6/DKL(7T*77Tref) + <7Tout77: - 7’>

/
. %Cﬂ'out _ 6/DKL (Wouta 7Tref)
< p'yC* I Errmef(F)
> 2 /8/

/C’*
a 5 + B' Dk (7%, Tret)

B C'Tout N Erry, . (7)
2 o4
B'Y m
- 770 out — ﬁIDKL(ﬂ-outa’/Trcf)
At this point, let us the fact that %(C’Tr — 1) = Dy (m, me) > Dxr(m, mrer) for all policies .
Therefore, Dk, (7%, Tret) < % Using these two facts, we obtain

< BAC" | Brrn ()

(T, 7%) = (Tout, 77) <

_|_

_|_

2 B’
_|_ /6/0*
1 v Err,, , (7)
! (Y Tout re ! i
+BC (22> +T/f*5DKL(7rout,7rrCf)
Therefore, if v = 1, using that 8’ Dxr, (Tout, ref) > 0, we have that
. N 2Err, (T *
<7T7T>7<7T011tvr>§Tf()+3ﬂ/C

while for v = 0,

2Err,, ., (7) N B
g 2

9Frr, (7 '

rrﬁff(r) + max %(C* + O™ — 2Dk, (7, Tret))

_ 2Brre, . (7)

<7T*7 7ﬂ*> - <7Tout7 T*> = (C* + Cﬂ—out - 2-DKL ('/Tout; '/Trcf))

<

+ B'AD(IT)

Case v = 1. Setting 8/ = 1/% for any Errpax such that Err, (7)) < Errpay in high
probability. Then, we have that

<7T*a T*> - <770uta T*> S 8 V ErrmaxC*-

Casey = 0. Setting 8’ =,/ QAEg(rﬁ%’)‘, ensures that
(T, 1%) = (Tout, ) < 4v/Ertimax AD(IT).

The final statement follows noticing that by definition, we have that # = 3'¢ (:O—“ft) Then, by
definition of Err,_, (7), it holds that Err, (mout) = Erre, (7). O
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The next step towards the proof of Theorem [4.1]is to decompose the generalization error of the
mixed reward 7 into a contribution depending only on the ratings gap-based estimator and a second
contribution depending only on the estimator learned via ranking.

Lemma C.2. Error Decomposition Let the policy class TI' and the errors Errppo(N,§) and

Erry, . (7) be defined as in Theorem then choosing & = (1 + Err,._.(#)/Errppo(N,8)) "' it
holds that

Erry, ., (7) < 2 (Errppo ™ ' (V,8) + Err;if (72))_1 < 2min {Errppo (N, ), Err,. (7))}

Proof. Let us start replacing the definition of 7 in the definition of Err,__, (7). We obtain,

Errz, (7) = Z vo() Z Trot (@) Tref (b]2) (Ar* (v,a,b) — 5/A¢7Tout/7rref (z,a, b))2

zeX acA
= Z V(](J?) Z 71-ref(afI-/I:)T‘-lref(b|$) (AT* (JZ‘, a, b) - A(lfa)rouﬁraf(xa a, b))2
zeX acA

at this point, we use the following decompositions
A(lfa)rouﬁkoﬂﬁ(‘ra a, b) = (1 - O() (Tout(ﬂf, a) - TOut(xa b)) + Oé(’/‘A(Jf, Cl) - ’/‘A(Jf, b))
=(1-a)A,,(z,ab) + aAi(z,a,b)
Equipped of this fact and rewriting A« (z,a,b) = (1 — @)A«(z, a,b) + aA,«(z, a,b), we have,

Ertr,, (7) = ) wo() Y meet(alz)mer (bl2) <(1 = a)(Ap(2,0,b) = A, (2, 0,b))

T€EX acA

+ a(Ap(z,a,b) — Ap(z, a, b))>

<2(1—a)® ) vo(2) Y Mrer(alz)mer (bl2) (A (2,0,b) — A, (2, 0,b))?

TeEX acA

+202 > " (@) > Trer(al2)mrer (b|2) (A (2, a,b) — Ap(x,a,b))?

reX acA

where the inequality follows from Young’s inequality. The second term is by definition equal to
Err,,, (7). For the first term, we notice that we can rewrite the optimization problem in equation
as a log likelihood maximization problem over reward variables

N
Tout = argmaxz log o (r(aci, al) —r(x, a;))
TER/ i=1

for the reward class Ry = {TBW €1Il' suchthat r(z,a) = (5’(;5 ( r(ale) > - af(:z:,a)) }

Tref (a]T)
Here, the reward class depends on #, which could be dependent on the dataset D. This invalidates
the classic MLE results (see e.g. (Foster & Rakhlinl [2023], Proposition 1)) if the dataset of rankings
is correlated with the dataset of ratings. Notice that this is indeed the case if ratings and rankings
come from the same source as for example in ultrafeedback-binarized dataset. However,
we know that 7 € R by definition. Therefore, let us handle dependent data with a covering number.
In particular, let us fix 7 € R such that the policy induced reward class R defined as

Ry = {r|37r €I, suchthat r(z,a) = 1 <,3’¢ (ﬂ(“"T))) - af(x,a)> } 1)

11—« Tref (@

with IT/; being the analog of II’ where the fixed reward 7 replaces . That is,
. = {w ell:st Vx,a,b |ﬂ’A¢W/m€f (x,a,b) — aA;(x7a,b)| < (1 - a)(Rmax — Rmin)},
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where Az(x,a,b) = #(x,a) — 7(z,b). Clearly, R; is independent of D since 7 is independent of
Dﬂ Next, we show that this reward class realizes the true reward r* up to a state-dependent shift
¢ : X — R. To this end let us define the policy 7 as follows

mi(ala) = met(al2)d ™ (B7H(1 — a)r* (2, a) + af(z,a) + ((2)))

where ((z) is chosen to ensure that ) , m#(a|z) = 1 for all z € X'. Now we show that 7; € II}.
Rearranging, we have that,

i (alz) .
B’qﬁ()— 1—a)r*(z,a) + ar(z,a) + ((z
) = (1 @) +af(e,a) + (@)
Therefore, taking the difference between the log policy ratios evaluated at two different actions a, b
for a fixed prompt x, we have that

go (L) o (T ) — (- ) (@) .0 + alile.a) = 7o),

et (a|T) Trot (b|)

It follows that

(1~ @) (Ruin — Rinax) + a(7(z,a) — 7(z,b)) < B¢ (7“”(‘”95))) _ B <7T(bx)>

Tref (@ Tret (b]2)
< (1 — @)(Rmax — Rmin) + a(7(z,a) — #(x,b)).

Therefore, for any 7 € R, we have that 7 € II%. At this point, notice that for 7(a|z) = 77 (a|z)
in equation 21| we have that the true reward plus a state (prompt) dependent shift belongs to the
induced reward class. In formulas, we have that there exists ¢ : X — R such that r¢ € R7 where we
defined r¢(x,a) = r(z,a) +((x)/(1 — o) for all z, a. We can conclude that the true reward function
is realizable (up to a state dependent shift) for all possible values of 7. Introducing the probability
model, P, (a is preferred to b|z, a,b) = o(r(z,a) — r(z,b)), we can consider that

Nrank
Tout = argmax log P,.(a; is preferred to a; |z, a; ,a;")
out — g g L i p 7 vy g 9 Mg )
TERT.‘ i=1

Notice that since r¢ € R we have that
P, (ais preferred to b|z,a,b) = o (r*(z,a) + ((x)/(1 — a) —r*(2,b) — {(z)/(1 — @)
=o (r*(z,a) — r*(x,b))
= P, (a is preferred to b|x, a, b)

Therefore, the true preference generator P,.- is realized by the preference models class induced by
the reward class R even if we do not necessarily have that r* € R;. This fact should not surprise
the reader since the Bradley-Terry model is invariant to shifts depending on the state only.

Moreover, the definition of II’ guarantees that
rell = ’ﬁ’Ad,w/wmf(m,a, b) — aAs(z, a, b)‘ < (1 - a)(Rmax — Rmin) Vz,a,b.

Therefore, since m,,; € I, the above fact implies that A, , € [—Rmax, Rmax)- At this point,
thanks to LemmalE.2], a covering number over the class R and with Lemma[E.3|invoked with failure
probability §/ |R|, we obtain that with probability at least 1 — ¢ it holds that

(1—a)? Z vo(x) Z Toet (0] @) Tret (b]2) (A (2, 0, 0) — A, (7, a,b))?

reX acA
= (1= a3 vo(a) 3 mer(alo) s (bfe) (* (@.0) = 17 (8) = Foue(ale) + rous(w,8))°
rzeX ac€A
!/
< 2R (1 — a)2etRon 08T R] /0)

Nrank
= EI‘l"Dpo(N, (5)7

7in fact, it is a fixed quantity, not a random variable.
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where the last equality holds by definition of Errppo (N, 6) and by the fact that T’ C TI. Putting all
together, we have that

Errr, . (7) < 2 ((1 — a)*Errppo (N, 6) + 042Err(f))

_ 2Errppo(N, 6)Err(7)
~ Errppo(N, 0) + Err(7)

where the first equality follows from the choice of a. Finally, using the relation (1/a + 1/b)~! <
min(a, b) that holds between any two positive scalars a, b € R™, we that

(EI’I‘Dp071 (N,9) + Emr;rif (f)) -1 < min{Errppo(N, ), Erry . (7)} (22)
and therefore

Erre, (%) < 2min{Errppo (N, d), Erry  (7)} .

O
Now we can state the proof of Theorem 4.1]
Proof. of Theorem{.1] Using Lemma|C.2] we can set Erry,, in Lemma[C.T]as
E 2Errppo (N, 0)Err(7)
ITmax = -
Errppo (N, d) + Err(7)
This concludes the proof. O

C.3 PROOF OF THEOREM[4.D]

We prove the following more general version, which allows us to consider an additional x? regular-
ization term.

Theorem C.2. Let us assume that we have conditional independence between z; and A} given
xi, a;, a), and rating gaps are Gaussian A%, ~ N(AL,V), for all i € [N]. Under these condition,
let mout be a solution to Eq. optimized over a policy class 11 C 11 such that m € 11 implies

2

ﬂAIO /T S 7Rmaxa Rmax with 5 = @ min{ e ,V*+Rmax}log(|n|/5) and ¢ x) =
g T/ Tref C*N
log(x). Then, with probability 1 — §, the sub-optimality of Tout i.e., (T* — Tout, T*), is upper

A AD(II) min{eBfmax R2 _ R2 4V} log(|II|/5 . .
bounded by O \/ (D) min{e e axtV} log(111/9) . Moreover, if we consider oy as the

minimizer of Equation using ¢(r) = pxr4y2 () = x + log(x) we obtain that with probability

1-4,
426 W O min {Forns By By + V) o811 /5>)

N

Proof. Let us introduce 7oyt = S¢ (@) where 7,4 is the output policy of the algorithm computed

Tref

via Eq. ML-RDPO] Therefore, via Lemma [C.1]invoked for ¢() = ¢xr4y2 (), it holds
(7, 1%) — (Tout, ) < 8V Erry,, (Tout)C*. (23)
Moreover, invoking Lemma C.1|for ¢(z) = log(z), we get

(T*, 7% — (Tout, 7*) < 8\/ Erry,. (Tout) AD(TI). (24)

At this point, the proofs of RDPO and ML-RDPO now differ only in the technique used for bounding
Erry,.. (out ). To this end, let us introduce the reward class R as follows

Rﬁ:{ﬂr:&;’)(%m) s.t. 7761:[}7
Tref
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where we recall that IT is introduced in Section It is important to notice that, by definition, of 1:1,
we have that for any r € Ry, it holds A, € [—Rmax, Rmax]-

Endowed with these definitions, we can interpret finding the output of Eq. as implicitly
computing the following MLE

rat,rank
Tout = argmax log Pr (Dratv Drank)
TERf[

By the general bound for the conditional MLE risk Lemma we have that for the above MLE
problem, we have that it holds that with probability 1 — §

2
S () Y Trer(ala) e (ble) / ) <\/P,fjjfa“k( x,a7b)—\/P,fft7m“k(z|x,a7b))
S

zEX a,be Ax A ?
_ 2log(|IT| /6)
< N .
where [V is the total number of feedback received ( ratings and feedback) and Z is the set of all

possible feedbacks, that is Z = {0, 1} x R. Under the conditional independence assumption, we
have that by the data processing inequality for any a € [0, 1]

(1-a)Y w@ Y melale)me(blz) (\/pg;gk 2|z, a,b) — \/ngnk(z|x7a,b)>2

zEX a,be AxA z€{0,1}
2
+a Z vo(x) Z Tref (@] 2) Tref (b)) / <\/P,¥f‘ft (z|z,a,b) — \/P,r.i“(z|x,a, b)> dz
reX a,be Ax A
_ 2log(IIT|/9)
< N .
By Lemma|[E.Z] it holds that

2 * * 2
ran lank (rOUt(m’ a) - rOUt(‘T7 b) -r ('T7 a) -Tr (LU, b))
( PTa tk Z|x “ b P ‘$7 “ b)> = 1664RmaxR2 :

max

z€{0,1}

Finally, since Pﬁat is Gaussian for any r € R with same variance V, we have that

/ <\/P”J‘t (z]z,a,b) — \/Pr‘it |mab>2dz

—(rouws(z,a) — rout(z,b) — r*(z,a) — r*(z,b))?
=2—2exp ( 3V )
S (Tout (, @) — Tout (2, b) — 7* (2, a) — 7*(x,b))?
AV ((rout(z, a) — rout(z,b) — r*(x,a) — r*(x,b))2/(8V) + 1)
< (Tout (7, @) — Tout (1, b) — 7* (2, a) — 7" (2, b))?
- 4V((Rmax — Rmin)?/(2V) + 1)
< (Tout (T, a) — Tout(x,b) — r*(x,a) — r*(x,b))?
B 2(Rmax — Rmin)? + 4V ’
where the first equality holds because of the closed form solution for the squared Hellinger dis-

tance between Gaussian distributions with the same variance and different means E] and the first
inequality holds because 1 — exp(—z) > #/z+1 for all z > 0. All in all, recalling that we de-

note - » vo() Za’beAXA Tret (a]2) Trot (0] 2) (Tout (T, @) — Tout (7, 0) — r*(x,a) — r*(z,b))? by
Errory,_, (Tout) We get that

l-a o 2 log(IT'/4)
E Us ou S - -
(1664RWR§13X " 2 Runar — Bon)? + 4V > 1Ot (Tout) N

$https://en.wikipedia.org/wiki/Hellinger_distance
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Therefore, we conclude that with probability 1 — 4,
16¢*max RY o (2(Rmax — Rin)* + 4V) > 2log(II'/5)
(2(Rmax — Bmin)? +4V)(1 — ) + 16e*Emax R2 .« N '
At this point, choosing o = 1 {Z(Rmax — Ruin)? + 4V < 164 Fmax anax}, we have that
4Rmax 2 _p 2 /
B0t (o) < (o o e £ 2 ) 208 )
210g (Ir'/ (5)

Errory, . (Tout) < (

= min {Q(Rmax - Rmin)2 + 4V7 1664Rmax RIQnax}

Plugging back into Eq. 23] concludes the proof. O

D CONVERGENCE GUARANTEES FOR THE HETEROGENEOUS CASE

In this section, we report the convergence guarantees for the case where we observe either completely
disjoint or only partly overlapping rating and ranking datasets. The variants of ML-RDPO and RDPO
that apply to this setting are derived in Appendix [B.2]

D.1 CONVERGENCE GUARANTEES FOR RDPO IN THE HETEROGENEOUS CASE
(ALGORITHM[2))

We start by stating the convergence guarantees for RDPO in the heterogeneous setting.

Theorem D.1. Let us run RDPO for disjoint rating and ranking datasets ( i.e. Algorithm[2)) with
Rn)axe2RmaxN1/2

(Runax++/V108(2Nrar /8)) N /2 + Riaxe?fmax N/

rank

A= \/2 Ry o€t (Rinax + /V10g(2Nrat /6)) log (IR[ (IR[ + [II'])/9)

'y:l,a: I/Qand

3C* R?naxe4Rmax Nrat + (Rmax +4/V log(2Nrat/6))2Nrank

Moreover, let us recall that TI' C 11 the policy class subset such that v € I —> BAprsnr . €
[— Rimaxs Bmax]). Then, it holds that {7* ,7*) — (Tous, *) is upper bounded by

o ([ [P s (Runa + /108 2Nz /8)) 2 log (IR (R + [TV)/6)
RIQnaerlRmaerat + (Rmax + V10g<2Nrat/6>)2Nrank 7

with probability at least 1 — 36. Moreover, running with v = 0 and

5= V2 R e fimax (Rimax + 1/ V10g(2N1at/6))? log (|R| (|R| + [I']) /0)
3AD(7T*7 7Tr9f) R2 Rmax rat + (Rmax + Vlog(2Nrat/5))2Nrank

de

)

it holds that {7*,r*) — <7Tout, r*) is upper bounded by

(9(\/R o (R + v/ V108 (2N /) log (IRI (IR + [IV])/6)

Rr2nax Rumax rat T (Rmax + Vlog(ZNrat/(s))QNrank
with probability at least 1 — 3.

AD(W*7 7Tref)) )

In the next subsection, we provide the proofs of both statements in a unified manner.
Proof. of Theorem m First notice that in the heterogeneous case A’ is replaced by A;rat. Therefore,

using Theorem for ¢(x) = ¢drr,4y2(x) (ie. v = 1) with Errs , replacing Errs, we have that
with probability at least 1 — 4,

(7™, 1) — (Tout, T (\/C’* Errppo (N, 6) + Err, (rmt))l)
o o Errppo (N, 6)Erry,  (rat)
Errppo(N,0) + Errn, (Frat) |
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Then replacing, the expression for Errppo (N, d), we obtain

max

32R2, etBmax log(|I||R|/$) &
- Errn,., (Frat)

+ Erre, ., (Trat)

(7™, 1™y — (Tout, ) < O C*

32R3, e imax log(|IT||R|/3)
N

Next, in order to bound Err,,_, (7rat), We invoke a standard result concerning the generalization error
of the empirical risk minimization for the square loss with subgaussian noise ( see Lemma[E.4) to
obtain that with probability at least 1 — 2§

Ertr,, (Frae) = 3 %0(2) 3 Mot (ale) et (blr) (7 (2, @) — 1*(2,5) — frat (@) + Fra (2,1))?

reX acA
< (Bmax = Riin + /V10g(2Nrat/6))* log (IR /0)
- Niyat
Ruax + v/ V10g(2N1a1/9))* log(|R| /9)
< Nowe )

for some ¢ € R. Now, plugging in this bound and rearranging yields the conclusions for the statement
with ¢(x) = ¢kry2(z). The proof for ¢(x) = log(x) is analogous invoking Theorem [C.1] for
’7 = 0. D

D.2 CONVERGENCE GUARANTEES FOR ML-RDPO IN THE HETEROGENEOUS CASE

For the guarantees of ML-RDPO, let us consider that the datasets D;,t and D;,nk are generated as
follows. First, IV state action pairs are collected offline from 7,.¢. For each of these pairs, we observe
arating with probability prat obs and a ranking with probability p,ank obs. If a ranking is observed, the
state action pair is added to D,,pk. Similarly, if a rating is observed, the state action pair is appended
to Dya¢. Therefore, state action pairs might appear in both datasets or only in one of the two.

Theorem D.2. Let us consider o, computed as in Eq. [7_7]with v =1and

6=/ oy [min { (2(Buox = Bunin)? + 4V) 16¢Hime B2, } 2log(|11| /3)
3C* Pobs,rat ’ Pobs,rank N
Then, it holds that with probability 1 — 9,

_ . )2 4R max P2
<7r*,r*><wout,r*>go<\/c*mm{<2<Rmax Fin)2 +47) 16¢ Rmx}zlogum/&)

b)
Pobs,rat Pobs,rank N

2 _ . )2 4 16e4Rmax R2
=0 <\/C* m1n{< (RmaxE[Rmm) + V)7 Ge Rmax}zlog(|n|/§)> ,

Nrat] E[Nrank]

7* (a]x)
Tret(alz)

where we recall that C* =~ vo(x) Y, c 4 ™ (alx)

Proof. Proof of Theorem @]For any r € Ry, let us define the ratings and ranking probability law
to take into account the possibility of not observing a rating or a ranking, respectively. In particular,
let us denote by () the event where the rating or the ranking is not observed. Then, we define

- rat .
BE (], a,b) = {Pr (21,0, b)pobs o if 2 # 0

1- Pobs,rat otherwise
Let us define the policy class and

_ P{rank an if
(el a,b) = {1710 @ Dpobsranic i 2 2D
1- Pobs,rank otherwise
ML-RDPO can therefore be seen as the algorithm seeking implicitly the maximizer of the following
loglikelihood problem

prat,rank
Tout = argmax log P; (Drats Drank)
T‘ERﬁ

N
— argmax 3 log(Pr (Al a1, s, a;) PR (24, i, )
TGRﬁ i=1
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where A%’s and z;’s are possibly equal to (). Therefore, let us consider the squared Hellinger

divergence
2
D%(p,q)=/ (\/p(ZI%a,b)—\/q(ZIx,a,b))
z€EZ

via the general bound for the conditional MLE risk, we have that with probability 1 — ¢,

2
Z vo(z) Z Tref (@] ) Tret (b|T) / (\/Pff:tra"k 2|z, a,b) \/Pr‘lt rank z|x,a,b))

zeX a,be AxX A
_ 2log((11| /9
— N )

where we also upper bounded the size of the hypothesis class using the fact that

o g’H’gm.

At this point, due to the data processing inequality for the squared Hellinger divergence, we have that
forall z,a,b € X x A x A it holds that

D7 (Prat mnk( |JJ a, b) rat rank(.|x7a7 b)) = D%((Prl?:t('u’avb)’ﬁrr*at("xaavb))

Tout

and

D (B (e, a,b), P ([, 0, b)) > DY (PR (|, a,b), B (|, a, ).

Tout Tout

Therefore, for any a € [0, 1] we have that

2log(|1] /0)

(1—a) D3 (PF™%(-|z, a, b), PE™ (|2, a, b)) +a D3 (PX* (|2, a,b), PF(-|z, a,b)) < N

At this point, let us connect the squared Hellinger divergence D? (Prrjtt( |z, a,b), P2 (-|z, a,b))
with D%, (Pt (-|z, a,b), P**(-|z, a, b)).

Tout

2
DR(P Clra ) P Coat) = [ (P eloat) - PGl
zeZ\{0}
2
<\/Prat 0z, a,b) — \/P“lt 0]z, a b)
2
/ <¢ng; 2le,a,b) — \/Prt (2l b>
€Z\{0}
2
/ <\/pobs rat To t |$ a, b \/pobs ratP* ( |$,(L,b))
z€Z\{0}
2
:pobs,rat/ (\/P;:f:‘ft |5E a, b \/.P]rdt |(E a b)
z€Z\{0}

= Pobs,rat Dy (PrY, (]2, a,b), P (], a,b)).

Tout

Analogously, one can get

DH(Prank( |x,a,b),ﬁf?nk(~|x,a,b)) = pobs’rankD2 (P”nk( |x,a,b),Pff“k(~|x,a,b)).

At this point, with the same steps followed for the proof of Theorem 4.2} we can get

(Tout (T, @) — Tout (x,0) — 7* (2, a) — 1*(x,b))?
1664 R R2

max

D3 (PN (fa,a,b), P (2, a,b)) >

and

(rout(x, @) — rout(x,b) — r*(x,a) — r*(x, b))Q.

Dy (PR b), Prat(. b)) >
H( (|CC,CL, )7 r (|x,a, )) = 2(Rmax_Rmin)2+4V
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All in all, we get,
(1 - Q)D?—I(Pvf:fk(|x7 a, b)7 pzf?nk('|x7 a, b)) + QD?{(P:SL('|$’ a, b)7 p:’?t("xa a, b))

t
pobs,rank(rout (z7 CL) — Tout (I, b) —r* (xa a) —r* (213, b))2
16e4Fmax B2

Pobs,rat (Tout (1‘, a) — Tout (I, b) - 7’*(.73, CL) — T’*(QI, b))

> (1-a)

2

e 2(Rmax - Rmin)2 + 4V
Therefore,
(1 - a)pobs rank OPobs,rat 2 10g(|H‘ /5)
1 : E Ly out) < —
< 16¢* fimax Rlznax 2(Rmax - Rmin)2 + 4V O s (’/T t) N

which leads to the following bound with probability 1 — ¢,

1664RmaxR12nax(2(Rmax - ‘Rmin)2 + 4V)/pobs,rankpobs,rat 2 log(|H\ /5)
(2R Boin) +49) [ (1 — ) + 166 e R fy N

Error, , (mout) < (

4Rmax p2 2 .
Therefore, for a = 1 {16e R/ P ranie > (2(Rmax—Bmin)*+4V)/p,,. ..}, we obtain

{ (2(Rmax — Rmin)? +4V) 16e4Rmafonax} 2log(|I1] /6)

5
DPobs,rat Pobs,rank N

Errory,_, (Tout) < min .

which allows to conclude the proof. The equality in the theorem statement holds because pobs rat N =
E[Nrat] and pobs,rankN = E[Nrank] . O

E TECHNICAL LEMMAS

This section contains technical results that are used in proving the guarantees for RDPO and ML-
RDPO. We start with an important duality result between RLHF and DPO. Before delving in the
proof, let us state Assumption [I]in the following equivalent form.

Assumption 2. Let us consider any reward r : X X A — [Rumin, Rmax)- Then, we assume that 11 is
such that for any v € [0, 1], it holds that

argrr;lax (m,7) = ByDy2 (7, Tret) — BDKL (T, Trer)
me

= argmax <7Tv T> - 57Dx2 (71" 7Tref) — BDxk1, (777 7Tref)
wellan

The assumption says that the policy class II should be expressive enough to realize the solution of all
RLHF problems associated with all possible bounded reward functions. The next lemma leverages
the rewriting of Assumption |I{to show that any policy 7 is the maximizer of the regularized RL
problem having as reward the function S¢ (7 /e ).

Lemma E.1. Let Assumption[2|hold. For any policy = € 11, let us consider the reward function
ro(z,a) = ﬁ(b( ”(a‘jz})) where ¢(x) = vy + log(x). Then, if Rmin < rx(x,a) < Rmax for all

Tref (

x,a € X X A, it holds true that

e argnlllax <pa T7T> - nysz (P7 7rref) - 5DKL(P7 7Tref)-
pe

Proof. By Assumption[2] we have that 7 is the solution when the domain is enlarged from II to IT,y,
that is

T € argmax <p7 T7T> - B’YDXZ (pv Wref) - BDKL (p7 7Tref)
pElan
At this point, noticing that v D, (7, 7") + Dk (7, ") can be interpreted as f-divergence generated

by f(x) = 'y””—; + zlog(x). Notice that f'(x) = v& + log(x) + 1 and therefore since 0 ¢ dom(f").
Therefore, the conditions of (Huang et al.,[2024, Lemma F.2) are satisfied and we can invoke their
result to conclude the proof. [
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Next, we present two results that bound the generalization error for the estimator learned via ranking
information. The first result upper bounds the absolute value error of 7., in terms of the Hellinger
divergences between the Bradley-Terry model with ground truth reward r and the one with reward

Tout-

Lemma E.2. (adapted from (Huang et al., 2024, Lemma F.5)) Recall that *(x,a) — r*(x,b) €
[Rmin - Rmax, Rmax - Rmin] and Tout (177 CL) — Tout (l‘, b) € [Rmin - Rmax, Rmax - Rmin] ’ then
we define

P.(1{a is preferred to b} |z,a,b) = o(r(z,a) — r(z,b))

forany r € Ryy. Then, it holds that
|r*(z,a) — r*(x,b) + rous(x, a) — rout(x, b)]

< 4ePfmax R Z (\/ P+ (2|2, a,b) — \/P,... (2]z,a,b))?
z€{0,1}

Second, we invoke a classic result on the generalization error of the maximum likelihood estimator to
bound the Hellinger divergence.

Lemma E.3. (Conditional MLE Risk) For any policy class 11, let us consider the following policy-
induced reward class

Rn—{r | Ir el st r(xva)—ﬂ¢(7r(a|x)> W,a€X><A}-

Tret (@)

Moreover consider the conditional density P, : X x A x A — [0,1], the dataset Dyanx =

{CL‘Z, a;,a; } with | Drank| = Nyank and the estimator
Nrank
Tout = argmax E log P,(aj is preferred to a; |x;,a; ,a;).
re€Rn i=1

Then, it holds that with probability 1 — ¢

Z vo(x) Z Trof (@|2) Tret (b|2) Z (\/PTout (z|lz,a,b) — /Py (z]x,a,b )2

reEX a,be AxA z€{0,1}
_ 2log(|11| /0)
- Nrank ’

Finally, we provide the bound for the least square estimate using as targets the observed rating gaps,
which we assume to be unbiased and Gaussian distributed.

Lemma E.4. (Concentration for the rating reward) Let us consider the generalization error for the
rating reward estimator

Errory, (fra) = > v0(2) Y rer(a|2) et (b]2) (7 (2, a) — 7 (2, b) — Frat (2, @) + Frat (2, b))

T€EX acA
where
Nrag
frap = argmin Z a;) —r(xh, a;) — AL)?,
reR T4

and AL|x}, a;,a; is a V-sub Gaussian random variable with mean r* ('}, a;) — r*(z}, a;). Then we
have that with probability at least 1 — 20,

Rm'lx*Rmin V1 2Nra 0 21 @
Errory, (frat) < O <( i + v/ Vlog(2Nat /0))? log(*5)

Nrat

Proof. By the definition of a subgaussian random variable, we have that

P(!Ai—r*(m;,ai>+r*(x§,&i)lzt ‘ m;,ai,al) < 2¢7 /Y

31



Under review as a conference paper at ICLR 2026

for any scalar ¢ € R. Therefore, for ¢t = \/V1og (2N;,¢/9), and a union bound we have that

P (‘Afﬁ —r*(2f, a;) + r*(x§7&i)’ > \/Vlog (2N;a1/8) Vi € [Nyat]

/] - o~
xivaivai) < o

— P (\AH > Ruax — Rmin + v/ V10g (2N,4:/6) Vi € [Nyat]

;] - o~
I'Z-,G/i,ai> <9

rat

Therefore, with probability 1 — J the regression targets {A;}fil are in the interval

[—Rmax + RBmin — vV V10g (2Nyat/9), Rimnax — Rmin + /V1og (2Ny41/0)].  Invoking [Foster
& Rakhlin| (2023)[Chapter 1, Exercise 1 ], we have that under the event for &,ounded =

{Ag € [~B, B], B = Ruax — Ruin + \/V108 (2Noat /5)}, it holds that

B2 10g(”§)>

rat

P (Error,,ref(frat) <O < 5bounded> >1-4.

Finally, to remove the conditioning &younded, by the law of total probability we have that

B2log(1%
P <Errorﬂmf (Frat) > O <0g(5)
' Nrat

B*log('F)
Nrat

B? log(?)>

=P (Errorm_ef(frat) >0 (

5bounded> P (Ebounded)

rat

+P <Er1ror7r,_ef (Frat) > O <

B? log(l?)>

‘c"‘tcyounded> P (gkc)ounded)

<P (Errorﬂref(fmt) >0 ( N

< 24.

gbounded) +P (glgounded)
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F ADDITIONAL EXPERIMENTS

In this section we report the win rates between some model pairs in the 7/8 B parameters model
in Appendix experiments on the smaller models SmolLM2-135Mﬂ SmoLM2-360M []E] and
SmolLM2-1.7B|"'|in Appendix Then, we report additional experiments with perturbed rating
information in Appendix [F2}

F.1 RELATIVE WIN RATES AT 7/8B SCALE

DPO - 0.36 0.37 0.42 0.41 0.42 0.36 DPO - 0.49 0.62 0.52 0.53 0.50 0.50 DPO - 0.59 0.64 0.54 0.57 0.46 0.47
RPO1{0.64 - 0.53 0.57 0.55 0.59 0.47 RPO{0.49 - 0.62 0.49 0.51 0.47 0.47 RPO{0.41 - 0.49 0.44 0.47 0.37 0.38
1IPO{0.62 0.46 - 0.54 0.52 0.54 0.45 IPO{0.34 0.35 - 0.36 0.39 0.37 0.35 1PO{0.35 0.50 - 0.44 0.48 0.31 0.32
DDPO 0.55 0.41 0.45 - 0.47 0.49 0.38 DDPO- 0.51 0.50 0.63 - 0.50 0.51 0.48 DDPO{0.46 0.54 0.56 - 0.49 0.42 0.43
RIPO{0.57 0.42 0.46 0.52 - 0.49 0.42 RIPO{0.47 0.46 0.60 0.47 - 0.46 0.47 RIPO{0.44 0.54 0.53 0.47 - 0.39 0.42
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Figure 6: Model by model comparison using Llama, Mistral and Zephyr as base models. Each entry
of the table reports the win rate of the row player against the column player.

We see that RDPO achieves a high win rate against any other alignment methods for all three choices
for mof. ML-RDPO generally achieves an even higher win rate for Zephyr and Mistral while it
underperforms slightly in Llama. IPO and RPO are strong baselines for the experiment with Llama
as a base model. The attentive reader might notice that the antidiagonal elements do not sum to one.
This is because we run two independent judgments for each pair of models.

F.2 ADDITIONAL EXPERIMENTS WITH NOISY RATING INFORMATION

--- DPO —e— B;=1/40 B1=1/10 250" DPO —e— B;=1/40 B1=1/10
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(a) Zephyr-7B (b) Mistral-7B

Figure 7: Variance ablation in Mistral-7B and Zephyr-7B.

In Figure [/| we report the win rate against GPT-4 as judged by Claude-Sonnet-3.5v2 for the base
models Zephyr-7B and Mistral-7B. The experiment aims at monitoring the win rate as a function of
the variance of the Gaussian noise injected in the ult rafeedback rating.

As we found using Llama-8B as base model ( see Figure , the choices for 8 = 1/10 and
B1 = 1/40 perform similarly at low variance level while §; = 1/10 performs better when high
variance values are considered. This behaviour is consistent with the theoretical prediction that a
higher 3, should be considered when the rating information is inaccurate.

‘nttps://huggingface.co/HuggingFaceTB/SmolLM2-135M
Yhttps://huggingface.co/HuggingFaceTB/SmolLM2-360M
"https://huggingface.co/HuggingFaceTB/SmolLM2-1.7B
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F.3 EXPERIMENTS WITH SMOL-LM?2 FAMILY

We experiment with the SmolLM2 family as an initial test; however, small language models can be
important in some situations, such as on-device applications Xu et al.| (2024a). Therefore, we include
the results in the following. In particular, we report the results of the relative win rates between
any pair of considered alignment methods. We observe that for SmolLM2 models, it is possible to

pPo{ - 0.61 0.58 0.50 0.55 0.47

1IPO{0.39 - 0.43 0.39 0.45 0.38

RPO|0.42 056 - 045 0.47 0.42

DDPO 0. .. - . DDPO{0.46 0.59 0.55 - 053 045

RIPO RIPO . - . RIPO0.40 0.57 0.51 0.46 - 042

ML-RDPO 0.61 0.59 O.

RDPO

ML-RDPO{0.58 0.59 . ML-RDPO1 0.

(2) SmolLM2-135M (b) SmolLM2-360M (c) SmolLM2-1.7B

Figure 8: Model by model comparison using Llama, Mistral and Zephyr as base model.

achieve larger win rates, and in this case, the benefit of rating is even more evident than at 7B/8B
scale. At 135M, the best methods are RPO[Adler et al| (20244l and our RIPO, while RDPO is the
third best performing in this setting. These three algorithms are comparable at 360M scale, while
RDPO outperforms all the other methods neatly at 1.7B scale.

ML-RDPO does not perform as well in this setting, but it is always improving over both DPO and
Distilled DPO as predicted by Theorem4.2]

In these tables, we compare the "best" epochs for each algorithm. Best epoch here means the epoch
that achieved the highest win rate against m,c¢, which is reported in Figure 9]

1.0 1.0 1.0
508 508 508
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0.2{" s 0.2{ s 0.2{" i

0051 234567 0061234567 0051 234567

Epochs Epochs Epochs
(a) 135M (b) 360M (c) 1.7B

Figure 9: Win rate against 7.t for the SmolLM2 family experiments.

F.4 ABLATION FOR 31 ANDV

For deciding the hyperparameters to use in the experiments shown in the main text, we run ML-RDPO
with 5 possible choices for V and RDPO with 5 possible choices for 3; using Zephyr-7B as base
model. We select the configuration with the best-performing win rate against 7, for the other
experiments. The best hyperparameters found in this way are 8; = 1/10 for RDPO and V = 1/100
for ML-RDPO. We report the win rates achieved by the configuration we tried in Table/T]

For both algorithms, we used otherwise standard DPO choices, that is 5 = 0.1 and learning rate
le — 6.

Surprisingly, the best hyperparameters for the SmolLM?2 family are different. In particular, in
Figurewe show that for the setting 7. = Smol1LM2-1. 7B the best value for /3; is 0.005, which
is much smaller than the values found at 7B/8B level. Recall that a smaller (; translates to higher
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Table 1: Zephyr-7B, Ablation for win rate against ¢ on Alpaca Eval

Model win rate  Standard Error
ML-RDPOV =1 2.43 0.539
ML-RDPO V = 1/10 17.68 1.398
ML-RDPO V = 1/50 19.07 1.384
ML-RDPO V = 1/100 23.45 1.494
ML-RDPO V = 1/200 19.59 1.399
RDPO 3; =1 11.68 1.133
RDPO §; = 1/10 23.38 1.491
RDPO $; = 1/40 17.83 1.352
RDPO $; = 1/100 16.04 1.295
RDPO 3; = 1/125 15.17 1.266
Zephyr-7B-SFT-full 15.11 1.262

1.0
0.8
v
© 0.6
S04

; —— B,=0.005 B1=0.3
— B1=0.01  —— B;=05

O . 2 4 — B1=0.02 — B;=1.0

— B1=0.05 —— B;=2.0

0123456 7
Epochs

0.0

Figure 10: Win rate vs base model SmolLM2-1.7B in Alpaca-Eval for different values of 3; used in
AlgorithmT]

trust for the ratings. Interestingly, it seems that these experiments suggest that the model size plays a
role in choosing the right level of trust. This fact is not captured by our current theory, which neglects
the optimization aspects of the problem. We believe it is an interesting open question to develop a
deeper understanding of this phenomenon, either empirically or theoretically.

F.5 ON THE RESTRICTION TO II' IN THEOREM

In this section, we investigate a practical implementation of RDPO which embodies some penalty to
ensure that the output policy is in the restricted class IT’ which we recall being the subset of II such
that € T implies that ‘Alogw Jr (0, b)’ < Apax Where Aoy = Ruax — Rumin. To this end,
we consider the following minimization problem

N
argmin Z —logo (BAfog ——— glA’r) +

mell o

i A; Z- A;
+ )\1 < log 7 /e E - Amax) 1 { log 7w/ Trer E > Amax}

; AL Z- AL
+ A2 <_ 1Ogﬂ-/ﬂ-ref + E - Amax) 1 { 10gﬂ—/7rref - E S _Amax}

where A1, Ao € R are penalties hyperparameters. The larger A1, A\, are, the smallest the constraint
violation of 7y is.
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Zephyr-7B on

Mistral-7B on AlpacaEval

Llama-3.1-8B on AlpacaEval
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Figure 11: Comparison between RDPO and RDPO with penalty parameters A;, Ao equals to the
value of \ reported in the plots.

As shown in Figure[IT] we observe an improvement for Llama and Mistral as base model while the
performance without penalty is better for ¢ chosen to be Zephyr-7B. However, in all cases the
difference between RDPO with or without penalties is not remarkable, therefore, while the restriction
to IT' is needed for the theoretical result in Theorem we consider it as optional in practice. In
particular, it might be avoided when handling a simpler objective is desirable.
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