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Abstract

Flow matching (FM) models extend ODE sampler
based diffusion models into a general framework,
significantly reducing sampling steps through
learned vector fields. However, the theoretical
understanding of FM models, particularly how
their sample trajectories interact with underlying
data geometry, remains underexplored. A rigor-
ous theoretical analysis of FM ODE is essential
for sample quality, stability, and broader applica-
bility. In this paper, we advance the theory of FM
models through a comprehensive analysis of sam-
ple trajectories. Central to our theory is the dis-
covery that the denoiser, a key component of FM
models, guides ODE dynamics through attracting
and absorbing behaviors that adapt to the data ge-
ometry. We identify and analyze the three stages
of ODE evolution: in the initial and intermediate
stages, trajectories move toward the mean and lo-
cal clusters of the data. At the terminal stage, we
rigorously establish the convergence of FM ODE
under weak assumptions, addressing scenarios
where the data lie on a low-dimensional submani-
fold—cases that previous results could not handle.
Our terminal stage analysis offers insights into
the memorization phenomenon and establishes
equivariance properties of FM ODEs. These find-
ings bridge critical gaps in understanding flow
matching models, with practical implications for
optimizing sampling strategies and architectures
guided by the intrinsic geometry of data.

1. Introduction

Diffusion-based generative models have become the de facto
method for the task of image generation (Sohl-Dickstein
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et al., 2015; Ho et al., 2020; Song & Ermon, 2019). Com-
pared to previous generative models (e.g., GANs (Good-
fellow et al., 2014)), diffusion models are easier to train
but suffer from long sampling times due to the sequential
nature of the sampling process. ODE-based samplers were
introduced to address this limitation, where the sampling
process is done by integrating an ODE. With its efficiency,
ODE-based samplers have become the dominant approach
in diffusion models (Song et al., 2021; Lu et al., 2022; Kar-
ras et al., 2022). Recently, the ODE-based viewpoint of
diffusion models has been extended to a general framework
known as flow matching (FM) (Lipman et al., 2022; Al-
bergo & Vanden-Eijnden, 2023; Liu et al., 2023), which
uses an ODE to interpolate between a prior and a target data
distribution. FM models learn a vector field wu;, similar to
the score function in diffusion models. During sampling, a
data sample z; is generated by integrating the ODE starting
from some xo € R? sampled from a prior distribution:
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Figure 1. Comparing two ODE trajectory behaviors.

Various versions of the FM model have gained popularity,
such as the rectified flow model (Liu et al., 2023), which
is utilized in commercial image generation software (Esser
et al., 2024). Furthermore, the succinct and deterministic
formulation of the FM model also makes theoretical analysis
potentially easier. Despite the empirical success, critical
theoretical questions remain insufficiently addressed: How
does the data geometry (e.g., clusters, manifold structure)
influence and guide individual sampling trajectories? Are
these trajectories guaranteed to converge toward the data
distribution as ¢ — 1, especially when the data lies on a
low-dimensional subspace or manifold? This convergence is
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critical for the generative model’s performance, as suggested
by Loaiza-Ganem et al. (2024).

These questions regarding per-sample trajectories have both
theoretical and practical significance for the sampling pro-
cess because (1) robust sampling requires trajectory con-
vergence in terminal time (Figure 1a), avoiding undesirable
behaviors like winding around the data manifold (Figure 1b).
Such convergence provides the theoretical foundation for
distilling the trajectory into a one-step generative model like
the consistency model (Song et al., 2023); (2) understanding
the relationship between data geometry and ODE trajecto-
ries can motivate geometry-based steering of the sampling
process or modification of the latent space for improved
generation quality.

Our approach. We conduct a thorough investigation of
per-sample FM ODE trajectories by focusing our analysis
on the denoiser—the conditional mean of the data given
noise (Karras et al., 2022). The denoiser emerges as the
only data-dependent component of the flow vector field u,,
fundamentally determining FM ODE dynamics. Interest-
ingly, by examining how the denoiser interacts with the
data geometry, we demonstrate that the FM ODE exhibits
two key properties: (1) Attracting—trajectories are drawn
toward a specific set, and (2) Absorbing—once within a
certain set, trajectories remain confined near it. With these
properties, we quantitatively elucidate FM ODE trajectories
across three stages (Figure 2): initial, intermediate, and
terminal. The initial stage is characterized by trajectories
moving toward the mean of the data distribution, while the
intermediate stage is shaped by coarse-scale data geometry,
with trajectories attracted to and absorbed into local clusters.
The terminal stage is marked by the trajectory converging
to the data support, where the attracting and absorbing dy-
namics ensure the convergence (see Section 5.1 for more
details). While there are prior works on sampling evolution
of diffusion models (Biroli et al., 2024; Li & Chen, 2024),
they have mainly focused on distribution-level analysis of
stochastic samplers using simplified settings like Gaussian
mixtures. In contrast, our work reveals how data geometry—
both coarse-scale clustering and fine-scale structure (dis-
crete vs. manifold)—manifests in and guides individual
ODE trajectories.

Contributions. In Section 3, we introduce the fundamen-
tals of the denoiser and present our meta attracting and
absorbing theorems (Theorems 3.1 and 3.2), which demon-
strate how the properties of the denoiser can be leveraged
to analyze FM ODE trajectories. These theorems provide a
unifying framework to qualitatively study the behavior of
trajectories during the initial and intermediate stages (Sec-
tion 4) as well as the terminal stage (Section 5). Specifically,
in Section 4, we first establish the well-posedness of the
FM ODE trajectory on [0, 1) for general data distributions
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Figure 2. Three stages of an FM ODE trajectory with synthetic
data. The curve with blue progression shows an FM ODE tra-
jectory, with an arrow indicating direction. The shaded region
indicates the convex hull of data. Three stages are visible: initially,
the trajectory aligns with the data mean (brown point); next, it is
attracted to a local cluster (yellow cluster); finally, it converges to
a data point (green star). See Appendix J.1 for more details.

(Theorem 4.1) and establish rigorously how an FM ODE
trajectory will initially move toward the data mean (Propo-
sition 4.2) and later toward local clusters (Proposition 4.4).
In Section 5, we establish the convergence for FM ODE as
t — 1 under mild assumptions (Theorem 5.3). To the best
of our knowledge, this is the first result that accommodates
data distributions supported on submanifolds. This conver-
gence result allows us to study the properties of flow maps,
leading to our establishment of equivariance of flow maps
with respect to geometric transformations (Proposition 5.7).
We also delve into the case of discrete measures, showing
that terminal time training plays a critical role in address-
ing memorization phenomena (Propositions 5.9 and 5.10).
See Figure 4 in Appendix A for a roadmap of our main
theoretical results.

Due to space constraints, all proofs are deferred to the ap-
pendix. A significant number of additional results and
observations, which could be of independent interest, are
also presented in the appendix. For instance, we identify
that the FM ODE vector field exhibits singularities and
blows up when the data distribution lacks full support (cf.
Appendix C.2), and we derive precise rates of convergence
of posterior distributions/denoisers as ¢ — 1 depending on
the data geometry, as detailed in Appendix D.

2. Background and Related Work

Notations. For any subset 2 C R?, we let dg(z) =
infyeq ||z — yl| denote the distance to Q2. Let B,.(Q) :=
{z € RYdqg(z) < 7}. Let Q and 9 denote the closure
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and boundary of (), respectively. The medial axis of € is
denoted

Bo = {z e R*: #{argmin,cqllz —y|| > 1}},

where # A denotes the cardinality of a set A. For any x ¢
Yq, its projection onto §)

projo(z) == arg min ||z — y/|

is unique and hence well defined when 2 is closed. The
reach of Q is defined as 7q := inf,cq ds, () which in
a sense quantifies the smoothness of the set {2—a larger
reach rules out tight bottlenecks and sharp bends (see, e.g.,
(Federer, 1959) for more details).

We use §, to denote the Dirac delta measure at x. We let
N (u, X2) denote the Gaussian distribution with mean y and
covariance X. Let s € [1, 00|, and we use dw s(v1,2) to
denote s-Wasserstein distance for two probability measures
1 and vs.

See Appendix A for a table of symbols used in this paper.

2.1. Background on Flow Matching

Flow matching (FM) models (Lipman et al., 2022; Albergo
& Vanden-Eijnden, 2023; Liu et al., 2023) are a class of gen-
erative models whose training process consists of learning
a vector field u; that generates a probability path (p;)c(0,1]
interpolating a prior po = Pprior and a target data distribution
p1 = p and whose sampling process consists of integrating
an ODE from an initial point Z ~ ppyor to obtain a termi-
nal point X ~ p. More precisely, the interpolating path
(Pt)tefo,1) in FM model is constructed as follows:

p(day) = / pe(de,| X = o)p(dz), (1)

where the conditional distribution p;(-|X = x) satisfies
that po(:|X = x) = pprior and p1(-|X = ) = 0,. We
assume that the prior ppyior is the standard Gaussian N(0,1)
throughout this paper. Then, p;(-|X = z) are specified as

(| X = ) := Ny, B21),

where o and [3; are scheduling functions satisfying oy =
[1 = 0and a; = By = 1 and are often monotonic. Com-
mon choices include linear scheduling oy = t and 8; = 1—t¢
used in the rectified flow model (Liu et al., 2023; Esser et al.,
2024) and those arising from noise scheduling in diffusion
models. In this paper, we assume that «y, 3; are smooth
functions of ¢ on the closed interval [0, 1]. It is worth noting
that p; is the law of the random variable X; := a; X + 3; Z,
assuming X and Z are independent.

The FM model then designs a vector field u; such that the
ODE trajectory below generates (p;);c(o,1] i-€., the result-

ing flow map ¥, satisfies p; = (¥;)xpo:

dil?t

E = Ut(l‘t). (2)

To construct u;, the FM model marginalizes over the condi-
tional vector field u,(x|z1):

w(@) = [wlenpdnlX =), O
where p(dxz1|X; = x) represents the posterior distribution:

2
exp (7 Hz*;‘ééclll )

pldei| X, =) = P
Jexp (Lt ) p(azy)

p(dxy).

Importantly, if u;(x|z1) takes the following simple form:

ﬂt dfﬂt - at,Bt
=T+ — 21

B B ’

where the dot denotes differentiation with respect to ¢, then
Liu et al. (2023, Theorem 3.3) and Lipman et al. (2022, The-
orem 1) demonstrated that u; generates the probability path
(Pt)te[o,1]> assuming the ODE trajectory of Equation (2) ex-
ists on [0, 1]. This existence was rigorously established in
Gao et al. (2024) under restrictive assumptions, excluding
cases where p is supported on a low-dim submanifold. For
more general cases, see our results in Sections 4.1 and 5.1.

+ “

(]

It turns out that the closed form of the conditional vector
field u;(x|x1) allows one to train a neural network to learn
the vector field u; by minimizing the following loss function
whose unique minimizer is u;(z) (Lipman et al., 2022):

E  tepo,1), HU?(atX‘i‘BtZ) - X — BtZHQ- Q)
Z ~pprior, X ~p

Noise-to-signal ratio. FM model with different schedul-
ing functions can be unified through the noise-to-signal
ratio (Shaul et al., 2024; Chen et al., 2024). We find it
useful in our analysis as it simplifies the ODE dynamics
and allows us to present our results more cleanly. Proofs of
results in this section can be found in Appendix F.

Let oy, B be strictly monotonic scheduling functions. The
noise-to-signal ratio oy := f3;/cy is defined for t € (0, 1].
By monotonicity, oy is invertible with inverse (o). As
t increases from 0 to 1, o, decreases from oo to 0. For
o € |0,00), we define g, as the convolution of p with the
Gaussian distribution N'(0, o%1):

G = N0 = [ NClyo*Dptdy). ©)

Then, we have the following result.
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Proposition 2.1. For anyt € (0,1], define A; : R¢ — R4
by sending x to x/ay. Then, g5, = (At) 4Dt

The probability path ¢,, satisfies the following ODE in o.

Proposition 2.2. For any [a,b) C (0,1], let (z¢)ic[ap)
denote an ODE trajectory of Equation (2). Then, (x, :=
Ty(0)/ Ut(0)) o (oy,04] Satisfies the following ODE:

dz,

% =—-oV IOg QG(xa)v (7)

where q,(x) denotes the probability density of q,-.

The ODE model in Equation (7) generates a probability path
g, for o € (0,00). During sampling, the ODE integrates
backwards over o € (0, op| with end condition z,, = x.
By expressing our results in terms of the noise-to-signal
ratio o rather than time ¢, we obtain a unified framework
independent of specific scheduling functions, allowing for a
more general and concise theoretical analysis.

2.2. Related Work

Chen et al. (2024) connects FM sampling to the mean shift
algorithm (Comaniciu & Meer, 2002) via the denoiser, fo-
cusing on algorithmic strategies to identify high-curvature
regions for better sampling. Pidstrigach (2022); Permenter
& Yuan (2024) show that the denoiser converges to the pro-
jection when near the data support. We establish a general
convergence result for almost every point and provide a char-
acterization of trajectory evolution across different stages,
going beyond prior interpretations of the sampling process
as an approximate projection to data in Permenter & Yuan
(2024). Gao & Li (2024) show that FM can only sample
from the data support for discrete measures and analyzes
local cluster absorption. However, their proof implicitly as-
sumes ODE convergence and their local absorption analysis
requires bounded prior support, which is not applicable to
the common FM setting. We provide a rigorous proof of
ODE convergence and analysis for full trajectory evolution.

The concurrent work by Baptista et al. (2025) analyzes the
dynamical mechanisms underlying memorization in diffu-
sion models with empirical measures. Their analysis of
the ODE dynamics shares some similarities with our ap-
proach to discrete data distributions, e.g., the use of Voronoi
diagrams. Their work also proposes some regularization
techniques to mitigate memorization.

3. Denoiser and ODE Dynamics

It turns out that the vector field u; is fully determined by the
so-called denoiser—the mean of the posterior distribution
p(-| X+ = z) (Karras et al., 2022). In this section, we first
describe some basic properties of the denoiser, then illustrate
a general attracting and absorbing dynamics of the ODE.
Proofs and missing details can be found in Appendix C.

3.1. Basics of the Denoiser
By plugging Equation (4) into Equation (3), we have that
us(@) = Be/Be - @+ (4uBr — i) /B - E[X | X = a], (8)

where X ~ p, and E[ X | X; = ] is called the denoiser with
the following form (with existence proved in Appendix C.1):

_ 2
exp (_ llz {Z:z'y” ) y

Jexp (—%) p(dy’)

MM&=ﬂ=/ p(dy). ©)

For brevity, we write m(z) := E[X|X; = z]. Since m;
fully determines ., instead of learning u, directly, one can
train a neural network m? to learn the denoiser m;:

Eie0,1), Z~pprior, X ~p ||m?(atX + 6 Z) — X||2- (10)

Training with this loss can be more stable than with Equa-
tion (5) since for any z € R?, m;(x) remains bounded
while u;(x) can blow up to oo as t — 1 (cf. Appendix C.2).

By direct computation, the ODE in ¢ can also be expressed
through the denoiser m, (z) := E[X | X, = z] as follows
where X, .= X +0Z:

dz,

1
% = -0V IOg qa(xd) = _; (ma(xa) - xa) . (1D

Notably, the ODE in o can be interpreted as moving toward
the denoiser m, (x, ). For any z, one can explicitly write
me () as follows.

e

exp 352 Y

3.2. Attracting and Absorbing

In Section 4.1, we will rigorously establish the existence
of FM model ODE trajectory in [0, 1) for any data distribu-
tion p with a finite 2-moment. This sets the foundation for
discussing the properties of the ODE trajectories.

Note that Equation (11) suggests that the trajectory moves
toward the denoiser m,, (), which itself evolves along the
trajectory, complicating the ODE dynamics. We address this
by analyzing the geometric relationship between m,, (x) and
the projection projg,(x) onto certain closed sets 2. This
reveals that the ODE trajectory exhibits two key proper-
ties: an attracting property—drawing trajectories toward
), and an absorbing property—keeping trajectories within
neighborhoods of (2. We characterize how the sampling pro-
cess unfolds into distinct stages by identifying appropriate
closed sets €2 with these properties. Below, we formulate
these properties into two meta-theorems.
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Attracting toward sets. Let (75 ),¢(o,,0,] be an ODE tra-
jectory. The distance dq (. ) to a closed set €2 will decrease
if the trajectory direction forms an acute angle with the
projection direction (see e.g. Corollary B.15):

(mo(5) — oo, projo(vs) — ) > 0. (13)

See Figure 3 below for an illustration.

Xo

e Mo(Xo)

proja(xo)

Figure 3. Illustration of the acute angle condition.

With some quantitative bound on the acute angle condition
above, the ODE trajectory will be attracted toward ).

Theorem 3.1 (Informal - Attracting toward sets). Let
(%) re(0s,01] be an ODE trajectory of Equation (11) start-
ing from some x.,. Assume that the trajectory avoids the
medial axis Xq of some closed ) and satisfies the acute
angle condition in a quantitative manner, then do () will
decrease along the trajectory, and lim,_,o do(z,) = 0.

See the formal version Theorem C.7 in Appendix C.3.

The requirement of avoiding the medial axis of €2 is trivially
satisfied when €2 is convex (its medial axis is empty). More
generally, one can rely on the absorbing property (discussed
below) to ensure the trajectory stays off the medial axis.

Absorbing by sets. Given a set  in RY, we say Q is
absorbing for a FM ODE in (02, 01] if for any z € Q,
the ODE trajectory (Z,)oe(o,,0,] Starting at 2, = x will
remain in ) for all 0 € (02, o1]. It turns out that the acute
angel condition can essentially also guarantee that small
neighborhoods of (2 are absorbing.

Theorem 3.2 (Absorbing by sets). For any closed set ) and
r > 0, we consider the open neighborhood B,.(Q).
1. Let B.(R2) denote the closure of the set B.(Q). If
B.(Q) N Xq = 0 and suppose for any x € 0B, (Q)
and any o € (02, 01), one has (mq(x)—x, projq (z)—
x) > 0, then B,.(Q) is absorbing in (o2, 01).

2. If there exists some o > 0 such that B, () is absorb-
ing in (oq,01] for all v € (0,r0), then Q is absorbing
in (02,01 as well.

Remark 3.3. Note that the absorbing property only depends
on the denoiser’s behavior in a fixed region rather than re-
quiring a priori knowledge of how the denoiser evolves
along an ODE trajectory. Once established, the absorbing
property can propagate the acute angle condition to trajecto-
ries within this region, thereby enabling attracting property.

Next, we apply the meta-theorems to provide a broad de-
scription of FM ODE dynamics.

Attracting and absorbing to the convex hull of data sup-
port. By definition, the denoiser m, (x) always lies in
the convex hull of the support of the posterior distribution
p(-| X = x) which is the same as conv(supp(p)). Due to
convexity, m, (x) always satisfies the acute angle condition
with respect to conv(supp(p)). Consequently, the ODE
trajectory is attracted toward and ultimately absorbed by
conv (supp(p)).

Proposition 3.4. Assume p has a bounded support. For any
o1 >0, let (25)re(0,0,] be a flow matching ODE trajectory
follows Equation (11). Then we have the following results
Sforany o € (0,04]:

1. If x5, € conv(supp(p)), then z, € conv(supp(p));

2. If x5, ¢ conv(supp(p)), then x, moves toward
conv(supp(p)) with the following decay guarantee:

dconv(supp(p)) (xa) < dconv(supp(p)) (xal) : 0/01-

See Appendix C.3.1 for the proof and a slight generaliza-
tion to the case where p is a Gaussian-smoothed bounded
distribution. A more refined analysis of the trajectory for
the initial and intermediate stages (focusing on the data
mean and local clusters, respectively) is provided in Sec-
tion 4. The terminal stage analysis in Section 5 requires
more sophisticated techniques, as we need to develop ab-
sorbing properties that effectively avoid the medial axis of
the data support—a key technical challenge for establishing
convergence (cf. Appendix C.2).

4. Pre-Terminal Trajectory Analysis

As illustrated in Figure 2, the FM ODE trajectory overall
moves toward the convex hull of the data support (Propo-
sition 3.4). Furthermore, trajectory dynamics unfold in
distinct stages. In this section, we first establish the well-
posedness of the FM ODE to ensure the existence of tra-
jectories. Then, we apply attracting and absorbing prop-
erties—toward the mean and local clusters—to provide a
detailed analysis of the pre-terminal trajectory dynamics.

4.1. Well-posedness of FM ODE:s for ¢ € [0, 1)

The following result establishes the existence and unique-
ness of solutions to the FM ODE in [0, 1) under very weak
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assumptions, significantly expanding on previous work (Lip-
man et al., 2022; Gao et al., 2024) to contain cases where p
is supported on subspaces or submanifolds.

Theorem 4.1. Assume p has a finite 2-moment, then for
every xo € RY, there exists a unique solution (2t)eef0,1) to
Equation (2). Furthermore, the flow map V; is continuous
and satisfies that (V) 4Dprior = Dt for all t € [0, 1).

The proof utilizes a careful analysis of the posterior covari-
ance Cov[X | X, = z] to establish local Lipschitzness and
integrability of u,. In addition, we show that the denoiser
my(x) grows at most linearly in z—a non-trivial bound ob-
tained under the mild assumption that the data distribution p
has only a finite 2-moment. With these properties, we then
apply the theory of continuity equations (see Ambrosio et al.
(2008, Section 8.1)) to conclude the proof.

This result trivially extends to the o parameter and forms the
foundation for analyzing pre-terminal trajectory properties.

4.2. Initial Stage of the Sampling Process

When ¢t = 0, we have mg(z) = E[X], suggesting the tra-
jectory will initially approach the mean of data distribution.
In this subsection, we quantitatively validate this intuition
for a broad class of distributions.

Proposition 4.2. Let § > 0 and py, be a distribution on
R? with a bounded support Q = supp(py). Let p =
py * N(0,621). For a point x¢ with |xg — E[X]| = Ry
where X ~ p, and for any parameter 0 < ¢ < 1, define

oimit(Q, ¢, Ro) := /2Rodiam () /log(1 + Ry /diam(Q)).

Then for all o1 > \/oim-,(Q,(,Ro)Q + 02, a trajectory
(I”)UE(W,Jl] starting from x,, = xo will

approach E[ X with the rate:
oo ~EX]| < Ro(0® +6%) =" /(0} +6) %"

Note that as ¢ approaches 1, oini((92, ¢, Ro) decreases, ex-
tending the range of o that is applicable. However, the rate
weakens as ( gets closer to 1.

4.3. Intermediate Stage of the Sampling Process

As o decreases, trajectory behavior starts being influenced
by coarse-scale geometry of the data, particularly its local
clusters. When the trajectory lies close to a local cluster, it
is attracted toward (and eventually absorbed by) the convex
hull of that cluster—indicating robust feature emergence in
the FM model. We formalize this notion via an assumption
that characterizes a well-separated local cluster.

Local Cluster Assumption. Let p be a probability measure
on R? and we say a set S is a local cluster of Q := supp(p)
if the following conditions hold:

1. S is closed, bounded, and diam(S) = D < oo.
2. Forallz € Q\S, deony(s)(7) > 2D.

Then, the denoiser m, (y) will be close to conv(.S) for y
near conv(.S) and when o is not too large.

Proposition 4.3. Assume that S is a local cluster of a prob-
ability measure p satisfying the Local Cluster Assumption
and as = p(S) > 0. Then, for any x € R? such that
deonv(s)(T) < D/2 — ¢, we have that

dconv(S) (ma (.’t)) < dlam(Q) m e 2526 .

Proposition 4.4. With the same assumptions as in Proposi-

tion 4.3, let CF 1= — D/2_i7as , and define
diam(§2) a5

1
—3De _\2 1S
oo(S,€) = (2103;(05)) OO <L,

00, otherwise.

Then for any o1 < 00(S,€), Bpja_c(conv(S)) is ab-
sorbing in (0,01] and any ODE trajectory starting from
To, € Bpja_c(conv(S)) converges to conv(S) as o — 0.

Note that when the weight a g of the local cluster .S is large,
we do not necessarily have that Cf < 1. In this case, the
cluster S, in fact, exhibits a stronger attracting force and the
above result holds for all o; > 0.

In Appendix J.1, we detail the synthetic data used in Figure 2
to validate the above Propositions 4.2 and 4.4. We also ob-
serve in Appendix J.2 that despite the theoretical constants
not being tight (as is common with worst-case bounds),
the qualitative behavior of an initial mean-attraction phase
consistently holds in practice. Although Proposition 4.4 is
developed under the local-cluster assumption, real-world
datasets seldom satisfy it exactly. Empirically, however,
we find that ODE trajectories still gravitate toward locally
dense regions—even when clusters overlap—indicating that
the dynamics are more robust than the assumption suggests
(see Appendix J.3). We provide a partial theoretical expla-
nation in Corollary H.1: for a distribution p obtained by
convolving a Gaussian with any measure that does satisfy
the local-cluster assumption, we prove that dense regions
remain attracting and absorbing for the flow. Together, the
analysis and experiments point to a broader validity of the
ODE dynamics beyond the confines of our assumptions.

While the above results are theoretical, they reveal how
data geometry fundamentally shapes FM ODE dynam-
ics—particularly, the cluster absorption results suggest a

“locking” property where trajectories are systematically ab-

sorbed into local clusters. This property provides a theoreti-
cal foundation for why FM models achieve effective feature
separation and mode coverage, as observed empirically in
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Georgiev et al. (2023). It further suggests that embedding
data into latent spaces with clear geometric structure (e.g.,
by object categories or visual attributes) could enhance ro-
bust feature learning.

Finally, as o approaches 0, trajectories are drawn to their
nearest data points, with the nature of this attraction strongly
governed by the fine-scale geometry of the data support—
whether discrete or manifold-structured. We analyze this
terminal convergence behavior in the next section.

S. Terminal Trajectory Analysis

The well-posedness of the FM ODE in [0, 1) ensures the
probability path under flow map ¥, approaches the data dis-
tribution. However, distributional convergence alone does
not guarantee trajectory convergence, as pathological cases
like winding paths around data points may exist (see Fig-
ure 1b). The convergence of ODE trajectories—equivalently,
the existence of flow map W, at t = 1—is crucial for gen-
erating samples stably and for models like the consistency
model (Song et al., 2023), which learns the flow map ;.

In this section, we establish the convergence of ODE tra-
jectories at t = 1 for a broad class of data distributions.
With this result, we analyze the equivariance of ¥; un-
der geometric transformations and discuss implications for
memorization behavior.

5.1. Convergence of ODE Trajectories att = 1

The convergence of ODE trajectory at ¢ = 1, when ex-

pressed in terms of o, requires the integration of d;’ff =
ag

—1(my(z,) — ) to remain convergent as ¢ — 0. The di-

vergence of fOT %da creates a potential singularity that must
be counteracted by a rapid diminishing of ||m,(z,) — x4 ||.
We study the denoiser’s terminal behavior at a fixed point
to understand when diminishing may occur.

Theorem 5.1 (Convergence of denoiser to projection). Let
p be a probability distribution with a finite 2-moment and
support Q. Then for all x € R4\ Xq:

lim 1m, () = projq(z),'
o—0

where ¥.q denotes the medial axis of ().

Since projg(z) = x precisely when z € €, the term
my(z,) — ©, diminishes if x, is attracted to £2. The con-
vergence only holds for z € R4\ X, since projection is not
well-defined at the medial axis, which also causes the de-
noiser’s Lipschitz constant to blow up (see Appendix C.2),
preventing the use of standard ODE theory like the Picard-
Lindelof theorem.

'We also establish the convergence of m; in Corollary D.3
which is a nontrivial consequence of the convergence of m,-.

We address these issues by a refined denoiser’s convergence
result with rate guarantee, which occurs at an O(c¢) rate
forany 0 < ¢ < 1. See Appendix D for the proof and de-
tails—for example, the convergence rate is v/mo + O(c?)
for distributions on an m-dimensional submanifold and ex-
ponential for discrete distributions. This convergence rate
yields a strengthened version of the absorbing result in Sec-
tion 3.2, ensuring that trajectories are: (1) absorbed near
Q to avoid the medial axis, and (2) attracted to 2 rapidly
enough to ensure convergence. Our theoretical analysis
works for data distributions satisfying:

Assumption 5.2 (Regularity assumptions for data distribu-
tion). Let p be a probability measure on R? with a finite
2-moment satisfying the following properties:

1. The reach 7q of the support 2 := supp(p) is positive?;

2. There exist constants k£ > 0 and ¢ > 0 such that for any
radius R > 0, there is a constant C'r > 0 satisfying
the following: for any small radius 0 < r < ¢ and any
x € Br(0) N Q, we have p(B,.(z)) > Cgrrk.

Any discrete distribution satisfies the assumptions with k& =
0. Moreover, p satisfies the assumptions with £k = m when
supported on an m-dimensional linear subspace or compact
submanifold with positive reach, provided p has a finite
2-moment and a non-vanishing density (cf. Lemmal.1). We
emphasize that the positive reach condition is not restrictive
and is a common assumption to ensure that the data manifold
has no “sharp turns” in R¢ (Niyogi et al., 2008; Fefferman
et al., 2016). This condition holds for common smooth
compact submanifolds (Lieutier & Wintraecken, 2024) like
spheres and tori.

We now state our main result:

Theorem 5.3. For p satisfying Assumption 5.2, we have

1. Uy (z) := limy_, V() exists for v € R a.e.

2. Wy is a measurable map and (V1) 4Pprior = P-

Furthermore, we have the following estimate of the conver-
gence rate of the flow map. Recall that oy := i/, then,
we have that for any fixed 0 < ( < 1,

1T (z) — Ty(2)]| = O(af?).

This theorem establishes the existence and convergence of
the flow map for general data distributions. The convergence
rate can be further refined for specific cases:

Theorem 5.4. When p is supported on a submanifold or a
discrete set, we have the following convergence results:

Manifold. Let M C R? be an m-dim closed submanifold
with positive reach and bounded second fundamental form

The support € can be R¢ and in this case the reach T = oco.
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up to its first-order derivatives. Assume that p is supported
on M, has a finite 2-moment, and has a density given by
p(dx) = p(x)volps(dx), where p : M — R is smooth and
nonvanishing. Then, for a.e. x € R?, we have that

W1 (z) = Wi(2)[| = O(o1);

Discrete. If p = Zf\il a;x; denotes a discrete probability
measure, then for a.e. x € R<, we have that

[0 (2) = Wi (2)]| = O(0r).

We examine a tractable special case to assess our conver-
gence rate bounds: a standard Gaussian distribution on a
subspace, where closed-form solutions exist.

Example 5.5 (Data supported on subspaces). For any 0 <
m < d, consider the subspace R™ C RY. We express any
point x € R? as x = (=, y), where z € R™ and y € R4~™.
Assume that the probability measure p is supported on R™
and satisfies Assumption 5.2. One can show that FM ODE
trajectories allow a dimension reduction in the following
manner. For any initial point g = (29, v0) € R%, the FM
ODE trajectory is given by

xr = (x4, fryo), foranyt € [0, 1], (14)

where (¢):c[o,1] is the trajectory of the FM ODE on R™
with initial point o, and with p regarded as a distribution
on R™; see Proposition E.2 for a proof.

Let oy = tand B; = 1—t, and let p be the standard Gaussian
on R™. By Lemma E.1 and Equation (14), we have that

z = ( 1 — 1) + 220, (1 — t)y0> .

Also, when m = 0, p = Jp is supported on a single point.
Then, the denoiser is always 0 and the ODE trajectory is
givenby (x; = (1—t)xo)se0,1]- Inboth cases, ||z, —x¢|| =

O(1 — t) = O(ay).

This example demonstrates our rate’s optimality for discrete
distributions, while suggesting potential improvement for
manifolds: the current O(,/0¢) rate might be improved to
O(oy). This conjecture is supported by the linear conver-
gence rate O(c) of the ODE’s distribution path ¢, — p (see
proposition below), which suggests the trajectory should
converge at the same rate.

Proposition 5.6. For any probability measure p with a finite
2-moment, we have that dwy 2(q»,p) = O(0).

An important practical implication of the convergence rates
in Theorems 5.3 and 5.4 is that, during the terminal stage,
the ODE trajectory exhibits minor movements suggesting
one can use fewer sampling steps to generate samples with-
out sacrificing quality.

Equivariance under geometric transformations. Having
established the existence of the flow map ¥; : RY — R¢
under mild assumptions, we now investigate how ambient
space geometry affects the flow maps through their behavior
under geometric transformations. This analysis has practi-
cal implications for stability under data augmentation and
reveals important equivariance properties.

We examine how FM flow maps transform under similarity
transformations 7" : RY — R of the form T'(x) = v(Ox +
b), where v > 0 is a scaling factor, O is an orthogonal
matrix, and b is a translation vector. These transformations
include any combination of scaling, rotation and translation.

For a data distribution p satisfying Assumption 5.2, let p :=
T4 p denote the transformed distribution. To relate the flow
maps U, (for p) and W (for p), we identify that the flow for
the transformed data p can be obtained from the flow for the
original data p by choosing appropriate scheduling functions
a; and B, with respect to the original functions a; and ;.
Specifically, taking a; := sy /v and 3; := s;/3; where s;
is any positive smooth function with sg = 1, s = v (or
simply s; = 1 when v = 1), we establish:

Proposition 5.7 (Equivariance under similarity transforma-
tions). Forany x € R andt € [0, 1), we have that

@f(Ox) = St(O\I’t(I) + Oétb).

Whenever W\ (x) exists (this holds for a.e. = € R? by
Theorem 5.3), we have that W1 (Oxz) exists and satisfies

T1(0x) = 1(0Ws (z) + b).

Remark 5.8 (Data distribution on affine subspaces). By
Proposition 5.7, we can generalize Example 5.5 to cases
where p is supported on any affine subspace A C R? (e.g.,
a point translated away from origin or a shifted linear sub-
space). The idea is simple: first apply a rigid transformation
to map A to R4™(A) < R9, then apply the FM model
there. This suggests that for data distribution supported
on an affine subspace, we can reduce computation by first
projecting onto that subspace, training an FM model there,
and extending it back to ambient space via this result.

5.2. Terminal Absorbing Behavior and Memorization

In this subsection, we focus on the case when p =
Z?:l a; 64, is supported on a discrete set, as this repre-
sents an important scenario corresponding to empirical tar-
get distributions derived from training data. We provide a
detailed characterization of the terminal stage and show that
each point z; exhibits strong attracting behavior during this
stage, which is connected to the memorization in diffusion
models (Carlini et al., 2023; Wen et al., 2024).

We let Q = {z1,...,xz,} denote the support of p. For any
small € > 0, we define the e-shrunk Voronoi cells as

Vie=Az: ||z — 2| < lz — xj|)* — €, Vz; #2; € Q}.
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Note that V¢ is convex and as ¢ — 0, V;° expands to the
classical Voronoi cell V; of z; with U}, V; = R4,

We introduce oo(V,) such that V¢ is absorbing for
(0,00(V")). Specifically, let sep(x;) = dq{a,}(2:) de-
note the separation of z; and we introduce a constant

2sep(x;) 1—a; .
Q /
Cie= (@) — & o diam(Q2)

for any parameter € € (0, sep(x;)/2), where a; is the weight
of &; in p. Then the time oo (V?) is defined as

if Cf*. <1,

0.}
oo(VF) = ' _
. {2 (log(C2) ™2, ifrc > 1.
The constant oo (V,©) is the time when the ODE trajectory
is attracted to V;© and with larger weight a; or higher sep-
aration sep(z; ), the time oo (V%) is larger, showing strong
attraction early on.

The following result shows that after approaching the mean
and then being attracted to a local cluster, the ODE trajectory
will eventually be attracted to the nearest data point.

Proposition 5.9. Fix an arbitrary 0 < o1 < 0o(Vy). Then,
for any y € V£, the ODE trajectory (Ts)qe(0,0,] Starting
from x5, = y will stay inside V£, i.e., x, € V. Further-
more, (To)ze (0,00 Will converge to x; as o — 0.

Discussion on memorization. Memorization occurs when
a model perfectly fits training data and fails to generalize.
This is relevant to FM models since the unique solution
in Equation (5) or Equation (10) regarding empirical data
only reproduces training data. The constant o (V) indi-
cates attraction strength of each training sample—higher
values (from larger weights a; or more isolated points) sug-
gest increased memorization risk. This explains empirical
findings of increased memorization for duplicate samples
in Somepalli et al. (2023), as duplicates raise a; in the em-
pirical distribution. For CIFAR-10 with € = 1.0, the mean
o0(V;f) across training images is approximately 0.17, corre-
sponding to the final quarter of EDM’s sampling steps (Kar-
ras et al., 2022). This suggests training in this critical final
stage should not target optimality to avoid memorization.

We now provide a more formal connection between the

terminal behavior of the ODE trajectory and the memoriza-

tion phenomenon. For a neural network denoiser m?, the

corresponding ODE trajectory is:
dz 1

—Z = ——(m)(z,) — 7). (15)
do o

The following result shows that an asymptotically optimally
trained denoiser m? merely reproduces the training data.

Proposition 5.10 (Memorization of asymptotically optimal
denoiser). Letp = Y1 | a; 0y, and let m : RY — R?

be a smooth map. Assume there exists a function ¢(o) with
lim, 0 ¢(0) = 0 such that |mf(z) — m,(z)|| < ¢(o)
for all x € RY. Then, for any i = 1,...,n, there exists
o0(VE, @) > 0 such that for all 0 < o¢ < oo(V, @) and
any y € V£, the ODE trajectory (z2),¢(0,0,] for Equa-
tion (15), starting from x,, = y, converges to x; as o — 0.

o (z5)

If further, both limits lim, 0% and lim,_om¢

known to exist, then lim, o ||[m% (2%) — 2% || = 0.

This proposition shows that for an FM model to be capable
of generalization, the near-terminal denoiser itself must gen-
eralize—i.e., it must approximate projection onto the true
underlying data manifold rather than simply projecting onto
the training points. This insight motivates careful tuning of
denoiser training near the terminal time. We validate these
insights empirically in both synthetical (Appendix J.1) and
image dataset (Appendix J.2).

6. Discussion

Our study significantly enhances the theoretical foundation
for FM models by establishing a connection between data
geometry and FM ODE dynamics. This leads to interest-
ing practical implications; for example: (1) The FM ODE
trajectory direction’s initial alignment with the mean and
its terminal time convergence suggest one can use more
sparse sampling resources in these stages and reallocate
more resources to the intermediate stage where the denoiser
evolves more significantly which aligns with empirical find-
ings in Esser et al. (2024). (2) The interaction between
flow trajectories and data geometry through attracting and
absorbing behavior reveals how the same dataset can exhibit
distinct sampling trajectories when embedded in different
spaces. This could be utilized to optimize latent space for
improved generation and facilitate stable fine-tuning through
careful adaptation when integrating new data. (3) Identi-
fying the importance of terminal stages in memorization
suggests targeted regularization in training such as regular-
izing the Jacobian of denoiser to avoid collapsing to locally
constant maps; see more discussion in Remark C.3. Look-
ing ahead, we aim to explore these directions to develop
more understanding of memorization versus generalization,
as well as more efficient diffusion models with steerable
generation.

Theoretically, our analysis assumes that X ~ p and
Z ~ Dprior are independent when constructing the prob-
ability path (p;)c(o,1). It will be intriguing in future work
to investigate whether this analysis can be extended to set-
tings where X and Z are dependent. Such cases naturally
arise, for example, when applying rectification techniques
as in (Liu et al., 2023) or when employing known coupling
methods to enhance flow matching, as explored in (Poola-
dian et al., 2023; Tong et al., 2024).
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A. Table of Symbols and Roadmap of Theoretical Results

In this section, we provide a table of symbols used in the paper and a roadmap of the theoretical results in Figure 4.

Symbol Meaning / Description

R d-dimensional Euclidean space.

-l Euclidean norm in R<.

supp(p) Support of the probability measure p.

X ~p Random variable X with distribution p.

Ms(p) Second moment of p, i.e., [ ||z||*p(dz).

diam(€2) Diameter of a set 2 C R?.

Q Closure of a set (2.

do(z) Point-to-set distance from x to €2, i.e., dg = inf cq ||z — y||.
projo () Projection of x onto a closed set 2 C R,

conv(Q) Convex hull of a set €.

Yo Medial axis of a closed set 2 C R<.

Ifsq () Local feature size of x regarding set €2, i.e. distance to medial axis X.q.
O Reach of a set Q C R

Inj(M) Injectivity radius of a manifold M.

sep(x;) Separation scale w.r.t. a discrete point x;.

Oy Dirac delta measure at x.

N(p, X) Gaussian distribution with mean 4 and covariance .

D*q Convolution of probability measures p and g.

4o = p* N (0,0%I)
NNa(z), PnN(2)
Tt

Lo

Xt

X,

p(| X =), p(-| X0 = 2)
me(z)

me(z)

Vlog q,

dw s

ug(x)

e = (¥¢)#po

The blurred (or noisy) distribution at noise level .

Nearest-neighbor set of = in a discrete set €2, and the measure restricted to that set.
A state (trajectory point) indexed by time ¢ € [0, 1] in the FM ODE.

A state (trajectory point) indexed by noise level o € (0, o) in the FM ODE.

The random variable o, X + (; Z, where Z ~ N(0,1).

The random variable X + o Z, where Z ~ N(0, I).

Posterior distributions of X given X; = x and given X, = z, respectively.

The denoiser in o parameter, i.e. E[X | X, = x].

The denoiser in ¢ parameter (implicitly dependent on o, 5y); i.e. E[X | X; = x].
Score function of ¢,-.

s-Wasserstein distance.

Vector field in the FM ODE for ¢ € [0, 1).

The flow map of the FM ODE.

The pushforward distribution of an initial distribution py under W,.

14



Elucidating Flow Matching ODE Dynamics via Data Geometry and Denoisers

Theoretical Foundations

. Absorbing & Attracting Concentration of
Well-posedness in [0, 1) —_ via Denoiser Posterior
Thm. 4.1 Thm. C.7, 3.2, C.11, Prop. C.9 Thm. D.1, D.5.Prop. D.7

|

ODE Trajectory Stages
Initial Stage Intermediate Stage Terminal Stage =~
(Mean Attraction) (Cluster Absorption) (Convergence & Memorization)
Prop. 4.2 Prop. 4.4 Thm. 5.3, 5.4 Prop. 5.9, 5.10

Equivariance of Flow Maps
Thm. 5.7

Figure 4. Roadmap of theoretical results. Our analysis builds upon three foundational components: (1) well-posedness of FM ODEs in
[0, 1), establishing existence and uniqueness of trajectories—setting the foundation for subsequent analysis, (2) attracting and absorbing
properties derived from denoiser behavior, and (3) concentration results for posterior distributions. These foundations enable us to
characterize the full evolution of FM ODE trajectories through three distinct stages: initial mean attraction, intermediate cluster absorption,
and terminal convergence with memorization implications. The convergence at terminal time further allows us to establish equivariance
properties of flow maps. Together, these results provide a complete geometric understanding of FM ODE dynamics.

B. Geometric Notions and Results

In this section, we review basic concepts from convex geometry and metric geometry, and establish several results which
will be used in our later proofs. These geometric results are also of independent interest and may be applicable in other
contexts.

B.1. Convex Geometry Notions and Results

In this subsection, we collect some basic notions and results in convex geometry that are used in the proofs. Our main
reference is the book (Hug & Weil, 2020).

We first introduce the definition of a convex set and convex function.

Definition B.1 (Convex set). A set K C R¢ is called a convex set if for any z,...,z, € K and0 < aq,...,a, < 1such
that )", a; = 1, we have that ) ;- | a;z; € K.

Definition B.2 (Convex function). A function f : R¢ — R is called a convex function if for any x,y € Riand 0 < a < 1,
we have that f(az + (1 — a)y) < af(z) + (1 — ) f(y).

An intermediate result that the sublevel sets { f < ¢} or {f < ¢} of a convex function f are convex sets; see Hug & Weil
(2020, Remark 2.6).

‘We now introduce the definition of the convex hull of a set.

Definition B.3 (Convex hull (Hug & Weil, 2020, Definition 1.3, Theorem 1.2)). The convex hull of a set {2 C R< is the
smallest convex set that contains 2 and is denoted by conv(2). Additionally, we have that

conv(Q)) = Z@ﬂi, ckeNjz, €Qa; €0, 1],20@- =1
i=1

=1
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Let €2 be a set, and « € 2. We say a hyperplane give by a linear function H is a supporting hyperplane of €} at x if the
following conditions hold:

1. H(x)
2. H(y) > 0forally € Q.

0.

For a closed convex set {2, every boundary point of €2 has a supporting hyperplane.

Proposition B.4 (Supporting hyperplane (Hug & Weil, 2020, Theorem 1.16)). Let K be a closed convex set in R% and
x € OK. Then, there exists a supporting hyperplane of K at .

We collect some basic properties regarding a convex set K and its distance function dx (z) := inf cx ||z — y||.
Proposition B.5. Let K be a convex set in R and Q) be a set in R, Then, we have that

. For each x € R%, there exists a unique point proj () € K such that ||x — proj ;- (v)|| = dx (z).

. The distance function dg () is a convex function.

1

2

3. Foranyr > 0, the r-thickening of K, defined as B,.(K) := {x € R? : dg (x) < r}, is a convex set.
4. The diameter of ) is the same as the diameter of its convex hull, that is diam(Q) = diam(conv(2)).
5

. Let a > 0, then a set §) is convex if and only if a - ) is convex.

B.2. Metric Geometry Notions and Results

Let Q C R% be a closed subset. Recall that ¥, denotes the medial axis of 2 and dq, : RY — R is defined by do(z) :=
infyeq ||z — y||. We now consider certain properties of the projection function projg, : £§ — €, where X§, := RN\ .

We first recall the definition of the local feature size in Amenta & Bern (1998) with a slight generalization that we consider
all points in R instead of only points in (2.

Definition B.6 ((Amenta & Bern, 1998)). For any = € RY, we define the local feature size Ifsq (z) of z as Ifsq (z) = ds,, (z).

For any x € £, we let 2o := projg(x). We consider the following set for any x € X§:

Ta(z) :== 4t > 0: projg :rQ—i—tm =xq.,.
|z — zq

Lemma B.7. We have the following characterizations of To(x).

o To(x) is an interval.

e Foranyt € Tq(x), we have that xq + t2=22- ¢ X,

lz—zall

We let Ro(x) := sup Tq(x). If 0 < Rq(z) < oo, we have that xq + Rg(m)ﬁ € Yo,

. [O, dQ(fE) + lfSQ(I)) C TQ(I)
Proof of Lemma B.7. The first three items follow from the pioneering work Federer (1959, Theorem 4.8); see also Delfour
& Zolésio (2011, Theorem 6.2) for more details.

We provide a proof for the last item. First of all, it is straightforward to see that [0, d(z)] C Tq(x). Now, we assume that
r:= Rq(z) € [da(x),da(z) + lfsq(x)). This implies that

r —XQ

A P I e
and hence
Ifs(z) = dsg, (v) = ds(7) <7 —do(x) < ifsq(x).
This is a contradiction and hence Rq(z) > dq(x) + lfsq(z). This concludes the proof. O
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Next, for any point b € €2, we analyze the angle Zzxqb for any b € 2. The following lemma is a slight variant of Federer
(1959, Theorem 4.8 (7)).

Lemma B.8. For any x € ¢, and any t > 0 such that t € Tq(x), the following holds for any b € §2:

_llza = blP|lz — zoll

(x — 20,20 —b) > 5

Proof. By definition of T (), we have that projq, (xQ + t=ta ) = xq. Therefore, we have that

lz—zall

2
o+t gl g2 (Iﬁthw _
(B |z — zq
|xQ—b|2+2t<xQ—b,w>+t2 > 12
|z — zal

2t (xg — b,x — x0) > —|zg — b]* |l — x|

lza = bz — zal

(x — 20,20 —b) > — 5

When €2 is convex, then T (z) = [0, co). In this way, we have the following corollary.

Corollary B.9. IfQ is convex, then for any b € Q and any x € R? we have that (x — xq, rq — b) > 0.

This control of the angle Zzxqb allows us to derive the following result that bounds the distance between b € €2 and the
projection xg, = projq () in terms of the distance between b and x.

Lemma B.10. For any x € ¥¢, and any t > 0 such that t € Tq(x), we have that for any b € €,

d
o= 017 = dafa) + o~ an? (1~ 222 )

Proof. The case when x € ) trivially holds. Below we consider the case when « € ¥§ N Q€. In this case, do(z) > 0 as 2
is a closed set.

By the law of cosines, we have that

do(7)” + [|b — zo|* — ||lz — b]*

4 =
cos(Lxxab) 240 (@b — 0]

Suppose ||z — b||? < do(z)? + ||b — zal[*(1 — dgt(z) ), then we have that

da(2)? + ||b — zal|> — |z — b
2do(2)]|b — zql|
_ lda(@)? + b~ za|* ~ do(2)* — [|p — wall” + b — za||**2
2d, ()b — za]

cos(Lxxgb) =

_|lp— zq?
2t
By applying Lemma B.8 to b and x, we have that

Iz = bl]P[lz — zal
2t '

This implies the following estimate for the cosine of the angle Zzxqb:

(x — zq,xq —b) >

(x —xq,b—zq) < lza —b||2-

£ b) =
cos(carab) = p Mo —wall = %
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This contradicts the inequality above and hence we must have that

d

We then have the following corollary which will be used in the proof of Theorem D.1.
Corollary B.11. Fixany z € X5, any t € [da(z), da(z) + lsq(x)) and any € > 0. Then, we have that

B\/dg(z)ere?(lfdQ(z)/t) (l’) nQCc BE(Z'Q) N Q.

Proof. Forany b € B

VI @ T —da (@)D (z) N Q, we have that

|z — 0| < do(x)* + € (1 — dﬂ;”) .

By Lemma B.10, we have that

do(x
o= 017 2 dafa) + [0~ an? (1- 222

Combining the two inequalities, we have that ||b — z||> < € and hence b € B,(zq) N Q. O

Finally, we derive the local Lipschitz continuity of the projection function.

Lemma B.12 (Local Lipschitz continuity of the projection). For any e > 0 and for any z,y € R such that lfsq(x) > €
and fsq(y) > € we have that

max{do(z),do(y)} + 1) lz — yl|.

o — yall < (
€

Proof. Since lfs(x) > € and lfsq(y) > €, by Lemma B.7 we have that

. T —x
pProjg (:179 + (e+ dQ(:c))Hx_xz”> = zq

and

. Y — Yo
projg (Z/Q + (e+ dQ(y))Hy—yQH> = Ya.

By applying Lemma B.8 to z, zq, yqo and separately to y, yo, Tq, we have that

(za —ya,z — z0) > mdsz@),
R e )
By adding the two inequalities about the inner products, we have that
(pa s — 0~y un) > ~ S0l ) e el g
(20— vz =) — o = vl 2 ~ L2200 gy Mon il
(w0~ vz ~1) > lra — yal? - et ¥l g gy e vl )

2(e+do(z)) 2(e+ da(y)
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Let m = max{dq(x), do(y)}, then we have that

< (1 -5 do(z)  dao(y) ) .

0<1-— e+do(z))  2(e+da(y))

m -+ €

Therefore, by Cauchy-Schwarz inequality, we have that

m 4+ €
This implies [|zq — ya < (7€) ||z — y||. =

€

m
za — yol? (1 - > <(za —ya,z —y) < |za —yallllz —yl.

B.2.1. DIFFERENTIABILITY OF THE DISTANCE FUNCTION

Let Q C R? be any closed subset. For any 2 € R%, we let Po(z) := {y € Q: ||z — y|| = do(x)} denote the set of points
in Q) that achieve the infimum. When z is not in the medial axis of {2, the set Pq(z) is the singleton set {projq (x)}.

Interestingly, there is the following result result showing the existence of one sided directional derivatives for dg, by de Mises
(1937) (see also Biatozyt (2023) for a more recent English treatment).

Lemma B.13 ((de Mises, 1937)). For any vector v € R?, the one-sided directional derivative ofdq atx € Rd\Q in the
direction v exists and is given by

Dyda(e) = int { -5y € o).

ly ==l

Motivated by the this result, we mimick the proof and establish the following result for the squared distance function d3,.
Notice that, we can remove the constraint for x ¢ €.

Lemma B.14. For any x € R\ X, the directional derivative of d2 at x exists and is given by

Dvd&%(x) = _2<Ua pron(x) - J}>
Proof. Without loss of generality, we assume that 2z = 0 is the origin and v = (¢, 0, ..., 0) for some ¢ > 0 (one can achieve
these by applying rigid transformations).

We let 2 = projg (), 2+ = tv and zF = projq(z¢). Since ||z7 — 2¢|| < ||zq — z¢||, we have that

* *,(1 *,(1
2512 = l|lzall? < 2ct(z; ™ — 2y™),

(€3]

where ;"' denotes the first coordinate of x}. Note that ||z} || = ||z} — | > ||zq — || = ||zal|. So we have that

0< x:’(l) _ x(’;’(l).
Now we have that by the cosine rule of the triangle formed by z; = tv, x = 0 and x}, we have that

da(xt) = ||9c;‘H2 22— 2t(v, &} — x).

Therefore, we have that

(e = @) _ el —lwal® oy ey
t t ¢

As discussed above, we have that

1% = llzel®

0< < 2c(x:"(1) - xé’(l)).

By continuity of projq, outside X, we have that z; — x* as ¢ — 0. Therefore, we have that

o B = )

lim t = —2(v,z" — x) = —2(v, projg(z) — x). -

Corollary B.15. Let (z4); be a differentiable curve in x € R\ Xq, then we have that d2,(x.) is differentiable with respect

to t and we have that d
%d?z(xt) = D, dy (1) = —2(iy, projo (1) — z¢).
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C. Denoiser and FM ODE: Singularity, Attracting and Absorbing
C.1. Basics About the Denoiser

Well-definedness of the denoiser. Although denoisers have been widely used in various works, their well-definedness
has not been rigorously established in the literature—specifically, whether the integral defining the conditional mean
E[X|X; = z] exists. We address this gap in the following proposition.

Proposition C.1. If p has a finite 1-moment, then p(-|X; = x) also has a finite 1-moment for any t € [0, 1), making
me(x) := E[X|X; = x| well-defined. The same applies to m for o € (0, c0).

Proof of Proposition C.1. For the normalizing factor Z = [exp (—%) p(dy’), we note that 0 <
t
exp (7%) < 1. Hence, the factor Z must be positive and bounded.
t

Now, we consider the following integral

/eXp (”x_aty”z> lyllp(dy) S/Hyup(dy) < .

267
The last inequality follows from the fact that p has a finite 1-moment. Hence, the posterior distribution p(-|X; = z) has a
finite 1-moment and the denoiser m; is well-defined. O

An alternative parametrization for . The backward integration w.r.t. o in Equation (7) might be cumbersome in analysis
and we alternatively use the parameter A := —log(c). We let o()) denote the inverse function. Then, when o changes
from oo to 0, A changes from —oo to co. For an ODE trajectory (o) y¢(0,00). We define () 1= T4 (1)) xe(—oo,00)- FOr any
x € R%, we define m(z) := my(y)(z). Then, the ODE in A has a concise form:

dx,\

A — . 1
"\ ma(wx) — Tx (16)
Proof of Equation (16). Since A = — log o, we have that
aa_ 1
do o

and thus the ODE equation Equation (11) becomes

dry  dzy\ydo
N T do dh oVlog g, (vs) - (—0)

Jyexp (—%) p(dy)
[ exp (—%) p(dy’)

:mA(x,\)—xA. O

:_x0+

Jacobians of the denoiser and data covariance. We point out that the denoiser, under some mild condition on the
data distribution p, is differentiable and its Jacobian is inherently connected with the covariance matrix of the posterior
distribution p(-| X; = z) (or p(-| X, = z)). Similar formulas for computing the Jacobian have been utilized before for
various purposes; see, for example, Zhang et al. (2024, Lemma B.2.1), Gao et al. (2024, Lemma 4.1), Ben-Hamu et al.
(2024, Proposition 4.1) and Rissanen et al. (2025, Equation (8)). Moreover, the covariance formula in Proposition C.2 is a
direct consequence of higher order generalization of Tweedie’s formula, which has been studied in previous works (see, e.g.,
Efron (2011), Meng et al. (2021)).

Proposition C.2. Assume that p has a finite 2-moment. For any t € [0, 1), we have that my is differentiable. In particular,
the Jacobian NV ,m; can be explicitly expressed as follows for any x € R%:

Vem(x) = 2%12 //(z — 2z — ) 'p(dz| Xy = 2)p(d| X = x)

= 2L Cov[X | X, = a].
Bi
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Furthermore, if we let o = oy, then for any o € (0, 00):

Vaeme(x) = TiQ //(z — )z — ) 'p(dz| X, = 2)p(d2'| X, = )

1
;COV[XlXU =z].

Proof of Proposition C.2. Recall that

[ exp (—%) 2p(dz)
Jexp (=Ll paz)

We let wy(, 2) := exp (—%) Then,

exp (L5210 ) p(az)
Jexp (=152 p(az)

me(x) = and p(dz| X; =) =

_llz—aez|?
exp 250

J exp (L2 p(az)
i) - e (552 o
([t ) - <wt<x,z> [t (225E) )p
(/ wt<x,z’>p<dz’>)2 J[ ot stz (<2532 4 TG )T (dz)p(a")
=5 ([ wnto i) ) [ e 292 e - )tz

_ %} < / wt(x,z’)p(dzl)) - / / wi(@, 2wy (2, 2) (2 — ) (2 — 2 p(d=)p(d2)

2
-5 // (2 — )Tpld2| X, = 2)p(d2'| X, = ).

The second equation follows from a similar calculation. O

Vaome(x) :/sz p(dz)

p(d

Remark C.3. We have established in Corollary D.3 that for any « ¢ X (where X, denotes the medial axis of the support {2
of p), the denoiser satisfies

my(z) = projo(z) ast— 1.

We conjecture that a similar convergence holds for the Jacobian, that is,
Vaeme(x) — Vyprojo(z) ast — 1.

Note that when €2 is a discrete set, the projection proj, () is locally constant almost everywhere, so its Jacobian V,projq, ()
is identically zero. This suggests a potential pitfall: if V,m;(x) also collapses to zero, the model may effectively “memorize”
training points. Regularizing V,m.(z) to prevent such collapse could thus help mitigate memorization.

C.2. Denoiser and ODE Dynamics: Terminal Time Singularity

The terminal time is referred to as the time ¢ = 1 (or 0 = 0, A — 00) in the FM model. The convergence of the ODE
trajectory at the terminal time relies on the terminal time regularity of the vector field. We now elucidate two types of

singularities of the vector field that arise at the terminal time in the FM model, one due to the ODE formulation and the
other due to the data geometry.
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Singularity due to the ODE formulation. Recall that the vector field w; is given by

un() = Dt SO B g e, — g,
B B
Since the denominator 3; approaches 0 as ¢ — 1, the vector field u; faces an issue of division by zero when approaching the
terminal time. Similarly, the vector field in o formulation is given by —%(mg (z) — x), which also faces the same issue
when o — 0. This singularity is intrinsic to the flow matching ODE formulation. In the following proposition, we show that
when the data distribution p is not fully supported, the limit lim;_,1 ||us(z)|| diverges to infinity for almost all 2 outside the
support of p, whereas it remains bounded when p is fully supported.

Proposition C.4. Assume that o, 8 : [0,1] — R are smooth, and é,, B4 exist and are non zero. Let ) := supp(p) and let
Yq denote its medial axis. Then, we have the following properties:

o Ifpis fully supported, i.e., Q = RY, and has a Lipschitz density, then for any x € RY, the vector field us(x) is uniformly
bounded for all t € [0,1).

e Ifp is not fully supported, i.e., Q2 # R, then for any x ¢ QU Sq, lim;_,; [jus(x)| = oo.

Proof of Proposition C.4. Let §) := supp(p). Recall that
ui(x) = (log By)' = + B (et / Br) my ()

- — apmy ()

=B 3,

+ o'ztmt ($) .
Then, we have that

[lm(z) — projo (z)[| < [[mo, (x/a:) — projo(z/ar)l|l + [[projo(z/ar) — projo(z)|.-

By Lemma B.12, there exists a positive constant C,, such that ||projq(z) — projo(y)|| < C:||lz — y|| for any y close to .
Therefore,

T
— —=x
Qi

[projg (x/ar) — projo(z)|| < C =01 = ay).

Now, when 2 = R?, by Corollary D.6, we have that
Mo, (x/ar) — projg(z/ay)|| = O(at) = O(B).

In this case, projq(z) = x. This implies that for ¢ close to 1, we have that

x — aymy(x)
B

l—o
Bt

<0 <1 Bto‘t) +0(1).

= =% exists. Therefore, the vector field u; (x) is

The right hand side is bounded since lim;_,; ﬂ.dt p
t 1

uniformly bounded for all ¢ € [0,1).

t = limy

If Q # R?and x ¢ QUXq, then projq () # . By Corollary D.3, we have that m;(x) — projq(x) ast — 1. This implies
that ||z — agme(z)|| — ||z — projo(z)|| > 0. Then, as the denominator 3; — 0, we have that lim;_,1 ||us(z)|| = c0. O

Another way to interpret the singularity in the ODE formulation is through the transformation of the ODE in terms of ¢ in
Equation (16), where the singularity arises due to the presence of the 1/o term.

A seemingly straightforward approach to addressing this blowup is to reformulate the ODE in terms of A as given in
Equation (16):

X

=myx(zy) —xx, AE (—00,00),
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with the terminal time being A — oc. In this formulation, there is no denominator approaching zero, seemingly eliminating
the singularity. However, for the ODE trajectory to converge as A — 00, a necessary condition is that limy_,« |ma(z)) —
xx|| = 0. This is precisely what we establish in proving our convergence result in Theorem 5.3.

Singularity due to the data geometry. When p is not fully supported, the medial axis X, of the data support plays a crucial
role in the singularity of the denoiser m, which results in discontinuity of the limit lim,_,o m, (). In this case, when the
ODE is transformed into the A, the vector field u) does not have a uniform Lipschitz bound for all A € (a, c0) and hence
the typical ODE theory such as Picard-Lindelof theorem can not be directly applied to analyze the flow matching ODEs.

Plot of my4(x) for Various o

1.004 — o=02
0=0.4
0.759 — 0=06
— 0=0.38
0.50< — 0=1.0
— 0=0
0.254
=
< 0.004 o
g
—0.25+
—0.50+
—0.75+
—1.00

-15 -10 -05 00 0.5 1.0 1.5

Figure 5. The denoiser m (x) for the two point example with various o.

The discontinuity behavior can be illustrated by the following simple example of a two-point data distribution which can be
easily extended to higher dimensions.

Example C.5. Letp = $6_1 + 26, be a probability measure on R!. Then, the support  := supp(p) = {—1,1} is justa
two-point set. The medial axis is the singleton Y., = {0} whose distance to either point is 1. Now, we can explicitly write
down the denoiser m,, as follows:

—oxp (—522) + exp (~ 22)

me(z) = (17)
eXp (_ (12-‘:;12)2) + eXp (_ (ZE2—012)2>
Notice that when o approaches 0,
1 x>0
* The denoiser m,, is converging to the function f : R! — {—1,0,1} with f(x) =<0 2=0.
-1 <0

* A singularity of m, is emerging at X, = {0}: the derivative ‘m#(m is blowing up when o — 0.

A full characterization of the limit lim,_,o m, () for discrete data distribution will be given in Appendix D where the
discontinuity often arises at the medial axis of the data support. All these singularities pose challenges in theoretical analysis
of the flow matching ODEs and particularly in the convergence of the ODE trajectory when approaching the terminal time.
The data geometry singularity is more challenging to handle, especially the discontinuity behavior of the limit of the denoiser
near the medial axis.

Our resolution of the convergence of FM ODE trajectory (Theorem 5.3) will be based on the attracting and absorbing
property of the ODE dynamics so that the trajectory will avoid the singularities and converge to the data support.

C.3. Denoiser and ODE Dynamics: Attracting and Absorbing

The following result on the convergence of ODE under asymptotically vanishing perturbation will be used often in the
proofs of this section.
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Lemma C.6. Let (y; > 0)ic[t, ) be a differentiable trajectory of non-negative real numbers satisfying the following
differential inequality

dy
—— < -k t
dt = yt+¢( )7

where k > 0 and ¢ : R — R. Then, we have:

1. For any to > t1 we have that
ta
Yt S e_k(tQ_tl)yh +/ e_k(tz_t)¢(t)dt'

ty

2. Iflimy_,o0 ¢(t) = 0, then lim;_, o y¢ = 0;

Proof of Lemma C.6. By multiplying the integrating factor e**, we have that

deMy, ekt%

= o ey < o).

Then for all t5 > t;, we have

2

t1

ta
Yto S €_k(t2_t1)yt1 +/ eik(t27t)¢(t)dt'
ty

This proves Item 1.

For Item 2, we will first show that y; is bounded. As ¢(t) decays to zero as ¢ goes to infinity, so will be |¢(t)|, and hence
there exists some constant C' > 0 such that |¢(¢)| < C for all t > ¢;. Then, we have that

t
ytz S e_k(tQ_tl)yh + C ’ e_k(tz_t)dta
t1

C
< e_k(t2_t1)yt1 + E(l _ e—/f(tg—tl))7

< efk(tzftl)ytl + -

Hence, ¥, is bounded for all ¢ > t;, and we denote by C'y, > 0 any bound for y;.

Next, we show that i, converges to zero as ¢ goes to infinity. For any € > 0, there is a sufficient large ¢ > ¢; such that

1. e7*C, < ¢/2.

2. |p(t)] < e/2forallt > t..

Then for all ¢5 > 2¢., by integrating the inequality from ¢, to ¢, we have that

ta
Yy < e Fy, 4 / M0 (1) dt,
t

€

to
<e Mo, + 6/2/ e k2=t gy,
¢

€/2 4 €/2(1 — e~ kta=to)y,

<
<e.

This implies that y, converges to zero as ¢ goes to infinity. O
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Attracting toward sets. Let  be a closed set in RY. We want to examine the distance to 2 along the ODE trajectory
(xg)ae(@,al] with some o1 > 09. Assume that the trajectory avoids the medial axis of €2 then the distance of x, to 2 will
decrease as o decreases if the trajectory direction % (my(zy) — z,) forms an acute angle with the direction pointing toward
), that is

(me(T5) — Tg, projq(zs) — o) > 0.

Notice that one has

(Mo (25) — To, Projq (7o) — o) = (My(24) — Projo(zs), Projo(Ts) — o) + [[Projo(vs) — wa”?' (18)

Hence, whenever z, ¢ €, ||projo(z,) — || > 0 and the acute angle condition will be satisfied if the term (m,(x,) —
projo(zs), projg(s) — x4 ) is not too negative. This intuition is formalized in the following theorem, which is the formal
version of Theorem 3.1.

Theorem C.7 (Attracting toward sets). Let (Z5)oe(o0y,0,] be an ODE trajectory of Equation (11) starting from some ., .
Assume that the trajectory avoids the medial axis of a closed §) then we have the following results.

1. If (my(74) — Projo(24), Projo(Ts) — o) < (||xs — projq(z4)||? for some 0 < { < 1 along the trajectory, then
do(z,) decreases along the trajectory with rate:
1-¢

o
do(zs) < ——da(zs,),
g1

In particular, if 0o = 0, then dg(z,) is guaranteed to converge to zero as 0 — 0.

2. If oo = 0and |{my(x) — projo (), projq(xy) — €5)| < ¢(o) for some function ¢p(o) along the trajectory with
lim,_o ¢(0) = 0, then
lim dg(z,) = 0.

o—0

Remark C.8. In fact, when considering the parameter A\ = — log(c) and the trajectory zy := (), we obtain the following
convergence rate for Item 2 in the above theorem:

A

da(zy) < e_()‘_’\l)dg(zh) +e A / 2e2tgp(e=t)dt.
A1

Proof of Theorem C.7 and Remark C.8. We consider the change of variable A = —log(c). We let 2z := z,(\) for all
A€ [A1 = A(01), A2 := A(o2)]. Then, (2x) e[, ,x,] satisfies the nice ODE as in Equation (16). By assumption we have
that zy, is outside the convex set 2. For any A € [A1, A2], by Corollary B.15 we have that

d

adé(@) = —2(2x — projg(zx), 22 — ma(2a))

= —2((2x — projo(2x), 2x — Projo(zx)) + (2x — projo(2x), proja(2x) — ma(zx))) -

For the first item, we have that %d% (2x) < —2d3(2y). Multiplying with the exponential integrator e2(! =), we have that

d _
5(62(1 C))‘dé(z,\)) <0.

Then for any A € [A1, A2], we have that
dgy(23) < e 2O ().

Using the change of variable, we have that
o=
da(2x) < =z da(zx,)-
01
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For the second item, we have that

d
(o) < ~2dB(22) + 20(7)

Then we can apply Item 2 of Lemma C.6 to obtain limy_,« d3(zx) = 0. This implies that lim, o d4(z,) = 0.

We then apply Item 1 of Lemma C.6 to obtain that for any A > Ay:

A

By(22) < e 202 (20 ) + 2 / =200 561 1.
A1

Using the fact that va + b < v/a + Vb for any a,b > 0, we have that

A
da(z)) < e A Mdg(zy,) +e / 2e2tp(et)dt.

A1

This proves Remark C.8 O
Absorbing by sets. Now, we prove the absorbing Theorem 3.2 below.

Proof of Theorem 3.2. We will utilize the parameter A for this proof with which we consider the ODE trajectory (z) :=
To(n))ae[A,20) Of Equation (16) with Ay = —log(o1) and Ao = —log(o2).

For Item 1, we will show that the trajectory z) must stay inside B,.(Q2) for all A € [\, \y) whenever 2z, € B,.(€2). Suppose
otherwise then there exists some first time A, > A; such that 2, € 9B,.(€). By the assumption that B,.(2) N Xq = 0, we
can apply Lemma B.14 to obtain the derivative of the squared distance function along the trajectory for any A € [A1, A,]:

d .
adZBT(Q)(ZA) = —2(mx(zx) — 2, Projo(zx) — 2x)-

This implies that %CFBT(Q) (za,) < 0. By the continuity of the derivative above, we have that %dQBT (@)(22) < 0 for all

A € [A, — €,A,] for some € > 0. Note that d3(2,,) = r? and d%(2,—.) < r*. Then by the mean value theorem, there
exists some \; € (A, — €, \,) such that %dér(m(z,\i) > (. This leads to a contradiction and hence the trajectory z) must
stay inside B,.(2) for all A € [A1, A2), which concludes the proof.

The second part of the theorem follows straightforwardly from the fact that €2 is a closed set. If a trajectory starts from €2
but leaves () at some point, it must also leave a neighborhood of {2, which would contradict the given assumption. This
completes the proof. O

We now describe how we will use the above absorbing property for convex sets which will be used often in results
in Sections 4 and 5.2, and how its generalization will be used to analyze the convergence of the flow matching ODEs
in Section 5.1.

For a convex set K, its the medial axis X is empty (see e.g. Item 1 of Proposition B.5) and if we assume that the denoiser
my lies in K for any x € 0B,.(K) then any neighborhood of K will be absorbing for the ODE trajectory. We also obtain an
stronger result regarding when the set K itself is absorbing.

Proposition C.9 (Absorbing of convex sets). Let K be a closed convex set in R%. Let (T )e(0s,01] be an ODE trajectory
of Equation (11). Then, we have the following results.

1. Foranyr >0, if m,(z) € K forany x € 0B,.(K) and any o € (02,01], then B,.(K) is absorbing for (25) s (cy,01)-

2. If the interior K° of K is not empty and m,(x) € K° for any © € OK and any o € (09, 01], then K is absorbing for

(xo')0'€(0'2,0'1]‘
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Proof of Proposition C.9. For the first item, for any = € 0B,.(K), since m, () lies in the convex set K, we can apply Item
2 of Corollary B.9 to conclude

(my(z) — proj g (x), projg (z) — z) > 0.
Then there is

(mo () — 2, projg (x) — ) = (my(x) — projg (x), projg (x) — x) + [[projy (z) — x> = r* > 0.
We then apply Theorem 3.2 to conclude that B,.(K) is absorbing for (24) e (0p,0:]-

For the second item, the distance function d% (z) does not distinguish between the interior and the boundary of K and
we utilize the supporting hyperplane function instead. Assume the trajectory (7, )e(o,.0,) leaves K at some first time
0o € (02,01]. Then, in particular, z, € K for all o € [0,,01] and z,, € OK. In terms of the parameter A\ = —log(o),
we have z) € [A\1 := —log(o1), Ao := —log(o,)] and 2, € K. Since K is a closed convex set, there exist a supporting
hyperplane H at z,, such that H(z),) = 0 and H(y) > 0 for all y € K (see Proposition B.4). In particular, we can
write H(y) = (y — zx,,n), where n is the unit normal vector of the hyperplane. Since z) € K for all A € [\,, A\;] and

H(zx,) < H(zy) forall A € [A,, \1], we must have that dh;(;k) |x=x- < 0. Therefore, we have that

dH(Z)\) dZ)\
dH(z), _ [da N ~ <0
X = < D b= ) = (ma(23,) = 23, m) <0

Since my, (z»,) lies in the interior of K, we must have that (my,(2x,) — zx,,n) > 0. This leads to a contradiction and
hence the trajectory z) must stay inside K for all A € [A1, A2). O

Remark C.10. When €2 is not convex, a typical way to show the acute angle condition is by requiring |m,(x) — projq(z)||
to be small enough on 0B,.(Q) for all ¢ € (o2, 01]. This can be seen by the following computation:

<m0(xo) — Zg, Projo(Ts) — $0> = <m0(x0) - prOjQ(xo)aprOjQ(xo) - 730> + HpI“OjQ(J?U) - x0||2 (19)

> ~[mo(2q) = projo(zq)ll[projo(zs) — 2ol + [projo(zs) — zo|*.  (20)

Furthermore, once the absorbing property is established, it guarantees that dg(z,) = ||projq(zs) — 2+ || to be bounded for
a trajectory in consideration. In this case, the condition in Item 2 of the attracting theorem Theorem C.7 can be derived from
the decay of |m,(z,) — projg(x. )| as

[(mo(20) = projo(zs), proja(zs) — 2o)| < |[mo(25) = projo(z,)|[[projo(zs) — o |l-

These type of arguments will be utilize in Section 4.3 and Section 5.2 when discussing the ODE dynamics of the flow
matching ODEs.

When (2 is unbounded, e.g the support of a general distribution, it would require much more assumptions for us to control the
term ||my (2, ) — projq (¢, )|| uniformly on the boundary. As one way to circumvent this issue, we consider the intersection
of B,.(2) with a bounded set and establish the absorbing property of the bounded subset. This is formalized in the following
result.

Theorem C.11 (Absorbing of data support). Fix any small 0 < § < 17q/4 and any 0 < { < 1. Assume that there exists a
constant oo, > 0 such that for any R > 17q and for any z € Br(0) N By, /2(2), one has that

My (2) — projo(2)|| < Cerp-0°, forall0 < o < oq.

where C¢ - g is a constant depending only on ¢ and T and R.

Then, there exists 05 < oq dependent on ¢, and C¢ - r satisfying the following property for any R > 20: The trajectory
(7o) e(0,04] Starting at any initial point x,, € Br(0) N Bs($2) of the ODE in Equation (11) will be absorbed in a slightly
larger space: for any o < 0s5: x5, € Bag(0) N Bas(£2).

Note that this absorbing result is slightly different from Theorem 3.2, where the neighborhood of the data support {2 must be
enlarged from ¢ to 29 (and R to 2R) to guarantee the absorbing property. This subtle difference arises from the additional
treatment in the proof to account for the bounded ball B (0) in the above theorem.
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Proof of Theorem C.11. Similarly as in the proofs of other theorems in this section, we consider the change of variable
A= —log(o) and 2z := z,(N).

We let C' := C¢ r2r and define (one can see how the definition is motivated from the following proof)

- o (25) o (5 s (252) )

Then, o5 := e,

By continuity of the ODE path, there exists a maximal interval I = [As, As] so that for any A € I, z) € Bag(0) N B2s(Q)
where the overline indicates the closure of the underlying set. Now, we show that A5 must be infinity by showing that
otherwise z; lies in the interior, i.e., zp, € Bar(0) N Bas(€2) and hence the trajectory will be able to extend within
Bsr(0) N Bas () to Ags + € for some small € > 0. In this way, we can extend the interval I to [As, A5 + €] which contradicts
the maximality of .

Now, assume that A5 < oo. Then, by Corollary B.15, we have that for any A € I,

WD) — (e, — projo(ea). 21 — ma(e)
=2 ({2x — projg(2a), 2x — Projg(2a)) + (2x — Projo(2a), projo(2x) — ma(21)))

—2d)(2x) + 2da(2x) [ma(2x) — projg (zx) |-

By our assumption on z,, we have that do(z)) (za) — projo(za)|| < C - e~¢*. Then, by

Remark C.8, we have that

do(zy) <e” (A )‘5)dQ (2xs) \// 4C5e2te—Ctdt
As

4
< e_()\—)\s)dﬂ(z/\s) + \/ oC (e—C)\ _ e(2—<)>\5—2/\) < 267

2—¢
<\/BCct3<s

where the inequality under the brace bracket follows from the definition of As. Hence, zo; € Bas().

Now we examine ||z, || along the integral path. We have that

S
H%—AAS/IWMA%wNM

As

S

< [ llma(zx) — proja(za)[l + [lprojo(za) — 2xlldA
As

< [ Cem* +da(zy)dA.
As

Now, for the integral of d(z) ), we have that
da(zx)dA < / ~OA2)dg (20,) + \/
As

As
S/ e~ (A5 4+ 400 e—CAdA
s —¢

74,\5/2 B efgs/z) .

e —CX 8(2—4)A5—2A)d)\

[\)

=0(1—e M) ¢

i,
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Therefore,

C 16C
125 — 23,1l < Z(—e‘“ +e ) +5(1— e ) 4 T ¢

<

( —Chs/2 e—csm) <25 1)

N

Ce—CA
<Te 5<5/2 e=/2<5/2

7 2

2
c€

where we used the definition of A5 again to control all the exponential terms. This implies that ||z,|] < R + 26 < 2R for all
s € [As, As] (recall that we assumed that R > 26) and hence z5, € B2r(0). This concludes the proof. O

C.3.1. ABSORBING AND ATTRACTING TO THE CONVEX HULL OF THE DATA SUPPORT

We prove Proposition 3.4 below.

Proof of Proposition 3.4. The key observation comes from that, the posterior distribution p(-| X, = z) is also supported on
supp(p) and hence its expectation, the denoiser m,, (x) must lie in the convex hull conv(supp(p)).

For the first part, the first Item in Proposition C.9 applies to conv(supp(p)) and hence any neighborhood of conv(supp(p))
is absorbing (mg)g e(\/om@C R o]’ We then obtain the desired result by Item 2 in Theorem 3.2.

For the second part, we use Item 2 of Corollary B.9 to obtain

<m0 (‘T) - projconv(supp(p)) (IZ’), projconv(supp(p))(x) - IZ’> <0

for all x € R? and all . Then we can apply Item 1 of the meta attracting result Theorem C.7 with ¢ = 0 to conclude the
proof. O

The above propositions requires the data distribution to have a bounded support. We now extend the above results to a more
general setting where the data distribution is p = p, * (0, 61), i.e., the convolution of a bounded support distribution pj,
and a Gaussian distribution. This is done by noting that the ODE trajectory with data distribution p can be derived from the
ODE trajectory with data distribution p;, by early stopping the trajectory. We formalize this in the following lemma.

Lemma C.12. Let p, be a distribution with bounded support and let p := py, x N'(0,5%I) for any 6 > 0. Let (Yo )y €(0,00)
be an ODE trajectory of Equation (7) with data distribution py. We define (v 1= y,, _ /5757 )oc(0,00)- Then, (x5) is an
ODE trajectory of Equation (7) with data distribution p.

Proof of Lemma C.12. Let q,, := pp, * N'(0,021) be the probability path with data distribution py,. Then, we have that y,,
satisfies

dYo,
dO’b

= —o,Vlog qoy (yﬂb)7

With the change of variable o, = Vo2 + 62, we have that

dyos doy
do_b = —%valoqu‘b(yO’b))
(o
=——0,V log qm)(yab)7
Op
= —0V 108 4o, (Yo, )5

One has that

2
ya -
QUb(yab) = (27‘(‘0’ (9 -2\d/2 eXp( ” : ” )pb(dx)

= @2n(o? + 022 52 / ( on - f,llzz)) po(dz)

= o (o),
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where ¢, (x) denotes the density of ¢, := p * N'(0,02I). Therefore, the trajectory z, := y,, satisfies

dxs
do

= —oVlogq,(zs). O

Corollary C.13. Given the data distribution p defined as in Lemma C.12, for any o1 > 0, let x, be an ODE trajectory of
Equation (11) from 0 = o1 to 0 = 0. Then, we have that

1. If z,, € conv(supp(ps)), then x, € conv(supp(ps)) for any o € (0, 01];
2. If x5, ¢ conv(supp(py)), then x, moves toward conv(supp(pp)) with the following decay guarantee:

Vo2 + 62
dconv(supp(pb)) (za) S \/ﬁdconv(supp(pb)) (Itn )a
o] +

forany o € (0,04].
Proof of Corollary C.13. This is a direct consequence of Proposition 3.4 and Lemma C.12 [

D. Denoiser Analysis: Concentration and Convergence of the Posterior Distribution

In this section, we analyze the denoiser through the concentration and convergence of the posterior distribution, i.e.,
Theorem D.1, and its variants under different assumptions. Our proof strategy is similar to that used in Stanczuk et al. (2024,
Theorem 4.1), where the integral under consideration is split into two parts to analyze the concentration. However, our
results are more general as we do not require the data distribution to lie on a manifold or have points be sufficiently near
the data support. We additionally provide rate control of the convergence result which is crucial for the terminal behavior
analysis in Section 5.1.

Theorem D.1. Let ) := supp(p). Assume that p has a finite 2-moment. For all x € R%\Xq, we have that

lim dw,s (p([Xo = ), projq (x)) = 0-

Proof of Theorem D.1. We let @, := dx,(z)/2 > 0 and A, := dqo(z) > 0. We let zq := projo(z). According to
Lemma B.10, for any € > 0, if we define the radius

A
— 2 2 _ z
Toe : \/A”“ (1 AI—I-%)’

B,, (z)NQ C B(zq)NQ.

then we have the following inclusion

For the other direction, we have that

By: (20)NQC By, (x)NQ

Tae

where

P,
= e — Ay = z 2,
Taye 7= T, (o + Ay) (rae + D)

Here 7  satisfies that as do(z) — 0,75 . — €. So B« (zq) can be thought of as an approximation of B.(xq).
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Then, we estimate the two terms below separately:

eXp( ool )
dw o1 X, = )., = | o =l e e ()
o oxp (— 152 ) p(daf)

. e (- Hw;c;l\ )
-/ lzo — zal (o)
B, ()NQ Joexp (—TQ‘)) p(dxy)

I

llz—zo|*
exXp (*T

2
+ lzo — zal -
Bry, o (@) (y)NQ Jo exp (—TQ"> p(dxf)

p(dzo)

I3

For I, we have the following estimate:

exp (~ L2
, p (155
L < / ||£L'0 — x| llz—ah |2
Be(zq)NQ Joexp (—7(’) p(dx})

202

p(dzg) < €2

For the second term I, we have the following estimate:

ex (_ lz—zol| )
2 2 202
B[ @l +2eal?) o p(d)
foe (NQ fQ exp (—TS) p(dz()

N 2ol + 2o

2|zo|l” + 2f|zall?

p(dxg)

= p(dzo)
- lz=zoll2 _ llz—zpll?
B, cna(¥)NQ fB e exp( - — g )p(daz{))
2||zo|? + 2|z
= - H 0H€2 Izl A ; p(dxo)
Pacrn® Jp, e O (4 (1- 525%2) ) plaap)
- < Ar Y 2ol +2Ms(p)
e A e
S (BTI’E/ﬁ(y) N Q)
§ Ay 2 24 9M
< exp (—462 <1 - )) |zl + 2(10)'
o z 1T Py P (Br:‘/ﬂ(IQ))
Since (2 is the support of p, we have that p (BT* ) > 0. Hence, for any ¢ > 0, we have
2||zqll? + 2M €2 A,
L+1,<é+ [zall 2() ( 42(1_M>).

(B i,e/ﬂ(m))

By letting 0 — 0, we have that I1 + Is < €. Therefore, we have that
hm dw72(p(~|XU = JI), 619) = 0
o—0
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As a direct consequence of the convergence of the posterior distribution, we have the convergence of the denoiser stated in
Theorem 5.1. Here we provide a simple proof.

Proof of Theorem 5.1. This is a direct consequence of the following property of the Wasserstein distance where the case
s = 1 was proved in Rubner et al. (1998) and the other cases follow from the fact that dyw , is increasing with respect to s
(Villani, 2009, Remark 6.6).

Lemma D.2. For any probability measures vy, v5 on R% and any 1 < s < 0o, we have that

dw s(v1,v2) > ||mean(vq) — mean(vs)]|.
O

When we turn back to the parameter ¢, we have the following corollary. The proof turns out to be rather technical instead of
being a direct consequence of Theorem 5.1. The main difficulty lies in the scaling a;; within the exponential term. This is
another example that the parameter ¢ is more convenient for theoretical analysis.
Corollary D.3. Let ) := supp(p). Assume that p has a finite 2-moment. For all x € R\ Xq, we let xq := projq(x). Then,
we have that

lim m¢(x) = projg ().

t—1

Proof of Corollary D.3. In the proof of Theorem D.1, we end up with

€2 A, 2llzqll? + 2M
dW,Q(p("XU _ x)’émﬂ)Q < €2 + exp <42 (1 _ yN— >) ” QH 2(}7)
A\ 55w) (o e

for any arbitrarily chosen small e.

By Lemma B.12, there exists a small £ > 0 and a constant C¢ > 0 such that for any ||z — z|| < &, one has ||zq — zql| <
C¢||z — x||. As both A, and @, are continuous in a local neighborhood of x, there exists a small £&; > 0 such that for any z
with ||z — z|| < &, one has

o gk 1, .
Tz,e/\/i > 2Ta:,e/\/§’

Ae o1 A, ).
R vz g (1 - Az+6z) ;

* llzall < 2||zall.

Now, take E := min {f, &1, ﬁri e/\/i}‘ Then, it is easy to check that for any z such that ||z — z|| < Z, one has

B« (l‘Q) C B+ (ZQ)

Zrm.e/ﬁ z,e/V2

This implies that for any z such that ||z — x| < Z, one has

2 A, 4l|lzal? + 2M
Imo(2) — 20ll® < dw a(p(1X0 = 2).0.0)° < &+ exp ~ 5 (1 rall + 2Walr)
' 802 A, + P,
p BT'* 1 (xQ)
:L‘,Zé/\/E

Hence, when o is small enough (dependent on €), we have that ||m,(z) — zq|| < 2¢ for any z such that ||z — z|| < E.

Now, we have that
[mu(z) — zall < [Imo, (x/on) — projo(z/ar)|| + [lprojo(z/cu) — projo(z)||.

As o — 1, there exists ¢y such that when ¢ > ¢, one has that z = x/a; € Bg(z) and ||projq(x/ay) — projq ()] < e.
By the analysis above, we can enlarge ¢ so that o, is small enough so that ||m,, (z) — zq|| < 2¢. Therefore, for any ¢ > ¢,
we have that ||m:(z) — zq|| < 3e. Since € is arbitrary, we have that lim;_,1 m:(z) = zq. O
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D.1. Convergence Rate

We establish the following convergence rate for the posterior distribution when

Theorem D.4. Assume that the reach T = 1 > 0 is positive. Consider any x € RY. We assume that dq (z) <

more assumptions are made on p.

1
57‘

and that there exists g > 0 such that there exist constants C,c > 0 so that for any small radius 0 < r < ¢, one has
p(B,(zq)) > Cr*. Then, for any 0 < ¢ < 1 we have the following convergence rate for any 0 < o < ct/e;

Co2k¢

105(2Ma(p) + [lzal? [ 1
dw.s (0| Xy = 2),64,) < \/02g+ (2M3(p) + ||lzal|?) max{7*, o }exp (_802(4_1)> < Corot,

where C¢ . is a constant depending only on ¢ and Tq.

Proof of Theorem D.4. Recall from the proof of Theorem D.1 that for any € >

2||zql|? + 2Ma(p) ( €2 (
P |~ 52
p<B";,e/\/§($Q)>

Il+12§€2+

Then, we have that 2®, > 7 — A,. So

*

P
rt o= i 2

BT By + Ay) (rae + A0)
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>TQ—A;E €

et 270 Az+ /Ag_i_ez

0, we have that
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r < €

T, = o,
(Pr + Ay)ey/ P
D, <
=€/ ——— <e
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Therefore, if one let € = 0%, when o < ¢1/¢ we have that 7";76 < c¢ and then

€ . €
P (Br;ﬂe/ﬁ(ﬂfan > Cq - (10 mm{m’

v

On the other hand, we have that

. Ay 1
Notice that 1 — T >3

we have that eventually

2My(p) + 2[|zal? 1
e . re X\~ 200
Caot 1in {"— } 8o

E s
TQ

L +1, <o+

_ o, 10FC@Map) + 2o ) max{h, o)

be

)

Coo2kC

exp (_202(&1)) .

(22)

(23)

(24)

(25)

The rightmost inequality in the theorem follows from the fact that the right most summand in the above equation has an

exponential decay which is way faster than any polynomial decay.
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Now, we improve the convergence rate when p is either supported on a submanifold or a discrete set.

Convergence rates for the manifold case. We first consider the case when p is supported on a submanifold M C R?. Note
that this does not exclude the case when M = R?. Under some mild conditions, we have the following convergence rate for
the posterior distribution.

Theorem D.5. Let M C R? be a m dimensional closed submanifold (without self-intersection) with a positive reach Tyy.
Assume that p(dz) = p(z)voly (dx) has a smooth non-vanishing density p : M — R. For any x € R% and o € (0, 00), we
let xp = projy; (z). If v € RY satisfies that dyr(x) < L7ar, then we have that

dw 2(p(-| X, = ), 04,,) = Vmao + O(c?).

The proof is very lengthy and we postpone it to the end of this section.

Note that the leading-order term in the convergence rate, /mo, depends solely on the intrinsic dimension m of the
submanifold M. The higher-order term O(c?) depends on finer geometric properties of M, such as curvature and reach. A
detailed characterization of these higher-order contributions would be an interesting direction for future work.

As a direct consequence of the convergence of the posterior distribution, we have the following convergence of the denoiser.

Corollary D.6. Under the same assumptions as in Theorem D.5, for any x € R? satisfying dp(x) < %TM, we have that

lme () = zul| = O(0).

Convergence rates for the discrete case. Let the data distribution p = Zf\il a; 0, be a general discrete distribution with
Z1,...,on € R%and a,...,any > 0. Weuse Q = {z1,...,zy} to denote the support of p. We study the concentration
and convergence of the posterior measure p(-| X, = x) for each x € R?, including those = on X, the medial axis of 2. To
this end, we introduce the following notations.

For each point z € R%, we denote the set of distance values from z to each point in €2 as follows:
DVgq(x) := {||lz — ;] : =; € Q}. (26)

We use dq(x; i) to denote the i-th smallest distance value in DV (z). A useful geometric notion will be the gap between
the squares of the two smallest distances which we denote by

Aq(x) = d(x;2) — dg (w3 1). 27)

We further let
NNg(x) := {331 €0 ||z — 2] =da(z;1) = min ||x — xj|} .
QCJ'EQ

We use the notation Py () to denote the normalized measure restricted to the points in €2 that are closest to z:

R 1
PNN(z) = S . § , @; O - @
ineNNn(w) " 2;ENNg(z)

Whenever z is not on Xq, we have NNg () = {projo(z)} and pxn(z) = proj,, (z)- With the above notation, we have the
following convergence result for the posterior measure p(:| X, = ) as o — 0.

Theorem D.7. Letp = Ef\il a; 0, be a discrete distribution. For any x € R%, we have the following convergence of the
posterior measure p(+| X, = x) toward pnN(z)-

dw,2 (P(-|Xo = @), Prun(a)) < diam(9) Mexp (_Aﬂ(x)) _

p(NNgq(x)) 402

Proof of Theorem D.7. When Aq(z) = 0, NNq(z) = Q and p(-| X, = x) = p and then the Wasserstein distance becomes
0 which proves the statement.
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Now, we will focus on the case when Aq(z) > 0. The posterior measure p(-| X, = x) is given by

N . — Lz — 2|2
p(|Xo' _ fE) _ Z a; eXp( 202 ||‘T7 l’“ ) 5x1

N
=1 Xm0 exp (—gpzlle; — 2)?)

For the ease of notation, we use B, := Z?’:l a; exp (—5iz||z; — z[|?) to denote the normalization constant in p(-| X, =
), Bog, = a; exp (—5iz||@; — z|?) to denote the i-th term in B,. We use A = p(NNgq(z)) to denote the normalization
constant in P (g)-

Observe that for any z;, z; € NNg(z), one has

p(zi| Xo = ) /p(2j| X = 2) = DNN(a) (T) /PNN () (7).

This motivates the following construction of a coupling . between p(-| Xy = x) and pyn(y):

Bo,rv i B,z i
= X TE Y St X Dmla,

T ENNX](I') g x;ENNgq (:E) I,;ENNQ(I),IJ‘ EQ\NNQ(I) g

Then, we bound the Wasserstein distance between p(-| X, = ) and pn(y) as follows:

dw 2(p(|1 X = ), Prniy)? < / iz — yl2u(de, dy),

B)\,xj a; 2
= Z TUZH%—%‘H )
wieNNQ(ZIT),ZJEQ\NNQ(I)
Bz, a;
< Z 224 a—diam(Q)Q,

$7’,€NNQ(I),ZJ‘ EQ\NNQ(I)
1 2
a; ex —53||r; — T ;
— diam(Q)? Z R Iz, — < ) o
£ ENNa () 2] €0\ NNa (a) 2j=1 % &P (= oz llz; — 2]?)

ajexp (—1e*d3(z,2)) a;
Aexp (—ze2 d3(z,1)) A’

< diam(Q)? Z
T; ENNQ(I),:EJ’EQ\NNQ(I)
1 — Aexp (—3e**d}(z,2))

=di 0)?
fam((2) A exp (—3e2 di(z,1))’

= diam(Q) exp< 2¢ e*Md2(x,2) — d%(z,l))) ,
1 o2
< diam(2) exp —5¢€ Aqg(x
By taking the square roots on both sides, we conclude the proof. O

As a corollary of Theorem D.7, we have the following convergence of the denoiser.

Corollary D.8. Letp = Ziil a; 0, be a discrete distribution. For any x € R?, we have the following convergence of the
denoiser mq () toward the mean of P (z)-

e () — mean (B o)|| < diam ()

1 — p(NNq(z)) Aq(z)
p(NNq(z)) P (‘ ) '

In particular, when x ¢ Xq, assume that x; = projq(z) we have that

o (z) — 4] < diam ()] ;‘” exp <—AQ($)) .

%
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Proof of Corollary D.8. The result follows from Theorem D.7 and the stability of the mean operation under the Wasserstein
distance Lemma D.2. O

Later in Section 5.2, we will utilize the above results to analyze memorization behavior.

Proof of Theorem D.5  We still let A, := dps(x) < $7as. Then, we let g2 := p(-| X, = z) and hence,

—zq 12
exp (—%) p(x1)volys (dy)
wrexp (=55 ) oot voluy (da)

¢y (dxy) = , forxz; € M.

As o — 0, ¢% is concentrated around x p; = proj,,(z). For any o > 0, we have that

dw 2(q5, 0z, ) / 21 — 2ar||gZ (dzv)

- / 1 — 2o 22 (der) + / o1 — 2P (der)
Brg (za) M\Byrq(xn)

11 12

We first consider the term I5.

B[l 2P,
M\BTD (zm

As we have shown already in the proof of Theorem D.1, we have that B, , (z) " M C By, (war) N M. So, we have that

I < / @] + 2far 2)g (darr) (29)
M\B

Tz, (@)

2 2 2
<exp (-T2 (1- Ay 2Ma(p) + 2flem | _ O (exp (—210 ' (30)
402 A, + P 802
’ ’ p (Br;?“o/ﬂ(xM))

Now, we consider the term . Since M is a submanifold of RY, its tangent space T}.,, M can be identified as a subspace of R?.
We use ¢ : Ty,,, M — R? to denote the inclusion map. In particular, for any u € T},,, M, we have that (z — x5/, 1(u)) = 0.
Let Inj(M) denote the injectivity radius of M. Note that, by Alexander & Bishop (2006, Corollary 1.4), Inj(M) > 7ar /4.
So, the exponential map exp,,,, : T%,, M — M will be an diffeomorphism in a small ball B Ten (0) C Ty, M. Furthermore,

v /4
we have the following inclusion relation between geodesic balls and Euclidean balls.

Lemma D.9. Forany 0 < h < 32734 we have that

Ty
M N By(z) C exp, (35,L/N§(o)) C M N Bsyjs(war).

Proof of Lemma D.9. The proof of the left hand side follows from Lemma A.1 and Lemma A.2 (ii) of Aamari & Levrard
(2019). Although Lemma A.2 (ii) stated compactness for the manifold M, this assumption is not needed in the proof.
The right hand side follows from the fact that ||z — y|| < das(x,y) for any z,y € M, where dy; denotes the geodesic
distance. O

Now, we fix some ro < 3757/25. Then, there exists an open neighborhood U, C B, ;” “73(0) around 0 € T, M so that we
have the following diffeomorphism (which gives rise to the normal coordmates)

exp,,, : Upy € Ty M — By (zpr) N M.

T M
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In particular, z s = exp,,,,(0) and each 21 € B, (xy) N M can be written as x; = exp,, (u) for some u € U,..
LetIT : T,,,M x Ty,,, M — (T,, M)* denote the second fundamental form of M at x3;. Then, the exponential map
exp,,,, in Uy, has the following Taylor expansion (Monera et al., 2014):

XD, () = g + 1) + 3 (w,0) + O(ulf), G

where O(||u||*) < C(IT,VII)|u||® for some constant C(II, VII) > 0 only dependent on II and its derivatives VII.
For any v € U,,, we let g(u) denote the metric tensor, then g(0) is the identity matrix. The volume form is given by
Vdet(g(u))du! A ... A du* and it admits the following Taylor expansion around 0 € T,,, M:
1 A
det(g(u)) = 1 = g Rizu'u! + O(|jull*),
where R;; is the Ricci curvature tensor of M at xj, see e.g. Chow et al. (2023, Exercise 1.83).

We can write
p(u)y/det(g(u)) = p(0) + Ri(u), [Ri(u)| < Cillul, (32)

where C depends on Ricci curvature tensor R;; and the gradient Vp(x ).

Now, we define

T — €X u 2
£ (W) = exp (— o = expa,, (W) ) p(u) /At (@),

202

Let M By, := By,(xzar) N M. Then, we have that
fo(u)du
z—z)||? ’
fUr(, fo(u)du’ + fM\JWBro xp (_%) pla)voly (dzt)

o (du) =

Using the same argument as the one used for controlling /5 in the proof of Theorem D.1, we have

arors,. @0 (252 p(a voly (daf) 2
: ) ( lz—zq ]2 ) =0 (exp (_0>) : (33)
S, @0 (=552 plat vl (dat)

8o2

So,

o 15, () = [P () 2
2 x _ 0 __0
[ sl = s (1+0(ew(-5%)))- o

Next, we derive a Taylor expansion of the squared distance from x to exp,, () for u around O:
Lemma D.10. Let v := x — xps. Then, we have that
lz — exp,,, ull* = [[ol|* + [|ull® — (v, I (u,w)) + Ra(u) = [[v]|* + " (I — I, )u + Ra(u)

where II,, := ((v, IL;;)); j=1
identity matrix.

k and |Ra(u)| < Cal|ul|® for some positive constant Co = Co(II, VII) > 0, and I is the

yeeey

Proof of Lemma D.10. We first note that
e — expy,, ull® = & — zar|> + llzar — expy,, (W2 + 2z — 2ar,ar — exp,.,, (w))-
By equation (31), we have that
||{E — €XPgy ’LLH2 = ||’UH2 + Hu”2 + <’U,, II(’LL7’LL)> - 2<7), L(u» - <U7 II(’LL, ’LL)> + O(HU”3)
= [[ol® + l[ul® = (v, I (u, w)) + O(|[u]*)

where we used the fact that v belongs the normal space (7,, M) of M at s so that (v, t(u)) = 0 and (u, IT (u, u)) =
0. O
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By Lemma D.10 and Equation (34), we have that

/ llexp,, (1) — a2 fo (u)du

0

— exp (”””2> /U (T (I = IT,)u + Ro(u)) exp <“T(I — I )u+ RQ(“)) (p(0) + R (u))du

202 o 202

and

/ folu du-exp( ””2)/T exp <_”T(IH“)“+R2(“)) (p(0) + Ry (w))du.

202
0

We will establish the following claims:

Claim 1.
/ (UT(I - IIU)U+ Rz(u))exp <7_LT(I Igv)g+R2(U)) (p(O) + Rl(u))du
Uro 7 (35)
2T(I - z
o™ 2p(0) /m 2T(I — IT,) zexp (—(IZII”)> dz +O(c™T3).
Claim 2. [ I .
[ e (- EEEEER (0) 4y w)a
Urg . (36)
=o"p(0) /m exp (—Z(I;IIU)Z> dz +O(e™ ).

With the above two claims, there is

N Ju,, lexpy,, () = zar]|? fo (u)du r2
/MB llz1 — x| (dwy) = fU T (v (1 +0 (exp (_802>)>

2me (I —1II,)zexp (—M) dz + O(03) (1+O ( < r2 )>>
- z - z exp 842
Jaw exp (= U522 4z 4 O(0) 80

Jom 2T (I — IT,)zexp (— UMz g, 2
:0’2 R ( 2 ) —|—O(O') (1+O(6Xp (_ 7"0 )))

L exp _ AUz g
3 2 (I;II )2\ 4 82

=mo? + 0(c%)

where in the last equality we used the fact that E[X T AX] = tr(AY) for a Gaussian random variable X ~ N(0,Y).

Therefore, we have that

dW 2((],7, I]\l) f0+0( )
and concludes the proof.
Now we prove the two claims. For the first claim, note that by ||v|| = das(x) < Tar/2, we can use Berenfeld et al. (2022,
Theorem 2.1) to conclude
1 1
ML || < Jjoll - max |l L[| < s - 1/7ar = 5

So the matrix I — IT,, is positive definite. We let A\,,;, > 0 be the smallest eigenvalues of I — IT,,. Note that Ay, >
1 —|IL,| > % So, we can choose 7y small enough at the beginning so that there exists some constant C5 > 0 for all
u € Uy,, we have that

u? (I — IT,)u + Ra(u) > Amin|lul|® — Callul|® > Cs|lul?.
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Consider the transformation © = oz. Then, we let o’ := 21"0(020)% which goes to 0 as ¢ — 0 and for sufficiently small o,

we have that ¢’ > ¢ hence there is ) )
Uy, C ;UTO.

O—/

Then, we have that

uwl (I — u o(u
/ ul (I — IT,)uexp <— (I II2“)2 + Ral )) (p(0) + R1(u))du
Urg o

(I - 11,
= 0"”2/ 2T(I — IT,) zexp (z ( )z _ R2(J;)> (p(0) + Ri(02))dz
1y, 2 20
I - 11, R
= o’m+2/ 2T(I — IT,) z exp (—Z ( )z _ 2(022)) (p(0) + Ri(02))dz
%Um 2 20
J1
(I - 11 R
—|—om+2/ 2T(I — IT,)zexp (—Z ( vz _ 2(02)> (p(0) + Ryi(02))dz.
1.\ 2 202
UUTO\a U 0
J2
Now, for Jy, recall that U, C Bg;‘u”/fy (0). Hence, for any 2z € U,,, we have that ||z|| < £5r(/3 < %2rq and hence
|[Ra(o2)] _ Calollzl)® _  Coo®(2r0)* 1
202~ 202 202 - (2r9)3Ce0 2’

This implies that there is expansion exp (— R;E;QZ)) =1+ O(o||z||?). Therefore, we have that

ZT — z
= [ mmze (<SS 14 0l (0(0) + Ol

o7 T
(I - I1,) 2

. ) dz + O(0)

= p(O)/ 2T(I — IT,)zexp (—
FUr

= p(0) /m 2T(I — IT,)z exp (—ZT(I;IIU)Z> dz + O(o).

where in the last part we used the fact that the the decay rate of such an integral as o goes to 0 is exponential.

For J,, we similarly have that

| o] < / . 21 = IL,)z exp (= Cs|2]1?) (p(0) + O(||o2]]))d=
%U"‘O %UTO

= O(o).

Therefore,

uwl (I — U 5 (1w
/ W (I = I, Juexp ( G 127;)2 + ol )> (p(0) + R (u))du
vro (37)

= 0™2p(0) /m 2T(I — IT,) zexp (—M) dz + O(a™"3).

2
Similarly, we have that
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/U exp (_ Wl (I IL)u+ RZ("”) (p(0) + Ry (u))du

202
"o (38)

=0o"p(0) /m exp (ZT(IQIIU)Z> dz +O(e™ ).

3. we have that

ul (I — IT,)u + Ra(u)
202

Additionally, by |Ra(u)| < Cs|

Ro(u) exp (—

) (0(0) + R )t = 0(™ ). (39)

Urg

Then Claim 1 follows from Equation (37) and Equation (39) and Claim 2 follows from Equation (38).

E. Explicit Eamples of FM ODEs

The following lemma specifies the FM ODE solution when the data distribution is the standard Gaussian itself.

Lemma E.1. Let the data distribution p be a standard Gaussian distribution N'(0,1) in RY. Then the FM ODE can be
computed explicitly as .
dry iy + Bify
At o+
This implies that the following explicit formula for the ODE trajectory

— /02 1 52
xe =/ o5 + G5 xo

for any initial point xy € R%. In particular, the flow map V, is a scaling and V1 is the identity map.

t-

Proof of Lemma E.I1. The FM ODE is given by

. |z — ez ||
i Ly e (-l
Tt Bt T, + ayfy — o By / 237 p(dscl).

dt ﬂt B feXp (_ Hwt;%tzac'ﬂ\Z) p(dz))

When plugging in the standard Gaussian density for p, we have the following observation:

o () o (L) <_|xt —amlf _ la)
267 2 e 267

1 2
e A A oo (o)

For brevity, we denote B; := \/a? + 32 and C; := \/7[3 Then the ODE can be simplified as

= exp

2@

. HCtxt—B,,lez d
dxy 515 L+ ayf — oy By / Xp{~ 287 T162
dt 51& Bt

A, Cixi— Bz ||? ’
Jexp (~ 2= B o

. Cy/Bixi—z1]?
ﬁt dtﬁt _atﬁt/exp (_H t/2ﬁi2m/tBt21ElH )xldxl

Bt o B [ exp (—7”Ct/2]z%7’39_;3”2) da .
_ % ayfy é afy Ct/Btl't
_ & dtﬁt - OétBt Q¢ r
B Bt af + 87"
oo+ BB
Coairs
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The rest of the proof follows from directly verifying that x; = \/a? + B2z satisfies the ODE. O

The following proposition shows that for a distribution lies in a linear subspace R™ C R?, the FM ODE can be decomposed.

Proposition E.2. For any 0 < m < d, consider the subspace R™ C R?. Let p be a probability measure on R¢ supported on
R™ and assume the FM ODE is well defined. We express any point € € R? as © = (x,y), where v € R™ and y € R¥™™,
Then for any FM scheduling functions oy, 3, we have for any initial point xo = (0, vo) € R, the FM ODE trajectory
is given by (x; = (1, Btyo))tejo,1), where (z¢)ic(0,1) is the trajectory of the FM ODE on R™ with initial point xo, data
distribution p regarded as a probability measure on R™, and with scheduling functions o, By.

Proof of Proposition E.2. The FM ODE is given by

_lmi—aim |

dxy By By — oy oxp ( 257 ) 1
TB” B AL R pldes)-
t Jexp (_ 257 : )p(dwl)

We have the following two observations:

1. Foreach z; € R™, there is | @; — ay@1||? = ||2s — @1 ]|? + ||y¢]|* where z; = (24, 9;) and &1 = (21, 0).

2. The denoiser m; always lies in the subspace R™ since the data distribution p is supported on R™.

These two observations imply that the FM ODE can be decoupled into two ODE:s:

. . Hfft,—atflﬂz

dxy By ay By — o By exp (_ 267 ) 1

@ T / o —aat 2 p(dz1),
B Bt [ exp (_%) p(da?)

dy _ P

a B

The first equation is the FM ODE on R™ with initial point zy and data distribution p in R™. The second equation is the
ODE for y; which is a linear ODE with solution y; = B;yo. O

F. Proofs in Section 2

Proof of Proposition 2.1. For any x € R? and t € (0,1], since oy > 0, we have that the map A; is well-defined.
Furthermore, we have that

(A)ape = (A0) ( / N(-atzo,ﬂfmp(dxo))
- / N ([0, (Be/ )2 T)p(dro)

- / N (2o, 02 )pldi) = g

Proof of Proposition 2.2. We first write down the density of ¢, explicitly as follows:

o (z) = W /eXp <—x;;1”2> p(dz).

Then, we have that
12

1 [ yexp (f”ﬁ%) p(dy)
Viogds (o) =75 (=~ EE
f exp (_T) p(dy’)
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Here, the existence of the gradient easily follows from the dominated convergence theorem.

2
Note that £ = %t Therefore with the reparametrization z, := x;/ay, we have that
do Broy—PBrcve
dr,  dv, dt
do ~ dt do

_ (g )
o? Yt ) do
exp [ — |z —ayll®
o [ 2y b 257 y
B 67 a llze—ony’|I? / p(dy)
e\ Jexp (<L) pay)
=—-oV IOg QG(IU)'

G. Proofs in Section 3

We provide in this section a convenient pointer to the proofs in Section 3. The formal version of Theorem 3.1 is Theorem C.7
in Appendix C.3. Similarly, the proofs of Theorem 3.2 and Proposition 3.4 are also provided in Appendix C.3.

H. Proofs in Section 4

In this section, we provide the deferred proofs in Section 4. Note that the proofs of Theorem 4.1 and Proposition 4.2 require
more preparation and are organized in a subsection at the end of this section; see Appendix H.1 and Appendix H.2.

Proof of Proposition 4.3. For simplicity, we use 7, := p(:| X, = z) to denote the posterior measure at x. We restrict 7, on

S to obtain the following probability measure
1

S . .
No - ng(s)ﬁ |S

It is easy to see that E(15) lies in the convex hull of S. We can then bound the distance from the denoiser m,, (z) to the
convex hull of S by the Wasserstein distance between 7, and 75 .

Similarly to the proof of Theorem D.7, we construct the following coupling y between 7, and 72 :
1= A2u(nols) + 15 ® (ols)),

where A : R? — R? x R? is the diagonal map sending x to (z, x).

We then have the following estimate:

Nols
s (1015) < [ [l = 0?2205 (il o )

< 1,((Q\S)) (diam(€2))*
2 f(Q\S) exp (—ﬁ”m - x1||2)p(d:1:1)
fsU(Q\s) exp (—#Hx - CU/1||2>p(d9511)
2 f(Q\s) exp (_2%2”3” - $1||2)P(d$1)
Jsexp (= gpz o — w1 |[2)p(da)

= (diam(Q))

b

< (diam(?))

By the assumption that deony(s)(2) < D/2 — €, we have that for all z; € S
|z —z1| < D/2—€+ D =3D/2—c¢,
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and for all z; € Q\S
|z —21]| > 2D — (D/2 —€) =3D/2 + e.

‘We then have that

2 f(Q\s exp (=522 (3D/2 + €)?) p(da1)
f exp ( f%<3D/2fe> )p(dzy)

((3D/2+4¢)* — (3D/2 — 6)2)) ,

dw 2 (10,15)? < (diam(Q))

= (diam(Q)

< (diam(€2))

e
21—as ( 3De>

Then by applying Lemma D.2 and the fact that E(n?) € conv(S), we have that

. l1—-a 3De
dconv(S) (mo(x)) < dlam(Q) TS exp (_W) .

O

Proof of Proposition 4.4. Note that, the set Bp /5_.(conv(S)) is convex itself. For the first part, according to Item 2 of

Proposition C.9, it suffices to show that for all # € 0Bp /o (conv(S)), the denoiser m (z) lies in Bp /o (conv(S)) for
all o < 0o(5, €).

By Proposition 4.3, we have that

. 1-a 3De
dconv(S’) (ma(x)) < dlam(supp(p))\/?exp (_W> .

Then, it suffices to show that
diam(supp(p)) |/ % exp (~20¢ ) < D/2
iam(su exp | ———= — €.
pp(p sl s

This is equivalent to

where CES p—" D/ (2 ); \/1 — . Then, when C’f > 1, the above inequality holds for all ¢ < co and when CGS < 1,itis
iam(supp(p

straightforward to verify the above inequality holds for all 0 < o < g¢(S,€) := (ﬁ(%es)) 2. This concludes the proof of
the first part.
For the second part, we use A = — log o as the reparametrization and the corresponding trajectory 2y := x4 (y). We want to

show that the distance dcony(s)(2x) goes to zero as A goes to infinity. By taking the derivative of dconV ( S)( 1), and use the
notation
=E[X|Z) = zyand X € S] where Z) ~ q,(»),

we have

dd?onv S (ZA)
+ = _2<Z>\ - projconv(S) (Z/\)7 2% m)\('z)\»v

= —2(2) — PrOjconv(s)(21)s 22 — PrOjeonv(s)(21))
= 2(2) = PIOJconv(s) (21), PrOjconv(s) (21) — v)
— 2(2x = PrOjcony(s) (21), v — ma(22)),

=22 05y (20) + 2] 20 = vl lo = ma(za)]),
—2d2 005y () +2(D/2 = €)|lv — ma(22) -

IN

IN
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where in the second to last inequality we use the fact that v € conv(S) and hence

<Z>\ - projconv(S) (ZA)v projconv(S) ('Z)\) - U> > 0.

Note that v is exactly the quantity used in the proof of Proposition 4.3 which by the absorbing property in the first part of the
proof, we can apply (in terms of \) to z) and obtain

. 1—a 3De
o= ma(ea)] < dinm(supp(p))y £ exp (- 25° ).
ags 2
Consequently, we have

A, o (o - 3D
oo (2) —2d2 (5 (22) +2(D/2 — 6)diam(supp(p))ﬁeXp —S e
dx as 2

For notation simplicity, we denote ¢(e™*) = (D/2 — €)diam(supp(p)), / % exp (—322< ¢?}). Then we have

d dzonv(S) (ZA)

d\ < _2d§onv(5) + 2¢(6_)\)

By Remark C.8, we have that

A
deonv(s)(22) < €A M d gy (2a,) + e / 2etp(et)dt.
A

1
Now we want to bound 2e% ¢ (e "), by introducing the constants C; := (D /2 — ¢)diam(supp(p))+/ % and Cy = 3L¢,
we have

2e%p(e™!) = 201! exp (—C’g ezt)
20,

€,
2026

<

;

where we used the fact that ef exp (702 ezt) is maximized at t = % log (252) and the maximum value is \/2:57 Then we
have
A
2C4
dCOl’lV < _(A_Al)dCOHV - / tdt?
(5)(2x) <e (s)(2a) + e Vo
20,
< e Mg s (2ay) + e — el
> co (S)( Al) \/m
In terms of o, we have that
d (2,) < —d (T5,) + (D72~ Qdiamisupp(p)y 5 Vo(l—o/or) (40)
conv Zo) >~ —Gconv Lo o\L—0/071).
%) o1 ()% v3Dee !
In particular, deoyy(s)(%o) — 0as o — 0. O

We can extend Proposition 4.4 to the case where the data distribution p is of the form p = py, * A'(0, §%I) for some pj, that
has a well-separated local cluster S and 6 > 0 is some constant. We have the following result.
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Corollary H.1. Assume that S is a local cluster of a probability measure py, satisfying the Local Cluster Assumption
and ag = py(S) > 0. Let p = py x N(0,0%I) for some § > 0 is some constant. Then for any 0 < € < D/2, let

CS = D/2—e , and define:

€7 diam(supp(p))y/ 528

oo(S,€) = 1/2
R [ R e e

" 210g(C?)

Assume that 6* < oo(S,€). Then, for any o1 < \/0o(S, €) — 62 the set Bp>_(conv(S)) is absorbing on the interval
(0, 01] with respect to the distribution p. Moreover, for any FM ODE trajectory (¥o) ¢ (0,0,] With data distribution p starting

from a point x,, € 0Bps_. (conv(S )), the following estimate for the distance deony(s)(To) holds:

s l—ag

/5% + 62 2(D/2 - e)dlam(supp(p))\/—as 02 4§52

dconv g S dconv o1 + 2 + 62 1 - .
(s)(z0) 0% + 62 (5)(7,) 3Dee (Vo +8) 0% + 42

Proof of Corollary H.1. Let (25)sc(0,0,) be the trajectory of the FM ODE with data distribution p starting at some x,, . By
Lemma C.12, we have that z, =y /52757 forall o € (0, 01] where (yab)abe(o,\/m] is the FM ODE trajectory with data

distribution py, starting from y o7 = Lo
1

Since 01 < \/00(S,€) — 62, we have that \/0% + 62 < 0¢(S, €). By Proposition 4.4 we have that Bp 5_.(conv(S5)) is
absorbing in (0, /0% + §2] for the distribution p, and hence absorbing in (0, o1] for the distribution p.

For the second part, we apply Equation (40) to the trajectory 2, = y, ;2752 and obtain the desired result. O

H.1. Proof of Theorem 4.1

We are going to apply the theory of continuity equations to show that the flow ODE is well-posed. In particular, we need the
following result which is a direct consequence of (Ambrosio et al., 2008, Lemma 8.1.4, Proposition 8.1.8) and (Ambrosio &
Crippa, 2014, Remark 7).

Lemma H.2. Let (qt):c[0,1) be a narrowly continuous family of probability measures on R? with densities solving the
continuity equation below w.r.t. a smooth vector field vy:

O0sqr + V- (veqr) = 0, € [0,1).

We further assume that

1o fy fra lloe(@) llgu (d)dt < oo;

2. foranyt, € [0,1) and any compact set K C RY,

t1
/ @mmu¢m%xo<w
0 K

where Lip(vs, K) is the Lipschitz constant of v, on K;
3. forany 0 <ty <ty <1, there exists a constant Ct, 4, such that

[or(@)]| < Ciga (L [2]]), forall t € [to, ta].

Then, the ODE p
T
i ug(z), z(0) = xo

has a unique solution x(t) for all t € [0,1). Furthermore, the flow map W : R — R is continuous and satisfies that
(U¢)q0 = qu forallt € [0,1).
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Proof of Lemma H.2. By (Ambrosio et al., 2008, Proposition 8.1.8), for any ¢; € [0,1), we have that the flow map
(V) tefo,e, exists for go-a.e. x € R< and satisfies that (VU;)zqo = g;. We can take a sequence of rational numbers tg") —1
to conclude that the flow map (¥;)¢[o,1) exists for gp-a.e. x € R and satisfies that (V;) zq0 = gy

Now, we need to upgrade the gg-a.e. conclusion to all points 2. By (Ambrosio et al., 2008, Lemma 8.1.4), for each initial
point 7y € R?, the ODE admits a unique (right) maximal solution defined in a maximal interval I(zo) = [0, 7(w0)).
Pick any to € (0,7(xo)) and any t; € (7(xg), 1). Then, the ODE starting at x;, at time ¢ has a unique (right) maximal
solution in the interval [to, 7(x0)). Suppose on the contrary that 7(xo) < 1. By item 3 in the lemma, we have that the
solution ((t))¢eto,r(xo)) SUch that x(tg) = x4, must be uniformly bounded in  because ||v¢ || has a linear growth rate for
all t € [to,t1]. This can be seen easily by applying Gronwall’s inequality to the differential inequality below:

dllz* _

4Cy, ¢4, if ||z]| > 1
i —2<xt,vt<xt>>szcto,tl|xt<1+||xt||>s{ ol

ACh, 4 lae||?, if ] > 17

By (Ambrosio et al., 2008, Lemma 8.1.4) again, 7(xg) > t1, contradiction. Therefore, 7(z) = 1 and this proves that the
flow map U, is well-defined for all £ € [0, 1) and all 2y € R%.

Finally, since the solution exists and is unique, and the vector field is locally Lipschitz, it follows that the flow map U, is
continuous; see, for example, (Khalil & Grizzle, 2002, Theorem 3.5). O

Now, we verify that the assumptions in Lemma H.2 are satisfied by the vector field u; defined in Equation (8) and the
probability measure p; defined in Equation (1). First of all, for any p with a finite 2-moment, the path (p;);c[o,1] is obviously
narrowly continuous. Furthermore, each p; is absolutely continuous w.r.t. Lebesgue measure for any ¢ € [0, 1) with a
density function given by Equation (1).

Gao et al. (2024, Theorem 3.1) shows that as long as p has a finite 2-moment and absolutely continuous w.r.t. Lebesgue
measure, the density function of (p;)co,1) satisfies the continuity equation

8tpt + V : (utpt) = Oat S [07 1}7 (41)

where u; is defined in Equation (8).

Note that our assumption only requires p to have a finite 2-moment. In this case, although p may not have a density function,
forall ¢ € [0, 1), the probability measure p; is absolutely continuous w.r.t. Lebesgue measure. We point out that the same
proof of (Gao et al., 2024, Theorem 3.1) is valid under this more general assumption that p has a finite 2-moment, and hence
the continuity equation Equation (41) still holds when we restrict to ¢ € [0, 1) which is the case we are interested in this
theorem.

Now we verify the integrality of u, to show that item 1 in Lemma H.2 is satisfied.

/ 1 [ @) putd)a

<[ [ [ el X = ) plaen s
[/
[ 1/(

Be,
B

QB — iy
B
atBt
Bt

T

%x—i—
t

_ 2
Xp (_xatle> dz p(dzy)dt

(2r B2y © 253

= w1

) 1

1

We split the integral by the two terms according to the summation || %aﬁ — a;—fjtm | + ||z ||. For the first term, we use
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I((n+1)/2)
T'(n/2)

&1

= 2 — o217 and the fact about the expected norm of a Gaussian random variable with variance o2 is af

///

B

llz — o |?
|l — azzq || o 52)d/2 exp ( 257 dx p(dxz)dt

Jzﬁwgmmmwt
+1)/2
:¢2 I (d/2) / bt
_\/>((+1)/2
2 I(d2)

where we use the assumption that 3; is a non-increasing function of ¢ and hence Bt <0.

For the second term, we have that

/ //||atx1|| . ﬂ2)d/2 exp< B3 2;,:31“ >dxp(dxl)dt
S/O /oét||z1||p(dx1)dt

< [ liealp(dan) < .

The last step follows from the fact that p has a finite 2-moment and, hence, a finite first moment. We also use the assumption
that «; is a non-decreasing function of ¢ and hence ¢; > 0.

Now we verify that u; satisfies item 2 in Lemma H.2. Recall u;(x) = Bt/ﬁt cx+ (aufr — atBt)/ﬁt -E[X|X; = z] and by
Proposition C.2, we have that

Vaemg(x) = %COV[XlXt = 1],
i

where Cov[X|X; = x| denotes the covariance matrix of the posterior distribution p(-|X; = x). For simplicity, we let
Yi(x) := Cov[X|X; = z] below. Therefore,

ﬂtI + (dtﬁt - Oétﬁ.t)

Voule) =g 53

Et(fE)

Recall that oy = 0, Sy = 1 and oy, B; are positive continuous when ¢ € (0, 1). Also we have assumed that derivatives
exist and are bounded. Therefore, for any ¢; € [0, 1), the coefficients above consisting of c, 5; will be uniformly bounded
within [0, ¢1]. Hence, to prove the locally Lipschitz property, it suffices to show that the covariance matrix % (z) of the
posterior distribution p(-| X; = x) is locally (w.r.t. ) uniformly bounded (w.r.t. ). We establish the following lemma for
this purpose.

Lemma H.3. Let p be a probability measure on R with a finite 2-moment My (p). For any x € R%, consider the posterior
distribution:

exp (—L_Qgtzz“z ) p(dz)
Joexp (—155212 ) p(az)

We let N;(z) := [ exp (—%) p(dz). Then, the covariance matrix ¥¢(z) of p(-| X; = x) satisfies:

p(dz| X =x) =

s i 28
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Proof of Lemma H.3. Fix a unit vector v. Then, we have that

= (_w) p(dz)
Jexp (_%) o(de)

v Y (x)v = /(z —my(z),v)?

For z € R?, we have that
(z = my(x),v)* < ||z —mu (@) < 2|27 + 2[me(2) ]|,

Therefore, one has that

exp (—LE?QZHZ ) p(dz)

t

Jesp (=) pla)

VT Ei(a)o < 2mila)P + 2 [ [P

2 [ 1zII?p(dz
= 2fjmy ()| + HIerotds
fexp (fT) p(dz")
2Mz(p)
=2 2 )
@)l + S
Since v is arbitrary, this concludes the proof. O

By dominated convergence theorem, it is straightforward to check that N : [0,1) x R? — R is continuous w.r.t. (, ).
Hence, for any x € R, ¢ € [0, 1) and any local compact neighborhood of x in R, N is bounded below by some positive
constant. Similarly, m;(x) is continuous w.r.t. , we have that m.(z) is locally uniformly bounded as well in any local
compact neighborhood of z in R?. These together with Proposition C.2 and Equation (8) imply that the vector field
u:[0,1) x R? — R is locally Lipschitz in z for any fixed ¢ € [0, 1). In fact, by continuity of N; and m; in ¢, we have that
for any fixed ¢; € [0, 1) and any compact set K C R9,

sup sup |lue|| + Lipg (ue) < oo.
te[0,t] K

This implies that u, satisfies item 2 in Lemma H.2.

Finally, we show that u, satisfies item 3 in Lemma H.2. This is done by establishing the following claim.
Claim 3. There exists a positive constant C, continuously dependent on ¢ € (0, 1) so that for any z € R?

s ()| < Co(1 + |-

Here the constant C; may blow up as ¢ — 0 or ¢ — 1 but it is finite for any fixed ¢ € (0, 1).

Proof of Claim 3. We first show that for any o € (0, 00), then for any x € R4, we have that
[me ()| < Co (14 [)-

where C; continuously depends on o.

By Markov’s inequality, we have that for any a > 0,

< EIX — 2] M+ =)

p([|X = z[| = a)

a a

where M; denotes the first moment of the distribution p. We let A, := [2(M; + ||z]|)] € N. Then, we have the following
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estimates:
Jexp (25 (y — )p(ay)
fexp( Hw y il )p(dy’)
- i Jngly—sl<nt1 P (4‘%2‘1/” ) ly — llp(dy) N Jiy=ali<a 1 P (M) ly — <llp(dy)

Sy Jexp (M> p(dy’) [exp (M) p(dy’)

I Iz

o (2) — || =

If we let X := X x_s|<a,+1 - |X — |, then we have that

L=EX|X,=x2] <A, +1.
Then, we pick any small 0 < € < 1. We have that

Jucty-spensa @ (L5 lly — wlp(dy)

L <
1 nAZ+1 f||y—x\|<"—€eXp (%)p(dy/)
s (n+1)exp (5% ) p({y i n < 1y — 2|1}

—(n—e)?
n=A,+1 €Xp ( (202 ) )p({y Ny =zl <n—e€})

— €7L—62
Sy o Dexp (=25 p({y :n— e < ly - a1
= p({y:ly -l <n—e))
‘We have that
M; + ||5UH 1
Py in—e <y —all}) =p(IX — | 2 n - <p(IX — a2l 2 4,) £ = < .
Then, we have that
Py:n—e<ly—al}) _ py:n—e<ly—=l}) _,
p{y:lly—zll<n—e) 1-p{y:n—e<ly—zll})
In this way, we can continue to bound I; as follows:
= —(2en — €2)
_[1 S Z (n+1)exp (%"2
n=A,+1
62 >
= exp (W) ,;(n +1)exp (—U—n) =:C5 < 00.
The final inequality follows from the fact that >~ | (n + 1) exp ( ) is a convergent series (which can be seen easily

from ratio test).

Then, we have that
Ime@)|| < [[#| + 11 + 12 < [|2]| + Ces + Ae + 1 < Ces + 2+ 2My + 3||z]| = Cs(1 + ||lz]),

where Cj is a constant that depends on ¢ and the first moment of the distribution p (we can simply take ¢ = 1/2 to remove
the dependency on €).
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This implies that
[me ()| = [lmo, (z/an) || < Cs, (1 + 2/ cll) < Ce(1 + |]])

where C; := Cj, /oy is continuously dependent on ¢ € (0, 1) (note that ¢ = 0 has to be excluded otherwise Cy = 00).

Therefore, as u; is a linear combination of x and m, (cf. Equation (8)), we have that
[ur(2)[| < Ce(1+ [|l2)

for some constant C that is continuously dependent on ¢ for all t € (0,1). O

Now, for any 0 < ¢y < t; < 1, by continuity of C, we have that Cy, ;, := SUD;e[t,41] (' < oo and hence we have that u;
satisfies item 3 in Lemma H.2.

Then, by applying Lemma H.2, we conclude the proof.

H.2. Proof of Proposition 4.2

We now prove Proposition 4.2 which is a consequence of how close the posterior distribution is to the data distribution
when ¢ is large. We will first only consider the case where the data distribution has bounded support and then extend the
result to the case where the data distribution is a convolution of a bounded support distribution and a Gaussian distribution
using Lemma C.12.

Proposition H.4 (Initial stability of posterior measure). Let p be a probability measure on R% with bounded support which
is denoted as §) := supp(p). Let x be a point and consider the posterior measure p(-| X, = x). We then have the following
Wasserstein distance bound:

dw 1 (p(| X, = 2),p) < (exp (29: - E[ﬁ”dim(m) - 1) diam(€2).

Proof of Proposition H4. Let Ry = ||z — E[X]||. Consider the function g,(y) = exp (—%) By the fact that
ly — E[X]|| < diam(f?) for any y € €2, we have that:

exp (_ (R + gi:;m))?) < 4o(y) < exp (_ (R, — 621?2111(9))2>

for all y € €. Then for any Borel measurable set A C €2, we can bound the ratio of the posterior and the data distribution as:

p(A|X, = 2) J4 9-(y)p(dy)

p(4)  p(A) [ 9-(y)p(dy)
exp (=G ) [ p(dy)
p(A) exp (—W) Jo p(dy)
B (Ry + diam(2))?  (R; — diam(Q))Q)
= exp ( .

<

202 202

Similarly, we can bound the ratio from below:

(R eriam(Q))2
PAX, =) exp (—EGRE ) [ p(dy)

p(A) ~ p(A)exp (—W) Jop(dy)
B (Ry —diam(2))? (R + diam(£2))?
= exp ( 202 - : 202 )
=1/a.
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Since a > 1, we have |1/a — 1| < a — 1. Therefore, we have:

AlX, =
pAX, =) )
p(4A)
In particularly, there is |p(A| X, = ) — p(A)] < a — 1 for all A C  which by definition bounds the total variation

distance between p(-|X, = x) and p by a — 1. Then the Wasserstein distance dy,1 (p(-| X, = z), p) can be bounded by
(a — 1)diam(Q2); see e.g. Villani (2003, Proposition 7.10). O

Now we are ready to prove the following special case of Proposition 4.2.

Proposition H.5. Let p be a probability measure on R? with bounded support which is denoted as 2 := supp(p). Let x¢ be
a point and denote ||xo — E[X]|| = Ro, where X ~ p. Let { be a parameter such that 0 < { < 1. Then the constant

2Rpdiam(2)

log (1 + diaCr}r?E)Q))

Uinit(QaC7R()) =

satisfies that for any o1 > 0i,i(Q, ¢, Ro), the ODE trajectory (To)oe (o (2.¢,Ro),01] Starting from xq, = xo will move
toward the mean of the data distribution p as shown in the following estimate:

o
|zo — BIX]|| < =
where X ~ p.

Proof of Proposition H.5. By the estimate in Proposition H.4 and the fact that f(s) = m is increasing for s > 0, one
can check that for any o > 0init(€2, ¢, Ro), and for all z with ||z — E[X]|| < Ry where X}, ~ p there is

dw,1(p(-|Ys = 2),p) <(llz — E[X]],

where Y, ~ ¢,. Then by Lemma D.2, we have |m,(z) — E[X]|| < {]|z — E[X]]|.

This estimate shows that for all o € (o1 (%, ¢, Ro), 01] and for all z € dBg, (E[X]), the denoiser m,(z) lies in the ball
B¢r,(E[X]) and hence the interior of Bg, (E[X]). The closed ball Br, (E[X]) is clearly convex and we can then apply

Item 2 of Proposition C.9 to conclude that the set Bg, (E[X]) is absorbing for the trajectory (Zo)oe (o (€2.¢,Ro)01]

The absorbing result ensures the estimate the estimate
[me(z5) — E[X]|| < (]lzo — E[X]|

holds for the entire trajectory (7o) e (o (2.¢,Ro),0]- We then obtain the result by Item 1 of the meta attracting result Theo-
rem C.7. O

Proof of Proposition 4.2. We obtain the result by combining the results in Proposition H.5 and Lemma C.12. O

I. Proofs in Section 5

In this section, we provide the missing proofs of the results in Section 5. Some proofs are already provided in the previous
sections:

* The proof of Theorem 5.1 is presented in Appendix D as an immediate consequence of the technical result about
posterior convergence (Theorem D.4).

* The proof for Example 5.5 is provided in Appendix E.

Also, the proofs of Theorem 5.3 and Theorem 5.4 require more preparation and are organized in Appendix 1.1 and Ap-
pendix 1.2, respectively, at the end of this section.
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Proof of Proposition 5.6. For any independent random variables X ~ p and any Z ~ N (0, 02I), we have that X + Z ~
¢o = p* N(0,0%I). Hence,

dw 2(4o,p)* SE[|X + Z - X|*] =E[|| Z|I’] = O(c®).

The result follows. O

Proof of Proposition 5.7. For any t € [0,1), consider y = s;(Ox + c;b). The transformed denoiser m;(y) w.r.t. a; :=
sta /7y and By 1= s¢ 54, as well as P is given by

p(dyr)

) exp (_ \Iy*;égn\IQ) "
/ Jexp (=1l ) )
/ exp (_ Hst<0x+atb£%?;t<0xl+b)||2) ~(Oz1 +b)
= fexp (_ Hst(Oeratb)Q;atht(Oz1+b)|\2 ) p(dz))

St Pt

p(dxy) (42)

|lz—aszq|?
xp (= ) v(Oxq + b)
_/ €xp ( 287 ) i p(dzy) = v(Omy(z) +b).

- r—ox! ||?
fexp (‘%) p(dzh)

Let x; denote an ODE path for dx¢/dt = u.(x;). Then we consider the path y; = s;(Ox; + a;b). We now check that
dy./dt = u.(y;) as follows:

dy dxy
7; — S;(O.’Et + O[tb) + St (Odt + aib)

= 5,0 + syoub + s.((log Bt) Oz + B/ Br) Omy () + seaizb
= (s7/s¢ + (log 1)) s:(Oz¢ + ayb) + Bi(cw/Br) s10my(xr) + spayb — (log By) syab

= (log B)"ye + Bl /Bi) 5 (Omy () + b)
= (log Bt),yt + Stﬁt(%)/V(Omt(gﬁt) +0)

E) me(ye) = e (ye)-

Note that yo = Oz, hence we conclude for ¢ € [0, 1) that

= (log B¢) 'yt + Bi(

@t(OIo) = St(O\I’t(l‘o) + Oétb).

When ¥ (zg) = lim;_,; W;(x) exists, by continuity of s; and oy, we have that ¥ (Oz) = lim;_,; ¥;(Ox() exists and
that
@1 (0(1’50) = ’y(O\I/l(CL’o) + b)

O

Proof of Proposition 5.9. Since each V¢ is a convex set and in fact, a closure of an open convex set, by item 2 of Propo-
sition C.9, it suffices to prove that for all x € 9V and all 0 < 0’0(Vi€), which is the boundary of V¢, one has that
me(x) € intV;® which is the interior of V.

First of all, we define

sep?(z) — €2
Tie =

s

2sep(x;)
It is straightforward to check that B, (x;) C V. In fact, r; . = argmax{r > 0: B,(z;) C V}.

Hence, by Corollary D.8, for any x € OV we have that
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Imo (@) — i) < diam(€)y /> % exp (_ Agu))

i 402

1—a; 2
< diam(Q) a exp (6> .

a;

Therefore, we need to identify when the above inequality is less than 7; ., that is,

—a 2
diam(Q) a exp <4€2> < Tie,
; o

Recall that C; . = m 1f—al Then, it is direct to check that when C; . < 1, the above inequality holds for all

0 < 0 < oo and when C; . > 1, the above inequality holds for all o < oo(V©) = 5 (10g(C’f}6))_1/ ?. In summary, this
implies that mq(x) € intB,, (x;) C intV when o < oo(V°). Then as stated above, by item 2 of Proposition C.9, we
have that V; is absorbing.

Next, we show that dg(z)) — 0 as A — co. Along the trajectory z), by Corollary B.15 we have

d d2
M = —2(z) — xj, 2y —ma(zn)),

dA
= —2(zx — @i, 2x — i) + 2(2x — T, 3 — M (20)),

< —=2d3(zx) + 2da(2) ||z — ma(2)],

Applying Corollary D.8 to points in V;, we have the following uniform bound for all y € V¢,

1—a; 1
[lma(y) — x;]] < diam(9Q) a exp <4€2>\62> .
a

K3

Since 2z € V¢, we have that

IN

dd3(zy) 2 . 1—a; L ox 2
—a —2dg(2x) + sep(x;) diam(2) o exp (—46 € > .

Then by Lemma C.6, we have that dg(z)) — 0 as A — co. By the the fact that  is discrete and z; is the nearest point to
zy for all large )\, we must have z) — z; as A — oo. O]

Proof of Proposition 5.10. The proof idea follows the same line as the proofs of Proposition 5.9. Similarly as in the case
of denoisers, we can also consider the change of variable A = —log(c) for handling m%. We let 2§ := xi( ") and let

mS () 1= m} ,,(x) for any x € R?. Then, it is straightforward to check that

dzf
d—/\* =m{ (%) — 23 (43)
and converting everything back to o is straightforward.
0

We first identify the parameter Ao (V;

<, @) such that the denoiser m$ (x) is will always lie in the interior of V; for all z € OV*
and all A > Ao (V<, ¢).

By the triangle inequality, we have that
0 0
Im3(y) = will < [Im3(y) = mT W)l + md (y) — @il

< ¢(A) + diam(Q) 1-6s exp <£1162)\62> .
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Since ¢(\) goes to zero as A goes to infinity, there exists a parameter \o(V;<, ¢) such that for all A > \o(V;<, ¢), ||m$§ (y) —

2 ;) — 2 . . .. . .
x| < %. Then, with the same argument as in the proof of Proposition 5.9, we can prove that the trajectory zf\ will

never leave V for all A > A\o(V;, ¢).

3

Since the trajectory z§ never leaves V¢ for all A > \o(V;<, ¢), we can then apply the uniform decay of |[m§ (y) — ;|| to the
differential inequality of d2(z9) as follows:

dd?z(zi)

A < —2d3(23) + 2dq(23) [|zi — m§ (%)

K

< —2d3(2%) + 2da(23) (qi)()\) + diam(Q) ! __ai exp <—le€2>\€2>) .

a;

Now, we apply Lemma C.6 again as in the proof of Proposition 5.9, we have that dg, (zf\) goes to zero as A goes to infinity
and hence zf’\ converges to ;.

For the second part, the limits 2%, = lim_, o 2§ and limy_, o m5 (2¢) are known to exist. In particular, the limit of the

.. . dz? . . . .
derivative limy oo 22 = limy 0o mf (27) — 2 exists and we will show that it has to be zero.
A A2y A

6
Suppose limy_, o % # 0, then there must exist a coordinate j with nonzero limit. Assume that the limit for the j-th

6 6
coordinate of ‘%* is v; # 0. Then, there exist a T > 0 such that the j-th coordinate of %? is bounded away from zero

by |v;|/2 for all A > T. However, due to the convergence z§ — 2o, We can find two numbers A1, A2 > T such that
|25, i 25, il < 3|v;]/2. This contradicts with the lower bound |v;|/2 for the j-th coordinate of the derivative by mean

7]
value theorem. Therefore, the limit of the derivative dd% has to be zero which implies that

lim [|m(23) — 23] = 0.
A—00

I.1. Proof of Theorem 5.3

We utilize the change of variable A(t) = log 5t for t € (0,1). We also let ¢(A) denote the inverse function of A(%).

Next, we consider z), := % Then, we have that z satisfies ODE Equation (16): dzy/dA = myx(zx) — zx. Recall the

transformation A; sending x to x/c. Then, we define gy := (A x))#Pe(n) = P * N (0, e 2M0T),
By Theorem D.4, we have the following convergence rate for m) (z)):

Claim 4. Fix 0 < ¢ < 1. Then, there exists A > —oo such that for any radius R > 7o and all z € Bg(0) N Bi,, (), one
has
lma(2) — projo(2)|| < Ce¢rr - e M forall A > A

where C¢ ; g is a constant depending only on ¢ and 7 and R.

Proof of Claim 4. We let zq := projo(z). Note that ||zo|| < ||z|| + da(z) < 2R. Since p satisfies Assumption 5.2, we
have that p(B,(zq)) > Capr® for small 0 < r < c. Now, we let A := —log(c)/¢. By Theorem D.4, we conclude the
proof. O

The following Claim establishes an absorbing property for points in z, € Bg, (0) N Bs().

Claim 5. Consider § > 0 small such that § < Z. Fix any Rs > 0 such that R5 > 24. Then, there exists As > A satisfying
the following property: the trajectory (zx)ae[r;,00) Starting at any initial point zy; € Bg,(0) N Bs(£2) of the ODE in
Equation (16) satisfies that for any A > As: 25 € Bag, (0) N Bas(£2).

Proof of Claim 5. This follows from Claim 4 and Theorem C.11 (by letting o := e™%). O

Next we establish a concentration result for g when A is large.

54



Elucidating Flow Matching ODE Dynamics via Data Geometry and Denoisers

Claim 6. For any small § > 0, there are Rs, A\s > 0 large enough such that for any A > A5 and R > Rs, we have that

ax (Br(0) N B5(Q2)) > 1 4.

Proof of Claim 6. Consider the random variable X =Y + e *Z where Y ~ pand Z ~ py = N(0, I) are independent
but from the same probability space (€2, P). Then, X has gy as its law. We have that do(z) < |[Y +e*Z-Y || = 7| Z]].
For any R > §, we have that
P(|X + e Z|| < 2R,e M| Z|| < 6) = P(|X|| < R, e | Z] < 9)
=P(|X] < R)P(|Z]| < e*0).

Since Z follows the standard Gaussian, for any J, there exists As > 0 such that for all A > A5, we have that

P(||Z]| < ) > P(|| Z]| < e*6) > 1 — g

Now, since p has a finite 2-moment and hence a finite I-moment, there exists B > 0 such that P(| X || < &) > 1 — &,

Therefore, for all A > A5, we have that

ax (Br; (0) N B5(Q) 2 P(I|X + e Z|| < Rs, e 2] < 4)

) 0
()

Y

Now, we establish the desired convergence results for the scale of .
Claim 7. For any small § > 0, there exist large enough s, such that with probability at least 1 — §, we have that z); ~ gx,
satisfies the following properties:

1. zy converges along the ODE trajectory starting from 2y, as A — 00;

2. the convergence rate is given by ||zx — 2x, || = O(e_%).
Proof of Claim 7. For any 6 > 0, by Claim 5 and Claim 6, there exist large enough A5 and Rs, such that

* with probability at least 1 — 0, we have that z), ~ ¢, lies in B, (0) N Bs(£2);

* the ODE trajectory (2x)xe[xs,00) Starting at zx; € Bg,(0) N Bs(Q2) satisfies that for all A > A5, 2, lies in Bag, (0)
and dQ(Z)\) S 20.

This implies that one can apply the convergence rate of denoiser in Claim 4 to the entire trajectory with C' := C - r where
R := 2Rs. Then, for any A\; < Az in the interval [As, 00), we have that

Az
12 — a0l < / Irma(z2) — 2alldA
A1

A2
< / Ima(z) — proje(za) | + [Proja(z) — zaldA (44)
A

C | 46C 2
< _ G2 —CA1 As (=M1 _ =2 L2 (/2 L —CX2/2
_C( e +e )+ de™ (e e~"?) + 5 ¢ C(e e ),

where the bound is obtained in a way similar to how we obtain Equation (21).
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This implies that the solution 2 becomes a Cauchy sequence and hence converges to a limit z.

Now, we let Ay approach oo in the above inequality and and replace A\; with A to obtain the following convergence rate:
). (45)
O

200 — 2all = O(e™

Now, we change the coordinate back to ¢ € [0, 1) to obtain the following result. Since § > 0 is arbitrary so one can let &
approach 0 in the result below to conclude the proof of Theorem 5.3.

Claim 8. For any small § > 0, one can sample xy ~ po with probability at least 1 — §, such that the flow map ¥ (xq)
converges to a limit Wy (z) as t — 1.

Proof of Claim 8. Let As be the one given in Claim 7. Then, we let 5 := ¢(\s). Consider the map A, : R — R4 sending
x to x /oy, . Then, we have that

(At5 )#pt,s = Q)s- (46)

Both maps A;, and ¥;, (whose existence follows from Theorem 4.1) are continuous bijections. It is then easy to see that if

an ODE trajectory of Equation (16) converges starting with some z); ~ ¢, and has convergence rate O(e’% ), then the
corresponding trajectory of the ODE Equation (2) starting with ¢ := (A, o Uy, )~ 1(z,) also converges to a limit as t — 1
with the same convergence rate up to the change of variable A — ¢. Finally, by Equation (46) we also have that

po(xo with the desired properties) = gy (zx, with the desired properties) > 1 — 4,
which concludes the proof. O
Item 2 in the theorem is a direct consequence of item 1. As W is the pointwise limit of continuous maps W, (cf. Theorem 4.1),

it is a Borel measurable map. We know that p, weakly converges to p; = p as t — 1. Now, we just verify that (U1)xpp is
also a weak limit of p; = (Uy)4po to show that (¥U1)xpo = p1.

For any continuous and bounded function f, we have that
tlgl}/f t)xpo(de) = hm/f U (x))po(dx)
~ [ fen@)m(do)

where we used the bounded convergence theorem in the last step. Therefore, we have that (¥1)xpo = p1 and hence ¥, is
the flow map associated with the ODE dx; /dt = us(x+).

1.2. Proof of Theorem 5.4

Part 1. We first establish the following volume growth condition for the manifold M satisfying assumptions in the theorem.

Lemma L1. There exists 0 < rh, < Inj(M) sufficiently small, where Inj(M) denotes the injectivity radius, such that
the following holds. For any R > 0, there exists a constant Cr > 0 so that for any radius 0 < r < v, and for any
x € M N Bg(0), one has p(B,(x)) > Crr™.

Proof. Notice that within the compact region Mg 1njar) = Brimjon) (0) N M, the density p is lower bounded by a
positive constant pr > 0. Additionally, the sectional curvature of M is upper bounded by some constant x > 0 due to
the boundedness of the second fundamental form. Then by Gunther’s volume comparison theorem (Gallot et al., 1990,
3.101 Theorem) for 0 < r < Inj(M), there exists constant ¢,, > 0 such that

().

where BM (z) := {y € M : dy(x,y) < r}, dps denotes the geodesic distance, and M™ denotes the m-dimensional
sphere with sectional curvature .

m

volys (Bf\/[(a?)) > volpm (Bfnw“
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We then choose ', to be small enough such that
volprm (By;n (x)) > cer™

for some constant ¢, > 0 and all » < 7.

Since ||z — y|| < ds(w,y) for any x,y € M, we have that BM (z) C B,(z). Hence, we have that for all x € Br(0) N M
and r < 1,

BN 2 p(BY @) = [ py)volady) 2 prvol (BY(2) 2 prc "

By letting Cr := pg cx, we conclude the proof. O

Then, we can replicate the proof of Theorem 5.3 with only small changes of Claim 4 as follows using ¢ = 1:

Claim 9. Under assumptions as in Theorem 5.4, there exsits A > —oo such that for any radius R > 7);/2, all z €
Bgr(0) N B;,, j2(M), we have that

[ma(2) — proja (2)|| < Crr-e™?, for A > A

where C) g is a constant depending only on R and the geometry of M.
Proof of Claim 9. This can be proved by carefully examining all bounds involved in the proof of Theorem D.5.

* Equation (29): Since z € Br(0) N B;/2(M), we have that zp; € Bgr,,,,/2(0) and hence ||zy|| in the numerator
can be bounded by R + 75s/2. The denominator is lower bounded by some polynomial of ry by Equation (25) and
the volume growth condition of p established in Lemma I.1. We also notice that ry can be chosen uniformly for all
z € Br(0) N B;,, j2(M) as it is completely dependent on the reach. Therefore, the big O function is bounded above
by some function of R.

* Equation (32): C can be bounded by R and the bounds on the local Lipschitz constant of the density and the second
fundamental form (which bounds the Ricci tensor).

» Equation (33): this one is bounded similarly as the one in Equation (29) by some function of R.

* Lemma D.10: the bound C5 is bounded by the bounds on the second fundamental form and its covariant derivatives.

In conclusion,
Ima(2) = proj s (2)[| < dw 2(p(1Xx = 2),02,,) = Vme ™ + G(z)

where |G(z)| < C}y ge?* forall z € Br(0) N By, /2(M) and C};  depends only on R and geometry bounds of M such
as reach and second fundamental form bounds. Then, by combining the two exponential terms, one concludes the proof. [

Part 2. In the discrete case, we let Q := {x1,...,zny}. We can improve the convergence rate in Theorem 5.3 to be
exponential by considering a direct consequence of Corollary D.8:
Claim 10. For all z € R such that dg(z) < 1sepq,, we have that

Ima(2) = projo(2)|| < Cs - exp(—Cie*),
where C1, Cy only depends on sepg, := ming, s ,eq ||2; — ;|| is the minimal separation between the points in (2.

Therefore, when \s is large enough, we have that for any Ao > \; > As

d(e* dg (21))

- < 2e*dg(2x)[|ma(2x) — projg(za)||

< 20262/\_0162de (2x)

< Cge_de(Z)\),
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where C'5 is a constant dependent on C, Cy and the properties of the exponential function.
Then, in particular, there is

A
e”d%(z)\) < eQAéd%(zAs) + Cg/ efxdg(z,\/)d)\’,
As
>\ ’
< e 0y + 04/ e N dN
As

where the we use the fact that dq (2, ) is bounded by the absorbing result in Theorem C.11 and hence the integral is bounded
by a constant Cy.

This implies that d2(z) < e 22 C5 + Cye=2* < Cse™> for some constant Cs depending on Cy, Cs. Now, following
the rest of the estimations in the proof of Theorem 5.3, we can replace the rate O (e~ %) in Claim 7 with O(e~*) after the

change above and conclude the proof.

J. Experiments

J.1. A Synthetic Dataset with Three Clusters

3.25
Convex Hull
3.00 o Cluster 1
Cluster 2
2.75 7 Cluster 3
® Data mean
2.50
- 2.25 (]
2.00
1.75
1.50
1.25 o
T T T T T T
0.5 1.0 15 2.0 2.5 3.0

Figure 6. The synthetic dataset showing three clusters with different scales and sample sizes. The brown point marks the data mean.

We generate a synthetic dataset in R? consisting of three distinct clusters shown in Figure 6:

* Cluster 1 (pink): 80 points drawn from the uniform distribution in the disk centered at (1.0, 2.5) with radius 0.4.
* Cluster 2 (blue): 44 points drawn from the uniform distribution in the disk centered at (2.0, 1.5) with radius 0.3.

¢ Cluster 3 (yellow): 20 points drawn from the uniform distribution in the disk centered at (3.0, 3.0) with radius 0.2

The total dataset contains 144 points with a diameter of 2.623. As shown in Figure 6, the clusters exhibit different scales
and sample sizes. This is the same dataset used in Figure 2. We will continue to use this dataset to illustrate the various
stages of a trajectory in the FM ODE with respect to the parameter o (cf. Equation (11)). We use the closed form optimal
denoiser Equation (9) with a; = t and §; = 1 — ¢ (the Recitified flow scheduling) for the sampling process. This will
generate a trajectory in ¢ parameter, and we transform it into o parameter to align with the general results in Sections 4.2,
4.3 and 5.2. To this end, we use the transformation in Proposition 2.1 with a starting ¢ value o7 = 100.
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Single trajectory visualization. We first examine a single trajectory in detail shown in Figure 7. The trajectory exhibits
clear “turning points” suggesting transitions between stages - first approaching the data mean (brown point), then being
attracted to a local cluster, and finally converging to a specific data point. We examine the quantitative results we developed
in Sections 4.2, 4.3 and 5.2 on these stages.

Convex Hull
Cluster 1
Cluster 2
Cluster 3 :
@ start «  End H ° %%
8 Oinit =13 ® Data mean B [ 2PN ~
® Data mean * o_init=13 : o, © 8
* End @ Ociuster = 0.65 ; e o
_ B Otermina = 0.007 , ®
[} Convex Hull @ Data points in Cluster 3 |/ (1) ®
Cluster 1
Cluster 2
Cluster 3
....... o °
-8
(a) Initial stage: trajectory moves toward data mean (brown point). (b) Later stages: attraction to yellow cluster (purple thombus
Blue cross marks o, . Top: zoomed view near clusters. Bottom: marks zs,,.) and convergence to training point (green square
full view showing coarse movement. marks To i)
Figure 7. Evolution of a single trajectory showing three distinct stages.
Global View Zoomed View Close View

—— Trajectory 1
—— Trajectory 2
—— Trajectory 3
Trajectory 4
Trajectory 5

7 —
).( ) Trajectory 6
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= 3

(4)
° * °
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(6)
)

Figure 8. Multiple trajectories from different initial samples. Left: Global view showing roughly linear paths to mean. Middle:
Zoomed view. Right: Close view near data support. Blue crosses mark x,,, for each path.

—— Trajectory 7
* End points
® Data mean
@ Start points
®

Tinit

Initial stage: Starting with o7 = 100 and initial distance to mean 122, Proposition 4.2 predicts ojp;; = 13 with { = 0.5.
This suggests that the trajectory will approach the mean at least before oiyie = 13. We mark the location z,,, (blue cross)
in Figure 7a and indeed observe that the trajectory moves toward the mean prior to oy = 13.

We additionally examine multiple trajectories in Figure 8. Most initial trajectories form nearly straight lines toward the mean,
with z,, (blue crosses) consistently making good predictions when the distance to the mean is monotonically decreasing.
Interestingly, Trajectory 2, which starts closer to the data distribution, overshoots the mean. From the top right, it initially
moves toward the mean, then continues past it, and is eventually absorbed into the pink cluster.

In Figure 9, we show the detailed view of Trajectory 1 in our running example (Figure 2) as well as Trajectory 7, which also
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converges to the yellow cluster. We will use them to illustrate the intermediate and terminal stages.

e Data points
Trajectory 1

—— Trajectory 7
® Start points

Convex Hull ° +  End points
Cluster 1 ° B Oterminal
Cluster 2 ;

Cluster 3 [

® Data mean
€ o _cluster

(a) Intermediate stage: Two trajectories attracted to yellow cluster. (b) Terminal stage: Final convergence to training points. Green
Purple thombuses mark xo,,..- squares mark o, . ..

Figure 9. Detailed view of intermediate and terminal stages for two example trajectories.

Intermediate stage: Using Proposition 4.4 with the yellow cluster’s diameter of 0.364 and ¢ = 0.1, we compute ocjuster
(00(S, €) for yellow cluster) is 0.65. The locations .. for both trajectories (purple rhombuses) align well with the points
where both trajectories exhibit a clear attraction to this local cluster.

Terminal stage: We then examine the terminal stage in Figure 9b. First, note that the two trajectories indeed converge to
two training data points, validating the terminal time convergence. We use Proposition 5.10 to compute o (V) for data
points x; which we denote in this section as ormina ((green square) for two trajectories and see the Proposition predicts
trajectory after oermina Will converge to nearest data point. For Trajectory 1, the separation of the converged point is 0.06,
and we choose € as one-third of the separation. The predicted Tierminal fOr Trajectory 1 is 0.007 and marked on the trajectory.
For Trajectory 7, the separation is 0.04, and we choose € as one-third of the separation. The predicted oemina for Trajectory
7 is 0.004 and marked on the trajectory. In both cases, the predicted oemina lies in the segment where the trajectory is
attracted to a specific training point, validating the prediction.

Memorization with asymptotically optimal denoiser: We also examine the memorization phenomenon with the asymptot-
ically optimal denoiser m, described in Proposition 5.10. We start with the same initial points as those in Figure 8 and
evolve the trajectories using the asymptotically optimal denoiser given by:

Mo () =me(x) + 0 xe

where € is a random perturbation sampled from N (0, 321). The trajectories are shown in Figure 10 with the perturbation
vector shown in the left panel of the subfigure on the left. Comparing with Figure 8, we observe that the perturbation
significantly drifts the trajectories; however, as the perturbation decays with o, the trajectories still converge to a specific
training point. This validates the memorization phenomenon with the asymptotically optimal denoiser in Proposition 5.10.

J.2. The CIFAR-10 Dataset

The CIFAR-10 dataset (Krizhevsky, 2009) contains 50, 000 training images across 10 classes and is a popular benchmark
for evaluating generative models. In this subsection, we investigate the mean attraction property of flow models and the
memorization issue highlighted in our theoretical analysis utilizing the CIFAR-10 dataset. These data consist of 32 x 32
RGB images, each with 3 channels. Following the practice in Karras et al. (2022), we normalize the pixel values to [—1, 1]
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Figure 10. Memorization behavior with asymptotically optimal denoiser. Left: Global view showing trajectories under perturbation,
with perturbation vector displayed. Middle: Zoomed view of trajectories. Right: Close view near data support. While perturbations
initially steer trajectories (most notably in trajectory 5, which traverses across the data region), all trajectories eventually converge to data
points as the perturbation strength diminishes with o, demonstrating the robustness predicted by our theoretical results.

by the transformation x — x/127.5 — 1. This preprocessing results in a dataset with diameter 106.8 and averaged norm
27.2.

To establish a reference, we define the empirical optimal denoiser m, based on the empirical distribution p over the training
images of CIFAR-10. The corresponding FM ODE trajectory is denoted by (25)¢[o,,0,]» @ governed by Equation (11).
We refer to this trajectory as the empirical optimum. Additionally, we consider a pre-trained denoiser mZPM from the
EDM model (Karras et al., 2022), with its corresponding FM ODE trajectory denoted as (IEDM)UE[Uzm] and governed
by Equation (15).

To generate ODE samples, we initialize from random Gaussian noise and evolve the trajectories using the 18-step polynomial
noise schedule (discretization) from EDM:

p
op = (Ué{i§+%(0;{570}1n{§)) , n=0,1,...,N,

with parameters omax = 80, Omin = 0.002, p = 7, and N = 18.

J.2.1. INITIAL MEAN ATTRACTION

To investigate the convergence-to-mean behavior in the initial stages of sampling, we analyze trajectories generated by
both the empirical optimal denoiser m,, and the pre-trained EDM denoiser mEPM. Let mean represent the mean of the
CIFAR-10 dataset.

For clarity, we use x to denote either x, or zEPM, and m? to denote either m, or mEPM. At each sampling step, we

evaluate two key metrics:

1. The distance ||m* (z%) — mean|| between the denoiser output and the dataset mean.

2. The ratio ||mpk(z%) — mean||/||mk(x%) — x%||, which quantifies the distance between the denoiser output and the
data mean relative to the trajectory direction m}(z%) — . This ratio can be interpreted as a relative error when
approximating the denoiser output with the dataset mean.

We compute these metrics for the empirical optimal denoiser and the pre-trained EDM denoiser over 10,000 random initial
seeds, with results shown in Figure 11. The figures plot mean with shaded regions indicating +1 standard deviation. When
o is large, both the empirical optimal and trained denoisers are close to the dataset mean, as evidenced by the small deviation
to the mean in Figure 11a and the small relative errors in trajectory direction in Figure 11b. Notably, the relative error is very
small for the first step and approximately below 1% for the first 4 steps, with a small variance across seeds. This suggests
that the trajectory is strongly and consistently attracted to the data mean in the initial steps when o is large, validating the
theoretical prediction in Proposition 4.2.
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Relative Error: [|m(x,) — mean||»/|m(xy) — Xoll2
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Figure 11. Initial mean attraction in CIFAR-10 trajectories. Results averaged over 10,000 random initializations with shaded regions
showing +1 standard deviation. Both empirical optimal and trained denoisers exhibit strong initial attraction to the dataset mean when o
is large, as evidenced by the small deviation to the mean (left) and small relative errors in trajectory direction (right, log scale), validating
theoretical predictions.

J.2.2. TERMINAL CONVERGENCE AND MEMORIZATION

First, we examine the behavior of the empirical optimal denoiser to validate Proposition 5.9 and serves as a reference for
the perturbed case in Proposition 5.10. Starting from a Gaussian noise, Figure 12 illustrates the trajectory x, (top) and
the corresponding denoiser outputs m, (x,,) (bottom). As predicted by Proposition 5.9 or the general convergence result
in Theorem 5.3, the unperturbed trajectory progressively refines the sample, with both the denoiser outputs showing clear
image structure throughout the sampling process and ultimately converging to a training image.

Figure 12. Reference case: Sample generation with unperturbed empirically optimal denoiser. Top: ODE trajectory x,. Bottom:
Denoiser outputs m. (x ). Note the clear image structure throughout and smooth convergence to a training image.

To validate the memorization result for an asymptotically optimal denoiser presented in Proposition 5.10, we then introduce
a significant perturbation to the denoiser by adding noise that scales with o. Specifically, we sample a fixed € ~ N(0, 10%1)
and perturb the empirical optimal denoiser as follows:

Mo () := my(x) + e, Yo € RY.

The scaling ensures the perturbed denoiser is asymptotically optimal. This perturbation dramatically affects the denoiser
outputs, as shown in Figure 13. Compared to the clear outputs in the unperturbed case, the perturbed denoiser outputs
(bottom row) are almost unrecognizable for all but the last four steps due to the large-scale noise. However, despite this
substantial corruption of the denoiser outputs, the ODE trajectory (top row) still manages to get very close to a training
image visually and through nearest neighbor search.

We also provide in Figure 14a and Figure 14b the quantitative results of the convergence and memorization with 10,000
random seeds. In the reference case with the empirical optimal denoiser, the distances to CIFAR-10 training set for both
trajectories and denoiser outputs are shown in Figure 14a. The denoiser output initially is around 10 away from the
CIFAR-10 dataset and then quickly converges to 0—rvalidating the quick convergence predicted by Proposition 5.9. The
distances from the trajectory to CIFAR-10 dataset smoothly converge to close to around 0.1—very small compared to the
mean norm 27.2 of the dataset. In the perturbed case with the heavily corrupted denoiser shown in Figure 14b, the denoiser
outputs are heavily corrupted by noise and far from the CIFAR-10 dataset until late stages. However, the trajectories still
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manage to get close to training images with the distances converging to around 1.0—still small compared to the mean norm
of the dataset. Also, note that we are only using a coarse sampling schedule with 18 steps, and the convergence can be
further improved with a finer schedule.

Figure 13. Perturbed case: Sample generation with heavily perturbed but asymptotically optimal denoiser. Despite the denoiser
outputs being severely corrupted by noise (bottom) compared to the reference case, the ODE trajectory (top) still remarkably converges to
a training image, validating the robustness predicted by Proposition 5.10.
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(a) Distance from trajectory points x, and denoiser outputs
Mo (zs) to nearest CIFAR-10 images for the unperturbed em-
pirical optimal denoiser m,. While denoiser outputs stay close to
the CIFAR-10 dataset, trajectories initially deviate but eventually
converge.

(b) Distance metrics for perturbed denoiser m,. Despite highly
corrupted denoiser outputs (blue) that stay far from the CIFAR-10
dataset until the late stages, trajectories (orange) still manage to get
very close to training images, validating the theoretical robustness
prediction.

Figure 14. Quantitative result of convergence and memorization. Evolution of distances to the CIFAR-10 training set for both
trajectories and denoiser outputs using the empirical optimal denoiser and its perturbed version, averaged over 10,000 random seeds.
Left: Reference case with empirical optimal denoiser shows smooth convergence. Right: Despite severe perturbation corrupting
intermediate denoiser outputs, trajectories still converge toward training data, demonstrating the robustness of memorization predicted by
Proposition 5.10.

These experiments empirically validate our theoretical result in Proposition 5.10: even when the denoiser outputs are
severely corrupted during intermediate steps, as long as the trained denoiser asymptotically approximates the empirical
optimal denoiser, the FM ODE trajectory will still converge to the training data. This observation highlights the importance
of carefully regularizing terminal time behavior during training to prevent memorization.

J.3. Local Cluster Absorbing and Attracting Behavior

In this section, we provide additional experimental results to validate the local cluster absorbing and attracting behavior
of the FM ODE. We use the FFHQ dataset (Karras et al., 2019) which contains high-resolution human face images. We
randomly sample 10, 000 images from the FFHQ dataset and downsample them to 64 x 64 resolution. To visualize the
distribution of facial images in the feature space, we perform t-SNE dimensionality reduction on the downsampled FFHQ
dataset. As shown in Figure 15, we color code the points based on two related attributes: (1) the average RGB intensity (left)
and (2) the illumination value (right). The average RGB intensity is computed as the mean of the pixel values across all
three channels, while the illumination value is computed as the mean of the pixel values in the Y channel of the YCbCr
color space. While the dataset does not form distinct, separated clusters as in our synthetic example in Appendix J.1, it still
contains regions of varying density along the illumination spectrum. In particular, very dark faces and very bright faces
concentrate at opposite ends of the feature space, creating two high-density regions. This natural organization provides an
ideal setting to evaluate our theoretical results on absorption phenomena in a realistic dataset even when distinct clusters are
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not present. We will demonstrate that the flow model trajectories are attracted to these high-density illumination regions,
consistent with our local cluster attraction theory.

t-SNE Visualization of FFHQ Dataset t-SNE Visualization of FFHQ Dataset
Colored by Average RGB Color Colored by lllumination

o
o

t-SNE Dimension 2

t-SNE Dimension 2
lllumination (HSV Value)

o
S

Figure 15. t-SNE Visualization of FFHQ (Human Face) Dataset. We downsample the original dataset from high-resolution (1024x1024)
human face images to 64x64 resolution—aligning the training procedure in EDM and subsample 10,000 data points to perform t-SNE.
The visualization shows feature embeddings colored by average RGB intensity (left) and illumination value (right). Although the data
does not form distinct clusters, samples with similar illumination naturally organize into local neighborhoods in the feature space. The
extremes of the illumination spectrum (very dark and very bright regions) exhibit higher local density.

In Figure 16, we show samples generated from a pretrained EDM model using three different initialization strategies: (1)
random noise, (2) noise initialized near dark illumination regions, and (3) noise initialized near bright illumination regions.
The results demonstrate that random initialization yields samples across the illumination spectrum, while dark and bright
initializations consistently generate samples with corresponding illumination characteristics. Thus, even without explicit
clusters, the flow gravitates toward locally dense regions defined by a continuous attribute—illumination which aligns with
our cluster-absorption theory.

Figure 16. Illumination-based Absorption Behavior. Samples generated using three initialization strategies: random noise (left), noise
near dark illumination regions (middle), and noise near bright illumination regions (right). Random initialization produces samples across
the illumination spectrum, while dark and bright initializations generate samples with corresponding illumination characteristics, aligning
with our cluster absorption result even for continuous attributes rather than discrete clusters.
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