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Abstract

Deep Support Vector Data Description (Deep SVDD) has become a prominent framework
for unsupervised anomaly detection by learning latent representations that compactly char-
acterize normal data around a center. Despite its empirical success, anomaly decisions
produced by Deep SVDD are typically made solely based on anomaly scores without rigor-
ous statistical guarantees, thereby limiting their reliability in safety-critical and high-stakes
applications where false positives must be strictly controlled. In this paper, we propose
PADI (Post-Anomaly Detection Inference), a novel framework that equips a trained and
frozen Deep SVDD detector with statistically valid inference by leveraging the Selective
Inference framework. Specifically, PADI performs inference conditional on the event that
a test instance is identified as anomalous by Deep SVDD, thereby enabling rigorous statis-
tical assessment of anomaly decisions. Based on this formulation, we derive valid selective
p-values that quantify the statistical significance of the detected anomaly. Using these p-
values, we theoretically establish control of the false positive rate (FPR) at a user-specified
significance level « (e.g., @ = 0.05). Furthermore, we extend the proposed framework to
Deep Semi-Supervised Anomaly Detection (Deep SAD), providing a principled approach
for statistically reliable inference in semi-supervised anomaly detection settings. Extensive
experiments on both synthetic and real-world benchmark datasets robustly support the
theoretical findings. The results demonstrate that PADI consistently achieves proper FPR
control while attaining superior true positive rates compared with existing approaches.

1 Introduction

Anomaly detection (AD) plays a fundamental role in modern machine learning, with applications spanning
cybersecurity, healthcare, bioinformatics, industrial monitoring, finance, and autonomous systems (Ahmed
et al., |2016; Litjens et all [2017; Zong et all [2018). Among existing approaches, Support Vector Data
Description (SVDD) (Tax & Duin, [2004)) has emerged as one of the most influential frameworks for one-class
classification and unsupervised AD. The central idea of SVDD is to learn a compact description of normal
data by enclosing the normal samples within a minimal hypersphere in a feature space, such that samples
lying far from the learned description are identified as anomalies. Owing to its conceptual simplicity and
strong empirical effectiveness, SVDD and its deep variants, particularly Deep SVDD (Ruff et al.,|2018)), have
been successfully applied to a wide range of problems (Yi & Yoon, 2020; |Gamper et al., 2020} |You et al.
2021} |Zhang et al., 2022; |[Kou et al., 2022).

Despite the empirical success, Deep SVDD suffers from a critical limitation: anomaly decisions are made
based on anomaly scores or heuristic thresholds without rigorous statistical guarantees. In practice, this
means that the false positive rate (FPR) cannot be reliably controlled. Such a limitation becomes particularly
problematic in high-stakes applications where false positives may lead to severe consequences. For example,
in bioinformatics and medical diagnosis, incorrectly flagging healthy patients or normal biological samples
as anomalous may trigger unnecessary follow-up procedures, expensive laboratory analyses, or inappropriate
clinical interventions. Similarly, in cybersecurity, excessive false positives can overwhelm security analysts,
leading to alert fatigue and potentially causing truly malicious activities to be overlooked. These challenges
highlight the importance of developing statistically reliable method capable of quantifying the uncertainty
of anomaly decisions and rigorously controlling the FPR.
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Figure 1: Overview of the proposed PADI method. Test instances are first passed through a trained and
frozen Deep SVDD model, which maps them into the latent space and identifies anomalous samples whose
distance-based anomaly scores exceed a fixed threshold. For a selected anomalous test sample, PADI performs
SI conditional on the data-driven anomaly selection event. Using independent normal reference samples,
PADI outputs a selective p-value that quantifies the statistical significance of the detected anomaly.

A natural approach to addressing this problem is to formulate anomaly assessment as a statistical hypothesis
testing problem. Specifically, given a test instance detected as anomalous by an SVDD-based detector, one
aims to quantify the its statistical significance. However, constructing valid statistical inference in this setting
is highly challenging due to the well-known issue of double dipping (Kriegeskorte et al.l |2009) or selection
bias. The same data are used both to identify anomalous instances and to conduct statistical inference,
resulting in invalid classical p-values and inflated FPR. Consequently, conventional (naive) statistical testing
procedures fail to provide reliable FPR control for the Deep SVDD-based AD result.

To overcome this challenge, we leverage the framework of Selective Inference (SI) (Lee et al.| [2016]), which
enables valid statistical inference after a data-driven selection procedure. Building upon this principle, we
propose PADI (Post-Anomaly Detection Inference), a novel framework that equips a trained and frozen Deep
SVDD detector with statistically valid post-AD inference. The key idea is to perform inference conditional
on the event that a test sample is detected as anomalous by Deep SVDD. Based on this formulation, PADI
derives valid selective p-values that quantify the statistical significance of anomaly scores while provably
controlling the false positive rate at a user-specified significance level a. Importantly, the proposed framework
operates in a post hoc manner and does not require retraining or modifying the underlying anomaly detector.

Contributions. The main contributions of this work are summarized as follows:

e We introduce a statistically rigorous inference method for Deep SVDD-based AD, enabling anomaly deci-
sions to be associated with statistically meaningful p-values.

e We formulate anomaly assessment in Deep SVDD under the SI framework and address the fundamental
double-dipping issue arising from conducting inference after AD. Based on this formulation, we derive valid
selective p-values and theoretically establish control of the FPR at a user-specified significance level . The
proposed PADI method operates in a post hoc manner and can be directly applied to trained and frozen Deep
SVDD models without requiring any retraining or modification of the underlying detector. Furthermore, we
extend PADI to deep semi-supervised AD model (Ruff et al., 2019).

e We provide a GPU-accelerated implementation of PADI to improve computational efficiency. By alleviating
the computational burden associated with post-AD inference, this implementation extends the practical
applicability of PADI to a broader range of deep architectures beyond simple fully connected networks.

e We conduct extensive experiments on both synthetic and real-world benchmark datasets to validate the
proposed method. The experimental results consistently demonstrate that PADI achieves reliable FPR
control while maintaining superior true positive rates compared with existing methods.

Related works. Unsupervised AD aims to identify abnormal or rare samples without requiring labeled
anomaly instances during training. Early approaches include distance-based methods (Knorr et al., 2000),
density-based techniques such as Local Outlier Factor (LOF) (Breunig et al} 2000)), clustering-based meth-
ods (Jain et all [1999). One-class classification methods, particularly One-Class SVM (Scholkopt et al.)
2001) and Support Vector Data Description (SVDD) (Tax & Duinl [2004), have also become foundational
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techniques due to their ability to characterize the distribution of normal data. More recently, deep learning
has substantially advanced AD by enabling representation learning in high-dimensional and complex data
domains. Representative deep anomaly detection approaches include autoencoder-based methods (Sakurada,
& Yairil [2014)), GAN-based methods such as f-AnoGAN (Schlegl et al 2019)), and Deep SVDD (Ruff et al.,
2018). Although these deep learning-based methods often demonstrate strong AD performance, most of
them still lack a principled statistical framework for rigorously quantifying the significance and reliability of
anomaly decisions.

Traditional statistical inference methods fail in this setting because their validity fundamentally relies on the
target anomalies being predetermined prior to observing the data. When classical inference procedures are
directly applied to anomalies identified by an anomaly detection (AD) algorithm, the resulting statistical
tests become invalid due to selection bias, leading to the inability to properly control the FPR at the desired
significance level. Selective Inference (SI) (Fithian et all [2014} [Lee et all [2016) has emerged as a promising
approach for addressing the invalidity of classical post-selection inference. The core idea of SI is to conduct
inference conditional on the event that a particular hypothesis has been selected, thereby removing the
selection bias and restoring statistical validity in the sense that the FPR is properly controlled. Following
the seminal work of [Lee et al. (2016)), SI has been extensively studied and successfully applied to a broad
range of machine learning and statistical problems, including feature selection (Lockhart et al., 2014} [Fithian,
et al., 2014} Tibshirani et all [2016; [Yang et al., |2016; Suzumura et al., [2017; [Le Duy & Takeuchi, [2022)),
changepoint detection (Umezu & Takeuchi, 2017; [Hyun et al., [2018; Duy et al., 2020; |Jewell et al.| [2022)),
clustering (Lee et al., [2015; Inoue et al., 2017; |Gao et al., [2024]), image segmentation tasks (Tanizaki et al.
2020; Duy et al., [2022)), saliency map analysis (Miwa et al.,|2023), and attention map interpretation in vision
transformers (Shiraishi et al., [2024]).

Statistical inference for AD has recently begun to attract attention within the SI literature. Existing studies
have explored SI for anomaly testing in the context of robust regression (Chen & Bien, [2020; |Tsukurimichi
et all 2022; Phong et al.; 2025). Other works have investigated statistical inference for clustering-based AD
method (Phu et al.||2025)), while a recent study considered the statistical significance of anomalies detected by
a k-nearest-neighbor-based model (Niihori et al. [2025). However, these existing approaches mainly focus on
relatively simple AD models with tractable selection mechanisms. Consequently, their methodologies cannot
be directly applied to modern deep AD settings such as Deep SVDD. Moreover, the statistical problem
settings considered in these prior works differ fundamentally from the setting addressed in this paper. To
the best of our knowledge, no existing study has explored the SI framework for quantifying the statistical
significance of AD results produced by Deep SVDD.

2 Problem Statement

In this section, we formalize the post-AD inference for a trained Deep SVDD method. Each input instance
is represented as a vector in R”, where D denotes the input dimension. For tabular data, D is the number
of numerical features. For image data, an input instance may be represented as a vectorized image; for
example, a grayscale image patch of size H x W corresponds to D = HW, whereas an image with C'
channels corresponds to D = HWC. The Deep SVDD model is trained independently of the post-AD
inference task and remains fixed during the test-time analysis. Given a test instance, the trained detector
identifies it as anomalous according to its distance from a learned center in the latent representation space.
Our objective is neither to modify the detector nor to perform inference on the training procedure itself.
Instead, once a test sample has been identified as anomalous, we aim to statistically validate the detection
result by quantifying the statistical significance of the discrepancy between the selected input instance and
an independent reference set of observed normal instances.

2.1 A trained Deep SVDD model and its anomaly detection event

Let (;AS : RP — RP denote the trained encoder, where p is the latent dimension. Let é € R? denote the fixed
latent center. For any input vector x'** € R”, the trained Deep SVDD assigns the following anomaly score:

(1)

testy _ || 1/.testy _ A 2
g@') = [d(a) — ¢

) .
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Given a fixed threshold 7 > 0, the detector classifies £*** anomalous when g(z**")

define the AD selection event through the following selection mapping:

> 7. Equivalently, we

A:RP 5 {01},  A(x*) = I{g(z') > 7}, (2)

test) test

where I{-} denotes the indicator function. The mapping A(x
is selected by the trained Deep SVDD detector as an anomalous sample, whereas A(x
to a non-anomalous decision.

= 1 indicates that the input instance x
test) = () corresponds

2.2 Statistical hypothesis testing for the detected anomaly

test

To formulate the statistical inference problem, we regard the test instance « as an observed realization

of the random vector

test __ _test test
X' = g" 4 v

where s**s* ¢ RP denotes the unknown underlying signal vector, and ' represents an additive noise

vector following the Gaussian distribution A'(0,Y). Here, ¥ € RP*P denotes the covariance matrix, which
is assumed to be known a priori or estimated from an independent dataset.

Additionally, we consider a collection of reference instances known to be normal: X1ref . Xmref where
each reference instance is modeled as

Xiref — gref 4 giref jem]l=A{1,...,m},
with s™f € RP denoting the underlying normal signal vector. The noise vector 7" is assumed to follow

the Gaussian distribution e7™f ~ A/(0,Y), independently across j.

Our objective is to determine whether the underlying signal associated with the test instance differs sta-
tistically significantly from that of the reference normal instances. This objective can be formulated as a
hypothesis testing problem, consisting of the following null hypothesis Hy and alternative hypothesis H;:

HO . stest — Sref vs. H1 . Stest 7& Sref.
The test statistic for evaluating the above hypotheses is defined as follows:
test - 1,ref ref\ _ test _ oref
T(Xes7X,re’.“’X'mre)_HXes _Xreul’ (3)

vref _ 1 m j,ref
where X" = 3700 XOrel,

2.3 Decision making based on p-values and challenges

After obtaining the test statistic in , the next step is to compute the corresponding p-value. Given a
significance level « € [0, 1] (e.g., « = 0.05), we reject the null hypothesis and conclude that the test instance
is anomalous if the computed p-value is less than or equal to a. Conversely, if the p-value exceeds a, we
conclude that there is insufficient statistical evidence to determine that the test instance is anomalous.

The p-value is defined as follows:
p= PHO ( ‘Ta()(test7 A)(l,l‘ef7 o 7Xm,ref) ’ > ’T(wtest) wl,ref7 o 7wrn,ref) | ), (4)

where 27! denotes an observed realization of the random vector of X7 for each j € [m], respectively.
Unfortunately, computing the p-value in is intractable because the test statistic depends on both the
observed data and the AD result produced by the Deep SVDD model, for which no direct copmutation
is available. A conventional (naive) approach computes the p-value while ignoring the fact that the test
instance has been selected as anomalous by the trained Deep SVDD model. As a consequence, the resulting
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naive p-value is statistically invalid and fails to properly control the FPR. In particular, it does not satisfy
the fundamental validity criterion required of a valid p-value:

P(p—value < «a| Hp is true ) =a, Yae€l0,1], (5)

a false positive

In the next section, we introduce a selective p-value for statistically testing anomalies detected by Deep
SVDD, which satisfies the aforementioned validity criterion.

3 Proposed PADI Method

In this section, we introduce PADI, an SI-based method for computing statistically valid p-values for anoma-
lies detected by a trained Deep SVDD model. Rather than relying on the unconditional null distribution
of the test statistic in , the proposed method characterizes the null distribution conditional on the data-
dependent AD event induced by the Deep SVDD detector.

3.1 Representation of the test statistic as a linear contrast of the data vector
Let Y denote the (m + 1)D-dimensional vector stacked vector formed by concatenating the test instance
and the reference instances:

Y = vec (Xtest Xl,ref o Xm,ref) e R(m+1)D (6)

where vec(-) denotes the operation that concatenates multiple vectors into a single column vector. We aim
to represent the test statistic as a linear contrast of the vector Y. To this end, define the coordinate-wise
sign pattern

S(Y) =sign (X' — X™f) € {—1,1}7 (7)
Then, the test statistic in admits the linear representation
T(Y)=n'Y, (8)
where 7 is the direction vector of the test statistic, defined as:
S(Y)
—iS(Y)
n= m . e R(m+1)D. (9)
~mS(Y)

3.2 Conditional distribution of the test statistic and the proposed selective p-value

To compute a statistically valid p-value, we need to characterize the sampling distribution of the test statistic
in . To this end, we leverage the framework of conditional SI (Lee et al., [2016). Specifically, we consider
the conditional distribution of the test statistic given the data-dependent selection event:

P(n'Y [ A(X™) = A(""), S(Y) = S(y)) - (10)

Here, the first condition A(X"*) = A(2'*") represents the event that the AD result for the random vector
X5t coincides with the AD result obtained from the observed data z*¢st. The second condition S(Y) = S(y)
represents the event that the sign pattern defined in for the random vector Y coincides with the observed
sign pattern for y.

Based on the distribution in , we introduce the selective p-value defined as:
e = By (I Y] 2 Tyl | A = A, S(V) = S(y), &Y) = Q). (1)

where Q(Y') denotes sufficient statistic of the nuisance parameter, defined as:

by
QYY) = (Itmiyp —bn")Y, b= L

== Y=I,1 9. 12
aTSn +1 (12)
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Remark 1. The quantity Q(Y) acts as a sufficient statistic for the nuisance parameter, i.e., a parameter
that influences the null distribution but is not of direct inferential interest. To properly characterize the null
distribution, the effect of this nuisance parameter must be eliminated. In our framework, this is accomplished
by conditioning on the sufficient statistic Q(Y'). This conditioning step is primarily technical and is standard
in the SI literature (see Sec. 5 and Eq. (5.2) of |Lee et al.| (2016); |Fithian et al| (2014])).

Theorem 1. The selective p-value proposed in satisfies the property of a valid p-value:

]PHO (psclcctivc < Oé) =a, Ya € [07 1]
Proof. The proof is given in Appendix O

3.3 Tractable characterization of the conditioning event for selective p-value computation
Let us define the set of vectors Y satisfying the conditions in as
D = {Y e RUDP | A(X') = A@™), S(Y) = S(y), QY) = Q(y) . (13)

The following theorem establishes that the conditioning set D admits a one-dimensional parameterization.
Theorem 2. The set D in can be expressed as

D={Y(z)=a+bz|ze€Z}, (14)
where a = Q(y), b is defined in (12), and
Z={zeR|AX"™"z2)) = A(""), S(Y(2)) =S(y)}. (15)

Here, we note that X' (2) corresponds to the first D components of the vector Y (z).
Proof. The proof is provided in Appendix [A.2] O

Theorem [2] shows that the SI problem can be reduced from the original high-dimensional space to the
scalar parameter space Z. Consequently, rather than analyzing the entire (m + 1) D-dimensional space, it
is sufficient to characterize the truncation region Z in a one dimensional space. Once Z is obtained, the
selective p-value can be computed directly.

3.4 Identification of the truncation region Z

To compute the selective p-value in , we must identify the truncation region Z defined in . However,
this region cannot be determined directly due to the complexity of the Deep SVDD selection event. To
address this, we exploit the piecewise-linear structure of the encoder to identify Z through as follows:

o We decompose Z into two sub-problems: a sign-pattern constraint Ze, and a Deep SVDD anomaly-
selection constraint Zap.

o We show that Zge, reduces to D linear inequalities in the scalar z, and that Zap reduces to a
quadratic inequality on each affine region of the frozen encoder.

o We construct Z by intersecting Zgen with the union of the local solutions across all affine regions
intersected by the one-dimensional path X'st(z).

Assumption 1. Following |Nithori et al| (2025), we assume that the frozen encoderq@ : RP = RP s
a piecewise-affine function. That is, the input space RP can be partitioned into finitely many polyhedral
regions, and on each region P the encoder acts as an affine map é(m) = Lpx + Bp for x € P, where
Lp € RP*P gnd Bp € RP are fized for each region P.

Remark 2. Assumption is satisfied by neural networks composed of affine layers (fully connected, convo-
lution, batch normalization in inference mode) and piecewise-linear activations (ReLU, LeakyReLU) together
with max-pooling. Since the Deep SVDD encoder used in this work consists exclusively of such layers, this
assumption holds by construction.
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Decomposition of Z. By Theorem [2] after conditioning on the nuisance sufficient statistic, the data
vector Y is restricted to the one-dimensional affine line Y (z2) = a + bz, and the test sample varies as
Xtest(z) = @'t + b'*s'z. We decompose the truncation region as

ZzZ= Zsign N ZAD» (]-6)

where Zgig, enforces the sign pattern used to linearize the ¢;-discrepancy, and Zap enforces the Deep SVDD
anomaly-selection event A(X't(z)) = A(x'"). We characterize Zggn and Zap through the following two
lemmas.

Lemma 1 (Sign-pattern constraint). The sign-feasible set Zgign s characterized by a set of D linear in-
equalities with respect to z, and can be obtained as a single interval.

Proof. The sign pattern S(Y (z)) = S(y) requires, for each coordinate u =1,..., D:
Sul(y) (o +7uz) > 0,

where a,, and 1, are the intercept and slope of X!®*(z) — X *f(2), respectively. Each coordinate produces
one linear inequality in z, yielding a single intersection interval. The detailed derivation is provided in

Appendix [B] O

Lemma 2 (Deep SVDD selection constraint). Let Piine denote the finite collection of affine regions 0f¢3
that are intersected by the path X'*%(z) as z varies over R. Under Assumption |1, on each affine region
P € Bline, the Deep SVDD anomaly-selection event reduces to a scalar quadratic inequality in z.

Proof. By Assumption |1} for X'st(z) € P, the encoder output is affine in z: G(X't(2)) = Lp(a®* +
b*st2) + Bp. Substituting this into the anomaly score definition g(X*®t(2)) = [|p(X**t(2)) — ¢&||3 yields the
quadratic function of z:

9p(2) = [uo(P) +ur(P)2ll3 = k2(P)2* + K1(P)2 + ko (P), (17)

where uo(P) = Lpa'' + Bp — é and uq(P) = Lpb'*' are constant vectors determined by the affine map
on region P, and the coefficients are r2(P) = ||u1(P)||3, £1(P) = 2uo(P) "ui(P), ko(P) = ||uo(P)||3. The
anomaly-selection event g(X*st(z)) > 7 restricted to region P therefore reduces to the quadratic inequality
gp(z) > 7. The explicit expressions and derivations are provided in Appendix and O

Remark 3. A similar piecewise-affine characterization for autoencoder-based models in the context of Se-
lective Inference has been recently studied by |Kiet et al.| (2020). Our Lemma |d adapts this methodology to
the Deep SVDD framework, where the distance-to-center anomaly score yields a quadratic constraint.

Combined truncation region. Combining the results from Lemma [l| and Lemma [2| via (16]), we now
construct the full truncation region. Since the test sample X **5t(z) may pass through different affine regions
as z varies, the anomaly-selection constraint Zap is obtained by considering each region P € i, separately.
For each such region, define:

o Zregion(P): the set of z-values for which X'**(2) lies in P (determined by linear inequalities; see
Appendix [B.2));

o Zicore(P): the set of z-values satisfying the quadratic anomaly-score constraint gp(z) > 7 from .

The full truncation region is then
Z = Zsign N U (Zregion (P) N Zscore (P)) . (18)
PEPiine

Since each component involves finitely many linear or quadratic inequalities in the scalar z, the truncation
region admits a representation as a finite disjoint union of intervals:

K
Z= U[Q,Ed, K < 0. (19)
=1
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Figure 2: Geometric illustration of the truncation region Z on the 1D line parametrized by
z. The final region is constructed through four steps: (1) Ziegion (blue) identifies the intervals where the
line intersects the affine regions Py,..., Pr. (2) Zscore (orange) defines the intervals where the quadratic
anomaly score exceeds the threshold 7, computed independently per region. (3) Zggn (green) enforces the
global sign-pattern constraint required to linearize the ¢;-norm discrepancy. (4) The final truncation region
Z (red) is the intersection of the sign constraint with the union of region-specific valid scores. The observed
test sample zops lies within this final valid set.

4 Extension to Deep Semi-Supervised Anomaly Detection

The proposed method also applies to Deep Semi-Supervised Anomaly Detection (Deep SAD) (Ruff et al.
2019). Deep SAD differs from Deep SVDD only during training: it incorporates a small amount of labeled
data, encouraging known anomalies to be mapped far from the latent center and known normal samples to be
mapped close to it. After training, the frozen Deep SAD detector uses exactly the same scoring rule as Deep
SVDD: a test sample is assigned the anomaly score g(x'*) = ||¢(x*s*) — ¢||2 and is declared anomalous
when g(2'*") > 7. Because the functional form of the anomaly score and the selection rule are identical to
those of Deep SVDD, the post-selection inference problem has the same structure once the encoder, center,
and threshold are frozen. Specifically, the inferential target, the sign-pattern conditioning, the nuisance
conditioning, and the one-dimensional affine-line reduction (Theorem [2|) all remain unchanged. The only
difference is that the frozen encoder gZ; is obtained from Deep SAD training rather than Deep SVDD training;
the anomaly-selection event and its mathematical characterization are of the same form.

Under Assumption [l the frozen Deep SAD encoder is piecewise affine, so the anomaly score again becomes
a quadratic function of z within each affine region along the nuisance-conditioned line. Consequently, the
Deep SAD truncation region, denoted by Zgsap, is a finite union of intervals, and the selective p-value is
computed using the same truncated-Gaussian formula as in Section [3:4] with Z replaced by Zsap.

Corollary 1. Under the Gaussian test-reference model and the frozen piecewise-affine encoder assumption,
the Deep SAD selective p-value satisfies

P, (PSS <a) =a,  Vae[0,1].

Thus, the Deep SAD case can be handled by the same PADI procedure, with the Deep SVDD truncation
region replaced by the corresponding Deep SAD truncation region Zgap.

5 GPU-Based Parallelization of PADI

PADI requires repeated forward propagation through the frozen Deep SVDD encoder when identifying the
selective truncation region. This line-search step is computationally expensive because, for many candidate
values of the scalar parameter z, PADI must propagate both the current input X and its affine representation
A+ Bz through the encoder and update the feasible interval of z. To make this procedure practical for deep
encoders, we implement the forward and interval-update operations using custom Numba-CUDA kernels.
Our implementation follows the GPU-accelerated SI strategy of STAND-DA (Kiet et al., |2026)). Specifically,
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Figure 3: GPU-based parallelization of PADI for convolutional Deep SVDD encoders. Before the line-
search computation, the frozen CNN parameters, the input data X, A, B, and the current feasible interval
are copied to GPU memory. The forward propagation is performed by custom Numba-CUDA kernels for
Conv2D, BatchNorm, SILeakyReLU, SIMaxPool, and the final fully connected layer. The Conv2D, BatchNorm,
and fully connected kernels propagate the forward values and affine coefficients X, A, B. In addition, the
SILeakyReLU and SIMaxPool kernels compute local interval constraints induced by the LeakyReLU branches
and max-pooling indices. These local constraints are combined on the GPU to update the feasible interval.
The final transformed data X&), AF) B(E) and the final interval are then returned to the host.

for fully connected encoders, we reuse the shared-memory tiled matrix multiplication kernel MatMulMat
and adapt the siReLU idea to LeakyReLU, resulting in the SILeakyReLU kernel. The only modification is
that inactive units are scaled by the LeakyReLU negative slope rather than being set to zero. The main
extension in PADI is the support for convolutional Deep SVDD encoders. For CNN encoders, fully connected
kernels alone are insufficient because the encoder contains convolution, batch normalization, and max-pooling
operations. We therefore implement additional CUDA kernels for Conv2D, BatchNorm, SIMaxPool, and the
final fully connected layer. These kernels propagate X, A, and B consistently through the frozen encoder.
Linear or affine layers, such as convolution, batch normalization in inference mode, and fully connected
layers, only transform the affine representation. Piecewise-affine layers, such as LeakyReLLU and max pooling,
additionally induce selection events and therefore update the feasible interval.

The proposed GPU implementation reduces the computational cost of PADI for convolutional Deep SVDD
encoders in three ways. First, the main affine operations in CNNs are parallelized at the feature-map level.
Each convolutional output element is computed by a GPU thread from the corresponding input channels and
kernel window, while batch normalization in inference mode is applied element-wise using fixed channel-wise
parameters. Second, the outputs of piecewise-affine CNN layers are updated in parallel. LeakyReLU is
applied simultaneously across feature-map elements, and max-pooling outputs are computed simultaneously
across pooling windows. Third, local selection constraints are computed together with these parallel layer
updates. FEach thread not only computes its assigned LeakyReLU output or max-pooling output, but also
derives the local constraint on z required to preserve the activation branch or pooling selection. These local
constraints are merged on the GPU to update the feasible interval, avoiding repeated CPU-side scans over all
feature-map elements or pooling windows. Fig. [3|illustrates the overall GPU-based parallelization of PADI,
while the detailed CUDA operations for convolutional encoders are provided in Appendix [C]

6 Experiments

In this section, we evaluate and compare the following methods:

- PADI.: the proposed method for Deep SVDD.

- OC: a direct extension of [Lee et al| (2016]) to our setting, based on over-conditioning.

- Naive: traditional statistical inference.

- Opl: An ablation study that excludes the sign-pattern constraint in Appendix

- Op2: Another ablation study that excludes the anomaly detection event for Deep SVDD in Appendix [B.3]
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Figure 4: Results on synthetic data.

A method that fails to control the FPR at the target significance level is regarded as statistically invalid,
and its TPR is therefore not further considered. Throughout all experiments, we set the significance level
to a = 0.05. The experiments for the extension to Deep SAD are provided in Appendix

6.1 Synthetic Data Experiments

We conduct synthetic data experiments to evaluate both FPR control and TPR of the competing meth-
ods. We considered two types of covariance matrices: (i) Independence: ¥ = I;, and (ii) Correlation:
Y= [O.l'i*j |]ij € R%*4, In all synthetic experiments, the observed normal reference set used by the infer-
ence proceduré is randomly sampled from an independent reference dataset generated from AN (04,Y). The
neural network encoder used in these experiments has a three-layer architecture [32, 16, 8] with Leaky ReLU
activations, where the negative slope is set to 0.01. For the FPR experiment, we fix the data dimension
at d = 5 and vary the sample size as n € {200,400, 600,800}. For each value of n, the data are generated
from A (04,%). The experiment is repeated 1000 times to compute the empirical FPR at significance level
a = 0.05. For the TPR experiment, we fix d = 5 and n = 100, and consider A € {1.5,2,2.5,3}. For each value
of A, we define ua = (4,...,A)T € R? and generate the data from N (ua,Y). The experiment is repeated
1000 times to compute the empirical TPR. Since TPR is meaningful only for statistically valid methods, we
report TPR results only for methods that successfully control the FPR in the preceding experiment.

The results are shown in Fig.[d In both the independent and correlated settings, PADI and OC successfully
control the FPR around the significance level @ = 0.05 across all sample sizes. In contrast, Naive fails to
control the FPR, confirming that ignoring the selection effect leads to invalid inference. Moreover, Opl
and Op2 also fail to control the FPR, showing that both the sign-feasible component and the anomaly-
selection component are necessary for valid SI. Therefore, Naive, Op1, and Op2 are excluded from the TPR
comparison. In the TPR experiments, PADI consistently achieves higher TPR than OC in both independent
and correlated settings, and the gap becomes more pronounced as A increases. These results indicate that
PADI achieves stronger statistical TPR than OC while maintaining valid FPR control.

10
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Figure 5: Runtime comparison between the proposed Numba-CUDA implementation and the PyTorch-based
implementation for CNN-based PADI.

Runtime evaluation of CNN-based GPU kernels. We further evaluate the efficiency of the proposed
Numba-CUDA kernels by comparing the runtime required to compute a selective p-value with a PyTorch-
based implementation. The purpose of this experiment is to assess whether the custom CUDA kernels are
beneficial for the repeated CNN forward propagation and feasible-interval updates required by PADI. All
runtime experiments are conducted on an NVIDIA Tesla P100 GPU. We generate synthetic grayscale images
of size 300 x300. Let X € R300%300 denote an image. For normal images, each pixel intensity is independently
generated as Xp ., ~ N (?, 1) ,h,w = 1,...,300. The generated pixel values are clipped to [0,255] and
normalized to [0, 1]. Each image is then divided into 30 x 30 patches with stride 30. Each patch is treated as
an individual test instance. The normal reference set used in the inference step is independently generated
from the same normal image distribution and processed using the same patch-extraction procedure. The
convolutional encoder is composed of blocks of the form

Conv2D — BatchNorm — LeakyReLU — MaxPool.

Each convolution uses a 3 x 3 kernel with padding 1, and max pooling uses a 2 X 2 window with stride 2.
We vary the number of convolutional blocks in {4,5,6,7}. The four-block architecture uses channel sizes
16,32, 64,128, with max pooling applied only in the first block. The deeper architectures are obtained by
appending additional 128-channel blocks without max pooling. The results are shown in Fig. [5] Across all
tested network depths, the Numba-CUDA implementation requires substantially less computation time than
the PyTorch-based implementation. Moreover, as the number of convolutional blocks increases, the runtime
gap becomes more pronounced. These results indicate that the proposed custom CUDA kernels effectively
accelerate the CNN-based line-search computation in PADI, especially when the frozen Deep SVDD encoder
becomes deeper.

6.2 Real-World Tabular Data Experiments

We evaluate the proposed method on 5 real-world tabular datasets: Breast Cancer, Parkinson Disease,
Pharmacy Medicine, Credit Fraud, and Pulsar Stars. These datasets cover different application domains and
have feature dimensions ranging from 8 to 31. The neural network encoder used in these experiments has a
seven-layer architecture [128,64, 32,16, 8,4, 2] with Leaky ReLU activations, where the negative slope is set
to 0.01. In all experiments, we retain only numerical features and standardize each dataset so that every
feature has zero mean and unit variance before applying anomaly detection and statistical inference. The
normal reference set used in the inference step is randomly sampled from an independent reference set. The
empirical FPR and TPR results are shown in Fig. [f] On all datasets, PADI outperformed OC in terms of
TPR while maintaining FPR control.

6.3 Real-World Image Data Experiments

In this experiment, we used the MVTec AD dataset (Bergmann et al., [2019; |2021). We consider five classes:
Tile, Grid, Zipper, Carpet, and Wood. All images are converted to grayscale, resized to 300 x 300, and
converted to tensors in [0, 1]. Each resized image is then divided into non-overlapping 30 x 30 patches with
stride 30. Each patch is treated as an individual test instance. This patch-level construction allows the

11
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Figure 6: Results on real tabular datasets. Left: empirical FPR of PADI, OC, and Naive. Right: empirical
TPR of the statistically valid methods. PADI achieves stronger TPR than OC while preserving FPR, control.
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Figure 7: Results on real image data from the MVTec AD dataset. Left: empirical FPR of PADI, OC, and
Naive across five classes. Right: empirical TPR of the statistically valid methods. PADI maintains FPR
control while achieving higher TPR, than OC.

evaluation to focus on localized defects rather than relying only on image-level anomaly labels. Patch-level
anomaly labels are obtained from the pixel-level ground-truth defect masks provided by MVTec AD. A
patch is labeled anomalous if at least 5% of its pixels overlap with the defect region; otherwise, it is treated
as normal. This mask-based labeling avoids incorrectly treating all patches from an anomalous image as
anomalous, since defects in MVTec AD are usually localized to a small region. The convolutional encoder
consists of two convolutional blocks of the form Conv2D — BatchNorm — LeakyReLLU — MaxPool, with
channel sizes 8 and 16. Each convolution uses a 3 x 3 kernel with padding 1, and each max-pooling layer
uses a 2 X 2 window with stride 2. The final fully connected layer maps the resulting feature vector to a
16-dimensional latent representation.The normal reference set used in the inference step is randomly sampled
from an independent reference set. The empirical FPR and TPR results are shown in Fig. [7] The proposed
PADI method outperformed the OC in terms of TPR, while controlling the FPR below the significance level.

7 Conclusion

In this paper, we proposed PADI, a statistically rigorous inference framework for Deep SVDD-based AD
that associates detected anomalies with valid p-values. By formulating anomaly assessment within the
SI framework, PADI addresses the double-dipping issue inherent in post-selection inference and provides
theoretical guarantees for controlling the FPR at a user-specified significance level. The proposed method
operates in a post hoc manner and can be seamlessly applied to trained and frozen Deep SVDD models
without requiring retraining, while also extending naturally to deep semi-supervised anomaly detection.
Extensive experiments on synthetic and real-world datasets demonstrate that PADI consistently achieves
reliable FPR control while maintaining strong detection power. These results establish PADI as a practical
and statistically sound framework for enhancing the reliability of deep AD systems.
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Appendix
A Proofs of the main theorems

A.1 Proof of Theorem [I]

Let
oY) = (A(XteSt),S(Y)) .
Under Hy, we have
n'Y [{O(Y)=0(y),Q(Y) = Q(y)} ~ TN (0, =n, Z),

which is a truncated normal distribution with mean 0, variance ' ¥, and truncation region Z. Therefore,
under the null hypothesis,

prlective | LO(Y) = O(y), Q(Y) = Q(y)} ~ Unif(0,1).
Thus,
Py (psclcctivc <a | O(Y) — O(y)’ Q(Y) — Q(y)) = q, Vo € [0, 1].

0

Next, we have

PHO (pselectlve < o | O ) — O(y))

= / Pr, (00 < o | O(Y) = O(y), Q(Y) = Q(y)) Pu, (Q(Y) = Q(y) | O(Y) = O(y)) dQ()
_ / APy, (Q(Y) = Qy) | O(Y) = O(y)) dQ(y)
—a / Pu, (Q(Y) = Q(y) | O(Y) = O(y)) dQ(y)
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Finally, averaging over all possible realizations of the selection event, we obtain

]P)Ho (pselective < Oé) — Z PHO (pselective <a | O(Y) _ O(y)) PHO (O(Y) — (/)(y))
O(y)
— 3" Py, (OY) = O(y) - a.
(v)

This proves Theorem [I]

A.2 Proof of Theorem

Recall that
2=n'Y, Q)= (Igninyp —bn")Y =Y — bz,

where

Let
a=Q(y), Zbs=n'y.
Since Q(Y) =Y — bz, the condition Q(Y) = O(y) implies
Y —bz=a,

or equivalently,
Y =a+bz.

Hence, after conditioning on Q(Y') = Q(y), the remaining randomness is indexed only by the scalar z along
the one-dimensional affine line
Y (z) = a+ bz, z € R.

The remaining non-nuisance conditions restrict z to the set

A(Xmst(z)) — A(wtcst) }
Z=3z€eR T
{ ’ S(Y(z2)) = S(y)
Thus, the conditioning set D can be written as
D={Y(z)=a+bz|ze€ Z},

which proves Theorem

B Characterization of the Truncation Region

In this appendix, we provide the detailed derivations for the truncation region Z summarized in Section
As described in the main text, the truncation region is decomposed as

Z = Zsign N ZAD~

We first decompose the affine-line representation Y (z) = a + bz into its test and reference components, and
then derive the two sub-problems, Zgg, and Zap, in detail.

By Theorem [2} conditioning on Q(Y) = Q(y) restricts the random vector Y to the one-dimensional affine
line
Y (z) = a + bz, z € R,

where a,b € Rm+tDD  Since Y is stacked in the order

Y = vec (Xtcst7X1,rcf’ s Xm,rcf) ,
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we partition a and b conformably as

1,ref

test
,a P ¢ )

a = vec (CL m,ref) ’ b = vec (b‘ces‘c7 bl,ref7 e bm,ref) 7

where
a™*t bt ¢ RP) a?rt pret e RP D =1, m.
Accordingly, each point on the affine line can be written as
Y (2) = vec (X"*(z), Xbref(z), .. ,Xm’mf(z)) ,
where

tes tes test D
Xe@t(z):aeﬂt_i_beszeR ,

and, for each j =1,...,m,
Xj,ref(z) _ aj,ref + bj,refz c RD.

B.1 Sign-pattern constraint

The sign-pattern constraint keeps fixed the signs used to linearize the ¢;-discrepancy. Define the reference
mean along the affine line by

_ 1 & )
Xref(z) — ZXJ’ref(Z).
m
j=1

Using the block representation above, this can be written as
Xref(z) — dref 4 Brefz7

where

1« 1«
C—Lref _ E aj,ref’ Bref _ = E bj,ref.
m = m =

For each coordinate u = 1,..., D, we have

xtuest(z) o i,ruef(z) _ (GLESt o &fo) + (btuest o E{Lef) 2.

Let
__test —ref _ 1test ref
Ay = Uy = Ay Yu = bu - bu .

Then the sign event

is equivalent to
Su(y) (g +742) >0,  u=1,...,D.
Thus, the sign-pattern feasible set is
Zaan = {2 ER | Su(y) (g +7u2) >0, u=1,...,D}.

Each constraint is a linear inequality in the scalar variable z.

B.2 Affine-region characterization of the frozen encoder

We next describe how the affine regions of the frozen encoder are used to characterize the Deep SVDD
selection event. Recall from the decomposition above that the test sample varies along X't(z) = a'** 4
btz and let Piine denote the collection of affine regions intersected by this path (as introduced in Lemma|2)).
Each such region P € Piine is a polytope defined by Mp linear inequalities: there exist a matrix Gp € RM»*D
and a vector hp € RM? such that

P={xzeR”:Gpxz <hp}.

The set of z-values for which the test sample lies in the affine region P is
Zregion(P) = {z cER | Gp (atest + btestz) < hp} .

Each Zegion(P) is characterized by finitely many linear inequalities in z.
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B.3 Deep SVDD selection constraint

The Deep SVDD detector selects the test sample as anomalous when A(X'*5(2)) = A(z'"), which by the
definition of the anomaly score in is equivalent to g(X''(2)) > 7.

By Assumption |1} within each affine region P € Pijine, the encoder acts as é(a:) = Lpx + Bp. Substituting
the test-sample path X°5¢(2) = a®®t + btz from the decomposition at the beginning of this appendix, we
obtain the following. For z € Z,egion(P), the point X't(z) lies in region P, so the affine representation of

the encoder on P gives A
(;S(XteSt(Z)) _é= LP (atest + btestz) 4 IBP —é.

Separating the constant term and the coeflicient of z, define
’u,o(’P) = LpateSt + Bp — ¢, u1(73) = LpbteSt.

Then A
(;S(XtCSt(Z)) —¢= UO(P) + ul(P)z

Therefore, within affine region P, the Deep SVDD score along the path is
gp(2) = lluo(P) +ur(P)z]l3
Expanding the squared norm gives a quadratic function of the scalar variable z:
gp(2) = k2(P)2% + k1 (P)2 + ko(P),

where
ka(P) = (P35, m1(P) =2uo(P) ur(P),  ko(P) = [luo(P)|3.

Consequently, within region P, the set of values of z for which the test sample is selected as anomalous by
Deep SVDD is
Zicore(P) = {2 € R | #2(P)2* + k1(P)z + ro(P) = 7}

Thus, on each affine region P, the Deep SVDD selection constraint reduces to a quadratic inequality in the
one-dimensional variable z.

C Details of GPU-Based Parallelization of PADI

This appendix provides implementation details for the GPU-based parallelization of PADI described in
Section [p] The computational bottleneck of PADI comes from the line-search procedure used to identify the
selective truncation region. During this procedure, the frozen Deep SVDD encoder is repeatedly evaluated
along the scalar parameter z of the selective-inference line. At each evaluation, PADI propagates the ordinary
forward values and their affine coefficients with respect to z, while updating the feasible interval whenever
a layer induces a data-dependent selection constraint.

For fully connected encoders, PADI follows the GPU-based selective-inference implementation strategy
of STAND-DA (Kiet et all [2026]), which provides CUDA kernels for matrix transformations and ReLLU
activation-pattern conditioning. We therefore do not repeat the fully connected implementation details here.
The main GPU extension in PADI is the support for convolutional Deep SVDD encoders, which require ad-
ditional kernels for convolution, batch normalization, LeakyReLLU, max pooling, and the final fully connected
layer.

Let L denote the total number of layers in the frozen encoder. Here, each operation is counted as one layer;
for example, Conv2D, BatchNorm, LeakyReLU, MaxPool, and FullyConnected are all treated as separate
layers. We use £ = 1,..., L to index these layers. At layer £, let X(© denote the ordinary forward output,
and let A and B® denote the affine coefficients of the same layer output with respect to z. Thus, along
the selective-inference line, the layer output is represented by

XO(z) =AY 4 BO
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Conv2D kernel. For a convolutional layer ¢, the Conv2D kernel assigns one CUDA thread to one output
feature-map element. Each thread computes the convolution over the corresponding input channels and
spatial kernel window using the fixed filter W), Since convolution is linear in its input, the ordinary
forward values and affine coefficients are propagated as

X = Conv (X“*”, W“)) :
AY = Conv (A(efl), W(Z)) ,

BW = ConV(B(e_l), W(Z)) .

In our implementation, convolutional layers are bias-free. If a convolutional bias is used, it should be added
to X and A®, but not to BY, since the bias is independent of z. The convolutional kernel does not
introduce any selection constraint; it only propagates X, A, and B.

BatchNorm kernel. For a batch normalization layer ¢, the layer is evaluated in inference mode. Hence,
the running statistics and learned affine parameters are fixed. For channel ¢, define
(®) 7 (O — g _ 40,0
Se zziv tc :Bc — Sc e’
(0£)2 4 ¢
where ,ugf) and (ay))2 are the frozen running mean and variance, and %Z) and ﬁé“ are the learned scale
and shift parameters. For each tensor element (i,7,c¢), the CUDA kernel applies the channel-wise affine

transformation
xO _ Sg@)Xi(Je;l) +tg@)’

13,C
A, = sP AT+,
0 _ _(0)pt-1)
Bij,c_sc Bij,c .

The shift term affects the ordinary forward value X and the intercept coefficient A, but not the slope
coefficient B. Since batch normalization in inference mode is affine, it does not add any new constraint on
z. The kernel is parallelized element-wise, with one CUDA thread processing one feature-map element.

SILeakyReLU kernel. For a LeakyReLU layer ¢, each feature-map element is processed independently
by one CUDA thread. The role of this kernel is twofold: it preserves the observed LeakyReLU branch along
the selective-inference line, and it propagates the ordinary forward value and affine coefficients through the
fixed branch.

For each feature-map element, define the branch sign

S(@) _ 17 Xz(fil) Z 0’
, X

v -L xg Y <o

Preserving the LeakyReLLU branch is equivalent to imposing the linear inequality

SO (AL 4 B0V 2
Each feature-map element therefore contributes one local linear constraint on z. In the CUDA implementa-
tion, the thread assigned to element (i,j) converts this inequality into a local lower-bound or upper-bound
candidate for the feasible interval. The local candidates generated by all threads are merged on the GPU to
update the feasible interval.

After the branch constraint is computed, the kernel propagates X, A, and B through the selected LeakyReLU
branch. Let p denote the negative slope of LeakyReLU, and define the branch slope

L0 _ )L Xi(f_l) >0,
Y 0, Xi(f_l) <0.
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Then the propagated quantities are
x O — 1O x (=1
g kij j )

14 4 -1
AD =k AGTY,

O _ 1.(0) ple=1)
B’ =k;jy’B;; .

The SILeakyReLU kernel extends the ReL.U-based selective activation kernel of STAND-DA (Kiet et al.|
2026) to LeakyReLU: inactive elements are not set to zero, but are multiplied by the negative slope p.

SIMaxPool kernel. For a max-pooling layer ¢, each output element copies the maximum value from a
pooling window. Let o = (4,j) denote an output position and let W, be the set of input locations in the
pooling window associated with o. The maximum index is

(e-1)

*
q* = arg max X
q€EW,

To preserve the same max-pooling selection along the line, the selected location must remain no smaller than
every other location in the same window:

ALY L BUDL > 4D LB Y e W, \ {q')-

q
Equivalently,

(B~ BED) oz a0D ALY e W\ {a')

Thus, one max-pooling output element can generate multiple local linear constraints on z, one for each
comparison inside the pooling window.

The SIMaxPool kernel assigns one CUDA thread to one output pooling position. The thread identifies ¢*,
compares the selected location with the remaining locations in the same pooling window, and converts the
resulting inequalities into local lower-bound or upper-bound candidates. These local candidates are merged
on the GPU to update the feasible interval.

After the selected maximum index is fixed, the output and affine coeflicients are propagated by copying the
selected input location:

X0 =xUY

o q ’

AW = ALY

o

B = BTV,

Final fully connected layer. After the convolutional blocks, the feature map is flattened and passed
through the final fully connected layer. This layer is handled using the matrix multiplication kernel inherited
from the STAND-DA implementation (Kiet et al., 2026). For the final fully connected layer ¢ with fixed
weight matrix W), the propagation is

X0 = xE=Dy @),
AO = AC-Dy @)
BW — pU-Dy©)

In our implementation, the final fully connected layer is bias-free. This layer does not introduce any new
selection constraint.
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D Experiments for the extension to Deep Semi-Supervised Anomaly Detection

We provide here additional experiments for the extension to Deep Semi-Supervised Anomaly Detection (Deep
SAD). We compare the following methods:

- PADI (extension to Deep SAD): the proposed SI method for Deep Semi-Supervised Anomaly Detection.

- OC (extension to Deep SAD): a direct extension of the SI method of [Lee et al.| (2016]) to our Deep
SAD setting, based on over-conditioning.

- Naive: traditional statistical inference.

- Opl (extension to Deep SAD): An ablation study that excludes the sign-pattern constraint.

- Op2 (extension to Deep SAD): Another ablation study that excludes the anomaly detection event for
Deep SAD.

D.1 Synthetic Data Experiments

We conduct synthetic data experiment for the extension to Deep SAD under the same setting as in Section[6.1]
The results are shown in Fig.[8| In both the independent and correlated settings, the proposed PADI method
consistently achieves stronger statistical TPR than OC while controlling the FPR.

D.2 Real Tabular Data

We evaluate the extension to Deep SAD on tabular datasets under the same setting as in Section The
empirical FPR and TPR results are shown in Fig.[0] Across all 5 datasets, PADI consistently attains higher
TPR than OC while maintaining FPR control.

D.3 Real Image Data

In the real-image data experiment for the extension to Deep SAD, we used the same setting as in Section
The results are shown in Fig. Across the five datasets considered in this experiment, PADI outperformed
OC in terms of TPR, while controlling the FPR at the significance level.
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Figure 8: Results on synthetic data for the extension to Deep SAD.
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Figure 9: Results on real tabular datasets for the extension to Deep SAD. Left: empirical FPR of PADI, OC,
and Naive. Right: empirical TPR of the statistically valid methods. PADI consistently achieves stronger
TPR than OC while preserving FPR, control.
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Figure 10: Results on real image data from the MVTec AD dataset for the extension to Deep SAD. Left:
empirical FPR of PADI, OC, and Naive across five classes. Right: empirical TPR of the statistically valid

methods. PADI empirically maintains FPR close to the significance level while achieving higher TPR than
OC.
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