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Abstract

Learning the dynamics of a process given sampled observations at several time
points is an important but difficult task in many scientific applications. When no
ground-truth trajectories are available, but one has only snapshots of data taken at a
few discrete time steps, the problem of modelling the dynamics — and thus inferring
the underlying trajectories — can be solved by multimarginal generalisations of
flow matching algorithms. This paper proposes a novel flow matching method
that overcomes certain limitations of existing multimarginal trajectory inference
algorithms. Our proposed method, ALI-CFM, uses a GAN-inspired adversarial loss
to fit neurally parametrised interpolant curves between source and target points such
that the marginal distributions at intermediate time points are close to the observed
distributions. The resulting interpolants are smooth trajectories that, as we show, are
unique under mild assumptions. These interpolants are subsequently marginalised
by a flow matching algorithm, yielding a trained vector field for the underlying
dynamics. We showcase the versatility and scalability of our method by achieving
strong results on trajectory prediction in single-cell RNA sequencing data.

1 Introduction

Modelling the time-dependent dynamics of a system given experimental observations is a central
task in many scientific problems in biology (see |[Schiebinger et al.| [2019], |Bunne et al.| [2023])),
medicine (see Oeppen and Vaupel| [2002]], Hay et al.|[2021])), and other areas. The problem involves
a collection of data snapshots taken at various time steps that together provide an empirical account
of some process. Examples of such processes include recordings of health measurements, evolution
of a disease [Waddington, 1942, Hay et al., 2021]], and single-cell RNA sequencing (scRNA-seq;
Macosko et al.|[2015], Klein et al.[[2015]]).

Formally, a (deterministic) system in R can be described by an ordinary differential equation (ODE)
dxy = ve(xy) dt, where vy is a time-dependent vector field. Given a pair of marginal distributions
qo, q1, we aim to find v; such that the ODE’s integration map from ¢ = 0 to t = 1 pushes ¢ to
q1- In the multimarginal case, the marginal distributions p; induced by the dynamics with initial
conditions py = g should also satisfy intermediate conditions, namely, p;, = g:, for a set of times
0=ty <t; <---<tg = 1. The intermediate distributions ¢;, are provided by datasets of samples.

While this problem can be solved by applying flow matching [Lipman et al., 2023| |Albergo et al.,
2023, |Liu et al.,|2023] to learn flows for every pair of consecutive marginals gy, , g;,, [[Tong etal.,
2024], several methods specialised to multimarginal problems have also been proposed. One work
[Rohbeck et al., 2025]] proposes to use cubic splines to build trajectories that pass through samples
from intermediate distributions. However, spline interpolation methods do not seem to scale well
to high dimensions |Lee et al.|[2025]]. Another line of work [Neklyudov et al., 2024}, Kapusniak et al.,
2024] assumes that the samples from all of the target marginal distributions ¢, follow a common

39th Conference on Neural Information Processing Systems (NeurIPS 2025) Workshop: Frontiers in Probabilistic
Inference: Sampling Meets Learning.



Data Prior interpolant-based methods Ours

Interpolants

B 3 I R
Subset of data Piecewise linear interp. Cubic spline interp. LAND metric interp.

Marginal flows

t =0,t = 1 marginals OT-CFM OT-MMFM OT-MFM OT-ALI-CFM

Figure 1: Comparison of CFM |Tong et al.|[2024]], MFM Kapusniak et al.|[2024], MMFM
[2025]] and our ALI-CFM method on a synthetic 2D ‘knot’ distribution. See §|§|f0r details.

geometry. These methods fit an interpolant that can later be used to learn the underlying dynamics.
However, they are not suitable when the data geometry varies with time (Fig.[T).

To overcome the limitations of previous methods, we propose to learn the interpolations between
distributions using a GAN-like adversarial objective [Goodfellow et al| [2014]],[Huang et al.| [2024]
called adversarially learnt interpolants (ALI). ALI directly matches the target intermediate marginals
with those of the learnt interpolants. The interpolants can then be marginalised by a conditional
flow matching (CFM) loss, allowing us to model complex time-dependent behaviour while using
available intermediate-time information. The full algorithm, called ALI-CFM, approximates the
data distribution at each time step, as opposed to prior methods that rely on the provided samples
explicitly, which makes our method especially useful in cases where the provided dataset is noisy.

Our contributions in this paper are the following:

(1) We propose the ALI objective for learning of interpolants that applies to multimarginal problems
with either a discrete set of time snapshots or those in continuous time.

(2) We show the versatility of ALI-CFM on synthetic examples that clearly depict its advantages.

(3) We demonstrate the scalability of ALI-CFM on a scRNA-seq trajectory inference problem.

2 Method

Background. We summarise CFM, roughly following the setting and exposition of
2023]], [Tong et al.| [2024], [Pooladian et al|[2023]]. All statements below hold under regularity

conditions whose details are not important in this paper.

We assume a dynamical system in R™ given by an ordinary differential equation (ODE) dz; =
ve(xy) dt. Its integration map 1, : R™ — R™ from time 0 to time ¢ satisfies

& pu(z0) = vi(wu(o)), (o) = 2o, m

The integration map, together with initial conditions 1o (z¢) = 2o ~ po, defines a probability path
pr = (Y1) 4po, where p, is the marginal distribution of z;.

In the bimarginal FM setting, one observes samples from two marginal distributions, xg ~ ¢o and
x1 ~ q1, and fixes a vector field v; such that its integration map 1, satisfies (¢1)#q0 = q1. (This
vector field is not tractably computable, but is described by interpolants, as we discuss below.) Having
fixed v; as a target, the goal is to approximate it with a neural net v/ with weights 6. This could be
done via the FM objective

6 2
Lint = Eonto 1) mp, 146 (2) = ve() 3. @
However, since v; and p; are intractable to compute and sample from, the loss @) is intractable.
Instead, one assumes a family of interpolant curves, one for every pair xq, 1 in the support of

go ® q1. These curves are denoted G(zg, 21,t) and should satisfy G(xg,z1,t) = z; fort = 0, 1.
For example, a linear interpolant is described by G(xo,z1,t) = tz1 + (1 — t)xg. We define



ve(2e | o, 1) = %G(wo, x1,t). For any joint distribution 7 over R”™ x R™ whose marginals are ¢
and g1, respectively, it can then be shown that the marginal vector field

vi(wy) == E (¢ | w0, 21) | @ = G20, 21,t)], (20, 21) ~ T, (3)

pushes ¢ to ¢; and can thus be used as the learning target for u?. The marginals p; of the resulting
dynamics are tractably sampled by drawing (z¢, z1) ~ 7 and set z; = G(xq, 21,t). While v itself
is still not tractable, one can replace (2)) by the following conditional flow matching (CFM) objective:

Lerv = Bootr(0,1],(s0,00) o 4] () — ve (|20, 21) |13, where 2 = G20, 21, 1). 4)
It is easily shown that the gradients of (@) and (2) coincide, and (@) thus provides a tractable way to
learn the target vector field Lipman et al.|[2023]].

The above setting leaves two choices open: the coupling 7 and the interpolants GG. Past work has
proposed an independent coupling 7 = go ® ¢1, giving objectives equivalent to those in|Liu et al.
[2023], |Albergo et al.| [2023]], or couplings computed by (possibly minibatch or entropic) optimal
transport Tong et al.|[2024], Pooladian et al.| [2023]]. The latter has been shown to result in straighter
integration curves and solve the dynamic optimal transport problem. For the interpolants, linear
and trigonometric |Albergo et al.| [2023]] curves have been proposed, as well as those trained to pass
through areas of high data distribution density [Kapusniak et al.|[2024]]. In the multimarginal setting,
piecewise linear [Tong et al.| [2024] and cubic spline [Rohbeck et al.|[2025]] interpolants have been
used. See Appendix [A|for a discussion.

Adversarial learning of interpolants. We move from the bimarginal to the multimarginal setting,
where data has been collected from a sequence of K marginal distributions, z, ~ g;, with corre-

sponding time stamps 0 =ty < ¢; < --- < tx = 1. Given a coupling 7 between ¢y and ¢; and a
neural network f,, we model interpolants of the following form
Gg(xo,x1,t) = (1 — t)zo + toy + t(1 — 1) fe(x0, 21, 1). Q)

Our aim is to match the intermediate distributions at ¢; of the interpolants when (x, z1) ~ 7 to the
given marginals g, , that is, to enforce

(G¢('7'7ti))#ﬂ— = qt;- (6)
(The parametrisation guarantees Gg(zo,x1,t) = a¢ fort = 0,1, so @ holds automatically
for i = 0, K.) In order to approximately enforce (6), we use an adversarial learning scheme. Let
Dv(xt, t) be a second neural network, tasked to discriminate between marginal samples, z; ~ ¢,
and the learnable interpolants in (5). Optimising the min-max GAN objective [Goodfellow et al.|
2014 for each ¢;,

rgin HBaXE(wU,IﬂNﬂ' [log(l - D’Y(G¢(x07 X1, ti)7 tl))] + Elhi [log D’Y(xtmti)L (7)
® 7oL 1

Loan(G ¢, Dsts)
is then equivalent to minimising the Jensen-Shannon divergence |[Goodfellow et al.|[2014] between
¢t, and, in this case, G4(-, -, ;) 7. Notably, our ‘generators’ — the interpolants — are conditioned on
scalar-valued time inputs, associated with the targeted q;,. While the noise in GANs typically comes
from a fixed distribution, in (7)) the pair (xg, x1) ~ 7 plays the role of ‘noise’.

The solutions to the min-max problem in are not unique and can induce arbitrarily curved
interpolants. To this end, we introduce a regularising term in the learning objective which penalises
deviations from the linear interpolant between coupled samples from the end-marginals. Letting
l(xg,x1,t) = (1 — t)zg + txq, we define

Lreg(Goiti) = Eug onyr [|Go (20, 21, t5) — (o, 21, 1) ||?] ®)
The problem of matching marginals (6) while minimising the regulariser (8) enjoys unique solutions:

Theorem 2.1. Fixt € (0,1), ¢, and a coupling w between qo and q1 such that the distribution
U(-, -, t) 47 is absolutely continuous (a.c.) w.r.t. the Lebesgue measure. Then the interpolant G(-,-,t) :
R? x R? — R? minimising

E(2o01)~rl|G (20, 21,) = €0, 1, 1) ©)

subject to G(-,-,t) T = qy, exists and is unique on the support of ™ up to almost-everywhere equality.

We provide the proof in Appendix |B| Note that the assumption of an a.c. target interpolant is satisfied
under a number of conditions, e.g., if 7 is the solution to entropic OT with squared-euclidean cost (or
either of its limiting cases: (nonentropic) OT or the independent coupling) and either gg or ¢; is a.c.



) ) Algorithm | | Dataset — Cite EB Multi
’gia)b lli:ClA Tr;]e(iory 1I;lferenze on I-CFM 1.236+0.050 1.156+042  1.150+0.091
scRNA-seq data. Accu-  gy.cpy 1.142+0085  0.809+0.16  0.975+0045

racy measured in EMD (Small§r is  OTMEM 0.79340019  0.711+0050 0.890+0.123
better) w.r.t. the left-out marginal [-MMFM (Cubic splines) 2.068+0390 4.740+0650 1.52840.040
distributions, averaged over five in- OT-MMFM (Cubic splines) ~ 1.099+0043  3.530+0.194 1.807=0.085

dependent runs. OT-ALI-CFM (ours) 0.910+0024  0.742+0022  0.925+0.018
Dim. — 50 100

Table 2: Trajectory inference on  Algorithm | | Dataset — Cite Multi Cite Multi

50D and 100D PCA scRNA-seq Lcrm 42478093 51.09803s0 49.929+0301 57.801%0a6s

data' The accuracies here are mea- OT-CFM 38.367+0.295 47.205+0.184 45.148+0.207 54.630+0.456
d in th in T: I-MFM 41.172+0269 48.415+0793  46.339+0618 53.667+0.768

sured 1n the same way as 1n 1a-  gpypm 364710480 45.879+t0438 422320249 51.169:+0.523

ble OT-ALI-CFM (ours) 42.977+0739  51.55+0511 49.363+0.771  58.347+0.449

Complete method: ALI-CFM. The loss (7) and the above result motivate the full adversarially
learnt interpolants (ALI) objective:

Lau(Gg, Dy) = Eicunit({1,....k—1}) [Loan(G g, Dyiti) + ALret(G g3 )] (10)
where A\ > 0 is a regularisation weight.

Once the interpolants G, have been trained using ALIL, they can be marginalised using the CFM
objective @), using the same coupling 7TEI At convergence, this yields a dynamical system, defined
by a vector field uf, whose marginals p; at each ¢ match the interpolants’ marginals (G (-, -, t)) 4.
If learnt perfectly, the resulting flow solves the multimarginal transport problem: p;, = g, for all 4.

We refer to the complete method as ALI-CFM: it consists of (i) learning interpolants Gy using ALI,
then (ii) marginalising them to yield the time-dependent vector field . The prefixes I- and OT- in the
algorithm names specify if the coupling 7 uses an independent or a (minibatch) optimal transport plan.

3 Experiments

Synthetic data. First, we showcase the flexibility of our ALI-CFM method on synthetic data: a
sequence of 1200 marginal distributions centred along a knot (Fig.[I)). The experiment shows that
ALI-CFM is the only method capable of accurately capturing the time-dependent geometry of the
‘knot’ distribution. See Appendices [C]and [D]for details of experiment setup.

Single-cell trajectory inference. As a real-world example, we experiment with time-series sSCRNA-
seq data, predicting the gene expression levels of cell populations that evolve over time. The samples
from the K consecutive populations are naturally unpaired, and the dynamics of the gene expressions
are unknown. We follow preceding works Tong et al.[[2024] on predicting the marginal distributions
of held-out intermediate-time data, measuring accuracy via the earth-mover distance (EMD) between
the CFM trajectories and the held-out data at the corresponding time stamp. That is, using the
remaining data, we train ALIs by optimising the objective in (I0) and then learn ALI-CFMs by
minimising (@). In Tables [I] and [2] we compare the performance of OT-ALI-CFM to other CFM
methods on Embryoid body (EB; Moon et al.| [2019]) data, and on Cite-seq (Cite) and Multiome
(Multi) data from |Lance et al|[2021]]. More details are given in Appendix[D.2]

4 Discussion

We have proposed ALI-CFM, a novel approach to learning interpolants in multimarginal flow
matching. We have demonstrated the capability of our ALIs to fit complex dynamics where existing
interpolants fail (Fig.[I). In the 5D scRNA-seq trajectory inference tasks, OT-ALI-CFM mostly
performs within the margin of error of OT-MFM (Table[I). However, we believe that regularising our
interpolants to stay close to £(xzg, z1, t) is overly restrictive, causing our interpolants to miss the data
manifold — especially in higher dimensions, which explains the results in Table[2] In our future work,
we plan to explore alternative regularisation objectives and apply OT-ALI-CFM to real datasets akin
to the data in Fig.[I] e.g., using cell-tracking or LiDAR data.

'The objective requires differentiating the learnt interpolants with respect to ¢, which is done with little
overhead using autograd. Note that the interpolants’ parameters ¢ are fixed at this stage.
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A Related works

Closest to our approach are [Kapusniak et al.,|2024, [Neklyudov et al., 2024]], who also learn nonlinear
interpolants parameterised by a time-dependent neural network. However, there are differences
in both the approach and the underlying motivations. Firstly, none of these approaches explicitly
approximate a divergence between the intermediate time marginals and the interpolants, and they
do not use adversarial training. [Kapusniak et al.| [2024] motivates their approach by addressing
distributions that are supported on a manifold with a metric learning approach|Cox and Cox|[2008]],
Xing et al.| [2002]. However, their metric is time-independent, which contrasts with our generator and
discriminator networks that are both time-dependent, and we do not specify an underlying metric.

Moreover, Rohbeck et al.| [2025] explicitly addresses the multi-marginal problem; however, they,
along with the other piecewise interpolants [Tong et al.|[2024]], Neklyudov et al. [2024], | Kapusniak
et al.|[2024], impose constraints on the interpolants to pass through the marginal samples point-wise,
diverging from our approach. Furthermore, the smooth spline-based interpolations used in| [Rohbeck
et al.| [20235]], |Lee et al.|[2025]] may not scale well in high dimensions [Lee et al.| [2025].

B Proof of uniqueness theorem

For completeness, we restate the theorem here.

Theorem 2.1. Fixt € (0,1), ¢, and a coupling w between qo and q1 such that the distribution
U(-, -, t) 7 is absolutely continuous (a.c.) w.r.t. the Lebesgue measure. Then the interpolant G(-,-,t) :
R? x R? — R minimising

E(2o01)~rl|G (20, 21,8) = €0, 1, 1) ©)
subject to G(-,-,t) T = qy, exists and is unique on the support of ™ up to almost-everywhere equality.

Proof of Theorem Let G(-, -, t) be any function satisfying the constraint. Consider the following
joint distribution on X x X,

H(d$t7 d.’bi) = (6(7 Bl t)v G(a 5 t))#’”‘
The marginals of IT over the first and second components are the a.c. distributions £(-, -, ¢) 7 and ¢,

respectively. The distribution II is a Kantorovich plan between these two marginals whose cost is
given by (9). This cost has a unique minimiser over all transport maps II (up to a.e. equality on the



supports) because the first marginal is a.c., and the minimiser has II deterministic over the second
component given the first, i.e., IT is given by (Id, T')x£(-, -, t) for some function T : X — X

This minimum is indeed uniquely achieved by G = T o ¢ — £. Conversely, the optimal transport plan
from ¢(-, -, )47 to ¢; yields an interpolant G in the obvious manner, showing existence. O

C The knot distribution

Before normalising ¢ to be of unit length, we let ¢ € [0, 3], assert that the number of marginals, K, is
a multiple of three, and set

~ t
t=3

—1.5. (11)

tmax
We then partition t into three equally sized segments i = t~1:K/3, iy = EK/3+1:2K/3 and {3 =
tox /3+1:1 - For each time stamp, there are two random variables

X(t) ~ a(px(t),0%) (12)
and
Y () ~ iy (£),0%) (13)
where 0 = 0.1 and
3(t+0.5), Vi(t) € t
px(t) = { cos(2m(t — 0.75) Vi(t) € t2 (14)
3(t—0.5), Vi(t) € t3

and
—0.5tanh(5(f + 1)) + 0.5, Vi(t) €ty
wy (t) = { sin(27(f — 0.75)), Vi(t) €ty . (15)
0.5tanh(5(f — 1)) +0.5,  Vi(t) €13
Finally, we divide ¢ by three and collect ten samples from the bivariate distribution of (X (¢), Y (¢)) at
each of the K time stamps.

D Additional experiment details

D.1 Knot experiment

In this section, we detail the networks’ hyperparameters for the ‘knot” experiment presented in Fig. [T}

The trainable vector field is parameterised with a two-layer MLP with 32 hidden units in every
experiment, and the Adam optimiser is used for training. All methods are trained for 30k epochs with
a learning rate of 10~%,

ALI-CFM interpolant is trained using two-layer MLPs with 128 hidden units and ELU activation
function for both f, and D.,. Weuse A = 1 in , and train the interpolant for 50k epochs with
a batch size of 128. The nets fy and D., were optimised using separate Adam optimisers, with a
learning rate of 0.001.

For OT-MFM, we follow the setup used in their LIDAR experiment [Kapusniak et al.|[2024], where
the metric is inferred from all the data, while the interpolants are learnt using only samples from gg
and q;.

D.2 scRNA-seq experiments

The datasets had already mostly been preprocessed, and we downloaded the Cite and Multi data
athttps://data.mendeley.com/datasets/hhny5ff7yj/1, and the EB data in the repository
associated with Tong et al.|[2020], specifically here: https://github.com/KrishnaswamyLab/
TrajectoryNet/blob/master/data/eb_velocity_vb5.npz. Following Tong et al.|[2024], we
additionally whitened the data in the 5D experiments.

Hyperparameters for ALI-CFM Regarding neural network parameterisations, we let fy and D,
be two-layered MLPs with 64 (for the 5D experiments) or 1024 (for the 50 or 100D experiments)
hidden units in each layer with ELU activations. In accordance with |[Kapusniak et al.|[2024]], we used


https://data.mendeley.com/datasets/hhny5ff7yj/1
https://github.com/KrishnaswamyLab/TrajectoryNet/blob/master/data/eb_velocity_v5.npz
https://github.com/KrishnaswamyLab/TrajectoryNet/blob/master/data/eb_velocity_v5.npz

a three-layered MLP with SELU activations to model u¢. The number of hidden units in the layers of

u? was 64 or 1024, depending on the data dimensions, as for fs and D, above.

Beyond hyperparameters, we found that normalising the data and adding small noise (0.01 - €,
€ ~ N(0,1)) on the time-input to G both helped when training the GAN. Importantly, these
techniques were only applied when training the ALIs, not ALI-CFM. Instead, when learning the
vector field using the ALIs, we denormalised the interpolants and the target vector field.

At inference time, we pushed all the samples from marginal ¢ — 1 to the time associated with the
held-out marginal ¢;, as in Tong et al.[[2024].

Reproduced results The reported scores [/OT-MFM and I[/OT-CFM were obtained by running the
code provided by Kapusniak et al.|[2024]] without any changes made to the code.

The CFMs trained with the cubic splines interpolants, i.e. /OT-MMFM, had not been previously
applied to these datasets. We implemented the cubic splines interpolants without the Gaussian
probability path to align with the other considered methods. We only ran /OT-MMFM on the 5D
experiments.
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