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Abstract

Physics-Informed Neural Networks (PINNs) provide a flexible framework for solving non-
linear partial di!erential equations (PDEs), but their e”ciency is often limited by static
collocation strategies that distribute points uniformly across the domain. This work de-
velops and evaluates a residual-driven active learning approach for the three-component
Manakov system, a coupled nonlinear Schrödinger-type model characterized by strongly
inhomogeneous solution geometry. The method incrementally augments the training set
by identifying regions of high PDE residual and concentrating new collocation points in
these areas, thereby adapting the sampling distribution to the evolving dynamics of the
solution. Numerical experiments show that this targeted placement reduces global loss and
component-wise error relative to uniform baselines, achieving comparable accuracy with
substantially fewer collocation points. The approach requires no modification to the net-
work architecture or optimization procedure, ensuring that the observed improvements arise
solely from the sampling policy. These results demonstrate that residual-driven collocation
can improve sample e”ciency and solution fidelity in multi-component dispersive systems,
suggesting a scalable path for applying PINNs to more complex and sti! nonlinear wave
equations. Limitations regarding computational overhead, reproducibility, and the lack of
a formal error analysis are also discussed, highlighting directions for future investigation.
Keywords: Physics-Informed Neural Networks (PINNs), Residual-driven collocation, Ac-
tive learning, Manakov system, Nonlinear Schrödinger equation, Sample e”ciency, Disper-
sive wave dynamics

1. Introduction

A central insight across geometric deep learning and scientific machine learning is that the
e!ectiveness of neural solvers is tightly coupled to the alignment between their training
signal and the underlying geometry and dynamics of the target system. Physics-Informed
Neural Networks (PINNs) (Raissi et al., 2019a) instantiate this principle by embedding
di!erential constraints directly into the loss function, enabling networks to approximate
continuous solution maps that remain faithful to governing partial di!erential equations
(PDEs) even in the absence of dense supervision. This physics-driven supervision has es-
tablished PINNs as a versatile framework for solving nonlinear PDEs across diverse scientific
and engineering domains, with demonstrated applications in bio-engineering (Kissas et al.,
2020; Sahli Costabal et al., 2020; Herrero Martin et al., 2022), fluid dynamics (Raissi et al.,
2020, 2019b), stochastic di!erential equations (Zhang et al., 2020), nano-optics and meta-
materials (Chen et al., 2020; Kollmann et al., 2020), photonic device design (Jiang et al.,
2021), and epidemic modeling (Malinzi et al., 2022; Shaier et al., 2022; Kharazmi et al.,
2021).

Multi-component nonlinear Schrödinger (NLS) systems represent a particularly strin-
gent test case for PINNs(Jaganathan et al., 2023; Wang and Yan, 2021; Pu et al., 2021;
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Zhou and Yan, 2021a,a,b; Li and Li, 2021; Meiyazhagan et al., 2022). In the defocusing
Manakov model, the three-component variant produces rich soliton dynamics with sharp,
spatially inhomogeneous curvature, intricate phase structures, and strong sti!ness induced
by inter-component coupling. Such regimes present challenges not only for classical nu-
merical solvers but also for PINNs, whose success depends critically on the placement of
collocation points(Lau et al., 2024; Celaya et al., 2025). Uniform random sampling of the
input domain tends to oversample flat, low-curvature “background” regions while under-
sampling sharp soliton interfaces or “valley” structures where the solution exhibits strong
gradients and nontrivial phase behavior. This mismatch inflates training costs, hampers
residual minimization, and constrains the achievable fidelity(Arthurs and King, 2021).

This work critically examines the role of sample placement in PINN training for the
three-component defocusing Manakov system, a model that has been previously studied in
the literature (Jaganathan et al., 2023). Our analysis proceeds using a fixed network ar-
chitecture and a purely physics-informed loss. We compared two regimes: a static baseline
that deploys all 20,000 collocation points sample using LHS(Stein, 1987) from the outset,
and a residual-driven active learning strategy that starts with mere 1000 collocation points
and appends 200 high-residual points every 3,000 epochs. By construction, the latter con-
centrates training e!ort in regions where the model exhibits the largest PDE violations,
thereby improving sample e”ciency without modifying either the network structure or the
optimization framework.

All experiments employ an identical feedforward architecture and are optimized using
Adam with fixed hyperparameters. In addition to imbalanced initializations, we also evalu-
ate balanced configurations and their active counterparts, enabling a controlled comparison
across regimes. This design ensures that any observed performance di!erences arise solely
from sampling policy rather than architectural or optimization strategies(Münzer and Bard,
2022; Magar and Barati Farimani, 2023). The central question we address is how the location
of collocation points mediates the quantity required to achieve high-fidelity reconstructions
of three-component soliton solutions.

By isolating the e!ect of adaptive sampling, this study advances the understanding
of how training signal geometry interacts with PDE sti!ness in multi-component nonlinear
wave systems. Beyond benchmarking static versus residual-adaptive collocation, our results
demonstrate that targeted sampling along high-curvature soliton interfaces not only re-
duces sample complexity but also improves robustness across distinct initializations. These
findings highlight the importance of aligning data placement with the underlying PDE ge-
ometry in scientific machine learning, o!ering practical guidance for deploying PINNs on
high-dimensional, strongly coupled dynamical systems(Yan et al., 2023; Gao et al., 2023;
Gao and Wang, 2025; Bakthavatchalam et al., 2024). The mathematical formulation of the
problem is presented in Section 2, and the sampling policies are described in Section 3.

2. Problem Formulation and PINN Objective

We consider the three-component defocusing Manakov system, a vector-valued generaliza-
tion of the nonlinear Schrödinger (NLS) equation with cubic self- and cross-phase modula-
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tion(Qin et al., 2021; Jaganathan et al., 2023). The governing PDE reads

i qj,t(x, t) +
1
2 qj,xx(x, t)→




max(j)∑

k=1

|qk(x, t)|2


 qj(x, t) = 0, j = 1, 2, 3 (1)

where qj : # ↑ C denotes the j-th field component, and the spatiotemporal domain is
# := #x ↓ #t ↔ R2, with x ↗ #x ↔ R and t ↗ #t ↔ R+. Equation (1) describes the
evolution of three coupled wave envelopes, each interacting through a shared nonlinear
potential determined by the total intensity ↘q↘2 =

∑3
k=1 |qk|2.

PINN approximation. We approximate the solution q = (q1, q2, q3) with a shared real-
valued feedforward neural network fω : R2 ↑ R6, parameterized by weights ω. The output
encodes the real and imaginary parts of each component:

fω(x, t) =
(
≃q1(x, t), ⇐q1(x, t), ≃q2(x, t), ⇐q2(x, t), ≃q3(x, t), ⇐q3(x, t)

)
. (2)

The neural surrogate is trained to minimize a physics-informed objective that enforces
consistency with the PDE, initial conditions (IC), and boundary conditions (BC).

Physics-informed loss functional. The total objective is given by

L(ω) = εPDE

∑

(x,t)→!int

∥∥Nω(x, t)
∥∥2
2
+ εIC

∑

x→!x

∥∥fω(x, 0)→qε(x, 0)
∥∥2
2
+ εBC

∑

t→!t

∥∥B[fω](t)
∥∥2
2
, (3)

where:

• #int ↔ # is the interior collocation set.

• qε(x, 0) specifies the prescribed initial condition at t = 0.

• B[·] encodes boundary constraints in space.

• Nω(x, t) is the PDE residual of (1) with q replaced by fω:

N (j)
ω (x, t) := i qj,t(x, t) + 1

2 qj,xx(x, t) →
(

3∑

k=1

|qk(x, t)|2
)
qj(x, t), j = 1, 2, 3, (4)

The loss (3) encodes no explicit conservation laws (e.g. mass, momentum, Hamiltonian)
or symmetry penalties. Thus, the only inductive bias stems from minimization of the PDE
and auxiliary data constraints, ensuring a clean setting for isolating the impact of sampling
strategies.

3. Sampling Policies and Active Learning

Let S0 ↔ # denote the initial collocation set and St the state of the set after t active updates.
We compare two sampling regimes under a fixed overall budget.

Baseline policy. The static baseline consumes the full allocation of collocation points at
initialization:

Baseline: S0 = Sfull,
∣∣Sfull

∣∣ = 20,000, St = S0 ⇒t ⇑ 0. (5)
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Residual-driven active policy. In contrast, the adaptive policy augments the colloca-
tion set incrementally based on the PDE residual defined in Eq. (4). At fixed intervals
of T = 3000 epochs, residuals ↘Nω(x, t)↘2 are evaluated on a dense candidate grid. The
K = 200 points with the largest violations are selected:

Active update (every T epochs): Ut = TopK
(
{(x, t↑) ↗ # : ↘Nω(x, t

↑)↘2}
)
,

|Ut| = 200.
(6)

St+1 = St ⇓ Ut. (7)

This procedure concentrates collocation mass in regions of high residual—often correspond-
ing to sharp curvature, soliton overlap, phase interference zones, or strong cross-component
coupling—while avoiding oversampling of flat zones.

4. Experiments and Results

In this section, we evaluate the e!ectiveness of incorporating residual-driven active learning
and coe”cient symmetry constraints into the Physics-Informed Neural Network (PINN)
framework for solving three-component Manakov systems. Our analysis focuses on three
dimensions of performance: (i) data e”ciency, (ii) convergence dynamics, and (iii) accuracy
of the recovered spatiotemporal fields.

4.1. Experimental Setup

Model architecture. All experiments employ an identical PINN architecture to avoid
confounding e!ects from model capacity. The network consists of four hidden layers, each
of width 50, with tanh nonlinearities. Inputs are (x, t) ↗ R2; outputs are the six real-valued
fields corresponding to the complex solution vector (q1, q2, q3). Training is performed with
the Adam optimizer (ϑ = 10↓3, ϖ1 = 0.9, ϖ2 = 0.999, ϱ = 10↓8) and no weight decay. These
settings are consistent across all experiments.

Coe!cient initialization. We distinguish between two initialization strategies for the
nonlinear coupling coe”cients of the Manakov model:

• Balanced initialization: all three components are initialized with equal nonlinear
interaction strength, enforcing permutation symmetry in the coupling terms.

• Imbalanced initialization: the three components are initialized with unequal cou-
pling coe”cients, breaking permutation symmetry at initialization.

This distinction allows us to isolate the e!ect of coe”cient balance on solution accuracy
and convergence.

Residual-driven active learning. For each initialization strategy, we compare static
collocation sampling with residual-driven refinement. In the active learning setting, training
begins with 1,000 collocation points and every T = 3000 epochs, K = 200 points with the
highest PDE residuals are added to the training set. This process continues until a maximum
of 300,000 epochs, yielding up to 20,000 collocation points. In contrast, static models are
trained on a fixed uniform set of 20,000 collocation points for 100,000 epochs.
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Evaluation metrics. At fixed checkpoints (every 100 epochs), we record:

1. the total loss L(ω) and its decomposition into PDE residual, initial condition (IC),
and boundary condition (BC) contributions,

2. the size of the collocation set |St|,

3. the elapsed wall-clock training time,

4. and the relative L2 error of each component (q1, q2, q3) with respect to a high-resolution
spectral reference solution.

Configuration Elapsed #points L2 error q1 q2 q3

Imbalanced (static) 3.10↓ 103 20000 1.34↓ 10→4 3.81↓ 10→2 5.68↓ 10→2 7.19↓ 10→2

Imbalanced (active) 5.14↓ 103 6800 7.72↓ 10→6 3.37↓ 10→2 5.07↓ 10→2 8.37↓ 10→2

1.61↓ 104 17600 1.75↓ 10→6 3.28↓ 10→2 4.83↓ 10→2 8.30↓ 10→2

Balanced (static) 2.15↓ 103 20000 3.16↓ 10→4 3.39↓ 10→2 5.19↓ 10→2 2.88↓ 10→2

2.60↓ 103 20000 1.30↓ 10→4 2.07↓ 10→2 3.70↓ 10→2 2.21↓ 10→2

Balanced (active) 4.55↓ 103 3000 4.92↓ 10→5 1.27↓ 10→2 2.63↓ 10→2 2.10↓ 10→2

1.35↓ 104 20000 2.11↓ 10→6 2.54↓ 10→3 2.22↓ 10→3 3.28↓ 10→3

Table 1: Quantitative comparison of PINN performance on the three-component Manakov
system. Results are shown for balanced vs. imbalanced coe”cient initializa-
tion, each with static or residual-driven active sampling. Reported values include
elapsed training time (in seconds elapsed), number of collocation points, overall
relative L2 error, and component-wise errors for (q1, q2, q3).

4.2. Quantitative Results

Table 1 highlights the e!ect of both coe”cient initialization and active learning. For static
sampling, balanced initialization yields lower L2 error compared to imbalanced initializa-
tion, indicating that symmetry in coupling accelerates convergence. Residual-driven active
learning provides a further improvement of two orders of magnitude, achieving errors as
low as 10↓5 with only one-third of the data. Notably, the balanced-active configuration at-
tains the best performance, reducing error to 2.11↓ 10↓6 with 20,000 points, and achieving
comparable accuracy even with 3,000 adaptively chosen points.

4.3. Qualitative Results

Figures 2 compare PINN-predicted densities |qj(x, t)|2 against reference solutions for each
component under the imbalanced-active configuration. Refer Appendix A for full list of the
figures comparing performances for all the experiments. In Figure 2 panels (a,b) show pre-
dicted vs. exact solutions, (c) reports the pointwise squared error, and (d–f) plot temporal
slices at t = 0.5, t = 2.01, and t = 3.5. The close alignment between predicted and reference
dynamics confirms that the PINN accurately resolves double-valley dark soliton structures.
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The maximum pointwise error is on the order of 10↓2, consistent with the quantitative
benchmarks.

It is worth noting at this juncture that the L2-norm of the discrepancy for the scalar NLS
equation with symmetric potentials is typically of the order 10↓3–10↓2 (Meiyazhagan et al.,
2022), while for the two-component coupled NLS equation it is of the order 10↓2 (Mo et al.,
2022; Pu and Chen, 2022). These benchmarks provide context for evaluating our results:
the close alignment between the predicted and reference dynamics in the three-component
Manakov system confirms that the PINN framework is able to accurately resolve double-
valley dark soliton structures. The maximum pointwise error remains on the order of 10↓2,
consistent with the established quantitative baselines. Taken together, this indicates that
PINNs can achieve comparable levels of accuracy even in higher-component, more nonlinear
coupled NLS systems.

Figure 1 further illustrates the di!erence between uniform collocation sampling and
residual-driven active refinement. Active learning concentrates samples in regions of steep
gradients and near soliton valleys, thereby reducing wasted sampling in smooth domains.
This geometric adaptivity explains why active models reach high accuracy with significantly
fewer training points.

Figure 1: Collocation strategies for the Manakov system. (a) Uniform random sampling
spreads points evenly across the domain. (b) Residual-driven active sampling
concentrates points in regions of high PDE residual, such as soliton interaction
zones and temporal boundaries.

5. Discussion

The experiments establish two central determinants of PINN performance for three-component
Manakov systems: (i) the placement of collocation points, and (ii) the symmetry of coe”-
cient initialization. Here we synthesize the broader implications.
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Figure 2: Performance of the PINN under imbalanced initialization with residual-driven
active sampling. Shown are predicted spatiotemporal intensities |q1(x, t)|2,
|q2(x, t)|2, and |q3(x, t)|2, together with their exact counterparts and error fields.
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Adaptive collocation and e!ciency. In the three-component defocusing Manakov sys-
tem studied here, accuracy depends not only on the number of collocation points but also on
their alignment with regions of large PDE residual. Residual-driven augmentation concen-
trates samples near soliton valleys and high-gradient interfaces while reducing redundancy
in smooth regions. Empirically, this yields order-of-magnitude improvements in residual
loss at comparable or smaller budgets, without modifying the network or objective. These
findings highlight adaptive sampling as a practical strategy in this setting, though broader
applicability to other PDE classes remains an open question.

Role of initialization balance. Balanced initialization of nonlinear coupling coe”cients
further reduces error and accelerates convergence. This finding indicates that enforcing
structural symmetries at the level of model parametrization can interact constructively with
adaptive sampling policies. In multi-component dispersive systems, such balance appears
to regularize the optimization landscape, guiding the network toward physically consistent
solutions with lower sample budgets.

Broader scientific context. The interplay between initialization symmetry and adap-
tive sampling highlights a general principle: PINN e!ectiveness depends not only on the
architecture and optimizer, but critically on the geometry of the training distribution. For
nonlinear Schrödinger-type systems, where localized nonlinearities dominate the dynamics,
this insight suggests that carefully designed sampling policies are as important as network
design. More broadly, these results support the view that successful scientific machine
learning requires joint consideration of physical invariants, data geometry, and numerical
e”ciency, rather than relying on raw overparameterization.

Limitations and future work. While the present study focuses on the three-component
Manakov model, the methodology generalizes to higher-component or higher-dimensional
dispersive systems. Open questions remain regarding the theoretical characterization of
sampling–symmetry interactions, as well as their extension to stochastic forcing or non-
integrable couplings. Addressing these may further clarify how physical structure and
adaptive learning can be co-optimized in PINN frameworks.

6. Conclusion

This study examined the impact of collocation point placement and coe”cient initialization
symmetry on the performance of Physics-Informed Neural Networks applied to the three-
component Manakov system. Two consistent findings emerge. First, residual-driven active
learning yields substantial gains in sample e”ciency by concentrating collocation points in
regions where the PDE residual is largest. Second, balanced initialization of nonlinear cou-
pling coe”cients reduces training error and interacts constructively with adaptive sampling,
producing the lowest observed losses and component-wise errors.

Together, these results indicate that e”ciency in PINNs is governed not solely by net-
work, physical loss constraints or optimizer choice, but by the geometry of the training
distribution and its interaction with problem symmetries. The methodology presented here
does not alter model structure or loss function, suggesting that the benefits are broadly ap-
plicable across dispersive wave systems governed by nonlinear Schrödinger-type equations.
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Systematic studies of variance across extension to higher-dimensional or non-integrable
regimes are natural directions for future work. Within these bounds, the evidence supports
residual-driven collocation as a principled mechanism for improving e”ciency and fidelity
in physics-informed training.
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Appendix A. Performance comparison of Q1, Q2, Q3 of three component

System

This appendix shows performance comparison of Q1, Q2, Q3 on static and active variants of
imbalanced and balanced configurations. In our experiments, we compare imbalanced and
balanced initializations under both static and active learning regimes. Figure 3 shows the
performance plots for experiment configuration imbalanced initialization and static setup
serves as the baseline. It is trained using 20,000 uniformly sampled collocation points.
This setup achieves multi-valley soliton resolution but incurs high training cost. Figure 2
shows the performance for its active counterpart and is explained in section 4.2. Switching
to a balanced initialization (Figure 4) improves both training e”ciency and accuracy: the
network achieves relative errors of 3.39↓10↓2, 5.19↓10↓2, and 2.88↓10↓2 for q1, q2, and q3,
respectively, using only two-thirds of the time required in the imbalanced case. Continued
training further reduces these errors to 2.07↓10↓2, 3.70↓10↓2, and 2.21↓10↓2, confirming
that symmetry in the system aids convergence. Most significantly, incorporating active
learning with balanced initialization (Figure 5) leads to considerable data e”ciency: with
only 3,000 adaptively selected points (6x lesser compared to baseline), the network achieves
errors of 1.27↓10↓2, 2.63↓10↓2, and 2.10↓10↓2. While the training duration doubles due
to adaptive sampling overhead, the tradeo! favors accuracy per sample. Allowing the active
model to use the full budget of 20,000 points drives errors an order of magnitude lower,
reaching 2.54 ↓ 10↓3, 2.22 ↓ 10↓3, and 3.28 ↓ 10↓3. These results collectively a”rm that
balanced configurations accelerate convergence, and that residual-based active sampling
significantly improves learning e”ciency while preserving accuracy.
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Figure 3: Performance of the PINN under imbalanced initialization with uniform random
sampling. Shown are predicted spatiotemporal intensities |q1(x, t)|2, |q2(x, t)|2,
and |q3(x, t)|2, together with their exact counterparts and error fields.
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Figure 4: Performance of the PINN under balanced initialization with uniform random
sampling. Shown are predicted spatiotemporal intensities |q1(x, t)|2, |q2(x, t)|2,
and |q3(x, t)|2, together with their exact counterparts and error fields.
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Figure 5: Performance of the PINN under balanced initialization with residual-driven active
sampling. Shown are predicted spatiotemporal intensities |q1(x, t)|2, |q2(x, t)|2,
and |q3(x, t)|2, together with their exact counterparts and error fields.
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Appendix B. Four component System

We extend our investigation to a 4-component coupled system with imbalanced initializa-
tion. The observed results for both static and residual-driven active sampling configurations
are summarized in Table 2, with corresponding metrics including total loss, number of train-
ing points, and mean absolute errors for the predicted densities |qj(x, t)|2 across all four
components (j = 1, . . . , 4). The static model trained on 20,000 uniformly sampled collo-
cation points converged in approximately 1.66↓103 seconds, achieving a loss of 1.12↓10↓4.
In contrast, the active learning model demonstrates significantly improved e”ciency and
accuracy. With just 4,200 points and an elapsed time of 8.81↓ 103 seconds, the loss drops
to 6.62↓10↓5, and the error for all components is reduced or maintained, with q4 improving
to 2.78 ↓ 10↓2. Active setup when trained up to 18800 points (after which adding more
points did not result in improvement) further reduces the loss by an order of magnitude
(4.70 ↓ 10↓6)—demonstrating robust generalization across all components. These results
support the hypothesis that this methods generalizes to more complex systems.

Experiment Elapsed #points L2 error q1 q2 q3 q4

static 1.66↓ 103 20000 1.12↓ 10↓4 1.89↓ 10↓2 5.69↓ 10↓2 7.84↓ 10↓2 2.68↓ 10↓2

active 8.81↓ 103 4200 6.62↓ 10↓5 1.86↓ 10↓2 5.12↓ 10↓2 7.73↓ 10↓2 2.77↓ 10↓2

3.05↓ 104 18800 4.70↓ 10↓6 1.65↓ 10↓2 4.61↓ 10↓2 6.76↓ 10↓2 1.27↓ 10↓2

Table 2: Quantitative comparison of PINN performance on the four-component Manakov
system. Results are shown for balanced vs. imbalanced coe”cient initializa-
tion, each with static or residual-driven active sampling. Reported values include
elapsed training time (in seconds elapsed), number of collocation points, overall
relative L2 error, and component-wise errors for (q1, q2, q3, q4).
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Figure 6: Performance of the PINN under balanced initialization with residual-driven active
sampling. Shown are predicted spatiotemporal intensities |q1(x, t)|2, |q2(x, t)|2,
and |q3(x, t)|2, together with their exact counterparts and error fields.
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Figure 7: Performance of the PINN under balanced initialization with uniform random
sampling. Shown are predicted spatiotemporal intensities |q1(x, t)|2, |q2(x, t)|2,
and |q3(x, t)|2, together with their exact counterparts and error fields.
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