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Abstract

Bilevel optimization is a popular nested optimization model in machine learning. Federated
bilevel optimization, which extends bilevel optimization to the Federated Learning setting,
faces challenges such as complex nested sub-loops, high communication overhead, and a
lack of adaptive mechanisms. To address these issues, this paper proposes an Adaptive
Single-loop Federated Bilevel Optimization algorithm (ASFBO) in the presence of both data
heterogeneity (Non-IID client data) and system heterogeneity (partial client participation
per round and varying numbers of local iterations). By replacing nested sub-iterations
with a single-loop architecture, ASFBO significantly reduces communication frequency and
computational costs. It employs multiple adaptive learning rate variables to dynamically
adjust the step sizes of upper-level variable updates, thereby speeding up the algorithm’s
convergence. Furthermore, a locally accelerated version of the algorithm (LA-ASFBO) that
incorporates momentum-based variance reduction techniques is proposed to mitigate hyper-
gradient estimation bias across distributed nodes effectively. Theoretical analysis shows
that, under the classic setting of a non-convex upper-level and strongly convex lower-level,
ASFBO and LA-ASFBO achieve convergence to an e-stationary point with only O(e~?)
sample complexity and @(6’1) communication complexity. Experiments on federated hyper-
representation learning tasks demonstrate the superiority of the proposed algorithm.

1 Introduction

In recent years, emerging directions in the field of machine learning—such as meta-learning, automatic hy-
perparameter optimization, reinforcement learning, and adversarial learning—have made significant strides
by virtue of their shared nested optimization structure. These problems, commonly referred to as bi-level
optimization (BLO) [Bracken & McGill| (1973), comprise an upper-level problem whose objective and vari-
ables depend on the solution of a lower-level auxiliary problem. Theoretical advances in stochastic bi-level
optimization (SBO) (Christiansen et al.| (2001) have spurred interest in solving BLOs at scale in distributed
systems. More recently, the advent of federated learning has given rise to federated bi-level optimization
(FBO) [Tarzanagh et al.| (2022), which extends distributed and federated optimization paradigms to address
tasks such as federated min-max optimization Sharma et al,| (2022)), federated meta-learning (Chen et al.
(2018)), and federated hyper-parameter optimization |Khodak et al.| (2021)).

Deterministic bi-level optimization has evolved from its early formulation as a leader-follower prob-
lem [Bracken & McGill (1973) to three practical hyper-gradient estimation strategies that dominate con-
temporary research and applications. The first is iterative differentiation Franceschi et al,| (2018), which
explicitly unrolls the lower-level solver, treats it as a differentiable computation graph, and back-propagates
through the iterations to obtain an approximate hyper-gradient without forming or inverting Hessian matri-
ces. The second is approximate implicit differentiation|Ghadimi & Wang| (2018), which postpones differenti-
ation until the lower-level variables have nearly converged and then applies iterative linear solvers—such as
conjugate gradient or Neumann-series truncation—to approximate the inverse Hessian required by the im-
plicit function theorem. The third is the fully single-loop paradigm [Li et al.| (2022a), which reformulates the
hyper-gradient computation as a jointly optimized linear-system objective so that the upper-level variables,
lower-level variables, and an auxiliary vector are updated in a single pass, markedly reducing per-iteration
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Table 1: Comparison of federated bi-level optimization algorithms

Algorithm VR MU AS SH DH PP SC CC
FBO-AgglITD (Xiao & Ji (2023) v €2 €2
LocalBSGM |Gao| (2022) v e2n~l 1B
LocalBSGVR |Gao| (2022) v v [ TR
FedNest [Tarzanagh et al.|(2022) v v €2 €2
FedMBO Huang et al.| (2023]) v 7/ eip7t 2
SimFBO [Yang et al.| (2023) v o/ eip7t et
ShroFBO |Yang et al.| (2023) v v/ v eipt et
FedBiOAcc |Li et al.| (2023)) v v v e Ion~l L
AdaFBiO Huang (2022) v v v v e 1s et
ASFBO (this paper) v v v v v eiptt et
LA-ASFBO (this paper) v v v v v/ v eptt et

Abbreviations: VR = Variance Reduction; MU = Momentum Update; AS = Adaptive Stepsize; SH = System Heterogeneity;
DH = Data Heterogeneity; PP = Partial Participation; SC = Sample Complexity; CC = Communication Complexity.

computational and memory costs while retaining provable convergence guarantees. These three methods pro-
vide a flexible toolkit that supports the solution to bi-level optimization problems in federated scenarios and
serves as the basis for methodology in federated meta-learning [Liu et al.|(2023), federated hyperparameter
optimization Nakka et al. (2024), and other federated nested learning tasks.

1.1 Main Contributions

In this paper, we tackle the challenges of data heterogeneity and system heterogeneity in federated bi-
level optimization by proposing a communication-efficient single-loop algorithm enhanced with momentum
updates, adaptive learning rates, and personalized privacy protection. The comparison with existing works
are shown in Table[[l Our main contributions are as follows:

e« ASFBO: We introduce ASFBO, a single-loop federated bi-level optimization algorithm that incor-
porates momentum smoothing in local updates to mitigate the variance of stochastic hyper-gradient
estimates. On the server side, we employ an adaptive learning-rate strategy combined with client
re-weighting to suppress convergence errors induced by data and system heterogeneity.

e LA-ASFBO: Building on ASFBO, we develop a locally accelerated variant LA-ASFBO by inte-
grating momentum-based variance reduction, which further improves computational efficiency and
significantly enhances convergence stability under non-i.i.d. data distributions.

e Theoretical Analysis: We prove that both ASFBO and LA-ASFBO achieve an e-accurate station-
ary point for the nonconvex-strongly-convex bi-level problem within O(e~!) communication rounds,
while their computational complexity scales as O(P~'e~2), where P denotes the total number of
clients.

« Empirical Validation: We demonstrate the effectiveness and stability of ASFBO and LA-ASFBO
on real-world federated hyper-representation learning tasks, showing superior convergence and com-
munication efficiency compared to existing methods.

Our work provides both theoretical foundations and practical algorithmic designs for efficient bi-level opti-
mization in heterogeneous federated environments, and lays the groundwork for integrating more advanced
adaptive techniques and privacy-preserving mechanisms in future federated bi-level frameworks.
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2 Related Works

Bilevel optimization: Bilevel optimization, first formulated by Bracken and McGill to model leader-
follower decision processes [Bracken & McGill| (1973)), has evolved from KKT-based single-level reformula-
tions [Hansen et al.| (1992)); Sinha et al.| (2017) to three main solution paradigms: (1) implicit-function (IF)
methods, which leverage the implicit function theorem |[Krantz & Parks| (2002) and approximate the inverse
Hessian via techniques such as truncated conjugate gradient [Shaban et al.| (2019), low-rank Woodbury up-
dates |Singh & Alistarh| (2020)), or Neumann series expansion (Ghadimi & Wang] (2018)); (2) gradient-unrolling
(GU) approaches, which treat the lower-level solver as a differentiable computation graph and apply for-
ward or reverse-mode automatic differentiation with truncation to balance memory and accuracy [Domke|
(2012); Baydin et al. (2018); Franceschi et al. (2017); Maclaurin et al.| (2015); Luketina et al. (2016)); (3)
value-function (VF) schemes, which convert the lower-level optimum into upper-level constraints or penalty
terms and solve the resulting single-level problem via barrier or augmented Lagrangian methods |Liu et al.
(2021)); [Shen & Chen| (2023)); [Sow et al.| (2022)). More recently, stochastic bilevel optimization has been
studied under two complementary frameworks: approximate implicit differentiation (AID), exemplified by
BSA |Ghadimi & Wang| (2018) and its extensions TTSA Hong et al.| (2020), STABLE |Chen et al.| (2022),
MSTSA/SUSTAIN Khanduri et al. (2021), and MRBO |Yang et al| (2021), which approximate Hessian
inverses within a single-loop update; and iterative differentiation (ITD), which directly unrolls stochastic
lower-level iterations and applies truncated forward/backward differentiation to obtain hypergradients with
provable convergence guarantees [Franceschi et al.| (2018); [Shaban et al. (2019).

Federated bilevel optimization: Federated bi-level optimization extends classical bi-level frameworks to
federated settings, where modern tasks such as federated meta-learning and hyperparameter tuning natu-
rally exhibit upper- and lower-level coupling |Chen et al| (2018); [Khodak et al|(2021). Early works under
homogeneous (IID) assumptions—e.g., LocalBSGM |Gao| (2022) and FedBiO |Li et al.| (2022b)—adopt a fully
single-loop approach with local hypergradient estimation and achieve asymptotic (even
accelerated linear) convergence; their momentum-enhanced variants LocalBSGVR and FedBiOAcc further
reduce variance and speed up convergence. In non-IID scenarios, communication-efficient AID-based FedNest
employs FedSVRG in the inner loop and global hypergradient aggregation to attain the first non-asymptotic
rates|Tarzanagh et al.| (2022), while AdaFBiO integrates momentum variance reduction entirely
on-device to cut synchronization costs at the expense of linear acceleration under heterogeneity. I'TD-based
FBO-AggITD unrolls a fixed number of local iterations and aggregates iterative-differentiation estimates in
a single round Xiao & Ji| (2023)), and ShroFBO builds on a communication-efficient single-loop paradigm
with client re-weighting to recover linear rates in heterogeneous environments [Yang et al.| (2023). Beyond
centralized federated architectures, decentralized bi-level optimization (DBO) methods—such as AiPOD’s
stochastic primal-dual scheme (2022)), gossip-based Gossip-BiO [Yang et al. (2022)), SLDBO’s two-
matrix-vector-multiply single-loop algorithm [Dong et al| (2023), and the SPARKLE primal-dual frame-
work |Zhu et al.| (2024)—as well as the recent decentralized algorithms by Chen et al. |Chen et al. (2024),
further broaden the applicability of federated bi-level techniques to heterogeneous, peer-to-peer networks.

3 Preliminary

3.1 Federated Bilevel Optimization

Formally, the federated bilevel optimization problem can be expressed as

g{rel]lgr}) O(x) = F szfz x Y™ ( ZPZEg |:fz z,y" (z); §i)}7(upper) (la)
i=1

st. y*(xz) = arg ;gm G(z,y) Zplgz z,Yy) ZPiEC [9i(z,y;G)], (lower) (1b)
i=1

where, n is the number of distributed devices (e.g. smartphones or edge nodes) participating in training, and
pi > 0 with > | p; = 1 denotes the relative importance of client 4 (e.g., proportional to its data volume).
The upper level variable £ € RP typically represents global model parameters or hyperparameters, while
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the lower level variable y € R? denotes auxiliary local parameters conditioned on z. The mapping y*(z) is
defined by the optimal solution of the problem of the lower level in . The function ®(z) = F(z,y*(x))
measures the global performance (for example, aggregate loss) and depends on both x and the solution at
the lower level y*(x), while G(z,y) at the lower level aggregates the weighted local objectives. Specifically,
fi (:c,y*(x)) = E¢[fi(z, y*(2);&)] and gi(z,y) = E¢lgi(z, y; ()] denote the expected local loss functions at
client 7, smoothed over the random samples &; and (;, respectively.

Efficiently solving the federated bilevel optimization problem entails several key challenges, including
the computation of the federated hyper-gradient V®(x), the heterogeneity of the data and system levels,
and the inherent complexity of the nested optimization structure. By applying the implicit function theo-
rem |Griewank & Walther| (2008) under Assumptions the hyper-gradient admits the form:

= Zpivxfi(xay*) - V:QcyG( )[VQ sz yfilz,y") (2)
i=1

where V, f;(z,y*) and V, fi(z, y*) denote the local gradients of f; and V2, G, V2 G are the mixed Jacobian
and Hessian of the aggregated lower-level objective |Griewank & Walther| (2008).

3.2 Federated Hypergradient Estimation

The direct computation of the federated hypergradient V®(z) in is intractable due to the implicit depen-
dence of y*(z) on x and the heterogeneity of the client side. Instead, we introduce a surrogate hypergradient:

VF(z,y,2) = Vo F(2,y) — V3,G(x,y) 2, (3)
where y approximates the lower-level solution y*(x), and the auxiliary vector z € R% is defined to satisfy
2 —1

thereby approximating the Hessian-inverse term in the true hypergradient.

To estimate y and z in a federated manner, we observe that solving the global linear system
szG(%y) z = V,F(z,y) (5)
is equivalent to minimizing the quadratic objective
R(z,y,z) = %vazyG(m,y) z — zTVyF(m,y), (6)
since

VR(z,y,2) = Vy,G(2.y) 2 — VyF(z,y). (7)

Noting that
v,y) =Y pigi(z,y), (8a)
1=1

n
r,y) =Y _pi filz,y), (8b)
i=1
we decompose the global auxiliary objective into client-wise components

R(z,y,z sz (2,9, 2), (9)
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where

Ri($7yaz) = %ZTVZygi(QT,y)Z—ZTvyfi(l‘,y), (10)
and
Each client ¢ locally computes szgi and V, f;, minimizes R; to update z, and sends V,R; to the server,
which aggregates to refine the global z.
Similarly, the global lower-level gradient

Vy G 'T y sz ygz x y (12)

is obtained by aggregating local V,g; updates to drive y toward y*(x).

Finally, with federated estimates y and z, the surrogate hypergradient also decomposes as

l’ Y, 2 Zpl vfz €, Y,z (13)

where

This framework avoids explicit Hessian inversion, reduces computational complexity, and leverages dis-

tributed client computations to approximate the true federated hypergradient in a communication-efficient
manner.

4 ASFBO: An Adaptive Single-Loop Federated Bilevel Optimization Framework

ASFBO (and its variance-reduced variant LA-ASFBO) solves the federated bilevel problem in a single
communication loop: in every round the server broadcasts the current global variables, clients run a small
number of local iterations with momentum, aggregate their updates, and the server performs a single global
update. This section details the four key components of the framework.

4.1 Communication Rounds and Client Initialisation

Let n be the total number of clients and T the total number of communication rounds indexed by t =
0,...,7 — 1. In round t only a subset C*) C {1,...,n} is active; we assume C® is sampled uniformly
without replacement. The server broadcasts the global variables {z(®),y®) 20} to every i € C®), and each
active client initialises its local copies by

" =a®, M =y, S0 =0, (15)
A common initial state mitigates bias caused by Non-IID data and facilitates global convergence.

Clients then bootstrap their momentum buffers using the current stochastic gradients:

(t O) Vf ( (t O),yz(t 0)7 tO)_é(t,O))’ (163.)
Z( 0) _ vyg ( (t, 0)’ yl(t ,0). ((t ,0) ) (16b)
EtO — V. Ri(z! (¢, 0)7l/z(t 0) ( 0). wl(t»O))_ (16¢)

The local hyper-gradient surrogate that approximates the true federated hyper-gradient is
(k) (bR (LK) Z (t,k) (b)), ~(t.k tk) (k). ~(tE)y (K
VE™ " Z8) = Vofilal™ gt ) = 92,0,y () 0
For the auxiliary variable, we need the gradient of the local linear-system objective:

V. Ri(alF) 00 200 Ry = 92 gy (200 y 0 (00 200 g g (200 g6 g6y (1)
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Algorithm 1 ASFBO and LA-ASFBO

Input: initial global variables {CL‘(O), y(©), z(o)}; total clients n; total communication rounds T’

Parameter: active-client set per round C®; local iteration counts Ti(t); tuning parameters {8, 17,1y, 12,

Yz Yy 'Yz}
Output: optimized global variables {z(T), y(T)}

1: Initialise adaptive learning-rate factors {a(?) =0, b(®) =0, ¢(©) =0}
2: fort=0to 7 —1do
3:  Server broadcasts {z(®, y®*) 20} to every active client

for i € C® (in parallel) do

4

5 Initialise local variables {Ji(t 0) Et’o), ZZ-(t’O)} via

6 Initialise momenta {u(lt O), ft o ,wgt’o)} via

7: for k=0 to Ti(t) —1do

8 Update local variables using ((19))

9 Update momenta with basic momentum (ASFBO)

or momentum variance reduction (LA-ASFBO)

10: end for
11: Aggregate local gradients to obtain {qitz, qz(fz, qitz} via
12: Send aggregated gradients to the server

13:  end for

14:  Server aggregates global gradients {hf(,;t), h?(,t), hg)} via
15:  Update adaptive learning rates via and

16:  Update global variables {z(t+1) 4(t+1) (411 yig

17: end for

4.2 Client-Side Local Update and Aggregation

Each active client performs Tl-(t

using momentum directions:

) local iterations. At iteration k, it simultaneously updates all three variables

z(t,k+1) _ %(*t’k) Cneu (t,k)’ (19a)
yz(t K1) _ y(t k) — v l(t 2 (19Db)
AERHD R () (19¢)

This single-loop design avoids nested solves and reduces communication frequency while controlling client
drift through appropriate choices of Ti(t)

ASFBO (basic momentum). Momentum buffers are updated via an exponential moving average:

ugt 1) — BV ]i(x (BRF1) ) +(1-8) ugt’k), (20a)
VD By g (DY 4 (1 - g) (R (20b)
WD = BV Ry (+EE DY 4 (1 - g) ™R, (20c)

where * denotes the related variable.

LA-ASFBO (STORM variance reduction). To suppress gradient noise the STORM rule is employed:

ul(_t k+1) = V(D) 4 (1 - B) (u (k) _ Y fi(x (tvk)», (21a)
VERED g (DY (1 5)( (R _ 7, g:(+ (BR))) (21b)
WD R (xR D) (1 - 5)( (R _ R (x( k). (21c)
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STORM leverages gradient differences computed with the same mini-batch to achieve variance reduction
and faster convergence under heterogeneous data.

After 7, ®) Jocal iterations, client ¢« compresses its information into three aggregated gradients:

201 O
) = Z u = 3 atM R, (22a)
k=0
?t)—1 w1
t tk tk
¢\ = Z o = 3" 6" V0, (22b)
k=0 k=0
£ _q 01

qz i Z w ; k) Z agt)k) szl() (22C)
k=0

(%) encodes the eﬁective weight of each stochastic gradient under the chosen momentum rule. The

aggregated triplet {qg, qy, 2, qi 2} is sent to the server, which averages them to update the global variables

and adaptive learning rates. This completes one communication round of ASFBO/LA-ASFBO.

Here a;

4.3 Server-Side Global Aggregation and Update

The server completes each communication round by aggregating the local gradients, adapting the learning
rates, and updating the global variables.
(t)

Global Gradient Aggregation. Upon recelvmg {qz Z,qyl,q“

aggregation uses the effective weights p; = | C<t>\ i

¢ =3 5d a"=3 wmdl, =3 pd. (23)

ieC(t) ieC(t) ieC(t)

}Zec(t) from the active clients, a naive

However, heterogeneous local iteration counts Tl-(t) bias these sums. Following |Wang et al.| (2020)), rewrit-

ing as

o =p" > wnl), gl =p > whl, “)—p(”zw(t (24)
i=1 =1
with
O Ny (g w _ pillal’h ”s
p '—ZPJH% 1, w7 = o (25)

®)

reveals the dependence on 7; via ||a(.t) |l1. ASFBO therefore aggregates the reweighted gradients

®- 3 @) ®_ 3 4y, ® - 3 a2

t) ~ x,1 t) ~ Y, t) ~ dza

h:}; - p’L 9 hy - pl (f) ) hz - pl ||a(f) Hl bl (26)
3

iec® ||a’i Il ieCc®) lla; " llx icc®

thereby neutralizing the iteration-count bias.

Adaptive Learning Rates. Following AdaGrad-Norm |Ward et al.| (2020)), the server maintains running
norms

sUHD = (M0 4 (1 — o) |pB)]|,, (27a)
S?(le) — Q(t) ) 4 (1— Q(t))th(f)H% (27b)
S = 040 1 (1= OO, (27c)
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and computes step sizes

W__ e W W - = (28)

7."5 ) ) 7z - .
S(zt+1)+p Y Sg(,t+1)+p sgﬂ)—i—p

Global Variable Update. Finally, scaled gradients are used to update the global variables:
gD = g — pO O p@) (1) — (1) _ p(t)’yg(f)h?(f), L) —p (Z(t) _ p(t)fygt)hg)) ’ (29)

where the projection

_ )= 2]l <
Pr(z2) = (30)

a2l >

with 7 = Ly /pg keeps z bounded, ensuring the smoothness assumptions required for convergence.

5 Theoretical Analysis

5.1 Definitions and Assumptions

We make the following standard definitions and assumptions for the outer- and inner-level objective functions,
as also adopted in stochastic bilevel optimization |[Ji et al.| (2021]) and in federated bilevel optimization Huang
et al.| (2023]).

Definition 1 (L-Lipschitz Continuity |[Yang et al|(2023)). A mapping F' : R? — R is said to be L-Lipschitz
continuous if there exists L > 0 such that for all x1, 1z € RP,

[1F(21) = F(zo)|| < Ly — wal|. (31)

Since the overall objective ®(x) is non-convex, the goal is expected to find an e-accurate stationary point
defined as follows.

Definition 2 (e-Accurate Stationary Point [Yang et al.| (2023)). A point x is an e-accurate stationary point
of ®(x) if

E[IVO(@)?] <, (32)
where V®(x) is the gradient of ® at x and € > 0 is a prescribed tolerance.

The following assumption characterizes the geometries of the objective functions.

Assumption 1 (Twice Continuously Differentiable Yang et al.| (2023)). For all i € {1,...,n} and any
(z,y) € R% x R both fi(x,y) and g;(x,y) are twice continuously differentiable.

Assumption 2 (pg-Strong Convexity in y |[Yang et al.| (2023)). For each i and any , g;(x,-) is pq-strongly
convex in vy, i.e.,

Vo, 9i(@,y) = pgl,  pg > 0. (33)

Assumption 3 (Lipschitz Continuity of f;, g; and Their Derivatives [Yang et al.| (2023))). There exist
constants L¢, L1, Lo, Ly > 0 such that for all i and any (x1,y1), (22,Y2), it holds that

[ filz1,91) — fi(z2,92)|| < Ly d, (34a)

IV fi(z1,91) — V fi(wa, y2)|| < L1 d, (34b)
IVgi(z1,y1) — Vgi(z2,92)|| < L1 d, (34c)
IV fi(@1, 1) — V2 fi(z2,42)|| < L2 d, (34d)
[V2gi(x1, 1) — V2gi(w2,52)|| < Lo d, (34e)
IV2gi(x1,91) — V3gi(a2,y2) || < L3 d, (34f)

where d == /|1 — 22| + |ly1 — ya|? is the Euclidean distance between (x1,v1) and (x2,ys).
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The Lipschitz continuity of the third-order derivative is necessary here to ensure the smoothness of z*(x),
which guarantees the descent in the iterations of the linear system function (see @), under the more
challenging simultaneous and single-loop updating structure considered in this study. Next, we assume the
bounded variance conditions on the gradients and second-order derivatives.

Assumption 4 (Bounded Variance of Stochastic Estimates |Yang et al.| (2023))). There exist UJ%, pt gg >0
such that for all i and any (x,vy),

E[|IV fi(z,y) = Vfi(z, y;€)|1?] < oF, (35a)

E[IVgi(z,y) = Vai(z,y;: Q|I*] < o3, (35b)

E[|IV2gi(z,y) — Vgi(x,y: OIIP] < o) (35¢)

Assumption 5 (Global Heterogeneity Yang et al.| (2023)). There exist Bqn, > 1 and ogp, > 0 such that for
all (z,y),

> nl Ve )l? < STt |+ o (30
=1

=1
This assumption of global heterogeneity uses (g4, and o4, to measure the dissimilarity of V,g;(x,y) for all 4.

5.2 Convergence and Complexity Analysis

This section sketches the key convergence and complexity results of ASFBO and its accelerated variant LA—
ASFBO while preserving all relevant formulae. The detailed theoretical analysis can be found in Appendix

C.

Without system heterogeneity, every client has an identical gradient—coefficient norm
t
lai?ll = = I, (37)

which yields identical weights w; = p;, V¢, and the upper-level objective reduces to

(t) wal ON (t))). (38)

With heterogeneity

1ol # 1P (34 # 5), (39)
hence,
(t)
a;
wim i s, (40)
> pilla” |

and the original form
®) = Zpifi(x(t)7y*(x(t))) (41)
i=1

must be retained.
Theorem 1 (Convergence of ASFBO/LA-ASFBO). Under Assumptions[1H{3], the following holds:

(1) Without system heterogeneity:

) ~ n—P 1
min [Ve(z®)? <0 (Msync ‘AP > +0 ( part” 7 "\ P ) +0 (Mdm‘t T) (42)
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(2) With system heterogeneity:

/ n—P /= 1
mtin ||V¢(x(t))”2 S O <M . Msync : 1371——’]“) + O (M . Mpar't : m . PTT) + O (M . Md'r'ift ° 7_/1—1> 9
(43)
where T is the average local iterations per round of communications for all clients, and P is the average

number of active clients engaged during each round of communication. The constants M, Mync, Mpare, M arit
are defined in the Appendix C.10.

Based on Theorem [1} we derive the communication/computation complexity of BO/LA-ASFBO as follows.

Corollary 1 (Complexity of ASFBO/LA-ASFBO). For the proposed ASFBO/LA-ASFBO, we have the
following results for their complexity.

o If almost all clients participate each round (P = n), achieving € accuracy needs T = O(e~2) com-
munication rounds and 7T = O(n~te™2) local steps per client. Choosing T = O(T/n) reduces
communication to T = O(e™1).

o If only some clients participate each round (P < n), the requirements become T = O(P~le2)
communications and 7T = O(P~e~2) local steps per client.

6 Experiments

In this section, the performance of the ASFBO and LA-ASFBO algorithms will be compared with
SimFBO/ShroFBO [Yang et al. (2023), and FedNest/LFedNest Tarzanagh et al|(2022) on IID and Non-IID
MNIST dataset settings with MLP backbones. The detailed experiment settings can be found in Appendix
E. The experiments focus on hyperrepresentation tasks in federated learning, where the goal is to train
models that learn representations generalizing across multiple clients. This involves optimizing two levels:
Lower-level problem, optimizing client-specific parameters (e.g., output layer weights); Upper-level problem,
optimizes shared parameters (e.g., hidden layer weights) for better generalization.

6.1 Model architecture and dataset

Model. For the hyper-representation experiment, we use Multilayer Perceptron (MLP) model. The 2-
layer multilayer perceptron has 784 input units and 200 hidden units so that the hidden layer parameters
(157,000 parameters) are optimized for solving the upper-level problem and the output layer parameters
(2,010 parameters) are optimized for solving the lower-level problem.

Dataset. For the hyper-representation experiment, we use full MNIST datasets. In the experiment with
heterogeneous local computation, we treat the first 2000 images in MNIST’s default training dataset as the
training data and the first 1000 images in MNIST’s default test dataset as test data.

6.2 Comparison of existing methods

The comparison results are presented in Figure Under the IID setting (Figures [1] (a)—(d)), all algo-
rithms eventually converge, albeit with varying performance. Notably, the proposed ASFBO and its variant
LA-ASFBO exhibit faster convergence than the baselines, with LA-ASFBO achieving slightly superior per-
formance, attributed to its incorporation of the STORM variance reduction technique.

In the Non-IDD setting (Figures [1] (e)—(h)), the behavior of the algorithms diverges more significantly.
LFedNest, which is primarily designed for homogeneous client distributions, fails to converge under this het-
erogeneous setting. In contrast, ASFBO demonstrates markedly faster convergence compared to SimFBO,
ShroFBO, FedNest, and LFedNest. Moreover, LA-ASFBO further accelerates convergence over ASFBO,
again benefiting from the STORM-based variance reduction. Overall, the experimental results show that
the proposed methods not only attain higher training and testing accuracy but also exhibit stronger gener-
alization capabilities in both IID and Non-IID scenarios.
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Figure 1: Accuracy and loss of each algorithm v.s. # of communication rounds on IID (subplots (a)-(d))
and Non-IID dataset settings (subplots (e)-(h))

7 Conclusion

In this paper, we addressed federated bilevel optimization in the presence of both data heterogeneity (non-
IID client data) and system heterogeneity (partial client participation per round and varying numbers of
local iterations). By unifying a communication-efficient single-loop framework with momentum, re-weighted
aggregation, and AdaGrad-Norm scaling, we introduced ASFBO, which employs a surrogate hyper-gradient
to sidestep costly second-order terms; its variance-reduced extension LA-ASFBO further leverages STORM
for faster, more stable client updates. Our analysis shows that both algorithms reach an e-accurate station-
ary point of a non-convex-strongly-convex objective within O(e~!) communication rounds and O(n~te2)
local computations per client, while experimental results on federated hyper-representation learning confirm
superior convergence across 11D and Non-IID settings. These findings position ASFBO and LA-ASFBO
as practical, theoretically grounded advances for efficient and robust federated learning in heterogeneous
environments.

References

Atilim Gunes Baydin, Barak A Pearlmutter, Alexey Andreyevich Radul, and Jeffrey Mark Siskind. Automatic
differentiation in machine learning: a survey. Journal of Machine Learning Research, 18(153):1-43, 2018.

Jerome Bracken and James T McGill. Mathematical programs with optimization problems in the constraints.
Operations Research, 21(1):37-44, 1973.

Fei Chen, Mi Luo, Zhenhua Dong, Zhenguo Li, and Xiugiang He. Federated meta-learning with fast conver-
gence and efficient communication. arXiv preprint arXiv:1802.07876, 2018.

Tianyi Chen, Yuejiao Sun, and Wotao Yin. Closing the gap: Tighter analysis of alternating stochastic

gradient methods for bilevel problems. Advances in Neural Information Processing Systems, 34:25294—
25307, 2021.

11



Under review as submission to TMLR

Tianyi Chen, Yuejiao Sun, Quan Xiao, and Wotao Yin. A single-timescale method for stochastic bilevel
optimization. In International Conference on Artificial Intelligence and Statistics, pp. 2466—2488. PMLR,
2022.

Xuxing Chen, Minhui Huang, and Shigian Ma. Decentralized bilevel optimization. Optimization Letters, pp.
1-65, 2024.

Snorre Christiansen, Michael Patriksson, and Laura Wynter. Stochastic bilevel programming in structural
optimization. Structural and Multidisciplinary Optimization, 21:361-371, 2001.

Ashok Cutkosky and Francesco Orabona. Momentum-based variance reduction in non-convex sgd. Advances
in Neural Information Processing Systems, 32, 2019.

Justin Domke. Generic methods for optimization-based modeling. In Artificial Intelligence and Statistics,
pp. 318-326. PMLR, 2012.

Youran Dong, Shigian Ma, Junfeng Yang, and Chao Yin. A single-loop algorithm for decentralized bilevel
optimization. arXiv preprint arXiv:2311.08945, 2023.

John Duchi, Elad Hazan, and Yoram Singer. Adaptive subgradient methods for online learning and stochastic
optimization. Journal of Machine Learning Research, 12(7), 2011.

Luca Franceschi, Michele Donini, Paolo Frasconi, and Massimiliano Pontil. Forward and reverse gradient-
based hyperparameter optimization. In International Conference on Machine Learning, pp. 1165-1173.
PMLR, 2017.

Luca Franceschi, Paolo Frasconi, Saverio Salzo, Riccardo Grazzi, and Massimiliano Pontil. Bilevel pro-
gramming for hyperparameter optimization and meta-learning. In International Conference on Machine

Learning, pp. 1568-1577. PMLR, 2018.

Hongchang Gao. On the convergence of momentum-based algorithms for federated bilevel optimization
problems. arXiv preprint arXiv:2204.13299, 2022.

Saeed Ghadimi and Mengdi Wang. Approximation methods for bilevel programming. arXiv preprint
arXiv:1802.02246, 2018.

Andreas Griewank and Andrea Walther. Evaluating derivatives: principles and techniques of algorithmic
differentiation. STAM, 2008.

Pierre Hansen, Brigitte Jaumard, and Gilles Savard. New branch-and-bound rules for linear bilevel program-
ming. SIAM Journal on Scientific and Statistical Computing, 13(5):1194-1217, 1992.

Mingyi Hong, Hoi-To Wai, Zhaoran Wang, and Zhuoran Yang. A two-timescale framework for bilevel
optimization: Complexity analysis and application to actor-critic. arXiv preprint arXiv:2007.05170, 2020.

Feihu Huang. Fast adaptive federated bilevel optimization. arXiv preprint arXiv:2211.01122, 2022.

Minhui Huang, Dewei Zhang, and Kaiyi Ji. Achieving linear speedup in non-iid federated bilevel learning.
In International Conference on Machine Learning, pp. 14039-14059. PMLR, 2023.

Kaiyi Ji, Junjie Yang, and Yingbin Liang. Bilevel optimization: Convergence analysis and enhanced design.
In International Conference on Machine Learning, pp. 4882-4892. PMLR, 2021.

Prashant Khanduri, Siliang Zeng, Mingyi Hong, Hoi-To Wai, Zhaoran Wang, and Zhuoran Yang. A
momentum-assisted single-timescale stochastic approximation algorithm for bilevel optimization. arXiv
preprint arXiv:2102.07367, 2021.

Mikhail Khodak, Renbo Tu, Tian Li, Liam Li, Maria-Florina F Balcan, Virginia Smith, and Ameet Talwalkar.
Federated hyperparameter tuning: Challenges, baselines, and connections to weight-sharing. Advances in
Neural Information Processing Systems, 34:19184-19197, 2021.

12



Under review as submission to TMLR

Steven George Krantz and Harold R Parks. The implicit function theorem: history, theory, and applications.
Springer Science & Business Media, 2002.

Yann LeCun, Bernhard Boser, John S Denker, Donnie Henderson, Richard E Howard, Wayne Hubbard, and
Lawrence D Jackel. Backpropagation applied to handwritten zip code recognition. Neural Computation,
1(4):541-551, 1989.

Yann LeCun, Léon Bottou, Yoshua Bengio, and Patrick Haffner. Gradient-based learning applied to docu-
ment recognition. Proceedings of the IEEE, 86(11):2278-2324, 1998.

Junyi Li, Bin Gu, and Heng Huang. A fully single loop algorithm for bilevel optimization without hessian
inverse. In Proceedings of the AAAI Conference on Artificial Intelligence, volume 36, pp. 7426-7434,
2022a.

Junyi Li, Feihu Huang, and Heng Huang. Local stochastic bilevel optimization with momentum-based
variance reduction. arXiv preprint arXiv:2205.01608, 2022b.

Junyi Li, Feihu Huang, and Heng Huang. Communication-efficient federated bilevel optimization with global
and local lower level problems. Advances in Neural Information Processing Systems, 36:1326-1338, 2023.

Risheng Liu, Xuan Liu, Xiaoming Yuan, Shangzhi Zeng, and Jin Zhang. A value-function-based interior-
point method for non-convex bi-level optimization. In International Conference on Machine Learning, pp.
6882-6892. PMLR, 2021.

Xiaonan Liu, Yansha Deng, Arumugam Nallanathan, and Mehdi Bennis. Federated learning and meta
learning: Approaches, applications, and directions. IEEE Communications Surveys €& Tutorials, 26(1):
571-618, 2023.

Songtao Lu, Xiaodong Cui, Mark S Squillante, Brian Kingsbury, and Lior Horesh. Decentralized bilevel
optimization for personalized client learning. In ICASSP 2022-2022 IEEE International Conference on
Acoustics, Speech and Signal Processing (ICASSP), pp. 5543-5547. IEEE, 2022.

Jelena Luketina, Mathias Berglund, Klaus Greff, and Tapani Raiko. Scalable gradient-based tuning of
continuous regularization hyperparameters. In International Conference on Machine Learning, pp. 2952—
2960. PMLR, 2016.

Dougal Maclaurin, David Duvenaud, and Ryan Adams. Gradient-based hyperparameter optimization
through reversible learning. In International Conference on Machine Learning, pp. 2113-2122. PMLR,
2015.

Vinod Nair and Geoffrey E Hinton. Rectified linear units improve restricted boltzmann machines. In
Proceedings of the 27th International Conference on Machine Learning (ICML-10), pp. 807-814, 2010.

Krishna Kanth Nakka, Ahmed Frikha, Ricardo Mendis, Xue Jiang, and Xuebing Zhou. Federated hyper-
parameter optimization through reward-based strategies: Challenges and insights. In Proceedings of the
IEEE/CVF Conference on Computer Vision and Pattern Recognition, pp. 4236-4244, 2024.

David E Rumelhart, Geoffrey E Hinton, and Ronald J Williams. Learning representations by back-
propagating errors. Nature, 323(6088):533-536, 1986.

Konstantin Schiirholt, Boris Knyazev, Xavier Giré-i Nieto, and Damian Borth. Hyper-representations as
generative models: Sampling unseen neural network weights. Advances in Neural Information Processing
Systems, 35:27906—27920, 2022.

Amirreza Shaban, Ching-An Cheng, Nathan Hatch, and Byron Boots. Truncated back-propagation for

bilevel optimization. In The 22nd International Conference on Artificial Intelligence and Statistics, pp.
1723-1732. PMLR, 2019.

13



Under review as submission to TMLR

Pranay Sharma, Rohan Panda, Gauri Joshi, and Pramod Varshney. Federated minimax optimization: Im-
proved convergence analyses and algorithms. In International Conference on Machine Learning, pp. 19683—
19730. PMLR, 2022.

Han Shen and Tianyi Chen. On penalty-based bilevel gradient descent method. In International Conference
on Machine Learning, pp. 30992-31015. PMLR, 2023.

Sidak Pal Singh and Dan Alistarh. Woodfisher: Efficient second-order approximation for neural network
compression. Advances in Neural Information Processing Systems, 33:18098-18109, 2020.

Ankur Sinha, Pekka Malo, and Kalyanmoy Deb. A review on bilevel optimization: From classical to evo-
lutionary approaches and applications. IEEE Transactions on Evolutionary Computation, 22(2):276-295,
2017.

Daouda Sow, Kaiyi Ji, Ziwei Guan, and Yingbin Liang. A constrained optimization approach to bilevel
optimization with multiple inner minima. arXiv preprint arXiv:2203.01123, 2022.

Davoud Ataee Tarzanagh, Mingchen Li, Christos Thrampoulidis, and Samet Oymak. Fednest: Federated
bilevel, minimax, and compositional optimization. In International Conference on Machine Learning, pp.
21146-21179. PMLR, 2022.

Jianyu Wang, Qinghua Liu, Hao Liang, Gauri Joshi, and H Vincent Poor. Tackling the objective inconsistency
problem in heterogeneous federated optimization. Advances in Neural Information Processing Systems,
33:7611-7623, 2020.

Rachel Ward, Xiaoxia Wu, and Leon Bottou. Adagrad stepsizes: Sharp convergence over nonconvex land-
scapes. Journal of Machine Learning Research, 21(219):1-30, 2020.

Peiyao Xiao and Kaiyi Ji. Communication-efficient federated hypergradient computation via aggregated
iterative differentiation. In International Conference on Machine Learning, pp. 38059-38086. PMLR,
2023.

Junjie Yang, Kaiyi Ji, and Yingbin Liang. Provably faster algorithms for bilevel optimization. Advances in
Neural Information Processing Systems, 34:13670-13682, 2021.

Shuoguang Yang, Xuezhou Zhang, and Mengdi Wang. Decentralized gossip-based stochastic bilevel opti-
mization over communication networks. Advances in Neural Information Processing Systems, 35:238-252,
2022.

Yifan Yang, Peiyao Xiao, and Kaiyi Ji. Simfbo: Towards simple, flexible and communication-efficient
federated bilevel learning. Advances in Neural Information Processing Systems, 36:33027—-33040, 2023.

Shuchen Zhu, Boao Kong, Songtao Lu, Xinmeng Huang, and Kun Yuan. Sparkle: A unified single-loop
primal-dual framework for decentralized bilevel optimization. Advances in Neural Information Processing
Systems, 37:62912-62987, 2024.

14



Under review as submission to TMLR

Supplementary material

A Problem Background

Based on the definition of the federated bilevel optimization problem and its main Assumptions this
section analyzes the key challenges in solving such problems and introduces relevant theoretical foundations
of federated hyperparameter estimation.

A.1 Key Challenges in Federated Bilevel Optimization

Effectively solving the federated bilevel optimization problem entails several major challenges, including
the computation of the federated hyper-gradient V®(x), the presence of data and system-level heterogeneity,
and the complexity introduced by the nested optimization structure. Before analyzing these challenges, we
first define the mathematical form of the federated hyper-gradient.

According to the implicit function theorem |Griewank & Walther| (2008), under Assumptions the
federated hyper-gradient V®(z) can be expressed as

Vo(r) = Zpivxfi(x, y*) — Vin(I, y) [ijG(x, y*)] -1 Zpivyfi(z, y*), (44)
i=1 i=1

where V. fi(x,y*) is the partial derivative of client i’s upper-level objective function f; with respect to z,
and V,, f;(x,y*) is its partial derivative with respect to y. The term V2, G(z,y*) denotes the mixed second-
order partial derivative (Jacobian) of the global lower-level objective G, and V2 G(z,y*) denotes its Hessian
matrix with respect to y.

Specifically, the first term on the right-hand side of , S piVafi(z,y*), represents the direct influence
of f; on x; the second term, fV?ﬁyG(x,y*)[szG(:r,y*)]fl St piVyfi(z,y*), accounts for the indirect
influence of f; on z through y*(x), reflecting the dependency on the solution to the lower-level problem.
This indicates that the federated hyper-gradient V®(z) depends not only on first-order gradients but also
on second-order terms (Jacobian and Hessian matrices) and complex interactions among local upper-level
and lower-level objectives from all n clients.

We now analyze these challenges in detail:

(1) Implicit and complex dependency of y*(z) on z. Since ®(z) = F(x,y*(z)), the mapping y*(z) is
an implicit function of x, defined through the solution of an optimization problem. Therefore, computing
V®(x) requires accounting for how variations in z influence y*(z). This nested structure can be described
using the implicit function theorem |Griewank & Walther| (2008)) and . In this setting, the upper-level
problem cannot be solved independently, as it is entangled with the lower-level problem: each client ¢ must
solve its own local lower-level problem g;(z,y) to contribute to the global lower-level objective G(x,y) and
ultimately obtain y*(x), which necessitates coordination across all n clients. Furthermore, the mapping
y*(x) is often highly sensitive to z, where small changes in x can lead to complex nonlinear responses in
y*(x), making the gradient computation both sensitive and computationally intensive.

(2) High computational and communication costs of second-order terms. The hyper-gradient
computation involves the p x ¢ Jacobian Vin(ac,y*L the ¢ x ¢ Hessian Vin(%y*), and its inverse

[szG(ac,y*)]_l. In a federated setting, computing these quantities requires collecting and aggregating
local Jacobians and Hessians from all clients. When the number of clients n is large or the dimensions p and
q are high (e.g., millions of parameters in neural networks), the cost of computing, storing, and inverting
these matrices becomes prohibitive (e.g., the complexity of inverting a q x ¢ Hessian is O(q?), and storing
it requires O(g?) memory per client), which exceeds the capabilities of typical edge devices in federated
learning. Transferring these matrices from clients to the server also demands significant bandwidth (e.g.,
communication complexity of O(ng?)), which is infeasible given limited communication resources in federated
settings.
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(3) Bias in global hyper-gradient aggregation (client drift). The federated hyper-gradient V& (x) is
a global quantity. However, in federated learning, naively averaging local approximations from each client
as

. * * Pt *
> v (Vaditwy) = V2,000, 57) [V3,0002,57)) 7 Vil ")) (45)
i=1
cannot yield an accurate estimate of the global hyper-gradient V®(z). This is due to the nonlinear nature
of the matrix inverse [Viygi(x, y*)] _1, which causes to be mathematically inequivalent to V&(z).

The correct way to aggregate second-order terms in the hyper-gradient is

v2,G sz 2,9i(@, %), (46a)

i.e., all values must be aggregated across clients before performing matrix inversion and multiplication.
Mathematically,

n n n -1 n
ZP@Ai [Bi]ilci # (pr‘h) <ZP$BZ> (Zp@@) ) (47)

where A; = V2%, g;, Bi = V3, 9i,C; = V,, f;. This nonlinearity introduces a bias known as client drift, which
affects the convergence of optimization algorithms.

Moreover, due to differences in the data distributions of each client 7, as represented by &; and (;, the local
objectives f; and g; also differ. This heterogeneity implies that the local optima y}(z) may diverge from the
global optimum y*(x), exacerbating client drift.

Client drift complicates convergence and may lead to suboptimal solutions, as the aggregated gradient fails
to reflect the true descent direction of the federated hyper-gradient V& (x).

A.2  Federated Hypergradient Estimation

Direct computation of the federated hypergradient V®(x) is prohibitively complex due to the implicit depen-
dence of the lower-level solution y*(x) on = and the heterogeneity inherent in federated settings. Therefore,
we introduce a surrogate hypergradient:

VF(z,y,2) = Vo F(2,y) - V3,G(2,y) 2, (48)

zy

where y approximates the true lower-level solution y*(x) and z € R% is an auxiliary vector that approximates
the term [V2, G(z,y)] 71V9F(;U,y):

z= [szG(m, y)] -t V,F(z,y). (49)

By comparing the surrogate with the true federated hypergradient , we see that V, F(x,y) approxi-
mates V., F(z,y*) when y = y*(z), and V2, G(z,y) z approximates V2, G(x,y*) [szG(x,y*)]_lva(x,y*)
when y ~ y*(z) and z =~ z*(z). Thus, the accuracy of VF(z,y, z) hinges on how well y and z approximate
their true values. Exact estimation of y would require solving min, G(z,y), which is infeasible globally in
federated settings, so we approximate y*(z) via local client updates. Likewise, z is defined by the global
linear system
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whose solution yields the desired Hessian-inverse term. Solving this linear system is equivalent to minimising
the quadratic objective

min R(z,y,2) = % ZTvzyG(.ﬁ, y)z — ZTVyF(x, Y), (51)
since
V.R(z,y,2) = V,G(x,y) 2 — V,F(z,y), (52)

and setting V,R = 0 recovers . In federated settings, G and F' decompose as

i=1
i=1
and hence the global auxiliary objective decomposes:
R(IL’,y,Z) = sz Ri(xayaz)v (54)
i=1
where each local function is
Ri($7yaz) = %ZTV?}ygz(mvy)z_ZTvyfl(may>7 (55)
with gradient

Each client can thus compute sz g; and V,, f; locally, minimise R; to update z, and send V, R; to the server.
The server aggregates these to refine the global z, driving it toward the solution of . Similarly, the global
lower-level gradient

V,G(z,y) = Zpi Vy9i(x,y) (57)

is obtained by aggregating local Vg;. Finally, with federated estimates y and z, the surrogate hypergradient

VF(z,y,2) =Y i Vfilz,y,2), (58)
i=1
where
vﬁ(xay7z) = foq(:c,y) _viygl(xay) 2 (59)

enables a communication-efficient approximation of the true federated hypergradient without explicit Hessian
inversion.

B Algorithm Details

B.1 Communication Rounds and Client Initialization

In ASFBO and LA-ASFBO, communication rounds form the core of the algorithm operation. The al-
gorithm assumes n clients participate in optimization and conducts T' communication rounds indexed by
t=0,1,...,T—1. In each round only a subset of clients, denoted C*) with |C’(t)| < n, is active. Without loss
of generality, C*) may be viewed as a uniform random sample without replacement from all clients. Not all
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clients can participate in every round, reflecting practical federated learning scenarios (e.g., offline devices,
high communication cost, or limited compute). Each active client i € C ®) performs its local computation in
parallel, and the server aggregates the results. This distributed design is a key feature of federated learning
and exploits each client’s local compute resources. At the start of round ¢, the server broadcasts the current
global variables {z(!), y(® 20} to all i € CY). Upon receiving these, each active client 7 initializes its local

copies {x(t 0),yl(t 0), it’o)} by
A0 40, (60a)
0 =y, (60b)
zi(t’o) =21, (60c)

Using the same initialization for all active clients mitigates bias from Non-IID data, ensuring consistent local
updates and promoting global convergence. After variable initialization, each client initializes its momentum

buffers {u(t ), ft 0, wgt‘o)} via local gradients:
(t 0) sz( 7y2(t ,0) _(t,O). f—_(t,o))’ (61a)
(t 0) Vygz( (t 0) (t 0), C(t ,0) ) (Glb)
wz(t,O) — V.R, (mgt,o)’ ygt,O)) ZZ(t,O ;wl(t,O)) ) (61(3)
Here ugt’o) is initialized by the local hypergradlent surrogate V f; computed with sample §(t 0, gt’o) uses
the local lower-level gradient with sample CZ— , and wE 0 uses the local linear-system gradient with sample

w(t’o) Momentum accelerates convergence by smoothing updates using historical gradients. The surrogate

gradient at (x; & k)7yl(t ", ft k))

V(@9 00 2006y = v fi (a8 0P e8P - 92 g () 00 () LR (62)

r

is defined as

The local gradient of R; w.r.t. z at the same point is

v R ( (t,k) y(t,k)7zi(t,k);wz(t,k)) _ v;;,gi( (t k) 7C(t k) ) i(t k) V fz( (tk (t k) ,f(t k)) (63)

? ’L

By introducing the auxiliary variable z, the surrogate avoids direct Hessian inversion and enables efficient
local estimation suitable for federated environments.

B.2 Client Local Variable Updates

In communication round t, each active client i € O performs Ti(t

(t8) (60)

) Jocal iterations to update its local

}. Here x( ®) denotes the local copy of the upper-level variable (e.g., global

model parameters or hyperparameters). yl( ok

variables {xgt’k), Y;

) denotes the local estimate of the lower-level variable, aiming

to approximate the solution y*(z) of the lower-level problem. zgt’k) is the local copy of the solution to the

global linear system, used to estimate the complex Hessian-inverse term in the federated hypergradient.

The goal of local updates is to progressively optimize these variables over multiple iterations so that they

approach the global optimum in a distributed environment, while reducing communication overhead. In-

creasing Ti( ) accelerates local convergence and lowers communication frequency. However, a larger 7'( ) may

()

induce significant client drift, i.e., local updates deviating from the global objective. Therefore, 7;" must be
chosen to balance communication efficiency and convergence performance.
Specifically, at the kth local iteration, client ¢ updates all three variables simultaneously as follows:
Et Jk+1) xz(_t,k) — (t,k)’ (64a)
g = gt =g oY) (64b)
Z(t J1) _ i(t,lc) - wgt,k)’ (64c)
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where {u(t k) ,vl(t’k)7w£t’k)} are the momentum estimators guiding the update directions and magnitudes.
The local learning rates {n,, 7y, 7.} control the step sizes for updating {z;,y;, 2;}. Each update subtracts
a scaled momentum estimate rather than the raw gradient. Momentum accumulates historical gradient
information, accelerating movement in flat regions and smoothing oscillations in non-convex landscapes. In
federated learning, data are typically non-IID and gradient computations are noisy, so momentum enhances

stability.

Unlike traditional bilevel methods (e.g., FedNest |Tarzanagh et al| (2022))) that update y and = sequentially
or in nested loops, ASFBO/LA-ASFBO updates {z;,y;, 2;} concurrently within each local iteration. This
design allows simultaneous progress on the upper and lower levels, eliminating nested loops and improving
efficiency under limited local iteration budgets.

B.3 Client Local Momentum Update

After each active client i € C®) completes its local variable updates, it must update its momentum estima-
tors {u(t k), Ul(t’k), wgt’k)
{xl(»t k),yft k) .(t’k)}. Their updates combine the current stochastic gradient with historical momentum to

improve efﬁmency and stability.

}. These momentum buffers guide the optimization direction of the local variables

In ASFBO, the basic momentum update is used, with the update rules given by:

ugt’kﬂ) BVJ, (! (t.k+1) y(t’kﬂ), z(t k+1)’§(t k+1)) +(1-8) ugt’k), (65a)
pEFHD g g (gD R, (DY | gy (R, (65b)
wl(t,k+1) — BV.R (x§t,k+1)’y§t,k+1) (tk+1), w“ k+1)) +(1— ﬂ)wlﬁt,k), (65¢)

where 8 is the momentum coefficient in (0,1) that balances the current gradient and past momentum. The

terms {u(t ") Ul(t’k), wgt’k)} are the momentum estimators from the previous iteration. The random variables

{gft k1) ,Cit’kﬂ), 1/1§t’k+1)} denote independently sampled local data points.

In the basic momentum method, each buffer is updated by a weighted average of the current stochastic
gradient and historical momentum. When § = 0, the update relies solely on past momentum and ignores
the current gradient. When f approaches 1, the current gradient dominates and historical momentum has
less influence. Typically, 8 € (0, 1) is chosen to balance these effects.

In LA-ASFBO, a momentum-based variance reduction (STORM) |Cutkosky & Orabonal(2019) update
is used to reduce the variance of gradient estimates, with rules:

r I

(t k1) sz( (t, k+1) (t,k+1) (t k+1) f(t k+1)) (1) (ugt’k) _ Vﬁ- (xl(t,k) y(t,k) (k). g(t k+1))),

(66a)

Z(t k1) Vygz( (t, k+1)7yl(t k+1) . C(t7k+1)) n (1 . 6)(1}2@,/@) _ Vygz( (¢ k)’yz(t k). C(t k+1)))7 (66b)
wgt’kJrl _v R( (t,k+1) y(t,k+1) (t, k+1)7w(t k+1)) + (1 —ﬁ)( ~ V. R( (t,k) y(t,k)7zi(t,k);wgt,k+1))).
(66¢)

Here 8 controls the weight between historical momentum and the current correction term, with smaller £
giving greater influence to past momentum.

Each update consists of two parts. The first term 1is the current stochastic gradient at
(xl(-t’kﬂ),ygt’kﬂ), l(t kH)) computed using the current random samples. The second term is a correction
based on the gradient difference at the previous point, using the same random samples, which estimates the

local change trend and reduces variance.

Compared to the basic momentum method, where variance may accumulate across iterations, STORM
leverages gradient differences to capture local changes and reduce estimate variance. Its key is using the
same random samples at the current and previous points to compute the gradient difference, then re-
cursively combining it with past momentum to form a new estimate. This approach theoretically reduces
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stochastic gradient variance and improves stability. In federated learning with significant data heterogeneity,
STORM'’s variance reduction effectively mitigates divergence across client gradient distributions. Moreover,
STORM has been shown to converge faster in stochastic nonconvex optimization. More accurate momentum
estimates better reflect the true gradient direction, speeding convergence. Additionally, STORM’s use of
gradient differences implies a form of adaptive step sizing that dynamically adjusts to gradient changes. In
federated bilevel optimization, different variables (z,y, z) may exhibit varying difficulty and gradient scales,
and STORM’s adaptivity helps address this challenge.

Momentum updates play a critical role in both ASFBO and LA-ASFBO. With limited communication
rounds, accelerating local optimization is essential. Momentum accelerates variable updates in flat regions,
reducing convergence time. It also smooths update directions, preventing oscillations near saddle points
or local extrema, thus enhancing stability. By smoothing updates, momentum reduces noise from data
heterogeneity and stochastic gradients, improving estimate reliability. Importantly, it enables simultaneous
optimization of {x;,y;, z;} without serial or nested computations. This parallelism boosts computational
efficiency and aligns with federated communication and compute constraints.

B.4 Client Local Gradient Aggregation

In each communication round ¢, every active client i € C¥) performs Ti(t) local iterations to update its local
variables or momentum estimators. After completing these local updates, each client must aggregate its local
computation into gradient summaries and upload them to the server. This process is called Client Local
Gradient Aggregation.

(®)

i 4z, )} and sends them to the server

Specifically, client i € C®) computes the aggregated gradients {qg,q
for the global update. The aggregation is defined by

i1
q“ Z utk) Z al('t’k) vfi(ml(_t,k)’yl(t,k)’zl(t,k);gl(t,k))’ (67a)
k=0
— k i - t,k k k k
¢} = Z o = 3T @ g (2, P (), (67b)
P T.(t)—l
qi’? Z wl(t,k) _ Z agt,k) VzRi(I§t7k)vy§t7k) (t.k). q/}(t k)) (67¢)
= k=0

where the coefficients agt’k) depend on the momentum coefficient 3; see Lemma (1| for details.

Each aggregated gradient is the sum of the local momentum estimators over the Ti(t)

(1K) (1K) (LF)

iterations. During each

local iteration, the client generates momentum buffers {u; } that capture the local stochastic
gradient information. By summing these buffers, the client obtains a comprehensive optimization direction
that better reflects the overall trend of its local data, aiding the adjustment of the global model. Gradient
aggregation also avoids sending every individual gradient to the server, thereby reducing communication
overhead.

Moreover, each aggregated gradient can be seen as a linear combination of the stochastic gradients across
iterations. The coefficient agt’k) determines how much each local stochastic gradient {V fi,Vygi,VzRi}
contributes. Since the momentum buffers are updated via a momentum rule, agt’k) implicitly incorporates
the momentum coeflicient /3, smoothing the fusion of historical gradient information, reducing the noise of
individual stochastic gradients, and yielding more stable gradient estimates. Furthermore, the exact form
of agt’k) can be adjusted to match the chosen momentum update (basic momentum or STORM) to meet
different optimization needs. This design inherits the acceleration property of momentum—accumulating

past gradients to speed up convergence—and thereby improves optimization efficiency.

20



Under review as submission to TMLR

B.5 Server-Side Global Gradient Aggregation

In federated learning or distributed optimization, the server aggregates local gradient information from active
clients each round to form the global gradient for updating global variables. This step is central to federated
bilevel optimization, directly affecting the direction and efficacy of global model updates.

® @)

Ideally, the server receives each active client i € C*)’s aggregated local gradlents {qéE i1y iz

-} and simply

computes a weighted average to obtain the global gradients {qm 7qy ,qz } The basic weighted aggregation
is

=Y wd, (68a)

ieC®)
> By, (68b)
ieC®)

¢ =" pid), (68¢c)
ieC(t)

where p; = |(177<Lt>\pi is the effective weight of client i. Here p; is the original client weight (e.g., proportional

to data volume), satisfying >, p; = 1, and |C")] is the number of active clients in round ¢. Since C® is
a uniform random sample without replacement, p; ensures unbiased aggregation, i.e. E[Y , ) pi] = 1.

In practice, clients have heterogeneous computation and storage capabilities (system heterogeneity), so

®)

their local iteration counts 7;° may differ. Clients with more iterations generate higher-quality gradi-

ents {qg, qy, 2, q. l} embedding stronger directional information. Under simple weighted aggregation, these
clients’ contributions are amplified, especially if their p; are large. As noted in |Wang et al.| (2020)), this bias
skews the global gradient toward high-compute or high-iteration clients, causing the global model to drift

away from the original objective and harming convergence and performance.

To reveal this heterogeneity-induced bias, [Wang et al.| (2020) rewrites the ideal aggregation over all n
clients:

®

(®)
la’ qCE’L
}jp o)) = p“}jw“)h“) (§ jpgna“)n)}j pies (692)

t
= pillal? (el
(t)”1 (t)

t t pilla Ay
Zp i) = p ”Zw< b= (Zmla( )Y o ()
= pillal I el
DN, o0 0N 0 O oy o= pillad )
0 = pial = o> wl ) = (ijnaj )Y OIRTROIR (69¢)
i=1 i=1 =1 i=1 Zj:ﬂ%’“% Il [la; 1l
O
where agt) = [agt’o), . ,agt’ ¢ 1)]T is the vector of gradient coefficients for client 7 in round ¢, relating to the

momentum updates. ||a§t)|\1 is its ¢; norm, reflecting local optimization strength and directly tied to Ti(t).

The scaling factor p(*) = Dy p¢||agt)”1 measures the aggregate optimization contribution. The reweighted
) _ pilla’ s

weight w;” = = adjusts each client’s contribution beyond its original p;. The reweighted local gradient
0
;t)z = ”:&’f”l (and similarly hyt)l, h ) normalizes by ||a§t)||1, preventing gradient norms from scaling with
Ti(t).

(®)

T,

From the refactored formula 1@ qg(c) is a weighted sum of reweighted gradients h ),
Since w( ) depends on both p; and ||a( )Hl, heterogeneity in ’7'( ) can shift w( ) away from p;, biasing the
global update toward high-iteration clients. This shift effectlvely changes the optimization objective to one

weighted by wl(t)

with weights w;

instead of p;.
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To mitigate this bias, the algorithm employs reweighted global aggregation:

() — 5 p) ~ i
ha: Z Di hz,i Di ||a(t)|| ) (703)
ieC(®) ieC () i 1
() q(t)'
t) ~ _ ~ Y,
hé) - Z pihy; = Z Pi =y (70Db)
iec() iec® lla; " 1l1
(t) (t) q(t)'
t) _ ~. _ ~ 2,0
hz - Z Di hz’i_ Z bi ||a(t)|| ) (700)
ieC® ieC®) i Il

n
|[CH]
direction rather than the cumulative sum, reducing the over-influence of high-iteration clients. Compared
to the original aggregation , using reweighted gradients effectively corrects for system heterogeneity and

yields a more balanced global update.

where p; = p; as before. This method ensures that the server aggregates each client’s “average” gradient

B.6 Server-Side Adaptive Learning Rate Update

Adaptive learning rates dynamically adjust step sizes based on gradient information, improving convergence
speed and stability. In ASFBO and LA-ASFBO, the server updates adaptive learning rates 'yg(f),’y?(f),fygt)
using AdaGrad-Norm Ward et al.|(2020) based on the global aggregated gradients hgf), h‘q(f), hY). AdaGrad-
Norm [Ward et al.| (2020)) is a variant of AdaGrad [Duchi et al.| (2011]) that accumulates historical gradient
norms to adjust the learning rate, suited for aggregated global gradients.

The scaling factors {s;t), sét), sg)} are updated as follows:

s =000+ (1= o) Ao, (71a)
S?(Jt-i-l) — o® S?(J’) +(1— o™ ||h?(4t)H27 (71b)
SO = g0 s 4 (1= o) 0], (T1c)

where |2, 17|, || ||2 are the €, norms of the global aggregated gradients, measuring their magni-
tudes. The factors {sg(f ,syt ,sg)} are initialized at zero and record historical gradient norm information.
Their updates use an exponential moving average (EMA) style weighting to smooth changes and reduce
short-term fluctuations. The coefficient o) € (0,1) balances the weight between past information and the
current gradient norm. When o is close to 1, the algorithm emphasizes historical information; when it is
close to 0, it relies more on the current gradient norm.

After updating the scaling factors, the adaptive learning rates {’ya(ct), %St)7 ’Yit)} are computed as

) - __ J=
vy = , (72a)

sgfﬂ) +p

- Ty
Yy = : (72b)

Y s?(f—H) tp
7O = (720)

s +p

where {7, 7vy,7:} are fixed baseline learning rates and p > 0 is a small constant preventing division by zero

for numerical stability. For example, if ||h;(L-t) || is large, then sffﬂ) increases, enlarging the denominator and
reducing %(ct), which prevents overly large updates. Conversely, when ||h§ct)|| is small, s;(ctH) grows slowly,

keeping Wit) relatively large to speed convergence. The behavior for hét) and h(zt) is analogous. This dynamic

adjustment allows the algorithm to adapt to changes in gradient magnitudes during optimization.
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B.7 Server-Side Global Variable Update

In this step, the server updates the global variables (), y(*), z2(*) using the aggregated gradients hgf), hg(f), hg).
The updates use gradient descent combined with adaptive learning rates and a projection operation. Specif-
ically, the update rules are:

20D = 20 0 40 o) (73a)
Y1) = 0 (0 50 (1) (73b)
L(t1) Pr<z(t) —p® A h’(zt))7 (73c)

where p(*) is the scaling factor defined in , representing the total optimization contribution of all clients.

The adaptive learning rates {%(f),vét),v?)} are generated by . P-(2) is a projection onto the ball of
radius 7, defined as:

2l <,

Pr(z) = {Z ol > r (74)

|z

< -

where the projection radius r = L /u,. This projection ensures boundedness of z(), i.e. |[z(*1)| < r. The
projection is crucial for the smoothness and convergence analysis of the global optimization problem.

C Theoretical Analysis Details

This section analyzes the convergence of the ASFBO and LA-ASFBO algorithms under Assumptions
The workflow of the convergence analysis is illustrated in Figure 2]

Lemma [4] Lemma [I]

]

Lemma Lemma Lemma [I4]

3
:
5
&
E
q
:

ma )

Lemma Lemma Lemma [I1] Lemma

Lemma [16] Lemma [I7]

Lemma [I0] Lemma

Lemma [I§ Lemma [6]

Corollary

Figure 2: Flowchart of the convergence analysis for Algorithm
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C.1 Notation and Constraints
For convenience, we redefine the three global objective functions for solving the federated bilevel optimization
problem by referring to and .
)= Zwifi(xay)v (75a)
i=1
n
) = Zwigi(l“,y), (75b)
.’E Y,z Z wl !L' Y,z (75C)

Here F(z, y) is the global upper-level objective, é(m, y) is the global lower-level objective, and E(m, y,2) is
the global auxiliary objective. The functions f;(x,y), g:(x,y), and R;(z,y, z) are the local upper-level, local
lower-level, and local auxiliary objectives for client ¢. The number of clients is n, and w; is the weight of
client 7 satisfying >, w; = 1, indicating its contribution to the global objectives.

Then, the federated bilevel optimization problem . can be restated as:

;IEHRI}) EI;("E) = ﬁ(Qj?y*(x)) = szfz(x; g*(‘r)) = Zlei [fz($7§*(x)7€)}7 (763‘)
st. y'(xz) =arg gunG x,y) Zwlgi (z,9) ZwiEC [gi(x,y;C)]. (76Db)
yeRa i=1

Here y*(z) is the solution of the lower-level problem given x, and &)(m) is the global upper-level objective
depending on z and y*(x).

The upper-level goal is to minimize EIVD(w) by optimizing x. The lower-level goal is, for each z, to solve
the strongly convex problem 7*(x), whose uniqueness is guaranteed by the strong convexity of g;(z,y)
(Assumption [2)).

Similarly, referring to the federated hyper-gradient surrogate in , we define the global hyper-gradient
surrogate:

=1

where y* = argmin,, G(z,y) and 3* = argmin, R(x,7*,z). The surrogate Vf; is defined in .

To simplify notation, assume each client ¢ performs 7; local iterations per global iteration. Then, combining
and , the local gradient aggregation for client ¢ can be restated as

Ti—1
1 K2
hit,)i: e Z (tk)vf( tk) z(tk) (t.k), g(tk) (78a)
lla; "Il 7=
Ti—1
I X & k & k
hz(;t)v: @ Zal('t Vg (@ gyt ¢y, (78b)
lla; "l 5=
Ti—1
1 K3
hg:in or S al"IVLR (@l 0 0 ), (78¢)
a; "Il k=0

where ||a2(»t) Ilh = Z;Z__Ol a(75 ") ensures aggregation is not biased by differing 7;, mitigating client heterogeneity.
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The expected local aggregated gradients are

Ti—1
~ . 1 i
O =B [R0] = —5— D al"V ity ), (792)
© el =0
Ti—1
~ S 1 i
Tyt =E by | = —5— > "V Vygi(" y"Y), (79b)
B la; "1 v=o
Ti—1
~ - 1 i
h%:E hitz e Z (LR)g R, (o) y k) (R (79¢)
a; "1l1 k=0

Since the global objectives in use weights w;, the server aggregates global gradients by weighting the
local aggregates in as

WO = 5" @inll, (80a)
ieC(®)

W = 3" @ihl, (80b)
ieC(t)

WO = 3 k), (80c)
ieC(®)

w; and |CW| = P

where ’L,I://Z = |077(Lt)|

The expected global aggregated gradients are

W =Ecw [hO] =3 win?), (81a)
Eét) =Eo _h?(f)_ _ szhz(ﬁ)w (81b)
. _ _ n
h =Eco [hP] =3 wihl), (81c)
where I (i) is the indicator function (eigenfunction), the value of which is satisfied:
‘ 1, if ieCW,
Tow (i) = (82)
0, else.
Combining and , the server updates adaptive learning rates:
Yz
sUTD = pMs® 4 (1 — o) InD ]|y, A = —F— (83a)
(t+1)
Sz + P
7
5£Jt+1) = Q(t)sg(/t) +(1- Q(t))th(j)H?’ V;St) = ﬁ; (83b)
sy ~tp
U = 00 (1= o) Oll, A = . (830)
sg+ ) +p

Then, using the scaling factor p(*) from 1@) and adaptive learning rates, the server updates global variables:

2 — () (t),y(t)h(t) (84&)
YD =y _ 01040 (84b)
Z(t+1) =P, (Z(t) - p ’Yz hg)) ) (84C)
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where P,(z) = min{1,7/| 2|}z with r = L¢/p,.
To ensure the stability of algorithm convergence, we impose the following auxiliary constraints for convergence
analysis.

Assumption 6 (Gradient Coefficient Bounds). For each global iterationt € {0,1,...,T—1}, each client
(t:k)

i€{1,2,...,n}, and each local iteration k € {0,1,...,7, — 1}, the aggregation coefficient a; "’ satisfies

0 S Qmin S al(‘t’k) S Omax- (85)

This bound on local gradient coefficients restricts the degree of system heterogeneity, and in the ASFBO
framework this coefficient is determined by the momentum parameter 3, so a reasonable choice of 3 ensures
this assumption holds.

Assumption 7 (Gradient Coefficient Vector Norm Bounds). For each global iteration t €
{0,1,...,T — 1} and each client i € {1,2,...,n}, the {1-norm of the coefficient vector ||al(.t)||1 satisfies

C&%Otmin < ||G£t)H1 < CaTOmax, (86)

where T = %Z?Zl 7; is the average number of local iterations across all clients, and c|, and ¢, are positive
constants.

Bounding the ¢1-norm of the coefficient vector ensures stability of the aggregated gradient.

Assumption 8 (Client Weight Coefficient Bounds). For all clientsi € {1,2,...,n}, the adjusted weight
w; and the original weight p; satisfy

5min § w; S Bmax , (87&)
n n
/ X !
min S pz S max . (87b)
n n

Bounding client weight coefficients limits each client’s contribution to the global gradient, maintaining bal-
ance in global optimization and characterizing the impact of system heterogeneity on convergence.

Assumption 9 (Adaptive Learning Rate Bounds). For each global iteration t € {0,1,...,T — 1}, the
adaptive learning rates satisfy

Y, min S ’Yiﬂ S Y, max (883‘)
’Yy,min S ’y?(j) S 7y,max7 (88b)
Yz,min S 7,£t) S Yz, max- (88C)

Bounding adaptive learning rates mitigates slow convergence due to overly small rates in early optimization
and oscillations caused by excessively large rates in later stages.

C.2 Local Gradient Aggregation Coefficients

(t,k)

i

This subsection presents the explicit form of the local aggregation coefficients a
with the momentum coefficient 5.

and their relationship

Lemma 1 (Relation between al(t’k) and B). For each global iteration t = 0,1,...,T — 1, each client i,
and each local iteration k = 0,1,...,7 — 1, the local aggregation coefficient agt’k) satisfies:
1-(1-p)7 _
al"™® = B k=0, (89)
’ L-(1=p)"F 1<k<m—1,

where 8 is the momentum coefficient with 0 < 8 < 1.
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Proof. Combining the local update for z; (see (64c))) and the gradient aggregation in (67c)), we obtain

o _ 0o
w, =+t
k=0 M=
;i —1
:Za(thR tk) tk)7 Z(tk’wtk)) (90)

From the initialization in 1) and the basic momentum update in ll the momentum term wgt’k) can
be written as

tk) ZCJkVR t]) th) (t]ﬂl)(tj)

’ 7,

= <1 — BV Ry (a0 (100, 0]y
k

+ 3B =B IV R (" g A, (91)

j=1
where ¢ = (1 — )% and ¢;, = B(1 — B)F 7 for 1 < j < k.
Substituting into yields

Ti— Ti— k
S e = 3 (3 ) TR )
k=0 k=0 j=
Ti—1
_ Z agt,k)szi (I§t7k), y,(t’k) (t k) ¢(t k)) (92)
k=0
with agt’k) =3 kl Chj-
For k = 0, we have
0 _ N 1-(1-p)
t,0 i — -
a; = 1— 6 J = . 93
So-ay =l )
For 1 <k <7, —1, letting m = j — k gives
Ti—1—k
N m L
"M =p 3 - =1-0-p)"" (94)
m=0
Therefore, agt’k) has the form stated in . O

C.3 Properties of the Optimization Objectives

This subsection proves the p,-strong convexity of the global lower-level objective G(x,y) in y and the local
linear-system objective R;(x,y, z) in z.

Lemma 2 (G(z,y) is pg-strongly convex in y). Under Assumption@, for any x € R% and y € R%, the
function G(x,y) is pg-strongly convex in y. Its Hessian Vf/yG(m,y) is positive definite and satisfies
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Proof. By Assumption [2 each local g;(z,y) is pg-strongly convex in y. From the definition G(z,y) =
o wigi(x,y) we have

n
V2,G(x,y) = > wiV2 gi(2,y) = pyl, (96)

i=1
since Z?:l w; = 1. Hence the minimum eigenvalue of ngG(x,y) is at least uy, which by the second
derivative condition of the strong convex function implies G(z,y) is pg-strongly convex in y. O

The pg-strong convexity of G(z,y) in y guarantees a unique minimizer for each = and fast convergence of
gradient-based methods, ensuring stability of the global lower-level update y(*).

Lemma 3 (R;(z,vy, z) is ug-strongly convex in z). Under Assumptions and@ for any x € R%, y € R,
z € R% | and client i, the function R;(x,y, 2) is py-strongly convex in z. Its Hessian V2, R;(z,y, z) is positive
definite and satisfies
V2, Ri(z,y,2) = pgl. (97)
Proof. From the local gradient in we get
V2 Ri(z,y,2) = szG(ﬂc,y) = pgl, (98)

and by Lemma Vin(x,y) is positive definite with minimal eigenvalue > p,. Therefore R;(z,vy, z) is
[tg-strongly convex in z. O

The p4-strong convexity of R;(z,y, ) in z ensures a unique minimizer for each (z,y) and fast convergence
of gradient methods, guaranteeing stability of the local auxiliary update zz-(t).

C.4 Properties of the Auxiliary Variable

This subsection proves the boundedness of the linear system optimization variable z, including the global
optimal solution z* and the local auxiliary variable z;.

Lemma 4 (Boundedness of z*). Under Assumptions and@ for the optimal solution z* defined in the
global linear system problem , the following holds:

L2
|21 < = =%, (99)
g
where z* = argmin, R(x,y*, z) is the minimizer of the auxiliary objective R(x,y*, z) with respect to z.

Proof. From Lemma the auxiliary function R(zx,y*,z) is pg-strongly convex in z. Therefore, by the
definition z* = argmin, R(z,y*, z), the point z* satisfies the first-order optimality condition:

V.R(z,y*,z*) =0. (100)

Substituting the optimality condition into the gradient of R(z,y*,z) at (y = y*,z = z*), given by (52)), we
obtain:

V.R(z,y*,2%) = V2,G(x,y")z* = V, F(z,y*) = 0. (101)
By Lemma [2} the matrix ngG(x, y*) is positive definite, which implies:

2F = [Vin(a:,y*)]d V,F(x,y*). (102)
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Using the norm inequality ||Ab|| < ||4]| - ||6]| for any matrix A and vector b, we get:
* %\ —1 *
1271 = |[[V2, G,y ! Oy F ey

<[ (3,0t | 19yl (103)

Squaring both sides:

e 1? < || (93,000 7 19, P,y 2

@ L3
< Hg
© 2 (104)
For step (a), note that the smallest eigenvalue of V2, G(x,y*) satisfies Amin > fg, s0:
2 N 2 1
192,69 7| <= (105)
Hg
For the gradient norm:
IV F(a,y)|* < L, (106)

which follows from the Lipschitz continuity of V, f;(z,y) and the convex combination structure in the defi-
nition of F(x,y) in (75a)).
In step (b), the projection radius in is defined as r = Ly /.

This completes the proof of Lemma [4 O

The boundedness of z* guarantees the stability of the global auxiliary variable throughout the optimiza-
tion process, preventing divergence due to unbounded growth. This property plays a crucial role in the
convergence analysis, where it helps control error terms.

Lemma 5 (Boundedness of z;). Under Assumptz'ons and@ for any global iterationt € {0,1,--- ;T —1},
(t.k)

client i € {1,2,--- ,n}, and local iteration k = {0,1,--- ,7; — 1}, the local auziliary variable z; "’ satisfies:
ri=[|]z7)] < <1 + am&x) T = Pmax, (107)

where r = Ly /1y is the projection radius.

Proof. Using the expression for agt’k) in and combining with , the update rule 1) can be rewritten
as:
Zz(t,k+1) _ Zz(t,k) e k)v R, ( (t, k)vyl(t,k%Zl(t,k);wz(t,k))' (108)
Substituting the definition of V. R;(z,y, z) from (63), we obtain:
Zi(t,k) (I e a(tk UVQUQZ( (tk— 1) tk 1) W tk71))> Zlgt,k:q)

+772 tk} 1 yfl( tk 1 (t}{) 1) w(tk 1) (109)
Taking the /5 norm of both sides:

tk—1 tk—1
P Sl T VA

(t.k) (t,k—1) 2
29 € (1 - neal* 092,
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tk—1
(1- 772“1( )Mg

—
INS

L R e 7

| + n2a;

—
3]
-~

t,k—1
< (1 - nzaminﬂg)HZZ( )H + nzamafo
@ k||, (t,0) S j
< (1 - nzaminﬂg) HZZ ’ ” + Z(l - nzaminﬂg)jnzamafo
§=0
() L= ,
< (1 - nzaminﬂg) T+ Z(l - nzaminug)]nzamaxl/f
j=0

n =
<r+ Z(l - nzarninﬂg)anamafo

j=0
(9) amafo
< g Tmax2d

Oémin,ug

Omax
=(1+—— ) 110

( - amin) " ( )

Step (a) uses the triangle inequality and properties of matrix norms. Step (b) uses the assumption that the

Hessian Viy g; is positive definite with minimal eigenvalue pg. Step (¢) applies bounds ayin < agt’k) < Qmax-

Step% unfolds the recurrence. Step (e) uses the initialization condition Hz(t’O)H = ||z < r from
73)

i
and (73)). Step (f) holds because (1 — 1, aminity)® < 1. Step (g) applies the geometric series upper bound.

This completes the proof of Lemma O

The boundedness of the local auxiliary variable z; ensures that ||zftk)\| remains within a fixed range over
local iterations, preventing divergence due to heterogeneity. Since the server projects the global variable
2 onto a ball of radius r = L #/lhg, and Tmayx is a linear function of r, local variables inherit boundedness
without extra projection. This justifies parameter choices and enables performance tuning by adjusting aumax
and pmin -

C.5 Properties of the Gradients of the Optimization Objective

This subsection introduces and analyzes the Lipschitz continuity of the optimization objective and its gra-
dients. The proofs are given in (Yang et al., |2023} (Ghadimi & Wang), 2018} |Chen et al., |2021). The results
in this subsection will be used in Section to analyze the behavior of the global objective function during
global iterations.

Lemma 6 (V,.R;(z,vy,z) is Lg-Lipschitz continuous w.r.t. (z,y) (Yang et al., 2023))). Under Assump-
tions for any x € Ri= y € R, and i € {1,2,--- ,n}, the local auziliary objective function R;(z,y,z)
is Lr-Lipschitz continuous. That is, for any input pairs (x1,y1), (z2,y2) € R% x R it holds that

IV-Ri(w1,91,2) = VoRi(z2, 92, 2)[|* < Ly (|lz1 — w2|” + [ly1 — 2]1?) (111)
where the Lipschitz constant Ly is defined as

L% = 2(L3r2, +L?). (112)

max

The Lg-Lipschitz continuity of V.R;(z,y,z) with respect to (x,y) limits the rate of gradient variation
with changes in x and y, which facilitates subsequent analysis on the stability of local updates and global
aggregation.

Lemma 7 (Boundedness of Hypergradient Estimation Error (Ghadimi & Wang, 2018)). Under
Assumptions for any x € R% and y € R%, it holds that

IVf(z,y) = VO@)|* < Ly — y* (@)%, (113)
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where V®(x) is the hypergradient, V f(x,y) is its estimator at point (x,y), and y*(x) is the optimal solution
to the lower-level problem. The constant L is defined as

~ L2 L LiL
L:L1+1+Lf<2+ 122>. (114)
Hg Hg Hy

Inequality characterizes the deviation between the estimated hypergradient V f(x,y) and the true
hypergradient V®(z), which is controlled by the distance between y and y*(z). The bound L reflects the
magnitude of this gradient discrepancy.

Lemma 8 (V®(x) is Lg-Lipschitz continuous w.r.t. = (Ghadimi & Wang, 2018))). Under As-
sumptz'ons the hypergradient V®(x) is Lg-Lipschitz continuous with respect to x. That is, for any
x1,2x9 € R* it holds that

IV®(21) = VO(x2)||* < Li|lz1 — 2|, (115)
where the Lipschitz constant Lg is given by

~ LL
Ly =L+ L, (116)
Hg

The Lg-Lipschitz continuity of the hypergradient V®(x) constrains the rate of change with respect to z,
ensuring the smoothness of the hypergradient. The constant L depends on the upper bound L of the
hypergradient estimation error.

Lemma 9 (y*(z) is L,-Lipschitz continuous w.r.t. z (Ghadimi & Wang, 2018)). Under Assump-

tions the optimal solution y*(x) to the lower-level optimization problem is L, -Lipschitz continuous with
respect to x. That is, for any x1,xo € R%, it holds that

ly*(21) — y* () I < Lillar — 22|, (117)
where
Ly
L,=—. 118
an (118)

The L,-Lipschitz continuity of y*(x) ensures the smoothness of the lower-level solution with respect to .
The constant L, arises from the implicit function theorem and the strong convexity of g(x,y).

Lemma 10 (Vy*(x) is Ly,-Lipschitz continuous w.r.t. x (Chen et al 2021))). Under Assumptions
the gradient of the lower-level optimal solution Vy*(x) is Ly,-Lipschitz continuous with respect to x. That
is, for any x1, 9 € R% , it holds that

IVy* (1) — Vy*(22)|1> < L2, |21 — 22, (119)
where

_ Lot Loly | Li(Ly+LoLy)

Ly, = 120
Yy Mg Mg ( )

The L,,-Lipschitz continuity of Vy*(x) controls the smoothness of the gradient of the lower-level solution
with respect to . The constant L,, depends on the smoothness and strong convexity of y*(x), as well as
the effect of the second-order derivative V2G(z,y).

Lemma 11 (z*(x) is L.-Lipschitz continuous w.r.t. = (Yang et all 2023)). Under Assumptions
the optimal solution z*(x) to the global linear system is L.-Lipschitz continuous with respect to x. That is,
for any 1,25 € R% , it holds that

12 (1) = 2" (@2)|* < LZ[lx — af?, (121)
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where
1
212 2L2I2%2\? 1
L. = <; + L2 (1+12)3. (122)
Hy Hg

The L.-Lipschitz continuity of z*(x) guarantees the smoothness of the auxiliary variable with respect to z.
The constant L, also depends on the smoothness and strong convexity of y*(z), as well as the second-order
derivative V2G(z,y).

Lemma 12 (Vz*(z) is L,,-Lipschitz continuous w.r.t. z (Yang et all |2023)). Under Assumptions
the gradient Vz*(x) of the optimal solution to the global linear system is L.,-Lipschitz continuous with
respect to x. That is, for any x1,xy € R%, it holds that

V2" (21) = Vz* (22) I < L2, [|l21 — 22, (123)
where
2 1
L., — 7<(L§ +r? L3+ L3L2)(1+ L) + L§L§)2. (124)
Hg

The L..-Lipschitz continuity of Vz*(x) ensures the smoothness of the gradient of the auxiliary optimal
solution with respect to . The constant L, is the most complex and involves the smoothness of z*(z), as
well as the influence of the third-order derivative V3G(z,y).

C.6 Properties of Global Heterogeneity

Building upon the work in (Yang et al., 2023)), this subsection investigates the impact of data heterogeneity-
induced client drift on global aggregated gradients and establishes the boundedness of such drift. The results
herein will be used in Section to analyze the behavior of the Lyapunov function of Algorithm [I] during
the global iterative process.

Lemma 13 (Boundedness of Gradient Global Heterogeneity (Yang et al., 2023)). Under Assump-
tions @ and |3, for each client i € {1,2,---,n}, the gradients V fi(z,y,2), VRi(x,y,2),Vg;(x,y) admit
bounded global heterogeneity:

> wil|Vfilw,y, 2P < 200, L3 + 217, (125a)
=1
Z wiHVZRi(xa Y, Z)||2 < QT?naxL% + 2L27 (125b)
i=1
> will Vygi(z, p)lI* < B L3y — v* (@)1 + o2y, (125¢)
=1

where the weights {w;}!_, are non-negative and satisfy > ., w; = 1.

Inequalities (|[125a]) and (125b|) provide constant upper bounds for the heterogeneity of the upper-level and
auxiliary objective gradients, indicating that their variations are controlled when z is bounded. In contrast,
inequality shows that the heterogeneity of the lower-level gradient V,g;(z,y) is proportional to the
distance between y and the lower-level optimal solution y*(z), with an inherent heterogeneity term ogh.
These bounds reflect the influence of client-wise data distribution differences and serve to quantify the
degree of client drift.

Lemma 14 (Boundedness of Gradient Drift Across Clients (Yang et al|[2023)). Under Assumptions[3
and @ for each global iteration t € {0,1,---,T — 1}, client i € {1,2,---,n}, and local iteration k €
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{0,1,--- , 7 — 1}, the drift in gradients ¥V f;(x,y, 2), VRi(z,y, 2), Vgi(x,y) is bounded by

V(2 gD, 20) = W f (@) R k)12 <A;f>, (126a)
[V Ri(x(®),y®, 20 — VR( (B0 ylek) Wf )|)F < alb, (126b)
HVg (t) ) Vgi(z; (t.k) (t’k))H <A!(Jtzk)7 (126¢)

where the gradient drift upper bounds are defined as

AR = AR = 3(IE + 715 [nxi““) FOP 4y — yO 2] 313D 2O, (127)
A_E]t,%k) — L% [”(E(t k) ”2 + ”y(t k) y(t)HQ} . (127b)

The divergence in local sample distributions leads to gradient 1ncon31sten01es across clients. This lemma

connects the gradient drift to local variable deviations via Agf ,A I; 5)7 A gtlk), enabling quantification of

gradient estimation errors caused by client drift. In federated b11evel optimization, client drift plays a crucial
role in convergence analysis and affects global objective updates. Hence, this lemma serves as a foundation

for bounding convergence rate and error.

Lemma 15 (Boundedness of Client Drift (Yang et al.||2023)). Under Assumptions ﬁ for each global

iteration t € {0,1,--- ,T — 1}, client i € {1,2,--- ,n}, and local iteration k € {0,1,--- ,7; — 1}, the drift of
(tk) (t7k) (t,k)
’ i 721'

local variables x; is bounded by:

—~w; = k) t.k) 2] _
> a2 {Hx(” 21 < m2rodn, (128a)
i a7l = .
n W T,;—l 2_
) G ai"ME {Hz(t) — 2N <nrodn, (128b)
1=1 ||az ||1 k=0 -
n T;i—1 - 92—
w; 2 27
v t) _,(tk) y 2 2
(®) af! [Hy Yi S{T DT [amaxag
i=1 ||ai ||1 k=0 J yCaT Qmax L]
+ 2caamaxL%n3;7iU%/[1
N 2
+ ZCaamaxL%E [Hy(t) _ y*(x(t))H }
+ 2Caamax0§hi| , (128¢)
where
012\41 = Oélznax(o-f + dex qq) + ade(Lf + rmdez)' (129)
When the following conditions hold:
27792c7_-caamaxL% <1, (130)
AnleaTamax i < 1, (131)

the upper bound 1' on the drift of ygt’k) can be simplified as:

n Tifl
w; k & 2 _ _
Z T; Z az(t R U yz(t ) _ y® ] < 27727'0%/[2 + 47]12/7'0@0411]&)( U‘y t) H } (132)
izt el =0
where
0%y = a?naxai + a?nax(o; + r?naxaig) + amax(Lfc +r2 L)+ ZCaozmangh. (133)
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This lemma reveals how client drift is influenced by local step sizes 7,7y, 7., the number of local updates
7, gradient variances 012\41703, and intrinsic system heterogeneity agh. It clarifies the cumulative effect of
drift and provides practical guidance on selecting appropriate step sizes and local iteration counts to balance
computational efficiency and drift control.

Lemma 16 (Boundedness of Aggregated Gradient Drift). Under Assumptz’ons for each global
iteration t € {0,1,--- ;T — 1} and client i € {1,2,--- ,n}, the upper bounds of the aggregated gradient drift
Agf), Ag), Agt) satisfy:

Ti—1

() _ A N~ Wi N (1k) A (0h)
AV =AY =) > a AL

t
o =

n Ti—1

=SS A
t [ K3

i=1 ”a’i I k=0
<B3er (L3 + 2 L3)o%y, + 3naT Lok, + 6m7 (L3 + 72 L3)o %,

2
+ 127712/7_'([/% +72L3)CaOmax L1E [Hy(t) - g*(x(t))H ] , (134a)
n w T;—1
t) ._ i (t,k) A (t,k
AY = Z ) Zai ALH
iz el =0
2
< n2FL30%, + 2027 Li0% s + 402 TCamax LiE [Hy(o _ g*(x(w)H } . (134b)

Proof. By substituting the definition of A(f;k) from 1) into the weighted sum in A(t)7 we obtain

n Tifl
A =Y S A
i el =0

n ;i —1
w; k k: & &
X [ “;n > ol (353 + L)l — 2O + g0 — O] 4+ 3L - 20)2)
i 1

1=1 k=0
n Ti—1
W; t,k) t,k t.k
=3(L +72L3) Y —m— > al P la{" — 2@ 4 [y -y O]
i=1 || i ||1 k=0
n Ti—1
BLEY. —ar— 2 et — 202

t
gl (] Pt
(a)
< 3na7(LY + 12 L)k + 32T LYok + 6T (LT + 12 L3)ok,
2
+ 127757"(Lf +72L2)Cqmax L2E {Hy(t) - ﬂ*(x(t))H } , (135)

where step (a) uses inequalities ((128a)), , and (128b) from Lemma [T5]
Similarly, substituting A;t,’ik) from (127b)) yields

n T, —1
1) . Wi (k) A (t,k
AP =) ) > oAl
iz lla; =0
n w Ti—1
7 tk tk tk
=LY —% e e el
i=1 Hai Hl k=0
(b) . 2
< m2rLioh + 2007 L0 g + N2 T CaOmax L1E {Hy(t) _ y*(x(w)H } ’ (136)

where step (b) again uses inequalities (128a]) and (132]). O
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This lemma quantifies the influence of client drift on global gradient estimation. Notably, the lower-level
optimization error term [E [Hy(t) —y* (x(t)) ||2} affects all components of the aggregated gradients for variables
,Y, 2.

C.7 Properties of Aggregated Gradients

This subsection introduces and analyzes the boundedness of the expected global aggregated gradients. The
proof is given in (Yang et al. |2023). The results in this subsection will be used in Section to analyze
the behavior of the Lyapunov function of Algorithm [1| during the global iteration process.

Lemma 17 (Boundedness of Global Aggregated Gradient Estimates (Yang et al 2023))). Under
Assumptions [1H{8, for each global round t € {0,1,--- ,T — 1}, when the server randomly selects P = |C)|
clients from n total clients, the estimates of the global aggregated gradients for variables ™, y® 2t satisfy

2

1<3y q i‘fHQ S (60)" o oty
) [Hwa ]

Bl 32 @

ieC(t)

n T, —1

4 2nn—P w; (t) A (£.0)
AY
P(n—1) Z|| @) 2 oA
i=1 1144 1 k=0
(’I’L— )Bmax 2 2
T P(n—1) Li+ L 137
n 2 Tifl 2
n Wi 0 2 4 20— P)Binax >
E[H 2 }Sp (t) Z(al ) a9 + Pin—1) ‘9
iec® =1 eI 1=
(BnS T S ) g
_ i i g,
P(n—1) i=1 ||a ||1 k=0 i=1 ||a(-t)|\1 k=0
Bmaxﬁ
+< ( P(n)— 1) 4+ 3L {Hy 20) } (137h)
E i ? < 2n wf (S (t,k) 2 2
Z Wilk il | = FZ )2 Z a; (Uf+rzggg)
ieCc® iz lla; 11 =0
4(” B P)ﬁmax
+ﬂ( maxL2+L2)
2n(n — P) fiinte Tizl R
P(n—1) Z Z Z Z (t) AR
i—1 ||1 i—1 o lla; [l
3L2E “ ) _ x(w)H } ) (137c)

This lemma shows that the global aggregated gradient estimate for variable z® depends on the gradient

drift A(t k) , the variance of f;’s gradient O'f, and the second-order derivative variance of g;, o gg, and is also

aﬁected by the expected norm of the global gradient estimate. The estimate for variable y® depends on

2

g0 as well as the deviation between the current iterate y®

the gradient drift Ag;k) and gradient variance o
and the optimal value y*(z®), measured by E {Hy(t) -7 (x(t))HQ] Similarly, the estimate for variable z(*)

depends on the gradient drift Ag:f), gradient variance O'J%, and second-order variance o2, as well as the

99’

deviation between z() and the optimal value z*(z(*)), measured by E [Hz(t) - z*(x(t))||2].
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C.8 Descent in the Objective Function

Building upon the work in (Yang et al., |2023)), this subsection analyzes the expected descent behavior of the
global optimization objective across global iterations and explores the factors that influence the descent of
the objective function. The results in this subsection will be used in Section to analyze the behavior of
the Lyapunov function of Algorithm [I] during global iterations.

Lemma 18 (Descent of the Global Upper-Level Objective Function (Yang et al., 2023)). Under
Assumptions for each global iteration t € {0,1,--- ,T—1}, the expectation difference between consecutive
iterations of the smooth and non-convex global upper-level objective function ®(x) satisfies

E [213(:5(“1))} “E [213(:5“))}

(t) 2

(t) ~ 2 "o~
< _% E [Hv@(x(t))H } +E HZwlhfl
=1

p(t)'y(t) 2 2
+ 5 (6(L§+r2L§)E {Hy(t)—ﬂ*(x(t))H } +3L2E {Hz(t)—?"(x(t))H D

3pMA0) ()
+ oA
2
L3 (pWy4")? ~ )
+ = ——F > whl| |- (138)
ieC(®)

The first term on the right-hand side of inequality (138) (the descent term),

(£)4®) - 2 ?
P g [Hvyﬂ”)H } +E

5 , (139)

)
St

characterizes the decreasing tendency of the objective function and is therefore negative. Here, the
expected squared norm E [||V<I>(a:(t))||2} reflects the strength of the optimization direction. The term

a2

p(t)%(f) controls the magnitude of the descent.

} captures the contribution of the aggregated gradient across all clients. The product

The second term on the right-hand side (the variable deviation term),

p(t),yit) 2
5 <6(L% +r2L2)E {Hy(t) _ gT‘(as(t))H ] +3L%E [

2 _ s*(x@))m) : (140)

quantifies the interference from the deviation of the lower-level variable y(*) and the auxiliary variable z(*)
from their respective optimal values 7*(z(*)) and z*(2(*)). This term suggests that larger deviations weaken
the descent of the objective.

The third term (the client drift term),

300" 0 _ 300w RS a0
HAy = N s D al Al
i=1 llai "l x=o
3p®A
< P (3n27(L3 + 12 13)0k sy + 37 LioR,

2
+ 6027 (L3 + r2L3)0% s + 12027 (L2 + 17 L3)calmax L3E [Hy(t) — 7 (@) } ). (4
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quantifies the effect of client drift, i.e., the deviation between local updates and the global target. This term
reflects that local optimization may lead to global deviation, especially under high data heterogeneity.

The fourth term (the aggregation error term),

2

El| S @nl)| |, (142)

ieC(t)

L3 (p0y )2

2

captures the influence of the norm of the aggregated gradient estimator and the smoothness of the objective
function (represented by Lg). This term grows quadratically with the step size, indicating that excessively
large steps can amplify the error.

Lemma 19 (Descent of the Global Lower-Level Objective Function (Yang et all [2023))). Under
Assumptions |IH8, the mean squared error between the global lower-level solution y™ and its optimal value
7*(2M) satisfies the following inequality at each global iteration t € {0,1,--- , T — 1}

2 27
[Hy(m 5 (x(Hl))H } _E [Hym _g*(x(t))H

2

< (01 = p 0y — 60 pO0) B [Hy(t) _ g*(x(t))H ]
-

+ 1+ 8N (pOAOVE || S @bl

ieC®)
Ti—1

2L2
+(1+ 5(t))p(t)7yt) 1 Z Z a§t7k)E
et Ha ||1 k=0

[ 2 2
‘x(t) _ xgm)H . Hyu) _ y?’“” }

2
2 L
t) . (t 2 yx ~ 1 (t)
ieC®)
) _
(£) ()2 v (®)
+H b zwlh , (143)
where 6 1 > 0 is the coefficient from Young’s inequality:
B {Hy ) () H } t)L
2 n 2
¢ T (t
< 52(/)11[3 [Hy(tJrl) — ) H ] (pDA())2 ,o i ) szhi)z 7 (144)
y,1 i=1
and 5?(f) is defined as
L maxL2+L2 p(t) (t)\2
30 = ol + a4 5 ) ’ (145)
The first term on the right-hand side of inequality (143]) (the contraction term),
¢ ) () t) ()~ (1) (t (t
(6 — p04 (0 1y — 60010 My ) g M (146)
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captures the decreasing trend of the objective function. This term becomes negative when 53(,75) <
p(t)%(f),ug/(l + p(t)’yz(,t)ug) indicating convergence of the error.

The second term (the aggregated gradient error term),

2

(146D (2R | ST @h| | (147)
ieC(t)

reflects the gradient estimation error from the randomly selected clients. An excessively large step size
p(t)'yg(f) can amplify this error.

The third term (the client drift term),

2L 2 2
(14 6()p®@~ 12” e Z PR {H ) _ EWH +Hy<t>y§t,k>‘”

(a)

212 N 2
< (1460t ?St)uil (ngm?m + 202708y + AT CaOmax LIE [Hyu) _ y*($(t))H D , (148)
g

quantifies the deviation between local and global variables. Here, 7; denotes the number of local iterations on
client 4, and the deviation accumulates as local updates progress. A large update step size p(t)*y?gt) increases

the error. Inequality (a) follows from ([128a)) and (132]).

The fourth term (the influence of upper-level updates),

2

2 L
()~ (8) 2 Yz =M
(p o ) (Ly—i— 5 )E E wih,; , (149)

1€C®)
represents how updates to the upper-level variable z(*) affect the convergence of the lower level. Again, large
update steps amplify this error.
The fifth term (the global hypergradient estimation error term),

sz Q)

(me(t)) , (150)

quantifies the influence of global gradient estimation errors with respect to the upper-level variable = on the
lower-level variable z(!). A larger upper-level step size p(t)fy(t) also enlarges this term.

Lemma 20 (Descent of the Global Linear System Objective Function (Yang et al., 2023)). Under
Assumptwns @ the mean squared error between the solution z*) of the global linear system and its optimal
solution z* :z:(t ) satisfies the following relation in each global iteration round t € {0,1,--- ,T — 1}

{H @) 3 (@640 } M 0z @) }
2
< (6D — pOy By — 50 pO 4D R Mzu)_g*(x(t))‘”
2

+ (14O E ||| Y @nl)

ieC(t)

(14600 (t)4LRzl o
— ||a!

Tl 2 2
Sl -]
k=0
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-4

+ (14 60)® (t)4LRE[Hy(t (MM

g
2
W2 (72 Lee ~ 1 (1)
ieC®
L? - ’
(1) (12 22 7
(P ) (5(t)]E ;wihx,i ) (151)
where (591 > 0 is the coefficient in the Young’s inequality
28 [0 = 2O . e [ i ]
i=1 l'
2
<ag ([0 -7 )] + o e | |5 wil) |, (152)
and 5?) is defined as
L., maxL2+L2 (t) ét)
50 =51 + r 5 Jo0r)" (153)
The first term on the right-hand side of inequality (151f) (Contraction Term):
2
(68 = p Iy P py — 50 pO4 g )E { Z® *'5*@(”)” ] , (154)

Py pg
149~ g
coefficient is negative, indicating that the error decreases with iterations, thereby driving z(*) toward z* (z(*)).

the

)

describes the variation trend of the current error E[|z(®) — 3*(x(t))||2]. When 6 <

The second term on the right-hand side of inequality (151)) (Gradient Aggregation Error Term):

2

(140D (pDyO2E | S a@nl)| | (155)
ieC(t)

quantifies the gradient estimation error of the auxiliary variable z caused by the randomly selected client

subset C®).  An excessively large update step p(t)ygt)

The third term on the right-hand side of inequality (151)) (Client Drift Term):

Ti—1 k . ) ) 2
3 o B [0 el 1 gl 4 0o )H]

for (Y will amplify this error.

4L
(140 t)) (t)W(t R Z

=1 ||a’
@ (0 (0 (0 AL 9 "
2 (1 4 50) 0,0 2R ; 202703 + 202703 + 4027 Canax LIE Hy< 7 (z® H (156)
g

reflects the impact of the deviation between local variables (ocgt’k),ygt’k),zgt’k)) and global variables
(x® y® 2" on the convergence of z(Y). Here, 7; denotes the number of local iterations on client i,

(®)

and the deviation accumulates with increasing local iterations. A large step size p®~:" will amplify this

error. Step (a) applies inequalities ((128a)), (128b]), and (132)).
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The fourth term on the right-hand side of inequality (151) (Lower-Level Variable Bias Term):
412 ~ 2
(1+60)py ) —EE [Hy(” - y*(x(t))H ] : (157)
Hg

quantifies the impact of the deviation between the lower-level variable y® and its optimal solution 7* (x(t))

on the convergence of z(). This reveals that instability in lower-level optimization can interfere with the

update of the auxiliary variable. An excessively large step size p(t)'yit) can amplify this error.

The fifth term on the right-hand side of inequality (151) (Upper-Level Update Interference Term):

2

2 LZ/L‘ ~
(P(t)%(ct)> <L§ + 2) E Z wzha(vt)z ; (158)
ieC(®)

captures the interference effect of the upper-level variable z(*)’s update on the convergence of z*). This

error is amplified if the step size p(t)fyg(ut) is too large.

The sixth term on the right-hand side of inequality (151]) (Global Gradient Estimation Error Term):

2

z

> i)

i=1

(p“)%(f))

2 [2
: , (159)
)

)
z,1
quantifies the influence of the global gradient estimation error for the upper-level variable x from all clients
on the convergence of z(*). Again, a large update step p(t)’yg(ct) will amplify this error.

C.9 Descent of the Lyapunov Function

In this subsection, we analyze and prove the driving and resisting forces behind the descent of the Lyapunov
function associated with Algorithm [I] during the global iteration process.

Lemma 21 (Descent of the Lyapunov Function). Under Assumptions [IH9, suppose that the global

learning rates satisfy
P
O =0(1/== 160
Va ( TT) ; (160a)

Vy,max = Cv, Yz, min, (160b)
Vz,max = C~,Yz,min; (160C)

and the constraint introduced in (Yang et al., |2023) holds

P < p®

-1 -1
< min{ Hg Hg (2ﬁmax n 3> 7 Ppuges, (LZ + Lzm) 7

Yz, max

12L%¢,.’ 36L3c,. \ P 36L3 Brmax 2
-1
P 44 4 oy, 2Brmax 5 2BmaxBon )
- = = = comex 4 3) L4 9t 3L
GLéﬁmax’ Lé, C'Yy’ C’Yz’ IZC'Yy ( P - 1+ P - ' ’

Pey, g ( 2+Lyw>_1 Cry Mg
36ﬂmaX(L%+T2L%) ? 2 ’ 4Ly1(L3‘+rr2naxL%),
—1
Cy. Hg 1 2 Lyx 2 Lz:c
— | K, (L K. (L , 161
T § (0 e oy
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and the local learning rates satisfy

! ) , (162a)

(
ny =0 <%ﬁ) ; (162b)
(nl/f) , (162c)

and the constraints introduced in inequality (130)), i.e.,
9 1

163
e = 2T CqOmax L3’ (163a)
1
o — — . 163b
My = AT CqOmax L3 (163D)
Consider the Lyapunov function defined as
~ 2 2
(W) = E [tb(x(t))] +K,E [Hy(t) g (M)H ] + K.E [Hz(t) - z*(x@))H } (164)
with coefficients K, and K, set as:
40(L? 4 r2L32 4L%L27 1
Ky_{o( 1+rly) | 38 ki 1}, (165a)
Hg Hy Cry
L2
K. = 0Ly , (165b)
HgCr,
and parameters 53) and 69), defined in equations 1) and 1' are set as:
()~ ()
Py
5 = #, (166a)
()~ (1)
o0 = E e, (166b)
and constants T and p are defined as
o1y (167a)
T = — Ti,
n -
=1
=
p= T Z P, (167b)
t=0
Then, for each global iteration round t € {0,1,--- , T — 1}, the Lyapunov function satisfies
(t+1) ®) ﬂ(t)% T (o (1) 2 (t) (t) (t)
\I/(l‘ ) - \IJ('/L‘ ) < _TE HV(D(J? )H + €sync + €part + €drift7 (168)

¢ t ¢
where the error terms egy)nc, f;a)m efh)iﬁ are defined as

L.
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Proof. From the definition of the Lyapunov function in ((164)), we have:
‘If(.r(t+1)) _ \I/(l‘(t))
:Eﬁ@mﬂﬂ—mﬁ@@ﬂ
2 2

LK, (E [Hy(m) )| } E Mym 7 @) D

LK ( U\ e )] £ [0 -z o))
(@) p® ~ 2
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+ 6g/)nc + 6ga)rt + 6Eitr)ift'

(169a)

(169b)

(169c¢)

In step (a), we substitute inequalities (1 , , and 1.} into the Lyapunov expression (164)), and then

expand the corresponding terms using mequahtles 128)), and -

In step (b), combining Assumption |§| with the upper bounds on global learning rates in (160b)) and (160c]),

we obtain:

< Yymax = CyyYamin < Cyy VY,
D < Yamax = CyVa,min < 3,7,
which implies:
PO < e, p<t) (1),
(PO <, - (0002,
p(t)'ygt) <c,. .p( ) (t)

(p)? < ¢, - (p(“%(f))z’-

Combining all the terms and reorganizing leads to inequality (168]).
This completes the proof of Lemma
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In this lemma, the full synchronization error eg,)nc reflects the noise introduced by stochastic updates on
clients. It is affected by the client sampling ratio P/n, and remains nonzero even under full participation
P = n, depending on the noise levels {03,072 ,07}.

The partial participation error eff;rt arises from the limited participation of clients (P < n). It vanishes when
P =n, and decreases as P increases.

The client drift error effr)ift captures the deviation of local variables due to data heterogeneity and local

updates. It is proportional to the client step sizes {7;,7,,7,} and the average number of local iterations 7,
and is affected by the noise levels 02,, and o3,,.

C.10 Convergence Analysis of the Algorithm

This subsection establishes the convergence of Algorithm I We then analyze how system heterogeneity and
partial client participation impact its convergence and performance.

In the absence of system heterogeneity, i.e., when for every global iteration round ¢ € {0,1,--- ,7 — 1} and
every client ¢ € {1,2,--- ,n}, the local gradient aggregation coefficient vectors agt) satisfy
laf?ll = flag”ll = .... = [la]. (172)

Then, based on the definition of the client weights w; in we obtain

I, Il Vie (L2 n) (173)
i — t i — n t ) (X y &y "ty )
pv S pillal”]

g

and the global upper-level optimization problem reduces to the refactored form defined in (76a))

(2™ = F(z®, 7 (=) szfz 7 (zM)). (174)
However, if system heterogeneity is present, meaning that for some global iteration round ¢ € {0,1,--- ,T—1}
and clients ¢ € {1,2,--- ,n}, the local gradient aggregation coefficient vectors a( ) may differ, we may have

lal? | # 1a$7, 3i#je {12, ,n}, (175)

and the definition of w; in [69] leads to

1 p(t) Di t)sz Di, y &y ) )

S pyllal

which implies that the global upper-level optimization problem must be expressed in its original form
®(2W) = F(z®,y* (2®)) szfz (2D y* (D). (177)

Theorem 2 (Convergence of Algorithm . Under Assumptions the algorithms ASFBO and LA-
ASFBO satisfy the following convergence guarantees.
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In the absence of system heterogeneity, the algorithms satisfy

mln HV@ 2® H Z E [HV@ ac(t) H }
2 a2 1
— M . max max .
( Ve (o )2y, P%T)
n—P | T
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and in the presence of system heterogeneity, the algorithms satisfy
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where the constants M, Mpare, Msync, Marige are defined as follows:

M:=1+2 (ma’éﬁmn) , (180a)
Myype = [L3 + K, (2L2 + Lya) + K. (217 + L.o) +4K.C2 | (0F 4 17ax00)
+ K, c O'g, (180Db)
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3 max
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+ 4K, [%1 + 2¢,. ( P + 3) Lﬂ +4K,c, 2. (180d)
Hg P Hg

Proof. The proof begins with the case without system heterogeneity and is later extended to the case with
system heterogeneity.

(1) In the absence of system heterogeneity, conditions and are satisfied. To establish the
convergence of the proposed method, we aim to show that the expected squared norm of the gradient of the
objective function ®(z) after T iterations (see Definition [2 , ie.,

minE {va,(xm)m < ;21@ {HV%(M)HQ]

() 4 T 1

S W |:\I/($(O)) (T) :| Z ( 5ync + 61(:3))7‘t + E(t))
T, min —0

1,’ mm
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1’2naxar2nax 1 n—P T
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+0 (Mdrift : (U%/[l + 0'%/[2) : 7_'T)

We first analyze step (a). By summing inequality (168) from ¢t = 0 to T'— 1, we obtain:

T-1

( é;)nc + 6part + 61(1?1&) (181)
t=0

T 0 P(t)%
B - pE0) < - 3 20 . U\w g H]+
t=0

Combining with Assumption |§| and the fact that p® e [%ﬁ, %ﬁ], we have:

PYemin S 2] T, t)v
£ fz,min & () )
2 3 g |vae o] < [HW ]
=0 t=0
< U() )+ Z (ebors + e + €1 (182)
which leads to:
T-1 N ) A
2| |vea)| } S ——— W) - v@")] +4 Dorel +elly). (183
t=0 [ @ P’Yz,min{ ( ) } ;p% mm( y part d ft) (183)

We next analyze the term Tﬁ,yj — [T (z(©) — ¥(z(™)] in step (b). Since the Lyapunov function is generally

non-negative, i.e., U(z(T)) > 0, we have:

U(z) — w(2D)) < w(z®), (184)

where \I/(a:(o)) is a constant. From Assumption |§| and (160af), we know that v min < fy(t) @ ( T};) and
from the definitions of p(*) in and p in (167D, it follows that p = O(7). Therefore,

4 1
T [\p(x(o)) _ \I/(x(T))} —0 ( P%T) ' (185)

We then analyze the term = Zt 0 7 L eg)nc in step (b). From Assumptions IEI, and it follows that

the term w%Hagt) ||2/||ai | in the deﬁmtlon of eg,)nc (see 1| satisfies:

t)
w?a;” 2002

13 ax ¥me
< max —max 186
[P = )P, (156)
and by the definition of Mgy, in (180b)), we obtain:
2 2 2 2 2
(t) < (pt)A (D) ﬂmaxamax M 3 max %¥max M 1
e < (PMAD)? Pr(c )20 syne < | 5P Ve max Pr(c 22, Mone: (187)

Therefore,

T-1 T-1 2 2 2
4 1 4 1 3_ «
T — S/)nc < T Z = . (Qp'%:,max> }3nmx7nwéxM§ync
=0 PYz,min T( ) min
9Bmax Qmax . ﬁ’yg,max
(ca)2a12nin P%’Yﬁt,min

= Msync '
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(C) r2naxa12nax / 1
O < sync * (%)2043,“ : P7__T> 3 (188)

2
where in step (¢) we used p = O(7) and % =0 ( %)

We now analyze the term # Zt 0 7 1 egrt in step (b). From the definition of egrt in (169b) and the

definition of My in (180c]), we have:

(t) Wty n—FP 3 > n-p
epart S (p Va ) ) mMpart =~ Qp’)/w max . P(iMpart- (189)

Then,

T-1 T-1 2
4 1 ) 4 1 (3 _ ) n—P
e €har < = = | 5P7Vx,max : Mpart
T ZO p’Yz min part T ; Pz, min 2 P(n - 1) P

. 9(n - P) . ﬁ’yg,max
part n—1 P’Yx,min

() n—P T
O < part * n — 1 ° PT) ) (190)

3 P -~ ’Yg,max — P
where in step (d) we used p = O(7) and e =0 (\ / ﬁ)

=, min

min

We next analyze the term 7 Zt 0 ﬁ fir)lft in step (b). From the definition of el drlft in 1} we consider
the quantity n27o%, + 2037035, which satisfies

W7ok + 20y T0hs < (07 + 02)Toh + 207 0R . (191)
Then from the definition of My, in (180dl), we have

egltr)ift < plah (03 + n2)Ton + 205703 2] Maris

3_ _ _
QP%,max) 2+ 2 7o + 2 ToRss] Masis.- (192)
Therefore,
4T
t _ _
) Z (S ) - 02 + 1207080 + 2027 R) M
:0 x, min
3 T, max — —
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() 2 2 1
=0 Mdrift . (UMI + U]y[g) ' 7_'7T y (193)

i D — 7\ Jmmax _ i - 1 — 1
where in step (e) we use p = O(7), = O(1), and the local step sizes 1, = O (F T), Ny =0 (F\/T)’

Yz, min
_ 1
=0 (Tﬁ)

(2) We now consider the case with system heterogeneity, i.e., conditions (175]) and (176]) hold. Based on the
objective functions without and with heterogeneity given in (174) and (177)), the gradient difference satisfies

Vo (z?) — Vo (z®)
= VFa®,y* (1)) - VEE®, 57 (@)
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= ipivﬁ(m(t),y*(x(t))) _ iwivﬁ_(x(t)?g*(x(t)))
i=1

i=1
“(2") = Vi(a!

*sz [vfl (t ( )

0,7 (#1), 7 (2))]

Pi — W; R ~ ~x
+ZTwai<x<t>,y (1), 7 (2)). (194)
Taking squared norms on both sides, we get
~ 2 _ _ 2
Vo) - V)| < 2| TR,y (2®), 2 (D)) - VE@EO, 7 (@0), 7 0))
n 2
Pim Wi 7 (o) 5o ®
2 Vi )
#2 |5 PTG, )5 )
(a)
< 6(L7 + r?L3)|ly* (=) — 7 ()|
+6L3]|z" («1) — 2 ()2
2 2
+2<ma’é 5“““) HV(ID(x(t))H : (195)

where step (a) follows from the surrogate gradient expansion , norm inequalities, Lipschitz continuity in
Assumption [3] and boundedness results in Lemma [d] The weight coefficient bound in Assumption [§] gives

Di — w; S max 5m1n (196)
Wy ﬂmm

(3) Substituting inequality (195]) into (179)), we obtain
' O° < 2 5 lva |
a2 e
t=0
1
2,272 “
+12(L% 4+ r?L3) TZHy
+12L7 - Z 12% (= Z(@W)|?

T—
b S oo

g O 2 a2 1
e M . MS ne max —max . —
Y (eh)2a2, N PTT

Bmax Bmm
bt ( /Bmm ) ‘|

~ 7 @)

22\

—~
=

min

P T
<M Mot pT>
1
(M Mgt - (UM1+UM2) T) (197)

In step (f), since the drift error Efitr)ift is independent of system heterogeneity as long as local step sizes
{Nz,ny,n-} and average local iteration number 7 are unaffected, we can approximate
(198a)

y () = g (2),
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2 (2W) = 2 (®). (198b)

In step (g), we apply inequality (181)), and obtain

2 a2 1
(b H M Ms ne - max —max -
T Z HV © el (@22, PFT
7__
© (M P pT>

1
Mgt - JMl + JMZ) 7'T’> (199)

+ M-
+M-0

This concludes the proof of Theorem [2] O

According to the client participation rate, we distinguish between two cases: P =~ n and P < n, and analyze
the communication and computational complexity of the ASFBO and LA-ASFBO algorithms respectively.

Corollary 2 (Complexity of Algorithm . When P = n, to achieve e-accuracy, the communication
complexity is T = O(e=2), and the per-client computation complexity is 7T = O(n~te"2). By setting the
local iteration count to T = (9(%), the communication complexity can be improved to T = O(e'). When
P < n, to achieve e-accuracy, the communication complezity becomes T = O(P~1e=2), and the per-client

computation complexity is 7T = O(P~1e™?).

Proof. (1) When nearly all clients participate in the optimization (i.e., P ~ n), we have f;f ~ 0, in which
case the partial participation error satisfies

n—P T
O|M M —— 1/ — | =0 200
( part PT) (200)

Hence, inequality (179)) simplifies to

: (t) 2 rznaxa?nax 1
i HV(I)(I )H = O M- Myne - (¢!, )2amm PrT

1
+ 0O <M - Masiee - (031 + 0p2) - %T)

<e (201)

In this case, to achieve e-accuracy, the total number of global iterations (i.e., communication rounds) must
satisfy T = O(e~?). The per-client computational complexity is then 7T = (’)( ~1¢=2). Furthermore, by
setting 7 = O(L), the communication complexity can be improved to T = O(e~!).

(2) When only a subset of clients participate (i.e., P < n), the partial participation error is non-negligible.
However, if we set 7 = O (n P) inequality l) can be simplified to

2 ax Qanax n—bP
’v@(m(t))H =0 <M . <Msync : (ca)Ta + Mpart) ’ (n_l)PT>
1
+ 0O (M - Mayigt, - (0341 + 012\42) ’ 7_'T)

<e (202)

min
t

Under this setting, to achieve e-accuracy, the number of global iterations (communication rounds) must
satisfy T = O(P~1e=2), and the per-client computational complexity is 717 = O(P~te~2).

This completes the proof of Corollary 2] O
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D Experiment Details

This section conducts numerical experiments to evaluate the performance of the proposed ASFBO and LA-
ASFBO algorithms. We begin by introducing the federated hyper-representation learning (FHRL) task used
in the experiments. Then, we describe the experimental setup, including datasets, models, and algorithmic
hyperparameters. Finally, we evaluate the performance of the proposed algorithms under both IID and
Non-IID settings, and compare them with the baseline methods SimFBO |Yang et al.| (2023), ShroFBO |Yang
et al.| (2023)), FedNest |Tarzanagh et al.| (2022)), and LFedNest |Tarzanagh et al.| (2022)).

All experiments are conducted on a Linux system equipped with an Intel i5-12500H CPU and an Nvidia
GeForce RTX 3050 GPU using Python 3.12.

D.1 Federated Hyper-Representation Learning

This subsection introduces the federated hyper-representation learning (FHRL) task and formulates it as a
federated bilevel optimization problem.

FHRL is derived from the concept of hyper-representation learning [Schiirholt et al. (2022), which aims
to improve generalization across downstream tasks by learning a shared representation. It is widely used
in meta-learning and multi-task learning scenarios. Hyper-representation learning is essentially a class of
bilevel optimization problems |Franceschi et al. (2018)), whose objective is to learn a general-purpose feature
extractor (referred to as the “representation” or backbone) such that task-specific classifiers or lightweight
modules can be efficiently and effectively trained atop this shared representation.

In the federated setting, the FHRL task can be modeled as the following federated bilevel optimization
problem:

> Lyt (@):8), (203a)

1=1 | lvall €D val
1 n
s.t *(x) = arg min L(x 203b
y"(z) = arg min ; B, tmm| CEDZ; 5€)s (203b)

where Dipain and Dy, denote the complete training and validation sets, and ¢ and £ represent individual
data samples. D; train and D; va1 denote the local training and validation subsets on client 7, respectively.
The variable x corresponds to the shared representation parameters, such as the backbone of a multilayer
perceptron (MLP) [Rumelhart et al.| (1986) or a convolutional neural network (CNN) |LeCun et al.| (1989)).
The variable y*(x) represents the task-specific classifier (head) trained optimally on Diain given a fixed z.
L(+) denotes the loss function, typically the cross-entropy loss.

The upper-level objective focuses on generalization to the validation set, while the lower-level problem seeks
optimal task-specific adaptation on the local training data. Since the output layer in neural networks is
typically a linear transformation without nonlinear activation and the loss function is usually convex (e.g.,
cross-entropy or mean squared error), the optimization over the output layer satisfies strong convexity as
long as the output of the preceding layer is full-rank.

D.2 Experimental Setup

To ensure fair comparison with existing methods, the dataset, model, and part of the framework settings
used in our experiments follow those in (Tarzanagh et al., [2022; |Yang et al., [2023).

D.2.1 Dataset

We use the MNIST dataset [LeCun et al.| (1998)), consisting of grayscale images of handwritten digits. Each
image is of size 28 x 28 pixels. The training set contains 60,000 labeled samples, and the test set contains
another 10,000 labeled samples.
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In the IID setting, each client randomly selects 600 non-overlapping samples from the full training set
without replacement, simulating data homogeneity. Each client then splits these 600 samples into 450 for
training and 150 for validation.

In the Non-IID setting, the samples are first sorted by label. The sorted dataset is partitioned into multiple
subsets of 300 samples each, from which each client randomly selects two subsets (i.e., 600 samples total)
without replacement, simulating high data heterogeneity. Each client again splits the 600 samples into 450
for training and 150 for validation. For evaluation, all 10,000 test samples are used.

D.2.2 Model

We adopt a multilayer perceptron (MLP) Rumelhart et al.|(1986|) as the model for the FHRL task. The MLP
contains one input layer, one hidden layer, and one output layer. The input layer maps the 784-dimensional
input to 200 dimensions. The hidden layer contains 200 neurons and uses the ReLU (Rectified Linear Unit)
activation |Nair & Hintonl (2010). The output layer maps from 200 to 10 dimensions, and the loss function
is L1-regularized cross-entropy loss.

We designate the 157,000 parameters between the input and hidden layer as upper-level variables, and the

2,010 parameters between the hidden and output layer as lower-level variables.

D.2.3 Algorithm Hyperparameters

All algorithms considered support partial client participation in each round. We set the total number of
clients to n = 100, and randomly sample P = 10 clients in each round.

For the server-side learning rate scaling factor update , we set the decay factor ¢(¥) = 0.75. The base
global learning rates in are set to {v; = 0.03,~, = 0.03,7, = 0.05}, with the small constant p = 0.001.

In the learning rate bound conditions , we set the lower bounds as {7z min = 0.01, Vy,min = 0.03, 72 min =
0.02}, and the upper bounds as {7z max = 0.1, Yy max = 0.3,7z,max = 0.2}.

The average number of local iterations is 7 = 10, so each client’s local iteration count Ti(t) is uniformly drawn
from [5, 15].

In the client-side variable update step , the local learning rates are set to {n, = 0.01,7, = 0.03,n, =
0.02}.

In the momentum updates and , the momentum coefficient is set to 5 = 0.25.
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