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Abstract—We introduce a discretization scheme for continu-
ous localized frames using quasi-Monte Carlo integration and
discrepancy theory. By generalizing classical concepts, we define
a discrepancy measure on the entire phase space R and estab-
lish a corresponding Koksma-Hlawka inequality. This approach
enables control over the density of the discretized frame and
ensures the universality of the sampling set, relying only on
the discrepancy of the sampling set and on the Sobolev-type
seminorm of an iterated kernel rather than on specific frame
properties.

Index Terms—localized frames, frame discretization, Quasi-
Monte Carlo method, discrepancy, Koksma-Hlawka inequality

I. INTRODUCTION

Continuous frames play a fundamental role in harmonic
analysis and signal processing. Let H be a separable Hilbert
space and (X, i) a measure space. A family ¥ = () ,ex € H
is called a Parseval frame if the mapping n — ¢, is weakly
measurable and

170 = [ 1w P dut. forall £ € H.
In this setting the analysis operator

Cy:H— LZ(X), fe (<f,l//77>)17ex,
acts as an isometry onto the reproducing kernel Hilbert space
R := Cy(H) with reproducing kernel
R(V, 77) = <Ir//77’ d’V> (1)

The discretization of continuous frames—that is, replacing
the integral in the frame condition by a discrete sum over a set
A C X, such that

Al < S 1P < B

AeA

2
H

for some constants (the frame bounds) 0 < A < B < oo and
all f € H — has been solved in great generality by Freeman
and Speegle [1]. However, in their framework, the phase space
is only assumed to carry a measure, so no further information
on the quality of the discretization beyond the ratio of the frame
bound B/A can be expected.

For localized frames, the situation is considerably more
refined. Here the phase space X is endowed with a metric, and
the associated reproducing kernel R exhibits decay properties.
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In particular, one typically requires that R satisfies Schur’s test,
i.e. that the Schur norm of R, given by

IRz, = ess sup / IR(v.n)ldn.
veX X

is finite. Under such localization and for sufficiently “tame”
geometry of the phase space, one may introduce a notion of
sampling density—the average number of samples per unit
volume—and even identify a critical density D~ dictated by the
geometry of X, see [2] for details. In this context, discretizations
can be compared in terms of how closely their sampling densities
approach D~ while maintaining a small frame bound ratio.

A promising strategy to achieve favorable sampling sets is
to select sampling points that are as uniformly distributed as
possible, relative to the geometry of X. In numerical integration,
this quality of a point set is measured by its discrepancy. In
the simplest setting the quasi—-Monte Carlo (QMC) method
approximates an integral of a function 4 over [0, 1]¢ by

N
1
h(n)dn =~ <= > h(pn),
/[0,116’ N Zl !

for a set of sample points # = {p1,...,pn} € [0,1]4. A
Koksma—Hlawka inequality links the integration error to the
star discrepancy of the point set P,

#P N [0.7])

D*(P) = sup N

nel0,114

#([0,77])',

where u is the Lebesgue measure, and a measure of the
smoothness of /. For example, in two dimensions one has:

Theorem 1 (Koksma—Hlawka inequality [3, Prop. 2.18]). Let
P < [0,1]? be a set of N points, and let h : [0,1]*> — C be
a function with continuous mixed partial derivatives 01h, dhh
and 01ph. Then the quadrature error

win?)= [ hman-g 3 )

peP

satisfies

ot <0 @)| [ iaahlan

1 1
+/0 |alh<m,1>|dm+/0 |2k (1, 7)) dn»




Low discrepancy sets thus yield small quadrature errors.
Classical constructions achieve star discrepancies of order
O((log N)¥~'/N) in dimension d.

In this work we combine ideas from frame theory and quasi—
Monte Carlo integration to obtain new discretization results for
continuous, localized frames. Our first key observation is that
the Schur norm ||e| 4, of the difference between the reproducing
kernel and its discretization can be expressed as the supremum
of a family of quadrature errors. On compact subsets of the
phase space, these errors are controlled by the product of the
star discrepancy of the sampling set and a mixed Sobolev norm
of an associated kernel.

Our contributions are as follows. First, we extend the
Koksma—-Hlawka (KH) inequality to integrals over the entire
Euclidean space R? and adapt the definition of star discrepancy
to this new setting. By invoking results of Skriganov [4], we can
infer that for certain lattices A C R2, the point set aA achieves
an asymptotic global discrepancy of order

O(a®*m(2+a™h)

for a — 0, see Section V. This extension represents, to the best
of our knowledge, the first instance of QMC-type integration on
a space of infinite measure. Second, we apply this framework
to derive a new discretization result for continuous frames in
suitable localization classes (Theorem 4). In particular, this
result implies universality of the sampling set: The existence
of a frame discretization for a frame ¥ and sampling set A only
depends on its discrepancy and on a Sobolev like seminorm on
its reproducing kernel, not on specifities of the kernel itself.

As a proof of concept, we discretize the short-time Fourier
transform (STFT) and demonstrate that any lattice that is
admissible in the sense of Skriganov [4] yields discretizations
with universal frame bounds invariant under arbitrary dilations
of the generating Gabor window.

By bridging continuous frame theory and quasi-Monte
Carlo integration, our work provides a systematic approach
to constructing discrete frames with controlled density and
stability, thereby enhancing both the theoretical understanding
and practical implementation of frame discretization.

II. From ContiNuous FRAMES TO Quasi-MoNTE CARLO

From now on we assume that the continuous frame ¥
is defined on the Euclidean plane X = R?, equipped with
the Lebesgue measure u. The following approach to frame
discretization can be found in many places, see for instance [5]-
[7]. Let A c R? be a discrete set and (a,) 4 family of positive
numbers. We want to find a sufficient condition for the family
(vaiya)aen to be a discrete frame for H, that is, to satisfy

Allflly, = - aaldrunl < Blflly,

AeA

for some constants0 < A < B < coand all f € H. The inclusion
of the weights (a,)1ca above will become relevant in Section
II1. This is the case if and only if the frame operator

Sp:H —>H, SAf= Z%z(fﬂﬁd)l/’/z

AeA

is bounded and stably invertible. The optimal frame bounds are
then A = ||} 1|7/, 4, and B = |Sallg— ¢ cf. [8, Prop. 5.4.4].

As the analysis operator Cy : H — R is an isometry, the
push forward of S, by Cy, which is given by Ty = CySACg!,
has the same spectral properties as Sx. In particular, we have
ITE g = 1S |5 A short computation reveals that Ty
can be written as an integral operator

TAF(n) = f Ra(F()dv, FeR
RZ
with the kernel

Ra(n,v) = Y aaR(LDR(LY), n,veR?,
AEA
R being the reproducing kernel (1).

By the standard Neumann series argument, stable invert-
ibility of Ta follows if ||[Idg —Tallgsg < 1. As F(n) =
A{Z R(n,v)F(v)dv for F € R we have to bound the operator
norm of

F»—)/ (R(-,v) = RA(-,v)) F(v)dv
RZ

on R from above. Schur’s test yields
I 1dg ~Tllg—% < ess sup / [R(1.v) = Ra(n.v)| dn. ()
veR? R2

We note that the reproducing kernel R(7, v) itself satisfies the
reproducing formula R (7, v) = fRZ R(n, p)R(p,v) dp. Thus, for
fixed n,v € R?, the integrand on the right hand side of (2) is
equal to

[ rapRG o= Y arO DRG] O

AeN

Let us now write the weighted quadrature error of a continu-
ous function 4 € L' (R?) as

ety = [ hp)dp =Y ash(a) @
A€

With the notation K7"Y) = R(n, -)R( -, v), the expression (3)
can then be identified as the quadrature error |e(K "), A)].

Proposition 2. If the kernel K\"Y) satisfies the condition

€ = €SS sup/
veR? R2

then (\Jaxya)aen is a discrete frame for H with the frame
bounds 1 — € and 1 + €.

(K, 0)| dn <1,

Proof. Resubstituting Equation (3) into (2) yields a suffi-
cient condition for the stable invertibility of 7). Upper and
lower frame bounds can be estimated as ||Tx|lg—r < 1 +

[ 1dg ~Tallg—. and [T IR & = 1 = || Idg ~Tallr—% o



III. QUADRATURE ERROR ESTIMATES FOR INTEGRALS OVER R?

In this section, we aim to find an upper bound for the
quadrature error as defined in (4). For that, we prove an analogue
to Theorem 1 for functions on R?. However, our approach leads
to a weighted quadrature rule as in (4), with weights (a,)ea
that are determined by the local structure of A.

We assume i € L!(R?) to have continuous mixed partial
derivatives d1h, d»h and 0;ph. We further assume that each
square of side-length 1 contains at least one point from A. That
is, if we write K = [0, 1]* for the unit square and #M for the
cardinality of some set M, we have N, = #A N (K + p) > 1 for
all p € R%. Note that N, is always finite as A is discrete.

To find an estimate for e(/, A), we start with the expression

LAL a5 3

p AeAN(K+p)

) | do.  (5)

Denoting the characteristic function of the set K + p by yx+p,
the integral can immediately be simplified and is equal to

[ nman= 3wy [ g

AEN

Thus, (5) describes the quadrature error e(h, A) with respect to

the weights
A
a, = / M dp. (6)
R2 Np

To estimate (5) from above, we first take a look at its inner
part

ep(hA) = /K h(n) dy - - h)
+p

P aeAn(K+p)

for fixed p € R2. If we take care of the translation by p, we can
apply Theorem 1 to this difference. For that, we define the star
discrepancy of A anchored at p by

#ANp+[0,n]
Np

D,(A) = sup — ([0, 7))}

n€el0,1]?

Writing p = (p1, p2), we obtain the inequality

1
lep(h )] < DE(A) /0 Buh(pr + 1. p2 + 1)l diy

1
+/ |52h(P1+1,P2+772)|d772+/[ - |312h(,0+77)|dﬂl-
0 0,1

)

Now, combining (5) with (7) and applying Holder’s inequality
yields our global quadrature rule.

Proposition 3. Let D}, .. (A) = sup,cp> D, (A). Then we have

shift
the inequality
eI < [ lep(h ] dp
< D (A) [101 A1l + 1182kl s +11812hll ],

where the L'-norms are taken over all of R>.

Together, Propositions 2 and 3 imply a sufficient condition
for A to induce a discrete frame as described in Section II.

Theorem 4. Using the notation from Section II, assume that
KUY has continuous mixed partial derivatives for almost all
n,ve R2, Let

Q(WP) = ess sup/ [”611((”"’)
R2

1
yeR2 L

+||(92K(77’V)

y +H812K('7’V) y ] dn. (8

If Z):hiﬁ(A)Q(‘P) < 1, then the family (\faxya)aien is a

discrete frame for H with the frame bounds 1—D .. (AN)Q('P)
and 1+ D} (N)Q('P).

*

The discrepancy D .. (A) is a quantitative measure on how
uniformly the set A is spread in R?. If we replace A by aA
with small a > 0, we can make the discrepancy D (aA) as
small as we like. However, the structure of A is of particular
importance, as it decides how fast D}, . (aA) becomes small.
A quickly decreasing discrepancy is essential if we want to find
discretizations where the set aA has controllable density.

In Section V, we describe certain lattices for which the
discrepancy actually has a fast decay, and which can therefore

be used effectively in Theorem 4.

Remark 5. By assumption, we have N, > 1 for all p € R?,
so (6) implies that a; < 1 for all 2 € A. If we further assume
A to be separated, i.e. N, < n for some n € N, it also follows
that a; > 1/n for all 2 € A. Thus, the family (\/ai¥1).1en is a
frame for H if and only if (1) 1ex is one, allowing us to remove
the weights from the frame in Theorem 4. Of course, this will
impact the frame bounds.

Remark 6. If A is a lattice, we have a,; = det(A) forall 1 € A,
where the determinant of the lattice det(A) is defined as the area
of a fundamental domain of A. This can be seen by evaluating
the integral in (6) via periodization with respect to A.

IV. DISCRETIZATION OF THE SHORT-TIME FOURIER TRANSFORM

Short-time Fourier transforms (STFT) [9] and their discretiza-
tions, known as Gabor transforms, are central tools of time-
frequency signal processing. Furthermore, STFTs are likely the
best understood family of continuous frames, with plenty of
related discretization results. It seems worthwhile to investigate
what can be achieved using QMC in this well-studied setting,
though this is probably not the most radical application of our
approach.

Given a window function g € L?>(R), we define the STFT by
Ve 1 L*(R) — LX(R?),

Vef(x,w) = / f(0)g(t—x)e ™1 dt.
R
Using time-frequency shifts 7(x,w)g(t) = g(t — x)e>™x«
for x,w € R, the STFT can be written as V, f(x,w) =
(f,n(x,w)g). We assume ||gHL2 = 1, as V, then becomes a
unitary mapping. This is equivalent to G = (7(17)8) ;g2 being
a continuous Parseval frame for L?(R).



Let 77, v, p € R2. The reproducing kernel of G is given by

R(n,v) = (n(v)g.m(1)g) = Vg(n(v)g)(n).
The kernel K7Y) (p) = R(11, p)R(p, v) is therefore equal to

K (p) = Vo (n(1)g) () Ve (r(1)g) ().

Using the notation Dg(t) = g’(¢) and Zg(t) = 2mit g(t), some
straightforward computations allow to estimate expression (8)
for the STFT by

Q(G) <2 Veslls Ve Dl +IVesl Ve Zell
+VeslilVezDells +IVeDell Ve Zsly |

This inequality enables us to apply Theorem 4 to the STFT
to obtain Gabor frames of L?(R), provided that the set A has

sufficiently small discrepancy Z):hiﬁ(l\).

Example 7. For o > 0, let g, (1) = 0~ !/2 exp(—5%51%) be the
L2-normalized Gaussian and G, the corresponding continuous
frame. Then Q(G,-) can be evaluated exactly as

Q(Go) =4n (é + \/50-) + 4n°.

It is minimal for 0y = V2 with Q(Goy) ~ 64.61.

V. DISCREPANCY OF ADMISSIBLE LATTICES

There are certain lattices I' ¢ R? which have excellent
discrepancy, and which are therefore well suited for our
purposes. We use the same terminology as [4].

Definition 8. Let I' c R2 be a lattice. We call I admissible if

inf 2| > 0.
i oy 7172

Admissible lattices are considered frequently in QMC inte-
gration, see for instance [10], [11] and the references therein.

The following proposition is an immediate consequence of
[4, Cor. 2.1]. We write I', T > 0 for the dilated lattice

I ={(ty1, 7 'y2) | (y1,72) €T}

Proposition 9. Let I' ¢ R? be an admissible lattice. Then
there is a constant C = C(I") such that

Dihi(alz) < Ca*In(2+a™") )
Jor all a € (0,1) and all T > 0.

If I is an admissible lattice, the consequences of Proposition
9 are twofold.

First, if we ignore the dilation by 7 for a moment, we
see that D .. (al') has a fast asymptotic decay for a — 0.
For comparison: the discrepancy of the scaled integer lattice
z);hiﬂ(aZQ) only has an asymptotic decay linear in a. In two
dimensions, the rate of decay (9) is in fact best possible [12].

Second, if we allow arbitrary 7 > 0 again, we see that this
decay is uniform for all dilations of T'. That is, if we write

Dy (T) = sup Dy (Tz),
>0

then Dy, (al’) also has the asymptotic decay (9).

We can utilize the dilation invariance in the following way: For
h € L'(R?) with continuous mixed partial derivatives, we define
the dilation of by h. (1) = h(tny, 7~ '52) where = (1, 1m2) €
R2. It is easy to see that e(h,al’) = e(h, al’;) (remember that,
according to remark 6, the weights corresponding to I" and I';
are all equal to det(I") = det(I';) ). Due to Proposition 3 we
have the estimate

le(he,al)| < Dy (ale) [101hll + 1102kl +1012R] ]

< DGy (@n) [0kl + 1102kl + 1101211 ] -
(10)

Thus, for a — 0, the error e(h, al’) decays fast and uniformly
inT.

Let us apply this to the STFT. If we replace the window
function g € L?*(R) by its L?>-normalized dilation g.(f) =
7=12g(7711), the kernel K *) (p) becomes

K((T’] 7]1,T772)»(7-71V1’TV2)) (T_lp19 sz)'

The Schur norm in Proposition 2 is not affected by the dilations
of 7 and v. Thus, combining Proposition 2 with inequality (10)
yields the following variation of Theorem 4.

Proposition 10. Let T' ¢ R? be an admissible lattice and
assume that D3, (I)Q(g) < 1. Then, for all T > 0, the family

(Vdet(I')7(y)gz)yer

is a Gabor frame with frame bounds 1
1+ D}, (I)Q(g) which are uniform in 7.

- D3,(NQ(g) and

Example 11. If we denote the golden ratio by ¢, the lattice

I R R
%)

is admissible. In [13], the authors used this lattice (and implicitly
its admissibility) to discretize the wavelet transform through the
oscillation method.

In more generality, given r, s, u, v € R\{0}, the lattice

r= (r S) 72
u v
is admissible if and only if /s and u/v are distinct irrational

badly-approximable numbers [14, Ex. 2.10]" (see [15, App. D]
for a definition of badly-approximable numbers).

Remark 12. The generalization of our theory to R for arbitrary
d € Nis straightforward. For example, if we assume & € L' (R9)
to have continuous mixed partial derivatives, and if the definition
of D% . (A) is extended to A ¢ R? in the obvious way,

shift

Proposition 3 becomes
0#uc{l,...,d}

le(h, A)| < Dy (A) 0uhllLr -

IThe exercise erroneously states that the quotients »/u and s/v have to be
considered for the equivalence.
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