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Abstract

In this Show-and-Tell Demos paper, progresses
on mathematical theories for adversarial deep
learning will be reported. Firstly, achieving ro-
bust memorization for certain neural networks is
shown to be an NP-hard problem. Furthermore,
neural networks with O(Nn) parameters are con-
structed for optimal robust memorization of any
dataset with dimension n and size [N in polyno-
mial time. Secondly, adversarial training is for-
mulated as a Stackelberg game and is shown to
result in a network with optimal adversarial ac-
curacy when the Carlini-Wagner’s margin loss is
used. Finally, the bias classifier is introduced and
is shown to be information-theoretically secure
against the original-model gradient-based attack.

1. Introduction

In this paper, partial answers to three basic problems about
adversarial deep learning are summarized.

Problem 1. What is the computational complexity for
robust memorization with neural networks?

First, to compute robust neural networks with two layers and
width 2 is shown to be NP-hard. Second, neural networks
are explicitly constructed with O(/Nn) parameters for opti-
mal robust memorization of any dataset with dimension n
and size N in polynomial time. A lower bound for the width
of networks to achieve optimal robust memorization is also
given. Finally, neural networks are explicitly constructed
with O(Nnlogn) parameters for optimal robust memoriza-
tion of any binary classification dataset by controlling the
Lipschitz constant of the network.

To summarize, finding certain “small” robust networks is
NP-hard and optimal robust networks with O(Nn) param-
eters can be computed in polynomial time. But, O(Nn)
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is too big to be practical and this leads to the following
problem.

Problem 2. For a given hypothesis space of networks,
how to obtain an optimal robust network against adver-
sarial attacks?

Game theory has been used to answer Problem 2. In (Pinot
et al., 2020; Meunier et al., 2021), adversarial deep learning
was treated as a simultaneous game, assuming that the strat-
egy spaces are certain probability distributions to ensure the
existence of Nash equilibrium. However, this assumption is
not always applicable in practical scenarios. In (Gao et al.,
2022), an answer to this problem was given by formulating
adversarial deep learning as a Stackelberg game. It was
shown that the Stackelberg equilibrium for the game exists
and the equilibrium DNN exhibits the highest adversarial ac-
curacy among all DNNs with the same structure, when using
Carlini-Wagner’s margin loss (Carlini & Wagner, 2017).

To summarize, employing adversarial training with Carlini-
Wagner loss yields optimal robust DNNs. However, the
trade-off between accuracy and robustness presents a chal-
lenge as the robust accuracy achieved by the optimal DNN
is still not sufficiently high. This motivates the following
problem:

Problem 3. Can provably safe classifiers be built against
adversarial attacks?

In (Yu & Gao, 2021), the bias classifier was introduced,
that is, the bias part of a DNN with Relu as the activation
function is used as a classifier. The existence of the bias
classifier is proved and an effective training method for the
bias classifier is given based on adversarial training. The
bias classifier is shown to have comparable accuracies and
robustness with DNNs of similar sizes against major attacks
in many cases. Furthermore, the bias classifier can be made
provably safe against the original-model gradient attack
in the sense that the attack will generate a totally random
search direction to generate adversarial examples for any
input sample.

2. Related works

Computational complexity. The first NP-hardness result
was given in (Blum & Rivest, 1992), which showed that it
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is NP-complete to train certain networks with three nodes.
It was proved that even training a single ReL.U node is NP-
hard (Manurangsi & Reichman, 2018; Dey et al., 2020; Goel
et al., 2020) .

Robust networks. Existence of robust networks was proved
based on the uninversal approximation theory (Yang et al.,
2020; Bastounis et al., 2021). In (Li et al., 2022), a ro-
bust interpolation network with for robust budget Ap/4
and O(Nnlog(5%) + Npolylog(%)) parameters was con-
structed and it was shown that exponential number of param-
eters were needed for robust interpolation of infinite sets. To
obtain robust networks by controlling the Lipschitz constant
was studied in (Bubeck & Sellke, 2021; Zhang et al., 2022).

Certified robust radius. There exist lots of works to give
lower bounds for the robust radius or certain security bound-
aries (Hein & Andriushchenko, 2017; Raghunathan et al.,
2018; Shafahi et al., 2019). In (Cohen et al., 2019), random
smoothing was proposed and security boundaries of adver-
saries were given. However, these safety bounds are usually
very small when the depth of the DNN is large.

3. Robust memorization with neural networks
3.1. Notations

For L € N4, denote [L] = {1,...,L}. For a matrix W
and a vector b, denote W7-* to be the element of TV at the
j-th row and k-th column and b\7) the j-th element of b.
For € Ry and € R”, denote B (z, ) = {Z € R™ :
12 — xlloc < p}-

Consider feedforward neural networks F : R™ — R with D
hidden layers and with o = Relu as the activation function.
The [-th hidden layer of F can be written as

X, = O’(Wle_l —|—bl) eR™,l e [DL

and the output is Xpy1 = Wpy1Xp + bpy1 € R"P+1,
where ng = n, Xy € R™ is the input, W; € R *"™-1 b, €
R™ npy; = 1,and Xpyg € Ris the output. F is said
to have depth depth(F) = D + 1 and width width(F) =
max?ztlni. Denote F;(Xo) = X; to be the output of the
[-th hidden layer of F(X,) and ]-'lj (Xo) the j-th element of
Fi(Xo). The classification result of the network is

Flz) = argmin, 1| F(z) — 1.

We will explicitly construct networks from certain hypothe-
sis space of networks defined below.

Definition 3.1. Denote the set of networks with depth d,
width w, and p parameters by H,, .., = {F : R" —
R :depth(F) = d,width(F) = w,para(F) = p}, where
para(F) = p means that there exists a fixed set Z C N* with
p elements such that Wli’j = 0 and bl(s) # 0 for (1,4,7,s) €

7T, and all other parameters are zero. We use * to denote
an arbitrary number in N. For instance, H,, 4. . = {F :
R™ — R:depth(F) = d} is the set of networks with depth
d.

Definition 3.2. Let N,n, L € N, and D be a dataset in R"
with size N and label set [L]; thatis D = {(x;,9;)}¥, C
R™ x [L]. Denote D,, x,1, to be the set of all such dataset.
The separation bound for a dataset D is defined to be

Ap = min{||z; — @j||oc : (@i, i), (25,y5) € D, ys # yj}-

The robust accuracy of a network F on D with respect to a
given robust budget |1 € R is

RAD(F, 1) = Py en(VE € Buoo(a, ), F(Z) = y).

The problem of memorization for a dataset D € Dy n 1,
is to construct a neural network F : R" — R, such that
F(z) =y,V(z,y) € D.

Definition 3.3. The problem of robust memorization for
a given dataset D ¢ D,, y ;, with budget 1. is to construct
anetwork F : R" — R satisfying RAp (F, u) = 1. A net-
work hypothesis space H is said to be an optimal general
robust memorization for D, if for any ;1 < 0.5Ap, there
exists an F € H such that F is a robust memorization of D
with budget (.

3.2. Robust memorization is NP-hard

We prove a NP-hard results for computation of robust mem-
orization networks with certain structures.

For o € R and a binary classification dataset D C D), n 2,
denote RobM(D, ) to be the decision problem for the exis-
tence of an & € H,, 2 2 ., which is a robust memorization
of D with budget o. We have

Theorem 3.4. RobM(D, «) is NP-hard. As a consequence,
it is NP-hard to compute an F € H,, 2 o ., which is a robust
memorization of D with budget .

The proof is given in Appendix A.1.

Remark 3.5. Note that, NP-hardness of computing robust
memorization cannot be deduced from NP-hardness of com-
puting memorization. This is because, for a given dataset
D and a network hypothesis space H, it may happen that
there exists a memorization network F € H for D, but there
exists no robust memorization network F € H for D.

3.3. Construction of optimal robust networks

In this section, we explicitly construct a robust memoriza-
tion network for a given dataset. We first give a necessary
condition for robust memorization.

Proposition 3.6. [fH = {F : R” — R, width(F) = w} is
an optimal robust memorization of any dataset D € D,, .1,
with N > n, then width(F) = w > n.
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The proof is given in Appendix A.2.

Remark 3.7. In (Vardi et al., 2021), it was shown that width
12 networks are enough for memorization. Proposition 3.6
indicates that robust memorization needs essentially larger
width.

The following theorem gives an optimal robust memoriza-
tion for any given dataset.

Theorem 3.8. For any dataset D € D,, n.1,, the hypothesis
space Hy, on11,3n41,0(Nn) is an optimal robust memoriza-
tion for D. Furthermore, the optimal robust network can be
explicitly constructed in polynomial-time.

The proof is given in Appendix A.3.

3.4. Optimal robust memorization via Lipschitz

Controlling the Lipschitz constant is widely used to achieve
robustness (Bubeck & Sellke, 2021; Zhang et al., 2022). In
this section, we give a robust network based on Lipschitz
constraint.

We consider a binary classification dataset D € D), .
There exist (x;, 1), (xj,2) € Dsuchthat ||z;,—z;||cc = Ap.
Thus, if F memorizes D, then Lip_(F) > |F(z;) —
F(zj)|/||lxi — xj]loc = 1/Ap, which motivates the fol-
lowing definition.

Definition 3.9. A network F is called a robust memoriza-
tion of a dataset D via Lipschitz with budget p < 0.5\p,
if F is a memorization of D and Lip__(F) < 0.5/p. F is
called an optimal robust memorization of D via Lipschitz, if
F is a memorization of D and Lip__(F) = 1/Ap.

We now construct an optimal robust network for any binary
classification dataset via Lipschitz.
Theorem 3.10. For any dataset D € D, v, the hypoth-

esis space H,, o(N 1og(n)),0(n),0(Nnlog(n)) CONtains a net-
work F which is an optimal robust memorization of D via
Lipschitz. Furthermore, the network can be explicitly con-
structed in polynomial-time.

Proof is in appendix A.4.

4. Achieve optimal robustness with
Stackelberg game

In this section, we consider Problem 2, that is, for a given hy-
pothesis space of networks, how to obtain an optimal robust
network against adversarial attacks? Proofs for theorems in
this section can be found in (Gao et al., 2022).

4.1. Adversarial training and robustness of DNN

Let C : I" — R™ be a classification DNN with m labels
inY=[m]={1,...,m}and I = [0,1]. For 2 € I", the
classification result of C is C(x) = argmax;cy, C;(z).

Let the parameter set of C be © € RX. Then C can be
written as Co. We assume the data to be classified satisfy
a distribution D over I" x ). Given a loss function Loss :
R™ x Y — R, the expected loss for the dataset is

Lpo(@) = E(myy),\,p LOSS(C@(CE),y). (1)

Training Cg is to solve the following optimization problem:
argming cpx ©o(0). (2)

In order to increase the robustness of a trained DNN, the
adversarial training (Madry et al., 2017) was introduced by
solving the following robust optimization problem:

argming cpx E(q y)nD MaXzep(z,e) L0ss(Co(£),y). (3)

Given a DNN C and an attack radius &, we define the
adversarial robustness measure of C with respect to € as

ARp(C,¢€) := E(z y)~D MaXzep(z,)L0ss(C(Z),y),  (4)
which is the expected loss of C at the most-adversarial
samples.
4.2. Adversarial training as a Stackelberg game

We formulate adversarial deep learning as a two-player
zero-sum Stackelberg game G, called adversarial learning
game.

The leader of the game G, is the Classifier, whose goal is
to train a robust DNN Cg : I — R™, where the parameters
© are in

S.=[~E,E)* for E € R,. 5)

In other words, the strategy space for the Classifier is S,.

The follower of the game G, is the Adversary, whose goal
is to create the best adversary within a given attack radius
€ € Ry. The strategy space for the Adversary is

Sy ={A:T" > B.}, (6)
where B. = {§ € R™ : [|d]| < ¢}

The payoff function. Given © € S, and A € §S,, the
payoff function is the expected adversarial loss

©0s(0,A4) = E¢; yy~p Loss(Co(z + A(x)),y). (7)

For game G, the best response set of the adversary is
75(0) = {argmax 45 (0, A)} for© € S, ®)
And (0%, A?Y) is called a Stackelberg equilibrium of G if

SIS argming e s A(0)eq, (0) ©s(0,A(0)) 9)
Aj € argmax 4 5. 0s(0F, A).

‘We now have:



Mathematical Theory of Adversarial Deep Learning

Theorem 4.1. Game G, has a Stackelberg equilibrium
(%, AY), meanwhile the equilibrium DNN with parameters
O minimizes the adversarial robustness measure in (4).
Furthermore, ©% is the solution to the adversarial training
in (3).

4.3. Achieve maximal robust accuracy

Comparing with the robustness measurement ARp in (4),
the robust accuracy

RAD(C,€) :=P(sy)op (VE € B(x,2) (C(2) = )
does not depend on the choice of loss functions, indicating
its intrinsic nature.

Denote the game G, as G.,,, when the payoff function is
Socw(67 A) = E(m,y)wD LOSSCW(C@ (LC + A(l’)), y) (10)

and Losscy(2,y) = maxje[m] iy 21 — 2y is the Carlini-

Wagner loss. Then we have

Theorem 4.2. Let (OF,,, A%, be a Stackelberg equilibrium
of game Gey. Then Coy , has the largest adversarial ac-
curacy for all DNNs whose parameters are in S;; that is,

RAp(Cey,,€) > RAp(Co,¢) for any © € S..

4.4. Trade-off between robustness and accuracy

Theorem 4.2 allows us to formulate the trade-off problem
as the following bi-level optimization problem, that is, to
increase the accuracy of the DNN and still keep the maximal
robust accuracy.
©; = argming. ©o(O3)

subject to (11)
O; = argming . g Maxaes, Pew (O, A),

where g and ¢, are defined in (1) and (10), respectively.

The bi-level optimization problem (11) is, in general, dif-
ficult to solve. A natural way to train a robust and more
accurate DNN is to do adversarial training with the follow-
ing objective function:

01(0,A4) = 05(0, A) + Apo(0). (12)
Then we have the following trade-off result:
Proposition 4.3. Ler (0%, A*) and (©F, A}) be the Stack-
elberg equilibria of the adversarial learning games with
ws and @, as the payoff functions respectively. Then the

network C@: is more robust but less accurate than C@; mea-
sured by .

5. Information-theoretically safe bias classifier
against adversarial attacks

In this section, we introduce the bias classifier and show
that it can be made information-theoretically safe against the
original-model gradient-based attack. Proofs for theorems
in this Section can be found in (Yu & Gao, 2021).

5.1. Existence and training of bias classifier

Let F : I™ — R™ be a classification DNN. For z € 1", let

Jr(z) =W, = Vgt) | be the Jacobian of F at .. Then

Flz) = Wr(x) + Br(r) = TJr(z)x + Bs. (13)

The bias part Bx : [ — R™ will be used as a classifier and
is called the bias classifier, which can be computed from F
as follows:

Br(z) = F(z) = Wr(z) = F(2) — Tr(z) - 2. (14)

Due to the property of the Relu function, F is a piecewise
linear function and Bx(x) is a piecewise constant function.

Existence of bias classifier We will prove that for any
decision function G : I"™ — [m], there exists a bias classifier
B(z) : I* — R™, such that B(x) can be arbitrarily close to
G. where B(z) represents the classification results of B(x).
The decision function is defined as below:

Definition 5.1. G : I" — [m] is a decision function, if
Py, ..., P, are a partition of I" into m measurable disjoint
subsets, and G(x) = i if and only if x € P;.

We have the existence theorem.

Theorem 5.2. Let G : I — [m] be a decision function.
Then for € € R, there exist a bias classifier B : 1" — R™
and an open set D C 1" with volume V (D) < ¢, such that
B(z) = G(x) forz € I\ D.

Training the bias classifier In order to increase the power of
the bias part B and to keep the training procedure efficient
to update the parameters, we train the bias classifier by
solving the following optimization problem

min max Lce(Br(z + ¢), + max Lce(F(xz + (),
u (m%;D[“C‘KE ce(Br(z +¢),y) v max ce(F(z +¢),v)]

(15)
where v € R, is a hyperparameter. Notice that the training
(15) is a combination of adversarial training for B and F.

A simple numerical experiment is used to show that the
adversarial training and the training in (15) can increase the
classification power of Br.

Table 1. Accuracies of network Lenet-5 for MNIST on the test
set. Standard training (2) does not give classification power to
Br. Adversarial training (3) increases the power of the bias part.
Adversarial training for bias classifier (15) further decreases the
power of the first-degree part to avoid attacks based on it.

Training Wr Br F

(2) 98.80% 15.62%  99.09%
(3) 90.61% 98.77%  99.19%
(15) 028% 99.09% 99.43%
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5.2. Information-theoretically safe (ITS) bias classifier

Original-model gradient based attack The most popular
methods to generate adversaries, such as FGSM (Goodfel-
low et al., 2014) or PGD (Madry et al., 2017), use V(‘) to
make the loss function bigger. More precisely, adversaries
are generated as follows:

V Lee(F(x),y)

- S 16

x — x + ¢ Sgn( V2 ) (16)

for a small parameter ¢ € R,. It is easy to see that,
V]:(a:)

VLce(F(2),y)
Va

can be obtained from . In the above

nd V]-'(ac)

attack, only the values of F(x) a are needed and
the detailed structure of F is not needed Motivated by this
fact, we introduce the concept of gradient-based attack.

Definition 5.3. A gradient-based attack for a DNN F :
I" - R™isamap Ar , : R® — R" defined as

Az (@) = ¢ + p Dr(x)

where Dz(x) € {—1,1}™ is the attack direction for x and
Dx(z) only depends on F(z) and %‘Sﬂ.

a7

Since the gradient of B r is zero, we cannot use the gradient
based attack for Bx. An obvious attack to the bias classifier
is to create adversaries of B using the gradients of F,
which is called original-model gradient based attack.

Information-theoretically safety First train a DNN F :
I" — R™ with the method in Section 5.1. Let W € R™*"
satisfy a given distribution M of random matrices in R™*"
and let

F(x) = F(x) + Wgz = (W, + W)z + B,

= R (8)
Bz(r) :}'(x)—%~x:}'(m)—k7f_-x
It is easy to see that B = = B, that is, the bias classifiers for

F and F are the same. On the other hand, J= = V]v:g(cz)

VF(z)
Vax
The safety of Bz against the attack Az (z) can be mea-

sured by the following adversary creation rate:

+ Wpg is random as shown below.

C(Bz, A M, p) = EwpnmEenpMBr(Az (@) # Bz@)]]. (19

Definition 5.4. The bias classifier Bz in (18) is called

information-theoretically safe (ITS) against the gradient-

based attack A 7, defined in (17), if the attack direction

Dz(z) = (Az ,(x) —x)/pis arandom vector in {—1,1}"

for any input x € I"™.

If Bz is ITS against Az , then C(B%, A, M, p) equals
C(F.p) = Fr€und Tye 1130 LBr(z +pV) # Br(x)]  (0)

which depends only on F and p and will be used as a ro-
bustness measurement of the bias classifier.

Remark 5.5. The notion of information-theoretically safe,
also called perfectly safe, is borrowed from cryptogra-
phy (Goldreich, 2004)[p.476], which means that the cipher-
text yields no information regarding the plaintext for cyphers
which are perfectly random.

5.3. ITS against signed margin attack

We first show that Bz defined in (18) is safe against the
following signed margin attack (Carlini & Wagner, 2017)

VFn, ()  VF,(2)
Vz Vzx

where p € R,, y is the label of z, and n, =
arg max;, { Fi(z)}.

Az, () =2+ pSen ) @

We consider two types of random matrices for W, in (18).

Definition 5.6. Let I{(a,b) be the uniform distribution in
[a,b] C R. For A € R, denote Uy, () to be the ran-
dom matrices whose entries are in U/ (—A, \) and denote
M n () to be the random matrices such that the entries
of their i-row are in (U(—2i\, —(2i — 1)A) U U((2i —
1IN, 2dN))mxn.

Theorem 5.7. Let ||Jr||looc < A/2 and Wg € My, n(N)
for X € Ry Then Bz is ITS against the attack Az | given
in (21); that is, attacking Bz using Az ol will generate a
random attack direction (.A}-’p’l( x) — )/pfor any x € I".

Theorem 58. If ||Trlle < /2 and Wi ~
Umn(A), then C(Bz, Az , 1. Umn(A),p) < C(F,p) +
un/X.  Furthermore, if X > pun/(eC(F,p)), then
CBz, Az , 1, Umn(N), p) < (1+€)C(F, p).

For the simpler distribution U, ,,, Theorem 5.8 implies that
IB = is close to ITS under attack Aﬁ,p@ if X is sufficiently
arge.

5.4. ITS against FGSM attack

In this section, we show that 3 = in (18) is safe against the
FGSM attack (Goodfellow et al., 2014) for binary classifi-
cation problems. Here is the FGSM attack:

VL(]:(x)»y))
Vz '
Theorem 5.9. For A € Ry, if ||Jr|lec < A/2, W ~
M n(N), and m = 2, then Bf is ITS against the attack
Az o
Theorem 5.10. If ||Tr|lcc < p/2, Wi ~ Unn(N),
and m = 2 then C(Bz Az o Unn(A),p) <
™ C(F,p). Furthermore, if \ > nyu/ ln( + ¢), then
C(Bz, Az , 5 Unn(N),p) < (1+€)C(F, p).

Af7p72(a:) =z + pSgn( (22)

Theorem 5.10 shows that 5z is close to ITS against FGSM
under distribution U, , () for a sufficiently large A.
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6. Conclusion and problems for further studies

In this paper, we provide a summary of partial solutions to
three fundamental challenges in adversarial deep learning:
computationally complexity for robust memorization, the
search for the optimal robust network, and building prov-
ably safe classifiers. While these methods are currently in
their early stages and may not yet attain state-of-the-art per-
formance for practical applications, further advancements
in addressing these problems will pave the way for more
reliable techniques in adversarial deep learning. Conse-
quently, we propose the following research questions for
future investigation.

On the computationally complexity for robust memoriza-
tion, can we construct robust networks that achieve the
lower bound of parameters O(v/Nn) or have generalization
power? On the training of optimal robust networks, can we
train a robust network with optimal generalization power?
On the provably safe classifiers, can we build a provably
safe classifier with SOTA performance?
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A. Appendix to Paper: Mathematical Theory of Adversarial Deep Learning

This appendix contains proofs for theorems in Section 3.

A.1. Proof of Theorem 3.4

We will show that RobM(D, «) is computationally equivalent to the following NPC problem.

Definition A.1 (Reversible 6-SAT). Let o be a Boolean formula and let @ denote the formula obtained from ¢ by negating
each variable. The Boolean formula ¢ is called reversible if either both ¢ and © are satisfiable or both are not satisfiable.
The reversible satisfiability problem is to recognize the satisfiability of reversible formulae in conjunctive normal form
(CNF). By the reversible 6-SAT, we mean the reversible satisfiability problem for CNF formulae with six variables per
clause. In (Megiddo, 1988), it was shown that the reversible 6-SAT is NPC.

Denote H,, 2 = H,, 22... Let F(z) € H,, 2. Then F(x) can be written as

F =s10(Urx + b1) + sa0(Usz + bo) + ¢ (23)
where U; € R™*"™, b; € R, s; € {—1,1}, ¢ € R. To simplify the proof, we assume that F () = ¢ (F(x)), where v is the
sign function. Also, let 1; € R¥, whose i-th element is 1 and all other entries are 0.

We first prove a lemma.

Lemma A.2. Let F € H, 2 and z; = il; € R™. If]?(zl) = ]?(2_1) = —1and ]?(22) = ]?(2_2) =1, then s189 < 0
when ¢ > 0 and s159 > 0 when ¢ < Q.

Proof. Let F be of form (23). We just need to prove the lemma for n = 1. Consider two cases.
(c1): Assume ¢ > 0. Since —1 = ]?(zl) = Y(s10(U1214b1)+820(Usz1+b2)+¢) > ¥(s10(Urz1+b1)+820(Uaz1 +b2)),
at least one of s; = —1 and s, = —1 holds. Assume that s, = —1. We will show that s; = 1. If this is not true, then
s1 = $3 = —1. Because —o(a)/4 — 3/40(b) < —o(a/4 + 3b/4), we have that
0

< (—o(Uiza +b1) —0(Uaza + b2) +¢) /4 + 3(—0(Ur2—2 + b1) — 0(Uzz—2 + b2) +¢)/4

= (—o(Uiz2+b1) —30(Urz—2 +b1))/4+ (—0(Uaza + b)) — 30(Uzz—2 + b2)) /4 + ¢

< —0(Uiz-1 +b1) —0(Usz_1 + b2) + ¢

< 0

which is a contradiction.

(c2): Assume ¢ < 0. Since 1 = ﬁ(ZQ) = ¢(810'(U122—|—b1)—|—820’(U222+b2)+C) < w(sla(Ulzg+b1)+820(U222+b2)),
at least one of s; = 1 and sy = 1 holds. Assume s; = 1. We will show that so = 1. If this is not true, then sy, = —1. Then

1= .F(ZQ) = 1/}(0’(U122 +b1) — U(UQZQ + bg) + C) S 'I/J(O'(Ul,ZQ + bl) +C),

s0 (U122 + b1) + ¢ > 0. Similarly, we have o(Uyz_3 + b1) + ¢ > 0. It is easy to know that U z; + by > min{Uj 22 +
b1,Uiz—o + b1}, so o(Uyz1 + b1) + ¢ > 0. Similarly, we have o(Uy2_1 + b1) + ¢ > 0. From F(z;) = —1 and
o(Uyz1 + b1) + ¢ > 0, we have

0> o(Uyz1 + b1) — 0(Uszy + b2) + ¢ > —0(Uaz1 + ba).

So 0 < o (U221 + ba), which means Uz 21 + by > 0. Similarly, we have Uzz_1 + ba > 0. Now consider the linear function
L((ﬁ) = (U122 + bl) - (UQZQ + b2) + c.

Since ¢ < 0, 0(U121 +b1) +¢ > 0,Usz1 + ba > 0, and F(z1) = —1, we have L(z1) = (U121 +b1) — (Uaz1 + b3) + ¢ =
o(Urz1 +b1) — 0(Uzz1 + b2) + ¢ < 0. Similarly, L(z_1) < 0.

Since ¢ < 0, O'(Ulzg + bl) +c> 0, and f(Zg) = 1, we have L(ZQ) = (Ulzg + bl) — (UQZQ + bg) +c= O’(Ulzg + bl) -
(Uazo +ba) + ¢ > 0(Uy2z9 + b1) — 0(Uaza + ba) + ¢ > 0. Similarly, we have L(z_2) > 0.

Hence L(0) = (L(z1) + L(2-1))/2 < 0and L(0) = (L(z2) + L(z-2))/2 > 0, a contradiction, so s3 = 1. O
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We restate Theorem 3.4 here for convenience.

Theorem A.3. RobM(D, ) is NP-hard; that is, for « € Ry and a dataset D C D,, 2, it is NP-hard to decide whether
there exists a robust network in H,, o for D with budget c.

Proof. Let p(k,m) = A, p;(k,m) be a 6-SAT for k variables, where o, (k, m) = \/?:ﬁzi,j and ; ; is either 2 or —x
for s € [k] (refer to Definition A.1).

For i € [k], define Qf € RF as follows: Qf[j] = 1if x; occurs in ¢;(k,m); Qf[j] = —1if ~x; occurs in ¢;(k, m);
Q7 [j] = 0 otherwise. Then six entries of Q7 are 1 or —1 and all other entries are zero.

We define a binary classification dataset D(¢) = {(x;,y:)}7H*F € R¥ x {—1,1} as follows

(1) Fori € [k], z; = k1, y; = 1.

(2)Forie{k+1,k+2,...,2k}, x; = —kl;_p,y; = 1.

(3)Fori € {2k +1,2k +2,...,3k}, i = 2kLi_op, ys = 2.

(4)Forie {3k+1,3k+2,...,4k}, x; = —2k1; 35, y; = 2.

(5)Fori € {4k + 1,3k +2,..., 4k +m}, z; = k/4- QY ,..yi = 1.
The size of D(p) is O((m + k) log k) and D() has separation bound k/4.1 > 1, because k > 6 for 6-SAT problem. Let
the robustness radius be @ = 0.5 — «y, where v < ﬁ.

We claim that RobM(D(y),0.5 — 7) has a solution F if and only if the reversible 6-SAT (%, m) has a solu-
tion J = {z; = v; };?:1. Furthermore, 7 and J can be deduced from each other in polynomial time; that is,
RobM(D(¢p), 0.5 — ) is computationally equivalent to ¢ (%, m). Since reversible 6-SAT is NPC (Megiddo, 1988), by the
claim, RobM(D(), 0.5 — ) is NPC, which implies that RobM(D(¢), «¢) is NP-hard. This proves the theorem.

Before proving the claim, we first introduce a notation. Let J = {z; = v;} ;?:1 be a solution to the reversible 6-SAT problem
@ and @;(k,m) = VS_,Z; ; a clause of ¢, where v; € {—1,1}. Then denote ¢(J, ¢;) to be the number of #; ; which has
value 1 on the solution J. If ¢(J, ¢;) = 0, then ¢; is not true. If ¢(J, ;) = 6, then —p; is not true. Since J is a solution to
the reversible 6-SAT problem ¢, we have 1 < ¢(.J, ;) < 5. Itis easy to see that ¢(J, p;) = [{j € [k]: Q7 [j] = v,}|.

The claim will be proved in two steps.

Step 1. We prove that if ¢(k, m) has a solution J = {z; = v; }?:u then RobM(D(¢p), 0.5 — ~) has a solution 7, where
v; € {=1,1}. Let Uy = (v1,v2,...,v;), Uy = —(v1,v2,...,v;). Define F € Hy 2 to be F(x) = o(Uyz — 1.5k) +
o(Usx — 1.5k) + 1.5 — . It is clear that F can be obtained from .J in Poly(k). We will show that F(x) is a robust
memorization of D(p) with budget & = 0.5 — . The proof will be given in three steps: (c1) - (c3).

(c1). Fori € [2k] and any € € [—0.5+7,0.5—~]*, we have U; (x; +¢€) — 1.5k < k|v;| — 1.5k +(0.5—7)||U1|[ = —vk < 0.
Similarly, we have Us(z; + €) — 1.5k < 0. Then, for any ||€||o < 0.5 — 7, we have
F(x;+€) =oc(Ur(z; +€) —1.5k) + o(Ua(x; +€) — 1.5k) +1.5 —y <0+ 0+ 1.5 =1.5.

Thus | F(z) — 1| < |F(x) — 2

(c2). Fori € {2k + 1,2k + 2,...,4k}, since U; = —Us, at least one of the following two equations Uyz; — 1.5k =
—1.5k + |Uy||z;| = 0.5k and Usx; — 1.5k = —1.5k + |Us||x;| = 0.5k is true, say the first one is true. Then, for any
ll€]loo < 0.5 — 7, we have

, S0 JF is robust at z; with budget 0.5 — ~.

F(x;+¢€) =0(U(x; +€) — 1.5k) + o(Us(x; +¢€) — 1.5k) — v+ 1.5 > o(Uy (z; + €) — 1.5k) — v + 1.5.

We have Uy (x; + €) — 1.5k = 0.5k + Uye > 0.5k — (0.5 — y)k = vk. So F(x; + €) > vk — v + 1.5 > 1.5, since k > 1.
Thus | F(z) — 1| > |F(x) — 2|, so F is robust at z; with budget 0.5 — ~.
(c3). Leti € {4k + 1,4k + 2, ...,4k + m}. Ttis clear that ¢(J, w;—ar) + ¢(J, B;_4;) = 6.
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Then

%UlQZisz
= Z]JTJ € Yi_ak %UJQLLP—4/€[]}
25 € o SENQE [)=Sgn(o) K4 = 25 0) € oi . Sen@? i) #Sen(,) F/4
= q(Jspi—an)k/4 — q(J, Py )k/4
e {0,k/2,k —k/2 — k)

which means |§U1Qf_4k| < k. Similarly, we also have |§U2Qf_4k| < k. As a consequence, Uyz; — 1.5k = —1.5k +
U1QY ,.-k/4 < —0.5k, Since ||U1||1 = k, forany ||¢||oo < 0.5—7, we have Uy (z;+€)—1.5k < —0.5k+||U||1(0.5—7) =
—~k < 0. Similarly, for Us we have that

Flzi+¢e)=0U(x; +¢€) —1.5k)+0(Usz(z; +¢) —1.5k) —vy+1.5<0+0—~v+1.5 < 1.5.

Thus F is robust at z; with budget 0.5.
From (c1) to (c3), F is a robustness memorization of D() with budget 0.5 — ~, and Step 1 is proved.

Step 2. We prove that if RobM(D(y), 0.5 — +) has a solution F(x) = s10(Urx + b1) + s20(Uaz + b2) + C € Hy 2
which is a robust memorization of D(y) with budget o« = 0.5 — ~, then ¢(k, m) has a solution.

Since ao(b) = Sgn(a)o(]alb), we can assume that s1,s2 € {—1,1}. Moreover, if F(z) — 1.5 < 0, then we have
that |F(x) — 1| < |F(x) — 2|. Similarly, if F(z) — 1.5 > 0, then we have that |F(z) — 1| > |F(z) — 2|. So
F(z) — 1.5 > 0 when F(z) = 2, and F(z) — 1.5 < 0 when F(z) = 1. Let ¢ = —1.5 + C, which means F(z) — 1.5 =
810'(U1(E + bl) + SQO’(U2$ + bz) +c.

Step 2.1. Assuming ¢ > 0, we will show that J = {z; = Sgn(U. fi)) k_, is the solution to the reversible 6-SAT problem
o(k, m). We will prove Step 2.1 by proving six properties: (d1) - (d6).

(d1): We have s1s9 = —1. Without loss of generality, we let s; = 1 and s, = —1. (d1) can be proved by using Lemma A.2.
(d2): —k|US?| + by + p||Us| |1 > 0 forany p € [—0.5+7,0.5 — 4] and ¢ € [k].

We just need to prove the case ¢ = 1. Without loss of generality, we assume U2(1) < 0. We know that F(z1 + pSgn(Us)) <
1.5, s0

0
> o(Ur(z1 + pSgn(Uz)) + b1) — o(Uz(z1 + pSgn(Uz)) + b2) + ¢
—o(Us(x1 + pSgn(Uz)) + ba) + ¢
~a(—K[USV| + pl|Ual1 +b2) + ¢
~o(=k|US| + pl|Ua][1 +b2)  (by ¢ > 0)

v

which means o(—k|US" | + p||Us||1 + ba) > 0. Then we have —k|US" | + p||Us]|1 + by > 0. For USY > 0, we just need
to consider xx41. So (d2) is proved.

@3): U0 > 0and |U?| > |US?Y| for any q € [K].

We just need to prove it for ¢ = 1. Firstly, we show that Uz(l) # 0. If Uz(l) = 0. Without loss of generality, let Ul(l) <0.
Since F(z1) < 1.5 and F(x2r41) > 1.5, we have
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0 > F(r1)—-15

o(Uyzy +b1) — o(Uszy + b2) + ¢

(kU 1)+b1)—a(b2)+c (by UV = 0)
@KUY b)) —o(by) +c (yUY <0)
(
(

g

v
Q

2kUL" +b1) — 0 (2kUSY + by) + ¢ (by U =0)
o(Uyzags1 + b1) — 0 (Usxagy1 + ba) + ¢

= F(xaky1)— 1.5

> 0

a

which means 0 > 0, so the assumption incorrect, and thus U2(1) # 0. When U 1(1) > 0, just need to consider 1 and 354 1.

Now we prove (d3). Let h = 1if USY > 0, h = k + 1if U{" < 0. Because zp42x = 22, and F(zp2r) — 1.5 > 0 >
F(zy) — 1.5, we have that:

F(xpyor) — 1.5

= o(Uirpyar +b1) — o(Uawpgar +b2) +¢

o(2Uyzxp, + by) — o (2Usxp + b2) + ¢

o (26U Sgn(USY) + by) — o (26U | + ba) + ¢

0 (by F(zht2w) —1.5>0)

o(Uizp 4+ b1) — o(Usxp + b2) + ¢ (by F(ap) — 1.5 < 0)
(KUY Sgn(USY) + by) — o (k[USY| + ba) +

VoV ol

which means U(Zk:Ul(l)Sgn(Ug(l)) +0b1) — 21<:|U2 | +b9) > a(kUl(l)Sgn(Uél)) +b1) — o(k|U;y 1)| + b2), so we have

o(2kUVSgn(USY) + b1) — o (2k[USV| + by) — (o (kUL Sgn(USY) + by) — o (kUS| + b))

= (o(2kUSen(UL") + b1) — o (kUMY Sgn(USY) + b)) — (0(2k|US"| + b2) — o (K|USV| + b))

= (o(2kU{"Sgn(US") +by) — <kU“>Sgn<U“)>+bl>>f<<2k|U“’|+b2>fufwé”wbz)) (by (d2))
(c(2kUMSgn(UY) + by) — o (kU Sgn(USY) + 1)) — kU,

o
N

Then U(QkUl(l)Sgn(Uél)) +b1) — (kUl(l)Sgn(Ug(l)) +b1) > kUz(l) > 0, which means 2k:U1( )Sgn( ')+ by > 0. And
according to that, we have:

0 < (c(kUMSgn(UM) + b)) — o (kUL Sgn(USY) + by)) — KUY
= (<2kal>Sgn(U§”> + 1) — o (kUM Sen(USY) + 1)) — kUS|
< (2kUMsgn(UY) +b1) — (kUL Sgn(USY) + b)) — k|USY|

kU Sen(UM) — kUM,

So we get Ul(l)Sgn(Uél)) > |U2(1)| > 0, which means Sgn(Ul(l)) = Sgn(UQ(I)), and |U1(1)\ > \Uél)\. (d3) is proved.
(d4): 2k|U1(q)| + b1 +p||U1||1 > Oforany p € [-0.54+~,0.5 — ] and g € [k].

We just need to prove it for ¢ = 1. Let h = 1 if Ul(l) >0,h=k+1if Ul(l) < 0. Because F (wp42k +pSgn(Uy)) — 1.5 >
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0 > F(xp + pSgn(U1)) — 1.5, we have that:

F(xhsor +pSgn(Ur)) — 1.5
= o(Ui(@nyar +pSgn(Uy)) + b1) — o (U222 42k + pSgn(Uy)) + ba) + ¢
o(2K|UM | + by + plIUL 1) — o (K|USY | + by + pl|Ual[1) + ¢ (by (d3))
(26U | + by + pl|UL]1) — (26[USD| + by + pl|Uall1) + ¢ (by (d2))
0 (by F(xpyor +pSgn(U;y)) — 1.5 > 0)
o(Ui(zp + pSgn(Uh)) + b1) — o(Us(zp, + pSgn(Uy)) + b2) + ¢ (by 0 > F(zp, + pSgn(U7)) — 1.5)
(kUS| + by + pl[Us 1) — o (K|USY | + ba + pl|Ua][1) + ¢ (by (d3))
= okl + b1+ pl[Un[1) — (KU |+ ba + plIUal[1) + ¢ (by (d2)

VoV

which means 0'(2]{)|U1(1)| + b1 +p||U1||1) _ (2]?‘[]2(1)‘ + by +p||U2||1) +e> O'(k|U1(1)| + by —|—p||U1||1) B (k|U2(1)| n
by + p||Uz||1) + ¢, so we have that:

o (2kIUN |+ by + p||UL| 1) > o (k|UX | + by + p||Uh| 1) + K|USV| > 0.

(d4) is proved.
(dS): max, e ([0 = |US)) < 2(1 = 29)(||U1 ||y = [|Ua]]h)-

For any z € [k], let h = z if Ul(z) >0,0orh=z+kif Ul(z) < 0. We have F(xp, + (0.5 —v)Sgn(U;)) — 1.5 < 0, which
means

0
> o(Ui(zp + (0.5 —)Sgn(Uy)) + b1) — o(Ua(zp + (0.5 — v)Sgn(Uy)) + ba) + ¢
= o(klUS |+ (05 = DUl +b1) — o (k|US| + (0.5 — 3)|[Ua][1 + b2) + ¢ (by (d3))
= o(K|U |+ (0.5 = ||U1lly +b1) = (K[UST| + (0.5 = || Uslls +b2) + ¢ (by (d2))
> (KU + (0.5 = NUilh + 1) — (RIUS| + (0.5 — )||Usll + b2) + ¢
= KU | kUS| + (0.5 = 7) (|01 — [|Ua][1) + b1 — b2 +c.

We thus have k|U) | — kUS| < —by+by—c—(0.5—7)(||U1||1 —||U2||1). Then we have F (2421 — (0.5—+)Sgn(U1)) —
1.5 > 0, which means

0

o(Ui(zarsn — (0.5 —7)Sgn(U1)) + b1) — o (Ua(w2pn — (0.5 —7)Sgn(Uy)) + b2) + ¢
a(2K|US7| = (0.5 = )[U1]J1 + b1) — 0(2k[US™| = (0.5 = 7)||Uslls +b2) + ¢ (by (d3))
(2K|UT? | = (0.5 = 9)[[U1][1 + b1) — o (2K|US | = (0.5 = )|[Uslls +b2) + ¢ (by (d4))
(2K|UL?| = (0.5 = 3)[[UL][1 + by) — (2k|US™| = (0.5 — 7)||Usll1 + b2) + ¢

2k U7 — 2k[US7| = (0.5 = ) (U111 — [|U2]1) + b1 — ba +c.

IAI

So, we have k:|U1(Z)| - k|U2(z)\ > 7b1+b276+(0‘57;)(”U1HPHU2H1) , and thus

kUS| — k|US?|
< =by+by—c—(0.5—)([|Utl[r = ||Uz]]1)
_ 2—b1+b2—c+(0-5—27)(||U1H1—HU2||1) — (1 =29)(|U1]]x = ||U=2|]1)
< 2k|UP | = 2k|UST | = (1 = 29)([|UL] 2 — [|U2]]1)
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which means k\Ul(Z)| - k|U2(Z)\ > (1 —2v)(||U1]|lx — ||Uz2]|1) for any z € [k]. Using this inequality, we have

kUS| — K[US|

k(U = [1Ualh) = 3 (KUF'| — K|UF )
(k= (1 =2y)(k = 1)(||U1]lx = [|Ua]]1)
L1([U1 ][ = ||U:l11)  (by (d3) and v < 1/(10k))
2% (1= 29)(||Uh]l1 — [|Ual[1)  (by (d3))

AN NN

which proves (d5).
(d6): {x; = Sgn(Ul(i)) k_ is the solution to the reversible 6-SAT problem ¢ (k, m).

If this not valid, there exists an ¢ € [m] such that q({Sgn(Ul(w)) K 1, 0i) =6or q({Sgn(Ul(w))}ffj:p ¢;) = 0. We just

=1
need to consider the first case, because when q({Sgn(Ul(w)) fuzlf}qﬁi) = 0, there exists a j € [m] such that ¢; = ¢;, so
a({Sen(U")}imy ) = 6.

Without loss of generality, we assume that the index of the six entries in ¢; are 1,2, 3,4, 5, 6. By the definition of x4, we
know that Uy x4p4; = % ZS=1 |U1(Z) , and by (d3), we know that Usx 451 ; = % ZS=1 \UQ(Z) |

Using (d2), we know that
0 < —k|U5" |+ b2+ (0.5 = NI|[Uall1 < % S0, [U7] + b2 + (0.5 = )] [T (24)

Without loss of generality, we assume Ul(l) > 0. Since F(x25+1 — (0.5 —)Sgn(U1)) — 1.5 > 0, we have

0
< o(Ur(zak+1 — (0.5 —¥)Sgn(U1)) + b1) — 0(Uz(2z2k+1 — (0.5 — 4)Sgn(U1)) + b2) + ¢
= gk|UD |+ b1 — (0.5 = N||U1[[1) — o (2k|UV [+ bo — (0.5 = )[|Uall1) + ¢ (by (d3)) (25)
< o2KUM| + b1 — (0.5 =) |U1]11) — @KUV | + b2 — (0.5 — || Us|l1) + ¢

kUS| + b1 — (0.5 = )[|U1]11) — (2K|US" |+ by — (0.5 — ) [|Ua|[1) + ¢ (by (d4)).

S0 0 < (2k[UM | + by — (0.5 —N||UL]]1) — (2K|USY | + b2 — (0.5 — 7)||Ua||1) + . U < 0. We just need to consider
Z3k+1, and others are the same. For U12, e Uf, the conclusion is the same.

Then because F(z454; + (0.5 — )Sgn(U1)) — 1.5 < 0, we have that:

0
> o(Uy(zapsri + (0.5 —7)Sgn(Uy)) + b1) — 0 (Us(z4x4i + (0.5 — v)Sgn(Uy)) + b2) + ¢
= o(Uirapyi + b1 + (0.5 = ¥)||U1[1) — o (Uazapyi + b2 + (0.5 = )||Uz|[1) + ¢ (by (d3))
= o230 U+ b1+ (05 = )[ULl1) — o (5 S8 US|+ by + (0.5 — 7)||Usll1) + ¢
= o0 U+ b1+ (05 = [U]1) — (28 U]+ b2 + (05 — ) [[Ua][1) + ¢ (by (24))
> kS U+ b0+ (05 = UL — (28 US| + b2+ (0.5 — )[|Un][1) + ¢
= LSO @KU+ by — (0.5 = )|[U1][y — 2k[UST| = by + (0.5 — 7)||Us|l1 + )
— LS (U = U ) + (1 = 29) (101 = 1U2]]1)
> kS0 (UF| - |US) + (1 —29) ([0~ |T:ll1) (by 25))
> 0 (by(dy))

Which means 0 > 0, a contradiction and Step 2.1 is proved.
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Step 2.2. Assuming ¢ < 0, we will show that J = {x; = Sgn(U; (i )) ", is the solution to the reversible 6-SAT problem
©(k, m). The proof is divided into six steps: (el) - (e6).

(el): There must be s1 = so = 1.
Just use Lemma A.2.

(e2): U(Q) (Q) < 0 for any ¢ € [k].

We just need to prove it for ¢ = 1. First we prove that U1 # 0. If not, that is Ul( ) = 0. Without loss of generality, let
UQ(D < 0. Since F(z1) — 1.5 < 0 and F(x2k+1) — 1.5 > 0, we have

0
> F(x)—15

o(Uyz1 +b1) + o(Uazr + b2) + ¢
(b1) + o (KUY + b)) + ¢ (by UM =0)
o(by) + o (2kUSMY +by) + ¢ (by UM < 0)
(
(

g

Y

o(2kUN + b)) + 0 (2kUSY + by) + ¢ (by UV =0)
o(Uyzok41 + b1) — 0(Usxagy1 + ba) + ¢

= F(wopq1) — 1.5

> 0

which means 0 > 0, a contradiction, and hence U1 # 0. When Uz(l) > 0, we just need to consider x4 and X354 1.

Now we prove (e2), let h = 1+ k if Ul(l) > 0,or h = 1if U(l) < 0. Then, we have that F(xp42r) — 1.5 > 0 and
F(zp) — 1.5 < 0, which means

o(Urxpyor + b1) + o(Uswpyor +b2) — ¢
o (—2k|UY | + by) + o (—2kUSVSgn(U™M) + by) — ¢ (26)
> 0

and
o(Urxp +b1) + o(Uszp +b2) — ¢
= o(=klUD |+ b)) + o (kUL Sgn(UM) + by) — ¢ 27)
< 0.

These two inequalities illustrate that o(— k|U11)| + b)) + o(— kUél)Sgn(U(l)) + b)) < o(— 2k|U11)| + b1) +
o(— 21<;U(1 Sgn(U 1))+b2) Furthermore, since o (— k|U(1)|+b1) >o(— 2k|U1(1)|+b1) we have o(— k:UQ(I)S (Ul(l))+

by) < o(=2kUYSgn(UM) + by), which means (—kU{MSgn(U™M) + by) < (—2kUYSgn(U™M) + by). Then

Ug(l)Sgn(U(l)) < 0, that is Ul(l)UQ(U < 0, which is what we want.

(e3): k\Uz(q)| > (1 —2v)[|Us||; for any ¢ € [E].

We just need to prove it for ¢ = 1. Let h = 1 if Ug(l) > 0,orh =k+1if Uz(l) < 0. We have F(zp4ar — (0.5 —
¥)Sgn(Uz)) — 1.5 > 0 and F(zp, + (0.5 — v)Sgn(Usz)) — 1.5 < 0, which means

o(Ur(@pt2e — (0.5 —7)Sgn(U2)) + b1) + o (Uz2(@n42c — (0.5 — 7)Sgn(U2)) + b2) — ¢
= o(=2k|U" |+ (0.5 = N||U ||y +b1) + o (2K US| — (0.5 = )| Vsl +b2) — ¢ (by (e2)) (28)
> 0
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and
o(Ur(zp + (0.5 —v)Sgn(Us)) + b1) + o(Uz(xp, + (0.5 — 4)Sgn(Uz)) + b2) — ¢
o (—k|U| = (0.5 = Y)|U1||1 + b1) + o (kUS| + (0.5 — 7)|[Us||1 + b2) — ¢ (by (¢2)) (29)
< 0.

Next, consider two situations:
(e3.1): If —2k|U1(1)| + (0.5 = 9)||U1]|1 + b1 < 0, then we can prove that k\Uél)\ > (1 —2v)||Uz]|1.

By (28) and —2k|U" | + (0.5 — 7)||U1]|1 + b1 < 0, we have o/(2k|USM | — (0.5 — 3)||Us| |1 + b2) — ¢ > 0.

By (29), we have o(k|USY | + (0.5 — )||Us||1 + b2) — ¢ < o(=k|UXM | = (0.5 = W||[UL|]1 + b1) + o (kUS| + (0.5 —
’7)||U2||1 -l-bg) —c<0.

S0 o (k|USM |+ (0.5—)|[Us]|1 +b2) < ¢ < o/(2k|USY | = (0.5—7)||Us||1 +b2), which means (k|USY |+ (0.5 —~)|| U], +
ba) < (Qk\Uz(l)\ — (0.5 = )||Uz]||1 + b2). Then we get that: (1 — 2v)||Uz||1 < k\UQ(I)|. This is what we want.

(e3.2): If —2I€|U1(1)| + (0.5 — Y)||U1]]1 + b1 > 0, then we can prove —2k|U2(1)| + (0.5 — Y||U2][y + b2 < 0 and
KUY > (1= 29)|[T]lr-

Since F(zp, — (0.5 — v)Sgn(Usz)) = —1 < 0, we have that

o(Ui(zn — (0.5 = 7)Sgn(Uz)) + b1) + o(Uz(zn — (0.5 — 7)Sgn(U2)) + b2) — ¢
o (—k|ULV |+ (0.5 = )|[UL]]1 + b1) + o (k|USV| — (0.5 — )| Uslls +b2) — ¢ (by (e2)) (30)
< 0.

Since —2k|UM | + (0.5 — 4)[|UL||1 + by > 0, it holds —k|U"| 4 (0.5 — 7)||U1||1 + by > 0. Then by (28) and (30) and
—2k|UM| + (0.5 = 4)||U1||1 + b1 > 0, we have that

o (—kUM |+ (0.5 = Y)|UL][1 + b1) + o (k]USV| = (0.5 — 4)[|Us]|1 +b2) — ¢
= (—KUD [+ (05 = MU + 1) + o (kUS| = (0.5 = 4)||Uz] |y +b2) — ¢
0 (31)
o(—2K| UM + (0.5 = )[|U1]|1 + by) + o(2k|USY | = (0.5 = 7)||Ua][1 + b2) — ¢
= (=2k[UV| + (0.5 = NI|UL]1 + by) + o(2k|USY| = (0.5 — 3)[|Ua]y +b2) — ¢

<
<

which means k|U"| < o(2k|USY| = (0.5 — )||Us|ly + b2) — o(k|USMY| = (0.5 — 1)[|Usl]1 + b2) < kUS| (Use
o(x) — o(y) < |z — y| here). So [UY| < |USY].

Similarly, if —2k|USY |+ (0.5 —4)||Us||1 + by > 0, then we have |[U"| > [USV . But UM | < [USY | and U] > (US|
cannot stand simultaneously, so —2I€\U2(1)\ + (0.5 — ¥)||Uz2]||1 + b2 > 0 can not stand. Then we have —2k|U2(1)| + (0.5 —
NNzl +b2 < 0.

Now using (28) and (29), we have

o (=2k[UD [+ (0.5 = NI[U1||r + b1) + o (2k[USY| = (0.5 = 7)[[Ualls + b2) — ¢
(=26 UV | + (0.5 = DU Il + b1) + o (2k|US| = (0.5 = )[|Ua][1 + b2) — ¢
0

o(—k|UM | = (0.5 = DUl +b1) + o (kUS| + (0.5 — )[[Ua] |1 + b2) — ¢
(—kIU| = (0.5 = 3)[[UL]1 + b1) + o (kUS| + (0.5 = N||Us||1 + ba) — ¢

vV vV Vv

which means (—k|U{" | = (0.5 —4)[|U1|[1 +b1) — (=2k[UL |+ (0.5 — ) [|UL|[1 +b1) < o(2k|US" | — (0.5 —7)||Uz] ] +
by) — o (kUMY | + (0.5 — 3)[|Us||y + ba). Since —2k[USY| + (0.5 — 7)||Us||1 + by < 0, similar to (e3.1), we have
(1 =290l < KU,
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So we can obtain

0

—(1=29)|Ul + kU] (by eque3)
= (—KUD| = (0.5 = N||Ui|h + 1) — (=2 TD] + (0.5 = )| U1 |1 + 1)
< o(2K|USV| = (0.5 = ) ||Us||1 + b2) — o (kUS| + (0.5 = 3)||Us|1 + ba)

which implies 0’(2k|U2(1)| — (0.5 = ¥)||Uz2]|1 + b2) > 0. Then we have

0
< o(2K|USV| = (0.5 = )||Us||1 + b2) — o (kUS| + (0.5 = 3)||Us] |1 + ba)
= @KU = (0.5 = )[|Uallr + ba) — o (K|US" | + (0.5 — 3)||Ua||r + bo)
< @KUY = (0.5 = || U211 + b2) — (IUSV] + (0.5 — 7)|[Ua] |1 + b2)

KIUD| = (1 = 29)||Uz] 1.

This is what we want.

(e4): kUL | > (1 = 29)||Us ]|y for any q € [K].

Similar to (e3).

€5): J ={z; = Sgn(Ul(i))}i-“:1 is the solution to the reversible 6-SAT problem ¢ (k, m).

If not, as said in (d6), there is an ¢ € [m] such that q({Sgn(Ufw)) K _1,¢:) = 6. And there is a j € [k] such that ¢; = ¢;.

w=1"

Without loss of generality, we assume that the index of the six entries in ¢; are 1,2, 3,4, 5, 6. By the definition of x44,, we
know that Uy zap s = % 3°%_ [U{?], and by (e2), we know that Upzapy; = —% 3°°_ | |US”)]. By the definition of 24y,
we know that Uz = — 5 570_, U], and by (2), we know that Upz4p4; = ks, ).

As said in (e3.2), we have —2k|Uf| + (0.5 — )||U1|]1 + b1 < 0 or —2k|U%| + (0.5 — )||Uz||1 + b2 < 0 stand for any
z € [k]. Let the last one stands for z = 7. (If the first one stands, it is similar.)

Now we will show that

o (2k|UL7| = (0.5 — 4)[|Us | + b1)
< o(EXC_ U+ 05 =N +b1) + (= X8 US|+ (0.5 = )||UL |1 + br) (32)
< o2k|U”| = (0.5 = y)[|Ui|[1 + b1),

which lead to a contradiction.
(5.1): We prove that o(555_ [UP| 4+ (0.5 — )||U1[[1 + b1) + o(=5 X°_, (US| + (0.5 — N|[Ui]|1 + b1) <
o(2kU{ | = (0.5 — 7)||U1[[1 + b).

Leth =7ifU” > 0,and h = k + 7if U") < 0. Because F (2o — (0.5 — )Sgn(Uy)) — 1.5 > 0 and —2k|US"| +
(0.5 — ’y)||U2||1 + by — 1.5 < 0, we have

o(Ur(@pyor — (0.5 —)Sgn(U1)) + b1) + o(Us(@pyor — (0.5 —v)Sgn(U1)) + b2) +c
= o(2kU{"| = (0.5 = NI|Ull1 + b1) + o(=2k|US" | + (0.5 = )[|Va]l1 + b2) + ¢ (by (e2))
= o(2k|U{"| = (0.5 — 3)[|UL][1 + b1) + ¢
> 0.

(33)
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Because F(z4+; + (0.5 — v)Sgn(Uy)) — 1.5 < 0, we have that:

o(Ur(zar4i + (0.5 —7)Sgn(U1)) + br) + o (Ua(2ak+i + (0.5 — v)Sgn(U1)) + ba) + ¢
= (50 U+ (0.5 = DU +b1) + o(= S5 US|+ (05 = NI[Ui][1 +b1) + ¢ (by (e2)) (B4
< 0.

By (33) and (34), it holds o(% 320 |U{| + (0.5 — N1 + b1) + o(— 30, [US7] + (0.5 — ) [|UL]]1 + b1) <
a(2k|U1(7)| — (0.5 = ¥)||U1]]1 + b1). This is what we want.

(e5.2) We prove that (5 S0, [U7|+(0.5—)[[Us || +b1) + (= S0, [US7|+(05=)[[Us |1 +b1) > o(2K[U{”| -
(0.5 = I|U1]|1 + b1).

By (e4), we have that:

2k|US" | — (0.5 — )||U1 12
= 2(|U1lls = X7 [UF7]) = (0.5 = 9)[[U2 ]
2k(||UL Il — (k — 1)(1 — 2)|[Ull1/k) — (0.5 — I|U][1 (b (ed))
(1.5 + 4vk — 39)||U1| 11
< (15(1—-2y) + (05— )|l (by~ < 1/(10k))
< 50 U+ 05 -t (by (e4)).

A

So a( S0 U+ (0.5 = NIVl + 1) > o(2k[UT | = (0.5 = )| Ur |1 + b1). Then o(¥ S5 U] + (0.5 —
DN +b1) + o(= S5, [US] 4 (0.5 = NIV [l + b1) > o(2k[U7] = (0.5 = )|[Ur[|s + b1). (€5.2) is proved.

From (e5.1) and (e5.2), the assumption is wrong and (e5) is proved. O

A.2. Proof of Proposition 3.6

We restate Proposition 3.6 for convenience.

Proposition A4. IfH = {F : R” — R, width(F) = w} is an optimal robust memorization of any dataset D € D,, n 1,
with N > n, then width(F) = w > n.

Proof. 1t suffices to show that there exists a dataset D such that, if F has width less than n and memorizes D, then
RApD(F,04\p) <1 -— %H; that is, F is not a robust memorization of D with budget 0.4\ p.

Denote 1 to be the vector all of whose weights are 1 and 1 the vector whose k-th weight is 1 and all other weights are
0. Without loss of generality, let N satisfy (n + 1)|N. We define a dataset D = {x;, y;}}*, with separation bound 1 as
follows:

(Dxy=0andy; =0;2;, =1;_1andy; =1fort=2,3,...,n+1;

(2)fori =k(n+1)4+1,...,k(n+1)+n+1land k = 1,...,%—1,@ =z;+1andy; = y;, wherei =i mod (n+1)
if (n 4+ 1) fiandi = n + 1 otherwise.
It is easy to see that A\p = 1.

Let 7 : R™ — R be a network which memorizes D defined above. Let W, be the weight matrix of the first layer of . Then
W, € REX" We will show that, there exists an s in [n] such that

361,95 € R™, satisfying H61||oo < 0.4, ||55Hoo < 0.4, Wl(xl + 51) = Wl(JUS + 55)

Firstly, sincen > K, W € RE " g not of full row rank, and hence there exists a vector v € R™ such that Wiv = 0 and
||v||so = 1. For such a v, let [v(*)| = 1 for some s € [n]. We define §;, 5, € R™ as follows:

5 = 1/3and 6 = @y ®) /3 fork # s, 65 = 0and 58 = v©v®) /3 for k £ 5.
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It is clearly that ||61]|oc = 3 < 0.4 and ||0s]|oc = & < 0.4. Also, x5 + 65 — 1 — 01 = 2v®v. Thus, Wy(z1 + 61) —
Wl(xs + (55) = Wl(l‘l R (53) = Wl(gv(s)v) =0.

It is easy to see that, for any x, z € R™, Wiz = Wiz implies F(z) = F(z). Since Wi (21 + d1) = Wi (zs + ds), we have

F(x1 +01) = F(xs + Js), and either F(x1 + 01) # 0 or F(xs + d5) # 1 must be valid. In other words, F cannot be
(k+1)(n+1)

robust at 1 or x for the robust budget 0.4. Similarly, 7 cannot be robust for at least one point in {x;},_ k(n+1)+1 for
ke{l,...,785 — 1}. In summary, F cannot be robust for at least &5 points, so RAp(F,0.4) < 1— 2. O

A.3. Proof of Theorem 3.8
‘We restate Theorem 3.8 for convenience.

Theorem A.S. For any dataset D € Dy, n,1, the hypothesis space Hy, on11,3n+1,0(Nn) iS an optimal robust memorization
forD.

Proof. Tt suffices to show that for any 1 < 0.5\p, there exists a network with depth 2N + 1, width 3n + 1, and O(Nn)
nonzero parameters, which can robustly memorize D with robust budget .

Let D = {(z;,v:)}L; CR"™ x [L]. Let C € Ry satisfy C' > |z£j)\ +p>0foralli € [N]and j € [n].
F will be defined in three steps for an input x.

Step 1. The first layer is used to check whether 2 € B(x1, ). The second layer is used to compute E () in Property 2
given below. The two layers are given below.

(1-1.1) FY(z) = 0;

(1-12) F (@) = o2 — 20 — p), 7™ (@) = o(2@) — 2 — ), where j € [n];
(1-1.3) F2"(z) = o(29) + C), where j € [n];

(1-2.1) F(z) = 0;

(1-22) Fi(z) = o(yn — 52530y FE(2));

(1-2.3) FJ 't (z) = o(F2" (z)), where j € [n].

Step 2. For¢ = 2,3,..., N, the (2¢ — 1)-th layer has width 3n + 1 and is used to check whether x € B(z;, i1). The 2i layer
has width n 4 2 and is used to compute F;(x) in Property 2 given below. These layers are given below.

-1.1) FS_y(2) = o(FG_o (@) + Fi_o(2));
(i12) F,_y (2) = (@) + C) = FHy(w) — p) and F ) (2) = o(FL (@) — (@) + C) — ), where j € [n];
(i-1.3) 5/ (2) = o(FJ,(2)), where j € [n];

(-2.1) FY.(z) = o(F3_1(x));

(i-2.2) ]:211‘(3”) =o(yi — ii1f§i—1(x) - fgi—l(@ﬁ

T
(i-2.3) Fi () = o(F3 (x)), where j € [n].

Step 3. The output layer of F is F(x) = Foy(x) + Fay ().

Next, we will show that F has the following properties.

Property 1. 7). (z) = 2) + C fori € [N], j € [n], and z € R™.

From (1-1.3) and (1-2.3), since C' + xl(fj) > pu > 0foralli € [N]and j € [n], we have that FJ "' (z) = F7" (z) =
o2l +C) =127 +C.

From (i-2.3) and (i-1.3), we have that 7! (z) = o(Fa' " (z)) = o(Fi L (2) = - - = o(FJ T (2)) = 29 + C, for all
i € [N]and j € [n]. Property 1 is proved.
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Property 2. Let E;(z) = yi — 5.5, Z?Zlfgi_l(x) for i € [N]. Then E;(z) = y; for x € Boo (x4, 1), and E; () < y;
for z ¢ Boo (x4, p).

Due to Property 1, for j € [n], step (i-1.2) becomes

If 2 € Boo (24, ), then o (x; — z — p) = o (@ — x; — p) = 0, which means FJ,_, () = 0 for j € [2n]. Thus E;(z) = y;. If
& & Boo (4, 1), then ||z, — & — pu]|oo > 0 or ||z — 2; — p1||oo > 0 which means that 73, _; (x) > 0 for at least one j € [2n].
Since F (z) > 0 for all i and j, we have that F;(z) < y;.

Property 3. If x € B, (zg, p) for yi # i, then F;(x) < 0.
Since x € Boo (2, 1) and yi, # v;, we have that [|z; — 2 — 1[cc > Ap —2p > 0or ||z — 2 — pif|oc > Ap — 2 > 0, since

the separation bound is A. Then F3, ,(z) > Ap — 2y for atleast one j € [2n] and thus E;(z) < y; — oy (Ap —2p) = 0.

Property 4. 7 (z) = max;cn{Ei(z), 0} for z € R™.

Since max{z,y} = & 4 o(y — z) for 2,y € R and F/ () > 0 for all i and j, we have that

o(Foi(@) + Fi(x)) = Foi(a) + Fp(x)
= U(}—zoiq(x)) +o(Eim1(z) — -7:%71(55))
= max{Fy;_,(x), Ei(v)}
= max{o(F5;_»(x) + Fp_o(x)), Ei(x)}.

Using the above equation repeatedly, we have that F(z) = o(Foy(z) + Fin(z)) = max¥ {E;(x), FS(z)} =
max? , {E;(z),0}.

We now show that F satisfies the conditions of the theorem. Let x € B (x5, 1) for s € [IN]. By Property 2, Es(z) = ys;
and if i # s and y; = ys, then E;(z) < ys. By Property 3, if y; # ys, then E;(z) < 0. By Property 4, F(x) =
max; e N{E£i(7)} = Es(x) = ys; that is, F is robust at x, with budget .

We now estimate the number of nonzero parameters. For ¢ € [IN], constructions (i-1.1) and (i-2.1) need 3 parameters; (i-1.2)
needs 8n parameters; (i-1.3) and (i-2.3) need 2n parameters; (i-2.2) need 2n + 2 parameters. Totally, (N — 1)(12n +5) + 2
parameters are needed. O

A.4. Proofs for Theorem 3.10

We give a lemma below.

Lemma A.6. There exists a network F € H,, 0(10g n),0(n),0(n) Such that F(z) = ||x||c; that is, there exists a network
F : R™ — R with depth O(logn), width O(n), and O(n) nonzero parameters such that F(x) = ||2|| co-

Proof. Let e = [log, n|. Without loss of generality, we assume that n = 2¢. Then F has depth 2e and for i € [e + 1], the
(2i — 1)-th layer has width 2¢~%*2, and the 2i-th layer has width 2¢~¢*1,

Denote W; and b; to be the weight matrix and the bias of the -th layer of F. The first and second layers will change z to |z|.
The first layer has width 261 and the second layer has width 2¢, which are defined below.

Wf” = 1and Wf”l’i = —1; other entries of Wy are 0. by = 0.
Wé’zi = 1land WQZ-’QZ'+1 = 1; other entries of W5 are 0. by = 0.

Since o(z) + o(—x) = |z| for any « € R, it is easy to check that F5(z) = o(Wao(Wix)) = |z|.
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For i € [e], the (2i + 1)-th and the (2i + 2)-th layers are defined below.
F3(2) = o(F3" (), wherem = 0,1,...,27" — 1.

FalltH(z) = o(F3" T () — F2m (), where m = 0,1,...,2°7% — 1.
Fo(x) = o(Famy (z) + Faii' (x)), where m = 0,1,..., 267" — 1.

Fori € [e+ 1], using o(x — y) + y = max{z, y} for any x,y € R, we have that

-Féril-i-z ()
= o(Fm(x) + F3l (2)
= FErm () + FT (@)
= o(F3" (@) + o(F5" T (x) — F3m(x))
= F3m(x) + o(F3" (@) - Fi(x))
max{F3" (z), F3;" " (z)}.

The (2e + 2)-th layer has width 1 and is the output

F(x) = Faeqa(2)
= max{Fg (v), Fo(2)}
= maX{F§€_2($),f§e_2(l‘),.7"226_2($), "F21€—2('T)}

= max{F3 (2), F5 H(x),..., Fi(2),, Fa(a)}

= 2/l

We now estimate the number of parameters. The first two layers need 4d nonzero parameters. For i € [e], the (2 + 1)-th
layer and (2i + 2)-th layer need 5 - 2¢* parameters. So, we need > ;_, 5-2°7% = O(2¢) = O(n) parameters. Then the
lemma is proved. O

‘We restate the theorem for convenience.

Theorem A.7. For any dataset D € D, n 2, the hypothesis space Hy, o(N 10g(n)),0(n),0(Nn log(n)) cONtains a network F
which is an optimal robust memorization of D via Lipschitz; that is, F is a memorization of D and Lip_(F) = 1/Ap.

Proof. Let D = {(wi,1s,)}Y; € Dy and C € Ry satisfy C + acgk) —0.5M\p > Oforalli € [N], k € [n]. Let
yi = 2(lz, — 1.5) forany ¢ € [N], thatis y; = —1ifl,, = 1 and y; = 1if l,, = 2. The network has N (2[log(n)] +5) + 1
hidden layers which will be defined below.

Step 1. The first layer has width n + 1: FO(z) = 2 and F/ (z) = o(z) + ) = 21 + C, where j € [n].

Step 2. Let s, = (2[log(n)] 4+ 5)(k — 1) + 2. For k € [N], we will use the s-th layer to the (si + 2[log(n)] + 4)-th layer
to check if || — zk||co < 0.5Ap. Step 2 consists of three sub-steps.

Step 2a. We use the sj-th layer and the (sj + 1)-th layer to calculate |« — x|. The sj-th layer has width 3n + 1 and is
defined below.

T (@) = o(F 1 (2)):

Fi (x) = o(F () — :vg) — C), where j € [n];

Sk,fl

F&*j(m) = J(—}'grl(x) + xg) + C), where j € [n];

Finti(z) = 0(fgk_1(x)), where j € [n].
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The (si + 1)-th layer has width 2n + 1 and is defined below.
Foon(@) = o(F, (x)):
Fl1(@) = o(Fi (x) + Foti (), where j € [n];

FIH (z) = o(F2+ (), where j € [n].

S

The sg-th layer needs 5n + 1 nonzeros parameters and (sj + 1)-th layer needs 3n + 1 nonzeros parameters.

Step 2b. Lemma A.6 is used to calculate ||z — zx||o. By Lemma A.6, there exists a network 7 : R™ — R with 2[log(n)]
hidden layers, width O(n), and O(n) nonzero parameters to compute H(z) = ||x||o for z € R™. Since H has 2[log(n)]
hidden layers, we set the output of the (s + 2[log(n)] + 1)-th layer to be

fgk+2ﬂog(n)]+1(x) = U(‘ng+1('r));

L oftogm o1 (@) = HFL 1 (@)oo Fly iy () = | Fapa ()] oo

.Fg:jwog(nﬂﬂ(m) = o(F* (x)), where j € [n].

Step 2c¢. Use the (si + 2[log(n)] 4+ 2)-th to the (s, + 2[log(n)] + 4)-th layers to check if ||z — zx||c0 < 0.5Ap. The
(sk + 2[log(n)] + 2)-th layer has width n 4 4 and is defined below

fsk+2(1og(n)]+2 z) = o sk+2f10g(n)]+1( z));

2) = 0(=2/ApF ofiog(ny 41 (®) + 1);

]:5k +2[log(n)]+2

(
(z) =
Feet2fogtny +2(®) = 0(FL Lanog(my 41 (®) = 2);
(z) =
(z) =

]:sk+2ﬂog(n)1+2 x o(— ék+2[10g(”ﬂ+1( ) +2);

f+3

sk+2[log(n)]+2\F

o 5k+2|—10g(n)-|+1( x)), where j € [n].
The (sx + 2[log(n)] + 3)-th layer has width n + 3 and is defined below

fgk+2ﬂog(n)]+3(x) = U(]:gk+2[1og(n)1+2( )+yk]:k+2nog( )42(2));

_ 1 .
Frr2nog(n+3() = 0(F g, saniogin o)
2 _ 1 2 .
F2 sonioamn+3(®) = 0(FL, tonogmyre = Foetzniogmy+2(8) + Far toMog(m)]42(%)));
j+2 J+3 )
]:sk—&-ZHOg(n)]-&-B( ) - U(‘Fek+2|'log(n)]+2( )) Where] € [n]

The (si + 2[log(n)] + 4)-th layer has width n + 1 and is defined as

0 _ 0 1 2 .
]:sk+2 [log(n)]+4 (37) - U(‘FskJrQ [log(n)]+3 (.’L’) — Yk (‘FskJr?[log(nﬂ +3(I) - ]:sk.+2 [log(n)]+3 (l‘))),
. o )
T2, vorioam +4(®) = 0(FL otiog(ny +3(%)), where j € [n].

It is easy to check that if 77, (z) = [2() — x,(j) |. Then

]:.slk+2(1og(n)]+2($) = 0(72//\17]:(3,64-2[105;(”)]—&-1(x) +1)>0

if and only if ||z — zk||cc < 0.5Ap. These three layers need 3n + 16 nonzeros parameters.

Step 3. The output is F(x) = 0. 5(]:3N+2(10g(n)]+4( x) — 2) 4+ 1.5. The network F has width O(n), depth O(N log(n)),

and O(Nnlog(n)) nonzeros parameters.

We now show that F satisfies the condition of the theorem; that is 7 memorizes D and satisfies Lip__ (F) = 2/Ap.

Property 1. ]-'gk_l(:z:) = ¢U) 4 Cforj € [n]and k € [N]. When k = 1, s, — 1 = 1. By Step 1, we have that
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.7571 [(z) = Fl(z) = ) + C. When k > 1, we have that

‘/—-Zk+1 1 (Z‘)

j+2
= 0(F, 121og(m+4®) = L apiog(ny) +3(7))

U(Fsk+2rlog<nﬂ+2( z)) = (Fs:jﬂlog(nml(gj))
= o(FI (@) = o(F2rHi(2) = o(F,_(2))

S

= fik 1(@

Then, .7-" 1 1(x) = ]-'gk_l(x) = = .7-']1 1(x) = ff(m) =z 4 C.
Property 2. 7/, (z) = |21 — (J)| and FLon00n)141(%) = [[2 — z1][o for j € [n].
Since o(x) 4+ o(—x) = |z| for any x € R, from Step 2a, fjk+1( x) = |]—'gk71( ) — xk — C| for j € [n]. By Property

1, fjk ((z) = 2U) 4 C for j € [n]. Then, f§k+1(x) = |z(@) — x,(f)| for j € [n]. From Step 2b, we have that
‘Fsk+2]'log(n)]+1( z) = ||z — zx|oo for j € [n].

Property 3. F' k+2[10g(n)1+4( ) =2+ Yu,0(1 = 2/Ap|[x — Tu, || o), Where wy, = argmin;¢ ||z — @[

We prove the property by induction on k. We first show that the statement is valid for £ = 1. We have that w;, = 1 and

T s2ftog(m+2(®) = Fy yafiog(my) 1 (&) = F& 1 (2) = FQ, (2) = F{, 1 («) = 2. From Step 2 and Property 2,
Forv2fog(my+3(%)

= O—(‘Fgl+2|'log(nﬂ+2( )+y0]:511+2“08(")-‘+2(x))

= (2+y00(1 - 2/)\D 1+2[10g(n)]+1( )))

= 2+y00( 2//\D 1+2[log(nﬂ+1( )+ 1)

= 24 yoo(l —2/Apllz — zo||co)-
e of tonog(m1+2(®) = 0T fonogmypa (@) = 2) = 02 = 2) = 0 and FTon0,0.40(7)
0(=F2 pafiogm) 1(®) +2) = 02 =2) = 0, we have that 7 on1000y143(®) = 0(Fe, ooy iz —

2 — —
(‘F51+2 [10g(n)]+2( ) + ‘F s1+2[log(n)] +2( ))) - U(‘Fsl—i-Q [10g(n)]+2) - ‘F31+2 [log(n)]+3" Then

‘Fsl +2[log(n)]+4 (l’)

= U(fsl+2[1og 1+3(m 51+2ﬂog(n)1+3< z)
T +2fog(ny] +3( )))

= T +2fiog(ny] +3(@)

= 24+ y0(1 —2/dpllz — 20]|oo)-

We have proved the statement for k = 1.

Assume that the statement is valid for k — 1; that is, F_ _ L+2Mogm)] 44 () =2+ Yu,_,0(1 = 2/Ap ||z — Ty, [[oc)- We
have that F +2(1og(n)]+2( ) = fsk+2[1og(n)1+1( ) = F () = F (2) = Fg, _1(2) = 2+ Yuy_,0(1 = 2/Apllz —
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T,y |loo) > 1, and we also have that F k+2ﬂog(n)]+2( x) =o0(=2/ApF. k+2(10g(n)1+1( x) +1) < 1. Then

fgk+2ﬂog(n)]+3(x)
= o(Fo voniontm+2(®) F UbFL Lofiogny] +2(®))
= (Y +2M108m)1+2(%)

+yro (1 —2/ApF, k+2[10g(n)]+1( z)))
= Fot2oatn]42(7)

ko (1= 2/3DF L afi0g(ny) 41(%))
= Foo1(@) +yko(1 = 2/ApF L oriog(my1+1(®))
= Form1(®) + UbFy ofiog(my]+2(®)

(35)

Since 77,y ofiog(ny1+2(%) = 0(Fy paogt+1(®) = 2) and FL opiog ) 2(@) = 0(=F, omiog(uy41 (&) +2), we have
that F.

|‘F§k+2 [log(nﬂ—i-l( )

2 _ 1
k+2ﬂog(n)]+3(x) - O-(]: r+2[log(n)]+2 (‘Fsk+2[10g(n)]+2(x) + 7 k+2f10g(nﬂ+2( ))) - U(‘Fsk+2ﬂog(n)—\+2 -
2|). Then

]:gk+2(1og(n)1+4($)
= J(‘ng+2]'log(n)]+3( z) — yk(‘Fslk+2[log(n)-\+3(‘r) - ‘F@zk+2(log(n).|+3(x)))
= J(]:sokfl( )+yk]: k+2]'log(n)]+2( ) yk(]:;k+2]—log(n)'|+2(x)

_0-(‘7:31,6+2[]0g(nﬂ+2( x) = |Fy so—1(x) = 2[))).

We divide the proof into two cases.

Case 1. If x ¢ By (zx,0.5Ap), then fSK+2(log(n)]+2( x) = o(— 2/>‘D]:sk+2ﬂog(n)]+1( z)+1) =o(1l—-2/Ap|lz —
Zk|loo) = 0 and

]:gk+2ﬂog(n)]+4( x)
= o(Fo1(@) +uF; k+2(10g(n)]+2( )
~Ye(F 5, pafiogn] 42 (@)
o (F3, 4aftog(ny]+2(®) — [Fe,—1(z) — 2])))
= ]:sk 1(2)
= ]:gk,1+2rlog(nﬂ+4(m)
= 2+ Yu, ,0(1 =2/Mp|lx — Ty, [|o0)
= 24 yu,0(1 = 2/Ap|lx — Tu, o)

Case 2. If & € Boo(xk,0.5Mp), then F or00110(2) = 0(=2/ADF] L onogny1s1(@) +1) = (1 = 2/Aplz —
Zk|loo) > 0 and using equation 35:
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Consider two sub-cases:

F et 2 og(ny+4(%)

0(Fo—1(®) + UnF3 L oriog(ny +2(2)

—Y(Fo, +2n10(my142(®) = 0 (Fy paniog(my) +2(%)
—|Fo—1(@) = 2))))

o(Fo 1 () + il/kfslk+2(1og(n)]+2($)
—yk(min{fslk+2(1og(n)]+2($)a |2 — ]:gk—l(x”}))
024 Yuy_,0(1 = 2/Ap||z — Ty |]0o)+

Ye(1 = 2/Mpllz — zxl|)

—yr(min{l — 2/Ap||z — zk||co,

o(1=2/Apllz = 2w, |l)}))-

Case 2.1. If || — .y, _, ||oo > 0.5Ap, then wy, = k and hence

0
]:sk+2ﬂog(n)1+4(15)

= o2+ ywk—lg(]‘ —2/Mpllx — Lwp_y oo )+

Ye(1 = 2/Mpllz — 2k|o0)
—yr(min{1 — 2/Ap||z — z||co,
o(1 =2/ pl|lz — Tw,_,[l0)}))

= o2+ ye(1 -2/ |z — 2k]|0))
= 2+ y(1 =2/ pllz — z|lo0)
= 2+ Yu, (1 = 2/Ap||z — Tuy, |[o0)-

Case 2.2. If ||z — Ty, _, ||oo < 0.5Ap, then y,,,_, = yi and hence

The property is proved.

0
}—sk+2ﬂog(n)]+4(x)

= 0(2 + ywk—la(l - 2/>‘DH$ — Lawg_y ||OO)+

yr(1 = 2/Apl|z — 21]|o0)
—yr(min{l — 2/Ap||z — k|| co,
o(1=2/2pllz = Tw,_[ls0)}))

= 0(2 + ywk—l(l - 2/)\@”1‘ - xwk—lHOO)

Fyr(1 = 2/A|[z — 2 ||o0)
—yr(min{l — 2/Ap||z — k|| co,
1 =2/Apl[ — Tw,_, [l }))

= 2+ yrmax{l —2/Ap||lz — k||,

1-— Q/ADHAT - xwk71||00}

= 2+ 9,0 (1 = 2/Ap[|z = 2w, |[oo)-

Property 4. F is a memorization D and has Lip__(F) = 1/Ap.
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By Property 3, the output is
F(x) = 0.5(F 5 1omiog(ny +4(®) = 2) + 1.5 = 0.5y, 0 (1 = 2/Ap|2 = Tuyloo) + 1.5

where wy = argmin;¢ ) [|7 — ;[

If £ = x4, then wy = s and F(z) = 0.5ys + 1.5 = I,_; that is, F memorizes D. If z € B(xs,0.5Ap) for some
s € [N], then wy € [N] and F(z) = 0.5y (1 — 2/Ap||T — Zwy||eo) + 1.5 such that the local Lip_ (F) = 1/ p
over B(Z.yy,0.5Mp). If  is not in UY B(x,,0.5\p), then ||z — Tyy ||oo > 0.5Ap. Hence F(z) = 0 and the local
Lip, (F) = 0. The theorem is proved. O




