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ABSTRACT

Regularization is widely applied to model complexity reduction and neural net-
work compression. Existing L; and nuclear norm regularizations can achieve
favorable results, but these methods treat all parameters equally and ignore the
importance of the parameters. Taking the trained parameters as prior information
to construct weights, a weighted regularization method is proposed in this paper.
Theoretically, we establish the bounds on the estimation errors for values of the
global minimum for a fully connected single hidden layer neural network. Fur-
ther we prove the estimates generated from the weighted L regularization and
the weighted nuclear norm regularization can recover the sparsity and the low
rank structure of a global minimum of the neural network with a high probabil-
ity, respectively. The effectiveness of the algorithm is validated by conducting
a numerical simulation and experiments with popular neural networks on public
datasets from real-world applications.

1 INTRODUCTION

Deep neural networks are often over-parameterized (Belkin et al.,|2019). How to delete the redun-
dant parameters of the network and keep the parameters that really work is a key concern of network
compression. In network compression, parameter pruning, parameter quantization, low-rank ap-
proximation, and knowledge distillation are popular methods. Regularization is broadly applied to
these methods to reduce the model complexity and alleviate the overfitting problem, and is now
also widely used to prune unimportant parameters of the neural network to reduce computation and
storage overhead.

There are many variants of regularization methods by choosing different regularization terms (Wen
et al.l |2016; He et al., 2017; |Alvarez & Salzmann, [2017; |L1 et al., 2020; |[Liu et al., 2020), where
L regularization and nuclear norm regularization are two commonly used regularization methods.
Specifically, L, regularization focuses more on promoting the sparsity of connections between neu-
rons, namely unstructured pruning. Meanwhile, the nuclear norm regularization pays more attention
to whether the parameter matrix can be decomposed into a more lightweight two-matrix product,
that is, the low-rank approximation. Both regularization methods have the neural network compres-
sion effect (Jaderberg et al., 2014; [ Xu et al., 2019} (Chen et al., 2020; Papadimitriou & Jain, |2021)).
However, existing regularization-based neural network compression techniques select the same reg-
ularization coefficient for each element in the parameter without distinguishing the importance of
the elements, which tends to make the estimates of the really important elements small.

The weighted regularization idea is widely applied in compressed sensing (Daubechies et al., 2008;
Chartrand & Yin, 2008; |Candés et al., [2008; Wipf & Nagarajan, [2010; Ba et al., |2014) and image
processing (Gu et al., 2014; | Xu et al., 2017; |Yair & Michaeli, 2018} [Huang et al.| [2020). Inspired
by these, we use the inverse of the trained parameters estimates as weights applied to the regular-
ization term to achieve adaptive penalty strength. Specifically, the elements with smaller true values
correspond to larger weighted values, and the elements with larger true values correspond to rela-
tively smaller weighted values. In this way, the purpose of pruning the redundant elements while
protecting the truly critical elements is achieved. However, linear problems are usually considered
in the above fields, and their theoretical analysis is not applicable to neural network compression.
We theoretically prove that the weighted regularization method can accurately recover the ground
truth parametric sparse structure and low-rank structure. Our simulation experiments demonstrate
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that the sparsity and rank of the weighted regularization method are closer to the ground truth pa-
rameters than the general regularization method. In experiments with public datasets, the weighted
regularization method can achieve higher accuracy with the same element sparsity or rank sparsity.

Organizations. The paper is divided into seven sections. Section [3|introduces the network model
used in theoretical analysis. Section [] provides the problem formulation. Section [3] presents the
design idea and flow of the algorithm. Section[fgives the assumptions and theoretical analysis. The
last section shows experiments on synthetic data and real datasets.

Contributions. Our work makes the following contributions:

* For network compression, we establish weighted L regularization method and weighted
nuclear norm regularization methods respectively.

* We provide error upper bounds between the estimates obtained by two weighted regulariza-
tion methods and some global minimum point of the expected risk with a high probability.

* We prove the zero element and the zero singular value can be correctly identified by select-
ing the appropriate regularization coefficient with only limited amount of data respectively.

» Experiments on synthetic and real datasets demonstrate that the weighted regularization
methods outperform non-weighted counterparts, supporting the theoretical analysis.

2 RELATED WORK

Regularization-based network compression. According to the selection of regularization terms,
the pruning methods by imposing regularization terms (Tang et al.| |2022)) can be divided into struc-
tured pruning (Wen et al., 2016; He et al.,[2017} [Scardapane et al., 2017} L1 et al., 2019; Mitsuno &
Kurital 2021 |Bui et al., 2021) and unstructured pruning (Louizos et al.,[2017};|Alvarez & Salzmann),
2017 [Srinivas et al.l 2017; Ma et al., 2019; [Liu et al., [2020; [Chen et al.| [2020; |Tartaglione et al.,
2021; Pandit et al.| [2021} [Idelbayev & Carreira-Perpinan, [2022)), and the objects used by regulariza-
tion terms can be divided into mask regularization and parameter regularization. [Wen et al.| (2016)
proposed a structured sparsity learning (SSL) method whose main idea is that different regulariza-
tion terms are applied to achieve different fine-grained structured pruning. In |He et al.|(2017), a
hierarchical channel pruning method is obtained by setting a mask for each channel and applying
L, regularization to the mask. Both nuclear norm regularization and grouped regularization are con-
sidered to promote the low-rank and group sparsity of the parameter matrix in|Alvarez & Salzmann
(2017). Structured pruning is realized by sparse optimization in |Chen et al.|(2020), namely L; reg-
ularization method, and an iterative algorithm is given. To the best of our knowledge, there is no
weighted regularization method for network compression. In this paper, the proposed weighted L
regularization method is applied to unstructured pruning. Innovation from regularization term, Ma
et al. (2019); Tartaglione et al.|(2021)); |Pandit et al.| (2021)); Idelbayev & Carreira-Perpinan| (2022) in-
troduce different regularization forms for network compression. Orthogonally, this paper considers
how to improve the performance of the method for the fixed regularization term.

Low-rank approximation based network compression. The low-rank approximation (Jaderberg
et al., 2014} Tai et al.l 2015; Xu et al., 2019; Papadimitriou & Jain, |2021)) usually decomposes a
parameter matrix into a product of two matrices of smaller dimensions. In|Jaderberg et al.| (2014);
Xu et al| (2019); |Papadimitriou & Jain| (2021), low-rank approximations of the original parame-
ters are obtained by minimizing the nuclear norm. In [Tai et al.| (2015), low-rank approximation is
achieved by adding low-rank constraints in the training process. To obtain a higher compression
rate, Swaminathan et al.| (2020) propose the sparse low rank (SLR) method which sparsifies the pa-
rameters while ensuring the low rank of the parameters. Determining the optimal rank, the key of
low-rank approximation, [Idelbayev & Carreira-Perpinan| (2020) regard it as a hyperparameter per
layer and Kim et al.| (2019) considers the optimal rank selection problem for the whole network.
Yu et al.| (2017) considers feature map reconstruction by setting parameter matrix as the sum of
low-rank matrix and sparse matrix, to establish a unified framework of low-rank and sparse matrix.
The proposed weighted idea is an orthogonal direction and can be applied to above nuclear norm
regularization method to improve the low-rank approximation.
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3 RESEARCH MODEL

For theoretical analysis, we consider a d-dimensional input and single output network with one
hidden layer (Zhong et al.|[2017;|Oymak, |[2018}; |[Fu et al.,[2020) which has K neurons, however, our
experimental results show that the weighted regularization method also has significant advantages
in deep networks. Similar toZhong et al.|(2017); [Fu et al.| (2020); Dinh & Ho|(2020), assume there
exists a lightweight underlying model, i.e., the “true” parameter W* = [w}, - ,w}] € RK
which means the number of nonzero elements of W* such that supp(W*) < dK and rank(W*) <
min{d, K'}. The corresponding “true” distribution of input and output over R% x R is

D: x~N(0,1), y—Zqﬁ(wk m)éh(W*;x) ()

where ¢(z) is the activation function and h(+) is the network architecture.

The training dataset {z;,y; }}*., which are independent and identically distributed (i.i.d.) samples
generated from D satisfies y; = h(W™*; x;).

The Empirical Risk is defined as

1 MoK 2 1 X
= — w i) — Y £ — (W52, y;) @)
= > (Sl ) 255

k=
2
where ¢ (W; z, y) is the mean square loss function, i.e., £ (W;z,y) £ % (Zszl o(w] ) — y) .

The Expected Risk is defined as

(z,y)~D

4 PROBLEM FORMULATION

For the expected risk, denote the set of its global minimum points as %* = {W : f(W) = f(W*)},
that is to say,

H* = argmin f(W). 4)
WeRdIxK
By the proof of Lemma 3.1 in Dinh & Hol| (2020).i.e., Lemma[A.T]in Appendix [A.T] all the global
minima of the expected risk can be regarded as the ground truth parameter for generating data in
neural networks. For any global minimum point of the empirical risk fx (W) denoted as

WN € argmin fn(W). (5)
W eRdx K

Define the point in H* closest to Wy as Wy- £ argmin |[W — Wy|| .
WeH*

In this work, we consider sparse and low-rank recovery of Wy« by L; and nuclear regularization
respectively. Assume Wy- € R4¥K is sparse and low-rank which means the number of nonzero
elements of Wy~ such that supp(Wy+) = h < dK and rank(Wy+) = r < min{d, K'}.

5 ALGORITHM DESIGN

To improve model generalization, reduce computation and storage consumption, we consider the
regularization method. Existing regularization-based neural network compression techniques select
the same regularization coefficient for each element in the parameter matrix without distinguishing
the importance of the elements, which is unfair and will make the estimation value of the really
important elements small. Thus the weighted regularization is introduced.
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Weighted L, norm regularization. For VIV, A € RY*K if matrix A is used as the weight, the
weighted L; norm of matrix W is defined as ||[W |41 = Zf:l Zf{:l HVX((;%)N.

Weighted nuclear norm regularization. For VIV, A € R?*X and A is full rank, if matrix A is used

as the weight, the weighted nuclear norm of matrix W is defined as ||[W || 4. = ?;irf{d’K} ‘:’((VX))

where o;(WW) denotes the [-th singular value of the matrix W singular value in descending order,
ie,o(W)>--oqy(W)>--- > Omin{d,K} (W). The singular values of matrix A are defined the
same way.

Firstly we obtain the initial estimate WN by mlmmlzmg the empirical risk, i.e., solving the opti-
mization problem (5 ' Then use the initial estimate WN to construct weights according to different
ways to form weighted L; norm regularization and nuclear norm regularization. Denote the Frobe-
nius norm of matrix as || - || . The square term |W — /VVNH% in the optimization criterion (@) and
is to strengthen the convexity of the objective function at Wy«

i TN 1 (W) 2 Fn (W) + An W = Wyl[2 Wl 6
weamn N1 (W) = fn(W) + An|| NE+ Wi, (6)

in I (W) 2 (W) + An|W — Wa3 W[ 7

oI (W) £ P (W) AW = Wl W ™

where R is the neighborhood radius centered on Wy« that satisfies local convexity. The specific

sparse recovery and low-rank recovery algorithm process are displayed in Algorithm (1| and [2] re-
spectively.

Algorithm 1 Sparse recovery algorithm

Input: Training data {z;, y; })¥,; quadratic term parameter A\ > 0; regularization term parameter
N > 0;
Output: The sparse estimates Wy
1: compute initial estimates

Wy € argmin fy(W); (8)
WERdXK
2: compute sparse estimates
Wyi 2 argmin fy(W) + AW = Wy l5 + 5 [W gy - ©)
WeB(Ww,R) a

Algorithm 2 Low-rank recovery algorithm

Input: Training data {z;, y; }),; quadratic term parameter A\ > 0; regularization term parameter
N > 05
Output: The low-rank estimates Wy .
1: compute initial estimates

Wy € argmin fy(W); (10)
WeRde
2: compute low-rank estimates
Wy, 2 argmin_ fy(W) + Ay [|[W = Wyll: + [ Wligp .. (11
WeB(Wy ,R) Y

Remark 5.1 Noting that the feasible domain in optimization criterion (6) and (7)) is related to Wy
which is not available, we consider replacing Wy~ with WN at the cost of maklng the radius of
the feasible domain smaller. By Remark in Appendix n we can choose R 2 R — Cs, -

1/v
log N 2L1+L, L A
(%) >0whereR:m1n{1/(QE%Lgldé) 7K71\/72}.

4
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Remark 5.2 Noting that the adaptive weights in the regularization terms appear in the de-
nominator, in order that the algorithms are well-defined, we set Wi(s,t) = Wnx(s,t) +

—~ 1/v — — —~ 1/v
sgn(Wn(s,t)) (1%\/) and 0}’ (W) = 01(Wn) +sgn(o;(Wn) (1%\/) where sgn(z) =1,

g N\ _ log N\ MV
ifx > 0; sgn(z) = —1, if x < 0. By this way, C; ( c\’}gﬁ) < |WR(s,t)| < Cq ( %) and

1/v —~ 1/v
Cs (logN) <o (Wy) < Cy (logN) where Cy, Cy, C3 and Cy are some constants.

VN VN
6 THE THEORETICAL RESULTS

We first make the following assumptions about the activation function and coefficient selection of
quadratic term and regular term, i.e., Ay and vy

Assumption 6.1 The activation function ¢(z) is analytic. The first derivative ¢'(z) is non-negative
and bounded, i.e., 0 < ¢'(z) < Ly for some constants Ly > 0. The second derivative ¢" (z) and
the third derivative ¢'"(z) are bounded, i.e., |¢" (2)| < Lq and |¢"' ()| < Ls for some constant Lo
and Ls.

Assumption 6.2 Let

aq(a) = EZNN(O,l) [¢/(U ! Z)zq] ,Vq € {07 13 2}3
ﬁq(a) = Esz(O,l) [¢/2(J ' Z)Zq] 7Vq € {07 2}7
p(o) £ min {$o(0) — aj(0) — ai(0), f2(0) — af(0) = a3(0), ao(0) - az(0) — ai(o)} .
The first derivative ¢' (z) satisfies that, for all o > 0, we have p(c) > 0.

Remark 6.1 Some assumptions are similar to the assumption in|Zhong et al.|(2017),|Oymak (2018).
Generally speaking, they guarantee the local convexity of the neural network.

It is direct to check that Sigmoid activation function ¢(z) = satisfies the above assumptions.

1
1+e—=
Assumption 6.3 For the coefficient of quadratic term Ay, it satisfies Ay >

) 1/v
max{C(;l . (%) , Cs,1/ 10‘};\/\[} and \y — 0 as N — oo. For the coefficient of reg-

ularization term vy, it satisfies N7 — 0o and Yy — 0 as N — oo where v is some positive

~

(log N )
.. \/N . .

constant and Cy,, Cjs, are positive constants depending on 01 and 02 respectively.

6.1 THEORETICAL RESULTS OF SPARSE AND LOW-RANK RECOVERY ALGORITHM

This section includes two parts of theoretical analysis. The first part is to provide the upper bounds of
the estimation errors obtained by the two weighted regularization methods respectively. The second
part is to prove the sparse consistency and low-rank consistency.

6.1.1 ERROR BOUNDS FOR SPARSE AND LOW-RANK ESTIMATORS

Theorem 6.1 (The error bound of the estimates by minimizing fn(W)). Assume the activation
Sfunction is analytic. Then for¥é, > 0, there existv > 0, Cs, > 0and Ny(01) > 0for VN > Ny(01)
such that

Wy — Wi

1/v
1ogN) (12)

<C o
e ( VN
with probability at least 1 — 0.

Proof The proof is based on the corollary of Lojasewicz’s inequality and generalization bound in
Dinh & Ho|(2020). The detailed proof is given in Appendix[A.2]

Lemma 6.1 (The empirical Hessian is close to the expected Hessian). Assume Assumption [6.1|and
hold. The empirical Hessian converges uniformly to the expected Hessian. Namely, Yoo > 0,
there exist Cs, > 0 and No(d2) > 0, for VN > Ny(02) we have

P ( sup  ||V2fn(W) = V2F(W)| < Csyy/ 10gN> > 14, (13)
WeB(Wy+,R) N




Under review as a conference paper at ICLR 2023

Proof The proof is based on the covering number theory and Bernstein inequality inspired by Mei
et al.|(2018); |[Fu et al|(2020). The detailed proof is given in Appendix[A.3]

Lemma 6.2 (Local uniform strong convexity and smoothness of Fx(W)). Denote Fy(W) £
INW) + An||W — Wy |[%. Choose Ax > Ciyr/ 2N, for YW € B(Wy-, R) where R =

: (2L1+L1L2)% Ay
mm{ 2LPL2dK O KT/? , we have

In-I<V?Fy(W) =Ly -1 (14)

with probability at least 1 — 53, where Iy = Ay — Cs, 1/ IOIgVN > 0and Ly = Cs,+/ IOJgVN +Ls+
2A\N.

Proof The proofis based on the locally convexity of expected risk f(W') and this good property can
be transferred to the empirical risk fn (W) by Lemma Adding the square term, for fn(W),
local convexity is strengthened to strong local convexity. The detailed proof is given in Appendix
A4

Theorem 6.2 (Error bounds of Wi 1 and Wi ). Let the activation function satisfy assumptions
and 6.2 Then for any W € B (Wi, R), Jn,1(W) and Jn (W) are strongly convex with

probability at least 1 — 6. Choose A\y > ngq/w. Then there exist No(d) > 0, for VN >

: A\ /v
No(6) we have |Wn 1 —Wy|lp = O < eV 4 Ay (ng]\],v) + 7N> and |Wy «—Wa || p =

O Jle=N 4y (toxd)"” ith probability at least 1 — §
N N\ N + YN | with probability at least .

Proof The proof'is based on the above strong local convexity, we use the theory of convex optimiza-
tion to analyze the error upper bounds of the estimates obtained by the two weighted regularization
methods. The detailed proof is given in Appendix[A.6]

Remark 6.2 As long as A\n and vy satisfy Assumption we can deduce Wy 1 — Wy~ and
Wi« = Wy~ as N — oo with probability at least 1 — 6.

6.1.2 SPARSE AND LOW-RANK RECOVERY

For the ground truth parameter Wy,;+, define the zero element index set .44+ and zero singular value
index set By~ respectively.

Agpe = {(8,8) : Wy (8,8) =0, s=1,--- ,d; t=1,--- | K} (15)
Bys ={l:0i(Wy+)=0,1=1,--- ,min{d, K} }. (16)

Theorem 6.3 (Sparse and low-rank selection consistency). Define
Ay ={(s,t) : Wna(s,t)=0,s=1,--- ,d; t=1,--- K} (17)
By ={l:0i(Wn.)=0,1=1,- min{d, K}}. (18)
Choose W — 00 as N — oo. There exist N1(0) > 0, for VN > N1(0), we have Ayx =
VN
Ay and By = By« with probability at least 1 — 6.

Proof The proof is based on the optimality of W 1, Wi« and the selection of regularization coef-
ficient ~yn in Assumption[6.3] The detailed proof is given in Appendix[A.7]

Remark 6.3 Theorem|[6.3|shows that the estimates obtained by the weighted regularization methods
can correctly prune redundant elements and redundant singular values.

7 EXPERIMENT

7.1 RESULTS ON SYNTHETIC DATASET

Settings. We consider synthetic simulations to support the theoretical analysis. The designed net-
work is from equation with the input dimension d = 20, hidden dimension K = 80 and ac-
tivation function ¢(z) = Sigmoid(z). The ground truth parameter W* is sparse and low-rank
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Figure 1: (a) The test loss and weight sparsity of L; and Weighted L; methods. (b) The test loss
and singular sparsity of Nuclear and Weighted Nuclear methods. (c) The weight histogram of W*,
the L1 method, and the Weighted L; method. (d) The singular values of W*, the Nuclear method,
and the Weighted Nuclear method.

with supp(W*) = 8 x 80 and rank(W*) = 10. We compare the L; with Weighted L; meth-
ods (Algorithm [T)), Nuclear with Weighted Nuclear methods (Algorithm [2). The gradient descent
algorithm is employed with a learning rate of 0.2 and regularization coefficient vy = 5, and a
number of iterations of 30,000. The test error and weight/singular sparsity are used for evalua-
tion. The followed sparsity represents the ratio of near zero weights/singulars. In practice, we set
€w = 0.005, €5 = 0.05.

SIS (W < ew)
o dK

S (o (W) < ey)
min{d, K'}

sparsity,, (W) , sparsity, (W) = (19)

Results. Figure illustrate the test error and sparsity along iterations. For example, Figure
[I(a)] shows that the Weighted L; consistently has lower test error and higher sparsity than the L;
method. These results indicate that the weighted method preserve more critical elements, which
is consistent with our theoretical derivation. For further analysis, the distribution of weights and
singular values are shown in Figure [I(c)|[I(d)} respectively. In Figure the red Weighted L, has
more parameters in the [0, 0.005) interval than the blue L, method, thus stronger weight sparsity. In
Figure the singular values of the red Weighted Nuclear are closer to the target singular values
than the blue Nuclear method when the ids lie between 10 and 19, indicating lower rank.

7.2 RESULTS ON REAL DATASETS

Datasets and Networks. Experiments are conducted on MNIST (LeCun et al. [1998), CIFAR-
10 (Krizhevsky & Hintonl 2009) and Tiny-ImageNet (Le & Yang), 2015). MNIST is a dataset of
handwritten digits with 60,000 training images and 10, 000 test images. CIFAR-10 is a 10-class
object recognition dataset with 50, 000 training images and 10, 000 test images. Tiny-ImageNet is a
recognition dataset with two hundred classes, 100,000 training images, and 10,000 test images. The
experimental networks include LeNet-300-100 (Krizhevsky & Hinton, 2009) for MNIST, VGG16
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(Simonyan & Zissermanl 2015)), ResNet20 (He et al.|[2016), ResNet56 for CIFAR-10, and ResNet18
for Tiny-ImageNet.

Settings. We compare the L; with the Weighted L; method, and the Nuclear with the Weighted
Nuclear method. The weights of Weighted L; and Nuclear methods are initialized by the parame-
ters of well-trained networks. Then the regularization is applied to compress networks. For a fair
comparison, the hyper-parameters of non-weighted and weighted methods are kept the same during
optimization. Each experiment is conducted three times across datasets and networks. The weight
decay is set to 0 to eliminate its disturbance to the regularization. Details of other hyper-parameters
such as learning rate and optimizer are listed in Appendix [A.8]

Results. Table[I|shows the results between L; and Weighted L,. Weighted L, generally has better
performance than L; both in fully connected networks and convolutional neural networks. For ex-
ample, Weighted L, has superior average accuracy to L; (86.89% vs. 84.29%) on ResNet-20 when
the sparsity is 0.95, which indicates that the weighted method preserves more critical elements. Ta-
ble2]summarizes the results of the Nuclear with the Weighted Nuclear. We can see that the Weighted
Nuclear significantly outperforms the Nuclear method, which suggests the weighted method is help-
ful to preserve the key singular values. Moreover, Figure [2| visualizes that the weighted method has
higher accuracy than the non-weighted method at the same sparsity, verifying the effectiveness of
the proposed methods.
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Table 1: Comparison between L; and Weighted L; Regularization. The accuracy of Mean + Std is
reported by three independent experiments.

Dataset Model Baseline (%) sparsity,, Ly (%) Weighted L1 (%)
0.9 97.754+0.03 98.40+0.02
0.98 94.5040.30 97.434+0.09
0.8 93.2140.07 93.31+0.06
VGG16 93.14 0.9 93.30+0.01 93.18+0.03
0.99 93.20+0.03 93.19+0.18
0.8 91.85+0.15 92.40+0.03
CIFAR-10 ResNet20 92.78 0.9 89.41+0.11 90.36+-0.09
0.95 84.29+0.36 86.89+0.30
0.8 94.3640.07 94.444-0.03
ResNet56 94.69 0.9 93.24+0.26 93.88+0.05
0.95 91.15£0.14 92.46+0.12
0.9 51.21+1.24 51.014+1.24
0.95 47.7443.56 48.17+3.24

MNIST LeNet-300-100 98.18

Tiny-ImageNet ResNet18 53.18

Table 2: Comparison between Nuclear and Weighted Nuclear Regularization. The accuracy of Mean
=+ Std is reported by three independent experiments.

Dataset Model Baseline (%) sparsity, Nuclear (%) Weighted Nuclear (%)
MNIST LeNet-300-100 98.18 0.5 94.62+0.49 97.77+0.11
0.6 87.264+0.29 97.38+0.09
0.5 91.76+0.65 91.87+0.20
VGG16 93.14 0.6 90.54+0.17 91.12+0.33
0.7 87.184+0.77 89.60+0.86
0.3 82.084+2.72 86.81+0.29
CIFAR-10 ResNet20 92.78 0.4 72.90+8.76 83.97+1.53
0.5 65.99+6.22 75.31+5.77
0.3 88.46+1.02 89.93+0.88
ResNet56 94.69 04 85.254+2.41 88.76+1.22
0.5 82.2840.97 87.10+0.41
. 04 47.17+4.58 50.77+1.59
Tiny-ImageNet | ResNetl8 53.18 0.5  4429+6.19 50.27+1.94

8 CONCLUSION

In this paper, we propose two weighted regularization methods for sparse recovery and low-rank
recovery respectively. For a fully connected single hidden layer neural network, we theoretically
establish the error upper bound of the estimates obtained by the two methods and prove the sparse
recovery consistency and low-rank recovery consistency respectively. The simulation experiment
shows that the sparsity and rank of the weighted method are closer to the ground truth parameters and
have better generalization, that is, the test error is smaller. Experiments on public datasets indicate
that the weighted regularization method can achieve higher accuracy with the same element sparsity
or singular value sparsity. However, the limitation of the proposed method is that the weight setting
of the regularization term depends on the accuracy of the initial estimation Wy to some sparse
and low-rank minimum point. In the future work, more forms of weighted regularization methods,
such as the non-convex regularization term, will be considered, and deeper neural networks will be
theoretically analyzed.
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A APPENDIX

A.1 PRELIMINARY

For YW € R denote the k-th column of W as wy. Given that y = S, ¢ (wk x) is

only related to z, £ (W;x,y) is often abbreviated as ¢ (W; x) for the convenience of statement in
subsequent theoretical analysis. For subsequent theoretical analysis, we first calculate the gradient
and the Hessian of fx (W) and f(W). For each j € {1,--- , K}, the partial gradient of f (1) with
respect to w; can be represented as

- KZ¢ wla —y>¢( ) ] 20)

For each j,1 € {1,--- , K}, the second partial derivative of (W) for the (j,)-th block is,

2 f(W
%ﬁawl) _E[¢,,(W;a) - 2] 1)
where
L ¢ (w] x) ¢’ (w] x) for j # 1,
= { (Shro (wf2) = 9) " (w]a) + (¢ (]2))” forj=t. @Y

[3fN(W) ... O0fn(W)
owy Y Qwg

Accordingly, the gradient of empirical risk is V f (W) =
(K],

], where for Vj €

oI OD) i Kiww;xi) —yz) o (s >] ~ @)

=1

_ [2xw)

The Hessian matrix of empirical risk is V2 fn (W) Fogw: JielK],le[K], Where
J

O fn(W)

N
1
Ow;Ow N Z (S (W) - i ] @4
i=1

LemmaAl W € H* if and only if h(W;x) = h(W*;z), Vo € RY ie, Zszl d(wlz) =
Yieq d(wz), Vo € RY

By Lemma L we can denote any point in H* as W* and it satisfies y = Zk 10 (wk a:)

Lemma A.2 (The intersection of events with high probability is still a high probability event).
V84 > 0, there exists No(64) > 0, for VN > Ny(d4), we have P(An) > 1 — d 4.

Vop > 0, there exists No(0p) > 0, for VN > No(dp), we have P(B) > 1 — .
Then for VN > max{Ny(04), No(6p)}, we have P(AB) > 1 — (64 + ép).

Proof Denote the complement of set B as B. Noting that P(BY) < g, we have P(AB) =
P(A) — P(AB®) > 1 —64 — P(AB®) > 1 —64 — P(B®) > 1 — 64 — 0p where the second
equality comes from P(AB®) < P(BY) < 6. [ |

A.2 THE PROOF OF THEOREM[6.1]

Before the proof of Theorem|[6.1] two key lemmas are shown. The first lemma can be understood as
an extension of Taylor’s expansion when the Hessian matrix is singular.

Lemma A.3 (Lemma 3.2 in |Dinh & Ho| (2020)). There exist Cy, v > 0 and such that
W) — f(Wy) > Cy - dist(W,H*)" for all Wy € H* and W € B(Wy-,R) =
{W € RE . |\W — Wi ||l r < R}.

13
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The second one provides the generalization bound.

Lemma A.4 (Lemma 3.3 in|Dinh & Ho|(2020)). For any §1 > 0, there exist Cs, > 0 and Ns, > 0
such that VN > Nj, the generalization bound is

log N

[IN(W) = F(W)[ = Cs, - Nl

YW € B(Wy-, R) (25)

with probability at least 1 — 0.

Based on Lemma[A3]and[A:4] we prove Lemma [6.1]

Proof Note dist (WN,H*) £ min |W — I//V\NHF. Define Wy« = argmin ||W — /WNHF. Then
WeH* WeH*

dist (WN7 ) = | Wy~ WNHF By Lemma we can obtain

Chdist </V[7N,”H,*> = Oy ||Wy — Wi ||

< f(Wn) — f(Wy)

= [f(Wn) = InWN)] + [fn(Wx) — fn(Wag)] + v (W) — f(W%)g)

For the second term to the right of the inequality, the optimality of /V[7N follows
I (W) = fn (W) 0. 27)
Combined with absolute value inequality, further directly we have
Cudist (W, 1) < [F(Wy) = fn (W) + |fn (W) = f(Wae) (28)

Then we just have to consider generalization bounds which is the bound of |fn(W) — f(W)].
Combined with LemmalA.4] there exists Cy > 0 such that

= y = = log N
CrlWn = Wa |5 < [fWN) = INWN)[ + v (W) = f(We)| < B ()
vN
log N 1/v log N 1/v .
Further, — Wysllr < Cs, - ( ‘\’}gﬁ ) =0 ( (ifﬁ ) can be drawn directly. [ |

Remark A.1 Since point Wy« in local region B(Wy, R) of Algorithm I | and |2| I is unknown,
consider replacing Wy« with the estimated value Wy. For any point W € B(W- ,R)

|W — Wxllp < R. Note that

W — Wi |[p < (W = Wx) + Wy — Was)|p < |[W = Willp + |[Wx — Wags || 7

= log N /v
<|W —=Wnlr+Cs, - N <R (30)
Noting that |W — Wy||r < R — Cs, - (log]f/V) £ R, we know that B(WWN,ﬁ) is a subset of
1/v ~
B(Wyy+, R). By Ay > max {C’gl ( N ) } in Assumption we have R > 0.

A.3 THE PROOF OF LEMMA [6.1]

Definition A.1 (Sub-exponential norm). For random variable X € R?, the sub-exponential norm
of X is defined as

1
1, £ sup - LEix e G1)

14
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Definition A.2 (Sub-gaussian norm). For random variable X € RY, the sub-gaussian norm of X
is defined as
1 1/t
X £ qup — [E|X| . 32)
Xy, £ sup - B[ (

Lemma A.5 (Bernstein inequality for sub-exponential random variables). Let X1, - - - , X,, be inde-
pendent sub-exponential random variables with || X;||y, < b, and define S, = >\, (X; — EX;).
Then there exists a universal constant c such that, for all t > 0,

P(S, > t) < {—cmin (tQ t)} (33)
"= nb?’b) |’

Lemma A.6 (Lemma 4 in|Mei et al.|(2018). Let M € R**? be a symmetric d x d matrix and V.
be an e-cover of unit-Euclidean-norm ball (0, 1), then

1
M| < 3 Muo)|.
1M1 < 75 sup (v, Mo)
Firstly, we prove that [|G;||,;, is upper bounded.

Lemma A.7 (||G;|,, is upper bounded). For G; = (u, (V2L (W z;) — E [V2(W;2)] ) u) where
u € B(0,1) = {W € R>*K . |W||g = 1}. There exists some constant C such that

I1Gill,, <C =72 (34)
Proof Note ||Gil,, < [(u,VEW;z)u)|,, + IV?f(W;z)|. For the upper bound of
V2 f(W; )| is known, now let’s focus on the first term with u = [u -+ uj] T e RiK,

K K
1w, VEW s 2)udly, < DD (1650 ufaaTul|

j=11=1
K K o1/t
< ZZsupt_1 (E 137 -u;rxx—rul| ) (35)
j=11=1 t=21
where
¢ (w]z) ¢ (w,x forj #1,
§j (W) = K T s )// (Tl ) 1 (T o)) 2 L (36)
(Zk:l ¢ (wiz) — y) ¢" (wfz) + (¢ (w]x))” forj=L.
By the Holder inequality, we can get that
1/t 1/t 1/t
(E 137 'UijTulV) = (E €5l - |UJ'TmTul|t) < <\/IE €l \/E |“ijTul|2t)
(37)
For V3,1 € [K], we have
K K
k=1 k=1
K
< ILiLy Y flwg — wil| - |l + L}
k=1
= LiLo||W = W7l - |l + L. (38)

Noting that the input data x ~ N (0, I) and the moments of normal random variables are bounded,
we can obtain

1/t 1/2t
¢t (E ‘gﬂ .u;r:cx—rulf) <Ct! (IE ‘u;rxﬂc—rulft)
1/2t
<ot <\/E u |- \/]E |xTul|4t> : (39)
From the equation (90) and (91) in|Fu et al.|(2020), we can directly get |G|y, < C = 72 [ ]
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Now we start the proof of Lemma [6.1] which is listed here again.

Lemma A.8 (Lemma 6.1: The empirical Hessian is close to the expected Hessian). Assume As-
sumption [6.1] and [6.2] hold. The empirical Hessian converges uniformly to the expected Hessian.
Namely, for Y63 > 0, there exists Cs, > 0, if N > Cs, - dK log dK £ N, (62), we have

P ( sup ||V En (W) = V2F(W)|| < Cs,y/ 1ngVN> >1- 4, (40)
WEB(Wax ,R)

Proof Inspired by Fu et al.|(2020), we just need to verify the conditions inMei et al.|(2018)). Similar

to the analysis in (Fu et al.| | 2020; Mei et al.| | 2018), we also apply the covering number theory. Let

N, be the e—covering number of the Euclidean ball B(W*, R). From Lemma 5.2 in |Vershynin

(2010), it is known that log N, < dK log(3R/e). Let W, = {W1,--- ,Wn.} be the e—cover set

with N elements. For any W € B(W*, R), let j(W) = argmin [|[W — W;w)|lr < € for all
JE[N]

W e B(W*,R). Forany W € B(W*, R), we have

1
|92 () = 92 (W) | <

N
Z [V2£ (W, l‘l) — V2£ (W](W), 1’2)] H

=1
1 N
O S A L) H
+ ||E [V (Wjwy;2) ] — E [VE(W;2)] ]| (A1)

Hence, we have

P( wp [V V) - VOV 2 t> < P(A) 1P (B)+F (G,
WeB(W*,R)

where the events Ay, By and Cy are defined as

N
— o i 2 o) o2 . . z
A = {WGBSFV[B*,R) N ; [V L(Wix;) — VL (WJ(W)7$Z)] > 3} , (42)
1 & ;
"o { sup |57 2 VAL (W) —E [V2UW:)] | > } 43)
wew. =1 3
t
Cr = { sup HE [V2£ (Wj(W)§ 1')} —-E [V2€(W; aj)] H > 3} . (44)
WeB(W*,R)

Above all, we bound the terms P (A;) , P (By), and P (C}), separately.

1) Upper bound on IP (B;). Inspired by the proof of Lemma 3 in\Fu et al.|(2020), let V} ;4 be a (i)-

cover of the ball B(0,1) = {W € R>*X + ||W|g = 1}, where log V14| < dK log 12. Following
from LemmalA-6] we have

< sup

’UGV]/4
Taking the union bound over W, and V ;4 yields
N
1 t
il Gi| > =
vxe25)

t
< exp <dK <log 3 + log 12)> sup P i >=1. (45)
€ WeEW. veV, 4 6

where G; = (v, (V2 (W; ;) — E [V2(W;2)])v) and E[G;] = 0. Leta = [a{, -+ ,a)] €
R4K,

1 N
5 D0 V(W) — B [V2(W; )]

=1

| X
<v, (N Z Vi (W;z;) —E [V%(W;x)]) v>‘ .

BB <P  sup
WeWe,veVy 1y
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Then we will show that ||G; ||w1 is upper bounded, i.e., there exists some constant C' such that

||GiH¢1 <C:=7%

Applying the Bernstein inequality for sub-exponential random variables to ({#3)), by Theorem 9 in
Mei et al.|(2018), we have that for fixed W € W, v € Vi’

2
( zé>§2exp<—C-N~min(i4,:2>>,

N

Z V(W) — B [V(W;2)]) v)

(46)
for some universal constant C. Combining (@) and @) (By) is upper bounded by
. (ot 3r
P(B;) <2exp | —C- N -min — =5 | tdKlog— +dKlogl2 ). 47)
T T €
Above all, if
dK log 25" + log % dK log 2 + log 3
t > C - max \/ ( OgN Ogé), ( OgN Ogé) (48)

for some large enough constant C, we have P(By) < g.
2) Upper bound on P(Ay) and P(Cy).

These two events will be bounded in a similar way. By the third derivative of the activation function
is bounded in assumption[6.1] for VW # W' € B(W*, R), we have that

K K

[ 92007 2) = 2 )| < 303 6uW) — (W) - s @9)
j=11=1

5209) ~ 207")| < (max Tl ) - el VEE - [ = 7] (50)

ForVj,l, k € [K], we have

|Tj16] <2L1+ L1Ly+ L3

K K
Z¢( Z¢ wk 51”
k=1

k=1

K
<L+ LiLs+ LiLsy Y ‘(wk —w)T x’
k=1
< 2Ly + Ly Ly + L1 Ly K [|[W — W*|| - ||z]). 51)

2
UWA%Mmmm{@iaﬁﬁﬁﬁ}wmw%yﬂms@h+mmm+mm

) lel- a1

< C-dK3/2, (52)
For the event Cy which is a deterministic event, we have

sup ||E [V (Wjw);z)] — E [V2E(W; )]
WeB(W*,R)

E

V26 ) — V20 (W
sup p
WAW'eB(W*,R) W —W!g

||‘| < \/7 K2 [(max|Tj’l,k
7,lk

[E [V2€ (Wjowy; 2)] = E [V2UW;2)] ||

< sup sup  [|[W = W)l
WeB(W*,R) W — Wl WeB(W*,R) W)
< C-dK3? . ¢ (53)
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by letting W' = W . Thus ift > C - dK*/? - ¢, Cy holds.

Similarly, we can bound the event A; as below.

1
P sup —
(WEB(W*,R) N

n

Z [V2€ (VV7 .’ﬂz) - V2€ (Wj(W); 1’1)}

i=1

>

)

Wl =+

3 r N
<°E C(Wsa) — V2 (Wi
ot _WGE?VII;*,R) zzj ) ( Wy )] H
< -E sup ||V2€ (Wi ax;) — Ve (W ( (W3 T )H]

| WeB(W*,R)

3 V20 (Wi ;) — V20 (W,
<35l swp [V2E (W5 25) = V2L (Ww); i) | sip W = Wi,

t |wesw.R) W = W[ weB(w,R)

CdK3/2 .

< % (54)

where the first inequality follows from the Markov inequality. Thus, taking t > %3/2'6 ensures
that P (4;) < 3.

. . 572
3) Final step. By choosing € = =i ~—, we have

1 C\/T4 (dK log 2% + log %)

(dK log = 367 4 Jog %)
N

t > 72 - max , cl (55)

NdK’ N
There exists Cs as log as N > CsdK log dK, we have
Thus there exists Cy, for VN > Cs - dK log dK, we can obtain that

]P’( sup || V2 in (W w)|| > ,/C‘de]\;ogN> <. (56)
WeB(W*,R)

A.4 THE PROOF OF LEMMA[6.2]

Firstly, we prove Hessian smoothness of expected loss to extend the convexity from the point H* to
the region B(Wy, Rp).

A.4.1 HESSIAN SMOOTHNESS OF EXPECTED LOSS: THE PROOF OF LEMMA [A.9]

Lemma A.9 (Hessian smoothness of expected loss). Assume W € B(Wpy~, Ry) where Ry =

(2L1+L1L)? Th
=757 - en
2LL2dK

IV2F (W) = V2f(Wae)l| < 4 2Ly + LaLo)* K# - [W = Wi (57)
Proof Denote Wy~ as W* for the sake of statement. Let A = V2E [({(W;x)] — V2E [¢ (W'; z)].
Denote the (j,1)-th block of A as Aj; € R4 for¥(j,1) € [K] x [K]. Leta = [af , - ,a}]—r €
R By the definition of spectral norm,

T(V2f(W) = V2 f(W*)) a = max ZZ@ Aja.

[V2f(W) = V2 f (W)

lall=1 lali=1 < &
(58)
Denoting &, (W) £ % and &, (W*) £ % we have
PE(W;x)]  O*E[((W*;x)] T
A — ) _ ) - . . VY |
7,0 511)]'811)1 8wj8w7 [(gj,l(W) gj,l(W )) Txr ] (59)
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where
B o4 (w]—rx) @' (wl—'—x) Sforj #1,
S = { (Si% 0 () —v) o () + (& (] )" Jorji=L

By the mean value theorem, we have

Eia (W) =& (W") + Z T{Dk,wk —wy, (61)
k=1 ’

where W = nW + (1 — n)W™. Then we can obtain

K 19¢, (W
Aj;=E Z<§J7l(>,wk—w,ﬁ> zx! | . (62)
k=1

(60)

owy,
Denote agng(:V) £ Tjuk - @, where Ty € R is a scalar. From @) we can further calculate
a%# as follows.
_ Q" (w;'—x) ¢ (w'z) for k = j,
agja’liufm ETir-z=1 ¢ (w;m) ¢" (w'z)w fork =1, (63)
k fork # jandk # 1.
and
0&;,; (W
[ 2o wfe) o (w]w) 0 (w] ) + (S 6 (wle) —y) 0" (w]a)| @ fork =3,
¢ (wiz) - ¢ (wf ) fork # j.
(64)

Since the first derivative, second derivative and third derivative of the activation function are
&' ()| < Ly, 19" ()| < Lo and | (+)| < Ls. It’s relatively easy to get

| T < L1Lo (65)
and
K K
Tkl <201+ LnLo + Ly | > ¢ (wiz) =Y 6 (wi'z)]|. (66)
k=1 k=1
Then forVj, 1, k € [K],
Tyl 2Ly + LyLy + L3 | > ¢ (w) x) qu w; ' z)]. (67)

To sum up, by the equation (33-34) in|Fu et al.|(2020), we can obtam that

K
JZE[ T2, -JZ o, — w2 flag 12 - a2
k=1

[V2F (W) = V2 f (W

 lall=14—
j=11=1
(68)
Now we focus on the upper bound of E {Tﬁ I, k}. Noticing that
K
Z¢ wi'z)| <) (| (wlz) = ¢ (wi'o)])
k=1
K
< Loy |(wn —wp) T al (69)
k=1
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we can obtain
E[T?,] <2(2L1 + L1 Ly)* + 4L3LEK|W — W |3 - E[z " 2]
= (2(2L1 + L1Ly)* + ALZL2AK|W — W*|)% (70)

by |we — wi|| < |W — W*||p and E[zT 2] = d. Choosing |W — W*||p < /GEtbila) .

2L2L2dK ’
have E {Tﬁl’k} <4(2Ly + L1L2)2. Further we can obtain

K K
[V2F(W) = V2F(W*)|| < 4(2Ly + Li1Ly)* K3 - [W = W*|| o - max > >l [lal]
j=11=1

llall=1

(M)

<4Q2Ly+ LnLo)* K2 - [W =W . (71)

A.4.2 LOCAL UNIFORM STRONG CONVEXITY AND SMOOTHNESS OF EXPECTED LOSS: THE
PROOF OF LEMMA |A. 10

Lemma A.10 (Local strong convexity and smoothness of expected loss). For the population loss
f(-)and VW € B (WH*, v/ %) we have

lp - I =V2f(W)<Ls-1 (72)

7
2

where Iy = —4(2Ly 4+ L1Ly)> K% - |[W —Wy-|p and Ly = 4(2Ly + L1Ly)° K

W — Wy || + Koi.
[(2L1+L1L3)?
F< SL3L3dk 0 Ve have the second-order

| <420y + L1Lo)’ K2 - [|[W — Wyg- | o (73)

Proof By Lemmain the appendix, if ||W — Wy«
smoothness near the ground truth

[V2F (W) = V2 f(Wy-)

From Lemma D.6 and D.7 in|Zhong et al.|(2017), we get the upper and lower bounds on V2 f (Wa-)
P (Urrlin(WH*))/ (’iz)‘) I j V2f(WH*) j K (Urnax(WH*))Z I (74)

Omax (Wagx) )\ = H;{-(zl ol (W)
Omin(Wagx)’ (O min (W )

2
By the equation , IfIW —Wy|lr <4/ %, we have

Omin (v2f(W)) > Omin (v2f(W’H*)) - ||v2f(W) - VQf(WH*)”
> p(ok)/ (K2A) —4(2L1 + L1 Lo)> K5 - |[W — Wi ||,
— 420y 4 L1 L) K# - [[W — W || - (75)

where Kk =

By the triangle inequality, the spectral norm of V2 f(W), has the following upper bound
IV2F W) < IV2FW) = V2 f(Wag )| + (V2 F (Wi |

<420y + L Ly)* K2 - |W — Wy || p + Ko (76)

]

A.4.3 LOCAL UNIFORM STRONG CONVEXITY AND SMOOTHNESS OF EMPIRICAL LOSS: THE
PROOF OF LEMMA [6.2]

The square term of our method can strengthen the local convexity to the local strong convexity in
Lemmal6.2] which is convenient to analyze and estimate the recovery degree relative to TWy.
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Proof For the smallest singular value of V? fx (W), we have

Tmin (V2IN(W)) 2 owin (V2F(W)) = V2 fn (W) = V2 f(W)]. 7
Noting the definition Fx(W) = fy(W) 4+ An||[W — /WN\ 2, we have
VZEN(W) = (0min (V2F(W)) = V2 fn (W) = V2F(W)[| +2AN) - 1. (78)
Noting that
IV2in (W) < V2 fn (W) = V2 FW)] + V2 F (W), (79)
we can obtain
IV2EN (W) = (V2 fn (W) + 2An - 1| < [V v (W) + 22 (80)
We first analyze the lower bound of V2 f (W). Combining , by Lemma we have
log N

Tmin (V2 (W) = V2N (W) = V2F W) 2 1y = Coy\| =

log N
e = Couy| =2 81)

with probability at least 1 — 8. Thus if we choose An > Cs,/ logN there exists Iy 2 Ay —

—4(2Ly + L1Ly)* K 2

Cs, IOIgVN > 0 such that

VEEN(W) = Uy - 1 (82)
with probability at least 1 — Js.
Then we analyze the upper bound of V? fx (W). Combining , by Lemma we have

log N
IV2fn (W) = V2FW)| + IV (W) < Cs,y/f ;gv + Ly (83)
with probability at least 1 — 8,. By denoting Ly = Cj, logN +Ls+ 2y,
IV2En (W) < V2 (W)l +2An < La. (84)
with probability at least 1 — Js.
Above all, Iy - I < V2Fn(W) = Ly - I with probability at least 1 — 6. [ ]

A.5 THE PROOF OF LEMMA |A.12]

Firstly prove a key lemma.

Lemma A.11 Foru € B(0,1) = {W € R>*K . |[W||p =1}, [(VLW),u )|, is upper bounded,
i.e., there exists some constant C such that

{VEW), u)|ly, < C. (85)
Proof Note VI(W;z) = [%LM‘X)? e ,%‘KTVZ)] where %LV“Z) = (Zszl ¢ (wyz) — y) ¢ (w] ),

Vj € [K]. Hence
K

(VLW 2) (qu wy z) — y) Z w]Tx) (u;x) (86)

By the definition of sub-gaussian norm and denoting (; = (Zk:l 10} (w;x) — y) oy (wj—'—:r) we
have

VW), w)ly, <

- @), = Zsup - (Bl @)
s Z(\/EKJ * \/IE| ) : (87)

i
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and

K K

Gl = ‘ <Z¢> (wiz) =) o (w;;Tx)> o (w) @) < LY KW =W g ol (88)
k=1 k=1

combining and , we have |[(VL(W),u)l,, < C- K.

Lemma A.12 (The empirical gradient is close to the expected gradient). The empirical gradient
converges uniformly to the expected gradient. Namely, for Y93 > 0, if N > Cs, - dK logdK =
No(d3), we have

dK log N
P ( sup IVINW) = VW) < C&ﬂ/?) >1—0ds. (89)
WEB(Way- ,R)

Now we start the proof of [A-12]

Proof Combining Lemma[AT1} similar to the proof of Lemma[A9] we can get the following con-
centration inequality about the gradient of loss function. ]

A.6 THE PROOF OF THEOREM[6.2]

The proof is based on the above strong local convexity, we use the theory of convex optimization
to analyze the error upper bounds of the estimates obtained by the two weighted regularization
methods.

Proof Step 1. The error bound of the estimates of sparse recovery optimization problem.

Denote Wy 1 = Wy« + M 1, then we just have to focus on the bounds of M 1. By the optimality
of Wy 1, we have

0> JIJNWy +Mpy1) — In(Wyy+)
= fn(Wae + My 1) + An Wi + My — Wyl|% — (fN(WH*) + AN [[Wage — /WNHQF)
TN IWar + Mn gy 1 = 73 [Wae (90)

We,1

By the definition of || - ||§V\;V,J1 and absolute value inequality, we can get
d K
(Wi (s, 1) + My (s, t)] — [Wa- (s, 1)]
W+ + MN,I”W%J — [ Wy Weil ™ ZZ —
s=1t=1 Wy (s,t)

- ¥ [My.a(s,0)] 3 (Wi (5, 8) + My (s, t)| — [Wa (s, 1))

(s,t)EAH* WN(s,t)‘ (S,t)E.A%* ’W;\i;(s,t)
> ¥ (Wi (s, 1) +M/J\V,1(57t)| — [Wa=(s,1)]

(5,)€AS, ‘W}'\‘z’(87t)‘
> [ Mya(s, 1)

(s,t)E.A%* ‘W]LVU (87 t)‘
> —Cs | My||p- o1

where the last inequality follows from the equivalence of norms.

Denote Fx (W) & fn(W) 4+ Ax||W — WNH% By substituting into and the mean value
theorem, there exists W' = EWq« + (1 — )Wy € B (Wyy-, R) for & € [0, 1] such that

0> Fn(Wys + My) — FN(Wy+) — v - Csl| My 1|l ¢

1
= <VFN(W'H*)7 MN}1> + §VeC(MN)1)TV2FN(W/>VGC(MN’1) — 03 "YNHMN,IHF

— 1
= <va(W’H*)7 MN’1> + 2)\N<W’H* — WN, MN71> =+ §VGC(MN’1>Tv2FN(W/)VGC(MN,l)
—Cs - Y| Myl F- (92)
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Note Wy« is the global optimal point, then V f(Wy+) = 0. By Lemma we can obtain for
N > No(d3)

log N

IV fN(Wa)l|F < Cs, N

(93)

N s
of Fx(:) at point W' € B (Wyy«, R) is positive definite, i.e, V>Fx(W') = I - I with probability
at least 1 — da.

By Lemmal[A.2} for N > max{No(82), No(J3)}, we have

0> In(Was + My 1) — In(Ways)
l

with probability at least 1 —63. From Lemma by choosing Ay > Cys, 1/ 16 N ' the Hessian matrix

= MualE = (V5 (War )l + 2An[Waer = Wil [ Mvalle = Cs -y [ Mol
l 2 4\ = 2C!

> T IMyalle (1Myalle = IV (W)l = 5 25 W = Wivlle = 52w ) 94)
2 lN lN lN

with probability at least 1 — (d3 + d3). By Lemma and Theorem for N >
max{Ny(81), No(2), No(d3)} 2 No(6), further we can obtain

2 4\ — 2C
W1 — Wallp < —IVIn(Wa) |l F + 7N||WH - Wnllr+ BN
N In In
2 [logN Dy (log N\ 20y
< Cs,— C — 95
=Gy N + Cs, In (\/N) +ZN’YN (95)

with probability at least 1 — (81 + 02 + 3) £ 4.
Step 2. The error bound of the estimates of low-rank recovery optimization problem.

Denote Wy . = Wy= + My «, then we just have to focus on the bounds of My .. By the optimality
of Wi «, we have

0> JN(Wp + My i) — In(Wayx)
= fn(Wae + My ) + An Wi + My — Wi||% — (fN(WH*) + AN W — WNH%)

N IWas + Mu el = N Wae g (96)
For the nuclear norm regularization part, we can obtain
K
a(Wns) = at(W-)
IWN . = Waer e, =D =
M = a(Wy)
Wh « W) — or(Ways
_ Ul(/i\/u,) ) i Z a(Wn) ’\(Z( ) > —Cy||Mn|| g o7
1E€Bgy = Ul(WN) 1€BS, Ul(WN)
Similar to Step 1, for N > Ny(6). we can also get the error bound of Wi , i.e.,
2 4\ = 2C
W = Waeellp < =V v (Wage )l + == [Waee = Wir[lp + 7=
In In In
2 [logN D (log N\ 20,
< Cs,— C _— 98
SCui VN +Cs, In (\/N JFZN’YN (98)
with probability at least 1 — 0. |

A.7 THE PROOF OF THEOREM[G.3|

The proof is based on the optimality of Wy 1, Wiy . and the selection of regularization coefficient
v~ in Assumption [6.3]
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Proof Step 1. Firstly, we prove the sparse consistency of the estimates W 1.
Denote Wy 1 = Wy + My 1 and WNJ = Wy~ + MNJ, where

My (s, t) = My1(s,1),if (s,t) € A% (99)

Mn (s, t) =0, if (s,t) € Ays. (100)
Suppose that there exists some (so,to) € Ay such that My (sg,to) # 0.
By the optimality of Wi 1, we can obtain

0> Jn(Wy + M) — IN(Wie + My 1)
= Fy(Wy« + My1) — Fy(Wy« + My 1)

+ Wi + Muallgy ) — W IWae + My il ;- (101)
Note that
W + My allgpy o — W
ZZ |Was(s,t) + My 1(s,t) \— |WH* s,t) + Mn1(s,t)]
=t Wy (s,
_ Z | My 1(s,1)] n Z [Wags (s, 1) + M1 (s, 8)| — |[Wag-(s,8) + My 1|
(e [WEG D] (o deas. W3 (s.1)
-y |J\ifiv,1(57t)| _ |J\if\N,1(50,to)| (102)
(e [WEGs O] (W (s0,t0)

where the second equation comes from Wy, (s,t) =0, V(s,t) € Ay~ and the third equation comes
from My 1(s,t) = My (s, t), V(s,t) € AS.. Further we can get

1
IN =<—"""
[Wy (s0, o)
Byly -1 X V?Fyx(W) = Ly - I, we can obtain
Fx(Wn1)— Fn(Wn1) = <VFN(WN,1)aWN,1 — W) < ||VFN(WN,1)HF Wi —Wnallr
(104)

MN,l(SOatO)| < FN(WH* +MN11) — FN(WH* + MNJ) (103)

and

VQC(VFN<WN 1)) - VGC(VFN(WH*)) == V2FN(WJ/V) . VGC(WNJ — WH*) (105)

where Wy 1 = EWn 1 + (1 —OWn, €(0,1) and Wiy =Wy +(1—€)W, € €[0,1].
Obviously, we have WN 1, WN 1 € B(Wy«, R). Thus

IVEN (W 1)l < [VEN(Wag)|lp + L |[Wivg = Wagel|p (106)
Noting that
VFN (Wi ) = V iy (Wags) + 2An (Wyge — W), (107)
we have
IVEN(Wie) e < IV (W) ~ Wyllr, (108)
further

FN(Wn1) = Fn(Wna)
1953 (W)l 4+ 20w [Wae = Wil 4+ Lv [Wa = Waee | ) - Wy = Wivale
£ Hy - [[Wni—Wnillr (109)
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where Hy 2 ||V fx(Wa)|lF + 22N [|[Wags — WNHF + LN||fWVN,1 — Wy« || . Further we have
1

YN —=———|Mn1(50,t0)| < FN(W3 + Mn1) — Fn(Wys + Mn1)
W (s0,10)]

< HN||My1— Myl = Hyx [My1(so0,to)] - (110)

On one hand, since My 1(so,to) # 0, we deduce that

1
WW—=—"—<Hyn (111)
|W 3 (s0,t0)]

VN

—~ 1/v
On the other hand, by Theorema we have |W ¥ (so,t0)| < Cs, <10gN) . By the error bound
of Wi 1, the definition of W x 1 and Lemmafor N > Ny(6), we can get

Hy = |V fn(Wa )|l e + 228 [Wae = Wielle + Lnl|Waa — Waee |1

log N log N\ /"
< o5 + 200G, (53

log N Ay (log N\ 20,
N = N 112
N + Cs, In ( ﬁN) + In YN | = 0as N =00 (112)

2
+ Ly <C’52 —
In

with probability at least 1 — 0. By the choice of yn, i.e., (mJVN) 7w — 00 as N — oo, there exists
VN
N1(8) for YN > N1(0) we can obtain
1 1
W > o > Hy (113)
|W7NU(S(],t(])| 01 (logN)
VN

with probability at least 1 — . It contradicts equation (IT1). Now we complete the proof of the
sparse consistency.

Step 2. Nextly, we prove the low-rank consistency of the estimates Wy .
Denote Wy ;. = UN7*2N7*V1¥;’* and WN,* = UN,*§N7*VJ€*, where ¥y (1) = 01(Wn «) and
Yns(l) = ol(Wh ).
Sna(l) =2n.(0),ifl € BS,. (114)
Sn.()=0, ifl € By-. (115)

Suppose that there exists some ly € By~ such that oy, (WN) #0.

Still using the optimality of W ., we can obtain

0> JIvWns)— INWns)

=FNn(Wn) + 'YN”WN,*”W;\J;’* — FEn(Whs) — ’YN”WN,*”’WK;’* (116)
Note that
K JR—
= (W) — o1(Wi x)
IWN s llpw = IWNllpw , = — :
e i Z (W)
_ Z (W) Z o (Wx ) — oW ) _ o1, (Wn «) (117)
1€By al(Ww) 1€BS.. UZ<W]LVU) Ol (Wﬁ)
Combining (TT6), further we can get
1
YN ——<—01,(Wns) < ENWns) — En(Wh i) (118)
Ulo(Ww)
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Bylx -1 X V2Fyx(W) = Ly - I, similar to the proof in Step 1, we can obtain

FN(Wys) = FN(Wys) < HN[Wr — Whillr (119)
Further we have
1 _
’YNiAwUlO(WN,*) < Fn(Whnx) — FEn(Whs)
Ol (WN)

< HNIWhs = Whallr
=Hy||Unpyx (Ens — Sn) V]\I;*HF

= HN|Zns = Enalle = Hy - 01y (Wi ) (120)
On one hand, since o;,(Wn ) # 0, we deduce that
1
YN——=— < Hpy. (121)
Ol (WN)

—~ 1/v
On the other hand, by TheoremH we have o1, (WN) < Cs (%) and by the error bound of

W .+ the definition of W y . and Lemma we can get Hy — 0 as N — oo with probability
at least 1 — §. By the choice of vy, there exists N1(6) for VN > N1(0) we can obtain

1 >]. YN

> > Hy (122)
a1, (W) ~ Ca <log1v)1/”

IN
VN

with probability at least 1 — 6. It contradicts equation (IZ1). Now we complete the proof of the
low-rank consistency. |

A.8 EXPERIMENTAL DETAILS ON REAL DATASETS
Our implementation is based on Pytorch 1.8. The hyper-parameters are listed in Table 3]

Table 3: Details of Experimental Setting on Real Datasets in Section

Experiments MNIST CIFAR-10 Tiny-ImageNet
Network LeNet-300-100 VGG16 ResNet20 ResNet56 ResNet18
Epochs 30 100 100 100 100
Batch Size 60 128 128 128 128
Optimizer Adam SGD SGD SGD SGD
Momentum - 0.9 0.9 0.9 0.9
Learning Rate 1.2e—3 0.005 0.005 0.005 0.005
Scheduler - CosineAnnealingLR  CosineAnnealingLR  CosineAnnealingLR  CosineAnnealingLR
Weight Decay 0 0 0 0 0
€w 0.005 0.0005 0.005 0.005 0.005
€ 0.05 0.05 0.05 0.05 0.05
AN 1 1 1 1 1
~n in L1 and Weighted L1 15 30 8 10 50
7~ in Nuclear and Weighted Nuclear 8 25 8 10 50
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