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Abstract

Realism constraints (or constraints on perceptual quality) have received consid-
erable recent attention within the context of lossy compression, particularly of
images. Theoretical studies of lossy compression indicate that high-rate common
randomness between the compressor and the decompressor is a valuable resource
for achieving realism. On the other hand, the utility of significant amounts of com-
mon randomness at test time has not been noted in practice. We offer an explanation
for this discrepancy by considering a realism constraint that requires satisfying
a universal critic that inspects realizations of individual compressed images, or
batches thereof. We characterize the optimal rate-distortion-perception trade-off
under such a realism constraint, and show that it is asymptotically achievable
without any common randomness, unless the batch size is impractically large.

1 Introduction

Realism, or perceptual quality, of reconstructed signals is a long-standing open challenge in lossy
compression, particularly for image/video compression [8,125]. It has received renewed interest in
the recent years due to the remarkable progress in image generation models and neural compression
techniques. The idea is that reconstructed images should be indistinguishable to humans from
naturally occurring ones in addition to having a high pixel-level fidelity to the original source. This
ensures that reconstructed images are free of obvious artifacts such as blocking, blurriness, etc.

The idea that the output of the decoder should resemble the source in a statistical sense is not new.
Advanced Audio Coding (AAC), for instance, includes a provision to add high-frequency noise to the
output so that its power spectrum resembles that of the source [19]]. But the idea has received renewed
attention with the emergence of adversarial loss functions in learned compression [18} [23] 2| [3]].
In practice, this has proven to be a powerful method for ensuring that reconstructed images have
high perceptual quality [2, |15, 11, 113]. Adversarial loss functions can in many cases be viewed as
variational forms of statistical divergences. Thus one can think of constraining the distribution of
reconstructions to be close to that of the source according to some divergence, in addition to requiring
that each reconstructed image be close to its respective source according to conventional notions of
distortion.

Rate-distortion theory characterizes the optimal trade-off between rate and distortion in lossy com-
pression [16} [19]. The fundamental object in the theory is the rate-distortion function, for a given
source distribution px :
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where py y is defined as px - py|x . This function has been shown to describe the optimal trade-off
between rate and distortion under a variety of assumptions. Blau and Michaeli [3] postulated an

38th Conference on Neural Information Processing Systems (NeurIPS 2024).



augmented form that includes a distribution matching constraint, which they call the rate-distortion-
perception (RDP) function
2 (1) — : .
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where D can be any divergence between distributions. This function has likewise been shown
to describe the optimal trade-off between rate, distortion, and realism under a variety of assump-
tions [22}15]]. Curiously, however, these results show that substantial amounts of high-quality common
randomness are needed to meet the R(") (+,0) bound [17, 24, 5] — see also [26]]. The exception is the
case in which the realism constraint is imposed in a very weak form, namely that the histograms of the
source and reconstruction images should be close on a per-realization basis [S]]. Note that common
pseudorandomness, say generated from a shared seed, does not qualify as common randomness for
the purposes of the above results.

On the other hand, the theoretical prediction that lossy compression schemes would benefit from
substantial amounts of high-quality common randomness between the encoder and decoder has
not been observed in practice. To the best of our knowledge, there exist compression schemes
(L, (1L 1120190 [15L 271, considered as state-of-the-art, that do not involve any common randomness.
While it is possible that future designs will find common randomness to be a valuable resource, it
seems more likely that the discrepancy between the theoretical prediction and practical experience
lies with a flaw with the theoretical models.

Consider a communication system for which a strong realism constraint is imposed: the distribution
of the reconstructions must be close to the distribution of natural images, say, in Wasserstein or
total variation distance (TVD). If the source distribution is continuous, then the code cannot be
deterministic, for otherwise the reconstruction distribution would be supported on a countable set
(corresponding to the set of received bit strings). Thus some amount of randomization is required to
meet the constraint. The decoder can randomize its output in a way that “spreads” the point masses
out to form a continuous distribution, but adding independent noise at the decoder inevitably degrades
the distortion. Common randomness is useful because it allows the discrete reconstruction points to
be dispersed to form a continuous distribution without less overall distortion. This is the basis for the
finding that common randomness is a useful resource for compression under realism constraints [21]E]

The above reasoning is evidently sensitive to the nature of the realism constraint. If we simply require
that each reconstructed image appear realistic in its own right, without reference to the reconstruction
ensemble, then the spreading process mentioned above is unnecessary. It follows that there would be
no need for randomization. This is relevant because human observers, who are the ultimate arbiters of
realism in practice, are adept at identifying unrealistic features of individual images. Yet it is difficult
for human observers to distinguish between a continuous ensemble and one that is discrete with a
very large support set, since doing so would require viewing (and remembering) many images. In
short, human critics are very good at spotting unrealistic aspects of individual images but are expected
to be poor at detecting subtle ensemble-level differences.

This suggests posing the realism constraint in a way that better captures the relative strengths
and weaknesses of human critics. The aforementioned strong realism constraint has also been
challenged in the context of other problems, such as generative modeling [20]]. We consider a novel
formulation of the lossy compression problem in which the goal is to satisfy a critic that is incredibly
discriminating when viewing individual images. In fact, a reconstructed image is declared unrealistic
if there exists some computable test, no matter how complex, that can distinguish it from the set of
typical source images (see Definition [3.5]to follow). At the same time, we assume that the critic
can glean information about the ensemble only by inspecting batches of individual samples. Under
this formulation, we show that the rate-distortion-perception function R(*)(-,0) in (@) is achievable
without common randomness unless the batch size is unreasonably high—on par with the number
of possible outputs of the decoder (Theorems (4.1 and [C.1). If common randomness is not needed
to fool this critic, it should not be needed to fool any weaker (and more practical) critic, since the
stronger critic subsumes the weaker one. This is akin to how in cryptography one might prove security
guarantees assuming a very strong adversary, stronger than can be implemented in practice. The fact
that the adversary cannot be practically implemented is a strength of our approach. It is notable that

't is now apparent why sharing a pseudorandom seed is insufficient, as this would expand the number of
distinct reproductions by a multiplicative factor equal to the number of possible values of the seed, which is
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there exist compressors that can satisfy such discriminating critics at all. It is all the more notable that
such critics can be satisfied while achieving the rate-distortion-perception function R (-, 0) in @,
which is the most optimistic rate-distortion trade-off possible under the circumstances. Conversely,
we show that common randomness is indeed beneficial if the batch size is extremely large, larger
than would ever occur in practice (Theorem [.3). In this regime, our realism measure reduces
to a divergence and common randomness is again useful. These two results clarify that common
randomness is indeed useful, consistent with theoretical predictions, but only in regimes that do not
occur in practice, consistent with the current state of the experimental literature. Our results show the
existence of optimal schemes which do not involve any common randomness at test time, but there
may exist other optimal schemes, which rely on common randomness at test time, as well as learned
schemes relying on common randomness at training time.

In Section 2] we provide some background on the formalism for critics in algorithmic information
theory. In Section 3] we introduce our new formalism for the RDP trade-off, including in asymptotic
regimes where the source is of the form p®”, where n — oco. In Section E], we present our main
asymptotic results, which pertain to low batch size and large batch size regimes. Due to space
limitations, achievable points in the one-shot setting are provided in Appendix [C]

2 Background

The cardinality of a finite set X is denoted |X'|. We denote by [a] the set [1,a] N N. We use x1.y,
to denote a finite sequence (21, ..., 2, ), and x("? to denote a batch {mgﬁ)l}ke[b] of b strings, each

being of length n. We abbreviate x(1:*) with x(*). We use = to denote equality of distributions, and
I,(X;Y) to denote the mutual information between X and Y~ with respect to joint distribution px y .
We denote by {0, 1}* the set of non-empty finite strings of 0’s and 1’s. For any nonempty finite set
X, and any distribution p on X, we denote by p®* the function defined on {0, 1}*, which is null
outside of U,,enX™, and such that for every n € N, the restriction of p®* on X™ is p®™. The total
variation distance between distributions p and g is denoted ||p — ¢||7v .

2.1 Background on algorithmic information theory

The theory of p-critics and universal critics has recently been brought to the attention of the machine
vision community via [20]]. We refer to it for readers interested in a high-level and insightful presen-
tation of the topic and its usefulness in diverse machine learning tasks (generative modeling, outlier
detection). Relevant background on computability theory is provided in Appendix [B] Throughout
the paper, we assume that the source X follows a distribution px on a finite set X', and that px is
a computable function from X to (0, 1). We identify every element of X with a string of 0’s and
1’s, via an injection from X" to {0, 1}°, for some s € N. For example, if X is a set of images of a
given resolution, then one can identify each image with the corresponding output from a fixed-length
lossless compressor. The following definition is substantially close to Definition 4.3.8 in [[14]. See
also Lemma 4.3.5 in [14]].

Definition 2.1. Consider a finite set X, identified with a subset of {0, 1}*. Let p be a distribution on
X such thatVx € X, p(x) > 0. A p-critic is a function § : X — R, such that
> p(@)2 <1 (3)
rzeX
A p®* —critic is a function § : UpenX™ — R, such that for every input dimension n € N, we have

> PP (@2’ <1 (4)

TeX "

The notion of p®*-critic in Definition is used to study an asymptotic regime in Section
Note that for any probability distribution 7 on N, the mixture p := »_ _ w(n)p®" is a probability
measure. By multiplying @) by 7,,, and summing over n, we obtain

> B@)2’™ <1 )

erneNXn
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Figure 1: The system model for the one-shot setting.

Hence, a p-critic (resp. p®*-critic) is akin to a log-likelihood ratio: given a p-critic (resp. p©*-critic)
8, setting ¢ : = — p(x)2°®) (resp. ¢ : x — p(x)2°*)) gives

Ve € X s.t. p(x) >0, 6(z) = log (ig;) (resp. log (ggg)), and Z q(z) <1. (6)
reX

Links to hypothesis testing are discussed in [20]], where a sample = is deemed unrealistic if the
likelihood ratio is large enough. Hence, intuitively, d(x) can be considered as a measure of realism
deficiency of x. The strength of this theory lies in the existence of objects (critics, measures) having a
so-called universality property. For the purpose of clarity, we defer such results to Appendix [B] as
they are only used in our proofs.

3 New model for the rate-distortion-perception trade-off

3.1 The one-shot setting

We consider a function d : X xX — [0, co) called the distortion measure. A compression scheme
can be randomized, and potentially leverage available common randomness .J between the encoder
and the decoder, as depicted in Figure [[|and formalized in the following definition.

Definition 3.1. Given non-negative reals R and R., an (R, R.) code is a privately randomized
encoder and decoder couple (F,G) consisting of a conditional distribution Fyy x j from X x [25¢]
to (28], and a conditional distribution Gy |,y from [27] x [28¢] to X. Variables M and Y are
called the message and reconstruction, respectively, and distribution

P:=px 'pZ[AgRC] “Fuarx,r - Gy |a,g

is called the distribution induced by the code. Moreover, such a code is said to be deterministic if
R. = 0 and mappings F, G are deterministic.
We propose a new RDP trade-off, as follows.

Definition 3.2. We extend d into an additive distortion measure on batches of elements of X : for all
BeN,

VxB),y®) € ¥P x X5, d(xP),y®)) = LY E q®) y0),

Definition 3.3. Consider a positive integer B, and a p}e}B-critic 5. A tuple (R, A, C) is said to be
d-achievable with algorithmic realism if there exists some R, € R>q and an (R, R.) code such that
the distribution P induced by the code satisfies

Epes [dXP), YP)] <A and (7)
Epes[d(YP)] < C, (8)
where XB) denotes a batch of B i.i.d. source samples, and Y'B) the batch of corresponding

reconstructions produced by the code (with each source sample being compressed separately). If the
code is deterministic, then we say that (R, A, C) is §-achievable with a deterministic code.

Due to space limitations, we provide achievable points in Appendix [C] In the next section, we define
an asymptotic notion of achievability.
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Figure 2: The system model for the asymptotic setting. Index k ranges from 1 to the batch size. The
same encoder-decoder pair is used to process each source sample in the batch.

3.2 Asymptotic setting

In order to derive insight into the corresponding RDP trade-off, we study a special case, which is
typical in the information theory literature. We consider the compression of a source distributed
according to p?}", with n a large integer. More precisely, we characterize the RDP trade-off in
asymptotic settings where both n and the batch size go to infinity. The extension of d into an additive
distortion measure on finite sequences, and batches of finite sequences, follows from Definition [3.2]
The setup is depicted in Figure[2] Given a coding scheme, each item in a batch of source samples is
compressed separately, and realism is measured based on the resulting batch of reconstructions. This
is formalized in the definition below.

Definition 3.4. Given R, R. > 0, and n € N, a (n, R, R.) code is a privately randomized encoder

and decoder couple (F("™),G™) consisting of a mapping FJ(\;L‘)XL j from X" x [2nfie] 1o [27F]

and a mapping ng) \ar,7 Jrom [2nfie] x [27F] to X™. Moreover, such a code is said to be fully
deterministic if R. = 0 and both F") and G are deterministic. The distribution induced by the
code is

W en U (n) (n)
P = %" Maere  Fafixym.s * Cyymian:

and variable Y., is called the reconstruction.

We define asymptotic achievability as follows. See Appendix [B]for background on computability.

Definition 3.5.

A quadruplet (R, R¢, { By, }n>1, A) is said to be asymptotically achievable with algorithmic realism
if for any € > 0, there exists a sequence of codes {(F™),G")},,, the n-th being (n, R + ¢, R..),
such that the sequence {P(”)},,, of distributions induced by the codes satisfies

lim sup Epnyos, [d(X5) Y BN <A te, 9)

n—r oo

and for any lower semi-computable p?}*-critic 0,

sug E(P<,,))®Bn [5(Y("’B"))] < 00. (10)
ne

We say that (R, { By }n>1, ) is achievable with a fully deterministic scheme if for each n, the code
(F™, G™) is fully deterministic.

Constraint (I0) is very stringent: a single compression scheme is to satisfy a performance guarantee
for every lower semi-computable p?}*-critic (i.e. every relevant one). The motivation for the specific
form of (T0) is firstly from the algorithmic information theory literature: it is stated in [[14] (p.140)
that a sample from a large set, identified to a long string of 0’s and 1’s of some length £, is realistic
if its realism deficiency is small compared to k. The constraint in (T0) is at least as stringent, since
in our asymptotic setting, each x;.,, € X™ is identified with a string of length linear in n, while we
require the realism deficiency to be bounded. Moreover, consider the following simple example.
Assume X = {0, 1}, and px is a Bernoulli distribution B(p). Consider the 0-1 distortion (also
called Hamming distortion), and some distortion level A < min(p,1 — p). Then, for large enough
n, the classical rate-distortion optimal code appearing in the information theory literature produces
reconstructions having a frequency of 1’s of roughly (p—A)/(1—2A) ([6], Sections 10.3.1 and 10.5),
i.e. different from p (if p # 1/2 and A > 0). Then, for the p;@}*-critic appearing in Appendix(Claim
[.T), which involves the frequency of occurrence of a pattern, the expected score diverges as n goes to



infinity. Hence, constraint (I0) is not satisfied by such a code, optimized only for rate and distortion,
but not for realism. This concludes the definitions for our setup. In the next sections, we present our
results in asymptotic settings. See Appendix [C|for achievable points in the one-shot setting.

4 Results

4.1 Low batch size regime

The following theorem states that R(") (-, 0), defined in (Z)), which naturaly arises in the distribution
matching formalism, also characterizes the optimal trade-off in our asymptotic setting, when the
batch size is not impractically large.

Theorem 4.1. Consider a computable sequence {By},>1 of positive integers such that
log(By)/n — 0. For any A € Ry, let R(A) be the infimum of rates R such that there exists
R. € Ry such that (R, R, {By }n>1, ) is asymptotically achievable with algorithmic realism.
Moreover, for any A € Ry, let R.(A) be the infimum of rates R such that (R,{By,}n>1, ) is
asymptotically achievable with algorithmic realism with fully deterministic codes. Then, we have

VA € Ry s.t. RV(A,0) < Hy(X), we have R(A) = R.(A) = RP(A,0). (11)

The proof is provided in Appendices [E] and [{ The strength of this result lies in how stringent
constraint (I0) is: a single compression scheme satisfies a performance guarantee for every relevant

p?é* -critic, and deterministic schemes are sufficient. The proof leverages the existence of a universal

p?}* -critic &g (see Appendix . Indeed, it is sufficient to construct a scheme which achieves (10])
only for such a dy, which is more sensitive than all relevant p$*-critics. It is a very strong critic,
stronger than can be implemented in practice, which is another strength of Theorem 4.1}

4.2 Generalizing the distribution matching formalism

Under the distribution matching formalism for the RDP trade-off, the natural asymptotic notion of
achievability is as follows.

Definition 4.2. [17]13]

A quadruplet (R, R, {Bp}n>1,A) is said to be asymptotically achievable with near-perfect realism
if for any € > 0, there exists a sequence of codes {(F™ G™)},,, the n-th being (n, R + ¢, R.),
such that the sequence {P(”)}n of distributions induced by the codes satisfies

limsup Ep(ny [d(le,Ylm)] <A+4e and ||P3(/T)n - v — 0. (12)
n—oo n o0

The total variation distance (TVD) in (I2) is directly related to the performance of the optimal

hypothesis tester between the reconstruction distribution P}(,?), and the source distribution p?}" (3.
Replacing the second property in (12)) with '

IN eN,¥n > N, PV =p§" (13)
gives the notion of asymptotic achievability with perfect realism. It was shown that these two
notions are equivalent for finite-valued sources [17]], as well as for continuous sources under mild
assumptions [17, 24]. As formalized in the theorem below, in a certain large batch size regime,
asymptotic achievability with algorithmic realism is equivalent to asymptotic achievability with
near-perfect realism. The proof is provided in Appendix

Theorem 4.3. Consider a computable increasing sequence { By, },>1 in N such that B,, /| X|" — cc.
Then, for any R. € Rxq, and any (R, A) € (R)?, tuple (R, Re, { By }n>1,A) is asymptotically
achievable with algorithmic realism if and only if (R, R, A) is asymptotically achievable with
near-perfect realism, if and only if (R, R., A) is asymptotically achievable with perfect realism.

Hence, Theorem@ similarly to the finding in [[20], shows that for large batch size, our formalism
is equivalent to the distribution matching formalism. Hence, the former is a generalization of the
latter. Moreover, Theorem @] implies that common randomness is useful when the size of the
batch inspected by the critic is extremely large. As discussed in Section Theorem states that
common randomness does not improve the trade-off under our formalism, in all regimes where the
batch size is not impractically large with respect to the dimension n of the source. Thus, Theorems
M.T]and [4.3] show that, in order to understand the role of randomization in lossy compression with
realism constraints, the focus should be shifted to the size of the batch inspected by the critic.
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A Additional notation

Calligraphic letters such as X’ denote sets, except in p%, which denotes the uniform distribution
over set J. Given a real number 7, we denote by | 7| (resp. [7]) the largest (resp. smallest) integer
less (resp. greater) than or equal to 7. The length of a string « is denoted by I(z). We denote the
set of (strictly) positive reals by R, the set of (strictly) positive integers by N, the set of rational
numbers by Q, and the Borel o-algebra of R by B(R). The closure of a set A is denoted by cl(A).
Logarithms are in base 2. For a finite set X', the empirical distribution of a sequence 1., €X™ is
denoted P (21.,,). Given a distribution Py, on X™, we denote by Py [X1.,] the average marginal
distribution of random string X.,,, i.e., the distribution on X defined by:

[:)X[Xlzn] = % > Px,

B Further background on algorithmic information theory

B.1 Computability

This definition matches Definition 1.7.4 in [[14], except for the definition of a computable real number,
which we adapted from Exercise 1.7.22 of [[14]], and for the definition of a computable set, which
matches that of [14]], page 32.

Definition B.1. Consider a subset & of N>o. A map f from & into N2, is said to be computable if it
corresponds to a Turing machine (Section 1.7.1 in [I4)]). This notion extends to functions having as
domain other common countable sets, such as N’;O for k € N, and {0, 1}*, or any subset thereof, by
identifying elements of these sets with non-negative integers via some reference bijections. Consider
a computable map f from a subset £ of N>q into {0,1} x N> x N. Then, composing f with
(s,a,b) — (2s — 1)a/b yields a map from & to Q, which is said to be a computable map from &
to Q. A map f from a subset £ of N> into R is said to be lower semi-computable if there exists a
computable function o from £ x N into Q, such that

Vo € &, p(x, k) -~ f(z), and Ve e EVEeN, p(z,k+1) > oz, k).
— 00

Moreover, f is said to be a computable map from & to R if both f and — f are lower semi-computable.
A real number X is said to be computable if the constant function f : N>g =+ R, n — Xisa
computable function from N> to R. A (possibly infinite) subset X of N>q, is said to be computable
if there exists a computable function f from Nx>q to {0, 1}, which returns 1 if its input is in X, and 0
otherwise.

The following lemma allows to construct (semi-)computable functions. Its proof is deferred to
Appendix M|

Lemma B.2. Let £ denote a non-empty subset of N>, and let f and g denote functions from € to R.
(i) If f and g are both lower semi-computable, then functions f + g, [ {1, and 2 are lower semi-
computable. If, in addition, f and g only take non-negative values, then fg and 27 /(3+ f)? are lower
semi-computable. If, in addition, f only takes positive values, then log(f) is lower semi-computable.
(ii) If f and g are both computable, then functions f + g, fg, and | f| are computable. If, in addition,

f only takes positive values, then functions 1/ f, and f 1/% are computable, for any positive integer b.
(iti) Let X be a computable finite subset of {0, 1}*. If f is a lower semi-computable function from

{0,1}* into R, then the function f : {0,1}* — R which is null outside of Upen X", and is defined by
Vo € Upend™, f(@)= Y fu),

yexi@)

is lower semi-computable. Moreover, if p is a lower semi-computable probability measure on X, then
p®* is lower semi-computable.

B.2 Universal critics and semi-measures

Definition B.3. Given a finite set W, a function f : W — [0, 1] is a semi-measure if

> flw) <t

wew



It is said to be a lower semi-computable semi-measure if f is a semi-measure and f is lower
semi-computable.

The following theorem, corresponds to Definition 4.3.2, Equation (4.2), and Theorems 4.3.1 and 4.3.3
in [14]. It introduces the notion of universal p®*-critic, used in [20]. The mixture m therein can be
used as a prior distribution, which has been shown to be relevant in machine learning applications
involving realism, such as outlier detection and generative modeling [20].

Theorem B.4. Consider a finite set X, each element of which is identified with a string in {0,1}°,
for some s € N. Let p be a computable distribution on X such thatVx € X, p(z) > 0. Then, there
exists a p®*-critic 8o (which is not necessarily lower semi-computable), such that for any lower
semi-computable p®*-critic 6, there exists a constant cs such that
Vo € U X", do(x) > d(x) — ¢s. (14)
neN
Any p®*-critic satisfying (T4) is called a universal p®*-critic.

Since our definitions are slightly different from the classical ones, we provide a proof of Theorem
in Appendix

Such a critic Jy is one of the best measures of realism deficiency according to p, in the limit of
arbitrarily long strings. If a critic § identifies a certain amount of deficiency in a given string, then dg
will identify at least as much deficiency, up to some additive constant. Intuitively, dg is sensitive to all
properties of randomness according to p.
Remark B.5. ([l/4], Theorem 4.3.3) The universal semi-measure m can be chosen in such a way that
Vo € {07 1}*7 | - log(m(x)) - K(l‘)| < ¢, (15)
for some constant c, where K is the Kolmogorov complexity (see, e.g., [I4], Section 3.1). Property
(13) constitutes a strong result, since the Kolmogorov complexity is only defined up to a constant
-we omit the corresponding details, for the purpose of clarity. The map x — log(1/p(x)) — K(z) is
sometimes considered to be an approximation of a universal p®* critic, see, e.g., [20]], and Appendix

C One-shot achievable points

The quantities in this section should be understood as follows:

* X is a finite set of images, e.g. the set of all images of a given resolution, with a finite range
for pixels (finite precision).

* d is the mean squared error between pixel values.

* B is the number of images inspected by the critic at a time.

* R is the number of bits into which a given image is compressed.

No statistical assumption is made regarding the source distribution px of images in X'. We have the
following family of achievable points, in the sense of Definition[3.3]

Theorem C.1. Consider a finite set X such that |X| > 2, a computable distribution px on X such
that Vx € X, px(x)>0, a positive integer B, some R > log(B)/log(X), some A € Ry, and a
p?éB-CVitiC d. Consider any conditional transition kernel py | x from X to X satisfying

Py = Dpx, Ep[d(X,Y)] < A. (16)
Then, for any € € (0,A/2), and any v > 0, the triplet (Ry, A1, C1) is 6-achievable, with a (R, 0)
code, where

Ry := Rlog(|X][) (17)
6A
Ay ::A—l—g—l—?max(d)-mgﬁ (18)
3AT B?
Cl = ? [W + QBT]R771| - mMmaXy B log m (]9)
NR~ = p(AR,y) + 9—log(|X])/2 (20)
Any = {(@) € 27 log (2L _iog (27 ) > —log()}, (@)
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with the convention 0/0 := 1.

The proof is provided in Appendix [D] This result provides insights on the asymptotic regime of
Theorem[d.1] Consider the limit of large ||, with fixed R, A, £,, and with log(B) = o(log |X|).
We know that

px.y(z,y) )] _ _
Ey 108 (2 tpmp)| = B =
Hence, if this log-likelihood ratio concentrates well, and if R; > I, p(X ;Y"), as in the definition of
RW(-,0) in @), then p(Ag, ) is small for small enough ~. In such an asymptotic regime, we obtain
Ay ~ A, and C; = O(1). The assumption in Theorem that the source is of the form p?}” for
some large n, is only used to prove the concentration of this likelihood ratio. Hence, that result can
be extended to a larger set of sources. The term B2/|2F1] is an upper bound on the probability
that two source samples in the batch are compressed into the same message. This is related to the
so-called birthday paradox (see Appendix [K). The term max, Blog(1/px (x)) is an upper bound on
the output of 4.

D Proof of Theorem

D.1 Outline

To show the achievability of a tuple (R, Ay, C1), it is not necessary to construct an explicit com-
pression scheme: it is sufficient to prove the abstract existence of such a scheme. To that end, we
consider a set of random reconstructions, and study its realism properties in Section[D.2] Then, we
show the existence of a suitable choice of realizations of the latter reconstructions in Section[D.3] In
Section[D.4] we prove Theorem|C.I|by proposing a compression scheme achieving a close-to-uniform
sampling from the set of reconstructions. For the remainder of Section[D] we fix a finite set X’ such
that |[X'| > 2, a distribution px on X such that Vz € X, px(z)>0, a positive integer B, and a

p?}B -critic 4.

D.2 Realism performance of a uniformly sampled batch of random reconstructions

D.2.1 Random candidate reconstructions

Given a positive real Ry, let C be a family of |27 | i.i.d. variables, each sampled from px. The m-th
variable is denoted y(C, m). We denote their joint distribution by Q. Given a realization ¢ of C, we
consider a batch y(¥) of B elements of ¢, sampled uniformly with replacement. Then, we compute
the batch’s realism score §(y(?)). This is formalized in the following lemma, which gives an upper
bound of the expected score with respect to Q)¢.

Lemma D.1. Consider a positive real Ry € (log(B), o0), and the following pmf.

Qc v y5) ({y(m')}m,e[le”’m(B)7y(B))
1271) B
1
= ( H pX(U(m/))) . W . H 1y(k)=y(m,(k))~ (23)
m'=1 k=1
Then, we have
E [5(Y(B)H < B’ max, Blo 1 (24)

The remainder of Section is dedicated to the proof of Lemma Fix R; > log(B).

D.2.2 Realism performance
Claim D.2. Since Ry > log(B), a simple bound yields,

B2

(pﬁ2R1J])®B(M(1), ceey M(B) 2 byZ distinct) > 1-— W

11



See Appendix [K]for a proof. From the definition (Section of Q, for any £ € B(R),

Q({ao({uie. M®)} o) € €
’{M(l), o M®) 21y 2 distinct})

=3P (50 (XP) € €). (25)

Therefore, we have

Eq[6({y(C, M™)}iein)]
=Y Eq[lmmr—me 6({y(C,m™) b))

m(B)
= Y Eq[lam—mm [ Eq[6({y(C. m™*)) }iem))]
- > (pffom )PP MP=mP)E o5 [5(X5))]
{m®)}pecip 2by 2 #
+ > By )2 MP)=mP)Eq [5({y(C, m™)) e )]
{m)}cipynot2by 2 #
<E,es [BXP)] + max(8) (pf{ yr, )P (MWD, ..., MPnot 2by 2 #)
2

B
(B) -
< Ep?gB [0(X'YEN)] + o] mg?XB log (@)’ (26)
where (26)) follows from Claim[D.2]and (3).
Claim D.3. For any distribution p on a finite set, any p-critic § satisfies
Ep[6(X)] < 0. (27)
Proof. By setting ¢ : x — p(x) - 2°(®) | we can write
o (@)
Vo € X s.t. p(x) >0, 6(z) = log (@)’ with 0 < Z q(z) < 1. (28)
p(z
reX

We denote the latter sum by ¢(&X'). Then, g/¢(X) is a probability distribution on X', and we have

E,[5(X)] < B, | log (‘W)lpm»o} — —KL(p|la/q(X)) < 0. (29)

O

This concludes the proof of Lemma [D.1]

D.3 Further properties of a uniformly sampled batch

Proposition D.4. Consider a finite set X such that |X| > 2, a distribution px on X such that
Ve € X,px(x)>0, a positive integer B, some R > log(B)/log(|X|), some A € R, and a
p?}B -critic 6. Consider any conditional transition kernel py|x from X to X satisfying

Then, for any ¢ € (0,A/2), and any v > 0, there exists a family {y(m)},¢c(|2m ||, denoted ¢, of
elements of X, such that distribution

Quryox (m,y.2) = g+ (Lumatm) ) - D1y =yom) (@) (31)

12



satisfies

3A
1Qx —pxllrv < —[p(Ar) + 9=710(1X1)/2] (32)
Eqes[dXP), Y <A te (33)
3N B2 1

SIS(Y B < 22 B b

Eqges[0(Y'))] < = R m;xxBlog (@)’ (34)
where Ry = Rlog|X]|, and
,7 2 px,y(z,y) . Ry _

Apy = { (o) € 27 log (2520 0 ) —log((2]) > —log(X) }. (39

Proof. Fix some R > log(B)/log(|X]), some A > 0, some € € (0,A/2), some v > 0, and a
conditional transition kernel py | x from X to X satisfying

py =px, Eyld(X,Y)] <A. (36)

Define Ry = Rlog|X|. We apply Lemma|D.1] and use the notation therein. Then, from Markov’s
inequality, we have

3A B2 1 €
Eo[5(Y®)C] > 22 max Bl 7)<7. 37
Qe(Bald(Y (€] 2 “= ar max Blog ——5) < o (37
We extend distribution @ as follows.
QC,M<B),Y<B),X<B) ({y(m/)}m’e[LZle]am(B)yy(B)ax(B)) =

B
Qc v v ({y(m')}m'e[Llej],m(B)J(B)) : HpX|Y:y(m(k'))(x(k))' (38)

k=1

Distribution Qc, MOy x1) corresponds to the setting of Theorem VII.1 of [[7], known as the soft
covering lemma. Since py = px, the latter lemma yields that for any 7 € R,

Ec [||QX(1)|C - PX”TV} <p(A-)+ 27/2, (39)
where
Ar = {(2,9) | log(py|x=2(y)/px (y)) —log([2]) > 7}. (40)

We choose 7 = —vlog |X|. Then, A, = Ag,,, with the notation of Proposition[D.4] Hence, from
(39) and Markov’s inequality, we have

QC(”QX(I)\C —pxllrv = %[p(-AR,w) + 2_71°g(‘x‘)/2]> < 3% (41)
By construction, we have Qv (5) x(5) = pgg(. Therefore, from (36), and the additivity of d, we have
Eqd(X™), YP)] <A, 42)
Therefore, from Markov’s inequality,
€ 1 2e

A
QC(EQ[d(X(B)vY(B)”C] 2 A+€) < Atz 1- A lte/A <1l- 3A°

where we have used the fact that e € (0, A/2). From a union bound and (37), @1), and (@3) there
exists a realization ¢, of C such that none of the corresponding events hold. Since, by construction,

(43)

— H®B
QM) ) xB)c=cx = @prt) y) x (1) |cmes
this concludes the proof of Proposition[D.4] O
D.4 Proof of Theorem |C.1

Fix some R > log(B)/log(|X|), some A > 0, some € € (0, A/2), some v > 0, and a conditional
transition kernel py|x from X" to X’ satistying

Define R; = Rlog |X|. Then, we can apply Proposition We use the notation from the latter.
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D.4.1 Compression scheme achieving close-to-uniform sampling

We define the following distribution Py y, s, which differs from @ in having the correct marginal for
X:

Px vy = px - Quy|x- (45)

Therefore, from @), distribution P satisfies Markov chain X — M —Y. Hence, it defines a (R;,0)
code. From Lemma 2] (Appendix [J), comparing P with @ reduces to comparing marginals, i.e. to

32):
1Py =Qurxrll = Px—Qx [y
= [lpx = Qx| < %[p(AR,V) + 277 los(I¥D/2), (46)
Since d is additive, we have

E(pyes (X, YP))] = Ep[d(X,Y)] and

Eges[dXP), YE))] = Eq[d(X,Y)].

Since d is bounded, then we can apply Lemma[J.3|(Appendix JJ). Then, from (#6)), and Lemmal[J.1
with W = (X,Y), we have

Epes [dXP), Y] < Eges [d(XP), Y )] + 62 max(d)[p(Ap,) + 277 18(1¥D/2]
g
<Atert % max(d)[p(Ar.,) + 27 °1¥D/2] 47)

where the last inequality follows from (33). Moving to the realism performance, we have the following
property of the TVD - see Appendix [J}

Claim D.5. Given any two distributions P and Q) on the same finite alphabet, we have, for any
B e N,

|Per—qeE| < B|P-Ql|,-

From LemmalJ.3] Claim[D.5] (@6), and Lemmal[l.1]with W = Y(3) we have,

6BA o
Epes[6(YP))] < Eqas[6(YP))] + —— max(d)[p(Ar,) + 27 B0/
3A  B? 1 6BA
= Blog —— 4+ ——— 9—7log(1X[)/2] . Blog ———. (48
S R P e PRt g Blow Ty 49

This concludes the proof.

E Achievability of Theorem 4.1]

Consider some A € R such that RM(A,0) < H,(X), and a sequence {B,, },>1 of positive
integers such that
log(B,)/n —> 0. 49)
n—oo
Fix R € (RW(A,0),H,(X)), e € (0,R — RM(A,0)), and v € (0,¢/log(|X])). Then, there
exists py | x such that

py =px, EJd(X,Y)] <A, R>L,(X;Y) +e. (50)

We use the powerful result of Theorem [B.4]regarding the existence of a so-called universal critic.
From Definition for every n € N, the restriction of dy to X’ nBn ig a p?}”B n_critic. Moreover,

from ([@9), for large enough n, we have nR > log(B,,). Then, for large enough n, we can apply
Theorem|C. 1|for set X'™, distribution p$", transition kernel [T, pv|X, batch size B,,, critic &, rate
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nR/log(|X™|), and constants A, €, v. This gives that, for every n large enough, there is a (n, R, 0)
code, inducing a distribution P such that

6A n
E(peyon, [dXMED) Y BN < A e+ — max(d)[p(Ag%y)v) + 27 1es(IXD/2] - (51)

Epmyos, {50(Y(n’3"))] <
3A[ B2
[ LQnRJ

1 1
— max, nB,log —— + 2B, A(n) + 2-nlog(I¥N/2] . max. nB, log } (52)
: px(a) T PPnP(ARS) . px@))
where

(71 n\2 Xy l't,yt) o nR o
Ay {(thyln (X" Zl (m) log([2"7]) > ’ynlog(|X|)}, (53)

with the convention 0/0 := 1. From (]3_0[), log([2"%])/n — vlog(|X|) > I,(X;Y) for large enough
n. Then, since X is finite, we have, from Hoeffding’s inequality,

p(AR)) = O(e™™), (54)
for some x > 0. Hence, from @9), (51, (52), and Theorem[B:4] we have
lim sup E(penye s, [d(X"5) Y B < A 4, (55)

n—oQ

and for any lower semi-computable p}@}* -critic 6,
sup E(peyes, [6(YB))] < oo (56)
ne

From the proof of Theorem we know that P(") has a deterministic decoder. Hence, it only
remains to derandomize the encoder of P(™). We denote its decoder by m +— y1.,(m). The following
claim is a slight modification of Proposition 4 in [10]. We provide details in Section [E-}

Claim E.1. There exists a sequence of deterministic maps
f0 s xm — 27 such that
1P (X, g1 (M)] = P X ™ g1 (M) |y =2 0,

liminf, . % log HPJS;) — ") HTV 0, where (57)
P)((nn),M = P?} L= g (xny-
Then, from (@9) and Claim[D.3] we have
lim inf,, o0 _71 log [|(P)§P — (PM)$P ||, > 0. (58)
Thus, from Lemma[J-3]and (3), we have
[E (poor [§(YF)] = E(penes, [5(Y )] — 0. (59)

Moreover, since d is bounded, then from Lemrna we obtain
(n,By) (n,Bp) o (n,By) (n,By)
[E(pinnyesa [dXTED, Y BN — B poyos, [dX™MPD, Y B — 0. (60)
Since this analysis is valid for any ¢ € (0, R — R(V)(A,0)), then tuple (R, {B,,},>1,A) is asymp-
totically achievable with algorithmic realism with fully deterministic codes. This being true for any
R € (RM(A,0), Hy(X)), we have
R(8) < R.(8) < RY(A,0),

as desired.

E.1 Encoder derandomization

We show that Claim [E.T]follows from Proposition 4 in [10]], and its proof. We can apply that result
directly, since R < H,(X) and X is finite. This would give all properties in Claim except for
the exponential decay in (57)). To obtain the latter, it is sufficient to adapt the proof of Proposition 4
in [[10], by replacing the use of the law of large numbers with the use of Hoeffding’s inequality, and
using Theorem VII.1 of [[7] with 7 = —n-y, for small enough ~.
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F Converse of Theorem 4.1]

From standard information-theoretic arguments, we have the following result - see Appendix [H]for a
proof.

Lemma F.1. Consider a triplet (R, R., A) and a sequence of codes, the n-th being (n, R, R.),
inducing a sequence {P)((Ti)n JM.Y,,, fn>1 Of distributions such that

hHLSUP Ept)yaen [d(X(n’b")aY(n’b"))] <A, (61)
for some sequence {b,, },>1 of positive integers. For every n > 1, let T denote a uniform variable

on [nby,) independent from all other random variables. Then, there exists a conditional distribution
Py|x and an increasing sequence {ni}i>1 of positive integers such that

(ns) ®bn,
(P )XT(M),YT(,M_) Zjo PX,Y (62)
A>Ep[d(X,Y)] (63)

where px v refers to px - py|x-

F.1 Converse proof

Consider some A € R, such that R (A,0) < H,(X), and a sequence {B,, },>1 of positive
integers such that

log(By)/n — 0. (65)

We know that R, (A) > R(A), and prove that R(A) > R(M (A, 0). Consider a couple (R, A) € R?,
and some R, € R> such that (R, R, { B, }»>1,A) is asymptotically achievable with algorithmic
realism. Fix ¢ > 0. Then, there exists a sequence of codes, the n-th being (n, R, R.), inducing a

sequence {P)(g)n, M.y,,, I Of distributions such that

lim sup Eponyes, [d(XFD) YBN] <A+ e (66)

n—oo

and for any lower semi-computable p$*-critic d,
sup E pn)yenn [(5(Y("’B"))] < 00. (67)
neN

Then, Lemma[F]applies, with b,, = B,,, for all n, with R + ¢ instead of R, and A + ¢ instead of A.

Then, there exists a conditional distribution py|x and an increasing sequence {n; };>1 of positive
integers such that

(1)) ®bn;
(P7) ) Yno) 1o PXY (68)

where for any n € N, variable 7" is uniformly distributed on [nB,,], and independent from all
other random variables. We prove that py = px. Fix eg € X'. Consider the computable p?é* -critic &
from Claim[L.T} with ¢ therein taken to be px. Then, from (67)),

sup B pon)ern [6(Y By — 21og(8(Y ™5 + 3)] < oo. (71)
ne
Thus,

, 1
sup E pn)yonn, [§(Y(”’B")ﬂ < oo, and Epm)es, [6(Y(”’B“')) ~3 log(nBy,)] — —oc.

neN n— oo

Thus, the frequency of e in a batch of reconstructions converges in L norm to px (eg). Hence, the
expected frequencies converge to px (eg). This rewrites as

(PM)E5 (e) — px (en). (72)

7(n)
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This is true for any e in X'. Thus, from (68), py- = px. Hence, from (69) and (70), we have

R+¢e>RY(A+¢,0). (73)
This being true for any £ > 0, and since R(?)(-,0) is convex -thus continuous- on (0, c0), we have
R > RWY(A,0). (74)

This being true for any R € R such that there exists R. € R>( such that (R, R., {B,}n>1,4) is
asymptotically achievable with algorithmic realism, we have

R(A) > RD(A,0), (75)

as desired.

G Proof of Theorem

Consider an increasing sequence { By, },,>1 of positive integers such that
B
x|
some R. € Rxq, and some (R, A) € (R;)? such that tuple (R, R., A) is asymptotically achievable

with near-perfect realism. From Theorem 1 in [24]], (R, R., A) achievable with perfect realism, i.e.
satisfying the properties in Definition4.2] with (T2) replaced with

IN €N,Vn > N, PY" = p%". (77)

— 00, (76)

Fix € > 0, and a corresponding sequence of (n, R + ¢, R..) codes. Denote by P(™) the distribution
induces by the n-th code. Then, there exists an integer /N, such that

limsup Epo [d(X1m, Yim)] < A+, (78)
n—oQ
Vn > N., (P )8Bn = pnbn, (79)
From (78), (79), Claim[D.3] and the additivity of the distortion measure d, we have
lim sup E(penye s, [d(XE) Y B <A 4, (80)
n—oo

and for any lower semi-computable p?}* -critic 0,

sup E pn)yenn [6(Y("’B"))] < 00. (81)
neN

Since this analysis is valid for every & > 0, then (R, R., {By }n>1,A) is asymptotically achievable
with algorithmic realism. Moving to the converse, consider a computable increasing sequence
{By}n>1 of positive integers such that

B,
x|
some R, € Rxq, and some (R, A) € (R4)? such that tuple (R, R, A) is asymptotically achievable

with algorithmic realism. Fix € > 0. Then, there exists a sequence of codes, the n-th being
(n, R + ¢, R.), such that the sequence { P("™},, of distributions induced by the codes satisfies

lim sup E ponyyas, [d(XMF) YBN] <At and (83)
n—oo

— 00, (82)

and for any lower semi-computable p$§*-critic 4,

sup E(peyes, [6(YP))] < cc. (84)
ne

Lemma G.1. [4|] There exists a positive integer X such that for any k € N, any distribution q on
some finite set VW of size k, any €, > 0, and any integer b satisfying

sy Bt -
€
we have
q@)b(HP%p[Wb] - qHTV > 5) <. (86)
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For every n € N, define

o= ()]

Since X is finite, {C}, },,>1 is a computable sequence of positive integers. Moreover, from (82), we
have

C, — oc. (88)

n— oo

Choosing, for every n € N, = 1/3 and ¢ = 1/C,,, then from Lemmaand (B8) we have, for
large enough n,

n em; n ; n 1 ]_
(P ))®B,,L(HIP>X5[Y( Ba)) — PX(’L)””TV > 07) <3 (89)
Consider the computable sequence of positive integers defined by
4
Bn \9
VneN, A, = KW> ] (90)

Since { By, }n>1 is increasing, then for any ¢ € N, there exists a unique integer n € N> such that
t € nBy,(n+1)Byy1),

with the definition By := 0. We define § : Uzen X' — N> as follows. For any integer ¢ € [1, By),
and any z1.; € X!, let §(z) := 0. Foranyn € N, any ¢t € [nB,, (n + 1)B,11), and any z1.; € X?,
let

0(@1a) = [Anl|PER 1] = % |y | 1)

Claim G.2. From Lemma|G.1|and (88), there exists a positive integer L such that § —21og(6+3) — L
is a lower semi-computable p?}* -critic.

We provide a proof in Appendix [.2} Then, we can apply (84) to critic § — 21log(é + 3) — L, and get,
sup E(pyes, [6(Y"5)) — 21og(6(Y " B)) 4+ 3) — L] < 0. (92)
neN

Thus,
sup E(p(n)ye5n [6(Y("’B”))] < 0o, and (P™)®Bn (6(Y("’B”)) >C,) — 0,

neN n— 00
because {C}, },,>1 tends to infinity. Combining this with (89) through a union bound, we obtain, from
the triangle inequality for the TVD,

Ch 1
— + =) >0,
1, ten)
for large enough n. The above event does not depend on the random batch, hence the corresponding
inequality is true, for large enough n. Since {C}, },,>1 tends to infinity and since from (82), (87), and
(©0), we have C,,/A,, — 0, then we obtain

s

1:n

(PONEE (1A, = PR <

pX" |y = 0. 93)

n—oo

Hence, from (83) and the additivity of d, we have that (R, R, A) is asymptotically achievable with
near-perfect realism. This concludes the proof.

H Standard converse arguments

Here, we provide a proof of Lemma|F.1|{(Appendix . The sequence of distributions (P )?}b”

T, YT
can be seen as a bounded sequence in R?", thus it admits a converging subsequence:

(PUN Ly, — pxy (94)

YT
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Since d is bounded, we have
E pooyonn [4(X, Y1)] — Byld(X, V)] 95)
Since d is additive, we have, for any n € N,
E(P(n))®bn [d(X(n’b"),Y(n’b"))]
= E(pmyern [d(XT, YT)]. (96)
From (61), ©3) and (©6), we have A > E,[d(X,Y")]. Secondly, distribution P(™) satisfies
nb, R > H({m(k)}ke[bn]|{J(k)}k€[bn])
> T({m™ Y e o, X LT Y )
= I({m(k)}ke[bn]7 {J(k)}ke[bn];x(n’b”))
> (Y () X b))
b, n
k k
>3 S ™ x )
k=1t=1
= nan(YT; XT|T)
= nan(T, YT; XT)
Z nan(YT, XT)

Therefore, from (94)), and by continuity of mutual information on the set of distributions on ({0, 1}*)2,
we have R > I,(X;Y).

I Frequency critics

I.1 Critic involving the frequency of a specific pattern

The following claim, and its proof, are inspired from Lemma 4.3.5 and Exercise 2.4.1 in [14].

Claim L.1. Consider a finite set X, identified with a subset of {0,1}*. Let q be a distribution on X
such thatVx € X, q(x) > 0. Let eg be any string in X, considered as a pattern of interest. For any
n € Nand any x1., € X™, let S(x1.,,) denote the number of occurrences of eq in x1.,. Define map
d:Unen — Nxq by

Vn € N,Vzi., € X", X1, — [log “S(xl;n) —q(eo)n| / \/ﬁH (97)
Then, § — 2log (8 + 3) is a computable q®*-critic.

Proof. From Lemma § is lower semi-computable. Since § — 2log(d 4 3) = log(2° /(5 + 3)2),
then by Lemma 5 — 2log(8 + 3) is lower semi-computable. For any (n,C) € N2, and any
T1., € X", we have:

{8(z1:0) = C} = { [10g [1S(@1.0) = naleo)| / V|| = €'}
= {10g [18(z1:0) = nateo)l / V] > € —1}
= {[IS(@1) = nateo) / vir| > 271}
= {15(10) = ngleo)| / v > 201},

From this and Chebyshev inequality, we obtain:

q®n(5(X1:n) > C) < IEq®" [(S(Xltn) - nQ(eO))Q/n] /40_1

= (q(e0)—qle)?) /4~ (98)
<4°¢
<279,
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where (98) comes from the fact that S(X7.,,) follows a binomial distribution B(n, ¢(eg)). Thus,

Egen[1s(xy.)=c] < 27°. (99)
Therefore,

1
]E " 1 25(X1 n) 210g(5(X1 n)+3) 100

This also holds for C' = 0. Summing over C € N> gives, for any n € N,
S g () - 2 2o D < (101)

T1pEXT

Hence, we have that § — 2log(§ + 3) is a lower semi-computable ¢®*-critic. O

1.2 Critic involving an empirical distribution

We provide a proof of Claim[G.2}
Claim L.2. The map f : UjenX? — R defined by Vt € [1, B;) NN,Vz1, € X* f(xl ) =0, and
Vn € NVt € [nB,,, (n+ 1)B,11) NN, Va1, € XY, f(z14) := HPeme T1nmB, ®"HTV (102)

is computable.

Proof. Since there exists s € N such that X C {0, 1}, then, given some x € UzenX* — R, one can
compute the unique corresponding ¢ via a Turing machine. Moreover, since { By, },,>1 is computable,
one can further compute the unique n such that ¢ € [nB,,, (n + 1)B,+1) via a Turing machine, as
well as the empirical probability appearing in (I02). For any k¥ € N, and any z, € X, one can
call the rational-valued computable upper and lower approximations of p at point (xg, k). Then,
one can go over all y1.,, € X™, and use the explicit constructions from the proof of Lemma [B.2]
regarding the product, sum, and absolute value, yielding rational-valued computable upper and lower
approximations of f. O

We know that A,,,,~; is computable. From LemmalE_IZl, the product of two computable functions
is computable, thus lower semi-computable, and the ceiling function preserves semi-computability.
Therefore, § is lower semi-computable. Since § — 2log (6 + 3) = log(2°/ (0 + 3)?), then by Lemma
- IB.2| for any positive integer L, function 6 — 2 log((5 + 3) — L is lower semi-computable. It remains
to prove that a certain choice of L yields a p§*-critic. From (82) and (90), there exists Ny € N such
that

Vn > No, B, > M| &X|" 4 2)A2. (103)
For any n > No, any C' > 2, any integer t € [nB,,, (n + 1)B,41), and any z1., € X', we have:

(3(ara) = €} = {[Au|BP w108, ] ~ 2| | > €
- {Anlipﬁ?mm "y > 0 -1}

From this, (T03), and Lemma | with distribution p", and parameters b = B,,,
e=(C-1)/A,,n=2"%we obtaln

Vt > [NoBy,,00) NN,¥C € Ny, p2(5(X14) > C) <27,

Therefore,

210 . 1
Vt > [NoBn,, ) NN,VC € Nso, Epggt [Ls(xu):c . 90(X1:4)—21og(8(X1, )+3)] < m

This also holds for C' € {0, 1}. Summing over C' € N> gives,
Vt > [NoBy,,00) NN, > pf(wyy) - 200710) 721080 ¥8) < (104)
1.4 €XY

In order to extend this to all positive integers ¢, it is sufficient to multiply by 2~* for some L large
enough. Therefore, there exists L € N such that § — 2log(é + 3) — L is a lower semi-computable
p?é* -critic. This concludes the proof.
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J On the total variation distance

J.1 Some lemmas

Lemma J.1. Let IT and T be two distributions on a set W x L. Then

My — Twllrv < |Mw,r — Tw,ollzrv.

Lemma J.2. Let 11 and T be two distributions on a set VW X L. Then when using the same conditional
probability kernel Il 1y, we have

Tw Hpw — Pwllywllzv = [[Tw — Dwllrv.

Lemma J.3. Let I1 and T be two distributions on a set W, and [ : W — R be a bounded function.
Then,

| En[f] — Er[f] | < 2max|f|-[[II - T||rv.

J.2 Proof of Claim[D.5]

Let P and (@ be any two distributions on the same alphabet. Fix a positive integer B. Then, we have,
with the convention IT ® I'®° =TI,

B
PP = QBllry = || Y _(PEEHF @ QB — pe(B=R) @ Q¥F)|1y,
k=1

B
S Z ||P®(B*k‘+1) ® Q@(k‘*l) _ P®(B7k) ® Q®k||TV (105)
k=1

B
< Z HP@(B—k) QP® Q@(k—l) _ P®(B—k) ® Q ® Q@(k—l)”Tv
k=1

M=

< D _IIP=Qllrv = B|IP = Qlrv, (106)

>
Il

1

where (T03) follows from the triangle inequality for the TVD ; and (106) follows form Lemma[J.2]
with W = Xp_j41, Iy = Pand 'y = Q.

K The birthday paradox

We provide a proof of Claim[D.2] We have

B

. 2fr] —k+1
(pﬁzRIJ])‘X’B (M(l), oy MB) 2 by 2dlst1nct) = H LLJQRJJ
k=1
S (2| - B+1)B
Rk
B—-1\5
> _ = -
2 ('~ my)
B(B-1
21_({2le ) (107)
B2
>1_

where (107) follows from Bernoulli’s inequality, since Ry > log(B).
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L Existence of a universal p®*-critic

We provide a proof of Theorem From Theorem 4.3.1 in [14]], there exists a sequence {gy, }n>1
containing all lower semi-computable semi-measures on {0, 1}*, and a sequence {7, },,>1 of (strictly)
positive reals, such that the mixture defined by

m:= Z Tndn (108)
n>1
is a lower semi-computable semi-measure on {0, 1}*. For every n € N, let m(X™) denote
> m(zi).
T1:n €EXT

From (108), we have Vz € {0,1}*, m(x) > 0. Moreover, Vxg € X, p(zg) > 0, thus Vo €
UnenX™, p®*(z) > 0. Define function &y, by

m(z1.,) )

(X™)p®n (21:0)

Fix any lower semi-computable p®*-critic J. Define map g5 : {0,1}* — R by
Vo € UpenX™,  g5(z) := m(X1®)20@) 58" (g,

and = — 0 elsewhere. From Lemma [B.2](iii), the function which is null outside of U, en X", and
defined by = +— m(X"®)) on U,,cnX™, is lower semi-computable. Moreover, = + 2°) and
x — p®*(x) are lower semi-computable by Lemma (1) and (iii) respectively. Thus, gs is the
product three non-negative lower semi-computable functions. Hence, g5 is lower semi-computable
by Lemma (i). Moreover, we have

S gs@) =Y m(am) 3 20pEn ()

Vi € N,Va1m € X", 8(21m) := log (m (109)

z€{0,1}* neN zEX™
<> m(xm) (110)

neN
<1, (111)

where (T10) follows from the definition of a p®*-critic; and (TT1)) follows from the fact that m is a
semi-measure. Therefore, g5 is a lower semi-computable semi-measure. Thus, from (I08), we have
m > w4, qs, for some positive real 7, . In order to derive (M), fix © € UpenX™, and denote I(z) by
n. From (I08), we have m(x) > 0. Therefore, since Vo € X, p(z¢) > 0, we have gs(x) > 0. Thus,
from (T09), we have

do(z) = log (m( XT)(;@;: ()l.m))

Tgs q(71.0)
= lo (m()\f’")p@?”(xl:n) )
= 1Og<ﬂ'q5) + 0(x).
This is true for any lower semi-computable p®*-critic ¢, and any = € U,,enX™. Since log(m,, ) does
not depend on x, then property (I4) holds. This concludes the proof.

M Additional semi-computability arguments

We provide a proof of Lemma[B.2} If f is lower semi-computable, we denote by (z, k) — ¢y, (x, k)
a computable function from £ to Q, monotonically approaching f from below, in the sense of
Definition If f is upper semi-computable, then ¢ i (z, k) denotes a function of the form
¢w_y,—(x, k), which monotonically approaches f from above.

M.1 Assume that f and g are computable
M11 f+yg

Function ¢y _ + ¢4 _ is a computable function from £ x N to QQ, which monotonically approaches
f =+ g from below. Similarly, ¢ ¢  + ¢4 4+ constitutes a computable rational upper approximation.
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M.12 |f]

We construct |z, as follows. Letx € £ and k € N. If py _(x,k) > 0, return [y (2, k)|.
Otherwise, if ¢ 4 (2, k) < 0, return |y, (, k)|. Otherwise, return 0. We define ¢|¢| 4 (z, k) as

max (lps,- (2 K)o s, (2. B)] )
Straightforwardly, this implies that | f| is computable.

M.13 fg

0, then return
0, then return

Define ¢4 _(z,k) as follows. If ¢y _(z,k) > ,
or—(x,k)pg —(x,k). Otherwise, if ¢ri(z,k) < 0 and ¢4+ (z,k)
©f+(x, k)pg.+(x, k). Otherwise, return

>
<

—max (Jipg, (@, K)], lpp. 4 (2 B)] ) max (I, (2 1)1, iy, 4 (2, K)]).
Define ¢4 1 as —p(_fyq,—-

M.2 Suppose that f is computable and only takes positive values
M.2.1 1/f

Define @1, _(x,k) as 1/py 4 (v, k). Compute ki(z), the smallest positive integer k& such that
@f,—(x,k) > 0. For all integers k € [1, ki(z)], define 1, 1 (x,k) as 1/ _(x, k1 (x)). For all
integers k € (k1(7),00), define oy, 1 (x,k) as 1/ (2, k).

M.2.2  fU/P

Compute kq(z), the smallest positive integer k such that ¢y _(z,k) > 0. For all integers
k € [1,ki(z)), define psi/n _(x,k) := 0 and wpiyp o (x,k) = [@f (2, k)]. Consider an inte-
ger k € [k1(z), 00). Compute the greatest integer m such that (m/2%)® < ¢, _(x, k). Then, define
@16 (x,k) := m/2%. Therefore, we have

k> ki (), 0< s ()Y — g _(2,K) < o (112)

From (T12)), and since the b-th root function and k — ¢y, _(z, k) are both non-decreasing, we have
Yk > ki(2) +1, @pm_(z,k—1) < o5 _(z,k)"°. (113)

Since 16 (,k — 1) can also be written in the form m/ /2", then, from the maximality of the
integer m appearing in the construction of ¢ ¢1/» _(, k), we have

Vk > ki (x) + 1, (,0f1/b_],(.’)3,k’ -1)< Lpf1/b7,(l',k). (114)
This also holds for all integers k € [2, ki (x) + 1). Properties (TT2) and (TT4) imply that £/ is lower

semi-computable. We prove upper semi-computability similarly, using the smallest integer m such
that (m/2%)> > ¢y (2, k), and setting @ 1/0 , (2, k) := /2"

M.3 Assume that f and g are lower semi-computable

M31 f+yg

Function ¢y _ + ¢4 _ is a computable function from £ x N to QQ, which monotonically approaches
f + g from below.

M.32 [f]

Define oz, as [of, .
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M.33 2/

Fixz € £andk € N.Leta € Z and b € N such that ¢, _(z,k) = a/b. Compute the greatest
integer m such that (m/2%)® < 2¢. Then, define y; _(z,k) := m/2". Therefore, we have

0<200-0) _ oy (a,k) < 2% (115)

From (T13)), and since the exponential function and k — ¢ _(z, k) are both non-decreasing, we
have
Vk > 2, o _(2,k — 1) < 2¢7- (@0, (116)

Since @os _ (2, k — 1) can also be written in the form m’/ 2% then, from the maximality of the integer
m appearing in the construction of @o; _(x, k), we have

Vk227 302f7,(l',k‘—1) S@Zf,f($7k)~ (1]7)
Properties (TT3) and (TT7) imply that 27 is lower semi-computable.

M.4 Assume that f and g are semi-computable and non-negative
M4l fg

If o5 _(x,k) > 0and ¢, _(z,k) > 0, return @y _(z, k) g, — (x, k). Otherwise, return 0.

M.4.2 27/(3+ f)?

There exists a real ¢ € (0,1) such that u ~ 2“/(3 + u)? is non-decreasing on (—&, c0). Fix
x € £. Compute k1 (), the smallest positive integer & such that ¢ _(z, k) > —e. For all integers
k € [1,k1(x)), define @os (34 5)2,— (2, k) := 0. Fix an integer k > ki (z). Leta € Z and b € N such

that s _ (7, k) = a/b. Compute the greatest integer m such that (m/2%)" < 2/(3 + a/b)?". Then,
define @or /(34 f)2,— (x, k) := m/2¥. Therefore, we have

2% f,—(x:k)
(3 + QD_f’7<-'L'7 ]{/’))2 - ()02f/(3+f)2,—(
From (T18), and since k — ¢y, (x, k) is non-decreasing, and u — 2“/(3 + u)? is non-decreasing
on (—¢&,00), we have

VE > ki(z), 0< 7)< o (118)

2% s, (w,k)

(3 + s (. k))>
Since @as /(34 -£)2,— (¥, k — 1) can also be written in the form m’/ 2% _then, from the maximality of
the integer m appearing in the construction of o5 /(34 f)2, — (2, k), we have

Vk Z kl(sc) + 1, @Zf/(3+f)2,—(xa k— 1) S §02f/(3+f)2,—(x7 k) (120)

This is also true for all integers k € [2, ky () + 1). Properties (TT8) and (T20) imply that 2/ /(3 + f)?
is lower semi-computable.

Vk > ki(z) +1, varj@ipe—(z,k—1) <

(119)

M.4.3 log(f)

Assume that f only takes positive values. Fix z € £. Compute k1 (), the smallest positive integer
k such that ¢ _(x, k) > 0. Fix an integer k¥ > k;(x). Compute the largest integer m such that
2m <y _(x, k)Qk. Then, define @iog(f),— (2, k) := m/2*. For all integers k € [1,k1(x)), define
Plog(f),— (T, k) as Piog(p),— (, k1 (x)). Therefore, we have

1
vk > k'1(.13), 0< 10g(<ﬂf,-($,k’)) - wlog(f),f(ka) < 27 (121)
From (121)), and since the logarithm and k — ¢y _ (x, k) are both non-decreasing, we have
Yk > k(@) + 1, Qrog()— (2, k — 1) < log(ps,— (2, k). (122)

Since @iog(f),— (o, k — 1) can also be written in the form m/'/ 2% then, from the maximality of the
integer m appearing in the construction of ¢iog(5),— (2, k), we have

vk > kl(lL') + 1, ‘plog(f),—(l'v k— 1) < Solog(f),—(x; k) (123)

This also holds for all integers k € [2, k1(x) + 1). Properties (I21)) and (T123)) imply that log(f) is
lower semi-computable.
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M.5 Functions of finite binary strings

Let X be a finite computable subset of {0, 1}*, and f be a lower semi-computable function from
{0,1}* into R.

Lemma M.1. U, cnX" is a computable set.

Proof. By Definition[B.1] it is sufficient to construct a computable function 7 from {0, 1}* to {0, 1},
which returns 1 if its input is in U,y X", and 0 otherwise. Since X is computable, there exists a
computable function 7y from {0, 1}* to {0, 1}, which returns 1 if its input is in X', and 0 otherwise.
Fix 2 € {0,1}*. Define 7(z) as follows. Enumerate all partitions of  into consecutive sub-strings.
For each, call 7y on every sub-string. If for some partition, the output of 7y is 1 for every sub-string,
then return 1. Otherwise, return 0. O

Hereafter, we use the notation 7 defined in the above proof.

M.5.1 Partial sums

Consider the function f : {0,1}* — R which is null outside of U,,cnX™, and is defined by
Vo € UnENXnv f(.ﬁl?) = Z f(y)
yeXx =)
Fix € {0,1}" and k € N. Define ¢ _(z, k) as follows. Compute 7(z). If it is null, return 0.
Otherwise: compute I(z), and for each y in X!(*) compute ¢ _ (y, k), then return
> en-(w.k).
yexl(z)

Fix some = € U,,enX ™. The (finite) set of indices of the above sum does not depend on k. Therefore,
since for each y € {0,1}* we have s _(y, k) W f(y), we get
— 00

Yz € Unend™, @ _(x,k) = f(z). (124)

Similarly, since for any y € {0,1}* and any k£ > 1, we have ¢ _(y, k) < ¢s _(y,k + 1), then we
have
Vo € UpenX™,Vk € N, gof’i(z,k) < cpf’i(w,k +1). (125)

Properties (124) and (T23) also hold for finite strings outside of U, enX™. Thus, f is lower semi-
computable.

M.5.2 Product distribution

Let p be a lower semi-computable probability measure on X. Fix € {0,1}* and k£ € N. Define
pe« _(x,k) as follows. Compute 7(x). If it is null, return 0. Otherwise, proceed as follows.
Compute [(z). We write = as 1(,), With ; € X for any integer ¢ in [1, I(x)]. Compute and return

U(z)
H Pp,— (mta k)
t=1

Fix some © € U,enX™. The (finite) set of indices of the above product does not depend on k.
Therefore, since for each y € X', we have ¢, _(y, k) -~ p(y), we get
—00

Vo € UpenX™, @pex _(z,k) — p@* (). (126)

k— oo

Similarly, since for any y € X, and any & > 1, we have ¢, _(y, k) < ¢, _(y, k + 1), and since p is
non-negative, then we have

Vo € UpenX™",VEk €N, @uo. _(2,k) < @pex _(z,k+1). (127)

Properties (126) and also hold for finite strings outside of U,enX™. Thus, p®* is lower
semi-computable.
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