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Abstract

High-quality mathematical reasoning data are
central to both training and evaluation, but
such data are only useful when their answers
and reasoning traces are reliable. Candidate
solutions may be web-scraped, human-written,
adapted from existing competition problems, or
generated by LLMs; in all cases, a fluent but
subtly wrong solution can silently contaminate
downstream use. We present a high precision
multi-agent debate pipeline for blind verification
of competition-level mathematics, in which five
heterogeneous agents independently analyze a
candidate answer, exchange structured arguments
for up to five rounds, and reach a verdict governed
by an assessment-gating criterion that requires
positive confirming evidence rather than mere
non-refutation. On 195 hard-to-verify variants
from 58 IMO/USAMO/Putnam-level problems, a
single-judge baseline achieves 55.1% precision;
our pipeline achieves 92.5% precision—an 8.3 X
false-positive reduction—with 59.8% problem-
level accuracy. A 2x?2 factorial ablation shows
that, after accounting for repeated verification,
most of the remaining false-positive reduction
comes from two architectural mechanisms:
assessment gating and heterogeneous agent
roles. These results establish precision-first
debate as a practical filtering primitive for
mathematical reasoning data, with applications
to benchmark curation, reward labeling, RLAIF,
and self-improving synthetic-data pipelines. All
code and data are publicly available at: https:
//anonymous.4open.science/r/
When-Wrong-Answers—Look—-Right-5A57.
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1. Introduction

The bottleneck in frontier mathematical Al is no longer
only problem solving or data generation—it is verification.
High-quality mathematical reasoning data are central to both
training and evaluation, but such data are only useful when
their answers and reasoning traces are reliable. Candidate
solutions may come from web-scraped explanations, human-
written derivations, adapted competition problems, or LLM-
generated attempts; in all cases, a fluent but subtly wrong
solution can silently contaminate downstream use.

This makes verification a data filtering problem. For bench-
mark construction, training-data curation, reward labeling,
and RLAIF, false positives are more damaging than false
negatives: accepting an incorrect trace introduces a mis-
labeled example, whereas rejecting a correct trace merely
reduces yield. This asymmetry motivates a precision-first
objective: the verifier should accept only when it has posi-
tive evidence that the candidate answer is correct.

We study blind answer verification for competition-level
mathematics: given a problem, a candidate answer, and a
solution trace, decide whether the candidate is safe to accept
without access to a reference answer. A single LLM judge
fails on this task for a structural reason: a model trained
to recognize plausible mathematical arguments is suscep-
tible to the same surface-coherence cues that make wrong
solutions look convincing. On our hard-to-verify variants, a
single judge achieves only 55.1% precision, showing that
fluent mathematical reasoning is not sufficient evidence of
correctness.

Design questions. Our study is organized around three
design questions, each corresponding to a failure mode in
high-precision mathematical data filtering.

Q1 (Why verification?) Can checking a candidate deriva-
tion provide a useful signal beyond solving from scratch,
especially in the hard competition-math regime where direct
solving is unreliable? If verification only replicated the diffi-
culty of solving, it would be a weak primitive for data filter-
ing. However, a verifier can exploit the submitted reasoning
trace: it can inspect local algebraic steps, theorem applica-
tions, boundary cases, and arithmetic consistency without
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Figure 1. Precision-first multi-agent debate pipeline. Five heterogeneous agents (2) independently deliberate on a candidate answer,
then exchange arguments for up to five rounds via scheduler broadcasts and peer-to-peer direct messages (3). A verdict is accepted
only when the assessment gate (4) is satisfied: > 3 agents hold answer_supported—positive confirming evidence, not mere
non-refutation—reducing false positives 8.3 over a single-judge baseline.

reconstructing the entire solution. We therefore compare
solving and verification as a diagnostic task structure com-
parison, while avoiding a claim of a fully compute-scaling
law.

Q2 (Why debate?) Does structured exchange in the debate
process reduce false positives beyond single-pass judging
or repeated independent verification? Single judges are
vulnerable to fluent but wrong reasoning, and repeated calls
can preserve correlated blind spots when each call evaluates
the same trace in isolation. Debate is intended to expose
these hidden errors by forcing agents to respond to specific
counterarguments, perform new checks, and revise their
stance only when a concrete failure or confirmation is found.

Q3 (Why heterogeneity and gating?) Do heterogeneous
roles and an assessment gate reduce correlated errors be-
yond homogeneous debate and flat support/oppose voting?
Homogeneous agents may inspect the same parts of a deriva-
tion and miss the same flaw, while flat voting can confuse
“no error found” with positive evidence of correctness. Our
design addresses both issues: heterogeneous agents exam-
ine complementary failure modes, and the assessment gate
accepts a candidate only when a majority of agents produce
answer_supported, i.e., positive confirming evidence.

We answer Q2—Q3 through controlled baselines and a
2x2 factorial ablation, and report Q1 as an empirical task-
structure comparison rather than a fully compute-matched
scaling study.

Our pipeline (Figure 1, Section 4) achieves 92.5% preci-
sion, reducing false positives by 8.3 x over a single-judge
baseline. The gain is not merely a consequence of repeated

calls: 59% of the FP reduction is attributable to debate ar-
chitecture, with assessment gating and role heterogeneity
providing independent contributions. These results support
precision-first multi-agent debate as a filtering primitive for
mathematical reasoning data, including benchmark curation,
reward labeling, and LLM-generated data pipelines.

2. Related Work

LLM-as-judge and Agent-as-a-Judge. LLM-as-a-Judge
has become a standard paradigm for scalable evaluation of
open-ended model outputs. Zheng et al. (2023) showed that
strong LLM judges can approximate human preferences
on open-ended chat evaluation, while also documenting
important biases and limitations. Follow-up work such as
G-Eval (Liu et al., 2023), Prometheus (Kim et al., 2024),
and JudgeLM (Zhu et al., 2025) improve judge alignment
through chain-of-thought evaluation, fine-grained rubrics,
or judge-model tuning. However, these systems still pri-
marily rely on single-pass or monolithic judgment, whereas
our setting stresses a different failure mode: competition
mathematics requires detecting subtle logical or arithmetic
errors rather than judging surface quality.

A recent survey argues that evaluation may be shifting
from LLM-as-a-Judge toward Agent-as-a-Judge (You et al.,
2026), where evaluators use planning, tool-augmented veri-
fication, multi-agent collaboration, and memory to support
more robust assessments. Our pipeline is an instance of
this broader agentic-evaluation direction in a precision-first
mathematical setting: rather than asking one judge whether
a solution looks correct, it requires multiple heterogeneous
agents to produce positive confirming evidence through
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structured disagreement. Beyond generic judge bias, Li et al.
(2026a) identify preference leakage: LLM judges can be bi-
ased when the data-generating model and the judging model
are related. This motivates adversarially plausible wrong
variants, where fluent reasoning can fool single-pass judges.
A recent technical report on LLM-as-a-Verifier (Kwok et al.,
2026) scales verifier quality through repeated verification,
scoring granularity, and criteria decomposition. Related
process-supervision work also suggests that verifying inter-
mediate reasoning can provide a more precise signal than
judging only the final outcome (Lightman et al., 2024). Our
approach is complementary: instead of deepening one eval-
uator, we broaden the set of analytical perspectives through
heterogeneous agents and structured disagreement.

Multi-agent debate for reasoning and evaluation. Multi-
agent collaboration has been widely explored as a way to
reduce single-judge instability and expose hidden errors. Du
et al. (2024) showed that multi-agent debate improves factu-
ality in open-domain question answering, while Liang et al.
(2024) demonstrated that encouraging divergent thinking in
debate reduces sycophancy. In evaluation settings, ChatE-
val (Chan et al., 2024) and MATEval (Li et al., 2024) use
multi-agent discussion to improve open-ended text assess-
ment. However, Choi et al. (2025) proved analytically that
for homogeneous agents under flat majority voting, debate
exchange yields no expected improvement. Our ablation
identifies two mechanisms that move the setting beyond ho-
mogeneous flat voting: assessment gating, which separates
positive evidence from uncertainty, and role heterogeneity,
which encourages agents to examine different failure modes
(Section 5.4).

Tool-augmented verification and reward signals. Ver-
ifiAgent (Han et al., 2025) proposes a unified, training-
free verification agent that combines meta-verification with
adaptive tool-based verification across mathematical, log-
ical, commonsense, and hybrid reasoning tasks. HER-
MES (Ospanov et al., 2025) takes a more formal route for
mathematical reasoning by interleaving informal LLM rea-
soning with Lean-based proof checking. Agentic Reward
Modeling (Peng et al., 2025) further shows that reward
models can be strengthened by incorporating verifiable cor-
rectness signals rather than relying only on preference-based
supervision. Our setting is complementary: we study blind,
precision-first verification of competition-level mathemat-
ical answers without external tools. Tool augmentation is
a natural future direction for reducing the remaining false
positives and false negatives.

Test-time compute scaling.  Self-consistency (Wang et al.,
2023) improves answer accuracy by majority-voting over
independent completions. Snell et al. (2024) showed op-
timal test-time compute allocation can outperform model

scaling. Zhang et al. (2025) showed reasoning paths carry
richer logical structure than final-answer consistency cap-
tures, and that graph-based aggregation outperforms flat
majority voting. Our pipeline addresses the homogeneous
re-sampling bottleneck differently: heterogeneous agents
explore structurally distinct verification paths, producing
approximately independent error signals.

Mathematical data curation and benchmarks. Frontier-
Math (Glazer et al., 2024) and Humanity’s Last Exam (Cen-
ter for Al Safety et al., 2026) illustrate the growing demand
for difficult, high-quality evaluation data. AMO-Bench (An
et al., 2025) provides recent competition-style mathematical
problems, which we use as one source for variant construc-
tion. VeRA (Cheng et al., 2026) studies verified reasoning
data augmentation through executable specifications, repre-
senting one route to high-quality synthetic reasoning data.
Our setting is complementary: we study source-agnostic
blind verification of candidate answers and solution traces,
without assuming an executable specification, a trusted gen-
eration process, or access to ground-truth answers.

The combination of Olympiad-level competition mathemat-
ics IMO/USAMO/Putnam), blind verification, a precision-
first objective, tool-free heterogeneous debate, and system-
atic factorial attribution is not matched by any prior system
(Appendix A, Table 2).

3. Task and Dataset

3.1. Adversarial Verification Task

The task is: given a competition-level mathematics problem,
a candidate numerical answer, and a full solution trace, out-
put CORRECT or WRONG. Unlike simple answer matching—
where verification reduces to checking whether the candi-
date equals a stored ground truth—the pipeline has no ac-
cess to the reference answer and must determine correctness
through mathematical analysis alone.

The task is source-agnostic: the candidate answer and rea-
soning trace may be human-written, web-scraped, adapted
from existing problems, or LLM-generated. Our benchmark
uses plausible LLM-style wrong reasoning as a stress test
because such errors are fluent, surface-coherent, and diffi-
cult for simple judges to reject. The verifier’s deployment
goal is not to identify the data source, but to decide whether
a candidate is safe to accept into a training, evaluation, or
reward labeling pool.

Metrics. Our primary metric for data filtering is preci-
sion: the fraction of accepted variants that are truly correct.
A false positive silently admits an incorrect example into
a benchmark, training set, or reward-labeling pool; a false
negative merely reduces yield. Problem-level accuracy is
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reported alongside precision as a secondary metric: a prob-
lem is correctly handled only when the pipeline (a) accepts
the correct variant and (b) rejects all wrong variants in a
run. This avoids inflating credit for high-recall systems that
also accept wrong variants, exposing contamination that
variant-level precision can hide. Recall and false-positive
count complete the error profile.

3.2. Dataset

Dataset design principles. Our goal is not to benchmark
problem generation. Instead, we construct a stress test for
verification: each item contains a candidate answer and
a plausible reasoning trace, and the verifier must decide
whether it is safe to accept into a training or evaluation pool.
The dataset is designed around three principles: (1) hard
mathematical content, (2) reliable labels, and (3) plausi-
ble wrong reasoning. We evaluate on 195 hard-to-verify
variants derived from 58 IMO/USAMO/Putnam-level
problems spanning combinatorics, number theory, geom-
etry, and algebra. Problems are drawn from three sources:
(i) parameter-perturbed instances from AMO-Bench (An
et al., 2025), accepted only after two guided solvers agreed
and one unguided solver failed—validating correctness and
non-trivial difficulty; (ii) parameter-perturbed instances
from IMO and USAMO competition archives; (iii) expert-
contributed problems with hand-verified answers. Each
problem yields 3—4 variants, exactly one labeled correct
and the rest wrong.!

Variant construction. Regardless of problem source,
each variant comprises four independently constructed com-
ponents; their construction procedures are as follows:

Correct answers are established via three-model
triangulation: gpt-5.2 with reference solution,
claude-opus—4-5 with reference solution, and
gpt—5. 2 without any reference. Here “reference solution”
means the original competition problem’s official answer
and derivation, provided so that the model can validate
the parameter-perturbed variant (rather than the original
problem). A candidate is accepted only when the two
reference-equipped models agree and the zero-shot model
fails—ensuring correctness via cross-provider consensus
and non-trivial difficulty via zero-shot failure. All 58
correct answers were manually reviewed.

Wrong answers come primarily from natural LLM fail-
ures: the model solves each problem from scratch; gen-
uinely wrong outputs (misapplied theorem, flawed counting
argument, incorrect boundary case) are retained together
with the model’s own reasoning, preserving the fluency and
surface coherence that makes them hard to detect. Supple-

137 problems contribute 3 variants; 21 contribute 4: 37x3 +
21x4 = 195.

mentary strategies broaden coverage: (i) parameter reuse
(numerically plausible alternatives from neighboring prob-
lem instances) and (ii) rargeted error injection (a small
minority covering error categories underrepresented in natu-
ral failures). All wrong answers pass plausibility filtering: a
simple judge must fail to immediately identify the variant
as incorrect. Using LLM failures does not restrict the de-
ployment setting to LLM-generated data; rather, it provides
a challenging proxy for plausible-but-wrong reasoning that
can arise in any large-scale data curation pipeline. Correct
reasoning comes from the reference-equipped model; for
7 hard problems, human-guided iterative solving (interme-
diate hints, certificate searches) produced verified traces.
Wrong reasoning is the model’s own failed-attempt out-
put, with an error embedded mid-step while the conclusion
remains end-to-end plausible.

Quality guarantee. Three independent gates act in se-
quence: (1) correctness via multi-provider consensus on
the accepted answer, (2) difficulty via zero-shot solve fail-
ure, and (3) plausibility via simple-judge filtering. Gate (3)
is typically satisfied without special effort: a model that
cannot solve the problem tends to produce wrong answers
that superficially resemble correct ones, precisely because
it follows the same solution template. Wrong variants are
plausible rather than random distractors, forcing verifiers
to locate mathematical failures rather than rely on stylistic
cues.

Task difficulty. gpt-5.2 (effort=%“1low”) solves
problems from scratch at 33.3%, 44.9%, and 39.2% across
three independent runs (mean ~39%), confirming that the
dataset is difficult for direct solving. We also compare
majority-vote solving with majority-vote verification in
Section 5.3. Because solving produces one answer per
problem whereas verification evaluates candidate variants
individually, this comparison should be interpreted as a
task-structure comparison rather than a complete compute-
scaling study. All systems use the same base model and
effort setting.

4. Pipeline Architecture
4.1. Agent Composition

The pipeline employs five heterogeneous agents, each with
a distinct verification persona:

1. Formalist Verifier — algebraic consistency, arithmetic,
bound confusion, equality-case handling.

2. Theorem Auditor — applicability of cited theorems,
correct use of lemmas.

3. Independent Resolver — attempts a short independent
re-derivation to cross-check the stated answer.
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4. Optimization Skeptic — boundary conditions, con-
straint violations, optimality-vs-feasibility gaps.

5. Pragmatic Cross-Checker — numerical spot checks,
small-case sanity tests, symbolic verification.

All five agents run the same base model (gpt—5.2) with
different system instructions. Heterogeneity is critical: de-
bate improves factuality when agents bring diverse perspec-
tives (Du et al., 2024), but homogeneous agents are liable
to reinforce shared errors through correlated sampling. This
design operationalizes the DynaDebate principle (Li et al.,
2026b): a diverse population of initial stances yields richer
information exchange than a homogeneous one.

4.2. Initial Deliberation (Pre-Round)

Before any exchange, each agent independently executes
five steps: (A) restate the claim precisely; (B) enu-
merate 2—4 domain-specific failure modes and check
each against the submitted reasoning—priming adver-
sarial scrutiny before any positive evidence is weighed;
(C) perform one independent check (spot check, arithmetic,
bound argument, theorem applicability); failure forces
evidence_grade=weak; (D) steelman the opposition,
classifying the strongest counterargument as FATAL / UN-
CERTAIN / REFUTED—only FATAL may flip a verdict,
preventing cascading stance changes from vague concern;
and (E) commit to structured JSON output.

The assessment_type field distinguishes three

epistemic  states: answer_supported (positive
evidence confirms correctness), answer_refuted
(positive  evidence confirms incorrectness), and

reasoning_insufficient (uncertainty without
a specific flaw; the full field value includes the suffix
_but_answer_not_refuted). This three-way
split is the basis for the assessment-gating verdict rule
(Section 4.4).

4.3. Exchange Rounds

After the initial deliberation, the pipeline runs up to R=>5
exchange rounds with early stopping permitted only after at
least two full rounds, preventing premature consensus. In
each round, every agent receives:

(1) Scheduler broadcast. The current vote tally,
assessment_type breakdown, strongest support and
oppose claims from the previous round (ranked by con-
fidence x evidence grade), and a disagreement digest—
a structured enumeration of the top unresolved opposing
claims that every agent is explicitly required to address.
The disagreement digest is the most impactful component:
without it, agents tend to restate prior positions rather than
engaging specific counter-arguments.

(2) Direct messages (DMs). Each agent’s inbox is as-
sembled by two independent mechanisms: (a) Scheduler-
generated challenges: the highest-priority support and op-
pose agents each receive a message quoting the other’s
central claim; weak supporters are pressured to produce a
concrete check or switch stance; undecided agents are in-
structed to compare competing claims and state which they
can verify. All challenge text is derived programmatically
from the previous round’s swing_issue and summary
fields—no LLM call is invoked by the scheduler. (b) Peer-
to-peer DMs: each agent may include up to two targeted
messages to named recipients in its outbound_dm field,
enabling focused bilateral exchanges on specific disputed
claims.

Each agent then follows a four-step in-round protocol: Step
1 (address open disagreements), Step 2 (perform one new
independent check), Step 3 (steelman the other side, same
FATAL/UNCERTAIN/REFUTED classification), Step 4
(commit; if changing stance, record the triggering agent and
reason—silent flips are prohibited).

Summary propagation. Agents carry forward only a
<400-character summary of their prior rationale rather than
the full chain. Propagating full reasoning chains causes con-
text length to grow linearly with rounds, increases attention
dilution, and causes agents to anchor on verbose history
rather than engaging new evidence (Yang et al., 2026). The
compressed summary retains the key claim and single most
important check.

4.4. Verdict Rules

After the final round, the verdict is accepted if and only
if the assessment gate is satisfied: >3 of 5 agents
carty assessment_type = answer_supported—
meaning they independently obtained positive confirm-
ing evidence, not merely failed to find a flaw. Since
answer_supported implies support, the assessment
gate subsumes the supermajority criterion on the acceptance
path; a separate supermajority pre-check is applied only
as a fast-fail guard against malformed JSON output where
the assessment_type field is missing or invalid. This
precision-first filter ensures that acceptance requires a clear
majority of agents to have found definitive positive evidence
through independent checking—not mere absence of refuta-
tion.

S. Experiments
5.1. Experimental Setup

All systems use gpt—-5.2 (effort="1ow”) on the 195-
variant, 58-problem dataset; three independent runs per
main system; ablations are single-run. Seven systems form
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Table 1. Results on 195 competition-mathematics variants from 58
problems. Positive class = correct; all systems use gpt—5.2
(effort="1ow”). T3-run average; *single run.

System Prec. Recall FP  Prob. Acc.
Single-Judge' 55.1% 52.3% 24.7 33.3%
MajVote-Solve' 61.8% 42.5% 153 42.5%
MajVote-Verify"  75.1% 81.6% 15.7 60.9%
MajVote-Precise!  75.9% 70.7% 13.0  56.9%
Debate-NoGate!  84.8% 67.2% 7.0 60.3%
Debate-Uniform*  88.1% 63.8% 5.0 58.6%
Debate (Ours)' 925% 63.8% 3.0 59.8%

a controlled ladder (Table 1): Single-Judge (1 call/variant);
MajVote-Solve (N=11 solve attempts/problem, major-
ity vote answers each variant); MajVote-Verify (N=11
calls/variant, threshold [0.6N]=7);> MajVote-Precise
(same as MajVote-Verify, precision-first prompt, no
exchange—isolates prompt quality); Debate-NoGate (full
debate, stance-only verdict, no assessment gate); Debate-
Uniform (full debate + gate, five identical agents); Debate
(Ours) (full pipeline: heterogeneous personas, exchange,
assessment gate).

5.2. Main Results

Table 1 reports all seven systems; Figure 2 shows the
precision—recall landscape. The Debate pipeline reduces FP
from 24.7 to 3.0—an 8.3 x reduction—while raising preci-
sion from 55.1% to 92.5%. Run variance is low (precision
range: 90.2-95.0%), confirming stable verdicts. MajVote-
Precise gains only 0.8 pp in precision and 2.7 fewer FP over
MajVote-Verify; the majority of gains require the debate
structure.

Finding 1 (Precision Ceiling): Single-judge evaluation
achieves only 55.1% precision—near chance—and repeated
calls alone cannot close this gap. Finding 2 (Architec-
ture > Compute): 59% of FP reduction is attributable to
debate architecture, not additional inference budget. Find-
ing 3 (Verification as useful filtering signal): Majority-vote
verification accepts correct variants much more often than
majority-vote solving in our diagnostic comparison, sug-
gesting that checking a given reasoning trace can provide
useful signal when solving from scratch is unreliable.

Problem-level accuracy and benchmark quality. De-
bate and MajVote-Verify achieve similar problem-level ac-

*MajVote-Solve and MajVote-Verify allocate calls differently:
solving produces one answer per problem, whereas verification
evaluates candidate variants individually. We therefore treat
the solve-vs-verify comparison as diagnostic rather than a fully
compute-matched scaling study (Section 5.3).
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Figure 2. Precision-recall tradeoff across six plotted pipeline
variants. Bubble size proportional to FP/run; dashed grey lines are
iso-F1 curves. Debate (red, top-right) dominates all other plotted
systems in precision.

curacy (59.8% vs. 60.9%), but their error profiles differ
critically. MajVote-Verify accepts the true answer for ~47
of 58 problems (recall 81.6%), yet its 15.7 FP/run contam-
inate many additional problems where wrong variants are
also accepted—making them unusable despite the correct
label being present. Debate accepts the true answer for
~237 problems (recall 63.8%) with only 3.0 FP/run, contam-
inating ~3 problems. For benchmark construction, where
any FP on a problem makes the entire entry unusable, this
difference is decisive.

5.3. Verify vs. Solve: A Diagnostic Task-Structure
Comparison

We include a solve-vs.-verify comparison to test whether
a candidate reasoning trace provides useful signal beyond
solving from scratch. MajVote-Solve uses N=11 indepen-
dent solve attempts per problem, majority-votes for an an-
swer, and labels each variant as correct if and only if the
variant’s candidate answer matches the majority answer.
MajVote-Verify uses N=11 calls per variant, directly ex-
amining each candidate answer against its reasoning trace.

This comparison is intentionally diagnostic rather than a
full compute-scaling study. The two procedures allocate
computation differently: solving produces one answer for
the whole problem, while verification evaluates each can-
didate variant separately. Thus the problem-level compari-
son mixes task structure and call allocation. Nevertheless,
the variant-level behavior is informative. MajVote-Verify
achieves higher precision (75.1% vs. 61.8%) and much
higher recall (81.6% vs. 42.5%) than MajVote-Solve, while
producing nearly the same number of false positives (15.7 vs.
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15.3). The main gap is therefore recall: verification is more
willing to accept the true variant when it is accompanied by
a reasoning trace.

We interpret this as evidence that checking a proposed
derivation can be easier than reconstructing an answer from
scratch in this setting. A verifier can inspect local steps,
theorem applications, boundary cases, and arithmetic con-
sistency without reproducing the entire solution. However, a
fully compute-matched solve-vs.-verify scaling study—for
example, equalizing total calls across problem sizes and vari-
ant counts—remains future work. (Figure 4, Appendix C).

5.4. Ablation Study: Decomposing the FP Reduction

The 21.7-unit total FP reduction has two sources: addi-
tional compute and architectural design. MajVote-Verify,
a repeated-verification baseline without debate structure,
accounts for —9.0 FP (41%). The remaining 59 % is archi-
tectural (—12.7 FP), split between prompt quality (—2.7
FP) and the structural core of the debate design: assessment
gating and role heterogeneity.

Factorial design for the structural core. To isolate the
contributions of assessment gating and role heterogeneity
without path-order dependence, we use all four cells of a
2x 2 factorial design (Table 1, Figure 3):

Heterogeneity

Debate-NoGate (7.0)
Debate (3.0)

No Heterogeneity

MajVote-Precise (13.0)
Debate-Uniform (5.0)

No Gating
Gating

A sequential ablation is path-dependent: going through
Debate-Uniform first attributes —8.0 FP to gating and —2.0
FP to heterogeneity, whereas going through Debate-NoGate
first attributes —6.0 FP to heterogeneity and —4.0 FP to
gating. We therefore report Shapley-fair values (average
over both orderings), which uniquely satisfy additivity and
symmetry: assessment gating —6.0 FP (60%) and role
heterogeneity —4.0 FP (40%). Each mechanism exhibits
diminishing marginal returns in the presence of the other:
gating contributes —8.0 FP without heterogeneity but only
—4.0 FP with it already present, and symmetrically for het-
erogeneity (—6.0 vs. —2.0 FP), reflecting that each one
reduces the marginal room left for the other.

Assessment gating moves beyond flat voting even with-
out heterogeneity (MajVote-Precise— Debate-Uniform,
—8.0 FP without heterogeneity; —4.0 FP with hetero-
geneity already present; Shapley —6.0 FP). These sys-
tems share the same homogeneous agents, the same
prompt, and the same call count; only the verdict rule
differs. Choi et al.’s analysis focuses on homogeneous
agents and flat voting; our setting changes the aggrega-
tion rule by distinguishing answer_supported from

2x2 Factorial: Assessment Gating x Role Heterogeneity
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Figure 3. Top: 2x2 factorial design; each cell shows FP/run. Ar-
rows: dark violet = gating (—8.0 or —4.0 FP), burnt sienna = het-
erogeneity (—6.0 or —2.0 FP). Bottom: Shapley-fair attribution—
gating 60%, heterogeneity 40% of the —10.0 FP structural gain.

reasoning_insufficient. (Appendix D).

Role heterogeneity further reduces correlated errors
(—6.0 FP without gating; —2.0 FP with gating present; Shap-
ley —4.0 FP). Five role-differentiated personas bring gen-
uinely distinct information: an algebraic-consistency lens, a
theorem-applicability check, an independent re-derivation,
a boundary-condition probe, and a numerical spot-check.
Two agents with different lenses who independently agree
are less likely to share a correlated error than two agents
with the same lens, making heterogeneous consensus strictly
more informative than homogeneous consensus and intro-
ducing a second route by which debate exchange generates
signal beyond flat voting.

Interpretation. The factorial pattern suggests that gating
and heterogeneity address different failure modes. Gating
primarily prevents weak support from becoming acceptance:
agents may fail to find an error, yet still lack positive evi-
dence that the submitted answer is correct. Heterogeneity
instead reduces correlated misses by forcing the same deriva-
tion through different verification lenses. The diminishing
returns in the factorial design are therefore expected: once
one mechanism removes many easy false positives, fewer
cases remain for the other mechanism to fix.
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6. Error Analysis

False positives (3.0/run). The residual FPs share a consis-
tent structure: the error is numerically subtle (an off-by-one,
a modular slip), embedded within an otherwise valid tem-
plate, with a final answer that passes all sanity checks. No
single agent’s spot-check covers the flawed sub-step; all
five produce positive evidence for the steps they can verify.
The 8.3x FP reduction stalls at answers genuinely indistin-
guishable from correct ones without symbolic computation;
resolution requires tool-augmented verification (Han et al.,
2025) or cross-provider ensemble diversity.

False negatives (21.0/run, recall 63.8%). Three fail-
ure modes: capability saturation (=70%): all agents
reach reasoning_insufficient, unresolvable with-
out model improvement; active false refutation (=25%):
at least one agent mis-commits to answer_refuted;
mixed evidence (=5%): a support/uncertainty split fails
to clear the gate. The latter two are addressable via stronger
steelman enforcement or tool augmentation (Han et al.,
2025).

Convergence statistics appear in Appendix C.4; per-problem
accuracy breakdown in Appendix E; and a case study in
Appendix F.2.

7. Discussion

Broader use as a data-quality primitive. Precision-first
verification is useful beyond synthetic benchmark construc-
tion. This is consistent with recent Agent-as-a-Judge discus-
sions, which argue that evaluation may move from single-
pass scoring toward agentic workflows combining decom-
position, collaboration, and verification (You et al., 2026).
Any pipeline that consumes mathematical reasoning data—
web-scraped solutions, human-written explanations, adapted
competition problems, LLM-generated variants, benchmark
items, or reward-labeling traces—needs to reject plausible
but incorrect reasoning before the data are used for train-
ing or evaluation. Our verifier is therefore best viewed as
a high-precision filtering primitive: it trades yield for la-
bel quality, which is the appropriate tradeoff when false
positives silently contaminate downstream systems.

Self-improving Al as one deployment path. One con-
crete deployment is the Generate — Verify — Filter —
Train loop. LLMs can generate large pools of candidate
problems and solution traces, but only a high-precision veri-
fier can decide which candidates are safe to retain. In this
setting, our system supplies the verification/filtering stage
rather than the generator itself. This is particularly relevant
to Al4Math-style self-evolving mathematical agents, where
progress depends not only on generating new problems or
solutions, but also on reliably validating them.

Limitations and future work. Although the proposed
verifier substantially reduces false positives, several limita-
tions remain. First, recall at 63.8% still limits yield. Most
false negatives arise from capability saturation: agents often
recognize that a derivation is hard but fail to obtain sufficient
positive evidence to pass the assessment gate. Mitigations
include higher-effort inference, cross-provider ensemble di-
versity, and tool-augmented verification (Han et al., 2025).

Second, our solve-vs.-verify comparison is diagnostic rather
than a complete compute-scaling study. Solving and veri-
fication allocate computation differently: solving produces
one answer per problem, while verification evaluates candi-
date variants individually. A fully compute-matched study
that equalizes total calls across problem sizes, variant counts,
and inference budgets remains future work.

Third, our evaluation is limited to a relatively small dataset
of 195 variants from 58 competition-mathematics problems.
Future work should scale to larger and more diverse bench-
marks to enable stronger significance testing and more fine-
grained analysis across problem types, difficulty levels, and
error modes.

Finally, the current system is restricted to mathematics and
deliberately tool-free. Extending precision-first debate to
other verifiable domains, such as physics, chemistry, and
engineering, would test whether the approach is a general
primitive for scientific verification rather than a domain-
specific math pipeline. Future systems could also invoke
Python, symbolic algebra systems, theorem provers, web
search, or domain-specific tools to ground judgments in
external evidence rather than text-only deliberation.

8. Conclusion

We present a precision-first multi-agent debate pipeline for
blind verification of competition-level mathematics: 92.5%
precision and an 8.3 false-positive reduction over a single-
judge baseline. The system is designed as a high-precision
filtering primitive for mathematical reasoning data, where
false positives are more harmful than false negatives. Five
heterogeneous verification personas, structured exchange,
direct-message challenges, and an assessment gate requiring
positive confirming evidence each target a distinct failure
mode of single-pass or flat-vote verification. A 2x2 fac-
torial ablation shows that assessment gating and role het-
erogeneity independently reduce false positives, supporting
multi-agent debate as a practical mechanism for reliable
mathematical data filtering. More broadly, our results sug-
gest that verification can be treated as a source-agnostic
data-quality primitive rather than as a task tied to any single
data generator.
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Impact Statement

This paper presents work toward automated verification of
mathematical reasoning, with applications in training-data
filtering, benchmark curation, reward labeling, RLAIF, and
self-improving mathematical Al systems. The technology
could reduce reliance on human annotation in Al training
and evaluation pipelines, but it may also increase depen-
dence on automated evaluation systems whose errors are
difficult to audit. The precision-first design is intended to
mitigate this risk by favoring rejection over accepting uncer-
tain or weakly supported examples.
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A. System Comparison Table

Table 2. Comparison of representative LLM evaluation and verification systems across seven key dimensions. Domain: competition-level
math (Comp. Math), general NLP, long-horizon agent benchmarks (Agents). Prob. Level: difficulty of math problems, where applicable
(“—" = non-math domain; Easy—Med. = GSM8K / MATH-dataset level; AMC/AIME = competition level up to and including AIME;
Olympiad = IMO/USAMO/Putnam). Agents: H = heterogeneous roles; K = K i.i.d. re-calls. Verdict: flat vote, debate + flat vote, or
debate + assessment gate. Tools: external Python/solver tools. Blind: no ground-truth access. Prec.-first: optimized to minimize false
positives.

System Domain Prob. Level  Agents  Verdict Tools Blind Prec.-first
LLM-as-a-Judge (Zheng et al., 2023) ~ General NLP — 1 Single-pass — v X
LLM-as-a-Verifier (Kwok et al., 2026)  Agents — IxK MajVote — v X
ChatEval (Chan et al., 2024) General NLP — N (H) Debate + vote = — v X
DynaDebate (Li et al., 2026b) Reasoning AMC/AIME N (H) Debate + vote ~ Code, Search v X
VerifiAgent (Han et al., 2025) Math/Code  Easy-Med. 1 (loop) Agentic chain  Python, Z3 X X
Debate (Ours) Comp. Math  Olympiad 5H) Debate + gate — v v

Our work is the only system in this comparison that simultaneously targets Olympiad-level competition mathematics
(IMO/USAMOY/Putnam), operates without ground-truth access, pursues a precision-first objective, and achieves high
precision (92.5%) without external tools. Prior math-focused systems (DynaDebate, VerifiAgent) evaluate on standard
benchmarks up to AMC/AIME difficulty; scaling to the Olympiad regime introduces qualitatively harder proof-based
derivations where single-judge precision collapses to near chance (55.1%). The assessment gate and the 2x2 factorial
attribution study are unique to our design.

B. Full Results Table

Table 3. Per-run results for all systems. 195 variants, 58 problems. All systems: gpt-5.2, effort="1ow”. 'MajVote-Verify
precision/recall: per-run values; avg computed from pooled TP/FP. *Single-run result (ablation variant).

System Run Acc Prec Recall F1 FP FN  Prob. Acc

Single-Judge rl 72.8% 54.5% 51.7% 53.1% 25 28 18/58
2 728% 549% 483% 51.4% 23 30 18/58
3 739% 559% 569% 564% 26 25 22/58
avg 732% 551% 523% 53.6% 24.7 27.7 19.3/58

MajVote-Verify (N = 11)T 1l 87.7% 76.6% 84.5% 80.3% 15 9 38/58
2 85.6% 734% 81.0% T7.1% 17 11 33/58
3 862% 754% 793% T7.3% 15 12 35/58
avg 86.5% 751% 81.6% 78.2% 15.7 10.7  35.3/58

MajVote-Preciset - 84.6% 159% 70.7% 13.2% 13 17 33/58
Debate-NoGate* - 86.7% 84.8% 672% 75.0% 7 19 35/58
Debate-Uniform? - 86.7% 88.1% 63.8% 74.0% 5 21 34/58
Debate (Ours) rl 872% 902% 63.8% T74.7% 4 21 34/58
2 872% 923% 62.1% T42% 3 22 34/58
3 88.7% 95.0% 655% T1.6% 2 20 36/58

avg 87.7% 925% 638% 755% 3.0 21.0 34.7/58

C. Pipeline Protocol Details
C.1. Initial Deliberation JSON Schema

Each agent’s initial output includes the following fields: verdict (binary support/oppose), assessment_type
(answer_supported / answer_refuted / reasoning_insufficient_but_answer_not_refuted),
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evidence_grade (strong/medium/weak), rat ionale (full chain-of-thought), summary (<400 chars, propagated
to subsequent rounds following the Accordion principle (Yang et al., 2026)), swing_1issue (single most decisive factor,
one sentence), key_checks (list of specific checks performed), confidence ([0, 1] scalar), outbound_broadcast
(one claim for all agents to address), outbound_dm (list of 0-2 targeted messages to specific agents).

C.2. Scheduler Logic

The scheduler is deterministic and generates no LLM calls. It assembles the broadcast and challenge messages program-
matically from the previous round’s swing_issue and summary fields. Three challenge categories are generated: (i)
cross-challenge between the highest-priority support and oppose agents; (ii) weak-supporter pressure demanding a concrete
check or stance switch; (iii) undecided-resolution directing reasoning_insufficient agents to compare competing
claims.

C.3. Problem Difficulty Distribution

Of the 58 problems, GPT-5.2 (effort=low) solves from scratch: >2/3 runs: 25 problems; exactly 1/3 runs: 9 problems; 0/3
runs: 24 problems. The 24 unsolvable-from-scratch problems represent the hardest tier, where candidate-trace verification
appears most useful relative to direct solving.

C.4. Debate Convergence and FP Ladder

Verification Scales Better Than Solving
(GPT-5.2, effort=low, 58 problems, 3 runs each)

90 A . .
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Figure 4. Diagnostic comparison of solving vs. verification. The two procedures allocate calls differently: solving produces one answer
per problem, whereas verification evaluates candidate variants individually. At the variant level (Table 1), both systems produce similar
false-positive counts (15.3 vs. 15.7), while verification achieves higher recall (81.6% vs. 42.5%).

D. Why Debate Breaks the Martingale

Choi et al. (2025) prove that for homogeneous agents in iterated argument exchange, the expected vote tally is a martingale:
debate adds no information beyond a single majority vote over the same number of calls. Our ablation (Debate-Uniform
FP=5.0 vs. MajVote-Verify FP=15.7) shows this prediction fails when three mechanisms are simultaneously present:

(1) Assessment gating. The verdict rule rejects answers even when a majority of agents voted support, if fewer than
three produced answer_supported (positive evidence) rather than reasoning_insufficient (uncertainty). This
precision-biased filter has no analogue in majority voting and contributes approximately 31% of the structural FP reduction
over MajVote-Verify: removing it raises FP from 3.0 to 7.0 (Debate-NoGate, Table 1).
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Figure 5. Cumulative debate convergence by exchange round. 92% of variants reach unanimous consensus by round 2, keeping average
cost at 11 calls/variant despite a 5-round maximum. Only 8% require the full five rounds.
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Figure 6. Step-by-step false-positive reduction across pipeline variants, coloured by mechanism type. Arrows show the FP delta and its
share of the total 21.7-unit reduction.

(2) Adversarial framing. Wrong variants carry the model’s own fluent reasoning, so a naive majority vote (“does this
look correct?”) reliably misjudges them. The debate protocol forces agents to steelman the opposition and find a FATAL
objection—a materially stronger epistemic standard. Even homogeneous agents surface genuine disagreement on contested
variants (61 of 195 variants per run undergo at least one stance change), generating signal that a flat vote cannot capture.

(3) Role heterogeneity. Each persona analyzes the problem through a distinct lens: algebraic consistency, theorem
applicability, independent re-derivation, boundary conditions, numerical spot-checking. Two agents with different lenses
who independently agree have a lower probability of correlated error than two agents sharing a lens. The information value of
heterogeneous consensus is strictly higher, and accounts for an additional 16 % of structural FP reduction (Debate-Uniform
— Debate: FP=5.0—3.0). This is consistent with the prediction of Li et al. (2026b) and the graph-theoretic view of
self-consistency in Zhang et al. (2025).

E. Per-Problem Analysis

Figure 7 visualizes the per-problem outcome across three runs for MajVote-Verify and Debate side by side. Table 4 lists
per-problem correct counts for a representative subset. A problem is counted as correct in a given run only when the pipeline
accepts the correct variant and rejects all wrong variants; 0-3 indicates how many of the three independent runs achieved
this.

E.1. MajVote-Verify and Debate Problem-Level Correct Counts (out of 3 runs)

The table reveals five interpretable patterns related to the four difficulty tiers described in Section 6:
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Per-Problem Correct Count (out of 3 runs): MajVote-Verify vs Debate
Orange tint = MajVote-only success; Blue tint = Debate-only success
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Figure 7. Per-problem correct count (0-3 runs) for MajVote-Verify (left) and Debate (right) on all 58 problems. Orange columns:
MajVote-Verify succeeds but Debate fails (geometry problems where all agents produce reasoning_insufficient, triggering
overcautious rejection). Blue columns: Debate succeeds but MajVote-Verify fails (problems with plausible wrong variants that require
multi-round adversarial argument to reject; majority voting accepts the wrong variant alongside the correct one). White/light cells: neither
system succeeds consistently (large-derivation problems that hit a raw capability ceiling regardless of pipeline structure).
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Table 4. Per-problem correct count (0-3) for MajVote-Verify and Debate. A problem is “correct” only when the correct variant is accepted
and all wrong variants are rejected in that run. Selected problems; full data in Figure 7. Abbrev.: Dbt = Debate, MV = MajVote- Verify.

Prob MV Dbt | Prob MV Dbt | Prob MV Dbt

P1 3 3 P22 3 3 P43 3 3
P2 3 3 P23 0 0 P44 3 3
P3 3 3 P24 0 0 P45 3 3
P4 3 3 P25 0 0 P46 1 0
P5 3 3 P26 0 3 P47 0 0
P6 3 3 P27 0 2 P48 2 3
P7 0 0 P28 0 2 P49 2 0
P8 0 0 P29 0 0 P50 3 3
P12 3 0 P30 0 0 P51 0 3
P13 0 0 P31 0 0 P52 1 1
P20 3 0 P32 0 0 P55 2 3
P21 3 3 P38 3 0 P57 3 3

Debate-only success (Tier 2). P26 and P51 are the clearest examples: MajVote-Verify achieves 0/3 despite accepting the
correct variant in each run, because it also accepts one or more wrong variants (FP contamination disqualifies the problem).
Debate’s adversarial exchange correctly rejects these wrong variants through cascading counterexamples that emerge from
multi-round bilateral challenges. These are exactly the cases where structured disagreement adds value that repetition cannot:
the same simple prompt, applied 11 times, consistently misjudges the same plausible wrong argument.

MajVote-only success (Tier 3). P38 and P49 show the opposite: Debate achieves 0/3 despite no FP contamination, because
all five agents independently output reasoning_insufficient for the correct variant, failing the assessment gate.
P12 and P20 exhibit the same pattern. These are coordinate-geometry and trigonometric problems where agents correctly
identify that they cannot fully re-derive the computation through text-only spot checks, but incorrectly treat this uncertainty
as grounds for rejection. The assessment gate, designed to enforce positive evidence, here overfires: “I cannot independently
verify this computation” becomes a false refusal.

Large-derivation failures (Tier 4). P30-32 (Domino series) and P29 (grid-game) fail both systems in every run; P27-28
are boundary cases discussed below as partial successes. These hit a raw capability ceiling: at effort="1ow”, the model
cannot reproduce the derivation independently, so every agent produces reasoning_insufficient. Raisingeffort
or adding symbolic tools (Han et al., 2025) are the most direct remedies.

Partial success cases. P27-28 show 0/3 for MajVote-Verify but 2/3 for Debate. Even at the boundary of capability, Debate’s
structured exchange allows recovery in some runs: when one agent finds a checkable sub-step in the correct variant’s
reasoning, the disagreement digest propagates it to the others, occasionally enabling the correct verdict. MajVote-Verify
never recovers on these because its majority vote is too sensitive to FP contamination from correlated errors.

Consistent successes (Tier 1). Problems P1-6, P21-22, P43-45, P50, P57 achieve 3/3 for both systems. These are
algebraically or arithmetically checkable problems where any capable verifie—single-judge or debate—can directly validate
intermediate steps without re-deriving the full solution. They constitute the “easy” stratum where pipeline investment above
simple majority voting provides minimal marginal return.
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F. Dataset Example and Debate Case Study
F.1. Dataset Entry: Problem 25 (Olympiad-Level Combinatorics)

Problem 25 is representative of the dataset’s difficulty tier: the base model never solves it from scratch across three attempts,
and its wrong variants exploit common misapplications of advanced combinatorial theory.

Problem statement. Consider a 1849 x 1849 grid of unit squares. Rectangular tiles with sides parallel to the grid lines
may be placed on the grid (non-overlapping, integer side lengths). Determine the minimum number of tiles required so that
exactly one unit square in every row and exactly one unit square in every column remains uncovered.

Correct variant (answer = 1932). The key reduction: a set of exactly one uncovered square per row and per column is a
permutation matrix; the problem minimizes the number of axis-parallel rectangles tiling the complement. A sharp result
gives the minimum as N + [2y/N] — 3 for an N x N board. Since N = 1849 = 432 and [2+/1849] = 86, the answer
is 1849 + 86 — 3 = 1932. The reasoning constructs an explicit 43-block staircase permutation achieving this bound and
proves no fewer tiles can suffice.

Wrong variant 1 (answer = 3696). The argument claims the minimum is 2n — 2 for any n x n board and supplies an
explicit construction using 2n — 2 tiles (tiling the upper triangle and lower triangle separately). The construction is correct;
the error is that the claimed minimum is not a lower bound—the permutation can be chosen to allow far fewer tiles when n
is a perfect square. The reasoning is coherent and the upper-bound construction is valid, making this variant superficially
convincing.

Wrong variant 2 (answer = 2012). The candidate leverages 1849 = 43 x 43 to invoke an alleged “standard block-extremal
formula”:
R(N)=N+2a+2b—9 when N = ab,

applying it with @ = b = 43 to obtain 1849 + 86 + 86 — 9 = 2012. The derivation is presented as authoritative, with
no proof of the formula and no explicit tiling construction, yet the argument reads fluently and correctly identifies the
block-factorization structure. This is the hardest variant: the answer is plausible, the approach (43 x 43 factorization) is
mathematically meaningful, and the error—an unverified formula—is not surfaced by surface-level checks.

F.2. Case Study: Assessment Gating Catches a 5-0 Initial Majority

We trace the Debate (Ours) pipeline on Problem 25, Variant 2 (answer = 2012, true label: wrong). This case illustrates how
the assessment gate and exchange-round counterexamples together prevent a false positive that a majority-vote pipeline
would have produced.

Initial deliberation. All five agents independently evaluate the candidate’s reasoning. Every agent flags the same
structural weakness—the formula R(N) = N + 2a + 2b — 9 is asserted without proof—but cannot supply a con-
crete refutation. Consequently, all five vote support (vote tally: 5-0), yet all five assign assessment_type =
reasoning_insufficient_but_answer_not_refuted.

Representative initial swing issues (paraphrased from agent JSON):

» Agent 1 (Formalist Verifier): “No rigorous lower bound and no explicit construction; the claimed formula R(N) =
N + 2a + 2b — 9 is unsupported and appears dubious under small-case sanity checks.”

* Agent 2 (Independent Resolver): “Whether there is a genuine known theorem giving the exact minimum for the
complement of a permutation matrix when N is a perfect square; the candidate’s formula reference is unattributed.”

A naive majority-vote pipeline (Debate-NoGate) would accept this variant here: 5-0 satisfies any supermajority threshold.
The assessment gate rejects it: fewer than three agents hold answer_supported, so the pipeline moves to the exchange
round.

Scheduler broadcast (after initial deliberation). The scheduler detects all five as “weak-support” agents and issues the
following directive (verbatim excerpt):
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“assessment mix: reasoning_insufficient=5 — weak-support agents (must provide a concrete check or switch to
oppose): 1,2, 3,4,5.”

All five are required to either find a concrete check confirming the formula or switch to oppose.

Exchange round (Round 1 — Round 2). Each agent independently performs a small-N sanity check on the formula,
arriving at distinct counterexamples:

» Agent 1 (Formalist Verifier): N =2=1x2= R(2) =2+ 2+4— 9= —1, impossible.

» Agent 2 (Independent Resolver): N =4 =2 x 2= R(4) =4+ 4 + 4 — 9 = 3, but the diagonal-hole complement of a
4 x 4 board requires > 4 rectangles (explicit construction).

* Agent 3 (Theorem Auditor): N =1=1x1= R(1) =142+ 2 —9 = —4, impossible.

» Agent 4 (Optimization Skeptic): N = 3 explicit tiling analysis shows formula unreliable; no valid lower bound in
candidate solution.

* Agent 5 (Pragmatic Cross-Checker): N = 4 structural argument: in the diagonal-uncovered arrangement, any valid
rectangle must lie wholly on one side of the diagonal, forcing > 4 tiles.

Every agent independently falsifies the formula via a different small case. All five flip to oppose. Final vote: 0-5 (wrong).
Correct prediction.

Why this case matters. Three distinct mechanisms are active simultaneously: (i) Assessment gating: the initial 5-0
majority is not accepted because no agent produced positive confirming evidence; Debate-NoGate would have output a
false positive here. (ii) Exchange-driven falsification: the scheduler correctly identifies weak-support agents and requires
concrete checks, triggering the falsification round that was never initiated in the initial deliberation. (iii) Role heterogeneity:
the five agents approach the small- NV sanity check differently (N =1, N =2, N = 3, N = 4 algebraic, N = 4 structural),
producing five independently valid counterexamples—any one of which is sufficient, but their diversity provides mutual
reinforcement and reduces the chance that all five make a correlated error on the same check.
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