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Abstract

The problem of determining the configuration of points from partial distance information, known as the
Euclidean Distance Geometry (EDG) problem, is fundamental to many tasks in the applied sciences. In this
paper, we propose two algorithms grounded in the Riemannian optimization framework to address the EDG
problem. Our approach formulates the problem as a low-rank matrix completion task over the Gram matrix,
using partial measurements represented as expansion coefficients of the Gram matrix in a non-orthogonal basis.
For the first algorithm, under a uniform sampling with replacement model for the observed distance entries,
we demonstrate that, with high probability, a Riemannian gradient-like algorithm on the manifold of rank-r
matrices converges linearly to the true solution, given initialization via a one-step hard thresholding. This holds
provided the number of samples, m, satisfies m > O(n7/4r2 log(n)). With a more refined initialization, achieved
through resampled Riemannian gradient-like descent, we further improve this bound to m > O(nr?log(n)). Our
analysis for the first algorithm leverages a non-self-adjoint operator and depends on deriving eigenvalue bounds
for an inner product matrix of restricted basis matrices, leveraging sparsity properties for tighter guarantees than
previously established. The second algorithm introduces a self-adjoint surrogate for the sampling operator. This
algorithm demonstrates strong numerical performance on both synthetic and real data. Furthermore, we show
that optimizing over manifolds of higher-than-rank-r matrices yields superior numerical results, consistent with
recent literature on overparameterization in the EDG problem.

1 Introduction

The rapid advancement of technology across various scientific fields has greatly simplified data collection. In many
practical applications, however, there are limitations to measurements that can lead to incomplete data. This can be
caused by geographic, climatic, or other factors that determine whether a measurement between two points can be
obtained, and as such some data may be missing [1}2]. For instance, in protein structure prediction, nuclear magnetic
resonance (NMR) spectroscopy experiments yield spectra for protons that are close together, resulting in incomplete
known distance information [3]. Similarly, in sensor networks, we may have mobile nodes with known distances only
from fixed anchors [4,5]. In these and other scenarios, the fundamental problem is determining the configuration of
points based on partial information about inter-point distances. This problem is known as the Euclidean distance
geometry (EDG) problem, which has numerous applications throughout the applied sciences [6H15].

To formulate this problem mathematically, some notation is in order. Let {p;}_; C R” denote a set of n points
in R". We define the r x n matrix P = [p1, pa, ..., Pn), which has the points as columns. There are two essential
mathematical objects related to P. The first object is the Gram matrix X € R"*", defined as X = PTP. By
construction, X is symmetric and positive semi-definite. The second object is the squared distance matrix D € R™*"™,
defined entry-wise as D;; = ||p; — p;||3. The reason for working with the squared distance matrix instead of the
distance matrix will become clear later. Computing D given P is conceptually straightforward. However, the inverse
problem of determining P from D is not immediately straightforward. To address this problem, we need to precisely
define what it means to identify P. Since rigid motions and translations preserve distances, there is no unique P
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corresponding to a given squared distance matrix D. From here on, we assume the points are centered at the origin,
i.e., for 1 as a column vector of ones, P1 = 0. This implies that X1 = P" P1 = 0. We refer to P and X with this
property as centered point and centered Gram matrix, respectively. Since the Gram matrix is invariant under rigid
motions, these assumptions allow for a one-to-one correspondence between D and X.

When we have access to all the distances, a central result in [16] provides the following one-to-one correspondence
between D and a centered X:

1
X =-3JDJ, (1)
D = diag(X)1" + 1diag(X) " — 2X, (2)

where diag(-) inputs an n x n matrix and returns a column vector with the entries along the diagonal, and
J=1- %11T. Once X is reconstructed using the above formula, P can be computed from the r-truncated
eigendecomposition of X. It is important to note that, as previously mentioned, P is unique up to rigid motions.
This procedure for computing P from a full squared distance matrix D is known as classical multidimensional
scaling (Classical MDS) [16H19].

In many practical scenarios, the distance matrix may be incomplete, making classical MDS inapplicable for
determining the point configuration. However, notice that rank(X) < r, and one can show that rank(D) < r+2 [20].
This implies that when r < n, which is often the case in practice, X and D are low-rank. This allows us to utilize
a rich library of tools from low-rank matrix completion. With that, one technique is to directly apply matrix
completion techniques on D [21]. Let Q C {(i,7) | 1 <4 < j < n} denote the set of sampled indices corresponding to
the strictly upper-triangular part of the distance matrix. Note that, since a distance matrix is hollow and symmetric,
it suffices to consider the samples in the upper-triangular part; that is, if D;; is sampled, Dj; is also assumed to be
sampled. A matrix completion approach would consider the following optimization program to recover D:

minimize ||Z]].
ZERnxn (3)
subject to  Z;; = Dy; Y(i,7) € Q,

where || - ||« denotes the nuclear norm, which serves as a convex surrogate for rank [22]. The main idea of these tools
is that, under some assumptions, the nuclear norm minimization program reconstructs the true low-rank squared
distance matrix exactly with high probability from O(nrlog?(n)) randomly sampled entries [2327]. Another set
of techniques [28}29] focus on recovering the point configuration by using the Gram matrix as an optimization
variable, and using only partial information from the entries in D. Specifically, these works consider the following
optimization program for the EDG problem

minimize || X ||«
XeERnXn X=XT X>0,X1=0 (4)
subject to Xii + X5 —2X4; = Dy V(i,j) € Q,

where the constraints follow from the relation of X and D in and . Due to the challenge of working with
the constraints imposed by distance matrices, i.e., an entrywise triangle inequality that must be satisfied in order
to remain a distance matrix, this work will follow the latter approach of optimizing over the Gram matrix. We
note that, in contrast to completing the square distance matrix D which has rank at most r 4+ 2, employing a
minimization approach based on a Gram matrix that has rank at most r implicitly enforces the constraints of the
Euclidean distances. Recent works have indicated that this approach can achieve better sampling complexity than
direct distance matrix completion [28-30].

We note that theoretical guarantees for have been established in [28][31], but still suffer from the lack of
scalability of convex techniques. A non-convex Lagrangian formulation was also proposed in [28], yielding strong
numerical results but lacking local convergence guarantees. The work in [32] uses a Riemannian manifold approach
to develop a conjugate gradient algorithm for estimating the underlying Gram matrix. The theoretical analysis
therein shows that the squared distance matrix iterates globally converge to the true squared distance matrix at
the sampled entries under three assumptions. However, the relationship between the problem parameters, such as
the sampling scheme and sampled entries, and the third assumption remains unclear, as noted in Remark II1.8 of
the paper. In [30], the authors introduce a Riemannian conjugate gradient method with line search for the EDG
problem. The paper provides a local convergence analysis for the case where the entries of the distance matrix
are sampled according to the Bernoulli model given a suitable initialization. The initialization method used is
known as rank reduction, which begins with initial points embedded in a higher-dimensional space than the target
dimension. While [30] demonstrates strong empirical results for this initialization via tests on synthetic data for
sensor localization, there are no provable guarantees provided for the initialization. In this manuscript, we aim to
present a provable non-convex algorithm for the EDG problem, along with a provable initialization.



1.1 Contributions

The main contributions of this paper are as follows:

1. Construction of two novel algorithms: We propose two non-convex iterative algorithms in a Riemannian
optimization framework for the Euclidean distance geometry problem. These algorithms are both smooth,
first-order methods on the manifold of rank-r matrices for a fixed r, and have low computational complexity per
iteration.

2. Two different initialization methods: We propose two different structured initializations from partial
measurements, and prove an error bound between the initializations and true solution. Both initializations are
relatively simple and require minimal a priori knowledge of the ground truth matrix, save from the measurements
necessary to construct the algorithm.

3. Convergence guarantees and sample complexity requirements: We provide theoretical analysis that
ensures high probability local convergence of one of the algorithms to the ground truth solution. Along with
this characterization of an attractive basin, we prove sample complexity results for the initialization methods to
guarantee the algorithm’s starting point within the attractive basin.

1.2 Notation

We briefly summarize the notation used throughout this paper below. In general, uppercase boldface scripts, such as
A, will denote matrices, lowercase boldface scripts, such as v, will denote vectors, calligraphic scripts, such as A, will
denote linear operators on matrices, and blackboard bold font, such as V, will denote vector spaces and subspaces.
X T denotes the transpose of X, Tr(X) as the trace of X, (A, B) = Tr(A " B) denotes the trace inner product, and
d;; denotes the Kronecker delta. We denote the (7, j)-th entry of a matrix X by X,;. By 1, we mean this to be a
column vector of ones, of a size determined by the context, and by 0 we mean either a column vector of zeros or a
matrix of zeros. e; denotes a vector of zeros except a 1 at the i-th position. We denote ||x||2 to be the standard Io
norm on R", || X ||r to be the Frobenius norm on R™*™ || X|| to be the operator norm of a matrix, || X||« to be
the maximum element of X, and || X||x to be the nuclear norm of X. We denote [|A| = supj x =1 [A(X)|r to
be the operator norm of hnear operators on matrices, and Amax(X)/Amin(X) to the maximal/minimal eigenvalue
of a matrix. We denote ® as the Hadamard product between two matrices. We denote the i-th row of a matrix
X by X® and the i-th column by X (3. We denote the universal set of indices as I and random subsets of I by
Q. We denote the empty set as ). We denote the standard matrix basis as {eij}?,jzlv where e;; = ezej which is
zero everywhere except a 1 in the (4, j)-th entry. We denote the map vec(:) as the operation that takes in a matrix
Y € R™*™ and returns a column vector, with each column of Y stacked in order, in R"™*. We define the thin spectral
decomposition of a symmetric rank-r matrix as Y = UDU ", where U € R"*" and D € R"™*". We define T as the
identity operator on matrices, and I as the identity matrix. We denote the condition number s of a rank-r matrix
Y as k= . (}u), where 0,.(Y") is the smallest non-zero singular value.

We denote the manifold of rank-r matrices as M,., and general smooth manifolds as M. We denote the tangent
space of the ground truth solution X € M, to be T, and the tangent space of the [-th iterate in the iterative
sequences defined in Section [5| as T;. We denote the Euclidean gradient of a function f € C1(R") as V£, and the
Riemannian gradient of a function f € C1(M) as grad f.

1.3 Organization

The organization of this paper is as follows. In Section [2) we discuss the requisite background information necessary
to understand the work done in this paper. This consists of a brief discussion of dual bases of a vector space,
first-order retraction-based Riemannian optimization methods, low-rank matrix completion, and discussion of EDG.
Section [3| discusses related geometric approaches in matrix completion, relevant work done in EDG, and a more
detailed discussion of geometric approaches to EDG. Section []is a discussion of our two proposed methodologies for
solving the EDG problem using geometric low-rank matrix completion ideas in the developed dual basis framework.
Section [5| discusses the underlying assumptions, convergence analysis, and initialization guarantees of one of the
proposed algorithms, with most proofs deferred to the Appendices. The convergence analysis leverages the discussed
dual basis structure, with properties proven in Appendix [A] to get local convergence guarantees, discussed in more
detail in Appendix [C] We additionally provide initialization guarantees in this section, with relevant proofs in
Appendix [D] Section [6] discusses the numerical results of these algorithms. We conclude the paper in Section [7] with
a brief discussion of the work and possible future research directions.



2 Background

In this section, we will provide some minor background necessary to understand the work done in the following
sections.

2.1 Dual Basis

In a finite dimensional vector space of matrices V, where dim(V) = n, a basis is a linearly independent set of matrices
B = {X;}, that spans V. Any basis for a finite dimensional vector space admits a dual, or bi-orthogonal, basis
denoted B* = {Y;}?_; that also spans V, and admits a bi-orthogonality relationship

(X5, Y)) = 6y

Additionally, B uniquely determines B*. The bi-orthogonality relationship allows for the decomposition of any
matrix Z € V as follows:

i=1 i=1
We define the Gram, or correlation matrix, H € R™*", for B as H;; = (X;, X;), and let HY = (Hil)ij. It is
straightforward to show that Y; = >0, H X ; generates B*, and similarly that X; = > HijY; [33].

2.2 Riemannian Optimization

The primary setting for this work is the Riemannian manifold of fixed-rank matrices. Throughout this work, we will
only be considering square n X n matrices for simplicity and relevance to the problem of interest in this paper. For a
fixed positive integer r < n, we denote the set M, = {X € R™*" | rank(X) = r}. Although not obvious at first
glance, it is well-known that M, is a smooth Riemannian manifold [34}35]. To make this a Riemannian manifold,
we equip it with the standard trace inner product as a metric, or (A, B) = Tr(AT B), restricted to the tangent
bundle T'M,., which is the disjoint union of tangent spaces [35].

Additionally, the tangent space at a point X € M, is known and can be characterized [34H36|. For notational
simplicity, and of relevance in the context of optimization, assume that X is the ground truth solution to an objective
function. We additionally assume that X = X T, as all the matrices we consider are symmetric. The following ideas
can be re-stated for rectangular matrices using a singular value decomposition, but these are not the subject of this
paper. As such, we denote the tangent space at X as T, and for a sequence of iterates {X;};>0, we refer to their
respective tangent spaces as T;. To characterize T, let X = UDU " be the thin spectral decomposition of X. The
tangent space T can be computed as follows:

T={UZ" +ZU" | Z c R"™*"}.

The tangent space can be described as the set of all possible rank-up-to-2r perturbations, represented as the sum of
a perturbation in the column and row space, and is computed by looking at first-order perturbations of the spectral
decomposition of X [34]. Additionally, we can compute the orthogonal projection of an arbitrary Y € R™*™ onto
the tangent space at a point Tx M, as follows [34H36]:

PrY =PyY +YPy —PuY Py

where Py = UU T is the orthogonal projection onto the subspace spanned by the r columns of U.

Optimization over M, has been investigated in detail for quite some time, and in particular retraction-based
methods are of particular interest to this work [34},/36-42]. First-order retraction-based methodologies rely on the
general principle of taking a descent step in the tangent space, followed by a retraction onto the manifold. In the
case of first-order optimization on M,., the retraction map 7, is given by the hard thresholding operator, which is a
thin spectral decomposition that takes Y = Z?Zl PYLTRTENNSY 2;1 Niwu, , where [A\1]| > ... > |\,| are the ordered
eigenvalues of Y and w; are the corresponding eigenvectors of Y.

In order to construct a first-order method on M,., we need to define the notion of a Riemannian gradient. This
object can be constructed in a greater degree of generality than our approach, but for simplicity, we will assume
that a function f: M, — R can be smoothly extended to all of R™”*™. That is to say, if we consider f : R"*" — R,
the Riemannian gradient of f ’ M denoted grad f, for X; € M, is given by:

grad f(X;) = Pr, Vf(X1),



Figure 1: A diagram of a simple first-order retraction method on M,.. Again, V f(X;) is the Euclidean gradient of f
at X, grad f(X;) is the Riemannian gradient at X;, and X1 = H,.(X; — aygrad f(X;)), as in (f)).

where V f is the Euclidean gradient of f. Using this approach, we can now define a Riemannian gradient descent
iterate sequence using our retraction map, Riemannian gradient, and some step size sequence {¢y }i>o as follows:

X1 =H(X; — aPr, VF(Xy)). (5)

Intuitively, this algorithm seeks to look at changes in the objective function that lie, locally, along the manifold,
followed by a retraction to stay on the desired manifold. An illustration can be seen in Figure

This is a simple first pass to first-order optimization on Riemannian manifolds, and is not meant to be exhaustive.
Interested readers should consult [35,/37] for further details on first-order methods on matrix (and other Riemannian)
manifolds, along with convergence analysis for these algorithms.

2.3 Matrix Completion

One of the primary components this work relies on is the field of low-rank matrix completion, where a subset of
the entries of a low-rank ground truth matrix X are observed. Consider X as an n X n matrix for simplicity, with
Q C [n] x [n] representing the set of observed indices. Here, a sampling operator Pg : R™*™ — R™*™ is introduced,
which aggregates the observed entries of X projected onto specific basis elements e;;:

Pa(X)= Y (X, ei)ei;. (6)
(i,7)eQ
If Q does not contain any repeated indices, Pgq is an orthogonal projection operator. The standard low-rank matrix
completion problem can be phrased as follows:
H}l}gﬁg}lli%e rank(Y") subject to Pa(Y) = Pa(X).

As minimizing the rank directly is generally a challenging problem [25[|43], relaxations of this problem are often
considered. For details on complexity class of rank constrained problems, we refer the reader to [44]. Exact
recovery of X from Pq(X) using a convex relaxation to the nuclear norm, such as the objective described in
13), is a well-studied problem [24,45]46] with strong convergence guarantees. This problem is at the core of
matrix completion literature, and has inspired work in the completion of distance matrices [28,[29]. However,
solving the convex problem is expensive for large matrices, which has led to the consideration of non-convex
methodologies to solve the underlying problem. One approach that has received a great deal of attention is the Burer-
Monteiro factorization approach, pioneered for semi-definite methods in [47], whereby a low rank matrix X € R"*™
can be factored into a product X = AB' for A, B € R™*". Minimizing ||Pq(X) — Po(ABT)||Z is a common
approach, and is often dealt with using alternating minimization methods in both the noiseless and noisy case [48-51].

2.4 Dual Basis Approach to EDG

In the EDG problem, using the relation , we can relate each entry of the squared distance matrix to the Gram
matrix as follows: D;; = X;; + X;; — Xi; — X;;. We describe here briefly the dual basis approach introduced in [28].



Given a = (a1, ), 1 < g, we define the matrix wey as follows:

Wqo = ealal + eagaz - eoqag - eazal-

If we consider the set I = {(a1,a2),1 < a1 < as < n}, it can be checked that the set {wq} is a non-orthogonal
basis for the subspace of symmetric matrices with zero row sum, denoted S = {Y € R"*" | Y =Y ", Y1 =0}. In
fact, for any two pairs of indices o, 8 € I, we have:

4 a=p;
(Wa,wg) =11 a#B, anB+#0;
0 anB=0.

It can also easily be verified that the dimension of the linear space S is L = n(n — 1)/2. Using this basis, we can
realize each entry of the squared distance matrix as the trace inner product of the Gram matrix with the basis.
Formally, D;; = (X,wq) for a = (i, j). Further, we can introduce the dual basis to {wa}, denoted as {vq}, and
represent any centered Gram matrix X using the following expansion:

X = Z(X,wa>va.

The advantage of the dual basis representation is that it allows us to recast the EDG problem as a low-rank matrix
recovery problem where we observe a subset of the expansion coefficients. In [28], this dual basis formulation has
been used to provide theoretical guarantees for the convex program given in .

To make use of the dual basis approach both in theory and applications, one of the first steps is to have a
representation of the dual basis that is easier to use. The direct form of the dual basis, based on its definition, relies
on an inverse of a matrix of size L x L which requires the solution of a large linear system. In [52], it was shown
that the dual basis admits a simple explicit form

Vo = —% (ab" +ba'), (7)

where a = e; — %1 and b =e; — %1 for & = (7, 7). We now highlight a few operators that are related to the dual
basis approach. The first one is the sampling operator Rq : S — S defined as follows:

RQ() = Z <'7wa>vcx-

acQ)

The bi-orthogonality relationship of the dual basis gives that R2 = Rq if Q does not have repeated indices, and

that
R?Z() = Z <'7 le>wa-
ac

Due to the lack of self-adjointness, Rq without repeated indices in €2 is not an orthogonal projection operator, and
is instead an oblique projection operator. In [53], R (X) is related to the sampling operator Pq(D) as follows:

Ra(X) =~ 5 JPa(D)J, (8)

where J is as defined in Section [I} The next operator is the restricted frame operator Fq : S — S, first studied
in [28], and defined as

Fo() =Y (- Wa)wa. 9)

acfl

This operator is self-adjoint, positive semi-definite, but unlike Rq, does not reference the dual basis. We note that
this operator under a different name was critical to the analysis of the algorithm in [30].

3 Related Work

3.1 A Riemannian Approach to Matrix Completion

A notable non-convex approach is to utilize prior knowledge regarding the rank of X. This methodology centers
around the fact that the set of fixed-rank matrices forms a Riemannian manifold, turning the problem into an



unconstrained optimization task over a manifold. These methodologies lose convexity, however, and generally only
local convergence guarantees can be established, done by proving the existence of attractive basins around solutions.
Various retraction-based methodologies have been used with differing metrics and geometric structures [34,/36}/54-58].
The analysis conducted by [36] stands out for its interpretation of its first-order method as an iterative hard-
thresholding algorithm with subspace projections and efficient numerical implementation. This implementation is
done by reducing the hard thresholding step from a thin eigenvalue decomposition of an n x n matrix to a thin QR
decomposition followed by a full eigenvalue decomposition of a far smaller 2r x 2r matrix. The convergence analysis
in this work builds on the analysis done in [36], and as such, a brief exposition of their work is provided.

In [36], the authors develop a gradient descent algorithm to solve the low-rank matrix completion problem
leveraging this Riemannian structure. The objective function used in [36] is as follows:

Hll/iIel]%gl}Ee (Y — X, Pa(Y — X)) subject to rank(Y) = r. (10)
The authors used a uniform sampling at random with replacement model for recovering a subset of the indices of
the ground truth matrix. This is standard practice in existing matrix completion literature, as much of the analysis
relies on concentration inequalities for sums of random matrices to get high probability guarantees. It follows that
is not equivalent to ||Po(X — M)||2 when indices in €2 repeat, as P3 # Pq when this occurs. This is distinct
from [34], which minimized the Frobenius norm difference between the observed entries of the low-rank matrices to
solve the problem. Additionally, [34] demonstrates that the limit of their proposed algorithm agrees with the ground
truth in the revealed entries when projected onto the tangent space of the ground truth. However, as the sampling
operator has a non-trivial null space, noted in [34], this does not necessarily guarantee identification of the ground
truth. In contrast, [36] establishes linear convergence to the ground truth solution in a local neighborhood of the
ground truth, with high probability. After defining , [36] constructs a Riemannian gradient descent procedure
similar to the retraction procedure described in Section for its solution.
In addition to this approach, the work in [36] considered two initialization schemes. One is a simple one-step

hard threshold onto M,., and is given by Xy = %27-[,. (Po(M)). Additionally, a more delicate initialization can be
considered by partitioning the set €2 into S equally sized subsets, and performing one Riemannian gradient descent
step for each subset. This Riemannian resampling initialization breaks the dependence on each iterate from the
previous, and provides a more reliable initialization for large enough sample sizes. A modification of this technique,

applied to our scheme, can be seen in Algorithm

3.2 Euclidean Distance Geometry Algorithms

To solve the EDG problem, various algorithms have been developed. Among them, one prominent family of algorithms
is based on semi-definite programming (SDP), which leverages the connection between squared distance matrices
and Gram matrices. To provide a concrete example of this approach, we briefly outline the method proposed in [59].
Consider the matrix V' € R"*(»=1whose columns form an orthonormal basis for the space {z € R" : 271 = 0}.
The operator K is defined as:

K(X) = diag(X)1" + 1diag(X)" —2X.

This definition of the operator (X)) is equivalent to the mapping of the Gram matrix to the squared Euclidean
distance matrix, as expressed in . In [59], the optimization program is based on the operator Ky (X)), which is
defined as Ky (X) = VXV . The optimization problem in [59] can then formulated as follows:

2
minimize § Kv(VXV ), — Dyl
XERODXD X=XT Xm0 At [(Kv( ))ij il

We refer the reader to [59] for theoretical and numerical aspects of the above optimization program. Given that
standard SDP formulations can be computationally intensive, distributed and divide-and-conquer methods have also
been explored. For additional SDP-based formulations of the EDG problem and their applications to molecular
conformation and sensor network localization, we refer the reader to [6,60-64].

In the context of protein structure determination, various algorithmic approaches to EDG have been developed.
One notable example is the EMBED algorithm [65-67], which comprises three main steps [68]. The first step,
known as bound smoothing, involves generating lower and upper bounds for all distances by extrapolating from the
available limits of known distances. The second step is the embed step, where distances are sampled from these
bounds to form a full distance matrix from which an initial estimate of the protein structure is obtained. The
final step involves refining this initial structure by minimizing an energy function using non-convex optimization
methods. Another approach to structure prediction is the discretizable molecular distance geometry framework,



which can be formulated as a search in a discrete space and then uses a Branch-and-Prune method to estimate the
structure [69}/70].

Another category of approaches to the EDG problem involves initially estimating a smaller portion of the point
cloud and then using this initial estimate to incrementally reconstruct the rest of of the structure. These methods
are referred to as geometric build-up algorithms |71H73|. The algorithm proposed in [74] addresses the molecular
conformation problem by adopting a divide-and-conquer strategy, where a sequence of smaller optimization problems
is solved instead of solving a single global optimization problem. Finally, we highlight algorithms that estimate
the underlying points through non-convex optimization, utilizing a combination of methods such as majorization,
alternating projection, and global continuation (transforming the optimization problem to a function with few local
minimizers) |11,75-77]. We note that the above discussion does not comprehensively cover all EDG algorithms, and
we refer readers to [20L[78] for a more detailed overview.

3.2.1 Related Geometric Approaches to EDG

The main perspective taken in this paper is in line with low-rank matrix completion approach, albeit not one that
employs the trace heuristic seen in [6,28,79]. This work is more in line with non-convex approaches based on
optimizing over a Riemannian manifold [32/80], and extends the Riemannian approach of [36] to the EDG basis case.

A recent work in [30] adopts a similar approach to us and considers solving the EDG problem through Riemannian
methods as well. In this work, the authors use a Riemannian conjugate method paired with an inexact line search
method to minimize the following s-stress objective function:

1
e - W YYT _ D 2 11
minimize 51 © Paly( ) — D.)ll§, (11)

where ¢ is the map defined by , W is a weight matrix to model noisy entries, and ® is the Hadamard product, and
Pq is defined as in (). The analysis in [30] centers around the minimization of the s-stress function in using a
generalization of a Hager-Zhang line search method to a Riemannian quotient manifold. The main result in this work
is that there exists an attractive basin for that, with high probability, gives linear convergence to the ground
truth provided an initialization in the basin. This result requires a Bernoulli sample complexity p > C W%(")
, where v is the coherence of the ground truth matrix and r is the rank. Our method also describes two strong
initialization candidates for the noiseless EDG recovery problem with provable high probability guarantees, with a
sample complexity that only depends quadratically on the coherence and rank.

We provide a separate convergence analysis from [30], demonstrating a robust Restricted Isometry Property of a
non-self-adjoint sampling operator, and prove local convergence for this non-orthogonal matrix completion problem.
This novel approach requires a relaxation away from the minimization of a quadratic form over a manifold, instead
considering a linearly contractive sequence in a neighborhood modeled after |36] and a surrogate step size, to be
expanded on later. This approach requires novel analysis of the dual-basis framework discussed in [28}/29,31], mainly
centered around careful eigenvalue bounds in tandem with standard matrix completion tools, at a cost of slightly
worse sample complexity. Additionally, we extend the initialization techniques of [36], and show that our modified
approach can provide similar guarantees. The non-self adjoint nature of the EDG sampling operator provides a host
of challenges that are resolved through careful analysis of the EDG basis and extensions of its properties beyond
what has been discovered already. To the authors’ knowledge, this is the first non-convex method that provides high
probability guarantees on the initialization methods provided.

4 The Riemannian Dual Basis Approach to EDG

With the goal of translating the standard matrix completion problem to Gram matrix completion for EDG in mind,
the most direct adaptation of the work conducted in [36] would be defining an objective function by analogy to
as follows:

mir}l/iénsize (Y — X, Ra(Y — X)) subject to rank(Y) =r.
However, a notable challenge arises: computing the Euclidean gradient of the objective function necessitates
unavailable information in the form (X, vq) from RE(X) as

Vy (Y = X, Ra(Y - X)) = Ra(Y - X) + Ro(Y — X),



where Vy denotes the gradient with respect to Y. To circumvent this difficulty, there has been exploration into
self-adjoint alternatives to Rq [28,53L|81], one of which we will expand upon shortly. These surrogates allow for
the definition of an objective function in analogy to 7 but as of now lack the requisite theoretical properties for
convergence.

The primary surrogate of interest in this work is the restricted frame operator Fq, defined in @ This operator
is self-adjoint, positive semi-definite, and expresses the same information as R without reference to the dual basis.
Additionally, this operator under a different name was critical to the analysis of the algorithm in [30]. Using this
operator, we can define the following objective function:

1
mir}l}inéize §<Y — X, Fa(Y — X)) subject to rank(Y') = r. (12)
€
This is a true quadratic form, minimized over M,., and can be approached in an identical manner algorithmically as

(10). This operator motivates Algorithm [1} where the hard thresholding operator H,. is again defined as the map
from Y = >0 Nugu) — Y Auguy, where [\ > > |\,

Algorithm 1 Restricted Frame EDG Riemannian Gradient Descent
Initialization: X, = UQDOUOT
for [ =0,1,... do
1. Gl = .FQ(X — )gl)
_ PG
2. = <PTlGl,fgz7>TFlGl)
3. W, =X, +oPr,G
4. Xpy1 = H (W)
end for
Output: X,

Algorithm [I] is easily implementable and gives strong numerical results, provided in Section [6] but proof of local
convergence remains an open question. The missing analytical property that would yield local convergence is the
Restricted Isometry Property (RIP), which states that a given operator does not distort a matrix too severely when
projected on to the tangent space of the ground truth.

Remark 1. More mathematically, let Kq be a stochastic sampling operator, such as Pq, Raq, or Fo. RIP states
that with high probability
|PraPr — cPrl < eo,

for some g > 0 and some constant ¢ > 0. In practice, this statement is proven using non-commutative concentration
inequalities, first introduced in the matriz completion literature in [27,|45], requiring that Kq is a sum of i.i.d.
random operators and that the expectation of PrlCqPr = c¢Pr for some ¢ > 0. It is well-established that Pq possesses
this property, and in this paper we show that Rq also exhibits RIP. The proof, seen in Theorem is completed
using standard techniques with some specific properties of the dual bases {we }aecr and {Vq taer, and RIP for Rq is
established with only slightly worse sample complexity than for Pq. Proving a similar statement for Fq is challenging,
as E[Fq| # cZ. However, numerical evidence strongly indicates that |PrFoPr — FPr|| is in fact small for random
ground truth matrices in S, and the subsequent convergence analysis of Algorithm[1] will be the subject of future work.

To leverage the analytical properties of R while sidestepping the technical challenges of its non-self-adjoint
nature, we define an algorithm by analogy to Algorithm [T] but without any reference to an objective function. As we
will show in Section [5] this algorithm will give us strong convergence guarantees with reasonable sample complexities
at a cost of interpretability. As such, we define Algorithm [2[ to reconstruct a ground truth matrix X as follows:

Unlike in Algorithm [I| we cannot compute the steepest descent of an objective function in T}, so we consider
a surrogate modeled after each of the preceding algorithms. The maximum with zero in Step 2 of the algorithm
is introduced to avoid divergence, as Rq is not a positive semi-definite operator and the denominator cannot be
guaranteed to be positive for arbitrary points in M,.. When «; = 0 occurs, the algorithm terminates. Positive o
is required for convergence, and the conditions are provided and characterized in Lemma This condition is
satisfied in the high-sample regime, where ¢ is small.

In both of the preceding approaches, the thin spectral decomposition in the gradient descent scheme is the most
expensive, especially when n is large. As described previously, the authors in [36] found an efficient way to reduce
the computational complexity of this decomposition from O(rn?) to O(r?) + O(nr?), substantially reducing the cost
per iteration, which we implement as well.



Algorithm 2 Riemannian Pseudo-Gradient Descent
Initialization: X, = UODOUOT
for [ =0,1,... do
1. G =Rao(X — X))

2 — max | Pr, Gl
< = (Pr,G1,RaPr, G1)’

3. W, =X, +aPr,G
4. X1 =H, (W)
end for
Output: X,

Computation of Rqo(X) can be done efficiently, with a minimal complexity per iteration. This is because
a given iterate X; can be easily translated to its distance matrix D; via 7 and through , Ra(X) can be
computed in O(m) operations, for || = m. From [53], it can be shown that the total cost per loop is approximately
O(m) + O(n?) + O(mr) + O(nr?) + O(r3) for an n x n rank-r matrix.

5 Theoretical Analysis

In this section, we will provide the main results of this work, which are the local convergence and recovery guarantees
for Algorithm [2] presented in Theorems and Prior to these guarantees, we will first introduce slightly
altered incoherence conditions for the non-orthogonal problem at hand. Pathological cases can arise where a ground
truth matrix X has few non-zero coefficients in a dual basis expansion, which can cause issues in the recovery of
said matrix from samples. This is well-studied in the standard matrix completion problem, and is captured in the
idea of incoherence with respect to the standard basis. Relating incoherence to the underlying geometry of points is
an interesting problem, but this is outside the scope of the current work.

Assumption 5.1 (Incoherence assumption). Let X € R™*™ be a rank-r matriz with eigenvalue decomposition

X =UDU". We assume that X is %—incoherent to the basis {wea }aer, V-incoherent to its dual basis {Ve }aer,

and g -incoherent in the standard matriz basis; that is, there exists a constant v > 1 such that for all o = (i, j) € I:

vr vr vr
[Puejlls < To8m” [Prwallp <4/ 5, ond Povalle < 4/5, - (13)

In addition to the above, we require that

vr vr vr
[Preqjlly < 128n" [Prwalp < \ &n’ and [ Prvallp < \ o (14)

This assumption is in accordance with both the standard definitions of incoherence as |Pre;llp < [[Prel,-
Additionally, notice that these two definitions are equivalent up to a small constant, as

|Prwally = [[Prwa + waPr — PvwaPulle < 3| Prwallg

where the first inequality follows from the triangle inequality and the self-adjointness of Pywg. As such, we pick a
v large enough such that the inequalities in and hold. As in [36], we note that the first condition above
implies the following:

||7DU6¢J'H§ = (Pue;j, Pue;j) = (Puesj, eij) = Tr(e;;e;;Pu) = (Pu, €ii) = HU(i)

2
2

This indicates that HU(i)Hz <
trimming step in Algorithm

158, » Which will be relevant when discussing the initialization of Algorithm [2| using a

Remark 2. We want to note that the first assumption in actually implies the next two. That is to say, if
Pueijlla < /1o then by the triangle inequality

vr
[Prwellr <4 max |[Preijlle </ —-
(i,5)€l 8n

10



To see the last result, notice that

||73Uva||F: Pu ZHQB’UJB

Bel F
<> |H*®| |Pywg|r
Bel
vr
<\ gm 2 H1
Bel

and as Y, cq |H*P| < 2 from Lemma the claim follows. A similar proof shows the same relationship for the
equations in .

Additionally, we make an assumption in accordance with [36]:

Assumption 5.2. Let X € R"*" be a rank-r matriz. We assume that an absolute numerical constant py such that

.
1 Xl < p1q/ 5 I1IX1]- (15)

Remark 3. Notice that this condition is equivalent up to scaling factors for a similar assumption in [57], which
itself can be upper bounded by a similar coherence condition in [25]. In fact, we can relate py directly to v as follows.
For simplicity and relevance to our problem, let X > 0, and notice that

X[ 1
Xy e
= mnlf}x ZUikalUjl
Kkl

N
< mif;}XZ \UirUji|

k=1
< IS sl | S v
1<k<r 1<k<r
vr
= 128n’

where the penultimate inequality follows from Cauchy-Schwartz, and the final inequality from , indicating that in
a worst-case scenario py < l’lT‘/sF. This property is ultimately separate from the definition of v, but at the very least it

can be upper bounded as a function of v.

Additionally, we are typically interested in large n. Assuming that n > 3 produces uniform results for several
bounds in the appendix, and is formally stated as an assumption.

Assumption 5.3. For the given ground truth rank-r matriz X € R™ " we assume that n > 3.

Throughout the remainder of this work, we will assume that our ground truth matrix X € § satisfies both
Assumptions and with O(1) constant factors v and p;. As in [36], we identify a neighborhood in M,. around
which any initial guess in this neighborhood converges linearly to the true solution with high probability.

As mentioned previously, the most critical property for convergence of Algorithm [2]is RIP. This theorem provides
the conditions needed for RIP of Rq:

Theorem 5.4 (Restricted Isometry Property (RIP) for PrRoPr). With probability at least 1 — 2n*=5,

86v2r2nlog(n)
3m

)

L
=z HPTRQPT - —mPTH <
m L

11



form > gﬁyzrznlog(n), In particular,
L
— HPTRQPT - @PTH < &o,
m L

vr

2
for any eg >0 if m > %6 (g) nlog(n). Additionally, under the same conditions as above, we also have

iz ] <

Proof sketch. This result is primarily a consequence of Theorem the non-commutative Bernstein inequality. As
E(Rq) = 2Z, we see that E(PrRoPr) = 7Pr, and the rest of the proof is leveraging specific properties of the dual
bases {wq } and {v} to prove concentration of PrRqPr around its expectation. See Appendix for details. O

This leads us into the following theorem, which is the crux of this work. Theorem [5.5] stated with a brief proof
outline in the main text, describes a local attractive basin around the ground truth solution, provided that PrRqPr
exhibits RIP. With high probability, the algorithm will converge to the ground truth from any initialization in this
attractive basin. The full proof is delayed to Appendix [C.1]

Theorem 5.5 (Local Convergence of Algorithm . Let X € R™ ™ be the measured rank-r matriz and let T be the
tangent space of M, at X. Suppose that

< eo (16)

HXl_XHF < \/TT’L/EO
Umzn(X) - 16715/4\/[W

m 8m log(n)
< — 444 —= 1
[Rall < ™+ 4/ 2 (18)

L
H ZPrRaPr — Pr
m

(17)

m  my/n [Brrnlog(n)
[RaPr| < 7T 3 (19)
m  4my/n [ Brrnlog(n)
[PrRa|l < 2 + 22 e, (20)
where € is a constant satisfying
- 1850 <1
a 1-— 450 '

Then the algorithm converges linearly as the iterates satisfy
X141 = Xle < 6| Xo — X ||
Proof sketch of Theorem|5.5 The theorem begins first by simple linear algebra, as we have
[ X141 = Xlp = | Xip1 = Wi = X + Wir

< X1 = Willp + | X = Wile
<2(Wi - X|p,
where the last inequality follows from X being the best rank-r approximation to W; by Eckart-Young-Mirsky [82].
Next, plugging in W, = X 4+ a;Pr, G, we see that
[ X141 — X|[r < 2[| X + aiPr, Gi — X[
= 2||Xl - X - QZPTlez(Xl — X)”F
< 2||(Pr, — aiPr, RoPr, )(Xi — X)||r

I
+2||( = Pr, ) (X — X)|r
Iy
+ 2|ay[|Pr,Ra (I — Pr, )(Xi — X)) -
I3

12



The remainder of the proof is in the bounding of I, Is, and I3. I is proven by showing that in a neighborhood of
the solution, defined by (17)), a local form of RIP for Rq holds if is true. This proof leverages the assumptions
made in 7 , and (20). I follows from the neighborhood assumption of in tandem with Lemma
and I3 follows from bounds on the step size (seen in Lemma , the assumption in , and Lemma The
assumptions in , , , and are all proven via high probability guarantees using Theorem The
technical details are deferred to the appendix, but Figure |5[ highlights the main dependencies of each lemma and

how they work into the overall convergence. See the full proof in O

Lemma B4l Theorem

Section [A] Asymmetric .Lem.ma 1PN Resampling
Properties of RIP of Ra Trimming bound initialization

the dual basis \ / guarantees

£
Theorem [5.4] Lemma [B-3] Theorem (.3
Ro RIP Local RIP of Ro Is bound —>{ Local Convergence
“ I of Algorithm [J
-
/ Lemma
K I; Bound
Theorem A Stepsize bound
Bernstein Ineqalt Lemma [T
4 Y Projection I> bound

\ bounds [36] Theorem B
Lemma One-step hard
One-step hard thresholding
threshold bound initialization

guarantees

Figure 2: This diagram is a schematic of the overall proof of convergence. Arrows indicate how results depend on
one another, and how they link together to form the overall proof of convergence. Not every exact dependency is
shown in this figure for legibility purposes, instead focusing on the key pieces of the overall flow of the argument.

In Theorem the linear convergence rate required that g < %, which is satisfied for m > 1300v2r2n log(n),
a smaller constant factor than that required of the following initialization guarantees. That is to say, the local
neighborhood guarantees are stricter in practice than the RIP requirement.

5.1 Initialization

Given that the convergence of this algorithm is only local, initialization is important to consider in the context of
sample complexity. The simplest initialization, a hard thresholding to M. of the measured information, provides a
reasonable starting point. The following theorem describes how close such an initialization might be to the ground
truth.

Lemma 5.6 (Initialization via One Step Hard Thresholding). Let X € R™*™ be the underlying measured rank-r
matriz, and let Xo = LH,(Ro(X)) with Q@ =m > L pBnlogn. It follows that with probability at least 1 —2n'~" that
320r2p2nlog(n)
3m
Proof. See Section O
This result shows that with probability at least 1 — 2n'~#, the assumption of Lemma is satisfied if
3
m > 170V IV 7

€0

1Xo = X[p < 12X (21)

_ X1
where k = (X

This leads into the following theorem, which is one of the primary results of the work.

is the condition number of X.
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Theorem 5.7 (Recovery Guarantee I). Suppose |Q2] = m with the indices sampled uniformly with replacement.
Given an initialization of Xo = £H,(Ra(X)) for the rank-r, v-incoherent ground truth matriz X with condition

number k, and given
8 +/Bu3 / 3
{3§V r,l?Omuln } fur nlog(n),
0 0

m > max

with B > 1, then Algorithm |d linearly converges to the ground truth X with probability at least 1 — 10n*—5.

Proof. This follows from taking the local neighborhood assumption seen in Theorem By setting the bound
produced in Lemma to be less than required for local convergence, the result follows after some minor algebra
and taking the maximum with the sample complexity requirements seen in Theorem [5.4] O

This naive one-step hard threshold initialization can be improved again following a construction in [36], using a
resampling and trimming algorithm, both defined as follows:

Algorithm 3 Riemannian Resampling for Initialization

Partition Q into S 4 1 equal groups €, 1, ..., g, each of size m
Set Zy = H, (2R, (X))
for [ =0,1,....5 —1do
1. Zl = trim(Zl)
2. Zi1 =H, (zl + Ly Ry, (X - Zl))
end for
Output: Xy = Zsg

Algorithm 4 trim
Input: Z; = UlDlUlT

Ul
Output: Zl AlDlAl , where A ‘ () mln{HU H %}

This trimming algorithm is a projection onto the space of matrices that are v-incoherent with respect to
the standard matrix basis, not necessarily with respect to the basis {we }aer- However as noted previously, the
incoherence parameter differs by at most an O(1) constant, so this is a reasonable surrogate, especially for large n.

We can analyze Algorithm [3] and get the following result:

Lemma 5.8 (Riemannian Resampling Result). Let X € R™*"™ be the measured rank-r matriz with condition number
k. Let S be the number of partitions specified in Algomthm@ and let m = g5. Then for all B > 1, with probability
at least 1 — (2 4+ 48)n'=? the output of Algomthm@ satisfies

S
5\7 omin(X)
X — X < — —_— 7
H 0 HF — (6> 256;‘62 )

provided that 1 > max {(1.61 x 10°)12,(7.77 x 10°)k* 13 } k?r?nlog(n

Proof. See O

Assuming that m > Srrnlog(n), which is relaxed from the requirement for RIP seen in Theorem Lemma

shows that taking
S >6lo e/t
= g 1620 )

the third condition in Lemma can be satisfied with probability at least 1 — (6 + 241log (%)) nt=# for a large

enough sample complexity. This leads to the final recovery guarantee, attenuating the n dependence in the sample
complexity.

14



Theorem 5.9. Let X € R™ "™ be the measured rank-r, v-incoherent matriz with condition number k, and suppose
that || = m is a set of sampled indices from 1 uniformly at random with replacement. Let Xy be the output
of Algorithm[3. Then for any B > 1, the iterates of Algorithm[3 linearly converge to X with probability at least

n3/4

1-— (6 + 24 1log (1650)> n'=8 provided that

2 3/4 X 3/4
m > max {2?3’ (2.3 x 10%)% log (?650> , (1.2 x 10%) k%2 log (;LGEO) } x2r?nlog(n).
Proof. As in Theorem this proof follows from the local neighborhood conditions of Theorem [5.5 combined with
the sample complexity results from Lemma [5.8] and Theorem [5.4] The constants are not optimized, and could be
further improved. O

6 Numerical Results

In this section, we test the proposed algorithms on synthetic and real data.

6.1 Synthetic Data Experiments

To test Algorithms [1] and [2] various two and three dimensional datasets were used, and are referred to in Table
with their corresponding sizes. The goal of Algorithms [1] and [2]is to recover the full set of points P up to orthogonal
transformation by sampling the entries above the diagonal of D uniformly with replacement, with a total of yL
entries chosen for v € [0,1]. Algorithm [2 reconstructs the Gram matrix X = P P, from which P can be recovered.
The comparison referenced in Table |1 is the relative error between the recovered matrix X, and the ground truth
matrix X in Frobenius norm. Each run was terminated at either 1000 iterations or when a relative Frobenius norm
difference between iterates of 107° was achieved.

Table 1: Relative recovery error || X — X,ev|/p /|| X || between the recovered Gram matrix and the true Gram
matrix averaged over 25 trials using Algorithms and the non-convex algorithm in [28].

b i 10% 7% 5% 3% 2% 1%
ataset

Algorithm m
Sphere (3D, n = 1002) 2.92e-05 | 3.69e-05 | 6.01e-05 | 1.28e-04 | 6.82e-03 9.11e-01
Cow (3D, n = 2601) 3.38¢-05 | 4.06e-05 | 4.89¢-05 | 7.61e-05 | 1.07e-04 | 8.60e-03

Swiss Roll (3D, n =2048) | 2.92e-05 | 3.97e-05 | 5.06-05 | 7.71e-05 | 1.21e-04 | 5.52e-02
U.S. Cities (2D, n = 2920) | 4.10e-05 | 4.67e-05 | 2.01e-03 | 6.94e-03 | 1.63e-02 | 6.08e-02

Algorithm
Sphere (3D, n = 1002) 1.53e-05 | 3.86e-05 | 2.11e-04 | 7.88e-02 | 2.29e-01 | 1.78e+00
Cow (3D, n = 2601) 4.15e-02 | 3.40e-02 | 6.28e-02 | 1.76e-01 | 3.60e4+00 | 7.73e-01

Swiss Roll (3D, n =2048) | 8.34e-06 | 1.46e-05 | 3.00e-05 | 1.52e-03 | 2.82e-01 | 9.73e-01
U.S. Cities (2D, n = 2920) | 3.02e-02 | 1.23e-01 | 1.46e-01 | 1.86e-01 | 3.13e-01 | 8.35e-01

Non-convex algorithm in [28]
Sphere (3D, n = 1002) 6.14e-06 | 9.86e-06 | 1.36e-05 | 3.04e-05 | 6.18e-05 | 1.00e-01
Cow (3D, n = 2601) 5.73e-06 | 7.66e-06 | 1.06e-05 | 1.65e-05 | 2.11e-05 | 4.46e-05
Swiss Roll (3D, n = 2048) | 2.19¢-06 | 1.22e-06 | 1.01e-06 | 1.87e-06 | 1.06e-06 | 3.34e-05
U.S. Cities (2D, n = 2920) | 4.09e-07 | 6.09e-07 | 8.19e-07 | 1.32e-06 | 2.30e-06 | 4.69e-06

In addition to the relative error comparison between the recovered Gram matrix and the ground truth Gram

matrix, we compute the root mean square error (RMSE), defined as |/ + || P.ey — P||% between the recovered point

cloud P, following a Procrustes realignment with the ground truth P, under the same experimental parameters as
with the Gram matrix recovery. The results are compiled in Table

As indicated by these experiments, Algorithm [I] more reliably reconstructs the underlying datasets from distance
samples than Algorithm [2| but both are outperformed by the non-convex algorithm in [28]. However, with the
non-convex algorithm in [28] there is little hope of ever conducting local convergence analysis of this algorithm,
whereas Algorithm [2| has been proven to exhibit local convergence. It remains to be seen if Algorithm [I] will be
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Table 2: RMSE between P,., and P averaged over 25 trials using Algorithms and the non-convex algorithm

in [28).
b 7 10% 7% 5% 3% 2% 1%
ataset
Algorithm
Sphere (3D, n = 1002) 2.06e-05 | 2.61e-05 | 4.24e-05 | 9.07e-05 | 4.82¢-03 | 7.14e-01
Cow (3D, n = 2601) 3.98e-05 | 4.89e-05 6.08e-05 9.25e-05 1.31e-04 1.24e-02
Swiss Roll (3D, n = 2048) | 2.46e-04 | 3.36e-04 | 4.26e-04 | 6.48e-04 | 1.13e-03 | 4.92e-01
U.S. Cities (2D, n = 2920) | 7.12e-04 | 8.13e-04 5.39e-02 1.86e-01 4.37e-01 | 1.70e+00
Algorithmlﬁl
Sphere (3D, n = 1002) 1.08e-05 | 2.72e-05 1.49e-04 5.37e-02 1.42e-02 | 1.24e400
Cow (3D, n = 2601) 6.67e-02 | 7.81e-02 1.38e-01 2.49e-01 5.87e-01 5.52e-01
Swiss Roll (3D, n =2048) | 6.91e-05 | 1.21e-04 2.51e-04 1.24e-02 | 1.86e+00 | 1.34e+01
U.S. Cities (2D, n = 2920) | 9.94e-01 | 3.89e+00 | 5.10e4+00 | 6.25e+00 | 7.77e+00 | 1.13e+01
Non-convex algorithm in [28]
Sphere (3D, n = 1002) 4.29e-06 | 6.94e-06 9.61e-06 2.14e-05 4.37e-05 7.10e-02
Cow (3D, n = 2601) 8.86e-06 | 1.19e-05 1.75e-05 2.70e-05 3.47e-05 7.08e-05
Swiss Roll (3D, n =2048) | 2.02e-05 | 1.10e-05 | 8.90e-06 | 1.66e-05 | 9.32e-06 | 2.96e-04
U.S. Cities (2D, n = 2920) | 8.01e-06 | 1.40e-05 1.87e-05 3.11e-05 5.18e-05 1.13e-04

provably locally convergent, as determining a high-probability bound on ||PrFoPr — ¢Pr| for some ¢ > 0 has
proven challenging. As such, more practical utility lies in Algorithm [l and [28] than in Algorithm [2| but the strong
theoretical results provided by Algorithm [2| will guide future work for convergence analysis of Algorithm [1] and other
self-adjoint surrogates for Rq.

6.2 Experiments on Real Data

Additional numerical experiments have been conducted on proteins, a common application of EDG, following the
structured sampling method seen in [83]. The sampling method on n points has three different classes of points: m
pseudoanchors, 1 central anchor, and n —m — 1 mobile nodes. The central anchor, corresponding to a row/column
of the squared distance matrix, is fully known; that is, the distance between the central node and all n points is
revealed in the masked square distance matrix. The pairwise distances between the pseudoanchors are sampled with
a Bernoulli probability v € [0,1] for each entry, and each mobile node is connected uniformly at random to k of the
pseudoanchors. None of the distances between mobile nodes are known. The Gram matrix X is then reordered
into the following pattern: the first m rows/columns are the rows/columns corresponding to the pseudoanchors, the
m ~+ 1-th row/column corresponds to the central anchor, and the remaining n — m — 1 columns/rows correspond to
the mobile nodes. This is illustrated in the figure below:

E

FT

Figure 3: Structured sampling method for distance matrices proposed in [83] for the experiments.

More specifically, F is sampled according to an entry-wise Bernoulli distribution with parameter v € [0, 1], and in
each column of F', k entries are sampled uniformly without replacement. G is not known at all for this experiment.
Three proteins were investigated in this experiment, identified as 1PTQ, 1AX8, and 1UBQ. These proteins were
downloaded from the Protein Data Bank [84]. For all three proteins, we select m = 20 anchors and space them
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uniformly throughout [1, 7] where n is the number of atoms in the protein. In practice, domain knowledge allows for
better anchor selection which can improve algorithmic performance. For each of these proteins, we set the column
sample number k € [6, 9], and we select the E block Bernoulli rate v € [.1,.5]. We additionally run this experiment
with an assumed ground truth rank for X of both 3 and 4, as overparameterization has been shown previously to
improve numerical performance for sensor network localization problems [85,[86].

We first show a table indicating that increasing the rank of M,. from 3 to 4 improves the numerical performance in
this structured sampling setting using Algorithm (I} For this experiment, we will look at the protein 1PTQ (n = 402),
and we fix the E block rate v = .3, seen in Table 3] This experiment and all others following were averaged over 25
trials, each lasting for 10000 iterations or until a relative difference in Frobenius norm between iterates of 107° was
achieved.

Table 3: RMSE between P,., and P averaged over 25 trials for the protein 1PTQ using Algorithm [I| each trial run
for 10000 iterations or until a 1075 relative difference in Frobenius norm is achieved.

Column samples | E block rate | Rank | RMSE || Column samples | E block rate | Rank | RMSE
6 3 3 2.56 6 3 4 0.324
7 .3 3 1.51 7 3 4 0.211
8 3 3 0.915 8 3 4 0.134
9 3 3 0.712 9 3 4 0.102

This experiment is in line with existing literature on overparameterization aiding reconstruction, as this provides
clear indication that the reconstruction of the ground truth improves with higher rank. As such, we will set the rank
of M, to 4 for the remainder of the experiments. Next, we test to see if the E block rate parameter v exhibits a
substantial performance effect on the final RMSE, seen in Table

Table 4: RMSE between P,., and P averaged over 25 trials for the protein 1PTQ using Algorithm [I| each trial run
for 10000 iterations or until a 10™° relative difference in Frobenius norm is achieved.

Column samples | E block rate | RMSE || Column samples | E block rate | RMSE
6 1 0.347 8 1 0.142
6 2 0.379 8 2 0.143
6 3 0.324 8 3 0.134
6 4 0.326 8 A4 0.134
6 5 0.329 8 .5 0.121
7 1 0.209 9 1 0.107
7 2 0.191 9 2 0.104
7 3 0.211 9 3 0.102
7 A4 0.195 9 4 0.0954
7 5 0.200 9 5 0.0987

From the experiment in Table 4] increasing the E block rate does not greatly improve in the final RMSE following
reconstruction. From a total number of samples perspective, this is not surprising, as for m = 20, the expected
number of samples in the E block for v = 0.1 is 38, and for v = 0.5 the expected number is 190. Given n = 402 for
this dataset, L = 80601, and the relative difference in total number of visible samples is less than two tenths of a
percent. Since this parameter does not demonstrate a strong effect on convergence of Algorithm [1} we will now just
show the remaining experiments for the proteins 1AX8 and 1UBQ with the E block rate v = 0.3, seen in Table

Table 5: RMSE between P,., and P averaged over 25 trials for the proteins 1PTQ, 1AX8, 1UBQ using Algorithm
each trial run for 10000 iterations or until a 10~° relative difference in Frobenius norm is achieved.

1PTQ (n = 402) 1AX8 (n = 1003) 1UBQ (n = 660)
Column Samples | RMSE | Column Samples | RMSE | Column Samples | RMSE
6 0.324 6 0.915 6 0.409
7 0.211 7 0.435 7 0.266
8 0.134 8 0.269 8 0.205
9 0.102 9 0.201 9 0.177

These experiments indicate strong reconstruction ability with Algorithm [T]in this structured sampling setting.
The dependence on the number of column samples in RMSE following reconstruction is visible as well across the
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Figure 4: Target structure (in blue) and numerically estimated structure (in orange) following 100000 iterations of
Algorithm [I} (Left) Target structure 1AX8, v = 0.3 and k = 6 (RMSE = 0.014). (Right): Target structure 1AX8,
v=0.3 and k = 6 (RMSE = 0.06).

experiments. This is expected from the perspective of total entries viewed in the underlying matrix, as the majority
of the accessible connectivity information is stored in the F' block in this sampling setup.

7 Conclusion and Future Work

In this work we proposed a novel approach for solving the EDG problem using a matrix completion approach on the
manifold of rank-r matrices in Algorithm [2] We derived local linear convergence guarantees for this non-convex
Riemannian gradient-like algorithm, and with this approach we provided two provably convergent initialization
techniques when considering uniformly sampled distances. To the authors’ knowledge, this is the first work to
provide such initialization methods non-convex approaches to the EDG problem. The convergence analysis of
this algorithm was predicated on understanding properties of a non-self-adjoint sampling operator, which required
novel analysis of EDG-specific bases. We provided numerical results for this method to underline its efficacy in
the high-sampling regime for the EDG problem. In addition to the provably convergent Algorithm [2| we provided
an additional algorithm, Algorithm [} that is a true first-order method on the manifold of rank-r matrices. This
algorithm, although currently lacking in convergence guarantees, exhibited better numerical performance than the
provably convergent one, performing nearly as well as some existing methods. Finally, we numerically investigated a
structured sampling method relevant to the sensor network localization and protein structure problems, and studied
how Algorithm [I] performed numerically in this setting on real-world data. We showed that it exhibited strong
reconstruction performance in this new sampling framework, opening the door to future investigation.

One future goal will be a full characterization of the convergence of Algorithm [I} as this remains an open
question. This will be important to investigate due to its stronger numerical performance. We are also interested in
reconstruction of matrices expanded in more general non-orthogonal bases, and developing guarantees based on
linear-algebraic properties similar to those investigated in this work. Additionally, this work relied on a uniform
sampling with replacement model. Oftentimes, real world models for EDG or sensor network localization rely on
different sampling models, such as nearest neighbor sampling. We are interested in seeing how we can extend this
work and gain theoretical guarantees in the direction of non-uniform sampling models, alongside motivating other
algorithmic developments.
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A Properties of the dual bases and Non-Commutative Bernstein In-
equality

This section of the appendix details technical results about the specific dual bases, {wq }aer and {vq faecr- These
are needed to prove various technical lemmas throughout the work, but are particularly important in the proof of
Theorem Additionally, we provide a variant of the non-commutative Bernstein inequality leveraged throughout
this work.

Theorem A.1 (Operator Bernstein Inequality [45]). Let X;, i = 1,...,m be i.i.d, zero-mean, matriz-valued random
variables, and let p? > max {E(X;X})),E(X}X;))}. Assume there exists a ¢ € R such that || X;| < ¢ almost

surely. Then fort <Y " £
t2/2
P >t| <2nexp| ——=m—as—- | .
( ) p< Zi_1P?+Ct/3>

i=1 ¢’
If we assume that p? = ... = p2, = Vi and let V = mV,, then fort < % this simplifies to

P < > t) < 2nexp (—2”5) : (22)

One result that will be used throughout this work is a technique for constructing eigenvalue bounds through a
vectorization technique. This result is as follows.

>ox

i=1

m

> X

=1

Lemma A.2 (Vectorization Technique). Let {Z;}7" , be a basis for some subspace V.C R™*™ of dimension m, and

let G =[(Z;,Z;)] e R™*™, and let Zy € R™*X™ be the matriz where the k-th column vector is vec(Zy). Then for
any Y € R"*"

m
max Y, Z1)? = Amax (G).
VS 2 207 = e ()
Proof of Lemma[A.3 We can see that
max (Y, Zp)? = max (VGC(Y)TVGC(Zk)) (VGC(Zk)TVGC(Y))
¥ lle=1 4~ ¥ =1 2=

= max vec(Y)" (ivec(Zk)vec(Zk)T> vec(Y)

1Y le=1 Pt
= max vec(Y)' ZyZy vec(Y).
1Y le=1

As for any matrix A = 0, max|g,=1 € AT = Amax(A), it follows that max|y =1 > 1 (Y, Zk)? = Amax(Zv Zy ).
Now, as for any A € R™*, Apax(AAT) = Anax (AT A), we see that

m

ma Y. Z1)% = Amax(ZvZy ) = Amax(Zy Zv) = Amax(G).
|\Y\|F’il;< k) (Zvzy) (Zy Zv) (G)

This concludes the proof. O
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Lemma A.3 (Spectral norm of Rg). For m > $8nlog(n) and with probability at least 1 — 2n'~",

m 8mlog(n)
IRall < 7 +4 T
Proof of Lemma[A-3 Compared to analogous sampling operators in matrix completion, R, is not self-adjoint. As
such, it cannot be decomposed into a sum of orthogonal projection operators. This means that the operator norm
IRa|| cannot be bounded via a counting argument like in [45], as that would produce an upper bound for the
maximum eigenvalue but not the maximum singular value. As such, we will proceed by using Theorem to prove
a bound for H’RQ — TZIH To do so, let

1
a— \"HWa o — L.
To = (- ta)ve —

This object is zero-mean, and Rq — 2T = > . Ta- We now need bounds on || 7al|, |E[Ta7Z]|l, and ||[E[75Ta]ll-
For the first, notice that

1
172l = | watva - 77]

1
< |I{- —
S 6 wadvall + 4

1
< lwallellvallr + 7
21
S AT
<2=:¢

where the third to last inequality follows from Lemma [A.6]and the fact that |we|lp = 2. Next, notice that

1 1 1 1
]E[IF:,TQ] = i3 aze]l<',wa><'va7'ua>wa - ﬁza E[,Taﬁ] = 7 QZEH<'7’IJQ><wa,wa>’Ua — ﬁI,
Now, notice that
[T = ||+ 3 V) (s v — 5T
L o€l L
<l ma (X, v0)*(w w)—s—i
= Lo £\ V) e el T T
acl
4 1
<= X 24 =
S T, 2K ve) ™+
acl
4 1
< *)\max Hil T o
< pAmex(H7) + 75
4
ST

where the first inequality follows from the triangle inequality, the second comes from ||we|r = 2 in Lemma
the third is an application of Lemma , and the last comes from the fact that Ay, (H ') = % from Lemma
Next, we can see that

IE[Ta Talll =

acl

1 1
< = X 2 —
= X1 I %f Wa )" (Va va) + 75

1 1
<= X, wy)? 4+ —
— 2L ”)1(11”;?;1 Z<  Wa)” + L2

acl
1 1
< 7)\max H T9
— 2L (H) + L2
2n
< T
- L

24



where the first inequality follows from the triangle inequality, the second comes from ||vg|r < % in Lemma
the third is an application of Lemma and the last comes from the fact thatAy.x(H) = 2n from Lemma

As such, our variance estimate Vo = 7. It follows that for any ¢ < ’"CVD = 7/, we have the following result from
Theorem [A T}
86nl 231
P (Hnﬂ NOeE ’WW) < 2mexp (- "HE) < 2nexp (- flog(m) = 201,
and the proof statement follows from this. O

Lemma A.4 (Apax(H) bound). Let H = [(Pywe, Prwg)] € REXE where U is the row,/column space of the true
solution X = UDU T, which is rank-r, and where Py is the projection operator onto U. It follows that

Amax(H) < vr.
Proof of Lemma[A7) . First, by coherence we have that

vr
[{(Puwa, Puws)| < [[PvwalrlPrwslr < o -
Next, as Py =UU ", foranB =10

(PUwa,”PUwg) = Tr(waPUPUw,g) = Tr(w,awcxPU) = Tr(OPU) = 07

as wWaWg = WaWq = 0, where 0 is the zero matrix. Thus H is sparse, with each row having at most 2n — 3
non-zero entries. The result follows from a Gershgorin argument and the entrywise bound derived from the coherence
condition above. O

Lemma A.5. For any X € R™", X = X T, and any we € {wg}ger,
(PTX,wa> = (XPU,PU'wa).
Additionally for | X ||r = 1,

D (XPy, Puwa)® < max > (XPy,Puwa)’ < Amax(H).

T IX|r=1
acl 1Xle=1 25

Proof of Lemma[A-5 First, notice that (X Py, wa) = (PuX,wa) due to cyclicity of the trace and symmetry of
X, Py, and wg,. It follows then that
(PrX,wa) = (PuX + XPy — PuXPu,wa)

= 2<73UX, wa> - <'PUX7DU, 'wa>

= (PuX,wq) + (PuX — PuXPy,wa)

= (PuX,wq) + (PuXPyr,wes)

= (X, Prwa) + (XPyr,Prwa)

= (X — XPy.,Prwe,)

= (XPy, Puwa)-

The second statement follows from Lemma [A2] and the fact that Py is an orthogonal projection operator. This
concludes the proof. O

Lemma A.6 (Eigenvalues of H and H !, entries of H~!, and spectral norms of ws and vy [52]). Let H =
[Wea, wg] € REXL be the Gram matriz for {wa}, and let H=1 be its inverse. Then

1
Amax(H) =2n,  Apax(H ') = 5
Additionally,
X angB=~0
HP =L L anp+0,a#p6;
s(I-5+3%) a=8
Finally,
1
lwall =2, flval = 5.
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Lemma A.7. Let {vg}acr be the dual basis to {wa}aeﬂ. It follows that

acl
Proof of Lemma[A7 Recall that va = —% (ab’ +ba') where a = e; — 21 and b = e; — +1 for a = (i,5). It

follows that
4v2 =ab'ab' +ab'ba’ +ba"ab’ +ba'ba’,

andasb'b=a"a="" and a"b=—1, we see that
n—1 1+ 1.+ 1. .- 1 .+ 1,1 1. .+
4ok = - {<ez - Eeil - ﬁlei + ;11 + | ej; — Eej1 — Elej + ﬁll
1 1 1 1 1 1 1
— = Keij — el — —le; + — 11T> + (eji ——e;1" — ~1e] + 211*)]
n n n n n n
n—1 2—n 2(n—2 1
= (€ii +€j) + —5— (el” +1ef +e;1" +1ef) + %nT — —(eij +€5i) -
So it follows that
—1)? 2(2 — 1 1 2 1
3 w2 = (=17 2 ">2(" Jyam 2 )(2” i~ LT o,
el n n n n
_ n2—2n—|—2I_ n2—22n—&—211T7
n n
yielding the desired result as J = I — %11T. O

B Restricted Isometry Results

As RIP and its variants are critical to the analysis of Algorithm [] this section is dedicated to the proofs of RIP and
similar results.

B.1 Proof of Theorem [5.4]

Proof. First, notice that for any dual basis pair {we }acr and {va }aecr, we can decompose any X € S as

X = Z(X,wa>va.

acl

It follows then that m
E(Rq) = fI’

where |Q2] = m and Z is the identity operator on S. From this, we can see that

PrX =) (X, Prwa)va,  RaPrX =) (X, Prwa)va, PrRoPrX =Y (X,Prwa)Prva.
acl acf) ac
Therefore it follows that E(PrRqoPr) = 7 Pr. We can now use Theorem to bound the probability that PrRqPr

deviates from its expected spectral norm. To do this, we first define an operator Ta = (-, Prwe ) Prve — %Prﬂu First,
observe the following coherence conditions outlined in Assumption [5.1}

vr vr
I, Prwa)Proall < [Prwalle [Prvalle < 4/ sm/ <

Additionally, E(7,) = 1Z. It follows then that

1
”7—&” < ||<',PTwa>P’ﬂ‘va|| + 7

vr 1

< — + =
—2n L
vr 1/2’1"2
_7S ::Ca
n n
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as v,r > 1, which gives us our almost sure estimate on the spectral norm of each term 7,. Next, to estimate the
variance we notice first that

E(ToTZ) = ZT T = Z<-,PTva><PTwa,PTwa>PTva _Llp

L2
aGH ae]l
1 1 1
E(TaTa) = > ToTa= 7 > (- Prwa)(Prva, Prva)Prwva — 7z Pr
acl o€l

To bound the maximum spectral norm of the above two terms, notice that for ) ; TaTq,

LZTT*

acl

max 7 %(quwa, Pqua><X,quva>2 +

I Xle=1

vr ]
= o T X.P 2, 1
- H?Ifnﬂ?vle InL Z< , Prova)” + 3

L2

= (X,v
 Xer, HXHF 1 2nL Z o)

vr

< i X, v,)2 + —
S B 5,p 2K v+
acl
vr 1
== 7/\m X H~ -
onL M ( D+ L2
_r
T 4nL’

where the first inequality follows from the triangle inequality, the second comes from the coherence conditions in
Assumption 5.1} the third line comes from the self-adjointness of Pr, the fourth comes from the definition of the
max, the fifth comes from an application of Lemma and the sixth comes from the Apax(H ') bound from
Lemma Next for ) o1 74T, We have that

DO

ae]I

1
(Prve, Prva ) (X, Prwea ) + Iz

acl

vr 1
= 9T X 2, L
>~ H%\al;)il 2nL az:< ’PTwa> + L2

max
HXHF 1L

= (Z,Prw
 z= XPU,HXHF 12nLZ UWa)

vr
= o0 T X 2, 1
=X, o0l QZ@(  Prwa)? + L2

vr 1
- 7>\max H =y
2nL (H) + L2
252
— onlL’

where the first inequality follows from the triangle inequality, the second comes from the coherence conditions in
Assumption the third line comes from the fact that for any symmetric Y € R"*" (PrY ,wq) = (Y Py, Puwa)
from Lemmal[A.5] the fourth comes from the definition of the max the fifth comes from an application of Lemma [A.2]
and the sixth comes from the bound on )\max(fI ) in Lemma

As the latter term is larger we get a variance estimate Vo
follows that for m > §8v2r?nlog(n),

J(ES L E \/“) < ey gt =201,

yielding the desired result.
Additionally, as E(Rg,) = FZ, the same proof can be repeated to show RIP for R§, with the same constants
provided. O

m¥o — 2 we can use (22). It
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The proof of RIP for Rq allows us to define a neighborhood around the ground truth solution where a slightly
weakened version of RIP holds. First, however, we will introduce some technical lemmas:

Lemma B.1 (Spectral norm bounds for PrRq and RqPr). Let X be a v-incoherent rank-r ground truth matriz.
Form > 13—6m“n log(n), both results hold, each with probability 1 — oant=~:

my/n [8Bvrnlog(n)
L

dm+/n | Brrnlog(n)
3m L

m
< —

m
and ||PrRa| < T +
Proof of[B-1, We will start by proving the bound for |RqPr]|.

First, notice that

m m
< _ -
IRaPr|| < HRQPT LPTH + 7

following from the triangle inequality, and notice that the middle term can be decomposed as the sum of i.i.d.
operators as follows. Let Ty, = (-, Prwe,) Vo — %PT. Much in the same vein as in Theorem and Lemmas and
we will use Theorem to prove a concentration result. For this, we must get a spectral norm and variance
estimate.

For the spectral norm estimate, notice that

1
172l = ¢ Prwayva - s

1
< |[Prwa|rllvalr + +

L
1/7'+1
2n L

2ur
— =:c

T Vn

To get the variance bounds, notice that

1 1
IBITTIN = || £ > (- va)(Prwa, Prwwa)va — —Pr

acl

1
2

vr

— 2nL
vr

< )

~— nL

)\max(H_l) +

where the first inequality follows from Assumption the triangle inequality, and Lemma For the other term,
we see that

x 1 1
IE[TSTall = 7 Z<'7PTwa><UmUa>PTwa — ﬁ’PT
acl

1 1

< ZZ<'7PTwa><vaava>PTwa +ﬁ
acl
<Htm DX, Prwa)’
= 2 2L H)rfnl\al;)il ) FTWa
acl

<1l oma S (X, Prwa)?

- — max
=12 2L ”XHF:laeH y FUWa

1 1 -
<= 7>\max H
< 72 T gp teex(H)
< 1 n vr
- L? 2L

vr
< T
- L
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where the third inequality follows from ||vg||r < 1, the fourth inequality follows from Lemma and fifth inequality
from Lemma As this latter term is the larger of the two variance terms, we set V = Y™ as our variance
estimate. This allows us to state the following result using Theorem for m > Svrfnlog(n):

my/n [8Bvrnlog(n)
L

m
P ([RaPe - TP 2

)g%mm¢mwm—mlﬂ

giving a bound on RqoPr of

)

my/n |8Bvrnlog(n)
L

m
< —
IRaPr| < 7 + .

with probability at least 1 — 2n!' 5.
The next step is to produce a similar bound for ||[PrRql|. The analysis is much the same, with ¢ = 2£ and

Jn
V= % Following the same steps, we see that for m > ?z/rﬂn log(n),

)

dmy/n [ Brrnlog(n)
L

3m

m
IPrRall < 2+

with probability at least 1 — 2n!'—#. O

Lemma B.2 (Spectral Bound on Pr,Rq). Assume that

7

m 8mlog(n m  4ms/n vrnlog(n

d Rall < —
3n and |[PrRal| < L + 3m

m 8mlog(n) \ 2||X; — X|lr  m 4my/n [Brrnlog(n)
<|—+4 — .
1Pz Rall < (L R — o X) L 3m

Proof of[B-3 This result follows from direct computation, as

Then

|Pr,Rall = [|Pr,Ra — PrRa + PrRal|
= [|(Pr, = Pr)Ra + PrRal|
< RallllPr, = Prll + [PrRall

< moy [8mlog(n) \ 2|1 X; — X||r Lm dm+/n Byrnlog(n),
L n Omin(X) L L 3m

where the second inequality follows from Lemma and the assumptions of this lemma. This concludes the
proof. 0

Lemma B.3 (RIP in a Local Neighborhood). Assume

L
HmPTRQPT —Pr|| <eo <1, (23)
X — Xlp Vmeg m 8m log(n)
< Raol £ —+44 ———= 24
omin(X) T 16n5/4y/Brrilogn’ IRall < " n (24)

m  my/n |8Bvrnlog(n) dmy/n | Brrnlog(n)
< — .
IRaPrll < T+ 3m L (25)

m
< —

, and [|[PrRo| < 7 + 3

Then

L
P’]l‘l - E’P'ELRQ'PTZ S 480.
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Proof. First, notice that

L L
Pr, = —Pr,RaPr|| < [Pr, = Prll + —lIPr.RaPr, — Pr.RaPrll

L L
+ E”P’ELRQP’E — P’ERQP’E” + ‘ Pr — E’P’ERQPT

L
<||Pr, = Pl + EHPTLRQHHPTZ — Prl

L L
+ LyraPellPr, — Pl + \ Pr— LpiRaps
m m

2| X — X||r
Omin (X)
using the triangle inequality and the results gathered in Lemma |E.1
We can now bound each of these terms using the assumptions and prior lemmas. First, notice that

7

L L L
<1 + *HP’]{‘ZRQH + ||RQ7)']I‘||) + ‘ Pr — —PrRaPr
m m m

2L X; — X 2|1 X; — X 32 2] X;— X
X HF||RQ7>T|| < X = Xllp | [328vrn2log(n) | X — X|le
mamin(X) Umin(X) 3m Umin(X)
< Vmeo N Brrn?log(n) Vmeg
~ 8n5/4\/Brriogn 24m n5/4\/Bvrlogn
< \/Rio €o
T nd/t 8 pl/ay/24
o VL& e
- TL5/4 8 /24
9N o
<040
- 8 V24
S €0,

where the first inequality comes from the assumption on |[RqPr| in (25), the second inequality comes from
the local neighborhood assumption in , the third inequality comes from term cancellation and the fact that
B,v,r log(n) > 1, the fourth inequality comes from the fact that m < L, the fifth inequality comes from the fact

that % < 1, and the last inequality is a numerical inequality on the fractions.

Next, notice that the conditions of Lemma, are satisfied, so
2L X: — X||r
_— R
o) IPrRal
< 20| X; — X||p moy 8mlog(n) \ 2| X; — X||r Lm dm/n | Brrnlog(n)
- MG min (X) L n Omin (X) L L 3m

21X — X|Ir\’ 2n? [8mlog(n)\ 2|X; — X|r Burrn?log(n)
< | —/———— 1+ — 144y ———=
B < Omin (X) M m n * Omin (X) + 3m

me2 NG ( me? ) <2n2 8m log(n))

< -
~ 64n5/2Bvrlogn + 8n/4\/Bvrlogn + 64n>/2Bvrlogn m n

(gl ) (1P
8nd/4\/Burlogn 3m

< i L8, m—sg 27712 8m log(n) n Vmeg A Brrn?log(n)
~64 8 64n>/2Bvrlogn m n 8ns/4\/Bvrlogn 3m
_ & Lo V32med €0
64 8  64Bvrnlog(n)  nl/4/12
€0 % S0 0
S6 8 16 v
< €0,
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where the first inequality follows from the assumptions on ||PrRgq| in , the second inequality follows from
rearrangement of terms and the fact that L < n’ , the third inequality comes from the local neighborhood assumption
in . the fourth inequality comes from the fact that 75 < L < 1 along with B, v,r,log(n) > 1, the fifth line comes
from multiplying out terms, the sixth inequality again comes from a bound on 7 amongst other simplifications, and
the last line comes from a numerical inequality about the fractions coupled with the fact that €9 < 1 from (23)), so
€3 < &g. The desired statement follows from here, thus concluding the proof. O

For Algorithm |3} we will need what the authors of [36] call an asymmetric form of RIP for Rq. The statement
and proof of this are below:

Lemma B.4 (Asymmetric RIP of Rq). Let X; = UlDlUlT and X = UDU be two fived rank-r matrices. Assume

vr vr vr vr
[Prwea|r < o [Povallr < o ||PUlwa||F§\/%7 and ||Py,vallr < o

for o € 1. Let |Q] = m. Form > %,BVZTinog(n), with probability at least 1 — 2n'=8 for B > 1, the following
estimate holds:

L
"mPTZRQ(PU - Pv,) — Pr,(Pv — Pu,) (26)

< 4B8v2r2nlog(n)
- 3m '

Proof of Lemma[B-]} First, note that for all Z € R™*"

(PU - PUL)Z = Z«PU - PUL)vaa>va

acl

- Z PU - PUl)wa>va;

acl

so it follows that
Ra(Pu —Pu)Z = > (Z,(Pu — Py)Wa)Va,

ac
and subsequently
Pr,Ra(Pu = Pu)Z =Y _(Z,(Pu — Pu,)Wa)Pr,Va.
acQ
We define Ko(:) = Pr,(va) ® (’PU — Pu)(wa)(:) = {,(Pu — Pu,)Wa)Pr,ve. It follows that Pr,Rq(Py —
PU;) = Zaeﬂ Ko, and that ’C* (PU — PUL)( ) 7)']1‘ ( )() < PTlva)(PU — PUl)wa. Additionally,
note that E[Ko] = 1+Pr,(Pu — PUl) and that E[K}] = %(PU — Py,)Pr,. We note that the variance term

E [(ICOL — %PTI (Pu — PUZ)) (/Ca - %PTI (Pu — PUZ))*} can be bounded as follows:

E K/Ca - %Pm (Pu — PUJ) (’Ca - %7’?1 (Pu — PU;)) *}

1 1 1
=E |:ICOLK:; — KQZ('PU — PU;)P’H‘L — ZPTZ (PU — PU;)’C; + ﬁ'f)’ﬂ‘l (Py — PU;)PTL
1 1 1
=E [ICOLIC;] —E [ICOL] E(PU - PUZ)PTZ - EPTL (PU - PUL)E [IC;} + ﬁPTz (PU - PUL)PTl

1 1 1

=E KoKy - T3P (Py — Pu,)? Pr, — 2P (Py — Pu,)? Pr, + 2P (P — Pu,)? Pr,
1

= E[KaKa] = 75Pr (Pu = Pu)” Pri.

A similar computation holds for E {(/Ca — +Pr,(Pu - PU,))* (Ka — £Pr,(Pu — PU,))}, indicating that it suffices
to compute an upper bound on the following terms in order to leverage Theorem

<

1
E[KLKa] = ﬁ(PU — Pu,)Pr,(Pu — Pu,)

1
H’Ca - 7P (Pu — Puy,)

1
max { H]E[ICQICQ] - ﬁPTl (Py — Pu,)*Pr,

jon
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For the first term, notice that

1Kol < 1(Pr = Pu)walle [ Pr,valle

([1Prwallr + [|Po,wallr)||Pr,valr
1/2,,,2

IA

vr
<—<
n n

So by the triangle inequality ||Ko — +Pr, (Pu — PUI)H < # =: c¢. For the second term, notice that

E[KaK3] = T L Z = P, )Wa) (Pr,Va; Pr,va) (Pu — Pu,) Wa,
acl
* 1
E[K5Ka] = 7 2 (4 Prva)((Pu = Pu)wa, (Pu = Pu)wa)Pr,va:
acl
As such,
. 1
|IE[Ko LI = I XG]R"”I(I}L?“}S{HF:1 aZg(X, (Pu — Pu,)we) 2 (Pr, Ve, Pr,ve)
vr
T X B )2
S 57 XER"};I%?H}(XHF‘Zl %< ,(Pu — Pu,)wa)
* =:wl,
- 7l
N 2nL>\maX(H ),

where H' = [(wl,, wj3)] € R®*%. To bound this, notice that if an 3 =0,

(g,

W) = (wa, (Pu — Pu,)*wg)
=Tr [wa(PU — PUl)zwg]
=Tr [w[;wa (PU — PUZ)Q]

= 07
therefore preserving the same sparsity structure as H. To bound the magnitude of the entries, we can see that

(W}, )| = [(wa, (Pu — Pu,)*wg)| = [(wa, (Pu — PuPuy, — Pu,Pu + Py, )wg)|
< [(Prwa, Pvwg)| + [(Prwa, Pu,wg)| + [{Pu,wa, Puwg)| + (P, Wa, Pu,wg)|
2ur

Si
n

)

giving us an upper bound on H' of
~ 2
)\maX(HZ) < E(Qn —3) < dwr.
n

This gives a bound of

v2r?

nL

o 2
B <

Next, we can see that

1
— max
L XerRrxn || X |p=1

IECELa]

> ((Pu = Pu,)Wa, (Pu — Pu,)wa) (X, Pr,va)’

acl

2
T max Z(X,va>2

nlL XeT,|X|r=1
€T, X |lr ~el

IN

2ur
nlL
vr

nL’

IA

Amax(Hil)
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Now, it follows that

2022 4 422
<X 4" <

. 1

1 vr 4 2ur
E[CKa] — = - - <—+=5<—,
[icerca) - 22(Po - Po)Pr(Py P < 2 + 45 < 2
so Vy = %. Now, for t < ™Y = 2% the result follows from Theorem with t = W with

m > 3v°r?nlog(n).

C Proof of Local Convergence (Theorem 5.5

In this section, we will use the properties proven thus far to provide proof of local convergence of Algorithm 2]
We begin with the following technical lemmas:

Lemma C.1 (Stepsize Bounds). Assume that |Pr, — £Pr,RoPr, || < 4eg < 1. Then the stepsize oy in Algorithm
can be bounded by
Lim _ PGl _ Ljm
1+ 4eg (Pr,G1, RaPr,Gy) 1 —4eg
Proof of Lemma[C1. We will prove this by leveraging the local RIP assumption. Notice the following:
(Pr,G1, RaPr,G) = (Pr,G, Pr,Ra’Pr,G1)

= <771rl G, Pr,RaPr,G; — %PTL Gl> + %<P’H‘Glapﬂl‘Gl>-

We can now leverage the variational characterization of the spectral norm and local RIP, proven in Lemma to
bound the following:

m m m
~ 2 (420) [PrGull} < (Pr, G, PrRaPr G — TP Gr) < T (420) [ PrGi .
As such, we can now bound the denominator as

m
f(l —4e9)||PrGi||3 < (Pr,G1, RaPr,G)) <

SIE

(1 + 480)H'P11*Gl||%

Rearrangement of this last expression yields the upper and lower bounds on the step size derived above. The
condition that 4eg < 1 is required to enforce the positivity of the step size, as negative step sizes cause divergence in
the contractive sequence. This is necessary as Rgq is not a self-adjoint positive semi-definite operator. This concludes
the proof. O

Lemma C.2 (I; Bound). Assume ||7311~L — %P‘TZRQP}I‘I H < 4eq and a; can be bounded as in Lemma . Then the
spectral norm of Pr, — a;Pr,RaPr, can be bounded as

880
1Pz, = crPr RaPr | < 1— 1=y (27)
Proof of Lemma[C 3 From direct calculation, it follows that
L L
1Pr, = crPrRaPr, || < HPTL = —PrRaPr | + o — m’ [P, RaPr |
L m m
<deo + |y — o <HPTZRQPTZ - EPTZ + IHPTZ H)
L/m L/m(1 — 4eo) m m
< : (1 ™)
= 6“Jr<1—450 1 — 4eg LTI
460
<4 1+4
< 80+1—4€o( +4eo)
- 860
- 1-— 460.
This finishes the proof. O

We can now prove Theorem [5.5
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C.1 Proof of Theorem [5.5
Proof. First, it follows that

[ X141 = X[r < | X140 = Willp + [W1 = X[p < 2(|W, — X||p,
as X4 is the best rank-r approximation of W;. Plugging in W; = X + o;Pr, G, we see that

[ X141 — X|lp <2[|X; + P, G — X ||
::2H)Kl—»}t —-a11%m7eg()rl—>)()HF
< 2[|(Pr, — asPr,RaPr,) (X1 — X)|Ir

I
+2(|(I = Pr,)(X; — X)|r
1
+ 2| | P, Ra(I — Pr,)(X; — X) ||k -
I3

It remains to bound each term individually. Using Lemma[C.2] we see that

1650
1-— 450

Next, notice that from Lemma [E.I] and the fact that Pr, X; = X,

I; <

X1 — X||g.

Iy =2[|(I = Pr,)X; — (I = Pr,)X)|r
=2|({ = Pr,) X||r
220X - XfE
Omin (X))

Vmeo
8nS/4/Burlogn
eol| X1 — X||r

€0
X — X
o 1= X,

X1 — X[

IN

IA

using Lemma and our initial assumption. Finally, we see that, following a similar argument as in the bound of
I and using Lemma [B.2]

I3 < 2|ai| || Pr, Rellll(1 = Pr,) X ||r

< 2L/m moy 8mlog(n) \ 2||X; — X||r Lmy dmy/n [ Brrnlog(n) | (|1 X; — X||F
1 —4eg Omin(X)

1 2 2
(EO+€°+EO+€°> I1X: — X|r

Omin(X) L L 3m

) 1X0 - X

— 1 —4eg \ 128 16 32 /48
<0
— 1 —4eg

where the second to last inequality follows from the same analysis conducted in Lemma [B23] just divided by 2.
Collecting these results, we get

1850
X1 — X|r < X; — X||p.
[ X141 e < 5 —450H ! i3
By the assumption of the theorem, which holds for [ = 0, and as we have a contractive sequence, it inductively
follows that the assumption holds for [ > 0. This concludes the proof. O

D Initialization Results

Now that local convergence has been established, we can now prove quantitative guarantees for the initialization
methods provided in the main text.
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D.1 Proof of Lemma [5.6
We first start with a proof of the guarantee provided by one-step hard thresholding, detailed in Lemma
Proof. First, notice that for Wy = #RQ(X ), we get

1 X0 — X|| < [|[Wo — X|| + [|[Wo — Xo|
<2[wo — X1,

where the first inequality follows from the triangle inequality and the second inequality follows from the fact that
Wy is the best rank-r approximation of X by Eckart-Young-Mirsky [82]. We now need a bound for this last term.
Notice that Wy — X = % Yo X, wa)ve — X is a sum of zero-mean i.i.d random matrices, opening up use of
Bernstein’s inequality. In order to use this, define Zo = £ (X, wa)va — £ X. We need a bound on || Z,|| and
|E[Z&]?||- First, notice that

L 1
1Zall = | £ (X, wa)va XH
m

IA

L 1
— X, wa o — || X
Z[(X,wa)l [vall + — 1 X

IN

41 n
— [ Xl + — [ Xl
m m
5L
< — | Xle =
m

as ||va| < 1 from Lemma[A.6] Next, notice that

L 1,

32X — X
[0 %

As both these matrices are positive semi-definite, it follows that ||E[Z2]| < max{||-Zz >, (X, wa)?v?
It follows that

HE 22

ez X[}

L 2,.,2
TZ<X7wa> Ve
me s

_ X w 2yT,U2y
yER™, Hsz—l m2 Z o) o

16L
ey b 8 (Zvi>y
@
16L
= X mx<2vi>.

Now, from Lemma LV = ”2%7:’*21 It follows that Amax (3, v2) = "2%;”2 < % as J is an orthogonal
projection. Thus,

| /\

= (22)] < —F 2 X2,
Now to determine ¢, we note that

V. 5nlL 5 m

Z: m HXHoo 5LHX||<>0
=n[| X,
404n3logn
> | TIER

for m > %Bn logn. It follows that

408n3logn
P <|X0 X[ >y anm) < anexp (~Blog(n))

= 2n1*5,
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verifying the probabilistic bound. To complete the proof we use Assumption [5.2] and it follows that

3 2
10~ Xlle < V27X - x| < | 2P 080 oy < \/320’“ inlos(n)  x,

thus concluding the proof. O

Now, we will prove a technical lemma about Algorithm
Lemma D.1 (Trimming Result). Let Z, = U;D,U," be a rank-r matriz such that
Omin X
12— x| < Pt X),
10v2

Then the matriz Z; returned by Algorithm |Z| satisfies

10 10 10
IPo.eill = 5y %’ IPg, walle < ?\/g? and [P, vellr < 5 \/ on

and furthermore R
121 — X|lr < 8k[|Z1 — X||p

Proof of Lemma[D-1l The proof of the first and fourth statements can be found in [36]. To see the second and third
statements, we can apply the same analysis as in Remark [2] This analysis is reproduced here for convenience. First,
notice that if [|Pg e[z < 2. /155, then by the triangle inequality

40 10
[Py, wa |z < —||7>erHF <3 ,/Sn

This validates the second statement. To see the third result, notice that

prjlva”F = ’PUZ ZHQ’B'wg

Bel F
<> |HP| [Py, wpl|e
Bel
vr op
LT
Bel
and from Lemma [A.6] it follows that H °‘B| < 2, so the last statement follows. O
acl

D.2 Proof of Lemma [5.§

Proof. First, assume that at the [-th iteration of Algorithm
Tmax(X)
25642

This indicates that Zl is 100—V incoherent with respect to {weq }aer and that

12 — X|lr <

12— X |lr < 8421 — X||p-

Following a similar strategy as in the proof for Theorem we can decompose the error at the [ + 1-th iteration
as follows:

I X
12141 - Xl <2 (Ps, ~ 2P Ro,P3)(Z - X)

F

Iy

42 H(I— Pi) (2 — X)HF

Is

L .
+2 H ~Ps,Raya (T~ P3,)(Z — X)

F

I
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Now, as Zl and €;41 are independent, we can use Theorem to bound I, as follows:

L N
<2 ‘ i Ry Pr, — P, || 120~ Xl
8(100v/81)2r28nlog(n) , 4
<o) [SU )P ne(n), 7, _ ),
m
80000212 Bnlog(n)
<16 Z — X
= “\/ oos3m 120~ Xl
2,230, 1
< 32y [ LO0B0) 7 X,
m
with probability at least 1 — 2n'~# as long as 1 > 4v%r2Bn log(n).
Next, we can bound I5 as follows:
212, - X}
< —
= Umin(X)
_ 128622, — X3
- Omin(X)
1
< 3lZ = X,

where the first inequality follows from Lemma the second inequality comes from Lemma and the last
inequality comes from the starting assumption.

For the final result, again recall that Z, and ;41 are independent, and Z, is %0—1/ incoherent with respect to
{wea }acr. From Lemma and the new incoherence parameter, we have that

‘ - \/ 40000822121 log(n)

196831
26v%r2nlog(n)
m

L
H ~ P2, Ras P, (Pu — Pp,) = Pa,(Pu = Pp,)

b

with probability at least 1 — 2n'=# given 1 > 28v%r2nlog(n). Now, as
(Z—Ps)(Z1 - X) = (T - P3)(X)
= - X+UU'X +XUU" -0,0"xX0,0]"
- - UU'X+UU'X +UU"XUU - 00" X000
——(UUT —OUNXI-00")
= (UU" -0 (Z, - X)I-U0U,")
= (P ~ Py, (21~ X)(T ~ Py,

where the first line follows from the fact that Pfr, Zl = Zl, the second line follows from the definition of 73@1, the

third line follows from the fact that yUTX = X, the fourth line is a rearrangement of terms, and the fifth line
follows from the fact that Z,(I — U,U,") = 0. It follows that

L A~
16 =2 EPTZRQH’I(PU - PUL)(ZI - X)(I_Pﬁl)

F

L A .
=2 EPTZRQHA(PU — PUL)(ZZ — X)(I, PUZ) — P’f[‘l (PU — Pﬁl)(zl — X)(I — PUZ)

=0 F

.

L
<2 aPTlRQ“rl (Pu — PUL) — Pirl (Py — PUZ)

@i~ x5

L
<2 E,P’TI‘IRQZ-H ('PU — PUL) — Pﬁ‘, (Pu — PUI)

2]
F

2Bv2r2n1
< 165y | 2BV2Tnl0g(n)

)

37



where the first two lines follow from the computation above. Combining I4, I5, and I gives
1 v2r2nlog(n
1Z141 — Xlr < (2 + 64k /Bmg()> 121 — X||r, (28)

with probability at least 1 — 4n'=#. Tt follows that is less than 2 for i > (192vrk)?Bnlog(n).

Now, as Zy = H, (%RQO (X))7 we can make || Zy — X||p < ”‘2“5%535) using the one step hard thresholding result

from Lemma [5.6] for 7 > (2 x 10°)x5r2u3nlog(n), and the result follows from here. No attempts were made to
optimize the constants. O

E Miscellaneous Results

Lemma E.1 (Bounds for Projections). Let X; = UlDlUlT be a rank-r matriz and T; be the tangent space of the
rank-r matriz manifold at X;. Let X = UDU " be another rank-r matriz, and T be the corresponding tangent space.
Then

| X7 — X V2| X — X|lr
e e Sl [ ~ Ul < =
X — X |7 21X — X|lr
(Z —Pr)X|lr < #X)Fa [P, — Pl < "o (X)
Proof of Lemma[E-1. See [36L[37]. O
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