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Abstract

In this paper, we focus on learning a linear time-
invariant (LTI) model with low-dimensional la-
tent variables but high-dimensional observations.
We provide an algorithm that recovers the high-
dimensional features, i.e. column space of the
observer, embeds the data into low dimensions
and learns the low-dimensional model parame-
ters. Our algorithm enjoys a sample complexity
guarantee of order O(n/e?), where n is the ob-
servation dimension. We further establish a fun-
damental lower bound indicating this complexity
bound is optimal up to logarithmic factors and
dimension-independent constants. We show that
this inevitable linear factor of 7 is due to the learn-
ing error of the observer’s column space in the
presence of high-dimensional noises. Extending
our results, we consider a meta-learning problem
inspired by various real-world applications, where
the observer column space can be collectively
learned from datasets of multiple LTI systems.
An end-to-end algorithm is then proposed, facili-
tating learning LTT systems from a meta-dataset
which breaks the sample complexity lower bound
in certain scenarios.

1. Introduction

Analyzing high-dimensional time series data is essential for
numerous real-world applications in finance (Mudassir et al.,
2020), economics (Maliar & Maliar, 2015; Masini et al.,
2023) and biology (Churchland et al., 2012; Hajnal et al.,
2023; Xia et al., 2021; Gallego et al., 2020; Stringer et al.,
2019). High-dimensional time series observations often find
succinct representation through a set of low-dimensional
latent variables. In this paper, the focus is to learn the low-
dimensional dynamics capturing the very essence of the
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time series, which becomes useful in various down-stream
tasks like prediction and inference (Churchland et al., 2012;
Mudassir et al., 2020; Pandarinath et al., 2018).

Popular techniques for such analysis range from linear mod-
els, such as linear time-invariant (LTT) systems (Sikander &
Prasad, 2015; Bui-Thanh et al., 2008; Hespanha, 2018) and
auto-regressive models (Dong et al., 2022; Poloni & Sbrana,
2019; Qin, 2022), to more complex nonlinear models, ex-
emplified by recurrent neural networks (Yu et al., 2021;
Sussillo & Barak, 2013; Medsker & Jain, 1999). Herein, we
focus on LTI models as they are interpretable and require
much less computational power in many real-world applica-
tions (Gallego et al., 2020; Churchland et al., 2012; Dong
et al., 2022).

Specifically, we learn partially observed LTI systems in the
following form

i1 = Az + Bug +wy,  ye = Cog+ 1, (1)

where y, € R™ are high-dimensional observations, x; € R"
are low-dimensional latent variables with n > r, u; € R™
are inputs and wy, 7; are process and observation noises,
respectively. Matrices A and B are the system parameters
for the dynamics and inputs, respectively, and C can be seen
as the observer, mapping latent variables to noisy observa-
tions. Recently, a contemporary perspective has revitalized
well-established system identification (SYSID) algorithms
for similar setups (Shirani Faradonbeh et al., 2018; Sarkar
& Rakhlin, 2019; Oymak & Ozay, 2019; Sarkar et al., 2021;
Zheng & Li, 2021). Without any structural assumptions,
they have established finite time convergence results with
arate of O(+/n - poly (r,m) /T), leading to a sample com-
plexity of O(n-poly (r,m) /€?) for an e-well approximation
of model parameters. Such results are not satisfying for LTI
systems with a large observation dimension n. One alter-
native way to directly applying the SYSID algorithm is to
initially project the high-dimensional data to lower dimen-
sions before conducting further analysis (Saul & Roweis,
2000; Churchland et al., 2012), either for efficiency or for in-
terpretability. Moreover, these projections may often consist
of “meta information” that is shared across different tasks.
This is consistent with many scenarios in meta-learning set-
tings where we deal with more complex datasets collected
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from similar observers but possibly with different latent
dynamics. The above facts motivate us to investigate the
provable efficiency of this type of projection method and its
generalization ability.

Contributions. In this paper, we study learning LTT sys-
tems with high-dimensional noisy observations. We adopt
a two-stage procedure to first extract high-dimensional
features, i.e. column space of the observer. We subse-
quently perform standard SYSID on the resulting low-dim
data and recover the original model parameters. We es-
tablish sample complexity for this bifold procedure that
scales as O([n + poly (r,m)]/€?) which further reduces
to only O(poly (r,m) /€?) in the absence of observation
noises. This then naturally leads to the following question:

Can this linear dependence on observer dimension n be
possibly improved by some carefully designed algorithm?

We show that the linear dependence on n is unavoidable
in the presence of observation noises — as shown in our
lower bound result Theorem 4.1, requiring at least O(n/€?)
samples from our learning problem. Unfortunately, obser-
vation noises always exist for real-world applications, as
the sensors always involve uncertainties. The lower bound
also indicates that the sample complexity of the proposed
algorithm is optimal up to some logarithmic factors and
dimension-independent constants.

Additionally, our pragmatic solution—namely, the separation
of learning the high-dimensional features (i.e. the observer
column space) and learning the rest of the model parameters—
can be extended to meta-learning setups by collecting meta-
data from a set of dynamical systems that share the same
observer model. By adopting a “leave-one-out” strategy for
statistical consistency, we show that as long as the meta-
data is collectively large in order of O(n/€?), we can suc-
cessfully obtain an e-well approximation of all the systems
parameters involved in the meta-data (Theorem 5.1). We
finally note that such metadata with the same observer is
common in real-world applications (Hajnal et al., 2023; Xia
et al., 2021; Marks & Goard, 2021; Gallego et al., 2020).
One example is in neuroscience where neuron activities are
measured over a long period by the same set of electrodes or
imaging devices. Although the subject may perform differ-
ent tasks or demonstrate behavior corresponding to different
latent dynamics, the observer model (i.e. the electrodes
or the imaging device) remains the same, resulting in the
metadata considered here.

To summarize our contributions: Firstly, we provide Column
Space Projection SYSID (Col-SYSID) (Algorithm 1 in Sec-
tion 3) that learns LTI systems through high-dimensional
observations with complexity O(n/e?) (Theorem 3.4 in
Section 3). As compared with existing algorithms, ours
reduces the multiplicative polynomial dependency on the

latent dimension 7 and the input dimension m. We then
establish a sample complexity lower bound for this problem,
indicating the optimality of the above result (Theorem 4.1
in Section 4). Our algorithmic idea is further extended to
a meta-learning setting, where we have access to datasets
from multiple similar systems. We provide an end-to-end
framework for handling this meta-dataset and learning all
included systems (Algorithm 3 in Section 5). With the help
of the meta-dataset, we break the sample complexity lower
bound in certain scenarios (Theorem 5.1 in Section 5).

Before proceeding, we set the following notations through-
out the paper.

Notations: Without further explanation, let § be any proba-
bility in (0, 1/e). We use poly (+) to denote polynomial and
logarithmic dependences. We use < and 2 to hide absolute
constants. We use @() to hide all problem-related con-
stants, absolute constants and logarithmic factors. Let [V]
be the set of integers {1,..., N'}. Let M|y denote the set
{ M} nen) and let M_,, denote the set { My} ]\ {n}
when the full set [IV] is clear from the context. For any
matrix M € R™*" let o1(M) > oo(M) > -+ >
Omax{m,n} (M) be its singular values, and let o,in (M) be
the minimum non-zero singular value. Let || M || denote its
operator norm, and M T denote its transpose. Let col(M)
be the column space of M and let ®;, denote any orthonor-
mal matrix whose columns form a basis of col(M). For
any orthonormal matrix ®, we use &1 to denote the ma-
trix such that [<I> <I>L] is unitary, and we refer to &L as
the orthogonal complement of ®. For any positive semi-
definite matrix . € R™"*", we slightly abuse the notation
and let A/(0,%) denote the distribution of X!/2z, where
x ~ N(0, I,,) follows the standard Gaussian distribution.

1.1. Other Related Works

Other Linear Models with Low-Dimensional Dynam-
ics. Recently, there are lines of research on autoregressive
models with low-dimensional representations (Qin, 2022;
Dong et al., 2022; Poloni & Sbrana, 2019). Indeed, we
may also be able to reconstruct low-dimensional dynamics
from the model with the learned representations. However,
sample complexity results are not currently available for
such models. Another related line of research is on dynamic
factor models (Hallin et al., 2023; Anderson et al., 2022;
Breitung & Eickmeier, 2006). Anderson et al. (2022) only
provides asymptotic convergence guarantees. Finite time
convergence is indeed developed in Hallin et al. (2023).
However, their results can not imply dependence on the
system dimensions and are only about the convergence rates.
Moreover, certain assumptions might not be easily verified
in our setting.
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General SYSID Algorithms. The most relevant sample
complexity results are provided in recent SYSID literature
for learning partially observed LTI systems (Zheng & Li,
2021; Lee, 2022; Djehiche & Mazhar, 2022; Sarkar et al.,
2021; Oymak & Ozay, 2019). The last four papers focus
on systems with stable latent dynamics, while the first pa-
per extends to unstable latent dynamics. Unfortunately, all
algorithms have suboptimal sample complexities. There
also exists a line of work providing sample complexity for
learning fully observed systems (Sarkar & Rakhlin, 2019;
Shirani Faradonbeh et al., 2018), whose analysis techniques
is applicable to unstable dynamics. This paper focuses on
stable latent dynamics, and we leave for future directions to
extend the results to unstable latent dynamics.

Existing SYSID Lower Bounds. There exists literature
providing lower bounds for learning partially observed LTI
systems. However, their results are not directly comparable
to ours in our setting. The most relevant papers are Sun et al.
(2023); Fattahi (2021). The former provides a lower bound
depending on 7 /n, which is tailored for systems with r > n.
The latter provides a lower bound proportional to 1/¢*. The
lower bound follows a slower rate than ours, though being
logarithmic in the system dimensions. Sun et al. (2022)
provides lower bounds defined for noise-free settings. Mao
et al. (2021) provides lower bounds for systems with C' = I.
Bakshi et al. (2023) provides lower bounds for learning
almost uncontrollable and unobservable systems. Other
related works include Djehiche & Mazhar (2021); Jedra &
Proutiere (2023); Simchowitz et al. (2018), which develop
lower bounds for fully observed systems.

General Subspace Learning Algorithms. To learn the
observer column space, several existing literature may be
related. Vaswani et al. (2018); Balzano et al. (2018); Candes
et al. (2011); Blanchard et al. (2007) focus on analysis for
PCA subspace learning. However, they assume that the
dataset is i.i.d. sampled, which is not the case for dynamic
systems. Dynamic factor model techniques are also related
(Hallin et al., 2023). As discussed previously, the results can
not imply the dependence on the system dimensions. Other
ideas include Deng et al. (2020), whose sample complexity
remains an open question.

2. Preliminaries and The Problem Setup

Consider linear dynamical systems in the form of Equa-
tion (1) with g = 0 (for simplicity), process noises
idi.d

Wy N(0,%,) and isotropic observation noises

me N(0,021). Here %, and o1 are positive semi-
definite matrices. We denote such systems by M =
(ryn,m, A, B,C, %, 0127[). In standard system identifica-
tion setup, given the input-output trajectory data from the
system, the objective is to learn system parameters up to

the well-known similarity transformation class, i.e., to learn
tuple (A, B, C) such that for some invertible matrix S,

A=S5"1AS, B=S"'B, C=CS.

Furthermore, in order to ensure this learning problem is
well-posed, we assume (A, B) is controllable and (A, C) is
observable. This is often referred to as a minimal realization
(a state-space description of minimal size that explains the
given input-output data (Schutter, 2000)). The correspond-
ing system M is then called a minimal system.

High-dimensional System Identification Prob-
lem (HDSYSID): Consider learning minimal system
M = (r,n,m, A, B,C, Zw,agl) with high-dimensional
observations and low-dimensional latent states and
inputs; namely, r,m < n. Here, covariances X%, 03,[
are positive semi-definite covariances. For k = 1,2,
we choose input trajectories Uy = {up.}i5o " and get
corresponding observations YV, = {yk,t}tTio. Here, every
input wuy, ; N (0,%,,) is sampled independently with
positive definite covariance ¥,, = 0.2 With the two datasets
Dy = Y1 UU; and Dy = Vo Uls, our objective is to output

approximate system matrices (ﬁ, §, 6) such that with
high probability,

max{Hs—lAS — ,ZH , Hs—lB _B

CS—@H} <e

)

for some invertible matrix S.

In HDSYSID problem, we specifically consider systems
with 7, m < n and isotropic observation noises. We select
inputs with positive definite covariance YJ,, so that the sys-
tem is fully excited and therefore learnable. The problem
setup can be extended to the case where we have access
to K > 2 independent data trajectories. Our proposed ap-
proach and theoretical analysis in the following sections can
also be readily adapted.

3. SYSID with Column Space Projection

Before diving into the details, we first state the necessary
assumption and definition for HDSYSID.

Assumption 3.1. There exist constants ©v4 > 1 and py €
(0,1), which are independent of system dimensions, such
that

A <%alpa)™", WieN.

"Here, S represents a change of basis for the latent variables
resulting in a modification of the system representations from
(A, B,C) to (ST*AS,S™'B, CS)-yet describing exactly the
same input-output behavior. See Section 4.4 in (Hespanha, 2018).

2Qur approach can be easily extended to a weaker assumption
on Xy (A, (S + BX,BT)Y?) being controllable. Here we
assume X, > 0 to keep the results clean and interpretable.
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The existence of 14 and p4 is a standard assumption (Oy-
mak & Ozay, 2019) and is guaranteed by Lemma 6 in Talebi
et al. (2023) as long as the spectral radius of A is smaller
than 1. However, the constants may be dependent on system
dimensions in the literature. Here we assume 14 and p 4 to
be independent of system dimensions.

Definition 3.2 (System Identification Oracle (Sys-Oracle)).
Consider system M = (r,n,m, A, B,C,%,,,X,) with a
minimal realization (A, B,C') and arbitrary dimensions
(r,m,n). Assume M satisfies Assumption 3.1. Given an
input-output trajectory D = Y UU, where U = {u;}
are the inputs with u; "~ A (0,%,) and YV = {y:}i!
are the corresponding outputs, the Sys-Oracle outputs ap-
proximation (g, B , 5) such that with probability at least

134,
-}

max{H57

~ poly (r,n,m)

7.5’
= \/T 2

forany T' > k1 -poly (r, n, m) and some invertible matrix S.
Here k1 = k1 (M, U, 0) , ke = ko (M, U, ) are problem-
related constants independent of system dimensions modulo
logarithmic factors.

The Sys-Oracle defined above is applicable to all minimal
systems with arbitrary dimensions (r, n, m), which does not
necessarily lie in the regime where n > r, m. It represents
standard system identification algorithms, including the cel-
ebrated Ho-Kalman algorithm (Sarkar et al., 2021; Oymak
& Ozay, 2019). The constraints of such existing algorithms
are captured by Assumption 3.1. These algorithms also re-
quire the inputs and noises to be sampled independently and
fully exciting, which is captured by the definition of system
M and inputs U in Sys-Oracle. In Appendix D, we will
provide an example of such an oracle for the completeness
of this paper.

3.1. The Proposed Algorithm

Our proposed Algorithm 1 consists of two components.
Firstly in Line 2, using the first data trajectory, we approxi-
mate the column space of the high-dimensional observer C'
and get matrix <I>C € R¥1ank(C) The columns of tbc form
an approximate orthonormal basis of this column space.
This approximation is accomplished by the Column Space
Approximation (Col-Approx) subroutine, which essentially
calculates the covariance of the observations {1 ; } .1, and
extracts the eigenspace associated with the large eigenvalues.
The details of the subroutine is postponed to Section 3.3.

Secondly, in Lines 3-5, we learn the system parameters
with the second data trajectory. With the help of ®-, we
can project the high-dimensional observations onto lower

Algorithm 1 Column Projection SYSID

(Col-SYSID)

1: Inputs: Data )1, D2; Subroutines Col-Approx, Sys-Oracle;
2: Approximate the observer column space:

Space

Do Col-Approx ())1)

3: Project dataset Dy = {y2.+}712, U {us,¢};25 " onto the col-
umn space:

'Z~72 — {‘/ISCTyQ,t}ZiO U {uQ,t}tTial
4: Identify low-dimensional parameters:
;1\, E, C Sys-Oracle (232)
5: Recover the high-dimensional observer:
C+ dcC
6: Outputs: (27 §7 6)

dimensions, i.e. we let gy, = &)CTyg,t. This projected
sequence of observations satisfies the following dynamics

Ti41 = AQ?t + But + Wy,

Ya,t = ‘/ISCTCZUt + ‘50T7lt-
that is generated by an equivalent system M denoted by
M= (r, rank(:I;C),m,A,B,:I;CTC, Ew,anI) 2)

Remark 3.3 (Why two trajectories?). The reason for us to
switch to the second trajectory for parameter learning is to
ensure the independence between ¢ and the second tra-
Jjectory, which will ensure that ®-Tn; is still independent
of other system variables. This is critical for the application
of Sys-Oracle. Note that if the algorithm is equipped with
any Sys-Oracle that handles dependent noises, one can eas-
ily simplify Algorithm 1 to a single trajectory. Developing
such Sys-Oracle is an interesting future direction and ideas
from (Tian et al., 2023; Simchowitz et al., 2018) may be
related. O

Lastly, we then feed this low-dimensional dataset to the
Sys-Oracle for learning the corresponding low-dimensional

parameters (ﬁ B C’) ~ (A B (I)CTC’) Finally, we re-

cover C' from C' through <I>c If <I>AC approximates the
column space of C well, then P~ T should also be
close to P T, which is the projection onto the col-
umn space of C. Therefore, it is intuitive to expect that
(I)CCI)CTC ~ (I)C(I)CTO =C.

3.2. Sample Complexity of the Algorithm
We now provide the following sample complexity result for
Algorithm 1.

Theorem 3.4. Consider system M and datasets D1 =
Uy U Y1, Dy = Uz U Yo (with lengths T, Ts respectively)



Learning Low-dimensional Latent Dynamics from High-dimensional Observations

in HDSYSID. Suppose M satisfies Assumption 3.1. If

Ty Z k3 -n*r®, Ty > Ky -poly(r,m),
then (E, E, 6) from Algorithm 1 satisfy the following for
some invertible matrix S with probability at least 1 — §

s {5 Jes-el)

s poly (r,m)
R4VEww+“\/ -

Here k1 = ,%1(]\//?,(/{27 0),ky = /ig(/T/l\J/{% 8), k3 =
K3 (/\/172/{[2],5) and kg = kg (M, U4, 0) are all problem-
related constants independent of system dimensions modulo
logarithmic factors with M defined in Equation (2). Also,
k1 and ko are defined in Definition 3.2, while the definitions
of k3, Ky are summarized in Theorem A.1 in the appendix.

The above error bound consists of two terms. The first term,
also the dominating term, is the error of observer column
space approximation and the second term is due to learning
of the rest of the system. Together, the error bound directly
translates to a sample complexity of O([n+poly (r, m)]/€?).
This complexity is equivalent to O(n/€2) in our setting with
r,m << n.

Remark 3.5. Here the first term indicates an interesting
insight: the norm of our approximated observation matrix
may affect the performance of the algorithm. Therefore, in
practice, one might want to choose Sys-Oracle that outputs
C with a reasonable norm (line 4 of Algorithm 1). This

ensures HGH is not too large because H@H < H&;CH HC‘H =
€] .
For more concrete results, we instantiate Algorithm 1 with
Ho-Kalman algorithm (Sarkar et al., 2021; Oymak & Ozay,
2019), Algorithm 4 in Appendix D as Sys-Oracle. Then the
above theorem leads to the following corollary.

Corollary 3.6. Consider the special minimal system M =
(r,n,m,A,B,C,021, 0727[) and datasets D1 = U, U
V1, Dy = Us U Yy (with length Ty, Ty respectively), where

the inputs are sampled independently from N'(0,021). Sup-
pose M satisfies Assumption 3.1. If

~ .23
Ty 2 ks -n'r,

Ty > iy - r°(r +m),

then (g, E, é) from Algorithm 1 satisfy the following for
some invertible matrix S with probability at least 1 — §

s {5 Jes-el)

SR J@Wﬂ*“*/ *m)

Here kq, Ko, R3, k4 are all problem-related constants only
dependent of system M and inputs Uy Ul (as compared to
k1 and ko in Theorem 3.4 that depend on M\ ). They are also
independent of system dimensions modulo log factors. De-
tailed definitions of the constants are listed in Corollary D.2.

Based on the above corollary, we now compare the error
of our algorithm instantiated with the example oracle, de-
noted by Ay, with the error of the example oracle when
it is directly applied to the dataset, denoted by A,. For a
fair comparison, we consider A as the error with datasets
generated by inputs U = {u;} 15727 of length T} + Ty.
Here the inputs are sampled independently from N0, o21).

The error of our algorithm is upper bounded by

n r5(r +m)
J— + - 7
T T

The above error directly translates to the sample complexity
of O([n+75(r +m)]/e?) = O(n/e?) when r,m < n. On
the other hand, from Corollary D.1

~ r5(r4+n+m)
Ay <O _
2= Ty + Ty

And this gives a sample complexity of order @([nr5 +r8(r+

m)]/e?) = O(nr®/e%) when r,m < n. Therefore, in the
regime where r, m < n, it is clear that our algorithm enjoys
a better sample complexity as compared to directly applying
the example oracle.

3.3. Proof Ideas of Theorem 3.4

Although conceptually simple, justifying this tight sample
complexity result is hard. The difficulty lies in ensuring the
accuracy of the observer column space approximation ®¢,
which is learned mainly by PCA on the given data (detailed
in the following algorithm).

Algorithm 2 Column Space Approximation (Col-Approx)

1: Input: Observations Y = {y: }7—o;
2: Calculating the data covariance

T
Ly Z Yeye!
t=0
3: Estimating the observer rank
Te — arg max (ai(Ey) —oit1(Zy) > T3/4)
i
4: Estimating the column space

@c + first 7. eigenvectors of 3,

5: Output: ‘50
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Existing analysis of PCA (Candes et al., 2011; Vaswani
et al., 2018; Chen & Storey, 2015), matrix factorization
(Gribonval et al., 2015) and other subspace learning tech-
niques (Tripuraneni et al., 2021; Zhang et al., 2023) do not
apply to our setting. This is because these methods assume
i.i.d. data samples, while our dataset D; consists of cor-
related data points generated by a dynamical system. We
need to apply martingale tools (Abbasi-yadkori et al., 2011;
Sarkar & Rakhlin, 2019) for our analysis.

Moreover, the noises in the dynamical system accumulate
across time steps. Naively applying the martingale tools
leads to loose sample complexity bounds. Since we are
learning a subspace embedded in R", it is reasonable to
expect a sample complexity of O(n/e?) for an e-good ap-
proximation of the subspace 3. We achieve this result by
developing our own subspace perturbation lemma specifi-
cally tailored to this setting. The above ideas on analyzing
Col-Approx translate to the following lemma.

Lemma 3.7. Consider system M and dataset D1 = Uy U
in HDSYSID. Suppose M satisfies Assumption 3.1. If

Ty > ks - n2r3,

then ®¢ = Col-Approx(Y1, X)) satisfies the following with
probability at least 1 — §

rank(®¢) = rank(C), H:I;éTqJCH NILZERY. TE

Here kg4 = kg (M,U1,0) and k5 = k5 (M, U1, 6) are both
problem-related constants independent of system dimen-
sions modulo logarithmic factors (details in Lemma A.2).

Recall @ denotes the orthonormal matrix whose columns
form a basis of col(C) and ®Z denote the matrix such that

[(ISJC- 50} is unitary.

Proof Sketch of Lemma 3.7. ‘i)c is constructed from the
eigenvectors of matrix >, = 220 Y1,4Y1,.7. We decom-
pose it as follows

T1 Tl
Zyl,tyl,tT =C (Z Il,txl,tT> cT +072,(T1 +1)I
t=0 t=0

Yo
T T
+Z (™ — o) + Z (Cx1om T +mx1,7CT).
t=0 t=0
Ao A+ArT

3Other intuitions for this complexity comes from standard co-
variance concentration results for i.i.d. data (Corollary 2.1 of
(Rudelson, 1999)). In these results, O(n/¢?) samples are required
to learn an e-good covariance, which directly translates to a good
column space estimation of the covariance.

Here > contains the information on the observer column
space ¢, while A; and A, are noise terms. The rest of the
proof is decomposed into three steps. In the first step, we
upper bound the noise terms A7, Ay and lower bound the
latent state covariance ZtT;O 21,+1,. In the second step,
we show that the eigenvectors of 3, in the column space of
C has eigenvalues much larger then the other ones. This gap
eigenvalue gap enables us to identify the dimension of the
column space of C. Finally, in the third step, we apply our
tailored subspace perturbation result to bound the accuracy
of the approximated column space.

Step 1. With system (A, B) being controllable, the Gaus-
sian inputs with X, > 0 can fully excite the latent dy-
namics and thus lead to the following lower bound on

T .
D im0 T1,eT1 ¢

T,

Z T1,4T1,¢ >~ @(Tl)f

t=0

The upper bound on Ay, ie. [|Az] < O(V/T1), follows
from standard Guassian concentration arguments. To upper
bound Aq, we apply the martingale tools from previous
works (Abbasi-yadkori et al., 2011; Sarkar & Rakhlin, 2019)
and get the following relative error bound

H(Ec+TJ)‘%A1H < O(/Ty). 3)

Step 2. Since the perturbations are small, standard eigen-
value perturbation bounds give

Urank(C)(Zy) - Urank(C)+1(Ey) > @(Tl)

This eigenvalue gap as large as @(Tl) makes it easy to
determine the rank of C'. Therefore, with high probability,
rank(®¢) = rank(C).

Step 3. Finally, we bound the angle between the eigenspace
of the first rank(C') eigenvalues of ¥, = X¢ + Ag + (A1 +
A1T) and that of ¥ — which coincides with the column
space of C. Here A; is the so-called relative perturba-
tion, because we bound its norm by comparing it with
the information (X¢ + 111 )% (in Equation (3)). Since
|ze + T
subspace perturbation results leads to loose error bound.
For this, we develop a specific relative subspace perturba-
tion bound in Lemma A.7, adapted from classic eigenspace
perturbation results. It ensures both A, and the relative

noise A; will not perturb the eigenspace of 3, too much.
This finishes the proof. O

can be large, directly applying standard

With the above lemma, the proof of Theorem 3.4 can then
be decomposed into two steps. In the first step, we guar-
antee the accuracy of learning the low-dimensional system
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parameters (A, B, doTC ) from the projected dataset (Line
3 in Algorithm 1). Intuitively, as </ISC is accurate enough, the
projected dataset preserves almost all the information in the
original dataset. This also ensures that the equivalent system
generating the projected dataset (M\ in Equation (2)) is ob-
servable and controllable. Therefore, Sys-Oracle outputs an
accurate estimation of the low-dimensional system parame-
ters. In the second step, we analyze the errors of the recov-
ered high-dimensional parameters (A, B, ®C'), where C
is our estimation of </ISCTC. The errors on A and B are auto-
matically bounded by the definition of Sys-Oracle. The er-
ror on the recovered high-dimensional observer C' = dC
can be decomposed as follows

|es-2]

IA

HCS — ‘isc(/I\’CTCSH + H‘f’c‘i‘cTCS — &’céH

Hcﬁé (?pé) TCSH + H%dcs - C’H .

Here the first term is the column space approximation
error and the second term is the error learning the low-
dimensional observer C' ~ ®¢TC. Combining the above in-
equality with the subspace perturbation bound in Lemma 3.7
and the Sys-Oracle in Definition 3.2, along with some alge-
braic arguments, completes the proof.

4. Lower Bounds

Now that Algorithm 1 accomplishes HDSYSID with sample
complexity O(n/e?), one may ask: Is this linear depen-
dence on the observer dimension n unavoidable? In this
section, we provide the following theorem to show that this
linear dependence is in fact necessary.

While we present this lower bound for learning LTI systems
with a single input-output data trajectory, it can be extended
to multiple trajectories. The more general version is deferred
to the appendix. (Theorem B.2).

Theorem 4.1. Suppose n > m > r with n > 2, and
choose any positive scalars § < % Consider the class of
minimal systems M = (r,n,m, A, B,C, ¥, £,) with dif-
ferent A, B,C matrices. All parameters except A, B, C are
fixed and known. Moreover, r < n and %, is positive defi-
nite. Let D = {y; }1_oU{u; Y2t U{all known parameters}
denote the associated single trajectory dataset. Here the
input uy satisfies: 1). wuy is independenily sampled; 2).
E(us) = 0. Consider any estimator [ mapping D to
(A(D), B(D),C(D)) € R™*" x R™*™ x R"X"_ If

¢n(1—26)log1.4 n+log 5
50 (Y + 1u) e

there exists a system Mgy = (r,n,m, Ao, By, Co, X, L)
with dataset D such that

T <

P{HCOBO - é(D)E(D)H > e} > 4.

Here P denotes the distribution of D generated by system
M. Related constants are defined as follows

¢7} = Umin(zn)a '(/Jw = Ul(zw)z
— T
P tef&%}il] o1 (E(upuT)) .

The above theorem indicates that with less than O(n/e?)
samples, any estimator has a constant probability to fail
learning the product C'B. This error lower bound on

~ <

C(D)B(D) can be translated to corresponding errors on

|

under mild conditions. This indicates that the estimator fails
to learn either B or C' well. (The proof details are provided
in Corollary B.3). Another perspective to understand this
error on C(D)B(D) is as follows. In the celebrated Ho-
Kalman algorithm for HDSYSID, the estimation error of the
Hankel operator is lower bounded by the estimation error
of C(D)B(D). Therefore, our lower bound indicates the
failure of estimating the Hankel operator, which prevents
any algorithm from giving satisfying estimates.

max{ ||S'B - B (D
{l @)

OS—G(D)H} > e,

This results in an O(n/e?) sample complexity lower bound
on HDSYSID. Therefore, the sample complexity of Algo-
rithm 1, i.e. O(n/€?), is optimal up to logarithmic and
problem-related constants.

We defer the proof of Theorem 4.1 to Appendix B, but we
briefly discuss the reason behind this inevitable linear depen-
dence on n. Therein, we construct a set of system instances
with different observation matrices such that their column
spaces are “relatively close” but “quantifiably distinct”. In
fact, we take advantage of the fact that in the high dimen-
sional space R™, there are too many distinct subspaces that
are close to each other. And therefore, any estimator needs
correspondingly many samples, i.e. O(n/€?), to distinguish
the true column space from many other candidates. This
difficulty is indeed due to the high dimensional observation
noises.

In the following section, we introduce a more general prob-
lem pertinent to high-dimensional “meta-datasets.” While
this lower bound still has implications even for this general
problem, we show how to confine its implied difficulty on
the total length of the meta-dataset and not on each person-
alized portions.

5. Meta SYSID

Thus far, we have introduced Algorithm 1 for HDSYSID that
provides near-optimal dependence on system dimensions
utilizing the idea of low-dimensional embedding. Now we
will investigate how this algorithmic idea facilitates learning
from the so-called meta-datasets (or metadata)—multiple
datasets from different systems sharing the same observer.
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As shown in (Hajnal et al., 2023; Xia et al., 2021; Marks
& Goard, 2021; Gallego et al., 2020), this is a real-world
setting of significant importance.

Following our analysis in Section 3.3, we observe that the
O(n/€e?) sample complexity arises from the error of col-
umn space ‘f’c- Modulo this error, the sample complexity
reduces vastly to O(poly (r,mm) /€2). This motivates us to
again separate the learning of the observer column space
® ¢ from the learning of personalized system parameters.
By utilizing multiple datasets from different systems, we
can collectively learn the observer column space much more
accurately. Subsequently, equipped with this accurate col-
umn space approximation, there is hope to learn every single
system with much fewer samples. To formalize the above
idea, we introduce the following “High-dimensional Meta
System Identification Problem (MetaSYSID).”

High-dimensional Meta System Identification Problem
(MetaSYSID): Consider the identification of K minimal
systems My = (7’7 n,m, Ag, Bi, C, Ew,lm J,?]’kI% ke [K]
with the same dimensions (r, m < n) and observation ma-
trix C. Here covariances {3, i, 07, .1 }re(k] are positive
semi-definite matrices. For every system My, we choose
an input sequence Uy, = {uk,t}fig ! and get observations
Vi = {yk,t}tTio. Here every input uy, ; i N(0,2, k) is
sampled independently from both the system variables and
other inputs with positive definite covariance %, ;.. This
single trajectory dataset is denoted by Dy, = Vi U Uj,. With
the K datasets D] = Uy¢(x) Dk, our objective is to learn
all system parameters umformly well. Namely, we aim to
identify { Ay, Bi, Ci, }<_, such that, for every k € [K], the
following holds for some invertible matrix Sj with high
probability

max { | 5 445 — A By

fos. -} <«

5.1. The Meta-Learning Algorithm and Its Sample
Complexity

Algorithm 3 follows similar steps as Algorithm 1. For every
system k, we approximate the column space, learn the low-
dimensional system parameters, and finally project them
back into the high-dimension. And similarly, to ensure the
independence between ®¢ ;, and the projected dataset Dy,
the dataset Dy, itself is left out in the first step. This inde-
pendence is critical for applying the Sys-Oracle subroutine.

Now we provide the theoretical guarantee the proposed
algorithm.

Theorem 5.1. Consider systems M k) and datasets
Dix) = Uik U VK in MetaSYSID. Suppose Mg sat-
isfy Assumption 3.1. Then for any fixed system ko € [K], if

Algorithm 3 Meta Column Space Projection SYSID
(Meta-Col-SYSID)
1: Inputs: Meta Datasets D(x] = V(x] UU|k)
Subroutines Col-Approx, Sys-Oracle;
2: for k € [K]do
3:  Leave one out and approximate observer column space

50,1& + Col-Approx (YV—_x)

4:  Project dataset Dy = {yr.¢}155 U {up.}1 %, " onto the

column space:
Dy + {‘/ISC,kTyk,t}tT:ko U {uk,t}tT:’“(;l
5:  Identify low-dimensional parameters:
//l\k, Ek, C’k <— Sys-Oracle (f)k)

6:  Recover the high-dimensional observer:

ék < (/I;c,kék
7: end for N
: Outputs: {Ay, By, Ci} e[k

o]

Ty and Ty = 3 54y, Tio satisfy

Ty, > k1 -poly(r,m) and T- ks - nr3log® K,

koN

then (A\ko , §k0, @ko)from Algorithm 3 satisfy the following
for some invertible matrix S with probability at least 1 — ¢

max ’S AreS — Ay Hs Buy — B S - Crol|}
/poly r,m) =~
Cko

Here k1 = k1 (Mg, ,Ury, 0), ka = ka(Mp,,Ur,, 0), kg =
R3 (M[K],Z/{[K],d) R = k4 (M_k.o,u_ko,d) are all
problem-related constants independent of system dimen-
sions modulo logarithmic factors. k1, ko are defined in Def-
inition 3.2, while the definitions of k3, k4 are summarized
in Theorem C.1. M ko IS defined as follows

-K/l\k-o = (r, rank(zl\)c7k0), m

= 2
Akgs Bry, @ty 1O, Xy 05 1 D).

In the above result, we only require Ty, =
O(poly (r,m) /€?) data points for an e accurate ap-
proximation whenever T_j, = O(n/e?). Namely, as
long as we have enough metadata, the number of samples
needed from each single system is vastly reduced and is
independent of the observer dimension n. In real-world
applications when we have a large, i.e. O(n/e?), dataset
from a single system, the above result significantly helps for
few-shot learning of other similar systems. Also, whenever
we have access to numerous, i.e. @(n) similar systems,
the number of samples required from every system is also
independent of n.
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Figure 1. Left: Error for Col-Approx (Algorithm 2). Center: Error for Col-SYSID (Algorithm 1) and Standard Ho-Kalman with n = 320.
Right: Error for Meta-Col-SYSID (Algorithm 3) and Standard Ho-Kalman for n € [80, 320].

6. Simulations

We simulate our algorithm for a set of simple systems where
r=m=1%,=0ando, =1 Weuse A=09,B=1
and randomly sample C' with orthonormal columns. We
choose inputs with covariance ¥, = 0.1. The choice of
n will be clear in the context. The results are reported in
Figure 1.

We first simulate Col-Approx (Algorithm 2) with n =
40, 80, 160, 320 and a single trajectory data of length T" =
10000 separately (Figure 1.Left). Recall from Lemma 3.7
that the quality of an estimation ®¢ of the column space
& can be quantified by the error term ||(<T>({:)T<I>c|| For
isotropic observation noises as in HDSYSID, i.e. X, = 0727] R
the approximated column space converges to the true col-
umn space as is shown by reduction in ||(</I%)TCI>CH for
the solid lines. Moreover, the algorithm is simulated for
non-isotropic observation noises where the covariance is
set to be PP T. As shown in by the dotted curves, the
algorithm fails to converge. This is because non-isotropic
noises perturb the eigenspace of the observation covariance
>, too much so that the information on ®¢ is drowned.

Next, we simulate Col-SYSID (Algorithm 1) with 7' =
10000 and n = 320 (Figure 1.Center). We plot error
||ICB — CBj| during the learning process as a proxy for
the estimation error in HDSYSID problem. This error, i.e.
the error of learning the first Markov parameter C B, is in-
dependent of any similarity transformation, yet relates to
estimation errors for B and C. For comparison, the same
error for the standard Ho-Kalman (Oymak & Ozay, 2019) is
also included. It is clear that our Algorithm 3 outperforms
the standard Ho-Kalman.

Finally, we consider the MetaSYSID setting for n €
[80, 320] with a meta-dataset from |n/40] + 1 randomly
sampled systems, each with trajectory length 4000. As the
algorithm is treating each system identically, without loss of
generality, we only plot the error ||C' B — CB]| for learning
the first system. For Meta-Col-SYSID (Algorithm 3), it is

clear that the average learning error always stays below 0.2
as the observation dimension increases. This is because
our algorithm utilizes information from the meta-dataset
to learn the observer column space, which constitutes the
major challenge of system learning. However, the standard
Ho-Kalman algorithm learns every system independently,
and therefore the error grows significantly as the observation
dimension increases.

7. Conclusions and Future Directions

In conclusion, our focus has been on learning a linear time-
invariant (LTT) model characterized by low-dimensional
latent variables and high-dimensional observations. The
introduced Col-SYSID Algorithm serves as a solution with
a commendable complexity of O(n/€2). Our analysis also
delves into the fundamental limitations of this problem, es-
tablishing a sample complexity lower bound that essentially
underscores the optimality of our proposed algorithm. Ex-
tending the scope of our results, we address a meta-learning
setting where datasets from multiple analogous systems are
available. This leads to the Meta-Col-SYSID algorithm, an
end-to-end framework adept at managing the meta-dataset
and effectively learning all included systems.

While our current work lays a solid foundation, future di-
rections could explore extensions to non-linear settings, or
investigate adaptive approaches to handle varying or non-
isotropic observation noises. Additionally, incorporating
real-world applications and practical considerations could
further enrich the utility of our results.
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A. Upper Bounds for Col-SYSID — Proof of Theorem 3.4

Recall the setting in HDSYSID. We consider system M = (r,n,m, A, B,C, EWJ%I) and inputs Uy = {uy,}t5",
Uy = {W,t}fial sampled independently from A(0, X,,). To simplify future analysis, we define the following notations

1/10 =01 (O) y 7/)7) = 0’1(0’72][), ww = Ul(zw + BEuBT)a

C
CA 4)
¢C = Umin(c)7 ¢O = Omin . 5 (bR = Omin ([B AB ... ArilB]) s ¢u = Umin(zu).

CAr—l

Here we assume all ¢’s satisfy 1) > 1, otherwise we define ¢ to be max{1,o¢(-)}. Similarly, we assume all ¢’s satisfy
¢ < 1, otherwise we define ¢ to be min{1, oppmin(-)}-

Recall that auxiliary system M is defined as follows with ‘50 being the approximated observer column space:

Tiy1 = Azy + Bug + wy,

~ ~ (5)
Yy = @cTCx + Py

Now we are ready to restate Theorem 3.4 in full details.

Theorem A.1 (Theorem 3.4 Restated). Consider M, datasets D1 = Uy U Y1, Dy = Us U Yy in HDSYSID and constants
defined above. Suppose system M satisfies Assumption 3.1 with constants 14 and p . If Ty and T satisfy

T\ Z k3 0?3, Ty > Ky - poly (r,m), 6)

then (A\, B , 6) from Algorithm 1 satisfy the following for some invertible matrix S with probability at least 1 —

el yF el 2R o

Here k1 = /@1(./(/1\,1/{2,5) and ko = HQ(M\,UQ,(S) are defined in Definition 3.2. k3 = kK3 (M,Z/{m,é), Ky =
ka (M,Uy,0) are detailed below. All of them are problem-related constants independent of system dimensions mod-
ulo logarithmic factors.

2 )2 2,1,2 2 2
- il (Sian) e (e e

max{HS_

®)
&

l
— log
PudE PR

R4 (M7u17 )

Proof. Based on Equation (6), T} satisfies the condition of Lemma A.2. We apply Lemma A.2 on (D1, ¥,)) and get the

following with probability at least 1 — g
|8t7@c 5 pay) o = Ao ©)
T1

The system generating dataset Dy (line 3 in Algorithm 1), denoted by M , is rewritten as in Equation (5).

Step 1. We first show that M is still a minimal system. The controllability directly comes from the fact that R =
[B AB ... A“lB] is full row rank, because system M is minimal. On the other hand, for the observability matrix

14
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O, we know that

7O
PTCA
rank(O) = rank .
(/I;CTCAT_l
dTC OeDeTC
~ ~ dTCA PP TCA
> rank | diag <<I>c, R @c) ) = rank .
‘/I\)CTCAT_l (/f’c(/I;CTCAT_l
C A@é})éTC
CA CI%CI%TCA
= rank . — ]

cart %5%540147"—1
Consider the second term. We first observe that the following holds for all ¢ € [r — 1]

H@g@gmm

- H@g@gr%%mﬂ

< [#sderac|lecroa]
— |#&mec| At
< Aphatpop’y .

Moreover, for i = 0, we know

|esdsc|| < |@&moc | Icl < Avve.

Therefore,

r—1
> ATCTRLRLTC A
=0

SLOETC AT

2

r—1
<[> |@trca
1=0
r—1 ) N
<y (Bate)? + ) (Aavatepy ')
=1
<9 T/JM/JCQ
1—p%

(10)

(1)

(12)

13)
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From Equation (6), we know that T} 2> mi%n. Combining Theorem 1 in (Stewart, 1990) gives
AT O

[ O ] OLDLTC
CA OLPLTCA
O . - .
.rfl S s r—
(CA™ ] [pEdpsTOA™!
CA dLO5TCA
ZUT . - .
.rfl S s r—
[CA™ ] dLpLTC AT
Po
> 1=
Z 5 >0
This implies that
r > rank(O) > r. (15)

Namely, the system is observable. Since (A, B, @CTC) is controllable and observable, we conclude that M is minimal.

Step 2. We now apply Sys-Oracle on this minimal system. Recall the dynamics of M:

Te41 = Axy + Bug + wy,
~ N (16)
yr = @cTCx + Py,

Since ‘50 is independent of the second trajectory, {‘T)ant}tTio are i.i.d. noises independent of other variables of the
second trajectory. Moreover, M satisfy Assumption 3.1. Therefore, we can apply Sys-Oracle. Let r. = rank(C'). With

Ty > kypoly (r,r.,m) = kipoly (r, m), outputs A, B, C satisfy the following for some invertible matrix S with probability
atleast 1 — &
2

max{HSilAS—g' , S'B-B </ISCTC’SfC~'H} < ko M::AA. (17

Ty M

I

Therefore, our final approximation for C' satisfies

HCS - 5H = |los - BcBTCS + BeBTCS — <T>CC*H
< |les - &>c&>CTOSH + H@&acs - &)COH
< (85 (38) res| + |[aeres - ¢ "
< [8& (88) ves| + am:
For the first term, we know that
o 52 |- 5 (32) s | () eoncrs]
< ||(88) rec||1@cTi ICs] (19)
< Ag||CS].
Therefore,
HCS—@H < A OS]+ Ag (20)

16
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To get the upper bound w.r.t. , we notice that

s < Hé” + Hcs - 6“ < HGH +Ag+AsCS]. @1)
Rearraging the terms gives
les) < Hf”fiﬁ )

Substituting back gives the following with probability at least 1 — §

es- ol 2gane 2ol s

Ca ARt TR, I

Agp
1-As

Cong 20 | ]cH

pOIy T TC7 H ‘ (23)
4- T1
poly r,m) H H
< \|— 0/ =1C
S Ro e T,

Here (i) is because Ag < 1/2 due to Equation (6). Finally, we conclude that

Al s Jos-ef s P s R e

max{HS‘

A.1. Upper Bounds for Col-Approx

The theoretical guarantee for Col-Approx is presented in the following lemma.

Lemma A.2 (Lemma 3.7 Restated). Consider system M, dataset D1 = Uy U Yy in HDSYSID and constants defined at the
beginning of Appendix A. Suppose M satisfies Assumption 3.1 with constants )4 and p a. If

2,72 2 2
7> (( wnwcwwwA¢4> log? (%mm 1og6)1og (£,

1— p%)02 0t 0% 1 (25)

k5 (M,U1,0)

then ‘5(; = col-approx(Y1, X)) satisfies the following with probability at least 1 —

7. = rank(C Hcp“@’ 1
fe = c o)~ ¢u¢c¢2 Og (26)

K4(M Ml,é)

Proof. For simplicity, we omit all subscript 1 for the rest of this section. From the system dynamics, we know that

T T T T
v= 3wt = ComTCT 4+ nT + Y (Cayny™ + 1y, TCT)

t=0 t=0 t=0 t=0

by
T T T (27)
= Z C(Et.’EtTCT + Z (77t77tT - O',,QII) + Z (C.’L’tT]tT + 'I’]t(EtTCT) + (T + 1)0'3]_[
0

t=0 t=0 t=

17
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Here the first term is the information on col(C'), while the second and third terms are noises. For the rest of the proof, we
first upper bound norms of the noise terms (step 1). With this, we show that 7. = rank(C') with high probability (szep 2).
We then apply our subspace perturbation result to upper bound the influence of the noises on the eigenspace of the first term
(step 3).

Step 1: Noise Norm Upper Bounds. Define r. = rank(C'). Notice that we can write C = ®c«, where & € R"*"e
consists of orthonormal columns that form a basis of col(C) and o € R™*" is a full row rank matrix. It is then clear that

Umill(a) = Umin(c) 2 ¢Cy 01 (04) =01 (C) S 7;[10- (28)

Let Yo = ZtT:QC’xtxtTCT, Se=%Sc+TIand =, = ZtT:O oxx:TaT. From the definitions, it is clear that Xo =
PP and X = JDCE PcT + T'1. Then from Lemma A.3, Lemma A.4, Lemma A.5, and Lemma A.6, we have the

w wch

following for T' 2 poys v ol

3log % - ¢? (from Equation 25) with probability at least 1 — &

2 12
¢“¢§‘¢RT1 <3, wlc%wA rT log 51

S w\/wnnlog 5 (29)
<¢m/nTlog .

1

2 Z Cayne T

T
Z y — 0y I
t=0

A

Step 2: Order Estimation Guarantee. Consider the following matrix

T T
Sy =3¢+ (mneT —0o2l) + > (Cane™ +mCTay ) +(T + 1) 1. 30)
t=0 t=0
A
The inequalities of Step 1 imply
T
Al < Z mneT —onl)| +2 ZCartm
=0 t=0
1 1
<qpn\/nT10g6+w\/wnnlog6 H )2
1, - 1
= P/ nT log 5 + w\/wnnlog - (H(TI +X,)2 )
€1y

S /0T log < +1/)\/1/),7nlog \/@bclbu:/&x T]og6+T

L=p3

_ 1 2 1) > 1
< wwm/nlog(s\/erbgé
A

\/ Wﬂ%iﬂwwi _ 1
= 7771_,0?4 z/Jlog( )\/ﬁ
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Therefore, for each i € [r.], we have the following for some positive constant ¢;:
i (y) = (T +1)oi > 0i(Zc) = A = omin(Za) — [|A]]

2,/,2 2
> MT—C W(Elog<l> T

8 ! 1— 0% 5 (32)
¢u¢c¢ R
- 16

Here the first inequality holds according to Theorem 1 in (Stewart, 1990) and the last line is because T 2

2,2 ~
(ﬁ’;fi:;wﬂ“ + log (wcd)ww“ rlog % ) logz(%) - nr (from Equation 25). For i € [r. + 1,n],
A w

0

V2YEpuwth?y
(Zy) — (T + Doy < [|A| < clmwog <1) VnrT. (33)

_?4 )

Based on the above three inequalities and Equation 25, we conclude that with probability at least 1 — ¢, the following hold

JORRenh
Ul(zy) — O'](Zy) S QClﬁwlog (6) vnrT
—FA

< T34, Yi<jelre+1,n]
2,02 2
du b0, A O SN SNt
— > _ >
Or, (Ey) UTC—H(Zy) = 16 T—c . P,24 Y log nrl > 32 T

> T3/4,

The above inequality follows from Equation 25 similar to (32). Therefore, from the definition of 7., we know that 7, = r,
with probability at least 1 — 4.

Step 3: Column Space Estimation Guarantee. With 7. = r., now we try to apply our subspace perturbation result, i.e.
Lemma A.7, on matrix X, — of, (T'+1)I 4+ T'I. Notice that this matrix has exactly the same eigenspace as ¥, and therefore

the eigenspace of its first . eigenvectors is &DC (line 9 in Algorithm 2). This matrix can be decomposed as

T T
Sy = op(T+ DI+ TI=Sc+ Y (nn” —o2d) + Y (Cam™ +mCTa,T) + T
t=0 t=0
_ T (34)
Yo +Z(77t77tT 7072][) +Z(Cl’t77tT + 0 CTxy 7).
MinLemmaA7 =0 t=0
Ao in Lemma A.7 A1+A1T in Lemma A.7

For matrix £¢ = X0 ®cT +T1 = O (So + T1) O™ + TOEPLT, itis clear that its SVD can be written as

- A BT .
So = [0c D8] [ ! TI} LI)ET], Ay = diag (61(S0) + T .., Omin(Sa) + T) . (35)
C

where @ is an orthonormal basis of col(C). Then we conclude that the following holds for some large enough positive
constant c3

o1 (ic) <T+01(Za) <c3 wcwwd}Arlog 1 T < 2c3 wcwwwArlog 1 T,
1- 0 1—p3% )

Tre (EC) N O—TCJrl(EC) = Umin(za) — (buq;;(b

(36)
T Umin(iC) = T.
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Now we are ready to apply Lemma A.7 on ¥ with the following constants for c4, c5 large enough

_ 1 / 1
a = cq wnnlogg, b= csiy, nTlogg,

2 .2 2 2

1

b = L0CORT 9o VA o L Ay =T
32 1—p3 g

37)

Again, ¥ = ,/log (%r log %) From Equation 25, it is clear that \/¢,; > o and 857 > a+/¥ + /3. Therefore,
A
A A R e B A o SO 25 NS
SN T AN T Y A T s
Yorn:
< U Jn log% LY lehuba nvry 01 (38)

~ pudpdp VT pudtdn/1—p4 T 6
o n 1

< ™ 2 -

S 52\ T8

A.1.1. SUPPORTING DETAILS

Lemma A.3. Consider the same setting as Lemma A.2. Consider full row rank matrices {cc € R**" };.c () for any positive
integer a < 1. Let

Yo = z[:] arzTal, ¢ = min{amin (a) ) 1}7 Yo = max{01 (a) ) 1} (39)
te[T
IfTz %r?’ log 5 - log (%r log g) then the following holds with probability at least 1 —
2 12
Yy = MTQRTI' (40)

Proof. For further analysis, we let w; :== Bu +w; ~ N (0, X5) with X := BY.,, BT + 3, and we can rewrite the system
dynamics as follows

Ti41 = A.’Et + B’U,t + wy = A.’I}t + ’J}t,

(41
Yy = Cxt + ’I’}t.
For simplicity, we define £, , := aA” ( :{:—17 xTxTT) (aAT)T. It is then clear that
T
Yo =200 = Z azixTa’
t=1
= Z o (Azp 1241 TAT + W1 W1 T + Az 1T + W21 TAT) 7 42)
t=1
T-1 T-1
=%q1+ Z oW TaT + Z (aAzy (awy) T + (o) 2 TATQT).
t=0 t=0
By Lemma A.4 and A.5, the following events hold with probability at least 1 — &/,
= / 2r
Z oW ol — T - aXgaT| < wwwi rT log 5
t=0
Tl B o (43)
(San + TN 72> adwy (oniy) T|| S ¥/ ribwt)2 log 5
t=0
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with ¢ = 4 /log (w“w“’w“ r log ) From the first inequality, it is clear that the following holds for some large enough
positive constant cq
= / 2r
Z a7l =T - aXgal — clz/sz/Ji rT log ?I. (44)
t=0

From the second inequality, we have the following

-

T-1
(San + TN 72> adwy (o) T (Sa +TI) 72 H

— 2 _1
S Oy/rvwilog | (San +TD)
2 2r
< gy [rutRlos %
~ T

This implies that the following holds for large enough positive constant ¢,

T—1 21 2r
Z (aAzy (o) T+ (W) 2 TATQT) = 7621/}\/ Wﬁog (Ba1+TI). (46)
t=0

Plugging back into Equation (42) gives the following for some positive constant c3

(45)

/ 2 — [ rpwib? log 2
Y00 = Ba1 + TaXgaT — 1,2y /rT log FTI —cotp % (Ban +TI)

riwlilos}

- Ya1+TaXgal
47)
2r
— c19p? [T log FI — o[ T2 log ?TI
rib, 2 log 22 _ 9
= 1= couyf M#g Yot + TaSaal — sty /rT log %1
Similarly, we expand £ 1,342, - - , Xa,r—1 and have the following with probability at least 1 — §

( \/7 > ( )2 logQ;>
S0 = | TaXgal — capuwtpaip\[rTlog =1 | + | 1 — e[ ——— | Ban

b <To¢2wa _CSprwad}m[)

2r
+ <(T — 1)(2A)Sa(aA)T — cstpupariy/r(T — 1) log (51> (1 - CQw\/W)
2 2r 2./2 2r
r—1 1 !
= ((T —r+1) ; (aAi) Yo (aAi) T 3t bap A - rmf> (1 — QTZJ\/W)

— w21 log 2- '
+(1—cw w;wi“‘Hg“) S

(43)
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The above inequality is further simplified as follows

a0 (0 =415 (a4 857 (a) — st ryorion 21 (1 ey [TtV o8 T
a,0 u v 3PwPa WA g 5 Cc2 T—’r+1
(;) (gzﬁu —r+1 (i )oz —cy/}wl/}awAl// T\/EI> (1_2717“>r

=0

r—1
E ”(m( e (S ABAE >>aT—cSwwwz¢izz-rmf> )

i1=0

> % (czsuasias%(T —r D) = esbutiavi TW) '

(iv) 2 42

Here (i) is because ¥, = Oand X = BY, BT = ¢, BBT, (ii) is because T' > wwwz Y373 log % -log (w w“’d’“rlog )

(ii1) is because (1— 5= )" > 3 for all positive integers and (iv) is because 7" > ﬁ2$4 ot 473 log % -log (w wzd’f“ rlog 6) O

Lemma A.4. Consider the same setting as Lemma A.2. For any positive integer a, let {¢; € R®}L_ | be a sequence of i.i.d
Gaussian vectors from N'(0, X) such that ; is independent of x;. Define 1 = o1(X.). We make the following defition for

any matrix P € RY " for positive integer b

Sp= Z Pz, TPT+TI, 1p=0,(P).

(50
te[T]
Then for any 0, the following holds with probability at least 1 — 6,
(Zp)” Z Pz, (7| < 1/)\/max{r ayie log . (51)
)
te[T]
Here 1) = ,|log (w"w“’w*‘rlog )
Proof. From Lemma A.9, we know that the following holds for some vector v € S*~!
_ 1 z
P Z Pr || >z | <5°P | ||(Zp) 2 Z Pr,GTol| > 2 | - (52)

te[T) te[T)

Notice that (;Tv are independent Gaussian variables from distribution N (0,v7X¢v) for all ¢ € [T, which is ¢1/9c-
subGaussian for some positive constant ¢;. Then applying Theorem 1 in (Abbasi-yadkori et al., 2011) on sequence
{Px}1e[r) and sequence {(; v}y, gives the following inequality

o \-1 det(Sp)? det(T1)~ =
P (Ep) : Z Pxi¢Tv|| > 2c%1/)clog< et( P)2($e( ) 2) < 4. (53)
te[T]
Substituting the above result back gives the following inequality
o -1 det(Zp)7 det(T1)"2
PSS Prc| > [scuc 10g< W) E e Tl) ) < 5%, (54)
te[T)
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which implies the following inequality holds with probability at least 1 — §/2

2det(Sp)z det(TI)~2
ZPJ:tCt < 801¢410g< det(>p) 6det( ) >+8C%w4a10g5. (55)

te[T)

Now consider ¥p = ZtE[T] Pxyx,TPT +T1I. Then

det(TT) =T det(Sp) =T""[[ | T+ N | D Pu, PT| ] . (56)
=1 te(T)

From Lemma A.6, we have the following with probability at least 1 — 6/2

w 2 w
3 v S z/’ Wr:m : w wATTl (57)
5 -4 5
te[T)
Therefore,
Z Pﬂ?t.’L'tTPT Z .Tt.%'t ||PPT||
te[T) te[T) (58)
1
< 7¢wa'(éj,4 rT log —
1—p% 1)

Substituting back gives the following for some positive constant cg

T

det(Sp) =T " [[ [T+ N | D Poya,TPT

i=1 telT] (59)
<T(1+4¢ ¢P¢wwArlog1 ,
1—p%4 )
which gives
~ 2 2 1\ 2
det(Zp)% det(TI)_% < (1 + CQ%T log 5) . (60)
~Pa

Finally, with a union bound over above events, we get the following with probability at least 1 — ¢ from Equation 55 and 59

Z PG

te[T)

2det(Sp)2 det(T1)2

< | 8c3yc log ( ) + 8ctpcalogh

’ (61)
w 1 1
\/4017’770( log (2 + 2cy 1/ff¢ v rlog 6> + 8c39)¢ log 5T 8c2ycalogh
1 w 1
< \/max{'r, alie log 5 \/log <1/le% pr log 5)
This completes the proof. O
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Lemma A.5. For any positive integer a, let {w; € Ra}tE[T] be independent Gaussian vectors from w; ~ N (0, Ywt) Let

w = Ew 5 w — i min Ew .
¥ irel?ﬁm( i), ¢ mmin o (Bw,t) (62)

<t faT og . 63)

Proof. From Lemma A.9, we know that there exist 2,y € S*~! s.t.

Then with probability at least 1 — 0,

T
- E Ew,t
t=1

T T
1
P < Zwtth — Z Tl > z) < 52ep ( Z [(yth)(xth) — yTZw’tx] > 42’) (64)
t=1 t=1 t=1
For any z, y, following the definition of w,, we have
Iy we)(@Twe) =y 8 12llwy S 1y we) (@Twe)lly, < lyTwilly, 27wy, S ¢w-. (65)
Here the first and second inequalities are from Lemma 2.6.8 and Lemma 2.7.7 in (Vershynin, 2018), where || - ||, and

I - |ly, denote the sub-exponential and sub-Gaussian norms, respectively. Directly applying Bernstein’s inequality on
{(yTwy)(zTw;) — YTy 12} (as sub-exponential random variables) gives the following for some positive constant c;

with probability at least 1 — ¢’

< 1wt/ Tlog (66)
> 19w/ T log(= ) < 52§, (67)
> 011/1,,,\ [ 2aT log(— ) (68)
> degihy, W ) (69)

> [TwoaTw) - TS0

t=1

which is equivalent to

T
Z [ yTwy)(zTwy) — yTZwﬂgaz

t=

52ep (

Letting § = 5226’ gives
5P (

Substituting back into Equation 64 gives

T
]P) <
t=1

T
E wywy T — E Ew,t
= t=1

—

Z [ yTwy (Iwa) -y, fSC

t=1

This completes the proof.

O
Lemma A.6. Consider the same setting as Lemma A.2. For any §, with probability at least 1 — 6,
1
< wWATT log ~. (70)
1—p3% )

Proof. Directly applying Proposition 8.4 in (Sarkar & Rakhlin, 2019) gives the following with probability at least 1 — §

T T-1 1 T-1
thxtT < hytr (Z ]_"t(A)> log 5 <yt Z I':(A)
t=0 t=0 t=0

24
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From Assumption 3.1, we know that

¥ 2
Y
r ATATT| = AT|IF <1 < . 72
() }j T}(j)n e e )
Substituting back gives
T
w 1
S wp,T < ¥ wArTlogf. (73)
1—p3% )
t=0
O

A.1.2. OTHER LEMMAS

Lemma A.7. Given perturbation matrices A1, Ag and p.d square matrix M of the same dimension. Suppose they satisfy
the following for some positive constant a € [0,1) and b > 0

|Mta o< Vou, 1Al <0 (74)

Denote the SVD of the matrices as follows

wetw ] weseeanscn e ] e

and define the following constants
Yy =o01(M), ¢nm =0omin(M), 0<dy < omin(A1) — o1(A2). (76)

Then we have

(77)

HUQTU1’ a2+b a (1+2a/\/¢7M‘71 (A2)+2a\/1/1M+a2>

< +
5M 4a\/¢ 3&2—() \/QZSM l—a/\/(bM 51\/[—2a\/¢1\/[—a2
In the case where \/¢pr > Ca, 6y > C (a\/wM + b) for large enough C, the above result is further simplified to

H@T“H < 5b a01(A2) [V \/wM/cﬁM (78)

O

Remark A.8. This result is adapted from previous subspace relative perturbation results (Theorem 3.2 in (Li, 1998)). It
provides tighter bound for matrices with smaller condition number, i.e. when ¢y is close to 15, as compared to the

standard Davis-Kahan sin © theorem. To be more specific, Davis-Kahan gives the bound of order aig;ﬁM. Here our result

features the bound %}W.

Proof. Define

o~

]/\/T =M + (Al —|—A1T) +A1TM71A1 = {(71 (72] A (79)

From its definition, we immediately have
HJ\?— MH <2[A ]+ |]ATM A, |
Q sa/dmr + HM*%A1H2 (80)
< 2av/Ypn + a®
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Here the first term in (7) is because

0> [ 2] 2 o (1) i) = = ). @)
And the second term is because || AT A|| = ||A||>. Then from Theorem 1 in (Stewart, 1990), we know that
o1 (R2) < o1 (Ao) + || = M| < 01 (As) + 20v/tas +a?. (82)
which in turn gives
0 = Omin(A1) — 01(R2) > Oas — 2a1/tas — a®. (83)

For the rest of the proof, we upper bound H U. oTU, H H UQT [71 H and then derives the desired result. To upper bound H ﬁgTUl
we let D = M 1A, with

>

D) < ||z |[pr2a || < 2= <1,
plpsfe e
H(IJFD) “:amill(I+D)§1—01(D)§1—a/\/¢74'

Here () is because |omin (I + D) — omin(I)| < o1(D) from Thereom 1 in (Stewart, 1990). And the definition of D gives
M=(T+ATM M (I+M"'A)=I+DT)M(I+D). (85)

Now from Equation 83 we apply Theorem 3.2 in (Li, 1998) which gives

(I+D)T—(I+D)"|

|Ta70n | < 1= (1 4+ DY)l + (o1 (82) + 2036 +0?) H 5

a_ o (A2) +2avPar + a?

T —1
< o= = <||(I+D) —I||+HI—(I+D) H)
a o1 (M) + 2av/Par + a? a 1
<=+ = (W+“(I+D) H||I+D—I||> (86)
< a +01(A2)+22m+02( a N 1 a )
Vou 5 Vou  1—a/\ou Vou
__a <1+2—a/\/¢7M01(A2)+2a\/W+a2>
Vo L—a/\Vom 5 '

‘We now upper bound ”ﬁ2Tﬁl H We start from upper bounding HJ\/I -M H

BT = 81| = A TM A = Ao < ATM A+ [1As]) < a2 + b, (87)

Moreover, we know that

Tmin(A1) — 01 (As)
= Imin(A1) — 01(As) + 01 (As) — 71 (As)
> Tmin(A1) — 01(Ra) —a® = b
= Omin(A1) = Omin(A1) + Tmin (A1) — 01(A2) + 01 (Ag) — 01 (Ag) — a® — b ®

Y

B T
— dar/Py — 26 —a® — b+ 0.
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Here the first and second inequalities are due to Stewart (1990, Theorem 1) . Directly applying the Davis-Kahan sin 6
Theorem in (Davis & Kahan, 1970) gives

R M—-M 2
|0t < Umm’lAl) - J(AQ) - _4ama_ :;2 — (89)
Finally, we conclude that
[earon] = o (B0 + Batir) ea] < | + | ren]
a?+b a ) 2 —a/ou o1 (M) + 2av/Py + a?
= o — davnr — 3a2—b+¢¢71( YN v 5 ) ©0)
a?+b a 1 2 —a/ou o1 (M) + 2av/ Py + a?
_51\/1 dar/Par — 3a2—b+\/¢>7M<+1—a/\/¢7M dm — 2a\/Yar — a? >
O]

Lemma A.9. For any positive integer a, b, let M € R**" be any random matrix. There exist x € S*~' and y € S*~1 such
that forall e < 1

2 a-+b
P(|M| > 2) < <1+ > B (ly™Ma| > (1—£)%2) . 1)
Here, S*=! denotes the unit (b — 1)-sphere embedded in R”.

Proof. From Proposition 8.1 of (Sarkar & Rakhlin, 2019), we know that there exist an x € St—1 g.t. the following holds for
any ¢ < 1

b b
P(|M] > 2) < <1+ 2) P(|Mz| > (1—e)z) = (1+ i) P (T MT|| > (1—¢)z). (92)

Applying the proposition again on 2T MT gives the following for some vector y € S®~*

2 a
P(laTMT|| > (1 —¢€)2) < <1 + 5) P (lzTMy| > (1 —¢)%2). 93)
Therefore, we have
2 a+b
P(||M]| > z) < (1 + ) P(JaTMTy| > (1 —¢)%2) 94)
O

B. Lower Bounds for HDSYSID — Proof of Theorem B.2

An essential part for the proof is the Birge’s Inequality stated below.

Theorem B.1. Let {PP; }16[ N be probability distributions on (Q2, F). Let {F;};c|n) € F be pairwise disjoint events. If
§ = mingen Pi(F;) > 5 (the success rate), then

)
(26 — 1) log < T~ > < | (95)
1€[N]
Proof. From the Birge’s inequality (Boucheron et al., 2013), we directly have
Slog (/=2 d)1 s L=0 (P;||Py)
0g /m + (1 —90)log (1—)/(1—N_1 ZKL |IP1), (96)
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On the other hand, the following holds for any N > 3

§log (5/]1[__51) +(1—6)log ((1 —-6)/(1- ;f_i))

© st (57575 ) + 1 - B1on 0 - /(Y - 1) o7

= (26 — 1) log (115(]\7 - 1))

Here (i) holds because 1 — =% < 1 < 2§ < (N — 1)4. For N = 2, the above inequality naturally holds. Combining the

two cases finishes the proof. O

Now we prove Theorem 4.1 by proving the following more general version that holds for multiple trajectories.

Theorem B.2. Suppose n > m > r withn > 2, K > 1, and choose positive scalars § < % Consider the class of
minimal systems M = (r,n,m, A, B, C,%,,, ¥,,) with different A, B,C matrices. All other parameters are fixed and known.
Moreover, v < n and ¥, is positive definite. For every k € [K], let Dy, = {yp.i }1£0 U{un.¢ }1£o * U{all known parameters}

denote the associated smgle trajectory dataset. Here the inputs uy ¢ sansfy 1). Ut is sampled independently;2). E(u ;) =
0. Consider any estimator f mapping the datasets D = Uke[x]Dx to (A(D), B(D)7 C(D)) e R™*" x R™™ x R"*". If

qb (1-26)logl4 n+log25
T= Y Tpi<— 2 (98)
Ke[K] 50 (Y + u) €
there exists a system Mg = (r,n, m, Ao, By, Co, X, £y)) with dataset D such that
P{HG(D)E(D)—COBOH ze} > 4. (99)

Here P denotes the distribution of D generated by system M. Related constants are defined as follows

¢n = Umin(zn)a Uy = Ul(Ew)a
wu = Hliafix Omax (E(Uk,tuk,tT)) .

)

Proof. Step 1: We first construct a set of candidate minimal systems with slightly different observer column
spaces. Fix a constant ¢ < 0.1 and a l—packing of the intersection of the unit ball in R", denoted by P. Now let

P =P\{(~1,0,...,0)T}. We know |P| > 2" — 1 and we let P = {pl}ml Now consider the following set of matrices
{4, B;, C’l}zll Where

1
Ai=ZIE€R™, Bi= ST EyeR, Ci=deperT+ Y Eig € RV (100)
le(r] le(r]

where Ej; is a matrix (of appropriate dimensions) with 1 in the (, 1) entry and 0 elsewhere, ¢; is a vector (of appropriate
dimensions) with 1 in the [ entry and O elsewhere. It is clear that all systems are minimal, since B; are full row rank and C;
are full column rank. Moreover, in all systems, only matrices C; are different for each ¢, and A; and B; remain the same.
We will see that this “high-dimensional perturbation” only in each observer matrix C; is enough for creating a worst case
scenario.

Now consider any estimator f mapping the dataset D to (ﬁ(D), B (D), c (D)) € R™7" x R™™ x R™*". We define events
{F;}ieqpp) as follows:

F= {D: HG(D)E(D) - } (101)
Under our construction, for any 7, j € [|P|], we have
ICiBi — C;Bjl| = (Ci — Cj)Bjl| = € |(pi — pj)exT|| = 4e|lpi — pjll, = 2e. (102)
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Therefore, the following holds and all events { F;; };c[jp|) are pairwise disjoint.

~

Hé (D) B (D) — D)B (D) — (103)

Step 2: We now bound the KL-divergence of dataset distribution coming from any pair of systems we constructed.
For any k € [K], let u, 2¥, y* denote the corresponding trajectories of the inputs, latent variables and observations.
Moreover, let u = Uyeru”, y = Upepr)y® and @ = Uge(x)x* denote the collection of all trajectories. For any i € [|P|],
let PYXY denote the joint distribution of {u,z,y} generated by system M; = (r,n,m, A;, B;,C;, Ly, 5,). Let BYY,
PYX be the marginal distribution of {y,u} and {x,u}. Similarly, define ]P’XW ]P’ZXWY and IPZ'UX to be the conditional
dlstrlbutlons For the rest of the proof, we apply Theorem B.1 on the events {F }ieqp) and distributions {PYY },c(p.

We aim to upper bound the KL-divergence between distributions {IE”UY}|P| To do this, we start from showing that
KL(PYY||PFY) < KL(PY*Y[[PFXY).

IP:UXY
KL(]P’?XYH]P’;JXY) /IP’ZUXY(u x,y) log Mdudxdy
" PUY IP)X\U:u,ny
— /ng( y)PXlU Y= y(x)log Zy(u?y) TX‘U:%Y: (x)dudxdy
Py (u, y)
PYY (u, y)IP’XlU Y=Y (1) log —- 2 dudady
/ PYY (u,y)
+/]P’UY( y)IP’XlU:u’Y_y( ) log wdudazdy
i pXIT=wY=v () (104)

— /PgY(U,y) (/ [Pqu—u,Y—y(gg)dgg) logjﬁgigu;dudy

+ / PYY (u,y)KL (Pf U=y =y pX ‘U:“’Y:y) dudy

e

P (u,y)
PYY (u, y) log i ——+ dudy
/ PYY (u,y)

= KL(EVY [[BYY).

Here (i) holds because KL-divergence (the second term) is non-negative. Therefore, we only need to upper bound
KL(PYXY| |IP’§]X Y). Notice that

X|U= Y|U=u,X =z
P ) B ) A o) S M )
PUXY - U X|U=u Y| U=u,X=x
J (u,2,9) P37 (u)P; (2)P; (y)
K, K, Ty
= g Ll ?‘t 10P (uk,t) k:’?ftzl Pi(@k, | Th,0:0—1, Uk,0:0—1)
kK?t loP (uk,t) kK:’?ftzl Pj(zk,e|Tk,0:6—1, Wk 0:0—1)
) Hk:l,t:o P (Yk.t|Tk,0:65 Wk 0:4)
+log — 7 P,
k=1,t=0 ( Uk,o:t)
K. Ti— K, (105)
_ Z Ukt + Z $kt|$kt 1, Uk, t— 1)
—1,¢ (u’” k=1,t=1 P Ukt-1)
K, Ty,
Uk t)

Z yk t|9€k ty Uk, t)

=1,t

K,T
$ P yktlxktaukt)

Z P yk t\xk ty Uk, t)

k=1,t
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Here the last line is because the distribution of w and x doesn’t depend on the ¢ or j. This is holds for = because for any ¢,
A; and B, take the same value. Therefore,

KL(PY*Y][PFHY)

PYXY (4, 2,7)
= [ PYXY(u, z,y) log —tcr——"~dady
K3 ) b UXY
/ ]P)j (u,a:,y)
KT
_ [ puxy Y P (Y | Tho 5 U )
= i (u,z,y) Z log dudzdy
k—1.t=0 Py (Yr,t| ke, uk,e)
KT,
_ z:k E. <log Pi(yk,t|xk,t7uk,t)> (106)
k=1,t=0 ' P (Yt Tk, ts uk,e)
. KTk
DN B (KL (BY (s ) IE) Lo, i)
k=1,t=0
K, Ty,
(i) 1 _
= 3 Ei (21,7 (Ci = C3)TS, M (Ci = Cj)ne)
k=1,t=0

Here in (7) follows from the definition of KL-divergence and by taking the expectation of x; (or y; in the second term). And
(ii) follows from the fact that P;X = PjX (this is because A; = A; and B; = B;) and from the KL-divergence between two
gaussians. We further simplify the expression as follows

K,Th
1
KL(PEJXYHP?XY) =3 Ei (zx,:7(Ci — C)TE, 1 (Ci — Cj)wps)
k=1,6=0
1 L
S g ]Ez (mk’tT(Ci — Cj)T(Ci — Cj)xk,t) (107)
M k=1,t=0
| KT
= 2, > ((Ci = CHE; (wppans™) (C; — C)T)
M k=1,t=0

. . t—1
Now we consider term E; (xy 2, T). Notice that x, , = Y —( AT (Bjug—1—r + Wg,t—1—7), We have

t—1 t—1
Ei(zpzp,T) =E; Z A7 (Biug—1—7 + Wh t—1—-1) Z (Bitk,t—1—r + Wi —1—7) T(A])T
7=0 7=0
t—1
= Z AT E; (Bt t—1—m + Wht—1-7,) (Bitlg t—1—7, + Wi t—1-7,) T (A7?)7
Tl,TQIO
o
= Z ATE; [(Biug,t—1—7 + Wi t—1—7) (Bitgt—1—7 + Wit—1—7) T (A])T (108)
7=0
t—1
= > A7 (BiE(ug sk . T)B;T + o) (A])T
7=0

BN

(Yo + 1BI? ) Tes(4)
(Y +160) Tes (4).
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Here (4) is because u., , w,, are zero-mean and independent of w.,, w,, for V71 # 7o. Substituting back gives

KLEYXY|PYYY)

KT,
{ ,
< b tr ((C; — CHE; (zp2k,7) (C; — C5)T)
20y k:lz,t:O ’ o j e
KT
< % Z tr ((C; — Cj)Ty—1(A:)(Cs — C))T).
T k=1,t=1

Here the last line is because xg = 0. Since A = %I , we conclude that

¢ to\2 4
=) AlAHT < — < -1
> Al(AD _Z<2) I=1 (110)
7=0 7=0
Substituting it back gives
K,Tr—1
KLPV ) < 2R S (- )(i- 6)) (a1
k=1,t=0

From the definitions of C; and C';, we notice that

CZ'—CJ‘ 246(]?1‘ —pj)elT. (112)
Then
K,T,—1
32 (1t + 1y €2
L(PZUXYH]P);JXY) < m tr((pier — pier”) (pier — pjer™) )
" k=1,t=0
K, T,—1
32 + €2
= W Z piesT —pj€1TH§ (113)
n k=1,t=0
K,Tp—1
32 (Y + thu) € 2
= T Z llpi —pj”g
n k=1,t=0

Since p; and p; lie in the unit ball, we know that ||p; — p;|| < 2. Therefore,

9 K,Ti—1

KLY ) < L L0IE Ty I L) C g
k=1,t=0 n k=1 (114)
< 50 (W + )€

o ¢7]

Here the last line is due to the definition of 7.

Step 3: Now we invoke Theorem B.1 and show that learning at least one of those minimal realizations is
hard. Now applying Theorem B.1 on distributions {PY Y}ie[l'p‘] and events {F;};c(p| gives the following result. If
min;e(p) PYY (F;) > 1 — 6, then the following holds

1-6
(120105 (£52(P1 - 1) < KLY (YY) < sup KLE IR )

i€[|P]
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For the LHS, since |P| > 2™ — 1, we have |P| — 2 > 1.4™. Therefore,
1-4
LHS = (1 — 24) log T(|7)\ -1)

> (1—26)log (1?1.4n>

5 (116)
1—
> (1—20)nlogl.d + (1 —20)log <(5>
1
> (1—20)nlogl.d + (1 —20)log %
For the RHS, we get the following from Equation 114
2
RHS < sup KL(PVXY [[PUXY) < 50 (Y + hu) € T (117)
i€[P] Pn
Therefore, we have the following for any ¢
1 _ 1
T> (1—20)¢ylogl.d n+logss > ¢n(1—26)log1.4 n+log 55 . (118)
50 (u)w + wu) €2 50 ('l/)w + wu) €2
: : — 4 n+log Sk . — 4 ntlog L
Namely, if min;epy PYY (F;) > 1—6,then T > ‘z’"é(l)(ifl];i)l 4. +62g 25 In other words, if T < ¢"éé(¢fr$)l 1 +62:g 25
there exists at least one i € [|P|] such that PYY (F;) < 1 — 6. For this 4, we then know that
PYY (FY) > 6. (119)
where F is the complement event of F;. This finishes the proof.
O

|

a(’D)H < 4, i.e., the estimator

: HG(D)H /Y. Then if

Corollary B.3. Consider the same setting as Theorem 4.1. Moreover, assume HE (D)

outputs bounded approximations. Let € be any scalar such that ¢ < min{0.2/%), ’E (D)‘

¢n(l —20)logl.4 n+ log %

T < = 120
B0 (G + 00) @ (120

there exists a minimal system Mg = (r,n,m, Ao, Bo, Cy, X, Xyy) with dataset D such that
P{max{HCA‘(D)fC’OS , ’]?(D)fS*IBOH} Ze} > 5. (121)

Proof. Let € = 31e. For all € < 0.2/, we know that ¢ < 0.6. Therefore, applying Theorem 4.1 with ¢ gives the

— log & .
ﬁ’s’&w?izfg)%f Nias 225 there exists Mo = (1, n,m, Ao, By, Co, S, £y such that

following result. If T" <
P{H@(D) B(D) - CUBOH > 31/36} > 6. (122)

B[ [[cD]|
= v

Since € , we know that 3tpe < 3 HE(D) H HG(D)H Therefore, applying Lemma B.4 gives

~

HC(D) B(D) - COBO‘ > 3¢
= Ha(D) — COSH > 31/16 >e or HE(D) — SilBOH > GA >e. (123)
3|3 3]
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Therefore,
P{max{Hé(D) — oS ’ B(D) - S*lBOH} > e}
> {H@(D)E(D) - COBOH > 3&6} > 6.

Lemma B.4. Fix any invertible matrix S. Suppose H@E — CBH >efore <3 HﬁH HC’H Then either

€

3|51

€

slel

fo-csl> i o [-s7s]

Remark B.5. In other words, for any similarity transformation, we can not learn either B or C well.

Proof. We show this claim by contradiction. For any invertible matrix S, suppose

c-0sll< =S and ||B-s'B| <"
[e-esl <3y = | NE
Then for any € < || B]| ||C||, we know that
foa-cx]

< |¢B-csB| +|csB-css 5

< |[@-cs||8] +1esi |5 - 5

<g+(fos-¢f+ ) ; H%H

cfpf,c ¢

IR L e

<e

which causes a contradiction.

C. Upper Bounds for Meta-Col-SYSID — Proof of Theorem 5.1

(124)

(125)

(126)

(127)

For this section, we consider a slightly more general setting than MetaSYSID and prove the theorem in this setting.

Consider K minimal systems M = (rk,n,mk,Ak,Bk,Ck,Ewk.,ag,kI) with ri, my < n(Vk € [K]) and the same

observer column space. Namely,

col(C1) = col(Cs) = - - - = col(Ck)

i.4.d.

(128)

For every system M, we choose an independent input sequence Uy, = {ukﬂt}zﬂia ! with Up,p ~ N(0, Yu.k), and we

observe )}, = {yk’t}tTio. This single trajectory dataset by Dy = Vi UUy.
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For the above systems, we define the following notations

7= max rp, M = max mg, @Oy = Min omin(Xy)

ke[K] ke[K] ke[K]
Yo = nax o1 (Cr)y by = e Or ey Yw = e 01(Zw,k + BeXukBrT),
Ck
. . Cr A . re1
oc = krél[lg] Omin(Ck),  ¢0 = klél[l% Omin : , Or= kfél[lg] Omin ([Be AxBr ... A; 'By)
CrA;?

(129)

For @C, , from Algorithm 3, we define the following auxiliary system M i (the projected version of system M) which will
be useful for further analysis.

Tipr1 = Apxpt + Brug s + Wi g, (130)
et = PorTCrrr s + Pok Nkt

Now we are ready to restate Theorem 5.1 in full details.
Theorem C.1 (Theorem 5.1 Restated for the More General Setting). Consider the systems Mg, datasets Dy =
Yix) UU k) and constants defined above. Let Mk satisfy Assumption 3.1 with constants 14 and pa. Fix any system
ko € [K]. If Ty, and Ty, = Ek#m T}, satisfy

Ty 2 k3 -02r%, Tiyy > k1 poly (r,m), (131)

then (gko, Eko, 6k0> from Algorithm 3 satisfy the following for some invertible matrix S with probability at least 1 —

maX{HS*lAkos — Ao\l 1S By — Bio ||+ | Cro S — C, }
(132)
n ~ poly (r,m)
< . . rr AN
N T_ko Ckg + Ko Tko .

Here k1 = Iil(./(/l\ko,u}go,(S) and ko = 52(/\7k0,u,€0,5) are defined in Definition 3.2. k3 = K3 (M[K],L[[K],é) . K4 =
Ka (Mo, U—_r,, 0) are detailed below. All of them are problem-related constants independent of system dimensions modulo
logarithmic factors.

K3 (M[K],U[K],(S) = max /@21 5

)

(1=p2)0%" \ (1= p2)P20L0% 1—p3

) 1

Ka (M_k07u_k0,5) = W\/@
uPcPr

Proof of Theorem C.1. For clarity of the proof, we abbreviate all subscripts kq. Based on Equation (131), Ty, satisfies the
condition of Lemma C.2. We apply Lemma C.2 on (D_g,, £, _,) and get the following with probability at least 1 — g

2.2 2 2
VA ( Upid it )logz(¢%ww1§jrbglgr)bg4([ﬁ)
(133)

n
T

H‘T%T%H S k4 = Ag. (134)

0

The system generating dataset D, denoted by M , is rewritten in Equation (130). Following exactly the same derivation as
in Step 1 of proof of Theorem A.1, we know that M is minimal. Since ® is independent of the trajectory from M, the

34



Learning Low-dimensional Latent Dynamics from High-dimensional Observations

noises { (f)CTnt}tho are sampled independently of other variables of this trajectory. Moreover, M satisfy Assumption 3.1.
Therefore, we can apply Sys-Oracle. Following exactly the same derivation as in Step 2 of proofs of Theorem A.1, we get
the following for some invertible matrix S with probability at least 1 — ¢

poly

(135)

max{HSH

O

C.1. Upper Bounds for col-approx

The theoretical guarantee for col-approx with multiple trajectories in Algorithm 3 is presented in the following lemma.

Lemma C.2. Fix any positive integer K. Consider K systems Mg and their datasets Dx) = Yk U Uk satisfying
the description in Appendix C. Suppose the systems satisfy Assumption 3.1 with constants 1 o and p 4. With the notations
defined in Appendix C, if T = ke[K] Ty, satisfies the following inequality

T S (w zpwzp Kr ) Kr
> n 1 C A 1 1 4,20y 2.3
= ((1—0,24)9253 Lo ) 18 iopy ey ) les ) (136)

rs (Mix) Uk 0)

then 60 = col-approx (y[ K]) (Algorithm 2) satisfies the following with probability at least 1 — ¢

e = rank(Cy) = - - - = rank(Ck), H(DLT(I)CH ~ gbuqﬁcqu \/E \/7 (137)

m(M[K] Ur),0)

Proof. From the system dynamics, we know that

Ty
= > Zyk e chifk 1 TCT+ Y Zﬁk MedT+ > > (Crpemea™ + ek CrTap,T)

ke[K] t=0 ke[K] t=0 ke[K] t=0 ke[K] t=0
Ty
Z chxk 1@kt Ot + Z Z MMt ™ — oo i) + Z Z Ok tMiet” + MOk T2r,T)
ke[K] t=0 ke[K] t=0 ke[K] t=0
+ > (Te+1)op, T
ke[K]

(138)

Here the first term is the information on the shared column space of {C} } (k). While the second and third terms are only
noises. For the rest of the proof, we first upper bound the norms of the noises (step 1). With this, we show that 7. = rank(C')
with high probability (step 2). Then we apply our subspace perturbation result to upper bound the influence of the noises on
the eigenspace of the first term (step 3).

Step 1: Noise Norm Upper Bounds. With rank(C;) = 7. and col(C}) = - -+ = col(Ck), we can rewrite Cj, = Poay
where an orthonormal basis of col(C1) forms the columns of & € R™"*"= and o, € R"*" is a full row rank matrix. It is
then clear that

Omin () = Omin(Cr) > ¢c,  o1(ag) = 01(Cr) < Yo, Vk € [K]. (139)

Let ZC = ZkG[K] Z;T:ko Cksck,tmeCkT, SC = EC + T1 and Za = ZkG[K] ZtTiO akxk’tm‘k,tTakT. We then have
Yo =0:3,PcT and ¢ = X, P T + TI. Then from Lemma C.3, Lemma C.4, Lemma A.5, and Lemma A.6, we
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have the following with probability at least 1 — ¢

¢U¢C¢RTI'< Z wcwwwA Tl g

1 - 1
Z ZCkxk et || S ¥/ ¥ynlog <, (140)
kE[K] t=0
Ty
T 2 < / 1
Z Z (Wk,tﬂk,t - Un,k‘[) ~ '(/}77 nTIOg 57
kE[K] t=0
with ¢ = , /log (w w“’%‘rlog 2KT>.
Step 2: Order Estimation Guarantee.
T T
Yy =%c+ Z Z (et ™ — oo 1 1) + Z Z (Crwp T + Mt CrTor, ™) + Z (Tx + 1)o7 1. 141
ke[K] t=0 ke[K] t=0 ke[K] ( )
A

The inequalities of Step 1 imply

1Al < ZZWWM on i )| +2 chkxkt'nkt

ke[K] t=0 ke[K] t=0

< wn\/n’Tlogé + zb\/wnnlog 5 H(i}c)%

=9, nTlog(lerz/;\/?/JnnlOg(ls(H(TIJFZQ); )

1 - 1 |, t? K
gwn\/nTlogé+1/J\/1/)nnlog5\/1’[}fq’bl;§f“r7'log6+T
A

_ 1 2 412 K
S hihpr [ nlog 5\/WTTlog6
A

2
& %7’[’“’%&1 g?ﬁ

1—pA

(142)

Therefore, for each i € [r.] we have the following for some positive constant c¢;

0i () = Y (Tr + D)oy 1, > 0i(Ec) = Al = omin(Ea) = 1A

ke[K]
2 42 2
ZL%%T—Q Vivevuva fcwp‘”w%log VnrT (143)
—FA

S PubEdh
Z 16 T.

Here the first inequality holds according to Theorem 1 in (Stewart, 1990) and the last line is because of Equation 136. For

i € [re+1,n],
2,/,2 2
o w - K
72 = 3 (et Do < [ < ey [ PEE g K v (144
—FA

kE[K]
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Based on the above three inequalities and Equation 136, we conclude that with probability at least 1 — 4, the following hold

0i(Xy) —0j(5y) < 2¢1 M \/—T

<734 v <j € [rd,

2,2 2
70, (5y) — oo (%) 2 22 ﬁ%‘é T - W%gf\/ﬁ

> T3/,

(145)

Therefore, from the definition of 7., we know that 7, = r. with probability at least 1 — 4.

Step 3: Column Space Estimation Guarantee. With 7. = r., now we try to apply our subspace perturbation result, i.e.
Lemma A.7, on matrix Xy, — >y (T + 1)0 wI + T1. Notice that this matrix has exactly the same eigenspace as 3,

and therefore the eigenspace of its ﬁrst Te elgenvectors is </I;c (line 9 in Algorithm 2). This matrix can be decomposed as

Sy— > T+ 1ol I+ TT

kE[K]
S o (146)
= S+ D> eamkaT =i D)+ DY (Crznani™ + mraCrTaaT) .
—~~
MinLemmaA7 k€[K]t=0 ke[K] t=0

Ao in Lemma A.7 A1+A1T in Lemma A.7

For matrix S¢ = e, @cT + T1 = O (So + TI) DT + TOSPST, itis clear that its SVD can be written as

So=[dc ®L] [Al TI} [231] . Ay =diag (01(Za) + T, Omin(Sa) + 7). (147)
C

where @ is an orthonormal basis of col(C7). Then we conclude that the following hold for some large enough positive
constant c3

_ w K
o1 (Z¢) §T+01(EQ)SC3< 11101/) wATlOg )7'7
1—p34 )
(148)
S S ¢u¢20 %% )
Or, (EC) - UTC+1(ZC) = Umin(za) > TTv Umin(EC) =T7.
Now we are ready to apply Lemma A.7 on ¥ with the following for positive constants cy4, ¢ large enough
- 1 / 1
o = 041/) 1/’77”10% < B = 051/177 nTIOg o
0 0 (149)
2 2
w K
o = %%T 20 wfw qf“‘r’ﬂog} ou =T, o1(A2)=T.
—Pa

Again, ¢) = /log (¢ w”wArlog QK’) From Equation 136, it is clear that /@57 > o and 8 > a/4ps + 3. Therefore,

fitroc] = [ieric] < 5ty Fve w500 2 ?“ 7

s wn¢2\/T(15+1Z)2 wnm nyr (150)

¢1L¢C¢R V 1- ‘ 6
1
: %%2 V755
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C.1.1. SUPPORTING DETAILS

Lemma C.3. Consider the same setting as Theorem C.2. Consider full row rank matrices {cy, € R**"™ } ¢k for any
positive integer a < ming ry. Let

Y, = Z kT Tk kT, P = min {klél[i}I{l]{O'a (ar)}, 1} , 1o = max {&1%{01 (ar)}, 1} - (151)

ke[K],tE[Tk]
Then the following holds with probability at least 1 — § if T 2 %Kﬁ” log 5 - log (w w‘“w“ r log )
2
S S (152)

Proof. We first define set K = {k : T, > r}. For further analysis, we let Wy, ; = Bjug,; + wgs ~ N (0,2 x) with
Yk = BrXy kBrT + Xy 1 and we can rewrite the system dynamics as follows

Thpt1 = ApTpt + Wit = ArTit + Bk + Wk,

(153)
Yit = CruThe + Mot

Then we know that o1 (X5 1) < 1. For simplicity, we define ¥, - := >, o ZI‘T:’“IT (arA]) (ThrTr-T) (arAL)T. Itis
then clear that

Ty
Yo =Yoo= E E QpTh T, T

kek t=1
T
= E E o (ApTrp—12k 1T AR + Wi -1 Wk t—17 + ApZht—1 W t—17 + W t—1Tk—1 AT T (154)
kek =1
Te—1 Th—1
=Ya1+ E § QW Wit Ty T + E E (apApzp (pp,) T+ (QpWr,t) Tr TART o T)
kek =0 kek t=0

By Lemma C.4 and A.5, the following events hold with probability at least 1 — §/r,

Te—1
2
Z Z Wi 4 W T T — Z ThorXe ror || S L/Juﬂ/ii\/ rT log %7
kek t=0 kek (155)
Tl - 2r
(a1 +TI)” ;;c ;; ok ATt (kWr,e) T S P/ 1wt log 5

with 1) = \/ log (w ot w“ rlog 2Er ) From the first inequality, it is clear that the following holds for some large enough

positive constant c;

T —1
2
SN i TonT = Y ThonSa pnT — et tZ/rT log %1 (156)

ke t=0 kek

We have the following from the second inequality

-

(Ba1 +TI)" Z Z Akt (pWit) T (Za +TI) 2

kek t=0

S U/ rewt? log %T H(Ea,l +TI)E
- Yy Y3 log 25T
< e 2 9

> H

(157)

38



Learning Low-dimensional Latent Dynamics from High-dimensional Observations

This implies the following for some positive constant cy

S rw log ¥
Z Z (e Agp (ps) T+ (i) T T ApTagT) = —coth T( a1 +T1I). (158)
kek t=0

Plugging back into Equation 154 gives the following for some positive constant c3

/ ) th? log 25
a0>'2a1+ZTkak2wkak 7017;[}11) rTlOg*I* 21;[} w w g ( a1+TI)

ke
(159)
[ rup? log 2F
- 1-— ng T Za 1+ Z TropXg kak — Cglﬂww w ’/‘T]Og 5
kek
Similarly, we expand X, 1,242, - , 2q,r—1 and have the following with probability at least 1 — ¢§

r—1
Ya0 >~ (Z (Tp, —r+1) Z akAl wk(akA) — 32 i - \/ T — Kr+K)10g6]>
=0

kel
r—1 T
b2 log & o p2 4 log &
1- TPwbabia 96 5 1- AL R g I
Qw\/ T _Kri K e T ok k) S

The above inequality is further simplified as follows

kEIC L=0
— [T ¥2yd log &
1_Qw¢T—KW+K'
(i) = , _ or 1\"
> <¢u > (T = r)ay (Z A;Bk(A;Bk)T> T — e3thuh2%9 - [T log 51) (1 - 27")
ke =0
(i) 1 = . _ o
=5 <¢u > (Th = r)on (Z A;Bk(A;Bk)T> apT — c3pb23e -y /1T log 5I>
ke =0

(iv)
- 1<¢u¢ OH(T — 2K7) — e p29p%a) - ry/rT log — 5 ) I

v 2
Q) 6utithy

Here (i) is because Xo, = 0 and Xy = BpYykBiT = ¢uBpBiT, (ii) is because T 2 0213 Krdlog %

log (w w“’mrlog ), (iii) is because (1 — 5-)" > 1 for all positive integers, (iv) is because >, (T — 1) >

“Kr+ e T = —Kr+T = YTk 2 —Kr + 7T — Kr, and (v) is because T 2 ﬁ2i4$fKr3log5 .
log (w 7’Z"“w*‘rlog )

O

Lemma C.4. Consider the same setting as Theorem C.2. For any positive integer a, let {(j, ;. € R“}QO be a sequence of

i.i.d Gaussian vectors from N (0, 3¢ 1) such that (y, , is independent of xy, ;. Define 1) = maxy, 01(X¢ ). We make the
Jfollowing definition for any b X r matrix Pig for any positive integer b

Sp= Y. P BT+ T ¢p= max o1(Py).

(160)
ke[K] te[Tx]
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Then the following holds with probability at least 1 — 4,

1 . 1
2 Z ProxgiCet || S w\/max{r, alic log 5 (161)

ke[K],te[Ty]

Here 1) =, /log (wpwww“ rlog & )
Proof. From Lemma A.9, we know that the following holds for some vector v € Se—1

1 _ _1

COY PG| >z <5 (|(SR) 0 Y PardeT| >3] a6
ke[K],te[Tx] ke[K),te(Tyx]

Notice that ¢, ;Tv are independent Gaussian varaibles from distribution (0, vT3¢ v) for all k € [K], ¢ € [T}], which is

c14/%¢-subGaussian for some positive constant ¢;. Then applying Theorem 1 in (Abbasi-yadkori et al., 2011) on sequence
{Prxk,+}e 1 and sequence {(x ;Tv} k. gives the following inequality

S det(Sp)z det(TT)"2
PG S PG| > | 2630 log ( et( P)25e 7D 2) <. (163)
ke[K],te[Tk]
Substituting the above result back gives the following inequality
o =1 det(Ep)z det(TT)" =
PIIER) 2 S Paned| > sc§¢<10g< et( P)Qde (71) ) < 59, (164)
ke[K],t€[Tk]

which implies the following inequality holds with probability at least 1 — g

o -1 2det(Sp)2 det(TI)" 2
(EP) 2 Z PrageCre|| < 4| 8cite log< et( P)25 et(7]) 2) + 8ctpealogh. (165)
ke[K],te[Tx]
Now consider ¥ p = Zke[K],te[Tk] Pray 2y TP, T + T1. Then
det(T1) = (T)?, det(Sp)=(T)" " [][T+N Y Paagamrd BT |- (166)
i=1 ke[K],te[Tk]

From Lemma A.6, we have the following with probability at least 1 — § /(2K) for every k € [K]

w 2K w
> ™| 228 T 10 2 5 LA g (167)
! -4 R
te(Ty)

Therefore,

Ai Z Prxy iz T PT
ke[K],te[Tk]

E Pray sz TP T

ke(K] ||te[Tx] (168)

ST wkwrT|| PP

ke[K] ||te[T]

wpwwwA
1—p%

IA

IA

2/\

—~—2rT log [5(
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Substituting back gives the following for some positive constant ca

T

det(Sp) =T H T+ X\ Z Py g T BT

i=1 ke[K],te[Tk] (169)
2 2 K r
<7h (1 + 027wpwwarlog ) ,
1-p% )
which gives
B 2 oy 12 K\ 2
det(Sp)? det(TT)"7 < (1 + czwif‘quog 5) . (170)
e

Finally, with a union bound over all above events, we get the following with probability at least 1 — § from Equation 165
and 169

(Er) Y PG

ke[K],te[Tk]
2det(Ep)7 det(T1)" =
< 8c%1/1dog< ) 5 et(71) ) + 8c3ycalogh
(171
2 w 2 K 1
< \/46%7"1&4 log (2 + 202%r10g 5) + 8¢t log 5 + 8ctipealogh
—Pa
1 2 V)3 K
< \/max{r, atic log 5 \/log <w11ﬂ_bp2i‘4rlog 5>'
This completes the proof. O

D. Example Sys-Oracle — The Ho-Kalman Algorithm (Oymak & Ozay, 2019)

We now introduce an example oracle for systems with isotropic noise covariances, M = (r,n,m, A, B,C, 021, 0'72][ ).
Before going into details, we define necessary notations. Let G4(M) and H (M) as follows for any positive integer d

Gs(M) = [CB CAB .- CA?-1B] € RnX2dm.
CB  CAB ... CA®'B  CAiB
2 d d+1
Hy(M) = szlB (14 B 04 B CA'B C ginx(dm, (172)
CA1B CAIB ... (CA29-2B (CA2-1B

Moreover, let 1 (M) € R*4m and 1+ (M) € RI*4™ be the first and last dm columns of Hq(M ), respectively. Now
we define all necessary constants for the above M

#3(8) = Ormin (7—[; (./\/l)) , W (0) =01 (Ha(M)), d=max {r, [log 1}} ,

o (173)
wB = Ul(B)a ¢B = JT(B)7 wC = 01(0)7 ¢C = Jmill(c)

Here we assume all ¢)’s satisfy ¢ > 1, otherwise we define ¢ to be max{1,c1(-)}. Similarly, we assume all ¢’s satisfy
¢ < 1, otherwise we define ¢ to be min{1, oy, () }. The algorithm is summarized as follows. We note that this algorithm
is not as general as we defined in Sys-Oracle. To be more specific, it only works with identity noise covariances and requires
to know the dimension of the latent variables.

41



Learning Low-dimensional Latent Dynamics from High-dimensional Observations

Algorithm 4 Ho-Kalman
1: Input: Latent Variable Dimension r. Dataset {y;}7_,, {u;};—, . Failure Probability &
2: Estimating markov parameters G = [@ CAB ... (CA2d—1 B]

Ut—1

T
1 ~ Ut—2
d(—max{r, ﬂog]}, G «+ argmin Z Y — G .

(5 geRnXZdnl t—2d
Ut—2d
3: Constructing Hankel matrices ’}Q*, Ht
CB  CAB ... CA“IB CAB CA’B ... CAB
- CAB CA2B .. CA‘B . CA2B  CA3B .-~ CAB
H™ = . . . . ) HT = . . .
CA-1B CAIB ... (A2-2B CAIB (AR ... (A2-1p

4: Truncated (rank-r) SVD on H-
U,, %, V. < Top r singular vectors & values of H-
5. Estimating system parameters
A (Urz:,l/z)T H (zi/QwT)T ,
B « First m columns of »i/2y,T

C « First n rows of UT,Ei/2

For the paper to be self-contained, a theoretical guarantee of the above algorithm is provided.

Corollary D.1. Consider M = (r,n,m, A, B,C,021, 0%[) with any r,n, m, independent inputs u; bR N(0,021) and
notations in Equations (172) and (173). Suppose M satisfy Assumption 3.1 with constants )4 and p 4. Consider single
trajectory dataset Y = {y; }1_o, U = {uﬁ?!& from the system. If

02 4 (02 4 022 )28 /(1 — p2)2 1
1t (o uqug);éch/( pa) log5(r(r+n+m))1og2Tlog97-r3(7“+n+m).
HY u

T>
~ 5 (174)

k1 (M,U,5) in Definition 3.2

then with probability at least 1 — 5, Algorithm 4 outputs (ﬁ, B , 6) s.t. there exists an invertible matrix S

maX{HS*lAS—fT ,’S*lB—E ,(OS—GH}
3 2 2,/,2 _ 2 5
5 ’;/;;‘lO—W—FwAwC\/(Jw—FUuwB) /(1 pA) \/10g5(7“(r+n+m))log2Tlog9(15'\/T (T +17j’+m) (175)
H Ou

k2 (M,U,5) in Definition 3.2
Here ¢y = ¢ (), Y = 12 (0).

Proof. Proof of this Theorem is mainly the applications of Theorems in (Oymak & Ozay, 2019). Let g :== r + n 4+ m and
recall d = max {r, [log +]} in Algorithm 4. For simplicity, let G = G4(M).
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Step 1: G Estimation Guarantee. From Equation (174), we know that T > dn/(1 — P > n(2d +1)/(1 — p4H)
and T' > dnlog®(dn)log®(T) = (2d + 1)qlog®((4d + 2)q) log*(2Tq). We then apply Theorem 3.1 of (Oymak & Ozay,
2019) and get

2d—1
_ 1 (2d+ 1) T
|6-¢]= (o tou (Z AWT) ot | +ya o 4] | CLH DTl
“ i=0 Pa (176)
[ (2d + 1)qlog®((4d + 2)q) log® (2Tq)
T b
Here I'oo = 02 Y ooy ATAT + 623"  A“BBTA'T. From Assumption 3.1, it is clear that
2d—1 2d—1 2d—1 w w
(ZA““”> o7l < v | o aal <ot 347 £ TE G
(177)

2 < (gw + UﬁwB) wA
~o1-py

ITooll < (02 + 020%) Z A7

=0

Substituting back gives

¢C¢A 2d 1 d (02 +02¢%) V3 24d dgq log4(dq) log? T
< u -
Hg QH S < Twyl 7 +'¢}A¢ | i =2 log 3 T
Y2 2 + 029h2) > d dqlog*(dq) log® T'log
< (o towy [ P22 5+ vivo (0w + 9u45) Vi g1 :
< 4 (1—p%)? 55 T
(i) 1 (02 + 021p2) d2qlog®(dq)log® T'log %
< 3 w u'" B )
~ oo <0n ave (1-p%) T '

7 2
1 [(02 +02¢%)
o (Un +oave 0(1 - Zi)QB

Here (i) is because d < rlog(}) and log(dg) < log(rq) log(). The above inequalities hold with probability at least

A
|

> \/r2q10g5(rq) log® T log® %

T
(178)

1— (2 exp(—(2d + 1)q) + 3(2Tm) ~ 8T los” (1d+2)m) 4 (94 4 1) (exp(flOO(Qd +1)q) + 2 exp(—100n log %))) 4
We further simplify the probability as follows

1- (2 exp(—(2d + 1)q) + 3(2Tm)~ '0s@Tm) log® (d+2)m) | (9q 4 1) (exp(7100(2d +1)q) + 2 exp(—100nlog 2§d)>)

@

>1-9- (2 exp(—2dq) + (2d + 1) (eXp(‘mOdq) ”exp(_loonlog%d)))
(i)

S <(2d+ 1) (exp( 100dg) + 2 exp(—100n log 2§d)>)
@i 5 5 4 24d

S

> 1 1711 (4d+2)exp( 100n log —— 5 )
S8 6 0 _ddt2

4 4 4 24d
>1-§

(179)

“The last term is because we use 7/ = 7 log(%) in Corollary D.3 of (Oymak & Ozay, 2019).
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Here (i) is because 3(27m)~ o8(27m) log? (4dm) < 32-3)77 < ¢, where the first inequality is because log®(4dm) >

log?(16). (i4) is because d > log + and 2 exp(—2dq) < 2exp(—6log(1/8)) < 26° < §/4 for § € (0,e™ ") and (iii) is
because (2d + 1) exp(—100dq) < (2d + 1) exp(—2d — 1) exp(—90dq) < exp(—270d) < §/4 for § € (0,e~1).

Step 2: Parameter Recovery Guarantee. From the above result, we get the following for some constant ¢y

09
SeI

A T T

Here the last inequality is because of Equation 174. Then we apply Corollary 5.4° from (Oymak & Ozay, 2019) and get the
following for some balanced realization A, B, C' and some unitary matrix U

fle-evl}

2 5 2 81
ng gH <o <0n+1/)A1/)c (02 +0’21/)B)> \/r qlog’(rq)log” T'log” 5 o < dm. (180)

maX{HA_

<Yl

s-

(181)
_ U on + Ve /(0% + 003) (L= AT \/ roqlog®(rq) log? T log” &
~ QS%-[ Oy T .
Since A, B, C is a balanced realization, there exist some invertible matrix S s.t.
maX{HS_lAS—EH,HS_ -C }
(182)
< Unont V3o (02 + a23) J(1 = p3)? [r3qlog’(rq) log® T'log” 3
~ (j)%_t Ou T ’
L]

D.1. Upper Bounds for Col-SYSID (Algorithm 1) with Oracle Algorithm 4

Corollary D.2 (Corollary 3.6 Restated). Consider M = (r,n,m, A, B,C,07,1,021) and datasets Dy = U; U Y1, Dy =
Uo U Yy (with length Ty, Ty respectively) where the inputs are sampled independently from N'(0, o2 1). Consider constants
defined for M in Appendix A and in Equation (173). Suppose M satisfies Assumption 3.1 with constants 14 and p 5. If

Ty 2 kg -0, Ty > Ry -r3(r+m), (183)

then (2, B , 6) Sfrom Algorithm 1 satisfy the following for some invertible matrix S with probability at least 1 — §

L <k \/;HCHJrHQ ,rrm) ’”*m) (184)

k4] are detailed below. All of them are problem-related constants independent of system dimensions modulo log factors.
o g 2/ (1 - p)?

K1 = D)

¢Hou

3 _
INQQ — :f;% \/,(/)777—"_ '(/)cho—\/wgu/(l pi) \/10g5(7‘(7’ + m)) 10g2 TlOgg %7
H u

4
fo— L max {~2 SRR ( Yoty )) g () log® @}

max{H57

1
logS(r(r +m)) log2 T 1og9 5

(185)

b3 Y1 -0%)0%" \budZon(l —p4

3 w lo 1
1= Gostar V185

3The following inequality can be obtained by substituting all HL LH by i ”

in the original result. This is valid because the

original proof used \f2 T lLL (|I|f>‘h <5r HL - LH in Lemma B.1 of (Oymak & Ozay, 2019)
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Here ¢y = ¢3(6) and 1y = 1y (0) are defined in Equation (173).

Proof. From Equation (183), Ty 2 /zn?r®, which satisfies the condition of Lemma A.2. We apply Lemma A.2 on (D;, ;)
and get the following with probability at least 1 — g for some constant c;

~ 1 — p?
H(I%Tq)CH < eify oo M (186)

Ty — 8Y3vBYe

Then from Lemma D.3 we know k1 (M\,Ug,é) < 4k (M, Us,0), Ko (M\,UQ,6> < 4ko (M, U, 6). Here M=
(r,rank(®¢TC), m, A, B,®cTC, 021, 02I). Moreover, from their definitions, we know that k1 (M,Us,8) < & and

) n

ka(M,Us, ) < Ko. Combining with Equation (183) gives
Ty 2 Rar(r +m) > k1 (M, Us, 8) % (r +m)

_ X - (187)
>k (M,ug, 5) r3(r + rank(BTC) + m).

From the proof of Theorem 3.4 (step 1), we know that we can apply Algorithm 4 on M. Applying Algorithm 4 gives the
following with probability at least 1 — g from Corollary D.1

5 (r + rank(®cTC) + m)

Jls'B-B

max{HS*lAS — A\‘

BoTOS — CH}

< Ko (M, U, ) - \/

15
(188)
5
< koM, Us, §) - 7‘(7"1174'"1)
2
5
<y %jm)

Then from the proof of Theorem 3.4 (step 2), we know that

maX{HS*lAsfﬁH,HS*leE , CSf@H}
SRQ'“W—F%‘l'\/TﬁlHéH' )

D.2. Other Lemmas for ~; and k2

Lemma D.3. Fix any §. Consider system M = (r,n,m, A, B,C, 021, 0‘%) and independent inputs U = {ut}z:ol with
ug ~ N(0,021). Let M= (r, rank(&)CTC), m, A, B, </ISCTC', o1, 072,[), where ®¢ is a orthonormal matrix satisfying

) u

~ 1-p%)
1\ 7 < < Pl Pa )
H(‘I’C) %H <B8es 8Y2Upic (150)
Let k1(-,U, ), ka(-,U, 6) be defined as in Equations (174) and (175). Then we have
K1 (/\7,14,5) <4y (MU,S), ko (A?,u,é) < 4k (MU, ) (191)

Proof. For system M, we list all related parameters as follows®.

0170%70A7¢A7¢B7¢07¢Ha¢7{- (192)

Here we omit o, since it doesn’t change between the two systems.

45



Learning Low-dimensional Latent Dynamics from High-dimensional Observations

For the projected system M , we denote corresponding parameters as

~2 A2~
Jwvo-napAawA7vawCa¢H7wH' (193)
It is clear that 52, 83,, DA, zZ A, ’(//}\ p remain unchanged. We only need to consider parameters 120, QASH, @H. We know that

de = ||Bere| < e 1) = ve. (194)
Moreover, for d = max{r, [+]}, we have

s 0] = o e s a0 < e o =

(195)
Therefore, @H < 1py. For QEH, we know from Lemma D.4 that qASH > ¢y /2 for Agp < %;f‘c).
A
These bounds imply that
1 —~ 1 —~
2 (MU, 6) = 7o (M,u,s) LR (MUL6) = g (M,u,a) . (196)

O
Lemma D.4. Consider the same setting as Lemma D.3. Consider constants ¢y and (EH of M and M. Then if Ap <
dn(1—p%) n e
sohunve hen on = 5

Proof. Recall that d = From the definition of <ZA5H we know that

Omin (diag (@cT, . &)cT) Hy (./\/l)) = Omin (diag (f/ISCCTDCT, o CTDCCTDCT> H, (M))
= Gunin (H; (M) — diag (6565, o &%&%T) My (M))

(197)
> Guin (Hg (M) — o1 (diag (BEFLT, ..., BEBET) Hy (M)
Notice that
dLDLTC
S S PLBLTCA
diag (@é@én . cpgcpéﬂ) H; (M) = : [B AB ... Ad1B] (198)
PLDLTC AT
From Equation 13, we directly know the following
OLDETC
DLLTCA 2Wave
. < . (199)
: 1—p%
BLBLTC A1
Moreover,
d—1 o
|[B AB - A¥1B]| < | |AiBBTAiT| < A2 (200)
i=0 V1=
Substituting back gives
. 2
B> ow — 4LALBYC A, (201)
(1—=p%)
_ .2 —~
Since Ap < PHI-E), we know Gy > ¢ /2. =
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