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Abstract
In this paper, we focus on learning a linear time-
invariant (LTI) model with low-dimensional la-
tent variables but high-dimensional observations.
We provide an algorithm that recovers the high-
dimensional features, i.e. column space of the
observer, embeds the data into low dimensions
and learns the low-dimensional model parame-
ters. Our algorithm enjoys a sample complexity
guarantee of order Õ(n/ϵ2), where n is the ob-
servation dimension. We further establish a fun-
damental lower bound indicating this complexity
bound is optimal up to logarithmic factors and
dimension-independent constants. We show that
this inevitable linear factor of n is due to the learn-
ing error of the observer’s column space in the
presence of high-dimensional noises. Extending
our results, we consider a meta-learning problem
inspired by various real-world applications, where
the observer column space can be collectively
learned from datasets of multiple LTI systems.
An end-to-end algorithm is then proposed, facili-
tating learning LTI systems from a meta-dataset
which breaks the sample complexity lower bound
in certain scenarios.

1. Introduction
Analyzing high-dimensional time series data is essential for
numerous real-world applications in finance (Mudassir et al.,
2020), economics (Maliar & Maliar, 2015; Masini et al.,
2023) and biology (Churchland et al., 2012; Hajnal et al.,
2023; Xia et al., 2021; Gallego et al., 2020; Stringer et al.,
2019). High-dimensional time series observations often find
succinct representation through a set of low-dimensional
latent variables. In this paper, the focus is to learn the low-
dimensional dynamics capturing the very essence of the
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time series, which becomes useful in various down-stream
tasks like prediction and inference (Churchland et al., 2012;
Mudassir et al., 2020; Pandarinath et al., 2018).

Popular techniques for such analysis range from linear mod-
els, such as linear time-invariant (LTI) systems (Sikander &
Prasad, 2015; Bui-Thanh et al., 2008; Hespanha, 2018) and
auto-regressive models (Dong et al., 2022; Poloni & Sbrana,
2019; Qin, 2022), to more complex nonlinear models, ex-
emplified by recurrent neural networks (Yu et al., 2021;
Sussillo & Barak, 2013; Medsker & Jain, 1999). Herein, we
focus on LTI models as they are interpretable and require
much less computational power in many real-world applica-
tions (Gallego et al., 2020; Churchland et al., 2012; Dong
et al., 2022).

Specifically, we learn partially observed LTI systems in the
following form

xt+1 = Axt +But + wt, yt = Cxt + ηt, (1)

where yt ∈ Rn are high-dimensional observations, xt ∈ Rr
are low-dimensional latent variables with n≫ r, ut ∈ Rm
are inputs and wt, ηt are process and observation noises,
respectively. Matrices A and B are the system parameters
for the dynamics and inputs, respectively, and C can be seen
as the observer, mapping latent variables to noisy observa-
tions. Recently, a contemporary perspective has revitalized
well-established system identification (SYSID) algorithms
for similar setups (Shirani Faradonbeh et al., 2018; Sarkar
& Rakhlin, 2019; Oymak & Ozay, 2019; Sarkar et al., 2021;
Zheng & Li, 2021). Without any structural assumptions,
they have established finite time convergence results with
a rate of Õ(

√
n · poly (r,m) /T ), leading to a sample com-

plexity of Õ(n·poly (r,m) /ϵ2) for an ϵ-well approximation
of model parameters. Such results are not satisfying for LTI
systems with a large observation dimension n. One alter-
native way to directly applying the SYSID algorithm is to
initially project the high-dimensional data to lower dimen-
sions before conducting further analysis (Saul & Roweis,
2000; Churchland et al., 2012), either for efficiency or for in-
terpretability. Moreover, these projections may often consist
of “meta information” that is shared across different tasks.
This is consistent with many scenarios in meta-learning set-
tings where we deal with more complex datasets collected
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from similar observers but possibly with different latent
dynamics. The above facts motivate us to investigate the
provable efficiency of this type of projection method and its
generalization ability.

Contributions. In this paper, we study learning LTI sys-
tems with high-dimensional noisy observations. We adopt
a two-stage procedure to first extract high-dimensional
features, i.e. column space of the observer. We subse-
quently perform standard SYSID on the resulting low-dim
data and recover the original model parameters. We es-
tablish sample complexity for this bifold procedure that
scales as Õ([n + poly (r,m)]/ϵ2) which further reduces
to only Õ(poly (r,m) /ϵ2) in the absence of observation
noises. This then naturally leads to the following question:

Can this linear dependence on observer dimension n be
possibly improved by some carefully designed algorithm?

We show that the linear dependence on n is unavoidable
in the presence of observation noises — as shown in our
lower bound result Theorem 4.1, requiring at least O(n/ϵ2)
samples from our learning problem. Unfortunately, obser-
vation noises always exist for real-world applications, as
the sensors always involve uncertainties. The lower bound
also indicates that the sample complexity of the proposed
algorithm is optimal up to some logarithmic factors and
dimension-independent constants.

Additionally, our pragmatic solution–namely, the separation
of learning the high-dimensional features (i.e. the observer
column space) and learning the rest of the model parameters–
can be extended to meta-learning setups by collecting meta-
data from a set of dynamical systems that share the same
observer model. By adopting a “leave-one-out” strategy for
statistical consistency, we show that as long as the meta-
data is collectively large in order of Õ(n/ϵ2), we can suc-
cessfully obtain an ϵ-well approximation of all the systems
parameters involved in the meta-data (Theorem 5.1). We
finally note that such metadata with the same observer is
common in real-world applications (Hajnal et al., 2023; Xia
et al., 2021; Marks & Goard, 2021; Gallego et al., 2020).
One example is in neuroscience where neuron activities are
measured over a long period by the same set of electrodes or
imaging devices. Although the subject may perform differ-
ent tasks or demonstrate behavior corresponding to different
latent dynamics, the observer model (i.e. the electrodes
or the imaging device) remains the same, resulting in the
metadata considered here.

To summarize our contributions: Firstly, we provide Column
Space Projection SYSID (Col-SYSID) (Algorithm 1 in Sec-
tion 3) that learns LTI systems through high-dimensional
observations with complexity Õ(n/ϵ2) (Theorem 3.4 in
Section 3). As compared with existing algorithms, ours
reduces the multiplicative polynomial dependency on the

latent dimension r and the input dimension m. We then
establish a sample complexity lower bound for this problem,
indicating the optimality of the above result (Theorem 4.1
in Section 4). Our algorithmic idea is further extended to
a meta-learning setting, where we have access to datasets
from multiple similar systems. We provide an end-to-end
framework for handling this meta-dataset and learning all
included systems (Algorithm 3 in Section 5). With the help
of the meta-dataset, we break the sample complexity lower
bound in certain scenarios (Theorem 5.1 in Section 5).

Before proceeding, we set the following notations through-
out the paper.

Notations: Without further explanation, let δ be any proba-
bility in (0, 1/e). We use poly (·) to denote polynomial and
logarithmic dependences. We use ≲ and ≳ to hide absolute
constants. We use Õ(·) to hide all problem-related con-
stants, absolute constants and logarithmic factors. Let [N ]
be the set of integers {1, . . . , N}. LetM[N ] denote the set
{Mn}n∈[N ] and letM−n denote the set {Mn′}n′∈[N ]\{n}
when the full set [N ] is clear from the context. For any
matrix M ∈ Rm×n, let σ1(M) ≥ σ2(M) ≥ · · · ≥
σmax{m,n}(M) be its singular values, and let σmin(M) be
the minimum non-zero singular value. Let ∥M∥ denote its
operator norm, and M⊺ denote its transpose. Let col(M)
be the column space of M and let ΦM denote any orthonor-
mal matrix whose columns form a basis of col(M). For
any orthonormal matrix Φ, we use Φ⊥ to denote the ma-
trix such that

[
Φ Φ⊥] is unitary, and we refer to Φ⊥ as

the orthogonal complement of Φ. For any positive semi-
definite matrix Σ ∈ Rn×n, we slightly abuse the notation
and let N (0,Σ) denote the distribution of Σ1/2x, where
x ∼ N (0, In) follows the standard Gaussian distribution.

1.1. Other Related Works

Other Linear Models with Low-Dimensional Dynam-
ics. Recently, there are lines of research on autoregressive
models with low-dimensional representations (Qin, 2022;
Dong et al., 2022; Poloni & Sbrana, 2019). Indeed, we
may also be able to reconstruct low-dimensional dynamics
from the model with the learned representations. However,
sample complexity results are not currently available for
such models. Another related line of research is on dynamic
factor models (Hallin et al., 2023; Anderson et al., 2022;
Breitung & Eickmeier, 2006). Anderson et al. (2022) only
provides asymptotic convergence guarantees. Finite time
convergence is indeed developed in Hallin et al. (2023).
However, their results can not imply dependence on the
system dimensions and are only about the convergence rates.
Moreover, certain assumptions might not be easily verified
in our setting.
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General SYSID Algorithms. The most relevant sample
complexity results are provided in recent SYSID literature
for learning partially observed LTI systems (Zheng & Li,
2021; Lee, 2022; Djehiche & Mazhar, 2022; Sarkar et al.,
2021; Oymak & Ozay, 2019). The last four papers focus
on systems with stable latent dynamics, while the first pa-
per extends to unstable latent dynamics. Unfortunately, all
algorithms have suboptimal sample complexities. There
also exists a line of work providing sample complexity for
learning fully observed systems (Sarkar & Rakhlin, 2019;
Shirani Faradonbeh et al., 2018), whose analysis techniques
is applicable to unstable dynamics. This paper focuses on
stable latent dynamics, and we leave for future directions to
extend the results to unstable latent dynamics.

Existing SYSID Lower Bounds. There exists literature
providing lower bounds for learning partially observed LTI
systems. However, their results are not directly comparable
to ours in our setting. The most relevant papers are Sun et al.
(2023); Fattahi (2021). The former provides a lower bound
depending on r/n, which is tailored for systems with r ≫ n.
The latter provides a lower bound proportional to 1/ϵ4. The
lower bound follows a slower rate than ours, though being
logarithmic in the system dimensions. Sun et al. (2022)
provides lower bounds defined for noise-free settings. Mao
et al. (2021) provides lower bounds for systems with C = I .
Bakshi et al. (2023) provides lower bounds for learning
almost uncontrollable and unobservable systems. Other
related works include Djehiche & Mazhar (2021); Jedra &
Proutiere (2023); Simchowitz et al. (2018), which develop
lower bounds for fully observed systems.

General Subspace Learning Algorithms. To learn the
observer column space, several existing literature may be
related. Vaswani et al. (2018); Balzano et al. (2018); Candès
et al. (2011); Blanchard et al. (2007) focus on analysis for
PCA subspace learning. However, they assume that the
dataset is i.i.d. sampled, which is not the case for dynamic
systems. Dynamic factor model techniques are also related
(Hallin et al., 2023). As discussed previously, the results can
not imply the dependence on the system dimensions. Other
ideas include Deng et al. (2020), whose sample complexity
remains an open question.

2. Preliminaries and The Problem Setup
Consider linear dynamical systems in the form of Equa-
tion (1) with x0 = 0 (for simplicity), process noises
wt

i.i.d∼ N (0,Σw) and isotropic observation noises
ηt

i.i.d∼ N (0, σ2
ηI). Here Σw and σ2

ηI are positive semi-
definite matrices. We denote such systems by M =
(r, n,m,A,B,C,Σw, σ

2
ηI). In standard system identifica-

tion setup, given the input-output trajectory data from the
system, the objective is to learn system parameters up to

the well-known similarity transformation class, i.e., to learn
tuple (Â, B̂, Ĉ) such that for some invertible matrix S,1

Â = S−1AS, B̂ = S−1B, Ĉ = CS.

Furthermore, in order to ensure this learning problem is
well-posed, we assume (A,B) is controllable and (A,C) is
observable. This is often referred to as a minimal realization
(a state-space description of minimal size that explains the
given input-output data (Schutter, 2000)). The correspond-
ing systemM is then called a minimal system.

High-dimensional System Identification Prob-
lem (HDSYSID): Consider learning minimal system
M = (r, n,m,A,B,C,Σw, σ

2
ηI) with high-dimensional

observations and low-dimensional latent states and
inputs; namely, r,m ≪ n. Here, covariances Σw, σ2

ηI
are positive semi-definite covariances. For k = 1, 2,
we choose input trajectories Uk = {uk,t}Tk−1

t=0 and get
corresponding observations Yk = {yk,t}Tk

t=0. Here, every

input uk,t
i.i.d.∼ N (0,Σu) is sampled independently with

positive definite covariance Σu ≻ 0.2 With the two datasets
D1 = Y1 ∪U1 andD2 = Y2 ∪U2, our objective is to output
approximate system matrices

(
Â, B̂, Ĉ

)
such that with

high probability,

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥CS − Ĉ∥∥∥} ≤ ϵ

for some invertible matrix S.

In HDSYSID problem, we specifically consider systems
with r,m≪ n and isotropic observation noises. We select
inputs with positive definite covariance Σu so that the sys-
tem is fully excited and therefore learnable. The problem
setup can be extended to the case where we have access
to K ≥ 2 independent data trajectories. Our proposed ap-
proach and theoretical analysis in the following sections can
also be readily adapted.

3. SYSID with Column Space Projection
Before diving into the details, we first state the necessary
assumption and definition for HDSYSID.

Assumption 3.1. There exist constants ψA ≥ 1 and ρA ∈
(0, 1), which are independent of system dimensions, such
that ∥∥Ai∥∥ ≤ ψA (ρA)

i−1
, ∀i ∈ N.

1Here, S represents a change of basis for the latent variables
resulting in a modification of the system representations from
(A,B,C) to (S−1AS, S−1B,CS)–yet describing exactly the
same input-output behavior. See Section 4.4 in (Hespanha, 2018).

2Our approach can be easily extended to a weaker assumption
on Σu: (A, (Σw + BΣuB

⊺)1/2) being controllable. Here we
assume Σu ≻ 0 to keep the results clean and interpretable.
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The existence of ψA and ρA is a standard assumption (Oy-
mak & Ozay, 2019) and is guaranteed by Lemma 6 in Talebi
et al. (2023) as long as the spectral radius of A is smaller
than 1. However, the constants may be dependent on system
dimensions in the literature. Here we assume ψA and ρA to
be independent of system dimensions.

Definition 3.2 (System Identification Oracle (Sys-Oracle)).
Consider system M = (r, n,m,A,B,C,Σw,Ση) with a
minimal realization (A,B,C) and arbitrary dimensions
(r,m, n). AssumeM satisfies Assumption 3.1. Given an
input-output trajectory D = Y ∪ U , where U = {ut}T−1

t=0

are the inputs with ut
i.i.d.∼ N (0,Σu) and Y = {yt}T−1

t=0

are the corresponding outputs, the Sys-Oracle outputs ap-
proximation

(
Â, B̂, Ĉ

)
such that with probability at least

1− δ,

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥CS − Ĉ∥∥∥}

≤ poly (r, n,m)√
T

· κ2,

for any T ≥ κ1 ·poly (r, n,m) and some invertible matrix S.
Here κ1 = κ1 (M,U , δ) , κ2 = κ2 (M,U , δ) are problem-
related constants independent of system dimensions modulo
logarithmic factors.

The Sys-Oracle defined above is applicable to all minimal
systems with arbitrary dimensions (r, n,m), which does not
necessarily lie in the regime where n≫ r,m. It represents
standard system identification algorithms, including the cel-
ebrated Ho-Kalman algorithm (Sarkar et al., 2021; Oymak
& Ozay, 2019). The constraints of such existing algorithms
are captured by Assumption 3.1. These algorithms also re-
quire the inputs and noises to be sampled independently and
fully exciting, which is captured by the definition of system
M and inputs U in Sys-Oracle. In Appendix D, we will
provide an example of such an oracle for the completeness
of this paper.

3.1. The Proposed Algorithm

Our proposed Algorithm 1 consists of two components.
Firstly in Line 2, using the first data trajectory, we approxi-
mate the column space of the high-dimensional observer C
and get matrix Φ̂C ∈ Rn×rank(C). The columns of Φ̂C form
an approximate orthonormal basis of this column space.
This approximation is accomplished by the Column Space
Approximation (Col-Approx) subroutine, which essentially
calculates the covariance of the observations {y1,t}T1

t=0 and
extracts the eigenspace associated with the large eigenvalues.
The details of the subroutine is postponed to Section 3.3.

Secondly, in Lines 3-5, we learn the system parameters
with the second data trajectory. With the help of Φ̂C , we
can project the high-dimensional observations onto lower

Algorithm 1 Column Space Projection SYSID
(Col-SYSID)

1: Inputs: Data Y1,D2; Subroutines Col-Approx, Sys-Oracle;
2: Approximate the observer column space:

Φ̂C ← Col-Approx (Y1)

3: Project dataset D2 = {y2,t}T2
t=0 ∪ {u2,t}T2−1

t=0 onto the col-
umn space:

D̃2 ←
{
Φ̂C

⊺y2,t
}T2

t=0
∪ {u2,t}T2−1

t=0

4: Identify low-dimensional parameters:

Â, B̂, C̃ ← Sys-Oracle
(
D̃2

)
5: Recover the high-dimensional observer:

Ĉ ← Φ̂CC̃

6: Outputs:
(
Â, B̂, Ĉ

)

dimensions, i.e. we let ỹ2,t = Φ̂C
⊺y2,t. This projected

sequence of observations satisfies the following dynamics

xt+1 = Axt +But + wt,

ỹ2,t = Φ̂C
⊺Cxt + Φ̂C

⊺ηt.

that is generated by an equivalent system M̂ denoted by

M̂ = (r, rank(Φ̂C),m,A,B, Φ̂C⊺C,Σw, σ
2
ηI). (2)

Remark 3.3 (Why two trajectories?). The reason for us to
switch to the second trajectory for parameter learning is to
ensure the independence between Φ̂C and the second tra-
jectory, which will ensure that Φ̂C⊺ηt is still independent
of other system variables. This is critical for the application
of Sys-Oracle. Note that if the algorithm is equipped with
any Sys-Oracle that handles dependent noises, one can eas-
ily simplify Algorithm 1 to a single trajectory. Developing
such Sys-Oracle is an interesting future direction and ideas
from (Tian et al., 2023; Simchowitz et al., 2018) may be
related.

Lastly, we then feed this low-dimensional dataset to the
Sys-Oracle for learning the corresponding low-dimensional
parameters

(
Â, B̂, C̃

)
≈
(
A,B, Φ̂C

⊺C
)

. Finally, we re-

cover C from C̃ through Φ̂C . If Φ̂C approximates the
column space of C well, then Φ̂CΦ̂C

⊺ should also be
close to ΦCΦC

⊺, which is the projection onto the col-
umn space of C. Therefore, it is intuitive to expect that
Φ̂CΦ̂C

⊺C ≈ ΦCΦC
⊺C = C.

3.2. Sample Complexity of the Algorithm

We now provide the following sample complexity result for
Algorithm 1.
Theorem 3.4. Consider system M and datasets D1 =
U1 ∪ Y1,D2 = U2 ∪ Y2 (with lengths T1, T2 respectively)
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in HDSYSID. SupposeM satisfies Assumption 3.1. If

T1 ≳ κ3 · n2r3, T2 ≥ κ1 · poly (r,m) ,

then (Â, B̂, Ĉ) from Algorithm 1 satisfy the following for
some invertible matrix S with probability at least 1− δ

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥CS − Ĉ∥∥∥}

≲ κ4 ·
√

n

T1

∥∥∥Ĉ∥∥∥+ κ2 ·

√
poly (r,m)

T2
.

Here κ1 = κ1(M̂,U2, δ), κ2 = κ2(M̂,U2, δ), κ3 =
κ3
(
M,U[2], δ

)
and κ4 = κ4 (M,U1, δ) are all problem-

related constants independent of system dimensions modulo
logarithmic factors with M̂ defined in Equation (2). Also,
κ1 and κ2 are defined in Definition 3.2, while the definitions
of κ3, κ4 are summarized in Theorem A.1 in the appendix.

The above error bound consists of two terms. The first term,
also the dominating term, is the error of observer column
space approximation and the second term is due to learning
of the rest of the system. Together, the error bound directly
translates to a sample complexity of Õ([n+poly (r,m)]/ϵ2).
This complexity is equivalent to Õ(n/ϵ2) in our setting with
r,m≪ n.
Remark 3.5. Here the first term indicates an interesting
insight: the norm of our approximated observation matrix
may affect the performance of the algorithm. Therefore, in
practice, one might want to choose Sys-Oracle that outputs
C̃ with a reasonable norm (line 4 of Algorithm 1). This
ensures

∥∥∥Ĉ∥∥∥ is not too large because
∥∥∥Ĉ∥∥∥ ≤ ∥∥∥Φ̂C∥∥∥∥∥∥C̃∥∥∥ =∥∥∥C̃∥∥∥ .

For more concrete results, we instantiate Algorithm 1 with
Ho-Kalman algorithm (Sarkar et al., 2021; Oymak & Ozay,
2019), Algorithm 4 in Appendix D as Sys-Oracle. Then the
above theorem leads to the following corollary.

Corollary 3.6. Consider the special minimal systemM =
(r, n,m,A,B,C, σ2

wI, σ
2
ηI) and datasets D1 = U1 ∪

Y1,D2 = U2 ∪ Y2 (with length T1, T2 respectively), where
the inputs are sampled independently from N (0, σ2

uI). Sup-
poseM satisfies Assumption 3.1. If

T1 ≳ κ̃3 · n2r3, T2 ≥ κ̃1 · r3(r +m),

then (Â, B̂, Ĉ) from Algorithm 1 satisfy the following for
some invertible matrix S with probability at least 1− δ

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥CS − Ĉ∥∥∥}

≲ κ̃4 ·
√

n

T1

∥∥∥Ĉ∥∥∥+ κ̃2 ·

√
r5(r +m)

T2
.

Here κ̃1, κ̃2, κ̃3, κ̃4 are all problem-related constants only
dependent of systemM and inputs U1∪U2 (as compared to
κ1 and κ2 in Theorem 3.4 that depend on M̂). They are also
independent of system dimensions modulo log factors. De-
tailed definitions of the constants are listed in Corollary D.2.

Based on the above corollary, we now compare the error
of our algorithm instantiated with the example oracle, de-
noted by ∆1, with the error of the example oracle when
it is directly applied to the dataset, denoted by ∆2. For a
fair comparison, we consider ∆2 as the error with datasets
generated by inputs U = {ut}T1+T2−1

t=0 of length T1 + T2.
Here the inputs are sampled independently fromN (0, σ2

uI).

The error of our algorithm is upper bounded by

∆1 ≤ Õ

√ n

T1
+

√
r5(r +m)

T2

 .

The above error directly translates to the sample complexity
of Õ([n+ r5(r+m)]/ϵ2) = Õ(n/ϵ2) when r,m≪ n. On
the other hand, from Corollary D.1

∆2 ≤ Õ

√r5(r + n+m)

T1 + T2

 .

And this gives a sample complexity of order Õ([nr5+r5(r+
m)]/ϵ2) = Õ(nr5/ϵ2) when r,m ≪ n. Therefore, in the
regime where r,m≪ n, it is clear that our algorithm enjoys
a better sample complexity as compared to directly applying
the example oracle.

3.3. Proof Ideas of Theorem 3.4

Although conceptually simple, justifying this tight sample
complexity result is hard. The difficulty lies in ensuring the
accuracy of the observer column space approximation Φ̂C ,
which is learned mainly by PCA on the given data (detailed
in the following algorithm).

Algorithm 2 Column Space Approximation (Col-Approx)
1: Input: Observations Y = {yt}Tt=0;
2: Calculating the data covariance

Σy ←
T∑

t=0

ytyt
⊺

3: Estimating the observer rank

r̂c ← argmax
i

(
σi(Σy)− σi+1(Σy) > T 3/4

)
4: Estimating the column space

Φ̂C ← first r̂c eigenvectors of Σy

5: Output: Φ̂C
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Existing analysis of PCA (Candès et al., 2011; Vaswani
et al., 2018; Chen & Storey, 2015), matrix factorization
(Gribonval et al., 2015) and other subspace learning tech-
niques (Tripuraneni et al., 2021; Zhang et al., 2023) do not
apply to our setting. This is because these methods assume
i.i.d. data samples, while our dataset D1 consists of cor-
related data points generated by a dynamical system. We
need to apply martingale tools (Abbasi-yadkori et al., 2011;
Sarkar & Rakhlin, 2019) for our analysis.

Moreover, the noises in the dynamical system accumulate
across time steps. Naively applying the martingale tools
leads to loose sample complexity bounds. Since we are
learning a subspace embedded in Rn, it is reasonable to
expect a sample complexity of O(n/ϵ2) for an ϵ-good ap-
proximation of the subspace 3. We achieve this result by
developing our own subspace perturbation lemma specifi-
cally tailored to this setting. The above ideas on analyzing
Col-Approx translate to the following lemma.

Lemma 3.7. Consider systemM and datasetD1 = U1∪Y1
in HDSYSID. SupposeM satisfies Assumption 3.1. If

T1 ≳ κ5 · n2r3,

then Φ̂C = Col-Approx(Y1,Ση) satisfies the following with
probability at least 1− δ

rank(Φ̂C) = rank(C),
∥∥∥Φ̂⊥

C
⊺ΦC

∥∥∥ ≲ κ4 ·
√

n

T1
.

Here κ4 = κ4 (M,U1, δ) and κ5 = κ5 (M,U1, δ) are both
problem-related constants independent of system dimen-
sions modulo logarithmic factors (details in Lemma A.2).

Recall ΦC denotes the orthonormal matrix whose columns
form a basis of col(C) and Φ̂⊥

C denote the matrix such that[
Φ̂⊥
C Φ̂C

]
is unitary.

Proof Sketch of Lemma 3.7. Φ̂C is constructed from the
eigenvectors of matrix Σy =

∑T1

t=0 y1,ty1,t
⊺. We decom-

pose it as follows

T1∑
t=0

y1,ty1,t
⊺ = C

(
T1∑
t=0

x1,tx1,t
⊺

)
C⊺

︸ ︷︷ ︸
ΣC

+σ2
η(T1 + 1)I

+

T1∑
t=0

(
η1,tη1,t

⊺ − σ2
ηI
)

︸ ︷︷ ︸
∆2

+

T1∑
t=0

(Cx1,tη1,t
⊺ + η1,tx1,t

⊺C⊺)︸ ︷︷ ︸
∆1+∆1

⊺

.

3Other intuitions for this complexity comes from standard co-
variance concentration results for i.i.d. data (Corollary 2.1 of
(Rudelson, 1999)). In these results, O(n/ϵ2) samples are required
to learn an ϵ-good covariance, which directly translates to a good
column space estimation of the covariance.

Here ΣC contains the information on the observer column
space ΦC , while ∆1 and ∆2 are noise terms. The rest of the
proof is decomposed into three steps. In the first step, we
upper bound the noise terms ∆1, ∆2 and lower bound the
latent state covariance

∑T1

t=0 x1,tx1,t. In the second step,
we show that the eigenvectors of Σy in the column space of
C has eigenvalues much larger then the other ones. This gap
eigenvalue gap enables us to identify the dimension of the
column space of C. Finally, in the third step, we apply our
tailored subspace perturbation result to bound the accuracy
of the approximated column space.

Step 1. With system (A,B) being controllable, the Gaus-
sian inputs with Σu ≻ 0 can fully excite the latent dy-
namics and thus lead to the following lower bound on∑T1

t=0 x1,tx1,t:

T1∑
t=0

x1,tx1,t ≻ Õ(T1)I.

The upper bound on ∆2, i.e. ∥∆2∥ ≤ Õ(
√
T1), follows

from standard Guassian concentration arguments. To upper
bound ∆1, we apply the martingale tools from previous
works (Abbasi-yadkori et al., 2011; Sarkar & Rakhlin, 2019)
and get the following relative error bound∥∥∥(ΣC + T1I)

− 1
2∆1

∥∥∥ ≤ Õ(√T1). (3)

Step 2. Since the perturbations are small, standard eigen-
value perturbation bounds give

σrank(C)(Σy)− σrank(C)+1(Σy) ≥ Õ(T1).

This eigenvalue gap as large as Õ(T1) makes it easy to
determine the rank of C. Therefore, with high probability,
rank(Φ̂C) = rank(C).

Step 3. Finally, we bound the angle between the eigenspace
of the first rank(C) eigenvalues of Σy = ΣC +∆2+(∆1+
∆1

⊺) and that of ΣC — which coincides with the column
space of C. Here ∆1 is the so-called relative perturba-
tion, because we bound its norm by comparing it with
the information (ΣC + T1I)

1
2 (in Equation (3)). Since∥∥∥(ΣC + T1I)

1
2

∥∥∥ can be large, directly applying standard
subspace perturbation results leads to loose error bound.
For this, we develop a specific relative subspace perturba-
tion bound in Lemma A.7, adapted from classic eigenspace
perturbation results. It ensures both ∆2 and the relative
noise ∆1 will not perturb the eigenspace of Σy too much.
This finishes the proof.

With the above lemma, the proof of Theorem 3.4 can then
be decomposed into two steps. In the first step, we guar-
antee the accuracy of learning the low-dimensional system
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parameters (A,B, Φ̂C⊺C) from the projected dataset (Line
3 in Algorithm 1). Intuitively, as Φ̂C is accurate enough, the
projected dataset preserves almost all the information in the
original dataset. This also ensures that the equivalent system
generating the projected dataset (M̂ in Equation (2)) is ob-
servable and controllable. Therefore, Sys-Oracle outputs an
accurate estimation of the low-dimensional system parame-
ters. In the second step, we analyze the errors of the recov-
ered high-dimensional parameters (Â, B̂, Φ̂CC̃), where C̃
is our estimation of Φ̂C⊺C. The errors on Â and B̂ are auto-
matically bounded by the definition of Sys-Oracle. The er-
ror on the recovered high-dimensional observer Ĉ = Φ̂CC̃
can be decomposed as follows∥∥∥CS − Ĉ∥∥∥ ≤ ∥∥∥CS − Φ̂CΦ̂C

⊺CS
∥∥∥+ ∥∥∥Φ̂CΦ̂C

⊺CS − Φ̂CC̃
∥∥∥

=
∥∥∥Φ̂⊥

C

(
Φ̂⊥

C

)
⊺CS

∥∥∥+ ∥∥∥Φ̂C
⊺CS − C̃

∥∥∥ .
Here the first term is the column space approximation
error and the second term is the error learning the low-
dimensional observer C̃ ≈ Φ̂C

⊺C. Combining the above in-
equality with the subspace perturbation bound in Lemma 3.7
and the Sys-Oracle in Definition 3.2, along with some alge-
braic arguments, completes the proof.

4. Lower Bounds
Now that Algorithm 1 accomplishes HDSYSID with sample
complexity Õ(n/ϵ2), one may ask: Is this linear depen-
dence on the observer dimension n unavoidable? In this
section, we provide the following theorem to show that this
linear dependence is in fact necessary.

While we present this lower bound for learning LTI systems
with a single input-output data trajectory, it can be extended
to multiple trajectories. The more general version is deferred
to the appendix. (Theorem B.2).

Theorem 4.1. Suppose n ≥ m ≥ r with n ≥ 2, and
choose any positive scalars δ ≤ 1

2 . Consider the class of
minimal systemsM = (r, n,m,A,B,C,Σw,Ση) with dif-
ferent A,B,C matrices. All parameters except A,B,C are
fixed and known. Moreover, r < n and Ση is positive defi-
nite. LetD = {yt}Tt=0∪{ut}T−1

t=0 ∪{all known parameters}
denote the associated single trajectory dataset. Here the
input ut satisfies: 1). ut is independently sampled; 2).
E(ut) = 0. Consider any estimator f̂ mapping D to
(Â(D), B̂(D), Ĉ(D)) ∈ Rr×r × Rr×m × Rn×r. If

T <
ϕη(1− 2δ) log 1.4

50 (ψw + ψu)
·
n+ log 1

2δ

ϵ2
,

there exists a systemM0 = (r, n,m,A0, B0, C0,Σw,Ση)
with dataset D such that

P
{∥∥∥C0B0 − Ĉ (D) B̂ (D)

∥∥∥ ≥ ϵ} ≥ δ.

Here P denotes the distribution of D generated by system
M0. Related constants are defined as follows

ϕη := σmin(Ση), ψw := σ1(Σw),

ψu := max
t∈[0,T−1]

σ1 (E(utut⊺)) .

The above theorem indicates that with less than O(n/ϵ2)
samples, any estimator has a constant probability to fail
learning the product CB. This error lower bound on
Ĉ(D)B̂(D) can be translated to corresponding errors on

max
{∥∥∥S−1B − B̂ (D)

∥∥∥ ,∥∥∥CS − Ĉ (D)
∥∥∥} ≥ ϵ,

under mild conditions. This indicates that the estimator fails
to learn either B or C well. (The proof details are provided
in Corollary B.3). Another perspective to understand this
error on Ĉ(D)B̂(D) is as follows. In the celebrated Ho-
Kalman algorithm for HDSYSID, the estimation error of the
Hankel operator is lower bounded by the estimation error
of Ĉ(D)B̂(D). Therefore, our lower bound indicates the
failure of estimating the Hankel operator, which prevents
any algorithm from giving satisfying estimates.

This results in an O(n/ϵ2) sample complexity lower bound
on HDSYSID. Therefore, the sample complexity of Algo-
rithm 1, i.e. Õ(n/ϵ2), is optimal up to logarithmic and
problem-related constants.

We defer the proof of Theorem 4.1 to Appendix B, but we
briefly discuss the reason behind this inevitable linear depen-
dence on n. Therein, we construct a set of system instances
with different observation matrices such that their column
spaces are “relatively close” but “quantifiably distinct”. In
fact, we take advantage of the fact that in the high dimen-
sional space Rn, there are too many distinct subspaces that
are close to each other. And therefore, any estimator needs
correspondingly many samples, i.e. O(n/ϵ2), to distinguish
the true column space from many other candidates. This
difficulty is indeed due to the high dimensional observation
noises.

In the following section, we introduce a more general prob-
lem pertinent to high-dimensional “meta-datasets.” While
this lower bound still has implications even for this general
problem, we show how to confine its implied difficulty on
the total length of the meta-dataset and not on each person-
alized portions.

5. Meta SYSID
Thus far, we have introduced Algorithm 1 for HDSYSID that
provides near-optimal dependence on system dimensions
utilizing the idea of low-dimensional embedding. Now we
will investigate how this algorithmic idea facilitates learning
from the so-called meta-datasets (or metadata)—multiple
datasets from different systems sharing the same observer.
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As shown in (Hajnal et al., 2023; Xia et al., 2021; Marks
& Goard, 2021; Gallego et al., 2020), this is a real-world
setting of significant importance.

Following our analysis in Section 3.3, we observe that the
Õ(n/ϵ2) sample complexity arises from the error of col-
umn space Φ̂C . Modulo this error, the sample complexity
reduces vastly to Õ(poly (r,m) /ϵ2). This motivates us to
again separate the learning of the observer column space
ΦC from the learning of personalized system parameters.
By utilizing multiple datasets from different systems, we
can collectively learn the observer column space much more
accurately. Subsequently, equipped with this accurate col-
umn space approximation, there is hope to learn every single
system with much fewer samples. To formalize the above
idea, we introduce the following “High-dimensional Meta
System Identification Problem (MetaSYSID).”

High-dimensional Meta System Identification Problem
(MetaSYSID): Consider the identification of K minimal
systemsMk = (r, n,m,Ak, Bk, C,Σw,k, σ

2
η,kI), k ∈ [K]

with the same dimensions (r,m≪ n) and observation ma-
trix C. Here covariances {Σw,k, σ2

η,kI}k∈[K] are positive
semi-definite matrices. For every systemMk, we choose
an input sequence Uk = {uk,t}Tk−1

t=0 and get observations

Yk = {yk,t}Tk
t=0. Here every input uk,t

i.i.d.∼ N (0,Σu,k) is
sampled independently from both the system variables and
other inputs with positive definite covariance Σu,k. This
single trajectory dataset is denoted by Dk = Yk ∪ Uk. With
theK datasetsD[K] :=

⋃
k∈[K]Dk, our objective is to learn

all system parameters uniformly well. Namely, we aim to
identify {Âk, B̂k, Ĉk}Kk=1 such that, for every k ∈ [K], the
following holds for some invertible matrix Sk with high
probability

max
{∥∥∥S−1

k AkSk − Âk
∥∥∥ ,∥∥∥S−1

k Bk − B̂k
∥∥∥ ,∥∥∥CSk − Ĉk∥∥∥} ≤ ϵ.

5.1. The Meta-Learning Algorithm and Its Sample
Complexity

Algorithm 3 follows similar steps as Algorithm 1. For every
system k, we approximate the column space, learn the low-
dimensional system parameters, and finally project them
back into the high-dimension. And similarly, to ensure the
independence between Φ̂C,k and the projected dataset D̃k,
the dataset Dk itself is left out in the first step. This inde-
pendence is critical for applying the Sys-Oracle subroutine.

Now we provide the theoretical guarantee the proposed
algorithm.

Theorem 5.1. Consider systems M[K] and datasets
D[K] = U[K] ∪ Y[K] in MetaSYSID. SupposeM[K] sat-
isfy Assumption 3.1. Then for any fixed system k0 ∈ [K], if

Algorithm 3 Meta Column Space Projection SYSID
(Meta-Col-SYSID)

1: Inputs: Meta Datasets D[K] = Y[K] ∪ U[K];
Subroutines Col-Approx, Sys-Oracle;

2: for k ∈ [K] do
3: Leave one out and approximate observer column space

Φ̂C,k ← Col-Approx (Y−k)

4: Project dataset Dk = {yk,t}Tk
t=0 ∪ {uk,t}Tk−1

t=0 onto the
column space:

D̃k ←
{
Φ̂C,k

⊺yk,t
}Tk

t=0
∪ {uk,t}Tk−1

t=0

5: Identify low-dimensional parameters:

Âk, B̂k, C̃k ← Sys-Oracle
(
D̃k

)
6: Recover the high-dimensional observer:

Ĉk ← Φ̂C,kC̃k

7: end for
8: Outputs: {Âk, B̂k, Ĉk}k∈[K]

Tk0 and T−k0 :=
∑
k ̸=k0 Tk satisfy

Tk0 ≥ κ1 · poly (r,m) and T−k0 ≳ κ3 · n2r3 log8K,

then (Âk0 , B̂k0 , Ĉk0) from Algorithm 3 satisfy the following
for some invertible matrix S with probability at least 1− δ

max
{∥∥∥S−1Ak0S − Âk0

∥∥∥ , ∥∥∥S−1Bk0 − B̂k0

∥∥∥ , ∥∥∥Ck0S − Ĉk0

∥∥∥}
≲ κ2 ·

√
poly (r,m)

Tk0

+ κ4 ·
√

n

T−k0

∥∥∥Ĉk0

∥∥∥ .
Here κ1 = κ1(M̂k0 ,Uk0 , δ), κ2 = κ2(M̂k0 ,Uk0 , δ), κ3 =
κ3
(
M[K],U[K], δ

)
, κ4 = κ4 (M−k0 ,U−k0 , δ) are all

problem-related constants independent of system dimen-
sions modulo logarithmic factors. κ1, κ2 are defined in Def-
inition 3.2, while the definitions of κ3, κ4 are summarized
in Theorem C.1. M̂k0 is defined as follows

M̂k0 = (r, rank(Φ̂C,k0),m,

Ak0 , Bk0 , Φ̂C,k0
⊺C,Σw, σ

2
η,kI).

In the above result, we only require Tk0 =
Õ(poly (r,m) /ϵ2) data points for an ϵ accurate ap-
proximation whenever T−k0 = Õ(n/ϵ2). Namely, as
long as we have enough metadata, the number of samples
needed from each single system is vastly reduced and is
independent of the observer dimension n. In real-world
applications when we have a large, i.e. Õ(n/ϵ2), dataset
from a single system, the above result significantly helps for
few-shot learning of other similar systems. Also, whenever
we have access to numerous, i.e. Õ(n) similar systems,
the number of samples required from every system is also
independent of n.
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Figure 1. Left: Error for Col-Approx (Algorithm 2). Center: Error for Col-SYSID (Algorithm 1) and Standard Ho-Kalman with n = 320.
Right: Error for Meta-Col-SYSID (Algorithm 3) and Standard Ho-Kalman for n ∈ [80, 320].

6. Simulations
We simulate our algorithm for a set of simple systems where
r = m = 1, Σw = 0 and ση = 1. We use A = 0.9, B = 1
and randomly sample C with orthonormal columns. We
choose inputs with covariance Σu = 0.1. The choice of
n will be clear in the context. The results are reported in
Figure 1.

We first simulate Col-Approx (Algorithm 2) with n =
40, 80, 160, 320 and a single trajectory data of length T =
10000 separately (Figure 1.Left). Recall from Lemma 3.7
that the quality of an estimation Φ̂C of the column space
ΦC can be quantified by the error term ∥(Φ̂⊥

C)
⊺
ΦC∥. For

isotropic observation noises as in HDSYSID, i.e. Ση = σ2
ηI ,

the approximated column space converges to the true col-
umn space as is shown by reduction in ∥(Φ̂⊥

C)
⊺
ΦC∥ for

the solid lines. Moreover, the algorithm is simulated for
non-isotropic observation noises where the covariance is
set to be ΦCΦC

⊺. As shown in by the dotted curves, the
algorithm fails to converge. This is because non-isotropic
noises perturb the eigenspace of the observation covariance
Σy too much so that the information on ΦC is drowned.

Next, we simulate Col-SYSID (Algorithm 1) with T =
10000 and n = 320 (Figure 1.Center). We plot error
∥ĈB̂ − CB∥ during the learning process as a proxy for
the estimation error in HDSYSID problem. This error, i.e.
the error of learning the first Markov parameter CB, is in-
dependent of any similarity transformation, yet relates to
estimation errors for B and C. For comparison, the same
error for the standard Ho-Kalman (Oymak & Ozay, 2019) is
also included. It is clear that our Algorithm 3 outperforms
the standard Ho-Kalman.

Finally, we consider the MetaSYSID setting for n ∈
[80, 320] with a meta-dataset from ⌊n/40⌋ + 1 randomly
sampled systems, each with trajectory length 4000. As the
algorithm is treating each system identically, without loss of
generality, we only plot the error ∥ĈB̂ − CB∥ for learning
the first system. For Meta-Col-SYSID (Algorithm 3), it is

clear that the average learning error always stays below 0.2
as the observation dimension increases. This is because
our algorithm utilizes information from the meta-dataset
to learn the observer column space, which constitutes the
major challenge of system learning. However, the standard
Ho-Kalman algorithm learns every system independently,
and therefore the error grows significantly as the observation
dimension increases.

7. Conclusions and Future Directions
In conclusion, our focus has been on learning a linear time-
invariant (LTI) model characterized by low-dimensional
latent variables and high-dimensional observations. The
introduced Col-SYSID Algorithm serves as a solution with
a commendable complexity of Õ(n/ϵ2). Our analysis also
delves into the fundamental limitations of this problem, es-
tablishing a sample complexity lower bound that essentially
underscores the optimality of our proposed algorithm. Ex-
tending the scope of our results, we address a meta-learning
setting where datasets from multiple analogous systems are
available. This leads to the Meta-Col-SYSID algorithm, an
end-to-end framework adept at managing the meta-dataset
and effectively learning all included systems.

While our current work lays a solid foundation, future di-
rections could explore extensions to non-linear settings, or
investigate adaptive approaches to handle varying or non-
isotropic observation noises. Additionally, incorporating
real-world applications and practical considerations could
further enrich the utility of our results.

Impact Statement
The goal of this work is to advance theory in high-dimension
machine learning, specifically in latent space space learning.
There might be minor potential societal consequences, but
none of those are considered as necessary to be specifically
highlighted here.
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A. Upper Bounds for Col-SYSID — Proof of Theorem 3.4
Recall the setting in HDSYSID. We consider system M = (r, n,m,A,B,C,Σw, σ

2
ηI) and inputs U1 = {u1,t}T1−1

t=0 ,
U2 = {u2,t}T2−1

t=0 sampled independently from N (0,Σu). To simplify future analysis, we define the following notations

ψC = σ1 (C) , ψη = σ1(σ
2
ηI), ψw = σ1(Σw +BΣuB

⊺),

ϕC = σmin(C), ϕO = σmin




C
CA

...
CAr−1


 , ϕR = σmin

([
B AB . . . Ar−1B

])
, ϕu = σmin(Σu).

(4)

Here we assume all ψ’s satisfy ψ ≥ 1, otherwise we define ψ to be max{1, σ1(·)}. Similarly, we assume all ϕ’s satisfy
ϕ ≤ 1, otherwise we define ϕ to be min{1, σmin(·)}.

Recall that auxiliary system M̂ is defined as follows with Φ̂C being the approximated observer column space:

xt+1 = Axt +But + wt,

yt = Φ̂C
⊺Cxt + Φ̂C

⊺ηt.
(5)

Now we are ready to restate Theorem 3.4 in full details.

Theorem A.1 (Theorem 3.4 Restated). ConsiderM, datasets D1 = U1 ∪ Y1,D2 = U2 ∪ Y2 in HDSYSID and constants
defined above. Suppose systemM satisfies Assumption 3.1 with constants ψA and ρA. If T1 and T2 satisfy

T1 ≳ κ3 · n2r3, T2 ≥ κ1 · poly (r,m) , (6)

then (Â, B̂, Ĉ) from Algorithm 1 satisfy the following for some invertible matrix S with probability at least 1− δ

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥CS − Ĉ∥∥∥} ≲ κ4 ·

√
n

T1

∥∥∥Ĉ∥∥∥+ κ2 ·

√
poly (r,m)

T2
. (7)

Here κ1 = κ1(M̂,U2, δ) and κ2 = κ2(M̂,U2, δ) are defined in Definition 3.2. κ3 = κ3
(
M,U[2], δ

)
, κ4 =

κ4 (M,U1, δ) are detailed below. All of them are problem-related constants independent of system dimensions mod-
ulo logarithmic factors.

κ3
(
M,U[2], δ

)
= max

κ24 ψ2
Aψ

2
C

(1− ρ2A)ϕ2O
,

(
ψ2
ηψ

2
Cψwψ

2
A

(1− ρ2A)ϕ2uϕ4Cϕ4R

)2

log2
(
ψ2
Cψwψ

4
A

1− ρ2A
r log

r

δ

)
log4(

r

δ
)

 ,

κ4 (M,U1, δ) =
ψη

ϕuϕ2Cϕ
2
R

√
log

1

δ
.

(8)

Proof. Based on Equation (6), T1 satisfies the condition of Lemma A.2. We apply Lemma A.2 on (D1,Ση) and get the
following with probability at least 1− δ

2 ∥∥∥Φ̂⊥
C
⊺ΦC

∥∥∥ ≲ κ4

√
n

T1
:= ∆Φ. (9)

The system generating dataset D̃2 (line 3 in Algorithm 1), denoted by M̂, is rewritten as in Equation (5).

Step 1. We first show that M̂ is still a minimal system. The controllability directly comes from the fact that R =[
B AB . . . Ar−1B

]
is full row rank, because systemM is minimal. On the other hand, for the observability matrix
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O, we know that

rank(O) = rank




Φ̂C
⊺C

Φ̂C
⊺CA
...

Φ̂C
⊺CAr−1




≥ rank

diag
(
Φ̂C , . . . , Φ̂C

)
Φ̂C

⊺C

Φ̂C
⊺CA
...

Φ̂C
⊺CAr−1


 = rank




Φ̂CΦ̂C
⊺C

Φ̂CΦ̂C
⊺CA

...
Φ̂CΦ̂C

⊺CAr−1




= rank




C
CA

...
CAr−1

−


Φ̂⊥
CΦ̂

⊥
C
⊺C

Φ̂⊥
CΦ̂

⊥
C
⊺CA

...
Φ̂⊥
CΦ̂

⊥
C
⊺CAr−1


 .

(10)

Consider the second term. We first observe that the following holds for all i ∈ [r − 1]

∥∥∥Φ̂⊥
CΦ̂

⊥
C
⊺CAi

∥∥∥ =
∥∥∥Φ̂⊥

CΦ̂
⊥
C
⊺ΦCΦC

⊺CAi
∥∥∥ ≤ ∥∥∥Φ̂⊥

CΦ̂
⊥
C
⊺ΦC

∥∥∥ ∥∥ΦC⊺CAi
∥∥

=
∥∥∥Φ̂⊥

C
⊺ΦC

∥∥∥∥∥CAi∥∥
≤ ∆ΦψAψCρ

i−1
A .

(11)

Moreover, for i = 0, we know

∥∥∥Φ̂⊥
CΦ̂

⊥
C
⊺C
∥∥∥ ≤ ∥∥∥Φ̂⊥

C
⊺ΦC

∥∥∥ ∥C∥ ≤ ∆ΦψC . (12)

Therefore,

∥∥∥∥∥∥∥∥∥


Φ̂⊥
CΦ̂

⊥
C
⊺C

Φ̂⊥
CΦ̂

⊥
C
⊺CA

...
Φ̂⊥
CΦ̂

⊥
C
⊺CAr−1


∥∥∥∥∥∥∥∥∥ =

√√√√∥∥∥∥∥
r−1∑
i=0

Ai⊺C⊺Φ̂⊥
CΦ̂

⊥
C
⊺CAi

∥∥∥∥∥
≤

√√√√r−1∑
i=0

∥∥∥Φ̂⊥
C
⊺CAi

∥∥∥2

≤

√√√√(∆ΦψC)2 +

r−1∑
i=1

(
∆ΦψAψCρ

i−1
A

)2
≤ 2

ψAψC√
1− ρ2A

∆Φ

(13)
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From Equation (6), we know that T1 ≳ κ24
ψ2

Aψ
2
C

(1−ρ2A)ϕ2
O
n. Combining Theorem 1 in (Stewart, 1990) gives

σr




C
CA

...
CAr−1

−


Φ̂⊥
CΦ̂

⊥
C
⊺C

Φ̂⊥
CΦ̂

⊥
C
⊺CA

...
Φ̂⊥
CΦ̂

⊥
C
⊺CAr−1




≥ σr




C
CA

...
CAr−1


−

∥∥∥∥∥∥∥∥∥


Φ̂⊥
CΦ̂

⊥
C
⊺C

Φ̂⊥
CΦ̂

⊥
C
⊺CA

...
Φ̂⊥
CΦ̂

⊥
C
⊺CAr−1


∥∥∥∥∥∥∥∥∥

≥ ϕO
2
> 0.

(14)

This implies that

r ≥ rank(O) ≥ r. (15)

Namely, the system is observable. Since
(
A,B, Φ̂C

⊺C
)

is controllable and observable, we conclude that M̂ is minimal.

Step 2. We now apply Sys-Oracle on this minimal system. Recall the dynamics of M̂:

xt+1 = Axt +But + wt,

yt = Φ̂C
⊺Cxt + Φ̂C

⊺ηt.
(16)

Since Φ̂C is independent of the second trajectory, {Φ̂Cη2,t}T2
t=0 are i.i.d. noises independent of other variables of the

second trajectory. Moreover, M̂ satisfy Assumption 3.1. Therefore, we can apply Sys-Oracle. Let rc = rank(C). With
T2 ≥ κ1poly (r, rc,m) = κ1poly (r,m), outputs Â, B̂, C̃ satisfy the following for some invertible matrix S with probability
at least 1− δ

2

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥Φ̂C⊺CS − C̃

∥∥∥} ≤ κ2
√

poly (r, rc,m)

T2
=: ∆M̂. (17)

Therefore, our final approximation for C satisfies∥∥∥CS − Ĉ∥∥∥ =
∥∥∥CS − Φ̂CΦ̂C

⊺CS + Φ̂CΦ̂C
⊺CS − Φ̂CC̃

∥∥∥
≤
∥∥∥CS − Φ̂CΦ̂C

⊺CS
∥∥∥+ ∥∥∥Φ̂CΦ̂C⊺CS − Φ̂CC̃

∥∥∥
≤
∥∥∥Φ̂⊥

C

(
Φ̂⊥
C

)
⊺CS

∥∥∥+ ∥∥∥Φ̂C⊺CS − C̃
∥∥∥

≤
∥∥∥Φ̂⊥

C

(
Φ̂⊥
C

)
⊺CS

∥∥∥+∆M̂.

(18)

For the first term, we know that∥∥∥Φ̂⊥
C

(
Φ̂⊥
C

)
⊺CS

∥∥∥ =
∥∥∥Φ̂⊥

C

(
Φ̂⊥
C

)
⊺ΦCΦC

⊺CS
∥∥∥ =

∥∥∥(Φ̂⊥
C

)
⊺ΦCΦC

⊺CS
∥∥∥

≤
∥∥∥(Φ̂⊥

C

)
⊺ΦC

∥∥∥ ∥ΦC⊺∥ ∥CS∥

≤ ∆Φ ∥CS∥ .

(19)

Therefore, ∥∥∥CS − Ĉ∥∥∥ ≤ ∆Φ ∥CS∥+∆M̂. (20)
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To get the upper bound w.r.t.
∥∥∥Ĉ∥∥∥, we notice that

∥CS∥ ≤
∥∥∥Ĉ∥∥∥+ ∥∥∥CS − Ĉ∥∥∥ ≤ ∥∥∥Ĉ∥∥∥+∆M̂ +∆Φ ∥CS∥ . (21)

Rearraging the terms gives

∥CS∥ ≤

∥∥∥Ĉ∥∥∥+∆M̂

1−∆Φ
. (22)

Substituting back gives the following with probability at least 1− δ∥∥∥CS − Ĉ∥∥∥ ≤ 1

1−∆Φ
∆M̂ +

∆Φ

1−∆Φ

∥∥∥Ĉ∥∥∥ ≤ 2∆M̂ +
∆Φ

1−∆Φ

∥∥∥Ĉ∥∥∥
(i)

≤ 2∆M̂ + 2∆Φ

∥∥∥Ĉ∥∥∥
≲ κ2 ·

√
poly (r, rc,m)

T2
+ κ4 ·

√
n

T1

∥∥∥Ĉ∥∥∥
≤ κ2 ·

√
poly (r,m)

T2
+ κ4 ·

√
n

T1

∥∥∥Ĉ∥∥∥
(23)

Here (i) is because ∆Φ ≤ 1/2 due to Equation (6). Finally, we conclude that

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥CS − Ĉ∥∥∥} ≲ κ2 ·

√
poly (r,m)

T2
+ κ4 ·

√
n

T1

∥∥∥Ĉ∥∥∥ . (24)

A.1. Upper Bounds for Col-Approx

The theoretical guarantee for Col-Approx is presented in the following lemma.

Lemma A.2 (Lemma 3.7 Restated). Consider systemM, dataset D1 = U1 ∪ Y1 in HDSYSID and constants defined at the
beginning of Appendix A. SupposeM satisfies Assumption 3.1 with constants ψA and ρA. If

T1 ≳

(
ψ2
ηψ

2
Cψwψ

2
A

(1− ρ2A)ϕ2uϕ4Cϕ4R

)2

log2
(
ψ2
Cψwψ

4
A

1− ρ2A
r log

r

δ

)
log4(

r

δ
)︸ ︷︷ ︸

κ5(M,U1,δ)

·n2r3,
(25)

then Φ̂C = col-approx(Y1,Ση) satisfies the following with probability at least 1− δ

r̂c = rank(C),
∥∥∥Φ̂⊥

C
⊺ΦC

∥∥∥ ≲
ψη

ϕuϕ2Cϕ
2
R

√
log

1

δ︸ ︷︷ ︸
κ4(M,U1,δ)

·
√

n

T1
.

(26)

Proof. For simplicity, we omit all subscript 1 for the rest of this section. From the system dynamics, we know that

Σy =

T∑
t=0

ytyt
⊺ =

T∑
t=0

Cxtxt
⊺C⊺ +

T∑
t=0

ηtηt
⊺ +

T∑
t=0

(Cxtηt
⊺ + ηtxt

⊺C⊺)

=

T∑
t=0

Cxtxt
⊺C⊺ +

T∑
t=0

(
ηtηt

⊺ − σ2
ηI
)
+

T∑
t=0

(Cxtηt
⊺ + ηtxt

⊺C⊺) + (T + 1)σ2
ηI

(27)
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Here the first term is the information on col(C), while the second and third terms are noises. For the rest of the proof, we
first upper bound norms of the noise terms (step 1). With this, we show that r̂c = rank(C) with high probability (step 2).
We then apply our subspace perturbation result to upper bound the influence of the noises on the eigenspace of the first term
(step 3).

Step 1: Noise Norm Upper Bounds. Define rc = rank(C). Notice that we can write C = ΦCα, where ΦC ∈ Rn×rc
consists of orthonormal columns that form a basis of col(C) and α ∈ Rrc×r is a full row rank matrix. It is then clear that

σmin(α) = σmin(C) ≥ ϕC , σ1(α) = σ1(C) ≤ ψC . (28)

Let ΣC =
∑T
t=0 Cxtxt

⊺C⊺, Σ̄C = ΣC + TI and Σα =
∑T
t=0 αxtxt

⊺α⊺. From the definitions, it is clear that ΣC =
ΦCΣαΦC

⊺ and Σ̄C = ΦCΣαΦC
⊺ + TI . Then from Lemma A.3, Lemma A.4, Lemma A.5, and Lemma A.6, we have the

following for T ≳ ψ2
wψ

4
Cψ

4
A

ϕ2
uϕ

4
Cϕ

4
R
r3 log r

δ · ψ̄
2 (from Equation 25) with probability at least 1− δ

ϕuϕ
2
Cϕ

2
R

8
TI ⪯ Σα ≾

ψ2
Cψwψ

2
A

1− ρ2A
rT log

1

δ
I,∥∥∥∥∥(Σ̄C)− 1

2

T∑
t=0

Cxtηt
⊺

∥∥∥∥∥ ≲ ψ̄

√
ψηn log

1

δ
,∥∥∥∥∥

T∑
t=0

(
ηtηt

⊺ − σ2
ηI
)∥∥∥∥∥ ≲ ψη

√
nT log

1

δ
.

(29)

Here ψ̄ =

√
log
(
ψ2

Cψwψ4
A

1−ρ2A
r log r

δ

)
.

Step 2: Order Estimation Guarantee. Consider the following matrix

Σy = ΣC +

T∑
t=0

(
ηtηt

⊺ − σ2
ηI
)
+

T∑
t=0

(Cxtηt
⊺ + ηtC

⊺xt
⊺)︸ ︷︷ ︸

∆

+(T + 1)σ2
ηI. (30)

The inequalities of Step 1 imply

∥∆∥ ≤

∥∥∥∥∥
T∑
t=0

(
ηtηt

⊺ − σ2
ηI
)∥∥∥∥∥+ 2

∥∥∥∥∥
T∑
t=0

Cxtηt
⊺

∥∥∥∥∥
≲ ψη

√
nT log

1

δ
+ ψ̄

√
ψηn log

1

δ

∥∥∥(Σ̄C) 1
2

∥∥∥
= ψη

√
nT log

1

δ
+ ψ̄

√
ψηn log

1

δ

(∥∥∥(TI +Σα)
1
2

∥∥∥)
≲ ψη

√
nT log

1

δ
+ ψ̄

√
ψηn log

1

δ

√
ψ2
Cψwψ

2
A

1− ρ2A
rT log

1

δ
+ T

≲ ψ̄ψη

√
n log

1

δ

√
ψ2
Cψwψ

2
A

1− ρ2A
rT log

1

δ

=

√
ψ2
ηψ

2
Cψwψ

2
A√

1− ρ2A
ψ̄ log

(
1

δ

)√
nrT

(31)
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Therefore, for each i ∈ [rc], we have the following for some positive constant c1:

σi (Σy)− (T + 1)σ2
η ≥ σi(ΣC)− ∥∆∥ ≥ σmin(Σα)− ∥∆∥

≥ ϕuϕ
2
Cϕ

2
R

8
T − c1

√
ψ2
ηψ

2
Cψwψ

2
A√

1− ρ2A
ψ̄ log

(
1

δ

)√
nrT

≥ ϕuϕ
2
Cϕ

2
R

16
T.

(32)

Here the first inequality holds according to Theorem 1 in (Stewart, 1990) and the last line is because T ≳
ψ2

ηψ
2
Cψwψ

2
A

(1−ρ2A)ϕ2
uϕ

4
Cϕ

4
R
log
(
ψ2

Cψwψ
4
A

1−ρ2A
r log r

δ

)
log2( 1δ ) · nr (from Equation 25). For i ∈ [rc + 1, n],

σi(Σy)− (T + 1)σ2
η ≤ ∥∆∥ ≤ c1

√
ψ2
ηψ

2
Cψwψ

2
A√

1− ρ2A
ψ̄ log

(
1

δ

)√
nrT . (33)

Based on the above three inequalities and Equation 25, we conclude that with probability at least 1− δ, the following hold

σi(Σy)− σj(Σy) ≤ 2c1

√
ψ2
ηψ

2
Cψwψ

2
A√

1− ρ2A
ψ̄ log

(
1

δ

)√
nrT

< T 3/4, ∀i < j ∈ [rc + 1, n]

σrc(Σy)− σrc+1(Σy) ≥
ϕuϕ

2
Cϕ

2
R

16
T − c1

√
ψ2
ηψ

2
Cψwψ

2
A√

1− ρ2A
ψ̄ log

(
1

δ

)√
nrT ≥ ϕuϕ

2
Cϕ

2
R

32
T

> T 3/4.

The above inequality follows from Equation 25 similar to (32). Therefore, from the definition of r̂c, we know that r̂c = rc
with probability at least 1− δ.

Step 3: Column Space Estimation Guarantee. With r̂c = rc, now we try to apply our subspace perturbation result, i.e.
Lemma A.7, on matrix Σy − σ2

η(T +1)I + TI . Notice that this matrix has exactly the same eigenspace as Σy and therefore
the eigenspace of its first rc eigenvectors is Φ̂C (line 9 in Algorithm 2). This matrix can be decomposed as

Σy − σ2
η(T + 1)I + TI = ΣC +

T∑
t=0

(
ηtηt

⊺ − σ2
ηI
)
+

T∑
t=0

(Cxtηt
⊺ + ηtC

⊺xt
⊺) + TI.

= Σ̄C︸︷︷︸
M in Lemma A.7

+

T∑
t=0

(
ηtηt

⊺ − σ2
ηI
)

︸ ︷︷ ︸
∆2 in Lemma A.7

+

T∑
t=0

(Cxtηt
⊺ + ηtC

⊺xt
⊺)︸ ︷︷ ︸

∆1+∆1
⊺ in Lemma A.7

.
(34)

For matrix Σ̄C = ΦCΣαΦC
⊺ + TI = ΦC (Σα + TI) ΦC

⊺ + TΦ⊥
CΦ

⊥
C
⊺, it is clear that its SVD can be written as

Σ̄C =
[
ΦC Φ⊥

C

] [Λ1

TI

] [
ΦC

⊺

Φ⊥
C
⊺

]
, Λ1 = diag (σ1(Σα) + T, . . . , σmin(Σα) + T ) . (35)

where ΦC is an orthonormal basis of col(C). Then we conclude that the following holds for some large enough positive
constant c3

σ1
(
Σ̄C
)
≤ T + σ1(Σα) ≤ c3

(
1 +

ψ2
Cψwψ

2
A

1− ρ2A
r log

1

δ

)
T ≤ 2c3

(
ψ2
Cψwψ

2
A

1− ρ2A
r log

1

δ

)
T,

σrc
(
Σ̄C
)
− σrc+1(Σ̄C) = σmin(Σα) ≥

ϕuϕ
2
Cϕ

2
R

32
T, σmin(Σ̄C) = T.

(36)
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Now we are ready to apply Lemma A.7 on Σ̄C with the following constants for c4, c5 large enough

a = c4ψ̄

√
ψηn log

1

δ
, b = c5ψη

√
nT log

1

δ
,

δM =
ϕuϕ

2
Cϕ

2
R

32
T, ψM = 2c3

ψ2
Cψwψ

2
A

1− ρ2A
rT log

1

δ
, ϕM = T, σ1(Λ2) = T.

(37)

Again, ψ̄ =

√
log
(
ψ2

Cψwψ4
A

1−ρ2A
r log r

δ

)
. From Equation 25, it is clear that

√
ϕM ≳ α and δM ≳ α

√
ψM + β. Therefore,

∥∥∥Φ̂⊥
C
⊺ΦC

∥∥∥ =
∥∥∥Φ̂⊥

C
⊺Φ̃C

∥∥∥ ≲
ψη

ϕuϕ2Cϕ
2
R

√
n

T
log

1

δ
+ ψ̄

√
ψη

ϕuϕ2Cϕ
2
R

√
n

T
log

1

δ
+ ψ̄2 ψη

√
ψ2
Cψwψ

2
A

ϕuϕ2Cϕ
2
R

√
1− ρ2A

n
√
r

T
log2

1

δ

≲
ψη

ϕuϕ2Cϕ
2
R

√
n

T
log

1

δ
+ ψ̄2 ψη

√
ψ2
Cψwψ

2
A

ϕuϕ2Cϕ
2
R

√
1− ρ2A

n
√
r

T
log2

1

δ

≲
ψη

ϕuϕ2Cϕ
2
R

√
n

T
log

1

δ
.

(38)

A.1.1. SUPPORTING DETAILS

Lemma A.3. Consider the same setting as Lemma A.2. Consider full row rank matrices {α ∈ Ra×r}k∈[K] for any positive
integer a ≤ r. Let

Σα =
∑
t∈[T ]

αxtxt
⊺α⊺, ϕα = min{σmin (α) , 1}, ψα = max{σ1 (α) , 1}. (39)

If T ≳ ψ2
wψ

4
αψ

4
A

ϕ2
uϕ

4
αϕ

4
R
r3 log r

δ · log
(
ψ2

αψwψ
4
A

1−ρ2A
r log r

δ

)
, then the following holds with probability at least 1− δ

Σα ⪰
ϕuϕ

2
αϕ

2
R

8
TI. (40)

Proof. For further analysis, we let w̃t := But+wt ∼ N (0,Σw̃) with Σw̃ := BΣuB
⊺ +Σw and we can rewrite the system

dynamics as follows

xt+1 = Axt +But + wt = Axt + w̃t,

yt = Cxt + ηt.
(41)

For simplicity, we define Σα,τ := αAτ
(∑T−τ

t=1 xτxτ
⊺
)
(αAτ )⊺. It is then clear that

Σα = Σα,0 =

T∑
t=1

αxtxt
⊺α⊺

=

T∑
t=1

α (Axt−1xt−1
⊺A⊺ + w̃t−1w̃t−1

⊺ +Axt−1w̃t−1
⊺ + w̃t−1xt−1

⊺A⊺)α⊺

= Σα,1 +

T−1∑
t=0

αw̃tw̃t
⊺α⊺ +

T−1∑
t=0

(αAxt (αw̃t)
⊺ + (αw̃t)xt

⊺A⊺α⊺) .

(42)

By Lemma A.4 and A.5, the following events hold with probability at least 1− δ/r,∥∥∥∥∥
T−1∑
t=0

αw̃tw̃t
⊺α⊺ − T · αΣw̃α⊺

∥∥∥∥∥ ≲ ψwψ
2
α

√
rT log

2r

δ
,∥∥∥∥∥(Σα,1 + TI)

− 1
2

T−1∑
t=0

αAxt (αw̃t)
⊺

∥∥∥∥∥ ≲ ψ̄

√
rψwψ2

α log
2r

δ
,

(43)
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with ψ̄ =

√
log
(
ψ2

αψwψ4
A

1−ρ2A
r log 2r

δ

)
. From the first inequality, it is clear that the following holds for some large enough

positive constant c1
T−1∑
t=0

αw̃tw̃t
⊺α⊺ ⪰ T · αΣw̃α⊺ − c1ψwψ2

α

√
rT log

2r

δ
I. (44)

From the second inequality, we have the following∥∥∥∥∥(Σα,1 + TI)
− 1

2

T−1∑
t=0

αAxt (αw̃t)
⊺ (Σα,1 + TI)

− 1
2

∥∥∥∥∥
≲ ψ̄

√
rψwψ2

α log
2r

δ

∥∥∥(Σα,1 + TI)
− 1

2

∥∥∥
≲ ψ̄

√
rψwψ2

α log
2r
δ

T
.

(45)

This implies that the following holds for large enough positive constant c2

T−1∑
t=0

(αAxt (αw̃t)
⊺ + (αw̃t)xt

⊺A⊺α⊺) ⪰ −c2ψ̄

√
rψwψ2

α log
2r
δ

T
(Σα,1 + TI) . (46)

Plugging back into Equation (42) gives the following for some positive constant c3

Σα,0 ⪰ Σα,1 + TαΣw̃α
⊺ − c1ψwψ2

α

√
rT log

2r

δ
I − c2ψ̄

√
rψwψ2

α log
2r
δ

T
(Σα,1 + TI)

⪰

1− c2ψ̄

√
rψwψ2

α log
2r
δ

T

Σα,1 + TαΣw̃α
⊺

− c1ψwψ2
α

√
rT log

2r

δ
I − c2ψ̄

√
rψwψ2

α log
2r

δ
TI

⪰

1− c2ψ̄

√
rψwψ2

α log
2r
δ

T

Σα,1 + TαΣw̃α
⊺ − c3ψwψ2

αψ̄

√
rT log

2r

δ
I

(47)

Similarly, we expand Σα,1,Σα,2, · · · ,Σα,r−1 and have the following with probability at least 1− δ

Σα,0 ⪰

(
TαΣw̃α

⊺ − c3ψwψ
2
αψ̄

√
rT log

2r

δ
I

)
+

1− c2ψ̄

√
rψwψ2

α log 2r
δ

T

Σα,1

⪰

(
TαΣw̃α

⊺ − c3ψwψ
2
αψ̄

√
rT log

2r

δ
I

)

+

(
(T − 1)(αA)Σw̃(αA)

⊺ − c3ψwψ
2
αψ

2
Aψ̄

√
r(T − 1) log

2r

δ
I

)
·

1− c2ψ̄

√
rψwψ2

α log 2r
δ

T


+

1− c2ψ̄

√
rψwψ2

α log 2r
δ

T

1− c2ψ̄

√
rψwψ2

αψ
2
A log 2r

δ

T − 1

Σα,2

⪰ · · · ⪰

(
(T − r + 1)

r−1∑
i=0

(
αAi

)
Σw̃

(
αAi

)
⊺ − c3ψwψ

2
αψ

2
Aψ̄ · r

√
rT log

2r

δ
I

)1− c2ψ̄

√
rψwψ2

αψ
2
A log 2r

δ

T − r + 1

r−1

+

1− c2ψ̄

√
rψwψ2

αψ
2
A log 2r

δ

T − r + 1

r

Σα,r

(48)
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The above inequality is further simplified as follows

Σα,0

(i)

⪰

(
ϕu(T − r + 1)

r−1∑
i=0

(
αAi

)
BB⊺

(
αAi

)
⊺ − c3ψwψ

2
αψ

2
Aψ̄ · r

√
rT log

2r

δ
I

)1− c2ψ̄

√
rψwψ2

αψ
2
A log 2r

δ

T − r + 1

r

(ii)

⪰

(
ϕu(T − r + 1)α

(
r−1∑
i=0

AiB(AiB)⊺
)
α⊺ − c3ψwψ

2
αψ

2
Aψ̄ · r

√
rT log

2r

δ
I

)(
1− 1

2r

)r

(iii)

⪰ 1

2

(
ϕu(T − r + 1)α

(
r−1∑
i=0

AiB(AiB)⊺
)
α⊺ − c3ψwψ

2
αψ

2
Aψ̄ · r

√
rT log

2r

δ
I

)

⪰ 1

2

(
ϕuϕ

2
αϕ

2
R(T − r + 1)− c3ψwψ

2
αψ

2
Aψ̄ · r

√
rT log

2r

δ

)
I

(iv)

⪰ ϕuϕ
2
αϕ

2
R

8
TI

(49)

Here (i) is because Σα,r ⪰ 0 and Σw̃ ⪰ BΣuB
⊺ ⪰ ϕuBB⊺, (ii) is because T ≳ ψwψ

2
αψ

2
Ar

3 log r
δ ·log

(
ψ2

αψwψ
4
A

1−ρ2A
r log r

δ

)
,

(iii) is because (1− 1
2r )

r ≥ 1
2 for all positive integers and (iv) is because T ≳ ψ2

wψ
4
αψ

4
A

ϕ2
uϕ

4
αϕ

4
R
r3 log r

δ ·log
(
ψ2

αψwψ
4
A

1−ρ2A
r log r

δ

)
.

Lemma A.4. Consider the same setting as Lemma A.2. For any positive integer a, let {ζt ∈ Ra}Tt=0 be a sequence of i.i.d
Gaussian vectors from N (0,Σζ) such that ζt is independent of xt. Define ψζ = σ1(Σζ). We make the following defition for
any matrix P ∈ Rb×r for positive integer b

Σ̄P =
∑
t∈[T ]

Pxtxt
⊺P ⊺ + TI, ψP = σ1(P ). (50)

Then for any δ, the following holds with probability at least 1− δ,∥∥∥∥∥∥(Σ̄P )− 1
2
∑
t∈[T ]

Pxtζt
⊺

∥∥∥∥∥∥ ≲ ψ̄

√
max{r, a}ψζ log

1

δ
. (51)

Here ψ̄ =

√
log
(
ψ2

Pψwψ2
A

1−ρ2A
r log 1

δ

)
.

Proof. From Lemma A.9, we know that the following holds for some vector v ∈ Sa−1

P

∥∥∥∥∥∥(Σ̄P )− 1
2
∑
t∈[T ]

Pxtζt
⊺

∥∥∥∥∥∥ > z

 ≤ 5aP

∥∥∥∥∥∥(Σ̄P )− 1
2
∑
t∈[T ]

Pxtζt
⊺v

∥∥∥∥∥∥ > z

2

 . (52)

Notice that ζt⊺v are independent Gaussian variables from distribution N (0, v⊺Σζv) for all t ∈ [T ], which is c1
√
ψζ-

subGaussian for some positive constant c1. Then applying Theorem 1 in (Abbasi-yadkori et al., 2011) on sequence
{Pxt}t∈[T ] and sequence {ζt⊺v}t∈[T ], gives the following inequality

P

∥∥∥∥∥∥(Σ̄P )− 1
2
∑
t∈[T ]

Pxtζt
⊺v

∥∥∥∥∥∥ >
√√√√2c21ψζ log

(
det(Σ̄P )

1
2 det(TI)−

1
2

δ

) ≤ δ. (53)

Substituting the above result back gives the following inequality

P

∥∥∥∥∥∥(Σ̄P )− 1
2
∑
t∈[T ]

Pxtζt

∥∥∥∥∥∥ >
√√√√8c21ψζ log

(
det(Σ̄P )

1
2 det(TI)−

1
2

δ

) ≤ 5aδ, (54)
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which implies the following inequality holds with probability at least 1− δ/2∥∥∥∥∥∥(Σ̄P )− 1
2
∑
t∈[T ]

Pxtζt

∥∥∥∥∥∥ ≤
√√√√8c21ψζ log

(
2 det(Σ̄P )

1
2 det(TI)−

1
2

δ

)
+ 8c21ψζa log 5. (55)

Now consider Σ̄P =
∑
t∈[T ] Pxtxt

⊺P ⊺ + TI . Then

det(TI) = T b, det(Σ̄P ) = T b−r
r∏
i=1

T + λi

∑
t∈[T ]

Pxtxt
⊺P ⊺

 . (56)

From Lemma A.6, we have the following with probability at least 1− δ/2∥∥∥∥∥∥
∑
t∈[T ]

xtxt
⊺

∥∥∥∥∥∥ ≲
ψwψ

2
Ar

1− ρ2A
T log

2

δ
≲
ψwψ

2
Ar

1− ρ2A
T log

1

δ
. (57)

Therefore,

λi

∑
t∈[T ]

Pxtxt
⊺P ⊺

 ≤
∥∥∥∥∥∥
∑
t∈[T ]

xtxt
⊺

∥∥∥∥∥∥ ∥PP ⊺∥

≲
ψ2
Pψwψ

2
A

1− ρ2A
rT log

1

δ

(58)

Substituting back gives the following for some positive constant c2

det(Σ̄P ) = T b−r
r∏
i=1

T + λi

∑
t∈[T ]

Pxtxt
⊺P ⊺


≤ T b

(
1 + c2

ψ2
Pψwψ

2
A

1− ρ2A
r log

1

δ

)r
,

(59)

which gives

det(Σ̄P )
1
2 det(TI)−

1
2 ≤

(
1 + c2

ψ2
Pψwψ

2
A

1− ρ2A
r log

1

δ

) r
2

. (60)

Finally, with a union bound over above events, we get the following with probability at least 1− δ from Equation 55 and 59∥∥∥∥∥∥(Σ̄P )− 1
2
∑
t∈[T ]

Pxtζt

∥∥∥∥∥∥
≤

√√√√8c21ψζ log

(
2 det(Σ̄P )

1
2 det(TI)−

1
2

δ

)
+ 8c21ψζa log 5

≤

√
4c21rψζ log

(
2 + 2c2

ψ2
Pψwψ

2
A

1− ρ2A
r log

1

δ

)
+ 8c21ψζ log

1

δ
+ 8c21ψζa log 5

≲

√
max{r, a}ψζ log

1

δ
·

√
log

(
ψ2
Pψwψ

2
A

1− ρ2A
r log

1

δ

)
.

(61)

This completes the proof.
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Lemma A.5. For any positive integer a, let {wt ∈ Ra}t∈[T ] be independent Gaussian vectors from wt ∼ N (0,Σw,t). Let

ψw = max
t∈[T ]

σ1(Σw,t), ϕw = min
t∈[T ]

σmin(Σw,t). (62)

Then with probability at least 1− δ, ∥∥∥∥∥
T∑
t=1

wtwt
⊺ −

T∑
t=1

Σw,t

∥∥∥∥∥ ≲ ψw

√
aT log

1

δ
. (63)

Proof. From Lemma A.9, we know that there exist x, y ∈ Sa−1 s.t.

P

(∥∥∥∥∥
T∑
t=1

wtwt
⊺ −

T∑
t=1

Σw,t

∥∥∥∥∥ > z

)
≤ 52aP

(∣∣∣∣∣
T∑
t=1

[
(y⊺wt)(x

⊺wt)− y⊺Σw,tx
]∣∣∣∣∣ > 1

4
z

)
(64)

For any x, y, following the definition of wt, we have

∥(y⊺wt)(x⊺wt)− y⊺Σw,tx∥ψ1
≲ ∥(y⊺wt)(x⊺wt)∥ψ1

≤ ∥y⊺wt∥ψ2
∥x⊺wt∥ψ2

≲ ψw. (65)

Here the first and second inequalities are from Lemma 2.6.8 and Lemma 2.7.7 in (Vershynin, 2018), where ∥ · ∥ψ1 and
∥ · ∥ψ2 denote the sub-exponential and sub-Gaussian norms, respectively. Directly applying Bernstein’s inequality on
{(y⊺wt)(x⊺wt)− y⊺Σw,tx}Tt=1 (as sub-exponential random variables) gives the following for some positive constant c1
with probability at least 1− δ′ ∣∣∣∣∣

T∑
t=1

[
(y⊺wt)(x

⊺wt)− y⊺Σw,tx
]∣∣∣∣∣ ≤ c1ψw

√
T log(

2

δ′
), (66)

which is equivalent to

52aP

(∣∣∣∣∣
T∑
t=1

[
(y⊺wt)(x

⊺wt)− y⊺Σw,tx
]∣∣∣∣∣ > c1ψw

√
T log(

2

δ′
)

)
≤ 52aδ′. (67)

Letting δ = 52aδ′ gives

52aP

(∣∣∣∣∣
T∑
t=1

[
(y⊺wt)(x

⊺wt)− y⊺Σw,tx
]∣∣∣∣∣ > c1ψw

√
2aT log(

10

δ
)

)
≤ δ. (68)

Substituting back into Equation 64 gives

P

(∥∥∥∥∥
T∑
t=1

wtwt
⊺ −

T∑
t=1

Σw,t

∥∥∥∥∥ > 4c1ψw

√
2aT log(

10

δ
)

)
≤ δ. (69)

This completes the proof.

Lemma A.6. Consider the same setting as Lemma A.2. For any δ, with probability at least 1− δ,∥∥∥∥∥
T∑
t=0

xtxt
⊺

∥∥∥∥∥ ≲
ψwψ

2
Ar

1− ρ2A
T log

1

δ
. (70)

Proof. Directly applying Proposition 8.4 in (Sarkar & Rakhlin, 2019) gives the following with probability at least 1− δ∥∥∥∥∥
T∑
t=0

xtxt
⊺

∥∥∥∥∥ ≲ ψwtr

(
T−1∑
t=0

Γt(A)

)
log

1

δ
≤ ψwr

∥∥∥∥∥
T−1∑
t=0

Γt(A)

∥∥∥∥∥ log 1

δ
. (71)
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From Assumption 3.1, we know that

∥Γt(A)∥ =

∥∥∥∥∥
t∑

τ=0

AτAτ⊺

∥∥∥∥∥ ⪯
t∑

τ=0

∥Aτ∥2 ≤ 1 +
ψ2
A

1− ρ2A
≲

ψ2
A

1− ρ2A
. (72)

Substituting back gives ∥∥∥∥∥
T∑
t=0

xtxt
⊺

∥∥∥∥∥ ≲
ψwψ

2
Ar

1− ρ2A
T log

1

δ
. (73)

A.1.2. OTHER LEMMAS

Lemma A.7. Given perturbation matrices ∆1,∆2 and p.d square matrix M of the same dimension. Suppose they satisfy
the following for some positive constant a ∈ [0, 1) and b ≥ 0∥∥∥M− 1

2∆1

∥∥∥ ≤ a <√ϕM , ∥∆2∥ ≤ b. (74)

Denote the SVD of the matrices as follows

M =
[
U1 U2

] [Λ1

Λ2

] [
U1

⊺

U2
⊺

]
, M̃ :=M + (∆1 +∆1

⊺) + ∆2 =
[
Ũ1 Ũ2

] [Λ̃1

Λ̃2

] [
Ũ1

⊺

Ũ2
⊺

]
, (75)

and define the following constants

ψM = σ1(M), ϕM = σmin(M), 0 < δM ≤ σmin(Λ1)− σ1(Λ2). (76)

Then we have∥∥∥Ũ2
⊺U1

∥∥∥ ≤ a2 + b

δM − 4a
√
ψM − 3a2 − b

+
a√
ϕM

(
1 +

2− a/
√
ϕM

1− a/
√
ϕM

σ1 (Λ2) + 2a
√
ψM + a2

δM − 2a
√
ψM − a2

)
(77)

In the case where
√
ϕM ≥ Ca, δM ≥ C

(
a
√
ψM + b

)
for large enough C, the above result is further simplified to

∥∥∥Ũ2
⊺U1

∥∥∥ ≲
b

δM
+
aσ1(Λ2)/

√
ϕM

δM
+
a2
√
ψM/ϕM
δM

. (78)

Remark A.8. This result is adapted from previous subspace relative perturbation results (Theorem 3.2 in (Li, 1998)). It
provides tighter bound for matrices with smaller condition number, i.e. when ϕM is close to ψM , as compared to the
standard Davis-Kahan sinΘ theorem. To be more specific, Davis-Kahan gives the bound of order a

√
ψM

δM
. Here our result

features the bound aσ1(Λ2)/
√
ϕM

δM
.

Proof. Define

M̂ :=M + (∆1 +∆1
⊺) + ∆1

⊺M−1∆1 =
[
Û1 Û2

] [Λ̂1

Λ̂2

][
Û1

⊺

Û2
⊺

]
. (79)

From its definition, we immediately have∥∥∥M̂ −M∥∥∥ ≤ 2 ∥∆1∥+
∥∥∆1

⊺M−1∆1

∥∥
(i)

≤ 2a
√
ψM +

∥∥∥M− 1
2∆1

∥∥∥2
≤ 2a

√
ψM + a2.

(80)
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Here the first term in (i) is because

a ≥
∥∥∥M− 1

2∆1

∥∥∥ ≥ σmin

(
M− 1

2

)
∥∆1∥ =

1√
ψM
∥∆1∥ . (81)

And the second term is because ∥A⊺A∥ = ∥A∥2. Then from Theorem 1 in (Stewart, 1990), we know that

σ1

(
Λ̂2

)
≤ σ1 (Λ2) +

∥∥∥M̂ −M∥∥∥ ≤ σ1 (Λ2) + 2a
√
ψM + a2. (82)

which in turn gives

δ̂ := σmin(Λ1)− σ1(Λ̂2) ≥ δM − 2a
√
ψM − a2. (83)

For the rest of the proof, we upper bound
∥∥∥Û2

⊺U1

∥∥∥,
∥∥∥Ũ2

⊺Û1

∥∥∥ and then derives the desired result. To upper bound
∥∥∥Û2

⊺U1

∥∥∥,

we let D =M−1∆1 with

∥D∥ ≤
∥∥∥M− 1

2

∥∥∥∥∥∥M− 1
2∆1

∥∥∥ ≤ a√
ϕM

< 1,∥∥∥(I +D)
−1
∥∥∥ =

1

σmin (I +D)

(i)

≤ 1

1− σ1(D)
≤ 1

1− a/
√
ϕM

.

(84)

Here (i) is because |σmin(I +D)− σmin(I)| ≤ σ1(D) from Thereom 1 in (Stewart, 1990). And the definition of D gives

M̂ =
(
I +∆1

⊺M−1
)
M
(
I +M−1∆1

)
= (I +D⊺)M (I +D) . (85)

Now from Equation 83 we apply Theorem 3.2 in (Li, 1998) which gives∥∥∥Û2
⊺U1

∥∥∥ ≤ ∥I − (I +D⊺)∥+
(
σ1 (Λ2) + 2a

√
ψM + a2

) ∥∥(I +D)⊺ − (I +D)−1
∥∥

δ̂

≤ a√
ϕM

+
σ1 (Λ2) + 2a

√
ψM + a2

δ̂

(
∥(I +D)⊺ − I∥+

∥∥∥I − (I +D)
−1
∥∥∥)

≤ a√
ϕM

+
σ1 (Λ2) + 2a

√
ψM + a2

δ̂

(
a√
ϕM

+
∥∥∥(I +D)

−1
∥∥∥ ∥I +D − I∥

)
≤ a√

ϕM
+
σ1 (Λ2) + 2a

√
ψM + a2

δ̂

(
a√
ϕM

+
1

1− a/
√
ϕM

a√
ϕM

)
=

a√
ϕM

(
1 +

2− a/
√
ϕM

1− a/
√
ϕM

σ1 (Λ2) + 2a
√
ψM + a2

δ̂

)
.

(86)

We now upper bound
∥∥∥Ũ2

⊺Û1

∥∥∥. We start from upper bounding
∥∥∥M̂ − M̃∥∥∥∥∥∥M̂ − M̃∥∥∥ =

∥∥∆1
⊺M−1∆1 −∆2

∥∥ ≤ ∥∥∆1
⊺M−1∆1

∥∥+ ∥∆2∥ ≤ a2 + b. (87)

Moreover, we know that

σmin(Λ̂1)− σ1(Λ̃2)

= σmin(Λ̂1)− σ1(Λ̂2) + σ1(Λ̂2)− σ1(Λ̃2)

≥ σmin(Λ̂1)− σ1(Λ̂2)− a2 − b

= σmin(Λ̂1)− σmin(Λ1) + σmin(Λ1)− σ1(Λ2) + σ1(Λ2)− σ1(Λ̂2)− a2 − b

≥ − 2
∥∥∥M̂ −M∥∥∥− a2 − b+ δM

≥ − 4a
√
ψM − 2a2 − a2 − b+ δM .

(88)
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Here the first and second inequalities are due to Stewart (1990, Theorem 1) . Directly applying the Davis-Kahan sin θ
Theorem in (Davis & Kahan, 1970) gives

∥∥∥Ũ2
⊺Û1

∥∥∥ ≤
∥∥∥M̂ − M̃∥∥∥

σmin(Λ̂1)− σ1(Λ̃2)
≤ a2 + b

−4a
√
ψM − 3a2 − b+ δM

. (89)

Finally, we conclude that∥∥∥Ũ2
⊺U1

∥∥∥ =
∥∥∥Ũ2

⊺
(
Û1Û1

⊺ + Û2Û2
⊺
)
U1

∥∥∥ ≤ ∥∥∥Ũ2
⊺Û1

∥∥∥+ ∥∥∥Û2
⊺U1

∥∥∥
≤ a2 + b

δM − 4a
√
ψM − 3a2 − b

+
a√
ϕM

(
1 +

2− a/
√
ϕM

1− a/
√
ϕM

σ1 (Λ2) + 2a
√
ψM + a2

δ̂

)
≤ a2 + b

δM − 4a
√
ψM − 3a2 − b

+
a√
ϕM

(
1 +

2− a/
√
ϕM

1− a/
√
ϕM

σ1 (Λ2) + 2a
√
ψM + a2

δM − 2a
√
ψM − a2

)
.

(90)

Lemma A.9. For any positive integer a, b, let M ∈ Ra×b be any random matrix. There exist x ∈ Sb−1 and y ∈ Sa−1 such
that for all ε < 1

P(∥M∥ > z) ≤
(
1 +

2

ε

)a+b
P
(
|y⊺Mx| > (1− ε)2z

)
. (91)

Here, Sb−1 denotes the unit (b− 1)-sphere embedded in Rb.

Proof. From Proposition 8.1 of (Sarkar & Rakhlin, 2019), we know that there exist an x ∈ Sb−1 s.t. the following holds for
any ε < 1

P(∥M∥ > z) ≤
(
1 +

2

ε

)b
P (∥Mx∥ > (1− ε)z) =

(
1 +

2

ε

)b
P (∥x⊺M⊺∥ > (1− ε)z) . (92)

Applying the proposition again on x⊺M⊺ gives the following for some vector y ∈ Sa−1

P (∥x⊺M⊺∥ > (1− ε)z) ≤
(
1 +

2

ε

)a
P
(
|x⊺My| > (1− ε)2z

)
. (93)

Therefore, we have

P(∥M∥ > z) ≤
(
1 +

2

ε

)a+b
P
(
|x⊺M⊺y| > (1− ε)2z

)
(94)

B. Lower Bounds for HDSYSID — Proof of Theorem B.2
An essential part for the proof is the Birge’s Inequality stated below.

Theorem B.1. Let {Pi}i∈[N ] be probability distributions on (Ω,F). Let {Fi}i∈[N ] ∈ F be pairwise disjoint events. If
δ = mini∈[N ] Pi(Fi) ≥ 1

2 (the success rate), then

(2δ − 1) log

(
δ

1− δ
(N − 1)

)
≤ 1

N − 1

∑
i∈[N ]

KL(Pi||P1). (95)

Proof. From the Birge’s inequality (Boucheron et al., 2013), we directly have

δ log

(
δ/

1− δ
N − 1

)
+ (1− δ) log

(
(1− δ)/(1− 1− δ

N − 1
)

)
≤ 1

N − 1

∑
i∈[N ]

KL(Pi||P1), (96)
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On the other hand, the following holds for any N ≥ 3

δ log

(
δ/

1− δ
N − 1

)
+ (1− δ) log

(
(1− δ)/(1− 1− δ

N − 1
)

)
(i)

≥ δ log

(
δ/

1− δ
N − 1

)
+ (1− δ) log ((1− δ)/((N − 1)δ))

= (2δ − 1) log

(
δ

1− δ
(N − 1)

) (97)

Here (i) holds because 1− 1−δ
N−1 ≤ 1 ≤ 2δ ≤ (N − 1)δ. For N = 2, the above inequality naturally holds. Combining the

two cases finishes the proof.

Now we prove Theorem 4.1 by proving the following more general version that holds for multiple trajectories.

Theorem B.2. Suppose n ≥ m ≥ r with n ≥ 2, K ≥ 1, and choose positive scalars δ ≤ 1
2 . Consider the class of

minimal systemsM = (r, n,m,A,B,C,Σw,Ση) with different A,B,C matrices. All other parameters are fixed and known.
Moreover, r < n and Ση is positive definite. For every k ∈ [K], letDk = {yk,t}Tk

t=0∪{uk,t}
Tk−1
t=0 ∪{all known parameters}

denote the associated single trajectory dataset. Here the inputs uk,t satisfy: 1). uk,t is sampled independently;2). E(uk,t) =
0. Consider any estimator f̂ mapping the datasets D := ∪k∈[K]Dk to (Â(D), B̂(D), Ĉ(D)) ∈ Rr×r × Rr×m × Rn×r. If

T :=
∑
k∈[K]

Tk <
ϕη(1− 2δ) log 1.4

50 (ψw + ψu)
·
n+ log 1

2δ

ϵ2
, (98)

there exists a systemM0 = (r, n,m,A0, B0, C0,Σw,Ση) with dataset D such that

P
{∥∥∥Ĉ (D) B̂ (D)− C0B0

∥∥∥ ≥ ϵ} ≥ δ. (99)

Here P denotes the distribution of D generated by systemM0. Related constants are defined as follows

ϕη := σmin(Ση), ψw := σ1(Σw),

ψu := max
k,t

σmax (E(uk,tuk,t⊺)) .

Proof. Step 1: We first construct a set of candidate minimal systems with slightly different observer column
spaces. Fix a constant ϵ < 0.1 and a 1

2 -packing of the intersection of the unit ball in Rn, denoted by P̃ . Now let
P = P̃\{(−1, 0, . . . , 0)⊺}. We know |P| ≥ 2n − 1 and we let P = {pi}|P|

i=1. Now consider the following set of matrices
{Ai, Bi, Ci}|P|

i=1 where

Ai =
1

2
I ∈ Rr×r, Bi =

∑
l∈[r]

El,l ∈ Rr×m, Ci = 4ϵpie1
⊺ +

∑
l∈[r]

El,l ∈ Rn×r, (100)

where El,l is a matrix (of appropriate dimensions) with 1 in the (l, l) entry and 0 elsewhere, el is a vector (of appropriate
dimensions) with 1 in the l entry and 0 elsewhere. It is clear that all systems are minimal, since Bi are full row rank and Ci
are full column rank. Moreover, in all systems, only matrices Ci are different for each i, and Ai and Bi remain the same.
We will see that this “high-dimensional perturbation” only in each observer matrix Ci is enough for creating a worst case
scenario.

Now consider any estimator f̂ mapping the dataset D to
(
Â(D), B̂(D), Ĉ(D)

)
∈ Rr×r×Rr×m×Rn×r. We define events

{Fi}i∈[|P|] as follows:

Fi =
{
D :

∥∥∥Ĉ (D) B̂ (D)− CiBi
∥∥∥ < ϵ

}
(101)

Under our construction, for any i, j ∈ [|P|], we have

∥CiBi − CjBj∥ = ∥(Ci − Cj)Bj∥ = 4ϵ ∥(pi − pj)e1⊺∥ = 4ϵ ∥pi − pj∥2 ≥ 2ϵ. (102)
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Therefore, the following holds and all events {Fi}i∈[|P|] are pairwise disjoint.∥∥∥Ĉ (D) B̂ (D)− CiBi
∥∥∥+ ∥∥∥Ĉ (D) B̂ (D)− CjBj

∥∥∥ ≥ ∥CiBi − CjBj∥ ≥ 2ϵ. (103)

Step 2: We now bound the KL-divergence of dataset distribution coming from any pair of systems we constructed.
For any k ∈ [K], let uk, xk, yk denote the corresponding trajectories of the inputs, latent variables and observations.
Moreover, let u = ∪k∈[K]u

k, y = ∪k∈[K]y
k and x = ∪k∈[K]x

k denote the collection of all trajectories. For any i ∈ [|P|],
let PUXYi denote the joint distribution of {u, x, y} generated by systemMi = (r, n,m,Ai, Bi, Ci,Σw,Ση). Let PUYi ,
PUXi be the marginal distribution of {y, u} and {x, u}. Similarly, define PX|U

i , PX|UY
i and PY |UX

i to be the conditional
distributions. For the rest of the proof, we apply Theorem B.1 on the events {Fi}i∈[|P|] and distributions {PUYi }i∈[|P|].

We aim to upper bound the KL-divergence between distributions {PUYi }
|P|
i=1. To do this, we start from showing that

KL(PUYi ||PUYj ) ≤ KL(PUXYi ||PUXYj ).

KL(PUXYi ||PUXYj ) =

∫
PUXYi (u, x, y) log

PUXYi (u, x, y)

PUXYj (u, x, y)
dudxdy

=

∫
PUYi (u, y)PX|U=u,Y=y

i (x) log
PUYi (u, y)PX|U=u,Y=y

i (x)

PUYj (u, y)PX|U=u,Y=y
j (x)

dudxdy

=

∫
PUYi (u, y)PX|U=u,Y=y

i (x) log
PUYi (u, y)

PUYj (u, y)
dudxdy

+

∫
PUYi (u, y)PX|U=u,Y=y

i (x) log
PX|U=u,Y=y
i (x)

PX|U=u,Y=y
j (x)

dudxdy

=

∫
PUYi (u, y)

(∫
PX|U=u,Y=y
i (x)dx

)
log

PUYi (u, y)

PUYj (u, y)
dudy

+

∫
PUYi (u, y)KL

(
PX|U=u,Y=y
i ||PX|U=u,Y=y

j

)
dudy

(i)

≥
∫

PUYi (u, y) log
PUYi (u, y)

PUYj (u, y)
dudy

= KL(PUYi ||PUYj ).

(104)

Here (i) holds because KL-divergence (the second term) is non-negative. Therefore, we only need to upper bound
KL(PUXYi ||PUXYj ). Notice that

log
PUXYi (u, x, y)

PUXYj (u, x, y)
= log

PUi (u)P
X|U=u
i (x)PY |U=u,X=x

i (y)

PUj (u)P
X|U=u
j (x)PY |U=u,X=x

j (y)

= log

∏K,Tk−1
k=1,t=0 Pi(uk,t)∏K,Tk−1
k=1,t=0 Pj(uk,t)

+ log

∏K,Tk

k=1,t=1 Pi(xk,t|xk,0:t−1, uk,0:t−1)∏K,Tk

k=1,t=1 Pj(xk,t|xk,0:t−1, uk,0:t−1)

+ log

∏K,Tk

k=1,t=0 Pi(yk,t|xk,0:t, uk,0:t)∏K,Tk

k=1,t=0 Pj(yk,t|xk,0:t, uk,0:t)

=

K,Tk−1∑
k=1,t=0

log
Pi(uk,t)
Pj(uk,t)

+

K,Tk∑
k=1,t=1

log
Pi(xk,t|xk,t−1, uk,t−1)

Pj(xk,t|xk,t−1, uk,t−1)

+

K,Tk∑
k=1,t=0

log
Pi(yk,t|xk,t, uk,t)
Pj(yk,t|xk,t, uk,t)

=

K,Tk∑
k=1,t=0

log
Pi(yk,t|xk,t, uk,t)
Pj(yk,t|xk,t, uk,t)

.

(105)
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Here the last line is because the distribution of u and x doesn’t depend on the i or j. This is holds for x because for any i,
Ai and Bi take the same value. Therefore,

KL(PUXYi ||PUXYj )

=

∫
PUXYi (u, x, y) log

PUXYi (u, x, y)

PUXYj (u, x, y)
dxdy

=

∫
PUXYi (u, x, y)

 K,Tk∑
k=1,t=0

log
Pi(yk,t|xk,t, uk,t)
Pj(yk,t|xk,t, uk,t)

 dudxdy

=

K,Tk∑
k=1,t=0

Ei
(
log

Pi(yk,t|xk,t, uk,t)
Pj(yk,t|xk,t, uk,t)

)
(i)
=

K,Tk∑
k=1,t=0

Ei
(
KL
(
PYi (·|xk,t, uk,t)||PYj (·|xk,t, uk,t)

))
(ii)
=

1

2

K,Tk∑
k=1,t=0

Ei
(
xk,t

⊺(Ci − Cj)⊺Σ−1
η (Ci − Cj)xk,t

)

(106)

Here in (i) follows from the definition of KL-divergence and by taking the expectation of xt (or yt in the second term). And
(ii) follows from the fact that PXi = PXj (this is because Ai = Aj and Bi = Bj) and from the KL-divergence between two
gaussians. We further simplify the expression as follows

KL(PUXYi ||PUXYj ) =
1

2

K,Tk∑
k=1,t=0

Ei
(
xk,t

⊺(Ci − Cj)⊺Σ−1
η (Ci − Cj)xk,t

)
≤ 1

2ϕη

K,Tk∑
k=1,t=0

Ei (xk,t⊺(Ci − Cj)⊺(Ci − Cj)xk,t)

=
1

2ϕη

K,Tk∑
k=1,t=0

tr ((Ci − Cj)Ei (xk,txk,t⊺) (Ci − Cj)⊺)

(107)

Now we consider term Ei (xk,txk,t⊺). Notice that xk,t =
∑t−1
τ=0A

τ
i (Biuk,t−1−τ + wk,t−1−τ ), we have

Ei(xk,txk,t⊺) = Ei

[
t−1∑
τ=0

Aτi (Biuk,t−1−τ + wk,t−1−τ )

t−1∑
τ=0

(Biuk,t−1−τ + wk,t−1−τ )
⊺(Aτi )

⊺

]

=

t−1∑
τ1,τ2=0

Aτ1i Ei [(Biuk,t−1−τ1 + wk,t−1−τ1) (Biuk,t−1−τ2 + wk,t−1−τ2)
⊺] (Aτ2i )⊺

(i)
=

t−1∑
τ=0

Aτi Ei [(Biuk,t−1−τ + wk,t−1−τ ) (Biuk,t−1−τ + wk,t−1−τ )
⊺] (Aτi )

⊺

=

t−1∑
τ=0

Aτi (BiE(uk,tuk,t⊺)Bi⊺ +Σw) (A
τ
i )

⊺

⪯
(
ψw + ∥B∥2 ψu

)
Γt−1(Ai)

= (ψw + ψu) Γt−1(Ai).

(108)
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Here (i) is because uτ1 , wτ1 are zero-mean and independent of uτ2 , wτ2 for ∀τ1 ̸= τ2. Substituting back gives

KL(PUXYi ||PUXYj )

≤ 1

2ϕη

K,Tk∑
k=1,t=0

tr ((Ci − Cj)Ei (xk,txk,t⊺) (Ci − Cj)⊺)

≤ ψw + ψu
2ϕη

K,Tk∑
k=1,t=1

tr ((Ci − Cj)Γt−1(Ai)(Ci − Cj)⊺) .

(109)

Here the last line is because x0 = 0. Since A = 1
2I , we conclude that

Γt(Ai) =

t∑
τ=0

Ati(A
t
i)

⊺ ⪯
t∑

τ=0

(
1

2

)2t

I ⪯ 4

3
I. (110)

Substituting it back gives

KL(PUXYi ||PUXYj ) ≤ 2(ψw + ψu)

3ϕη

K,Tk−1∑
k=1,t=0

tr ((Ci − Cj)(Ci − Cj)⊺) (111)

From the definitions of Ci and Cj , we notice that

Ci − Cj = 4ϵ(pi − pj)e1⊺. (112)

Then

KL(PUXYi ||PUXYj ) ≤ 32 (ψw + ψu) ϵ
2

3ϕη

K,Tk−1∑
k=1,t=0

tr ((pie1⊺ − pje1⊺) (pie1⊺ − pje1⊺) ⊺)

=
32 (ψw + ψu) ϵ

2

3ϕη

K,Tk−1∑
k=1,t=0

∥pie1⊺ − pje1⊺∥2F

=
32 (ψw + ψu) ϵ

2

3ϕη

K,Tk−1∑
k=1,t=0

∥pi − pj∥22

(113)

Since pi and pj lie in the unit ball, we know that ∥pi − pj∥ ≤ 2. Therefore,

KL(PUXYi ||PUXYj ) ≤ 128 (ψw + ψu) ϵ
2

3ϕη

K,Tk−1∑
k=1,t=0

1 =
128 (ψw + ψu) ϵ

2

3ϕη

K∑
k=1

Tk

≤ 50 (ψw + ψu) ϵ
2

ϕη
T .

(114)

Here the last line is due to the definition of T .

Step 3: Now we invoke Theorem B.1 and show that learning at least one of those minimal realizations is
hard. Now applying Theorem B.1 on distributions {PUYi }i∈[|P|] and events {Fi}i∈[|P|] gives the following result. If
mini∈[|P|] PUYi (Fi) ≥ 1− δ, then the following holds

(1− 2δ) log

(
1− δ
δ

(|P| − 1)

)
≤ 1

N − 1

∑
i∈[|P|]

KL(PUYi ||PUY1 ) ≤ sup
i∈[P]

KL(PUYi ||PUY1 ). (115)
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For the LHS, since |P| ≥ 2n − 1, we have |P| − 2 ≥ 1.4n. Therefore,

LHS = (1− 2δ) log

(
1− δ
δ

(|P| − 1)

)
≥ (1− 2δ) log

(
1− δ
δ

1.4n
)

≥ (1− 2δ)n log 1.4 + (1− 2δ) log

(
1− δ
δ

)
≥ (1− 2δ)n log 1.4 + (1− 2δ) log

1

2δ

(116)

For the RHS, we get the following from Equation 114

RHS ≤ sup
i∈[P]

KL(PUXYi ||PUXY1 ) ≤ 50 (ψw + ψu) ϵ
2

ϕη
T . (117)

Therefore, we have the following for any ϵ

T ≥ (1− 2δ)ϕη log 1.4

50 (ψw + ψu)
·
n+ log 1

2δ

ϵ2
≥ ϕη(1− 2δ) log 1.4

50 (ψw + ψu)
·
n+ log 1

2δ

ϵ2
. (118)

Namely, if mini∈[|P|] PUYi (Fi) ≥ 1−δ, then T ≥ ϕη(1−2δ) log 1.4
50(ψw+ψu)

·n+log 1
2δ

ϵ2 . In other words, if T <
ϕη(1−2δ) log 1.4

50(ψw+ψu)
·n+log 1

2δ

ϵ2 ,
there exists at least one i ∈ [|P|] such that PUYi (Fi) < 1− δ. For this i, we then know that

PUYi (F ci ) ≥ δ. (119)

where F ci is the complement event of Fi. This finishes the proof.

Corollary B.3. Consider the same setting as Theorem 4.1. Moreover, assume
∥∥∥B̂(D)

∥∥∥ ,∥∥∥Ĉ(D)∥∥∥ ≤ ψ̄, i.e., the estimator

outputs bounded approximations. Let ϵ be any scalar such that ϵ ≤ min{0.2/ψ̄,
∥∥∥B̂(D)

∥∥∥ · ∥∥∥Ĉ(D)∥∥∥ /ψ̄}. Then if

T <
ϕη(1− 2δ) log 1.4

450ψ̄2 (ψw + ψu)
·
n+ log 1

2δ

ϵ2
(120)

there exists a minimal systemM0 = (r, n,m,A0, B0, C0,Σw,Ση) with dataset D such that

P
{
max

{∥∥∥Ĉ (D)− C0S
∥∥∥ ,∥∥∥B̂ (D)− S−1B0

∥∥∥} ≥ ϵ} ≥ δ. (121)

Proof. Let ϵ′ = 3ψ̄ϵ. For all ϵ ≤ 0.2/ψ̄, we know that ϵ′ ≤ 0.6. Therefore, applying Theorem 4.1 with ϵ′ gives the
following result. If T <

ϕη(1−2δ) log 1.4

450(ψw+ψu)ψ̄2 ·
n+log 1

2δ

ϵ2 , there existsM0 = (r, n,m,A0, B0, C0,Σw,Ση) such that

P
{∥∥∥Ĉ (D) B̂ (D)− C0B0

∥∥∥ ≥ 3ψ̄ϵ
}
≥ δ. (122)

Since ϵ ≤ ∥B̂(D)∥∥Ĉ(D)∥
ψ̄

, we know that 3ψ̄ϵ ≤ 3
∥∥∥B̂(D)

∥∥∥∥∥∥Ĉ(D)∥∥∥. Therefore, applying Lemma B.4 gives∥∥∥Ĉ (D) B̂ (D)− C0B0

∥∥∥ ≥ 3ψ̄ϵ

⇒
∥∥∥Ĉ(D)− C0S

∥∥∥ ≥ 3ψ̄ϵ

3
∥∥∥B̂∥∥∥ ≥ ϵ or

∥∥∥B̂(D)− S−1B0

∥∥∥ ≥ ϵ

3
∥∥∥Ĉ∥∥∥ ≥ ϵ. (123)
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Therefore,

P
{
max

{∥∥∥Ĉ (D)− C0S
∥∥∥ ,∥∥∥B̂ (D)− S−1B0

∥∥∥} ≥ ϵ}
≥ P

{∥∥∥Ĉ (D) B̂ (D)− C0B0

∥∥∥ ≥ 3ψ̄ϵ
}
≥ δ.

≥ δ.

(124)

Lemma B.4. Fix any invertible matrix S. Suppose
∥∥∥ĈB̂ − CB∥∥∥ ≥ ϵ for ϵ ≤ 3

∥∥∥B̂∥∥∥ ∥∥∥Ĉ∥∥∥. Then either

∥∥∥Ĉ − CS∥∥∥ ≥ ϵ

3
∥∥∥B̂∥∥∥ or

∥∥∥B̂ − S−1B
∥∥∥ ≥ ϵ

3
∥∥∥Ĉ∥∥∥ . (125)

Remark B.5. In other words, for any similarity transformation, we can not learn either B̃ or C̃ well.

Proof. We show this claim by contradiction. For any invertible matrix S, suppose∥∥∥Ĉ − CS∥∥∥ < ϵ

3
∥∥∥B̂∥∥∥ and

∥∥∥B̂ − S−1B
∥∥∥ < ϵ

3
∥∥∥Ĉ∥∥∥ . (126)

Then for any ϵ ≤ ∥B∥ ∥C∥, we know that ∥∥∥ĈB̂ − CB∥∥∥
≤
∥∥∥ĈB̂ − CSB̂∥∥∥+ ∥∥∥CSB̂ − CSS−1B

∥∥∥
≤
∥∥∥Ĉ − CS∥∥∥∥∥∥B̂∥∥∥+ ∥CS∥∥∥∥B̂ − S−1B

∥∥∥
≤ ϵ

3
+
(∥∥∥CS − Ĉ∥∥∥+ ∥∥∥Ĉ∥∥∥) ϵ

3
∥∥∥Ĉ∥∥∥

≤ ϵ

3
+
ϵ

3
+
ϵ

3

ϵ

3
∥∥∥B̂∥∥∥ ∥∥∥Ĉ∥∥∥

≤ ϵ,

(127)

which causes a contradiction.

C. Upper Bounds for Meta-Col-SYSID — Proof of Theorem 5.1
For this section, we consider a slightly more general setting than MetaSYSID and prove the theorem in this setting.
Consider K minimal systemsMk =

(
rk, n,mk, Ak, Bk, Ck,Σw,k, σ

2
η,kI

)
with rk,mk ≪ n(∀k ∈ [K]) and the same

observer column space. Namely,

col(C1) = col(C2) = · · · = col(CK) (128)

For every systemMk, we choose an independent input sequence Uk = {uk,t}Tk−1
t=0 with uk,t

i.i.d.∼ N (0,Σu,k), and we
observe Yk = {yk,t}Tk

t=0. This single trajectory dataset by Dk = Yk ∪ Uk.
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For the above systems, we define the following notations

r = max
k∈[K]

rk, m = max
k∈[K]

mk, ϕu = min
k∈[K]

σmin(Σu)

ψC = max
k∈[K]

σ1 (Ck) , ψη = max
k∈[K]

σ2
η,k, ψw = max

k∈[K]
σ1(Σw,k +BkΣu,kBk

⊺),

ϕC = min
k∈[K]

σmin(Ck), ϕO = min
k∈[K]

σmin




Ck
CkAk

...
CkA

r−1
k


 , ϕR = min

k∈[K]
σmin

([
Bk AkBk . . . Ar−1

k Bk
])
(129)

For Φ̂C,k from Algorithm 3, we define the following auxiliary system M̂k (the projected version of systemMk) which will
be useful for further analysis.

xk,t+1 = Akxk,t +Bkuk,t + wk,t,

ỹk,t = Φ̂C,k
⊺Ckxk,t + Φ̂C,k

⊺ηk,t.
(130)

Now we are ready to restate Theorem 5.1 in full details.

Theorem C.1 (Theorem 5.1 Restated for the More General Setting). Consider the systems M[K], datasets D[K] =
Y[K] ∪ U[K] and constants defined above. LetM[K] satisfy Assumption 3.1 with constants ψA and ρA. Fix any system
k0 ∈ [K]. If Tk0 and T−k0 :=

∑
k ̸=k0 Tk satisfy

T−k0 ≳ κ3 · n2r3, Tk0 ≥ κ1 · poly (r,m) , (131)

then
(
Âk0 , B̂k0 , Ĉk0

)
from Algorithm 3 satisfy the following for some invertible matrix S with probability at least 1− δ

max
{∥∥∥S−1Ak0S − Âk0

∥∥∥ ,∥∥∥S−1Bk0 − B̂k0
∥∥∥ ,∥∥∥Ck0S − Ĉk0∥∥∥}

≲ κ4 ·
√

n

T−k0

∥∥∥Ĉk0∥∥∥+ κ2 ·

√
poly (r,m)

Tk0
.

(132)

Here κ1 = κ1(M̂k0 ,Uk0 , δ) and κ2 = κ2(M̂k0 ,Uk0 , δ) are defined in Definition 3.2. κ3 = κ3
(
M[K],U[K], δ

)
, κ4 =

κ4 (M−k0 ,U−k0 , δ) are detailed below. All of them are problem-related constants independent of system dimensions modulo
logarithmic factors.

κ3
(
M[K],U[K], δ

)
= max

κ24 ψ2
Aψ

2
C

(1− ρ2A)ϕ2O
,

(
ψ2
ηψ

2
Cψwψ

2
A

(1− ρ2A)ϕ2uϕ4Cϕ4R

)2

log2
(
ψ2
Cψwψ

4
A

1− ρ2A
r log

Kr

δ

)
log4(

Kr

δ
)

 ,

κ4 (M−k0 ,U−k0 , δ) =
ψη

ϕuϕ2Cϕ
2
R

√
log

1

δ
.

(133)

Proof of Theorem C.1. For clarity of the proof, we abbreviate all subscripts k0. Based on Equation (131), T−k0 satisfies the
condition of Lemma C.2. We apply Lemma C.2 on (D−k0 ,Ση,−k0) and get the following with probability at least 1− δ

2∥∥∥Φ̂⊥
C
⊺ΦC

∥∥∥ ≲ κ4

√
n

T−k0
:= ∆Φ. (134)

The system generating dataset D̃, denoted by M̂, is rewritten in Equation (130). Following exactly the same derivation as
in Step 1 of proof of Theorem A.1, we know that M̂ is minimal. Since Φ̂C is independent of the trajectory fromM, the
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noises {Φ̂C⊺ηt}Tt=0 are sampled independently of other variables of this trajectory. Moreover, M̂ satisfy Assumption 3.1.
Therefore, we can apply Sys-Oracle. Following exactly the same derivation as in Step 2 of proofs of Theorem A.1, we get
the following for some invertible matrix S with probability at least 1− δ

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥CS − Ĉ∥∥∥} ≲ κ2 ·

√
poly (r,m)

T
+ κ4 ·

√
n

T−k0

∥∥∥Ĉ∥∥∥ . (135)

C.1. Upper Bounds for col-approx

The theoretical guarantee for col-approx with multiple trajectories in Algorithm 3 is presented in the following lemma.

Lemma C.2. Fix any positive integer K. Consider K systemsM[K] and their datasets D[K] = Y[K] ∪ U[K] satisfying
the description in Appendix C. Suppose the systems satisfy Assumption 3.1 with constants ψA and ρA. With the notations
defined in Appendix C, if T :=

∑
k∈[K] Tk satisfies the following inequality

T ≳

(
ψ2
ηψ

2
Cψwψ

2
A

(1− ρ2A)ϕ2uϕ4Cϕ4R

)2

log2
(
ψ2
Cψwψ

4
A

1− ρ2A
r log

Kr

δ

)
log4(

Kr

δ
)︸ ︷︷ ︸

κ5(M[K],U[K],δ)

·n2r3,
(136)

then Φ̂C = col-approx
(
Y[K]

)
(Algorithm 2) satisfies the following with probability at least 1− δ

r̂c = rank(C1) = · · · = rank(CK),
∥∥∥Φ̂⊥

C
⊺ΦC

∥∥∥ ≲
ψη

ϕuϕ2Cϕ
2
R

√
log

1

δ︸ ︷︷ ︸
κ4(M[K],U[K],δ)

·
√
n

T
.

(137)

Proof. From the system dynamics, we know that

Σy =
∑
k∈[K]

Tk∑
t=0

yk,tyk,t
⊺ =

∑
k∈[K]

Tk∑
t=0

Ckxk,txk,t
⊺Ck

⊺ +
∑
k∈[K]

Tk∑
t=0

ηk,tηk,t
⊺ +

∑
k∈[K]

Tk∑
t=0

(Ckxk,tηk,t
⊺ + ηk,tCk

⊺xk,t
⊺)

=
∑
k∈[K]

Tk∑
t=0

Ckxk,txk,t
⊺Ck

⊺ +
∑
k∈[K]

Tk∑
t=0

(ηk,tηk,t
⊺ − σ2

η,kI) +
∑
k∈[K]

Tk∑
t=0

(Ckxk,tηk,t
⊺ + ηk,tCk

⊺xk,t
⊺)

+
∑
k∈[K]

(Tk + 1)σ2
η,kI

(138)

Here the first term is the information on the shared column space of {Ck}k∈[K], while the second and third terms are only
noises. For the rest of the proof, we first upper bound the norms of the noises (step 1). With this, we show that r̂c = rank(C1)
with high probability (step 2). Then we apply our subspace perturbation result to upper bound the influence of the noises on
the eigenspace of the first term (step 3).

Step 1: Noise Norm Upper Bounds. With rank(C1) = rc and col(C1) = · · · = col(CK), we can rewrite Ck = ΦCαk
where an orthonormal basis of col(C1) forms the columns of ΦC ∈ Rn×rc and αk ∈ Rrc×r is a full row rank matrix. It is
then clear that

σmin(αk) = σmin(Ck) ≥ ϕC , σ1(αk) = σ1(Ck) ≤ ψC , ∀k ∈ [K]. (139)

Let ΣC =
∑
k∈[K]

∑Tk

t=0 Ckxk,txk,t
⊺Ck

⊺, Σ̄C = ΣC + T I and Σα =
∑
k∈[K]

∑Tk

t=0 αkxk,txk,t
⊺αk

⊺. We then have
ΣC = ΦCΣαΦC

⊺ and Σ̄C = ΦCΣαΦC
⊺ + T I . Then from Lemma C.3, Lemma C.4, Lemma A.5, and Lemma A.6, we
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have the following with probability at least 1− δ

ϕuϕ
2
Cϕ

2
R

8
T I ⪯ Σα ≾

ψ2
Cψwψ

2
A

1− ρ2A
rT log

K

δ
I,∥∥∥∥∥∥(Σ̄C)− 1

2
∑
k∈[K]

Tk∑
t=0

Ckxk,tηk,t
⊺

∥∥∥∥∥∥ ≲ ψ̄

√
ψηn log

1

δ
,

∥∥∥∥∥∥
∑
k∈[K]

Tk∑
t=0

(
ηk,tηk,t

⊺ − σ2
η,kI

)∥∥∥∥∥∥ ≲ ψη

√
nT log

1

δ
,

(140)

with ψ̄ =

√
log
(
ψ2

αψwψ4
A

1−ρ2A
r log 2Kr

δ

)
.

Step 2: Order Estimation Guarantee.

Σy = ΣC +
∑
k∈[K]

Tk∑
t=0

(
ηk,tηk,t

⊺ − σ2
η,kI

)
+
∑
k∈[K]

Tk∑
t=0

(Ckxk,tηk,t
⊺ + ηk,tCk

⊺xk,t
⊺)

︸ ︷︷ ︸
∆

+
∑
k∈[K]

(Tk + 1)σ2
η,kI. (141)

The inequalities of Step 1 imply

∥∆∥ ≤

∥∥∥∥∥∥
∑
k∈[K]

Tk∑
t=0

(
ηk,tηk,t

⊺ − σ2
η,kI

)∥∥∥∥∥∥+ 2

∥∥∥∥∥∥
∑
k∈[K]

Tk∑
t=0

Ckxk,tηk,t
⊺

∥∥∥∥∥∥
≲ ψη

√
nT log

1

δ
+ ψ̄

√
ψηn log

1

δ

∥∥∥(Σ̄C) 1
2

∥∥∥
= ψη

√
nT log

1

δ
+ ψ̄

√
ψηn log

1

δ

(∥∥∥(T I +Σα)
1
2

∥∥∥)
≲ ψη

√
nT log

1

δ
+ ψ̄

√
ψηn log

1

δ

√
ψ2
Cψwψ

2
A

1− ρ2A
rT log

K

δ
+ T

≲ ψ̄ψη

√
n log

1

δ

√
ψ2
Cψwψ

2
A

1− ρ2A
rT log

K

δ

=

√
ψ2
ηψ

2
Cψwψ

2
A

1− ρ2A
ψ̄ log

K

δ

√
nrT

(142)

Therefore, for each i ∈ [rc] we have the following for some positive constant c1

σi (Σy)−
∑
k∈[K]

(Tk + 1)σ2
η,k ≥ σi(ΣC)− ∥∆∥ ≥ σmin(Σα)− ∥∆∥

≥ ϕuϕ
2
Cϕ

2
R

8
T − c1

√
ψ2
ηψ

2
Cψwψ

2
A

1− ρ2A
ψ̄ log

K

δ

√
nrT

≥ ϕuϕ
2
Cϕ

2
R

16
T .

(143)

Here the first inequality holds according to Theorem 1 in (Stewart, 1990) and the last line is because of Equation 136. For
i ∈ [rc + 1, n],

σi(Σy)−
∑
k∈[K]

(Tk + 1)σ2
η,k ≤ ∥∆∥ ≤ c1

√
ψ2
ηψ

2
Cψwψ

2
A

1− ρ2A
ψ̄ log

K

δ

√
nrT . (144)
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Based on the above three inequalities and Equation 136, we conclude that with probability at least 1− δ, the following hold

σi(Σy)− σj(Σy) ≤ 2c1

√
ψ2
ηψ

2
Cψwψ

2
A

1− ρ2A
ψ̄ log

K

δ

√
nrT

< T 3/4, ∀i < j ∈ [rc],

σrc(Σy)− σrc+1(Σy) ≥
ϕuϕ

2
Cϕ

2
R

16
T − c1

√
ψ2
ηψ

2
Cψwψ

2
A

1− ρ2A
ψ̄ log

K

δ

√
nrT

> T 3/4.

(145)

Therefore, from the definition of r̂c, we know that r̂c = rc with probability at least 1− δ.

Step 3: Column Space Estimation Guarantee. With r̂c = rc, now we try to apply our subspace perturbation result, i.e.
Lemma A.7, on matrix Σy −

∑
k∈[K](Tk + 1)σ2

η,kI + T I . Notice that this matrix has exactly the same eigenspace as Σy
and therefore the eigenspace of its first rc eigenvectors is Φ̂C (line 9 in Algorithm 2). This matrix can be decomposed as

Σy −
∑
k∈[K]

(Tk + 1)σ2
η,kI + T I

= Σ̄C︸︷︷︸
M in Lemma A.7

+
∑
k∈[K]

Tk∑
t=0

(
ηk,tηk,t

⊺ − σ2
η,kI

)
︸ ︷︷ ︸

∆2 in Lemma A.7

+
∑
k∈[K]

Tk∑
t=0

(Ckxk,tηk,t
⊺ + ηk,tCk

⊺xk,t
⊺)

︸ ︷︷ ︸
∆1+∆1

⊺ in Lemma A.7

.
(146)

For matrix Σ̄C = ΦCΣαΦC
⊺ + T I = ΦC (Σα + T I) ΦC⊺ + T Φ⊥

CΦ
⊥
C
⊺, it is clear that its SVD can be written as

Σ̄C =
[
Φ̃C Φ⊥

C

] [Λ1

T I

] [
Φ̃C

⊺

Φ⊥
C
⊺

]
, Λ1 = diag (σ1(Σα) + T , . . . , σmin(Σα) + T ) . (147)

where Φ̃C is an orthonormal basis of col(C1). Then we conclude that the following hold for some large enough positive
constant c3

σ1
(
Σ̄C
)
≤ T + σ1(Σα) ≤ c3

(
1 +

ψ2
Cψwψ

2
A

1− ρ2A
r log
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δ

)
T ,

σrc
(
Σ̄C
)
− σrc+1(Σ̄C) = σmin(Σα) ≥

ϕuϕ
2
Cϕ

2
R

32
T , σmin(Σ̄C) = T .

(148)

Now we are ready to apply Lemma A.7 on Σ̄C with the following for positive constants c4, c5 large enough

α = c4ψ̄

√
ψηn log

1

δ
, β = c5ψη

√
nT log
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δ
,

δM =
ϕuϕ

2
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32
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2
A

1− ρ2A
rT log

K

δ
, ϕM = T , σ1(Λ2) = T .

(149)

Again, ψ̄ =

√
log
(
ψ2

αψwψ4
A

1−ρ2A
r log 2Kr

δ

)
. From Equation 136, it is clear that

√
ϕM ≳ α and δM ≳ α

√
ψM + β. Therefore,
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(150)
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C.1.1. SUPPORTING DETAILS

Lemma C.3. Consider the same setting as Theorem C.2. Consider full row rank matrices {αk ∈ Ra×rk}k∈[K] for any
positive integer a ≤ mink rk. Let

Σα =
∑

k∈[K],t∈[Tk]

αkxk,txk,t
⊺αk

⊺, ϕα = min

{
min
k∈[K]

{σa (αk)}, 1
}
, ψα = max

{
max
k∈[K]

{σ1 (αk)}, 1
}
. (151)

Then the following holds with probability at least 1− δ if T ≳ ψ2
wψ

4
αψ

2
A

ϕ2
wϕ

2
uϕ

4
αϕ

4
R
Kr3 log r

δ · log
(
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αψwψ
4
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1−ρ2A
r log 2Kr

δ

)
,

Σα ⪰
ϕuϕ

2
αϕ

2
R

8
T I. (152)

Proof. We first define set K = {k : Tk ≥ r}. For further analysis, we let w̃k,t := Bkuk,t + wk,t ∼ N (0,Σw̃,k) with
Σw̃,k := BkΣu,kBk

⊺ +Σw,k and we can rewrite the system dynamics as follows

xk,t+1 = Akxk,t + w̃k,t = Akxk,t +Bkuk,t + wk,t,

yk,t = Ckxk,t + ηk,t.
(153)

Then we know that σ1(Σw̃,k) ≤ ψw. For simplicity, we define Σα,τ :=
∑
k∈K

∑Tk−τ
t=1 (αkA

τ
k) (xk,τxk,τ

⊺) (αkA
τ
k)
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then clear that

Σα ⪰ Σα,0 =
∑
k∈K
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⊺

=
∑
k∈K

Tk∑
t=1

αk (Akxk,t−1xk,t−1
⊺Ak

⊺ + w̃k,t−1w̃k,t−1
⊺ +Akxk,t−1w̃k,t−1

⊺ + w̃k,t−1xk,t−1
⊺Ak

⊺)αk
⊺

= Σα,1 +
∑
k∈K

Tk−1∑
t=0

αkw̃k,tw̃k,t
⊺αk

⊺ +
∑
k∈K

Tk−1∑
t=0

(αkAkxk,t (αkw̃k,t)
⊺ + (αkw̃k,t)xk,t

⊺Ak
⊺αk

⊺) .

(154)

By Lemma C.4 and A.5, the following events hold with probability at least 1− δ/r,∥∥∥∥∥∑
k∈K

Tk−1∑
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(155)

with ψ̄ =

√
log
(
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αψwψ4
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)
. From the first inequality, it is clear that the following holds for some large enough
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We have the following from the second inequality∥∥∥∥∥(Σα,1 + T I)− 1
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This implies the following for some positive constant c2
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Plugging back into Equation 154 gives the following for some positive constant c3

Σα,0 ⪰ Σα,1 +
∑
k∈K

TkαkΣw̃,kαk
⊺ − c1ψwψ2

α

√
rT log

2r

δ
I − c2ψ̄

√
rψwψ2

α log
2r
δ

T
(Σα,1 + T I)

⪰

1− c2ψ̄

√
rψwψ2

α log
2r
δ

T

Σα,1 +

(∑
k∈K

TkαkΣw̃,kαk
⊺ − c3ψwψ2

αψ̄

√
rT log

2r

δ
I

) (159)

Similarly, we expand Σα,1,Σα,2, · · · ,Σα,r−1 and have the following with probability at least 1− δ
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∑
k∈K

(Tk − r + 1)

r−1∑
i=0

(
αkA

i
k

)
BkBk

⊺
(
αkA

i
k

)
⊺ − c3ψwψ2

αψ
2
Aψ̄ · r

√
rT log

2r

δ
I

)

·

1− c2ψ̄

√
rψwψ2

αψ
2
A log 2r

δ

T −Kr +K

r

(ii)

⪰

(
ϕu
∑
k∈K

(Tk − r)αk

(
r−1∑
i=0

AikBk(A
i
kBk)

⊺

)
αk

⊺ − c3ψwψ2
αψ

2
Aψ̄ · r

√
rT log

2r

δ
I

)(
1− 1

2r

)r
(iii)

⪰ 1

2

(
ϕu
∑
k∈K

(Tk − r)αk

(
r−1∑
i=0

AikBk(A
i
kBk)

⊺

)
αk

⊺ − c3ψwψ2
αψ

2
Aψ̄ · r

√
rT log

2r

δ
I

)
(iv)

⪰ 1

2

(
ϕuϕ

2
αϕ

2
R(T − 2Kr)− c3ψwψ2

αψ
2
Aψ̄ · r

√
rT log

2r

δ

)
I

(v)

⪰ ϕuϕ
2
αϕ

2
R

8
T I

Here (i) is because Σα,r ⪰ 0 and Σw̃,k ⪰ BkΣu,kBk
⊺ ⪰ ϕuBkBk

⊺, (ii) is because T ≳ ψwψ
2
αψ

2
AKr

3 log r
δ ·

log
(
ψ2

αψwψ
4
A

1−ρ2A
r log Kr

δ

)
, (iii) is because (1 − 1

2r )
r ≥ 1

2 for all positive integers, (iv) is because
∑
k∈K(Tk − r) ≥

−Kr +
∑
k∈K Tk = −Kr + T −

∑
k/∈K Tk ≥ −Kr + T − Kr, and (v) is because T ≳ ψ2

wψ
4
αψ

4
A

ϕ2
uϕ

4
αϕ

4
R
Kr3 log r

δ ·

log
(
ψ2

αψwψ
4
A

1−ρ2A
r log Kr

δ

)
.

Lemma C.4. Consider the same setting as Theorem C.2. For any positive integer a, let {ζk,t ∈ Ra}Tk
t=0 be a sequence of

i.i.d Gaussian vectors from N (0,Σζ,k) such that ζk,t is independent of xk,t. Define ψζ = maxk σ1(Σζ,k). We make the
following definition for any b× r matrix P[K] for any positive integer b

Σ̄P =
∑

k∈[K],t∈[Tk]

Pkxk,txk,t
⊺Pk

⊺ + T I, ψP = max
k∈[K]

σ1(Pk). (160)
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Then the following holds with probability at least 1− δ,∥∥∥∥∥∥(Σ̄P )− 1
2

∑
k∈[K],t∈[Tk]

Pkxk,tζk,t
⊺

∥∥∥∥∥∥ ≲ ψ̄

√
max{r, a}ψζ log

1

δ
. (161)

Here ψ̄ =

√
log
(
ψ2

Pψwψ2
A

1−ρ2A
r log K

δ

)
.

Proof. From Lemma A.9, we know that the following holds for some vector v ∈ Sa−1

P

∥∥∥∥∥∥(Σ̄P )− 1
2

∑
k∈[K],t∈[Tk]

Pkxk,tζk,t
⊺

∥∥∥∥∥∥ > z

 ≤ 5aP

∥∥∥∥∥∥(Σ̄P )− 1
2

∑
k∈[K],t∈[Tk]

Pkxk,tζk,t
⊺v

∥∥∥∥∥∥ > z

2

 . (162)

Notice that ζk,t⊺v are independent Gaussian varaibles from distribution N (0, v⊺Σζ,kv) for all k ∈ [K], t ∈ [Tk], which is
c1
√
ψζ-subGaussian for some positive constant c1. Then applying Theorem 1 in (Abbasi-yadkori et al., 2011) on sequence

{Pkxk,t}t,k and sequence {ζk,t⊺v}t,k, gives the following inequality

P

∥∥∥∥∥∥(Σ̄P )− 1
2

∑
k∈[K],t∈[Tk]

Pkxk,tζk,t
⊺v

∥∥∥∥∥∥ >
√√√√2c21ψζ log

(
det(Σ̄P )

1
2 det(T I)− 1

2

δ

) ≤ δ. (163)

Substituting the above result back gives the following inequality

P

∥∥∥∥∥∥(Σ̄P )− 1
2

∑
k∈[K],t∈[Tk]

Pkxk,tζk,t

∥∥∥∥∥∥ >
√√√√8c21ψζ log

(
det(Σ̄P )

1
2 det(T I)− 1

2

δ

) ≤ 5aδ, (164)

which implies the following inequality holds with probability at least 1− δ
2∥∥∥∥∥∥(Σ̄P )− 1

2
∑

k∈[K],t∈[Tk]

Pkxk,tζk,t

∥∥∥∥∥∥ ≤
√√√√8c21ψζ log

(
2 det(Σ̄P )

1
2 det(T I)− 1

2

δ

)
+ 8c21ψζa log 5. (165)

Now consider Σ̄P =
∑
k∈[K],t∈[Tk]

Pkxk,txk,t
⊺Pk

⊺ + T I . Then

det(T I) = (T )b, det(Σ̄P ) = (T )b−r
r∏
i=1

T + λi

 ∑
k∈[K],t∈[Tk]

Pkxk,txk,t
⊺Pk

⊺

 . (166)

From Lemma A.6, we have the following with probability at least 1− δ/(2K) for every k ∈ [K]∥∥∥∥∥∥
∑
t∈[Tk]

xk,txk,t
⊺

∥∥∥∥∥∥ ≲
ψwψ

2
Ar

1− ρ2A
Tk log

2K

δ
≲
ψwψ

2
Ar

1− ρ2A
Tk log

K

δ
. (167)

Therefore,

λi

 ∑
k∈[K],t∈[Tk]

Pkxk,txk,t
⊺Pk

⊺


≤
∑
k∈[K]

∥∥∥∥∥∥
∑
t∈[Tk]

Pkxk,txk,t
⊺Pk

⊺

∥∥∥∥∥∥
≤
∑
k∈[K]

∥∥∥∥∥∥
∑
t∈[Tk]

xk,txk,t
⊺

∥∥∥∥∥∥ ∥PkPk⊺∥
≲
ψ2
Pψwψ

2
A

1− ρ2A
rT log

K

δ

(168)
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Substituting back gives the following for some positive constant c2

det(Σ̄P ) = T b−r
r∏
i=1

T + λi

 ∑
k∈[K],t∈[Tk]

Pkxk,txk,t
⊺Pk

⊺


≤ T b

(
1 + c2

ψ2
Pψwψ

2
A

1− ρ2A
r log

K

δ

)r
,

(169)

which gives

det(Σ̄P )
1
2 det(T I)− 1

2 ≤
(
1 + c2

ψ2
Pψwψ

2
A

1− ρ2A
r log

K

δ

) r
2

. (170)

Finally, with a union bound over all above events, we get the following with probability at least 1− δ from Equation 165
and 169 ∥∥∥∥∥∥(Σ̄P )− 1

2
∑

k∈[K],t∈[Tk]

Pkxk,tζk,t

∥∥∥∥∥∥
≤

√√√√8c21ψζ log

(
2 det(Σ̄P )

1
2 det(T I)− 1

2

δ

)
+ 8c21ψζa log 5

≤

√
4c21rψζ log

(
2 + 2c2

ψ2
Pψwψ

2
A

1− ρ2A
r log

K

δ

)
+ 8c21ψζ log

1

δ
+ 8c21ψζa log 5

≲

√
max{r, a}ψζ log

1

δ
·

√
log

(
ψ2
Pψwψ

2
A

1− ρ2A
r log

K

δ

)
.

(171)

This completes the proof.

D. Example Sys-Oracle — The Ho-Kalman Algorithm (Oymak & Ozay, 2019)
We now introduce an example oracle for systems with isotropic noise covariances, M = (r, n,m,A,B,C, σ2

wI, σ
2
ηI).

Before going into details, we define necessary notations. Let Gd(M) andHd(M) as follows for any positive integer d

Gd(M) =
[
CB CAB · · · CA2d−1B

]
∈ Rn×2dm,

Hd(M) =


CB CAB · · · CAd−1B CAdB
CAB CA2B · · · CAdB CAd+1B

...
...

. . .
...

...
CAd−1B CAdB · · · CA2d−2B CA2d−1B

 ∈ Rdn×(d+1)m.
(172)

Moreover, letH−
d (M) ∈ Rdn×dm andH+

d (M) ∈ Rdn×dm be the first and last dm columns ofHd(M), respectively. Now
we define all necessary constants for the aboveM

ϕH(δ) = σmin

(
H−
d (M)

)
, ψH(δ) = σ1 (Hd(M)) , d = max

{
r, ⌈log 1

δ
⌉
}
,

ψB = σ1(B), ϕB = σr(B), ψC = σ1(C), ϕC = σmin(C)

(173)

Here we assume all ψ’s satisfy ψ ≥ 1, otherwise we define ψ to be max{1, σ1(·)}. Similarly, we assume all ϕ’s satisfy
ϕ ≤ 1, otherwise we define ϕ to be min{1, σmin(·)}. The algorithm is summarized as follows. We note that this algorithm
is not as general as we defined in Sys-Oracle. To be more specific, it only works with identity noise covariances and requires
to know the dimension of the latent variables.
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Algorithm 4 Ho-Kalman

1: Input: Latent Variable Dimension r. Dataset {yt}Tt=0, {ut}T−1
t=0 . Failure Probability δ

2: Estimating markov parameters Ĝ =
[
ĈB ĈAB · · · ̂CA2d−1B

]

d← max

{
r, ⌈log 1

δ
⌉
}
, Ĝ ← argmin

G∈Rn×2dm

T∑
t=2d

∥∥∥∥∥∥∥∥∥yt − G

ut−1

ut−2

...
ut−2d


∥∥∥∥∥∥∥∥∥
2

3: Constructing Hankel matrices Ĥ−, Ĥ+

Ĥ− =


ĈB ĈAB · · · ̂CAd−1B

ĈAB ĈA2B · · · ĈAdB
...

...
. . .

...
̂CAd−1B ĈAdB · · · ̂CA2d−2B

 , Ĥ+ =


ĈAB ĈA2B · · · ĈAdB

ĈA2B ĈA3B · · · ̂CAd+1B
...

...
. . .

...
ĈAdB ̂CAd+1B · · · ̂CA2d−1B


4: Truncated (rank-r) SVD on Ĥ−

Ur,Σr, Vr ← Top r singular vectors & values of Ĥ−

5: Estimating system parameters

Â←
(
UrΣ

1/2
r

)†
Ĥ+

(
Σ1/2
r Vr

⊺
)†
,

B̂ ← First m columns of Σ1/2
r Vr

⊺,

Ĉ ← First n rows of UrΣ1/2
r

For the paper to be self-contained, a theoretical guarantee of the above algorithm is provided.

Corollary D.1. ConsiderM = (r, n,m,A,B,C, σ2
wI, σ

2
ηI) with any r, n,m, independent inputs ut

i.i.d.∼ N (0, σ2
uI) and

notations in Equations (172) and (173). SupposeM satisfy Assumption 3.1 with constants ψA and ρA. Consider single
trajectory dataset Y = {yt}Tt=0,U = {ut}T−1

t=0 from the system. If

T ≳
σ2
η + (σ2

w + σ2
uψ

2
B)ψ

2
Cψ

6
A/(1− ρ2A)2

ϕ2Hσ
2
u

log5(r(r + n+m)) log2 T log9
1

δ︸ ︷︷ ︸
κ1(M,U,δ) in Definition 3.2

·r3(r + n+m).
(174)

then with probability at least 1− δ, Algorithm 4 outputs
(
Â, B̂, Ĉ

)
s.t. there exists an invertible matrix S

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥CS − Ĉ∥∥∥}

≲
ψH

ϕ2H

ση + ψ3
AψC

√
(σ2
w + σ2

uψ
2
B) /(1− ρ2A)

σu

√
log5(r(r + n+m)) log2 T log9

1

δ︸ ︷︷ ︸
κ2(M,U,δ) in Definition 3.2

·
√
r5(r + n+m)

T
. (175)

Here ϕH = ϕH(δ), ψH = ψH(δ).

Proof. Proof of this Theorem is mainly the applications of Theorems in (Oymak & Ozay, 2019). Let q := r + n+m and
recall d = max

{
r, ⌈log 1

δ ⌉
}

in Algorithm 4. For simplicity, let G = Gd(M).
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Step 1: Ĝ Estimation Guarantee. From Equation (174), we know that T ≳ dn/(1− ρ2d+1
A ) ≥ n(2d+ 1)/(1− ρ2d+1

A )
and T ≳ dn log4(dn) log2(T ) ≳ (2d+ 1)q log2((4d+ 2)q) log2(2Tq). We then apply Theorem 3.1 of (Oymak & Ozay,
2019) and get

∥∥∥Ĝ − G∥∥∥ ≲
1

σu

ση + σw

√√√√∥∥∥∥∥C
(

2d−1∑
i=0

AiAi⊺

)
C⊺

∥∥∥∥∥+ ψA ∥C∥
∥∥A2d

∥∥√ (2d+ 1) ∥Γ∞∥
1− ρ4d+2

A


·

√
(2d+ 1)q log2((4d+ 2)q) log2(2Tq)

T
,

(176)

Here Γ∞ = σ2
w

∑∞
i=0A

iAi⊺ + σ2
u

∑∞
i=0A

iBB⊺Ai⊺. From Assumption 3.1, it is clear that∥∥∥∥∥C
(

2d−1∑
i=0

AiAi⊺

)
C⊺

∥∥∥∥∥ ≤ ψ2
C

∥∥∥∥∥
2d−1∑
i=0

AiAi⊺

∥∥∥∥∥ ≤ ψ2
C

2d−1∑
i=0

∥∥Ai∥∥2 ≲
ψ2
Cψ

2
A

1− ρ2A
,

∥Γ∞∥ ≤
(
σ2
w + σ2

uψ
2
B

) ∞∑
i=0

∥∥Ai∥∥2 ≲

(
σ2
w + σ2

uψ
2
B

)
ψ2
A

1− ρ2A
.

(177)

Substituting back gives

∥∥∥Ĝ − G∥∥∥ ≲
1

σu

(
ση + σw

√
ψ2
Cψ

2
A

1− ρ2A
+ ψ2

AψCρ
2d−1
A

√
d

1− ρ4d+2
A

(σ2
w + σ2

uψ
2
B)ψ

2
A

1− ρ2A
log

24d

δ

)√
dq log4(dq) log2 T

T

≲
1

σu

(
ση + σw

√
ψ2
Cψ

2
A

1− ρ2A
+ ψ2

AψC

√
(σ2
w + σ2

uψ
2
B)ψ

2
A

(1− ρ2A)2
d log

d

δ

)√
dq log4(dq) log2 T log 1

δ

T

(i)

≲
1

σu

(
ση + ψ3

AψC

√
(σ2
w + σ2

uψ
2
B)

(1− ρ2A)2

)√
d2q log5(dq) log2 T log 1

δ

T
.

≲
1

σu

(
ση + ψ3

AψC

√
(σ2
w + σ2

uψ
2
B)

(1− ρ2A)2

)√
r2q log5(rq) log2 T log8 1

δ

T
.

(178)

Here (i) is because d ≲ r log( 1δ ) and log(dq) ≲ log(rq) log(1δ ). The above inequalities hold with probability at least

1−
(
2 exp(−(2d+ 1)q) + 3(2Tm)− log(2Tm) log2((4d+2)m) + (2d+ 1)

(
exp(−100(2d+ 1)q) + 2 exp(−100n log 24d

δ
)

))
4

We further simplify the probability as follows

1−
(
2 exp(−(2d+ 1)q) + 3(2Tm)− log(2Tm) log2((4d+2)m) + (2d+ 1)

(
exp(−100(2d+ 1)q) + 2 exp(−100n log 24d

δ
)

))
(i)

≥ 1− δ

4
−
(
2 exp(−2dq) + (2d+ 1)

(
exp(−100dq) + 2 exp(−100n log 24d

δ
)

))
(ii)

≥ 1− δ

4
− δ

4
−
(
(2d+ 1)

(
exp(−100dq) + 2 exp(−100n log 24d

δ
)

))
(iii)

≥ 1− δ

4
− δ

4
− δ

4
− (4d+ 2) exp

(
−100n log 24d

δ

)
≥ 1− δ

4
− δ

4
− δ

4
− 4d+ 2

24d
δ

≥ 1− δ.
(179)

4The last term is because we use τ ′ = τ log( 24d
δ
) in Corollary D.3 of (Oymak & Ozay, 2019).
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Here (i) is because 3(2Tm)− log(2Tm) log2(4dm) ≤ 3(2 · 1δ )
−7 ≤ δ

4 , where the first inequality is because log2(4dm) ≥
log2(16). (ii) is because d ≥ log 1

δ and 2 exp(−2dq) ≤ 2 exp(−6 log(1/δ)) ≤ 2δ6 ≤ δ/4 for δ ∈ (0, e−1) and (iii) is
because (2d+ 1) exp(−100dq) ≤ (2d+ 1) exp(−2d− 1) exp(−90dq) ≤ exp(−270d) ≤ δ/4 for δ ∈ (0, e−1).

Step 2: Parameter Recovery Guarantee. From the above result, we get the following for some constant c1

√
d
∥∥∥Ĝ − G∥∥∥ ≤ c1

σu

(
ση + ψ3

AψC

√
(σ2
w + σ2

uψ
2
B)

(1− ρ2A)2

)√
r2q log5(rq) log2 T log8 1

δ

T
·
√
r log

1

δ
≤ ϕH

4
. (180)

Here the last inequality is because of Equation 174. Then we apply Corollary 5.45 from (Oymak & Ozay, 2019) and get the
following for some balanced realization Ā, B̄, C̄ and some unitary matrix U

max
{∥∥∥Ā− U⊺ÂU

∥∥∥ ,∥∥∥B̄ − U⊺B̂
∥∥∥ ,∥∥∥C̄ − ĈU∥∥∥}

≲
ψH

ϕ2H

√
r2d

∥∥∥Ĝ − G∥∥∥
≲
ψH

ϕ2H

ση + ψ3
AψC

√
(σ2
w + σ2

uψ
2
B) /(1− ρ2A)2

σu

√
r5q log5(rq) log2 T log9 1

δ

T
.

(181)

Since Ā, B̄, C̄ is a balanced realization, there exist some invertible matrix S s.t.

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥CS − Ĉ∥∥∥}

≲
ψH

ϕ2H

ση + ψ3
AψC

√
(σ2
w + σ2

uψ
2
B) /(1− ρ2A)2

σu

√
r5q log5(rq) log2 T log9 1

δ

T
.

(182)

D.1. Upper Bounds for Col-SYSID (Algorithm 1) with Oracle Algorithm 4

Corollary D.2 (Corollary 3.6 Restated). ConsiderM = (r, n,m,A,B,C, σ2
wI, σ

2
ηI) and datasets D1 = U1 ∪ Y1,D2 =

U2 ∪ Y2 (with length T1, T2 respectively) where the inputs are sampled independently from N (0, σ2
uI). Consider constants

defined forM in Appendix A and in Equation (173). SupposeM satisfies Assumption 3.1 with constants ψA and ρA. If

T1 ≳ κ̃3 · n2r3, T2 ≳ κ̃1 · r3(r +m), (183)

then (Â, B̂, Ĉ) from Algorithm 1 satisfy the following for some invertible matrix S with probability at least 1− δ

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥CS − Ĉ∥∥∥} ≲ κ̃4 ·

√
n

T1

∥∥∥Ĉ∥∥∥+ κ̃2 ·

√
r5(r +m)

T2
. (184)

κ[4] are detailed below. All of them are problem-related constants independent of system dimensions modulo log factors.

κ̃1 =
ψη + ψwψ

2
Cψ

6
A/(1− ρ2A)2

ϕ2Hσ
2
u

log5(r(r +m)) log2 T log9
1

δ
,

κ̃2 =
ψH

ϕ2H

√
ψη + ψ3

AψC
√
ψ2
w/(1− ρ2A)

σu

√
log5(r(r +m)) log2 T log9

1

δ
,

κ̃3 =
1

ϕ2H
max

{
κ̃24

ψ4
Aψ

2
Bψ

2
C

(1− ρ2A)ϕ2O
,

(
ψwψηψ

2
Cψ

2
A

ϕuϕ2Cϕ
2
R(1− ρ2A)

)4

log4(r) log8
(
1

δ

)}
,

κ̃4 =
ψη

ϕuϕ2Cϕ
2
R

√
log

1

δ
.

(185)

5The following inequality can be obtained by substituting all r
∥∥∥L− L̂∥∥∥ by

r2∥L−L̂∥2
σmin(L)

in the original result. This is valid because the

original proof used 2√
2−1

∥L−L̂∥2
F

σmin(L)
≤ 5r

∥∥∥L− L̂∥∥∥ in Lemma B.1 of (Oymak & Ozay, 2019)
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Here ϕH = ϕH(δ) and ψH = ψH(δ) are defined in Equation (173).

Proof. From Equation (183), T1 ≳ κ̃3n
2r3, which satisfies the condition of Lemma A.2. We apply Lemma A.2 on (D1,Ση)

and get the following with probability at least 1− δ
2 for some constant c1∥∥∥Φ̂⊥

C
⊺ΦC

∥∥∥ ≤ c1κ̃4√ n

T1
≤ ϕH(1− ρ2A)

8ψ2
AψBψC

. (186)

Then from Lemma D.3 we know κ1

(
M̂,U2, δ

)
≤ 4κ1 (M,U2, δ) , κ2

(
M̂,U2, δ

)
≤ 4κ2 (M,U2, δ). Here M̂ =

(r, rank(Φ̂C⊺C),m,A,B, Φ̂C
⊺C, σ2

wI, σ
2
ηI). Moreover, from their definitions, we know that κ1(M,U2, δ) ≤ κ̃1 and

κ2(M,U2, δ) ≤ κ̃2. Combining with Equation (183) gives

T2 ≳ κ̃1r
3(r +m) ≥ κ1 (M,U2, δ) r3(r +m)

≳ κ1

(
M̂,U2, δ

)
r3(r + rank(Φ̂C⊺C) +m).

(187)

From the proof of Theorem 3.4 (step 1), we know that we can apply Algorithm 4 on M̂. Applying Algorithm 4 gives the
following with probability at least 1− δ

2 from Corollary D.1

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥Φ̂C⊺CS − C̃

∥∥∥}
≲ κ2(M̂,U2, δ) ·

√
r5(r + rank(Φ̂C⊺C) +m)

T2

≲ κ2(M,U2, δ) ·

√
r5(r +m)

T2

≲ κ̃2 ·

√
r5(r +m)

T2

(188)

Then from the proof of Theorem 3.4 (step 2), we know that

max
{∥∥∥S−1AS − Â

∥∥∥ ,∥∥∥S−1B − B̂
∥∥∥ ,∥∥∥CS − Ĉ∥∥∥}

≲ κ̃2 ·

√
r5(r +m)

T2
+ κ̃4 ·

√
n

T1

∥∥∥Ĉ∥∥∥ . (189)

D.2. Other Lemmas for κ1 and κ2

Lemma D.3. Fix any δ. Consider systemM = (r, n,m,A,B,C, σ2
wI, σ

2
η) and independent inputs U = {ut}T−1

t=0 with
ut ∼ N (0, σ2

uI). Let M̂ = (r, rank(Φ̂C⊺C),m,A,B, Φ̂C
⊺C, σ2

wI, σ
2
ηI), where Φ̂C is a orthonormal matrix satisfying∥∥∥(Φ̂⊥

C

)
⊺ΦC

∥∥∥ ≤ ∆Φ ≤
ϕH(1− ρ2A)
8ψ2

AψBψC
. (190)

Let κ1(·,U , δ), κ2(·,U , δ) be defined as in Equations (174) and (175). Then we have

κ1

(
M̂,U , δ

)
≤ 4κ1 (M,U , δ) , κ2

(
M̂,U , δ

)
≤ 4κ2 (M,U , δ) (191)

Proof. For systemM, we list all related parameters as follows6.

σ2
w, σ

2
η, ρA, ψA, ψB , ψC , ϕH, ψH. (192)

6Here we omit σu since it doesn’t change between the two systems.
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For the projected system M̂, we denote corresponding parameters as

σ̂2
w, σ̂

2
η, ρ̂A, ψ̂A, ψ̂B , ψ̂C , ϕ̂H, ψ̂H. (193)

It is clear that σ̂2
w, σ̂

2
η, ρ̂A, ψ̂A, ψ̂B remain unchanged. We only need to consider parameters ψ̂C , ϕ̂H, ψ̂H. We know that

ψ̂C =
∥∥∥Φ̂C⊺C

∥∥∥ ≤ ∥∥∥Φ̂C∥∥∥ ∥C∥ = ψC . (194)

Moreover, for d = max{r, ⌈ 1δ ⌉}, we have∥∥∥H+
d (M̂)

∥∥∥ =
∥∥∥diag

(
Φ̂C

⊺, . . . , Φ̂C
⊺
)
H+
d (M)

∥∥∥ ≤ ∥∥∥Φ̂C∥∥∥∥∥H+
d (M)

∥∥ = ψH. (195)

Therefore, ψ̂H ≤ ψH. For ϕ̂H, we know from Lemma D.4 that ϕ̂H ≥ ϕH/2 for ∆Φ ≤ ϕH(1−ρ2A)

8ψ2
AψBψC

.

These bounds imply that

κ2 (M,U , δ) ≥ 1

4
κ2

(
M̂,U , δ

)
, κ1 (M,U , δ) ≥ 1

4
κ1

(
M̂,U , δ

)
. (196)

Lemma D.4. Consider the same setting as Lemma D.3. Consider constants ϕH and ϕ̂H ofM and M̂. Then if ∆Φ ≤
ϕH(1−ρ2A)

8ψ2
AψBψC

, then ϕ̂H ≥ ϕH
2 .

Proof. Recall that d = From the definition of ϕ̂H, we know that

σmin

(
diag

(
Φ̂C

⊺, . . . Φ̂C
⊺
)
H−
d (M)

)
= σmin

(
diag

(
Φ̂CΦ̂C

⊺, . . . , Φ̂CΦ̂C
⊺
)
H−
d (M)

)
= σmin

(
H−
d (M)− diag

(
Φ̂⊥
CΦ̂

⊥
C
⊺, . . . , Φ̂⊥

CΦ̂
⊥
C
⊺
)
H−
d (M)

)
≥ σmin

(
H−
d (M)

)
− σ1

(
diag

(
Φ̂⊥
CΦ̂

⊥
C
⊺, . . . , Φ̂⊥

CΦ̂
⊥
C
⊺
)
H−
d (M)

) (197)

Notice that

diag
(
Φ̂⊥
CΦ̂

⊥
C
⊺, . . . , Φ̂⊥

CΦ̂
⊥
C
⊺
)
H−
d (M) =


Φ̂⊥
CΦ̂

⊥
C
⊺C

Φ̂⊥
CΦ̂

⊥
C
⊺CA

...
Φ̂⊥
CΦ̂

⊥
C
⊺CAd−1

 [B AB · · · Ad−1B
]

(198)

From Equation 13, we directly know the following∥∥∥∥∥∥∥∥∥


Φ̂⊥
CΦ̂

⊥
C
⊺C

Φ̂⊥
CΦ̂

⊥
C
⊺CA

...
Φ̂⊥
CΦ̂

⊥
C
⊺CAd−1


∥∥∥∥∥∥∥∥∥ ≤

2ψAψC√
1− ρ2A

∆Φ. (199)

Moreover, ∥∥[B AB · · ·Ad−1B
]∥∥ ≤

√√√√d−1∑
i=0

∥AiBB⊺Ai⊺∥ ≤ 2ψAψB√
1− ρ2A

. (200)

Substituting back gives

ϕ̂H ≥ ϕH − 4
ψ2
AψBψC

(1− ρ2A)
∆Φ. (201)

Since ∆Φ ≤ ϕH(1−ρ2A)

8ψ2
AψBψC

, we know ϕ̂H ≥ ϕH/2.
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