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Abstract

Reasoning-capable language models achieve
strong performance in complex tasks by gener-
ating explicit and long Chain-of-Thought (CoT)
traces. While prior work has shown that such
reasoning can be learned through reinforcement
learning or distillation from stronger models, we
ask whether long CoT reasoning can be induced in
base models with only prompting or minimal su-
pervision. We demonstrate that as few as 20 high-
quality CoT examples from the reasoning model
QwQ-32B-Preview are sufficient to transform
the base model Qwen?2 .5-32B into a reasoning
model via fine-tuning. This result suggests that
even extremely small-scale, high-quality reason-
ing supervision can unlock strong generalization
capabilities. We further explore CoT supervision
from non-reasoning models and human annota-
tors, enhanced through prompt engineering, multi-
pass editing, and structural guidance. However,
these alternatives still fall short of the CoT traces
from the reasoning model, suggesting that cer-
tain latent qualities in model-generated reasoning
are not easily replicated. We also analyze key
data attributes, such as problem difficulty, solu-
tion diversity, and output length, that contribute
to effective reasoning transfer. To facilitate future
research, we release our human-authored dataset
across all refinement stages.
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1. Introduction

Recent advances in large language models (LLMs) have led
to remarkable progress in natural language understanding,
code generation, and problem solving. Among the most
notable developments is the emergence of reasoning models,
such as OpenAl ol (OpenAl, 2024), DeepSeek R1 (Guo
et al., 2025), and Qwen QwQ (Team, 2025¢), which demon-
strate strong performance on complex tasks by producing
long Chain-of-Thought (CoT) reasoning traces. Unlike tra-
ditional LLMs, which often produce direct or short CoT
(Wei et al., 2022) responses, reasoning models can engage
in exploratory reasoning processes. These traces typically
include stages such as hypothesis generation, intermediate
verification, and self-reflection behaviors that are widely
regarded as key to their superior performance on complex
tasks like advanced mathematics and competition-level pro-
gramming.

Existing literature often associates reasoning models with
the generation of long CoT, which are assumed to reflect
strong problem-solving or “thinking” capabilities. How-
ever, early work (Wei et al., 2022) showed that short CoT
prompting without any fine-tuning, can improve the reason-
ing abilities of LLMs. This observation motivates a central
question: Can we induce reasoning mode characterized by
reflective and self-exploration patterns in a non-reasoning
base model using only a handful of high-quality long CoT
examples? Specifically, we ask whether a small number
of such examples (e.g., 10 to 50), provided via prompting
or supervised fine-tuning (SFT), is sufficient to shift the
model toward a reasoning mode characterized by stronger
self-exploration and reflective problem solving.

To experimentally evaluate whether a base model is induced
to reasoning mode, we first introduce a concrete and op-
erational definition of reasoning behavior in the context
of mathematical problem solving: A base model is said
to exhibit reasoning behavior, or equivalently to operate
in a reasoning mode, if after minimal supervision under
long CoT reasoning patterns, it significantly outperforms
a much larger non-reasoning model on challenging math
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tasks. Since such a small number of examples is unlikely to
convey substantial new factual knowledge, we interpret any
observed performance gains not as a result of memoriza-
tion or scale, but rather as evidence of a qualitative shift in
problem-solving strategy, toward more iterative, exploratory,
and reflective reasoning.

To test this hypothesis, we begin by evaluating the effec-
tiveness of reasoning data. We use QwQ—-32B-Preview
(Team, 2025c¢) to generate high-quality CoT traces and
fine-tune the base model Qwen2.5-32B (Yang et al.,
2025). To evaluate the reasoning capabilities of the resulting
checkpoints, we adopt the Comp-Math-24-25 Benchmark
(Moshkov et al., 2025), a challenging dataset consisting
of 256 mathematical problems requiring single numerical
answers. These problems are drawn from the AIME and
HMMT competitions held in 2024 and 2025. Surprisingly,
we find that as few as 20 long CoT examples are sufficient
to activate reasoning behavior in the base model. After
fine-tuning on just these examples, the model achieves a
5.38% gain in pass@1 and a 11.59% gain in maj@64 over
Qwen?2.5-Math-72B-Instruct (Yang et al., 2024),
one of the strongest open-source non-reasoning models.

Motivated by this result, we next explore whether similar
reasoning behavior can be induced using solutions gen-
erated by non-reasoning models. Compared to human-
written reasoning data, which are expensive and time-
consuming to produce, non-reasoning data can be gener-
ated at scale with minimal effort. In this study, we select
Qwen?2.5-32B-Instruct (Yang et al., 2025) as a repre-
sentative non-reasoning model, and explore various prompt
formats and post-editing strategies using LLMs to gener-
ate long CoT solutions. Despite extensive efforts, we find
it extremely challenging to generate solutions that exhibit
genuinely reflective reasoning patterns. Even when using
LLMs to post-edit non-reasoning outputs by explicitly insert-
ing steps such as self-validation or reflection, the resulting
traces often remain shallow and lack meaningful iterative
reasoning. SFT on such data fails to activate reasoning be-
havior in the base model Qwen?2 .5-32B . Despite using
orders of magnitude more data than in the distilled reasoning
data, the resulting model only matches the performance of
Qwen2.5-Math-72B-Instruct, and shows no signs
of reasoning behavior.

Since non-reasoning data fail to induce reasoning behav-
ior, we next investigate whether carefully designed human-
written solutions can serve as an effective alternative. For
this purpose we asked a group of volunteers, all of them
former competitive math problem solvers, now college
students, professors, and engineers, to solve a set of 50
problems. We documented four iterations of this effort
- four versions of the dataset we call Nemotron-Math-
HumanReasoning - as the solutions evolved over time.

We provide more details about this dataset and its versions
in Sections 2.3 and 4.1 and open-source the data so other
researchers can use this dataset as their starting point. Al-
though we conducted several rounds of iterative refinement,
SFT on human-written data still failed to shift the base
model into reasoning mode.

To better understand what makes reasoning data effective,
we performed a series of ablation studies focusing on vari-
ous factors, including problem difficulty and diversity, solu-
tion length and correctness, and the presence of reasoning-
related keywords. Interestingly, across all ablation settings,
we observe that the reasoning data consistently succeed in
activating reasoning behavior in the base model. We hy-
pothesize that the underlying structure and demonstration
patterns of the reasoning traces remain largely consistent
across these variations, which may be the key factor respon-
sible for triggering reasoning capabilities. Although we
have found that as few as 20 long CoT reasoning examples
with very limited SFT, can activate the model’s reasoning
mode, we were unable to replicate this behavior using non-
reasoning or human-written data, even after multiple rounds
of refinement. Nevertheless, we remain optimistic that care-
fully curated human-written reasoning data, even in small
quantities, could achieve similar effects. To support future
research, we release our human-labeled dataset across mul-
tiple refinement stages and encourage the community to
explore further what truly enables reasoning to emerge in
LLMs.

2. Reasoning with Minimal Supervision
2.1. Training details

We perform SFT on Qwen?2 . 5-32B, following a consistent
training pipeline across all experiments. We conducted a
grid search over various hyperparameter settings (Appendix
D) and adopted the configuration that yielded the best per-
formance. We employ the AdamW optimizer (Loshchilov
and Hutter, 2019) with a fixed learning rate of 1e-5 and no
warmup steps. Training is conducted with a batch size of
1,024 samples, and we adopt sequence packing and con-
text parallelization techniques from NeMo-Aligner (Shen
et al., 2024) to accelerate learning on long-context reasoning
data. For datasets with fewer than 1,024 samples, the entire
dataset is used as a batch. The context parallel size is set to
4, the tensor model parallel size is set to 8, and the packing
length is fixed at 16,384 tokens. Each model is fine-tuned
for 50 steps, and we use the final checkpoint as the output
model. All of the experiments are done using NeMo-Skills'.

'nttps://github.com/NVIDIA/NeMo-Skills
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2.2. Evaluation Setup

To evaluate the performance of the reasoning models, it is
essential to select a challenging dataset. We adopt the Comp-
Math-24-25 Benchmark (Moshkov et al., 2025), which com-
prises 256 advanced-level mathematical problems that re-
quire single numerical answers, making evaluation both
simpler and more accurate. As a non-reasoning baseline, we
evaluate Qwen2.5-Math-72B-Instruct, one of the
strongest open-source math models currently available. We
generate solutions using 64 random seeds, with a tempera-
ture of 0.7, a top-p value of 0.95, and a maximum generation
length of 16,384 tokens, even though, for this model, the
longest correct solution observed on this benchmark is only
8,910 tokens. Evaluation is based on two metrics: pass@1,
which measures the average accuracy across 64 indepen-
dent runs, and maj@64, which reflects the accuracy of
the majority vote among the 64 generations. The results for
Qwen?2.5-Math-72B-Instruct are shown in Figure 1
as the dashed blue line (pass@1) and the dashed orange line
(maj@64). Throughout this paper, all models are evaluated
using the same configuration.

2.3. Seed Problem Set for our Dataset

The Nemotron-Math-HumanReasoning’ dataset begins
with 50 randomly selected math problems sourced from the
AoPS forums (of Problem Solving). These problems vary
in difficulty but generally fall within the range of AIME
to USAMO levels (of America). Most of them align with
standard high school competition topics, such as number
theory, combinatorics, algebra, and geometry, though a few
also involve functions and calculus. All problems demand
substantial reasoning and multi-step derivations to arrive at
the final answer. Below is a representative example from
the dataset:

Find all integral solutions of the equation x2+2y? = 2.

The final answer after the full derivation is:
(z,y,2) = (|26 — b?|k, 2abk, (2a* + b*)k)
where b is odd, ged(a,b) = 1, and k € Z.

2.4. Inducing Reasoning with Minimal Supervision

It is worth exploring whether a base model can exhibit
reasoning capabilities when exposed to only a small
amount of high-quality supervision. To investigate this,
we conducted experiments using reasoning data generated
by QwQ-32B-Preview, varying the number of train-
ing examples from 10 to 50. Specifically, we used the
same fixed set of 50 math problems as described in Sec-
tion 2.3, and generated corresponding solutions using

2https ://huggingface.co/datasets/nvidia/
Nemotron-Math-HumanReasoning

QwQ-32B-Preview. For each problem, we generated
512 solutions using different random seeds and selected
a single solution with the correct final answer. We thus
obtained one long CoT reasoning solution per problem, re-
sulting in 50 solutions in total. From this set, we randomly
sampled 10, 20, 30, 40, and 50 examples to fine-tune the
base model Qwen?2.5-32B.

To ensure a fair comparison with human-written and non-
reasoning data in subsequent experiments, we sampled or
filtered the data to select solutions whose lengths are ap-
proximately close to 3K tokens. Although not exactly 3K,
the average token lengths across all datasets with varying
numbers of examples range from 3,400 to 3,800. This
setup enables us to assess whether a small number of high-
quality reasoning demonstrations can effectively elicit rea-
soning behavior in the base model. As illustrated in Fig-
ure 1 (solid blue line for pass@1 and solid orange line
for maj@64), the model notably outperforms the baseline
Qwen?2.5-Math-72B-Instruct with just 20 training
examples, achieving a 5.38% absolute gain in pass@1 (in-
creasing from 11.72% to 17.10%) and an 11.59% improve-
ment in maj@64 (from 16.14% to 27.73%). This observa-
tion aligns with findings from (Muennighoff et al., 2025),
which report that a limited amount of high-quality reasoning
data, e.g., a dataset with just 1K examples, can substan-
tially improve performance on mathematical and coding
reasoning tasks. We also repeated the SFT experiments on
Qwen2.5-7B and Qwen2.5-14B using the same data
and settings. However, neither model is able to effectively
enter reasoning mode, with SFT performance comparable to
or worse than the baseline (see Appendix C). Therefore, we
use Qwen2 .5-32B for all experiments presented in this

paper.

3. Generating Reasoning Data from
Non-Reasoning Models

Motivated by this result, we first investigate whether
similar reasoning behavior can be induced using solutions
generated by non-reasoning models, as such data is
easy to generate at scale and incurs minimal cost. We
use Qwen2.5-32B-Instruct (Yang et al., 2025)
as the non-reasoning model to collect long CoT gen-
erations. We selected Qwen2.5-32B-Instruct
because it follows instructions more effectively
than math-specific large language models such as
Qwen2.5-Math-72B-Instruct.

3.1. Prompting Strategies for Generating Synthetic
Reasoning Data

To better elicit long CoT outputs from the non-reasoning
model Qwen2.5-32B-Instruct, we designed two
prompting strategies (see Appendix A.1 and A.2): one based
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Figure 1. SFT accuracy of Qwen?2 . 5-32B on Comp-Math-24-25
under varying data sizes. With only 20 examples, it outperforms
the baseline Qwen2.5-Math-72B-Instruct. All datasets
have average token lengths between 3,400 and 3,800.

solely on detailed instructional guidance, and another that
augments the same instructions with the same 20 explicit
reasoning examples as Section 2.4 used to conduct SFT on
Qwen?2.5-32B. Using the 50 problems described in Sec-
tion 2.3, we generated 1,024 responses per problem using
different random seeds. We retained only those outputs
that produced the correct final answer and were between
1K and 8K tokens in length. This filtering yielded 2,499
valid samples from the instruction-only prompt (Appendix
A.1) and 4,953 from the example-augmented prompt (Ap-
pendix A.2). According to the first two rows of Table 1, the
example-augmented prompt generates a greater amount of
data, with an average length of 1,214, slightly exceeding the
1,162 average from the instructional-only prompt.

We then fine-tuned the base model, Qwen?2.5-32B, on
each of these datasets. The performance of the resulting
models on Comp-Math-24-25 is shown in the first two rows
of Table 1. Although we used significantly more than 50 so-
lutions, both prompts resulted in similar performance from
the baseline Qwen?2.5-Math-72B-Instruct. This
suggests that prompting a non-reasoning model to gener-
ate sufficiently high-quality training data remains challeng-
ing and may be insufficient to transition the base model
into a reasoning-capable regime. For comparison, the last
two rows of Table 1 show the results of in-context learn-
ing using the same 20 examples as few-shot prompts for
Qwen?2.5-32B and Qwen?2.5-32B-Instruct, which
perform worse than the SFT counterparts.

3.2. Editing Synthetic Solutions to Induce Reasoning
Patterns

The previous section demonstrates that prompting alone
is insufficient to induce non-reasoning models to gener-
ate solutions exhibiting structured reasoning, such as self-
verification, intermediate checks, or illustrative examples.
Consequently, the resulting training data lack the necessary
reasoning characteristics to transform the base model into
reasoning model. This limitation raises a natural question:
can LLMs be leveraged to revise existing non-reasoning so-
lutions, enriching them with reasoning characteristics such
as self-validation, self-check, or reflective examples?

To explore this, we used Qwen2.5-32B-Instruct to
edit the original solutions via prompt-based instruction. We
designed three prompts to encourage the insertion of reason-
ing behaviors: (i) one containing only detailed instructional
guidance (Appendix B.1); (ii) one combining the same guid-
ance with the 20 explicit reasoning examples used in Section
2.4 (Appendix B.2); and (iii) one instructing the model to
incorporate an incorrect attempt into a revised reasoning-
based solution (Appendix B.3). For the third prompt, we
randomly selected an incorrect response from the same data
pool and paired it with a correct solution, prompting the
LLM to merge them into a single, improved response that
reflects both reasoning and correction.

For data editing, we used the solutions generated by the
example-augmented prompt (Appendix A.2). Rows 3 - 5 of
Table 1 report the SFT performance on these revised solu-
tions. Although the average length of the revised solutions
increased compared to the original ones, indicating the in-
sertion of some reasoning patterns, the resulting fine-tuned
models showed no meaningful improvement. Their perfor-
mance remained comparable to both the baseline model
and the model fine-tuned on the original solutions. This
suggests that the inserted reasoning patterns were superfi-
cial and insufficient to activate the base model’s reasoning
capabilities.

4. Human-Crafted Solutions with Structured
Reasoning

4.1. Progressive Refinement of Human-Written
Solutions

We created four progressively refined versions of solutions
for the same 50 problems, with each version incorporating
increasingly detailed and structured reasoning:

1. In the first version, we asked our volunteers, all expe-
rienced competitive math problem solvers, to provide
comprehensive solutions to each problem. We empha-
sized the importance of explicitly documenting their
thought process in great detail and instructed them not
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Data Pass@1 Maj@64 Size Average Length
1 Non-reasoning data (Prompt A.1) 12.26% 14.84% 2,499 1,162
2 Non-reasoning data (Prompt A.2) 11.49% 14.45% 4,953 1,214
3 Non-reasoning data edit (Prompt B.1) 12.08% 15.62% 4,953 1,384
4 Non-reasoning data edit (Prompt B.2) 12.36%  15.75% 4,953 1,345
5 Non-reasoning data edit (Prompt B.3) 11.10% 15.23% 4,953 1,406
6  Human-written data ver. 1 5.51% 15.23% 50 2,679
7  Human-written data ver. 2 5.04% 13.28% 50 2,840
8  Human-written data ver. 3 3.88% 10.94% 50 3,088
9  Human-written data ver. 4 4.47% 13.28% 50 3,171
10 Human-written data ver. 4 edit (Prompt B.1) 7.82% 17.97% 50 2,591
11  Human-written data ver. 4 edit (Prompt B.2) 10.03% 15.62% 50 1,367
12 In-context prompting Qwen?2 .5-32B 5.38% 13.28% N/A N/A
13 In-context prompting Qwen?2 .5-32B-Instruct 9.62% 13.28% N/A N/A
14 Qwen2.5-32B on 50 examples 19.29% 33.59% 50 3,444
15 Qwen2.5-Math-72B-Instruct 11.72% 16.14% N/A N/A

Table 1. Accuracy on Comp-Math-24-25 using non-reasoning and human-written data. Rows 1-5 report the SFT accuracy on
non-reasoning data and its edited versions. Rows 6-11 present the SFT accuracy on human-written data and its edited versions.
Rows 12-13 show the accuracy of few-shot prompting using Qwen2.5-32B and Qwen2.5-32B-Instruct. Row 14 reports
the SFT accuracy of Qwen2.5-32B on 50 examples from QwQ-32B-Preview, while Row 15 shows the baseline accuracy of
Qwen2.5-Math-72B-Instruct.

to imitate or copy the style of reasoning models such
as DeepSeek R1. As a result, the reasoning in these
solutions was articulated with significant depth, often
surpassing the level of explanation typically found in
textbooks or problem collections.

. After reflecting on how the initial solutions could be
improved to better elicit reasoning, we adopted a more
structured format with clearly marked phases. Each
solution was broken down into steps, using section
headers such as “Let’s restate the problem”, “Let’s
consider a straightforward approach”, “But wait...”
(to indicate a mistake or obstacle), “Let’s try another
approach” and finally “I think this approach works!”
followed by “Final answer”. These labels helped signal
the reasoning process explicitly and encouraged a more
transparent, exploratory style.

. For the third version, we drew inspiration from a teach-
ing strategy often used with human students, solving
significantly simplified versions of the problem or at-
tempting to guess simple cases. We refer to this tech-
nique as “going back to the first grade.” In our expe-
rience, this strategy helps students better understand
the underlying structure of the problem, often more

models) can uncover key insights that are applicable
to the general problem. To incorporate this idea, we
added a new section immediately after “Let’s restate
the problem,” beginning with: “Let’s take some special
cases”.

. As we examined why reasoning model outputs often

elicit stronger reasoning behavior than human-written
solutions, we observed a key style difference. Model-
generated solutions tend to follow an exploratory pro-
cess, revealing intermediate steps as they emerge. For
example, a model might find that /A = /B, then
/B = ZC, and finally conclude that AABC' is equi-
lateral. In contrast, human solutions are usually com-
posed after solving the problem through prior and infor-
mal reasoning. The final written solutions often reflect
reconstructed reasoning, presenting conclusions be-
fore the supporting steps. This results in a non-causal
narrative that masks the actual discovery process. To
address this, we revised our solutions to enforce logical
causality by presenting steps in the order they might be
discovered. This restructuring aims to better mirror the
reasoning style of models and more effectively prompt
reasoning behavior in language models.

Rows 6 to 10 in Table 1 show the SFT accuracy for the
four versions of human-written data. Notably, the average

effectively than merely restating it. By attempting to
solve special cases or simplified versions, students (and
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length of these solutions is approximately 3K tokens, which
is much longer than typical textbook solutions. However,
even though we explicitly included reasoning steps and care-
fully documented human thought processes, the accuracy is
still much lower than that of models trained on reasoning
data. Even when compared to non-reasoning data, which
lacks explicit reasoning, the human-written data achieves
comparable maj@64 scores but substantially lower pass@1
scores.

We hypothesize that this is partly due to style variation in the
human-written data. Since the solutions were authored by
multiple individuals, there is considerable inconsistency in
how reasoning is presented. In contrast, the non-reasoning
and reasoning datasets generated by LLMs exhibit much
more consistent and homogeneous styles, which likely help
the model learn more stable reasoning patterns. The com-
bination of limited data scale and high stylistic variance
in the human-written data makes it more difficult for the
model to generalize effectively. In contrast, the consistency
in LLMs-generated data likely facilitates more effective
learning, even under similar data size constraints.

4.2. LLMs-Guided Editing of Human-Written Solutions

We use the same first two prompts B.1 and B.2 from Sec-
tion 3.2, excluding the third prompt since human-written
data do not contain incorrect solutions, to revise the human-
written data and encourage the insertion of reasoning behav-
iors.

Although we instructed the models to retain the original
text and only insert reasoning behaviors, we still observed a
decrease in the average length of the revised human-written
solutions. We attribute this to the LLMs removing redun-
dant or repetitive content, resulting in more concise and
well-structured responses. As shown in Rows 10-11 of
Table 1, the SFT accuracy on the edited human-annotated
data shows a slight improvement, ultimately aligning with
the non-reasoning baseline but not surpassing it. We be-
lieve the improvements come from LL.M-assisted editing,
which helps make the structures more consistent, though not
enough to to trigger reasoning behavior in the base model.

5. Which Factors Influence Reasoning Ability
in Training Data?

5.1. The Role of Solution Correctness in Reasoning
Learning

In the previous sections, we selected training data based
on the correctness of the final answer, assuming that only
complete and correct reasoning trajectories are beneficial
for eliciting reasoning capabilities in base models. However,
it remains unclear whether partially correct solutions that

follow the correct output format but arrive at an incorrect
final answer can still offer learning value. To explore this,
we selected 50 solutions from the same data pool in Sec-
tion 2.4 that produced the correct final answer format but
were ultimately incorrect in their final conclusions. Despite
the errors, it is possible many of these solutions contained
valid intermediate reasoning steps that aligned with correct
problem-solving strategies.

The SFT results in Table 2 show that both the 50 correct
(Row 8) and the 50 incorrect solutions (Row 1) were able
to activate the base model’s reasoning ability to a compara-
ble extent. This suggests that even solutions with incorrect
final answers can provide valuable supervision signals, as
they often contain structurally sound and logically coherent
intermediate reasoning steps. Rather than simply memoriz-
ing knowledge from these examples, the model appears to
benefit from exposure to the reasoning process itself, rather
than what to think. These findings support the view that
effective reasoning supervision does not necessarily require
fully correct answers, as long as the underlying reasoning
structure remains instructive.

5.2. Does the Presence of Keywords Matter in
Reasoning Data?

Reasoning data often includes phrases such as “but wait”,
“let me think™ or “let me check” which are hypothesized to
encourage behaviors like backtracking, self-verification, and
reflection mechanisms believed to enhance a model’s reason-
ing ability. To assess the actual impact of these keywords,
we took the same 50 solutions from QwQ—-32B-Preview
in Section 2.4, and removed the top 10 most frequent
reasoning-related phrases (e.g., “but wait”, “maybe I can

consider” etc.).

The second row of Table 2 shows that removing these key-
words results in comparable performance, suggesting that
the model’s reasoning ability is not primarily driven by the
presence of such keywords. Instead, this supports the view
that it is the underlying structure of high-quality reasoning
demonstrations, rather than specific keywords, that activates
the model’s reasoning capabilities. Notably, similar behav-
ior has also been observed in (Li et al., 2025a).

5.3. Impact of Problem Difficulty on Model Reasoning

To investigate whether problem difficulty influences the
utility of reasoning data, we used the pass rate of the 50
problems, calculated as the average success rate over 512
generations from the QwQ—-32B-Preview model. Based
on these scores, we categorized the problems into three dif-
ficulty levels: easy (pass ratio 0.7-1.0), medium (0.3-0.7),
and hard (0.0-0.3). From each level, we randomly selected
10 problems and retained five correct solutions per problem,
keeping the total dataset size consistent at 50. We matched



The Challenge of Teaching Reasoning to LLMs Without RL or Distillation

Data Pass@1 Maj@64 Average Length
1 Incorrect Solutions 21.21% 33.59% 3,303
2 Without keywords 18.70%  33.20% 3,279
3 Difficulty Level (0.0-0.3) 19.38%  35.94% 3,334
4 Difficulty Level (0.3-0.7) 20.95%  34.38% 3,822
5 Difficulty Level (0.7 - 1) 21.20%  31.64% 3,320
6 10 Problems 21.19%  33.20% 3,445
7 25 Problems 20.87%  33.59% 3,729
8 50 Problems 1929%  33.59% 3,433
9 2K average length 19.67%  26.95% 2,421
10 4K average length 21.82%  33.98% 4,008
11 6K average length 23.30%  34.77% 6,049
12 8K average length 22.25%  37.11% 7,898

Table 2. Model accuracy on Comp-Math-24-25 under different reasoning dataset constructions, with each dataset containing 50 examples.

the average solution length across difficulty levels, targeting
approximately 3K tokens per solution. This process yielded
three reasoning datasets (easy, medium, and hard), each
containing 50 correct solutions with comparable lengths.

We fine-tuned the base model Qwen?2 .5-32B on each of
these datasets. Interestingly, the resulting model perfor-
mances (Rows 3 - 5 in Table 2) were comparable across all
difficulty levels, suggesting that problem difficulty alone
does not significantly affect the model’s ability to acquire
reasoning skills. These findings are consistent with our
previous observation: the presence of explicit reasoning
demonstrations in the data is more critical than the difficulty
of the problems themselves.

5.4. Impact of Problem Diversity on Model Reasoning

To investigate the impact of problem diversity on the ef-
fectiveness of reasoning data, we fixed the total number of
training examples at 50 while varying the number of unique
problems. We still use the 50 problems set in Section 2.3
and construct the dataset as follow: (1) 10 unique prob-
lems, each paired with 5 distinct solutions; (2) 25 unique
problems, each with 2 distinct solutions; and (3) 50 unique
problems, each with 1 solution. The 10 and 25 problem
subsets were randomly sampled from the same pool of 50
problems. We reused the same generated solutions as in Sec-
tion 2.4, filtering only for those with correct final answers.

Interestingly, we found that varying the number of unique
problems, while keeping the total number of examples, had
minimal impact on model performance (Rows 6 - 8 in Table
2). Models trained on highly diverse datasets (50 problems x
1 solution) performed comparably to those trained on more
repetitive ones (10 problems x 5 solutions). These results

once again reinforce our earlier findings: it is the presence
of high-quality reasoning demonstrations, rather than the
diversity or difficulty of the problems, that most strongly
drives reasoning behavior in models.

5.5. The Influence of Solution Length on Reasoning
Data Quality

As we know, the most notable characteristic of reasoning
data is its substantial length, which enables it to explore
multiple reasoning paths and perform self-validation. To in-
vestigate the impact of example length on SFT performance,
we constructed four datasets with lengths of 2K, 4K, 6K,
and 8K tokens, using the same data pool described in Sec-
tion 2.4. Since each problem has 512 generated solutions,
we are able to filter correct solutions based on their length.
Each dataset contains the same 50 problems, with one cor-
rect solution per problem. The only variation across datasets
lies in the length of these solutions. The results in Table 2
(Rows 9-12) show a slight performance improvement as
the solution length increases. This improvement may be
attributed to longer solutions exhibiting more frequent rea-
soning patterns and providing elaborate demonstrations of
the reasoning process, thereby more effectively activating
the model’s reasoning capabilities, especially given the lim-
ited dataset size.

6. Related Work

6.1. Long CoT Reasoning

Chain-of-Thought (CoT) prompting has been empirically
shown to be an effective method for enhancing the reason-
ing capabilities of LLMs by encouraging the generation of
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intermediate logical steps. Initially introduced by Wei et
al. (Wei et al., 2022), this approach demonstrated strong
performance across a wide range of reasoning tasks, includ-
ing arithmetic computation, commonsense inference, and
symbolic manipulation. While numerous follow-up stud-
ies ((Zhang et al., 2022; Wang and Zhou, 2024; Li et al.,
2025b; Diao et al., 2023; Chia et al., 2023)) have sought to
improve CoT-based reasoning in LLMs, many models still
tend to generate reasoning traces that are short, shallow, or
lacking in depth. This remains a key bottleneck in address-
ing complex tasks that demand more elaborate and iterative
reasoning. Recently, researchers have introduced a variety
of reasoning models, such as OpenAl ol (OpenAl, 2024),
DeepSeek R1 (Guo et al., 2025), and Qwen QwQ (Team,
2025c¢), that are capable of generating long CoT solutions
with strong self-validation and reflective reasoning patterns,
enabling them to tackle complex reasoning tasks effectively.

Two primary approaches have proven effective in eliciting
LLMs to generate long CoT reasoning traces: knowledge
distillation and reinforcement learning (RL). The former
approach leverages advanced models such as DeepSeek R1
to produce long CoT traces, which are then used to super-
vise smaller models through SFT. This distillation-based
strategy has resulted in a series of compact yet competitive
reasoning models (Ye et al., 2025; Moshkov et al., 2025;
Muennighoff et al., 2025; Team, 2025a) that achieve perfor-
mance comparable to DeepSeek R1. In the RL-based direc-
tion, reinforcement learning can be directly applied to base
models or instruction-tuned models to enhance their reason-
ing capabilities. Several studies have successfully adopted
this approach to reproduce reasoning models. For example,
Yu et al. (Yu et al., 2025) introduced an open-source RL
algorithm that successfully transformed the Qwen2.5-32B
model into a reasoning-oriented version. Similarly, Zhang
et al. (Zhang et al., 2025) proposed SRPO, a two-stage
history-resampling policy optimization framework, which
was also applied to Qwen2.5-32B and demonstrated supe-
rior performance over previous reasoning models with fewer
training steps.

6.2. Distillation for Math Reasoning

Knowledge distillation from advanced models to smaller
base models is an effective strategy for developing reason-
ing models that maintain strong performance while signifi-
cantly reducing computational costs. DeepSeek (Guo et al.,
2025) has released a series of distilled models that demon-
strate exceptional performance in mathematical reasoning
across various benchmarks, for example, DeepSeek-R1-
Distill-Qwen-32B. Subsequent works have proposed to gen-
erate large-scale data from strong advanced models and
then build mathematical reasoning models via distillation.
Moshkov et al. (Moshkov et al., 2025) constructed a large-
scale dataset containing 3.2M long-form reasoning solu-

tions based on 540,000 unique high-quality math problems.
Their proposed model won the AI Mathematical Olympiad
— Progress Prize 2. Similarly, Zhao et al. (Zhao et al., 2025)
introduced a dataset of 1.4M question-response pairs ac-
companied by detailed reasoning traces. The models they
developed outperformed the DeepSeek-R1-Distill-Llama-
70B model across all math benchmarks. The Open R1 team
(Team, 2025b) also released a dataset of 220K examples,
along with a SFT model distilled from DeepSeek-R1. In
contrast, Muennighoff et al. (Muennighoff et al., 2025)
developed the s1-32B model using a much smaller dataset
of only 1K questions paired with reasoning traces, yet sur-
passed ol-preview on competition-level math problems by
up to 27%.

7. Conclusion and Future Work

In this work, we investigate how to induce reasoning be-
havior in a base language model based on different types
of data. We first propose a simple and empirical definition
of a reasoning model, based on the performance improve-
ment of a base model after fine-tuning on a small number of
high-quality reasoning traces, and demonstrate that as few
as 20 reasoning examples can activate reasoning behavior
in a base model. We then conduct extensive studies on two
alternative data sources, including non-reasoning data and
human-written solutions, and find that neither of them is
sufficient to induce reasoning behavior in the base model,
despite extensive prompt engineering and iterative refine-
ment. Furthermore, we perform a series of ablation studies
on the reasoning data and identify structural consistency in
reasoning traces as a key factor in enabling the distillation
of the reasoning ability.

For future work, one direction is to explore strategies that en-
courage deeper reasoning behaviors in LLMs, for example,
providing partial solutions such as intermediate steps with-
out final answers to prompt the model to complete the rea-
soning process on its own. We also plan to investigate other
models and long CoT solutions to better understand model-
specific reasoning behaviors. In addition, while this work
focuses on mathematical problems, future studies could ex-
tend our framework to other reasoning-intensive domains
such as symbolic logic, coding tasks, or scientific question
answering, to examine the generalization of induced reason-
ing abilities. Finally, we aim to continuously refine human-
written solutions by injecting more consistent reasoning
patterns and harmonizing writing styles across annotators.
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A. Data Generation

A.1. Data Generation with Instruction

Prompt: Data Generation with Instruction

I will give you a math problem and ask to solve it. Your goal is to write your
thinking process as you approach this math problem.
Solve the following mathematical problem in a natural, exploratory , and human-like
reasoning style.
Your reasoning should reflect how a person would think through the problem step by
step, rather than providing a rigid, structured answer.
Follow these guidelines:

1. Think aloud and reason through the problem dynamically:
Start with intuitive observations and build from there.
Use a conversational tone, as if you are thinking through the problem in real
time .
Include phrases like:
"Hmm, let me see...”
”Wait, does this actually work?”
”0Oh, I think I see a pattern!”

2. Incorporate self -doubt and self -correction:
If you realize a mistake or reconsider an approach, explicitly acknowledge it.
Say things like:
”Wait, no, that can’t be right. Let me check again.”
”Actually , I think I missed something there.”
”Hold on, let me backtrack and see where I went wrong.”

3. Use trial and error before arriving at a final conclusion:
Try different approaches and compare them.
If an assumption is made, question whether it’s valid.
Example phrases:
“Let’s try assuming x=y=z and see what happens.”
"Hmm, this simplifies things, but does it actually lead to a solution?”

4. Verify and reflect on the final answer:
Once you reach an answer, check if it actually satisfies the conditions.
Explicitly validate by plugging values back in.
Include phrases like:
”Alright, let’s plug this back in and see if it holds up.”
”Yep, this checks out seems like we got the right answer”
”Wait, let’s test it with a smaller case like n=2 to make sure.”

5. Make the reasoning process engaging and organic:
Avoid overly rigid or textbook-style explanations.
Feel free to pause, rethink, and approach things differently.
Keep the explanation engaging, as if you’re discussing it with a friend.

Finish the solution with #*xFinal Answersx
\[ \boxed{{YOUR ANSWER}} \]

{problem}

Please share your thinking process now. Remember: your goal is to write your
thinking process as you approach this math problem. Note that we are not that much
interested in the final solution, but much more in the process that lead you to
it.

Did you have references to other problems you solved before in your mind? Write

11
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that down. Did you ponder upon which approach to take before doing derivations?
Write that down. Does your current approach look too complicated and you need to
try something else?

Say that and write down any alternative ideas you have. Did you notice that
something doesn’t look good and you need to double check previous derivations for
mistake? That’s what we are looking for — write that down and correct the solution
, but don’t erase the mistake!

The more detailed this is, the better.

A.2. Data Generation with Few-Shot Instruction

Prompt: Data Generation with Few-Shot Instruction

I will give you a math problem and ask to solve it. Your goal is to write your
thinking process as you approach this math problem.
Solve the following mathematical problem in a natural, exploratory, and human-like
reasoning style.
Your reasoning should reflect how a person would think through the problem step by
step, rather than providing a rigid, structured answer.
Follow these guidelines:

1. Think aloud and reason through the problem dynamically:
Start with intuitive observations and build from there.
Use a conversational tone, as if you are thinking through the problem in real
time .
Include phrases like:
"Hmm, let me see...”
”Wait, does this actually work?”
”0Oh, I think I see a pattern!”

2. Incorporate self -doubt and self-correction:
If you realize a mistake or reconsider an approach, explicitly acknowledge it.
Say things like:
”Wait, no, that can’t be right. Let me check again.”
”Actually , I think I missed something there.”
”Hold on, let me backtrack and see where I went wrong.”

3. Use trial and error before arriving at a final conclusion:
Try different approaches and compare them.
If an assumption is made, question whether it’s valid.
Example phrases:
“Let’s try assuming x=y=z and see what happens.”
“Hmm, this simplifies things, but does it actually lead to a solution?”

4. Verify and reflect on the final answer:
Once you reach an answer, check if it actually satisfies the conditions.
Explicitly validate by plugging values back in.
Include phrases like:
”Alright, let’s plug this back in and see if it holds up.”
”Yep, this checks out, seems like we got the right answer!”
”Wait, let’s test it with a smaller case like n=2 to make sure.”

5. Make the reasoning process engaging and organic:
Avoid overly rigid or textbook-style explanations.
Feel free to pause, rethink, and approach things differently.
Keep the explanation engaging, as if you’re discussing it with a friend.

Finish the solution with #*xFinal Answersx

12
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\[ \boxed{{YOUR ANSWER}} \]

I first provide you with the following examples of how to solve math problems and
then provide you a problem you need to solve.

{examples}

This is the problem you need to solve:
{problem}

Please share your thinking process now. Remember: your goal is to write your
thinking process as you approach this math problem. Note that we are not that much
interested in the final solution, but much more in the process that lead you to
it.

Did you have references to other problems you solved before in your mind? Write
that down. Did you ponder upon which approach to take before doing derivations?
Write that down. Does your current approach look too complicated and you need to
try something else?

Say that and write down any alternative ideas you have. Did you notice that
something doesn’t look good and you need to double check previous derivations for
mistake? That’s what we are looking for — write that down and correct the solution
, but don’t erase the mistake!

The more detailed this is, the better.

B. Data Edition

B.1. Data Edit with Instruction

Prompt: Data Edition with Instruction

You will be provided with a mathematical solution.

Your task is to revise it by weaving in self —questioning , step-by-step verification ,
and natural self-correction.

Keep the original content and structure intact, but enhance the reasoning process
with thoughtful self-reflection.

Instructions:
1. Preserve the format and logical flow of the original solution.
Do not add extra sections or headers that might interfere with smooth

integration.

2. Incorporate at least 3 — 5 self verification moments throughout the reasoning.
Use natural phrasing such as:

Wait, something seems off here, let me double check.
Hold on, did I consider all the possible cases?
Let’s go back and verify this step before moving on.

3. Stay aligned with the original solution, ensuring a seamless blend with the
surrounding content.

13
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Now, I will provide you with a solution. Please enhance it by incorporating self -

questioning , verification , and natural self-correction to ensure both rigor and
clarity .

Solution: {solution}

B.2. Data Edit with Few-Shot Instruction

Prompt: Data Edit with Few-Shot Instruction

You will be provided with a mathematical solution.

Your task is to revise it by weaving in self —questioning , step-by-step
verification , and natural self-correction.

Keep the original content and structure intact,

but enhance the reasoning process
with thoughtful self-reflection.

Instructions :

1. Preserve the format and logical flow of the original solution.

Do not add extra sections or headers that might interfere with smooth
integration .

2. Incorporate at least 35 self verification moments throughout the reasoning.
Use natural phrasing such as:

Wait, something seems off here, let me double check.
Hold on, did I consider all the possible cases?
Let’s go back and verify this step before moving on.

3. Stay aligned with the original solution, ensuring a seamless blend with the
surrounding content.

I will provide you with a few examples.

Please refer to these examples as template and follow the instructions above
when revising the solution I give you afterward.

{examples}

Now, I will provide you with a solution. Please enhance it by incorporating self -

questioning , verification , and natural self-correction to ensure both rigor and
clarity .

Solution: {solution}

B.3. Data Edit with Incorrect Solution Combination

Prompt: Data Edit with Incorrect Solution Combination

You are an advanced mathematical reasoning assistant.
Your goal is to merge a correct solution while incorporating elements from an

incorrect solution to create a cohesive, logically structured response that

includes
natural self-corrections.

The final answer must remain correct while the reasoning process should be enhanced
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through logical self-reflection and error correction.
please start with your modified output with ”Solution”
please make sure finish the solution with =xFinal Answers::x
\[ \boxed{{YOUR ANSWER}} \]

Instructions:
1. Analyze the multiple correct solutions and consolidate them into a single refined
version that preserves all key insights.

2. Identify mistakes from the incorrect solutions (e.g., calculation errors,
conceptual misunderstandings , missing steps).

3. Inject 3 — 6 subtle mistakes from the incorrect solutions into the reasoning
process.

4. Ensure these mistakes are discovered and corrected naturally using logical
problem-solving (not explicitly stated as intentional errors).

5. Use a natural and engaging style for self-correction, incorporating phrases like:
Wait, something feels off here... let me check.

”Oh! I think I see the mistake ...

”Hold on, I might have miscalculated this part.”

Let’s go back and check this, something doesn’t look right.

6. Maintain clarity , logical flow, and rigor in the final solution.

7. Ensure the final answer is correct, even after introducing and correcting the
errors .

Please avoid using phrases like “let us introduce a few mistakes ,” “we will
intentionally add some errors,” or “for demonstration purposes,

we will insert some mistakes ,” and ensure the wording sounds natural.

Now, I will provide one correct solution and one incorrect solution. Please merge
them into a single solution following the instructions above.

Ensure that the final response integrates insights from the correct solutions while
incorporating and naturally correcting errors from the incorrect solution through
logical self-correction

Correct solutions:

Correct solution : {correct}
Incorrect solution : {incorrect}

C. SFT Accuracy for Qwen2.5-7B and Qwen2.5-14B

We use the same data as in Section 2.4 and conduct SFT on Qwen?2 .5-7B and Qwen?2 . 5-14B, using the same training and
evaluation settings as Qwen?2 . 5-32B. The SFT accuracy results are shown in Figure 2. The results show that Qwen2 . 5-7B
performs below the baseline, while Qwen2 . 5-14B only slightly outperforms it. However, unlike Qwen?2 . 5-32B, neither
model is able to effectively enter reasoning mode with only minimal supervision and a limited number of high-quality, long

CoT examples.

D. SFT Accuracy under Hyperparameters

We performed a grid search for hyperparameter tuning on Qwen?2 . 5-32B using 50 reasoning examples, with the results
summarized in Table 3. Since we found that a learning rate of 1e-5 and a step size of 50 yielded the best performance, we
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Figure 2. SFT accuracy of Qwen2.5-7B and Qwen?2 .5-14B on Comp-Math-24-25 under varying data sizes.

fixed these hyperparameters for all experiments presented in this paper.

Hyperparameters pass@l maj@64
LR = le-4, Steps = 50 6.52% 12.50%
LR =1le-5, Steps =50  19.29%  33.59%
LR = le-6, Steps = 50 8.53% 18.36%
LR = le-5, Steps =100  18.60% 31.64%
LR = le-5, Steps =200 15.05%  32.42%

Table 3. SFT accuracy on Comp-Math-24-25 under varying hyperparameters.
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