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Abstract

Sharp generalization bound for neural networks
trained by gradient descent (GD) is of central
interest in statistical learning theory and deep
learning. In this paper, we consider nonpara-
metric regression by an over-parameterized two-
layer NN trained by GD. We show that, if the
neural network is trained by GD with early
stopping, then the trained network renders a
sharp rate of the nonparametric regression risk
of O(e2), which is the same rate as that for the
classical kernel regression trained by GD with
early stopping, where ¢,, is the critical popula-
tion rate of the Neural Tangent Kernel (NTK)
associated with the network and n is the size
of the training data. It is remarked that our re-
sult does not require distributional assumptions
on the covariate as long as the covariate lies on
the unit sphere, in a strong contrast with many
existing results which rely on specific distribu-
tions such as the spherical uniform data distribu-
tion or distributions satisfying certain restrictive
conditions. As a special case of our general re-
sult, when the eigenvalues of the associated NTK
decay at a rate of \; < j_d*il for j > 1 which
happens under certain distributional assumption
such as the training features follow the spheri-
cal uniform distribution, we immediately obtain

the minimax optimal rate of O(n‘ﬁ), which
is the major results of several existing works in
this direction. The neural network width in our
general result is lower bounded by a function of
only d and ¢,,, and such width does not depend on
the minimum eigenvalue of the empirical NTK
matrix whose lower bound usually requires ad-
ditional assumptions on the training data. Our
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results are built upon two significant technical
results which are of independent interest. First,
uniform convergence to the NTK is established
during the training process by GD, so that we can
have a nice decomposition of the neural network
function at any step of the GD into a function in
the Reproducing Kernel Hilbert Space associated
with the NTK and an error function with a small
L*°-norm. Second, local Rademacher complex-
ity is employed to tightly bound the Rademacher
complexity of the function class comprising all
the possible neural network functions obtained
by GD. Our result formally fills the gap between
training a classical kernel regression model and
training an over-parameterized but finite-width
neural network by GD for nonparametric regres-
sion without distributional assumptions about the
spherical covariate.

1. Introduction

With the stunning success of deep learning in various areas
of machine learning (LeCun et al., 2015), generalization
analysis for neural networks is of central interest for sta-
tistical learning learning and deep learning. Considerable
efforts have been made to analyze the optimization of deep
neural networks showing that gradient descent (GD) and
stochastic gradient descent (SGD) provably achieve van-
ishing training loss (Du et al., 2019b; Allen-Zhu et al.,
2019b; Du et al., 2019a; Arora et al., 2019; Zou & Gu,
2019; Su & Yang, 2019). There are also extensive efforts
devoted to generalization analysis of deep neural networks
(DNNs) with algorithmic guarantees, that is, the general-
ization bounds for neural networks trained by gradient de-
scent or its variants. It has been shown that with sufficient
over-parameterization, that is, with enough number of neu-
rons in hidden layers, the training dynamics of deep neural
networks (DNNs) can be approximated by that of a kernel
method with the kernel induced by the neural network ar-
chitecture, termed the Neural Tangent Kernel (NTK), while
other studies such as (Yang & Hu, 2021) show that infinite-
width neural networks can still learn features. The key idea
of NTK based generalization analysis is that, for highly
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over-parameterized networks, the network weights almost
remain around their random initialization. As a result, one
can use the first-order Taylor expansion around initializa-
tion to approximate the neural network functions and ana-
lyze their generalization capability (Cao & Gu, 2019; Arora
et al., 2019; Ghorbani et al., 2021).

Many existing works in generalization analysis of neural
networks focus on clean data, but it is a central problem
in statistical learning that how neural networks can obtain
sharp convergence rates for the risk of nonparametric re-
gression where the observed data are corrupted by noise.
Considerable research has been conducted in this direc-
tion which shows that various types of DNNs achieve op-
timal convergence rates for smooth (Yarotsky, 2017; Bauer
& Kohler, 2019; Schmidt-Hieber, 2020; Jiao et al., 2023;
Zhang & Wang, 2023) or non-smooth (Imaizumi & Fuku-
mizu, 2019) target functions for nonparametric regression.
However, most of these works do not have algorithmic
guarantees, that is, the DNNs in these works are con-
structed specially to achieve optimal rates with no guar-
antees that an optimization algorithm, such as GD or its
variants, can obtain such constructed DNNs. To this end,
efforts have been made in the literature to study the mini-
max optimal risk rates for nonparametric regression with
over-parameterized neural networks trained by GD with
either early stopping (Li et al., 2024) or ¢2-regularization
(Hu et al., 2021; Suh et al., 2022). However, most existing
works either require spherical uniform data distribution on
the unit sphere (Hu et al., 2021; Suh et al., 2022) or certain
restrictive conditions on the data distribution.

It remains an interesting and important question for the
statistical learning and theoretical deep learning literature
that if an over-parameterized neural network trained by
GD can achieve sharp risk rates for nonparametric regres-
sion with milder assumptions or restrictions on the distri-
bution of the covariate, so that theoretical guarantees can
be obtained for data in more practical scenarios. In this
paper, we give a confirmative answer to this question. We
present sharp risk rate for nonparametric regression with an
over-parameterized two-layer NN trained by GD with early
stopping, which is distribution-free in spherical covariate.
Throughout this paper, distribution-free in spherical covari-
ate means that there are no distributional assumptions about
the covariate as long as the covariate lies on the unit sphere.
Furthermore, our results give confirmative answers to cer-
tain open questions or address particular concerns in the
literature of training over-parameterized neural networks
by GD with early stopping for nonparametric regression
with minimax optimal rates, such as the characterization
of the stopping time in the early-stopping mechanism, the
lower bound for the network width, and the constant learn-
ing rate used in GD. Benefiting from our analysis which is
distribution-free in spherical covariate, our answers to these

open questions or concerns do not require distributional as-
sumptions about spherical covariate. Section 3 summarizes
our main results with their significance and comparison to
existing works.

We organize this paper as follows. We first introduce the
necessary notations in the remainder of this section. We
then introduce in Section 2 the problem setup for nonpara-
metric regression. Our main results are summarized in Sec-
tion 3 and detailed in Section 5. The training algorithm for
the over-parameterized two-layer neural network is intro-
duced in Section 4. The roadmap of proofs, the summary of
the technical approaches and the novel results in the proofs,
and the novel proof strategy of this work are presented in
Section 6. The detailed proofs are deferred to Section A-
Section C of the appendix, and Section D of the appendix
presents the simulation results.

Notations. We use bold letters for matrices and vectors,
and regular lower letter for scalars throughout this paper.
The bold letter with a single superscript indicates the corre-
sponding column of a matrix, e.g., A(® is the i-th column
of matrix A, and the bold letter with subscripts indicates
the corresponding rows or elements of a matrix or a vec-
tor. We put an arrow on top of a letter with subscript if
it denotes a vector, e.g., 21 denotes the ¢-th training fea-
ture. |||z and [|-[|, denote the Frobenius norm and the
vector ¢P-norm or the matrix p-norm. [m : n] denotes
all the natural numbers between m and n inclusively, and
[1 : n] is also written as [n]. Var][-] denotes the vari-
ance of a random variable. I, is a n x n identity ma-
trix. Tygy is an indicator function which takes the value
of 1 if event F happens, or 0 otherwise. The complement
of a set A is denoted by A°, and |A| is the cardinality of
the set A. vec (-) denotes the vectorization of a matrix
or a set of vectors, and tr (+) is the trace of a matrix. We
denote the unit sphere in d-dimensional Euclidean space
by S9! = {x: x € R% ||x||, = 1}. Let L*(S?71, )
denote the space of square-integrable functions on S¢~!
with probability measure 4, and the inner product (-, -),

and ||-[[} are defined as (f,9) 2 = [sus F(2)g(x)dp(x)
and || f||7. = [ f2(x)dp(z) < co. B (x;r) is the
Euclidean closed ball centered at x with radius r. Given
a function g¢: S4-1 5 R, its L°-norm is denoted by
llgllo = supyesa—1 |g(x)|. L is the function class
whose elements almost surely have bounded L°°-norm.
(*y)4; and ||-||,, denote the inner product and the norm in
the Hilbert space H. a = O(b) or a < b indicates that
there exists a constant ¢ > 0 such that a < cb. O in-
dicates there are specific requirements in the constants of
the O notation. a = o(b) and a = w(b) indicate that
lim|a/b] = 0 and lim|a/b] = oo, respectively. a < b
or a = O(b) denotes that there exists constants ¢1,cz > 0
such that ¢;b < a < ¢9b. Throughout this paper we let the
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input space be X = S?~!, and Unif (X') denotes the uni-
form distribution on A’. The constants defined throughout
this paper may change from line to line. For a Reproducing
Kernel Hilbert Space H, H (1) denotes the ball centered
at the origin with radius po in . We use Ep [-] to denote
the expectation with respect to the distribution P.

2. Problem Setup

We introduce the problem setups for nonparametric regres-
sion in this section.

2.1. Two-Layer Neural Network

n
where each

We are given the training data {(21, yz)}

data point is a tuple of feature vector x; € X and its re-

sponse y; € R. Throughout this paper we assume that no

two training features coincide, that is, ;i #* >_<\j for all

1,7 € [n] and i # j. We denote the training feature vec-
n

tors by S = {;Z} , and denote by P, the empirical
distribution over S. Kll1 the responses are stacked as a vec-
tory = [y1,...,yn]" € R™. The response y; is given
by i = f*(X;) + w; for i € [n], where {w;}}_, are
ii.d. sub-Gaussian random noise with mean 0 and vari-
ance proxy og, that is, E [exp(Aw;)] < exp(A203/2) for
any A € R. f* is the target function to be detailed later.
We define y := [y1,...,yn], W == [w1,. .. ,wn]T, and use

f*(S) = [f*(?l), e f*(gn)} to denote the clean tar-
get labels. The feature vectors in S are drawn i.i.d. accord-
ing to an underlying unknown continuous data distribution
P with p being the probability measure for P. We consider
atwo-layer NN (NN) in this paper whose mapping function
is

F(W,x) = % > a0 (?vfx> : (1)
r=1

where x € X is the input, o(-) = max {-,0} is the ReLU

N m N
activation function, W = {wr} with w, € R? for
r=1

r € [m] denotes the weighting vectors in the first layer and
m is the number of neurons. a = [a1,...,a,] € R™
denotes the weights of the second layer. Throughout this
paper we also write W as Wg so as to indicate that the
weighting vectors in W are trained on the training features
S.

2.2. Kernel and Kernel Regression for Nonparametric
Regression
We define the kernel function
(u,v)
27

K(u,v) = (m —arccos (u,v)), Vu,ved,

2

which is in fact the NTK associated with the two-layer NN
(1) when only the first layer is trained, and K is a positive-
definite (PD) kernel. Let the gram matrix of K over the
training data S be K € R™" K;; = K(:»_(\i,;(\j) for
i,j € [n], and K,, := K/n is the empirical NTK ma-
trix. Let the eigendecomposition of K,, be K,, = UXU T
where U is a n X n orthogonal matrix, and ¥ is a di-

agonal matrix with its diagonal elements {X,} be-
ing eigenvalues of K,, and sorted in a non—increagfnlg or-
der. It is proved in existing works, such as (Du et al.,
2019b), that K,, is non-singular, and it can be verified
that A, € (0,1/2). Let Hx be the Reproducing Ker-
nel Hilbert Space (RKHS) associated with K. Because
K is continuous on the compact set X x X, the inte-
gral operator T : L2(X,pu) — L2(X,n), Tk f) (x) =
Jo K(x,x") f(x")du(x") is a positive, self-adjoint, and
compact operator on L?(X,p). By the spectral theo-
rem, there is a countable orthonormal basis {e;},, C

LA(X, ) and {\;},5, with 3 > X > X > ... >0
such that e; is the eigenfunction of T with \; being the
corresponding eigenvalue. That is, Txe; = Aje;,j > 1.
Let {1u¢},~, be the distinct eigenvalues associated with
Ty, and let m, be the be the sum of multiplicity of the
eigenvalue {/w}ﬁ,zl. That is, my — my _q is the mul-
tiplicity of pe . It is well known that {vj = \/)Tjej}j -1
is an orthonormal basis of Hz. For a positive con-
stant o, we define Hyc (po) = {f € Hrt || flly < po}
as the closed ball in Hx centered at 0 with radius .
We note that Hy(uo) is also specified by Hx (o) =

{f € L2 X, p): f=3002 Biej. 20521 B /A < M%}

The Task of Nonparametric Regression. With f* €
H (o), the task of the analysis for nonparametric re-
gression is to find an estimator f from the training data

N n ~ 2
{(xi,yi)} so that the risk Ep [(f—f*) } can con-
i=1
verge to 0 with a fast rate. In this work, we aim to establish
a sharp rate of the risk where the over-parameterized neural

network (1) trained by GD with early stopping serves as the
estimator f.

Sharp rate of the risk of nonparametric regression us-
ing classical kernel regression. The statistical learning lit-
erature has established rich results in the sharp convergence
rates for the risk of nonparametric kernel regression (Stone,
1985; Yang & Barron, 1999; Raskutti et al., 2014; Yuan
& Zhou, 2016), with one representative result in (Raskutti
et al., 2014) about kernel regression trained by GD with
early stopping. Let €,, be the critical population rate of the
PD kernel K, which is also referred to as the critical ra-
dius (Wainwright, 2019) of K. (Raskutti et al., 2014, The-
orem 2) shows the following sharp bound for the nonpara-
metric regression risk of a kernel regression model trained
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by GD with early stopping when f* € H g (uo). That is,
with probability at least 1 — © (exp(—0O(ne2)),

Er|(f7 - )] S ©)

where T is the stopping time whose formal definition is
deferred to Section 5.1, and f4 is the kernel regressor at

the T-th step of GD for the optimization problem of ker-
nel regression. The risk bound (3) is rather sharp, since
it is minimax optimal in several popular learning setups,
such as the setup where the eigenvalues {\;},- exhibit a
certain polynomial decay. Such risk bound (3) also holds
for a general PD kernel rather than the NTK (2), and the
risk bound (3) is also minimax optimal when the PD kernel
is low rank. It is also remarked that the risk bound (3) is
distribution-free in the bounded covariate, that is, there are
no distributional assumptions about the covariate when it is
in a bounded input space. Interested readers are referred to
(Raskutti et al., 2014) for more details.

The main result of this paper is that the over-parameterized
two-layer NN (1) trained by GD with early stopping
achieves the same order of risk rate as that in (3) with ar-
bitrary continuous distribution of the spherical covariate,
which are summarized in the next section.

3. Summary of Main Results.

Our main results are summarized in this section. Through-
out this paper, we consider fixed dimension d > 4.

First, Theorem 5.1 in Section 5.2 shows that the neural net-
work (1) trained by GD with early stopping using Algo-
rithm 1 enjoys a sharp rate of the nonparametric regression
risk, O (£2), which is the same as that for the classical
kernel regression in (3). Such rate of nonparametric re-
gression risk in Theorem 5.1 is distribution-free in spher-
ical covariate, and it immediately leads to minimax opti-
mal rates for certain special cases. For example, when the
eigenvalues of the integral operator associated with K has
a particular polynomial eigenvalue decay rate (EDR), that
is, \; < j‘ﬁ for j > 1, then in this case €2 =< ETE
according to (Raskutti et al., 2014, Corollary 3), and The-
orem 5.1 renders the rate of the nonparametric regression
risk of O(n_Tdfl) which is minimax optimal for this spe-
cial case (Stone, 1985; Yang & Barron, 1999; Yuan &
Zhou, 2016). We refer to such EDR the polynomial EDR in
the sequel. It is shown in (Bietti & Mairal, 2019; Bietti &
Bach, 2021; Li et al., 2024) that the polynomial EDR holds
for our NTK in (2) if P = Unif (X), or P satisfies the dis-
tributional assumption for (Li et al., 2024, Proposition 13)
in Table 1.

We remark that such a minimax optimal rate O(n~ ﬁ) is
derived from Theorem 5.1 under the special case of polyno-
mial EDR, and this minimax optimal rate is also the major

result of a series of existing works in nonparametric regres-
sion by training over-parameterized neural networks (Hu
et al., 2021; Suh et al., 2022; Li et al., 2024) when the tar-
get function f* belongs to H ., the RKHS associated with
the NTK K of the network in each particular existing work.
We note that K is the NTK of the network considered in a
particular existing work which may not be the same as our
NTK in (2). We also note that one needs to set s = 1
in (Li et al., 2024, Proposition 13) so that f* € Hz, and
in this case the risk rate for nonparametric regression in (Li
et al., 2024, Proposition 13) is (’)(n_#l—l). To the best of
our knowledge, Theorem 5.1 presents the first sharp risk
rate for nonparametric regression which is distribution-free
in spherical covariate, which is closer to practical scenar-
i0s. In contrast, the minimax rates in (Hu et al., 2021; Suh
et al., 2022) require spherical uniform data distribution on
X. The recent work (Ko & Huo, 2024) also requires certain
distributional assumptions for the results about regression
convergence rates which does not have algorithmic guar-
antees. Although the minimax rate in another recent work
(Li et al., 2024) does not need the spherical uniform dis-
tribution, it still requires a restrictive condition on the data
distributions detailed in Table 1, and such condition is met
by sub-Gaussian distributions. It is under this condition
that (Li et al., 2024) derives the polynomial EDR. Table 1
compares our work to existing works for nonparametric re-
gression with a common setup, that is, f* € H and the
responses {yi}?zl are corrupted by i.i.d. Gaussian noise.
We further note that although the result in (Kuzborskij &
Szepesvari, 2021, Theorem 2) does not require distribu-
tional assumptions about the covariate, its risk rate under
this common setup is not minimax optimal due to the term
o2 in the risk bound. Furthermore, the other term O(n%)
in its risk bound suffers from the curse of dimension with
a slow rate to O for high-dimensional data. We also note
that (Kuzborskij & Szepesvari, 2021, Theorem 1) shows
the minimax optimal rate of O(niﬁzd ), however, this rate
is derived for the noiseless case where the responses are not
corrupted by noise.

Second, our results provide confirmative answers to several
outstanding open questions or address particular concerns
in the existing literature about training over-parameterized
neural networks for nonparametric regression by GD with
early stopping and sharp risk rates, which are detailed be-
low.

Stopping time in the early-stopping mechanism. An
open question raised in (Kuzborskij & Szepesvari, 2021;
Hu et al., 2021) is how to characterize the stopping time
in the early-stopping mechanism when training the over-
parameterized network by GD. Let T" be the stopping time,
(Li et al., 2024, Proposition 13) shows that the stopping
time should satisfy T = n7a=7 under the distributional as-
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Table 1: Comparison between our result and the existing works on the risk rates and assumptions for nonparametric
regression by training over-parameterized neural networks with algorithmic guarantees, and the listed results here are
under a common and popular setup that f* € H ; and the responses {yz}?:1 are corrupted by i.i.d. Gaussian noise with

zero mean and variance o3.

the density p(x) for x € R? satisfies
pla) S (14 |x]l5) =272,

Existing Works and Our Result Distributional Assumptions Eigenvalue Decay Rate (EDR) | Rate of Nonparametric Regression Risk
(Kuzborskij & Szepesvari, 2021, Theorem 2) No — Not minimax optimal, o + O(n?+7)
(Hu et al., 2021, Theorem 5.2), . . U .. . o —d
(Suh et al., 2022, Theorem 3.11) P is Unif (X) \j =gt minimax optimal, O(n?a-1)
P satisfies
tricti dition: =
(Li et al., 2024, Proposition 13) a restrictive condition Aj = j’ﬁ minimax optimal, O(nﬁ)

No distributional assumption about P

Our Result (Theorem 5.1) as long as X' = gd-1

O (£2), which leads to the minimax
optimal rate (’)(n%) claimed in
No requirement for EDR (Hu et al., 2021; Suh et al., 2022)
and (Li et al., 2024)
as special cases.

sumption in Table 1. AIn contrast, Thgorem 5.1 provides
a characterization of T showing that 7' < &2, which is
distribution-free in spherical covariate. Theorem 5.1 fur-
ther suggests that for each neural network function f; ob-
tained at the ¢-th step of GD with ¢ < ¢, 2, the sharp risk
rate of O (£2) is obtained.

Lower bound for the network width m. Our main re-
sult, Theorem 5.1, requires that the network width m,
which is the number of neurons in the first layer of the

network, satisfies m 2> ds /52TO . Such lower bound for
m solely depends on d and ¢,. Under the polynomial
EDR, Corollary 5.2, which is a direct consequence of Theo-
rem 5.1, shows that m should satisfy m 2> n3G 0 4% with
a=d/(2(d—1)) (see (11)) so that GD with early stopping
leads to the minimax rate of O(ndefl ). We remark that
this is the first time that the lower bound for the network
width m is specified only in terms of n and d under the
polynomial EDR with a minimax optimal risk rate for non-
parametric regression, which can be easily estimated from
the training data. In contrast, under the same polynomial
EDR, all the existing works (Hu et al., 2021; Suh et al.,
2022; Li et al., 2024) require m 2 poly(n, 1/Xn) The
problem here is that one needs additional assumptions on
the training data (Bartlett et al., 2021; Nguyen et al., 2021)
to find the lower bound for \,,, which is the minimal eigen-
value of the empirical NTK matrix K,,, to further estimate
the lower bound for m using the training data.

Corollary 5.2 also gives a competitive and smaller lower
bound for the network width m than some existing works
which give explicit orders of the lower bound for m. For
example, under the assumption of uniform spherical dis-
tribution, (Suh et al., 2022, Theorem 3.11) requires that
m/log®m > L*n?* where L is the number of layers
of the DNN used in that work, and m/ log3 m > 220p24
even with L = 2 for the two-layer network (1) used in our
work. Furthermore, the proof of (Li et al., 2024, Propo-

sition 13) suggests that m > n?*(logm)'2. Both lower
bounds for m in (Suh et al., 2022, Theorem 3.11) and (Li

et al., 2024, Proposition 13) are much larger than our lower
bound for m, n% dg, when n — oo and d is fixed,
which is the setup considered in (Li et al., 2024). It is
worthwhile to mention that (Suh et al., 2022; Li et al., 2024)
use DNNs with multiple layers for nonparametric regres-
sion. As shown in Table 1, through our careful analysis, a
shallow two-layer NN (1) exhibits the same minimax risk
rate as its deeper counterpart under the same assumptions
with much smaller network width. This observation fur-
ther support the claim in (Bietti & Bach, 2021) that a shal-
low over-parameterized neural networks with ReLLU acti-
vations exhibit the same approximation properties as its
deeper counterpart, in our nonparametric regression setup.

Training the network with learning rate n = O(1). It
is also worthwhile to mention that our main result, Theo-
rem 5.1, suggests that a constant learning rate n = O(1)
can be used for GD when training the two-layer NN (1),
which could lead to better empirical optimization perfor-
mance in practice. Some existing works in fact require an
infinitesimal 7. For example, (Li et al., 2024, Proposition
13) is obtained by gradient flow where  — 0 instead of the
practical GD. Furthermore, (Hu et al., 2021, Theorem 5.2)
requires the learning rates for both the squared loss and the

3d—1
¢%-regularization term to have the order of o(n~24=1) — 0
as n — oo. We note that (Nitanda & Suzuki, 2021) also
employs constant learning rate in SGD to train neural net-
works.

More discussion about this work and the relevant lit-
erature. We herein provide more discussion about the
results of this work and comparison to the existing relevant
works with sharp rates for nonparametric regression. While
this paper establishes sharp rate which is distribution-free
in spherical covariate, such rate still depends on bounded
input space (X = S?~!) and the condition that the target
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function f* € Hg(1o). Some other existing works con-
sider target function f* not belonging to the RKHS ball
centered at the origin with constant or low radius, such as
(Haas et al., 2023; Bordelon et al., 2024). Howeyver, the tar-
get functions in (Haas et al., 2023; Bordelon et al., 2024)
escape the finite norm or low-norm regime of RKHS at the
cost of either restriction condition on the density function
of the covariate distribution or the training process. In par-
ticular, (Haas et al., 2023, Theorem G.5) requires the con-
dition for bounded density function (in its condition (D3)
) of the distribution P, which is not required by our result.
Moreover, the training process of the model in (Bordelon
et al., 2024) requires information about the target function
(in its Eq. (4)) and certain distribution P which admits cer-
tain polynomial EDR, thatis, A; < j~“ with o > 1, which
happens under certain restrictive conditions on P.

We also note that in this work, only the first layer of
an over-parameterized two-layer neural network is trained,
while the weights of the second layer are randomly ini-
tialized and then fixed in the training process. In existing
works such as (Hu et al., 2021; Suh et al., 2022; Allen-
Zhu et al., 2019a), all the layers of a deep neural networks
with more than two layers are trained by GD or its vari-
ants. However, this work shows that only training the first
layer still leads to sharp rate for nonparametric regression,
which supports the claim in (Bietti & Bach, 2021) that
a shallow over-parameterized neural networks with ReLLU
activations exhibit the same approximation properties as its
deeper counterpart.

4. Training by Gradient Descent and
Preconditioned Gradient Descent

In the training process of our network (1), only W is op-
timized with a randomly initialized to 1 and then fixed.
The following quadratic loss function is minimized during
the training process:

n

S (rwx)w) @

L(W) = %

i=1

In the (¢t 4+ 1)-th step of GD with ¢ > 0, the weights of
the neural network, Wg, are updated by one-step of GD
through

vee (W (t +1)) — vee (Ws (1)) =~ Zs(1)(3 (1) - ).
)

where y; = y;, (t) € R™ with [§(1)], = f(W(t), x,).
The notations with the subscripts S indicate the de-
pendence on the training features S. We also denote
f(W(t),-) as f:(-) as the neural network function with
weighting vectors W (t) obtained after the ¢-th step of GD.

We define Zg(t) € R™?*™ which is computed by

[N

1
ZsOlinarieai = 755, @7 %z0) X0 ©

forall i € [n] and r € [m]. where [Zs(t)]((,_1)q41.rq1; €

Algorithm 1 Training the Two-Layer NN by GD

W (T) + Training-by-GD(T", W (0))
input: 7, W(0)
for t=1,...,7 do

Perform the ¢-th step of GD by (5)
end for
return W (7')

SANRANE S

R? is a vector with elements in the i-th column of Zg(t)
with indices in [(r — 1)d + 1 : rd]. We employ the fol-
lowing particular symmetric random initialization so that
¥(0) = 0, which has been used in existing works such as
(Chizat et al., 2019; Zhang et al., 2020). In our two-layer

. — m/2 m/2 ..
NN, m is even, {WQTI(O)} and {as,},,.7 are initial-
r’=1

ized randomly and independently according to v_\\lgr/ (0) ~
N(0,5%14), agyr ~ unif ({—1,1}),Vr’ € [m/2], where
N (p, X) denotes a Gaussian distribution with mean p and
covariance X, unif ({—1,1}) denotes a uniform distribu-
tion over {1,—1}, 0 < k < 1 controls the magnitude of
initialization, and x =< 1. We set lezrz,l(O) = VAV\QTI (0)
and ag,—1 = —ag, for all ¥ € [m/2]. It then can be
verified that ¥(0) = 0. Once randomly initialized, a is
fixed during the training. We use W(0) to denote the set
of all the random weighting vectors at initialization, that

is, W(0) = {v_\\/,(O)} . We run Algorithm 1 to train
r=1

the two-layer NN by GD for T steps. Early stopping is
enforced in Algorithm 1 through a bounded 7" via T’ < T

5. Main Results

We present the definition of kernel complexity in this sec-
tion, and then introduce the main results for nonparametric
regression of this paper.

5.1. Kernel Complexity

The local kernel complexity has been studied by (Bartlett
et al., 2005; Koltchinskii, 2006; Mendelson, 2002). For the
PD kernel K, we define the empirical kernel complexity
R and the population kernel complexity Ry as

EK(E) = % imin {/):i,EQ},
i=1

Rk (e) =

1< .
- ; min {\;, e2}. @)
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It can be verified that both o R () and o R (¢) are sub-
root functions (Bartlett et al., 2005) in terms of 2. The
formal definition of sub-root functions is deferred to Defi-
nition A.2 in the appendix. For a given noise with variance
proxy o3, the critical empirical radius &,, > 0 is the small-
est positive solution to the inequality }A%K(e) < €2/ay,
where 22 is the also the fixed point of ooRx(¢) as a func-
tion of £2: oo R (£,) = 2. Similarly, the critical popu-
lation rate ¢,, is defined to be the smallest positive solution
to the inequality Ry (e) < €2/ 0'0, where £2 is the fixed
point of JoRK( ) as a function of £2: oo Ri (¢,) = €2. In
this paper we consider the case that na% — 00 asn — oo,
which is also used in standard analysis of nonparametric re-
gression with minimax rates by kernel regression (Raskutti
et al., 2014).

Let 7, := nt for all ¢ > 0, we then define the stopping time
T as

~

T = min {t: R (\/1/m) > (aont)_l} -1. (®

The stopping time in fact limit the number of steps 7" in for
Algorithm 1 as to be shown in Section 5.2, which in turn
enforces the early stopping mechanism.

5.2. Results

Theorem 5.1. Let cr, ct € (0, 1] be arbitrary positive con-

stants, and cTT <T<T. Suppose f* € Hx (uo), and m
satisfies

m>ds e )

and the neural network f(W(t),-) is trained by GD using
Algorithm 1 with the learning rate 7 € [1,2) and T' < T.
Then for every ¢t € [¢;T: T, with probability at least 1 —
exp (—O(n)) — Texp (—O(ne2)) — 2/n over the random
noise w, the random training features S and the random

initialization W (0), the stopping time satisfies T = €,
and f(W(t),-) = f; satisfies

plfi—F)?) Sen (10)

Significance of Theorem 5.1 and comparison to existing
works. To the best of our knowledge, Theorem 5.1 is the
first theoretical result which proves that over-parameterized
neural network trained by gradient descent with early stop-
ping achieves sharp rate of O(g2), without distributional
assumption on the covariate as long as the input space X’ is
S9=1. More discussions about the significance with com-
parison to existing works are detailed in Section 3.

When the polynomial EDR holds, we can apply Theo-
rem 5.1 to obtain the following corollary.

Corollary 5.2 (Applying Theorem 5.1 to the special case
of polynomial EDR). Suppose \; =< j~2* for j > 1 and

a > 1/2. Let ¢p,c¢; € (0,1] be positive constants, and
cTT <T< T. Suppose m satisfies

m > nFEIT 5, (11)

and the neural network f(W (t), ) is trained by GD using
Algorithm 1 with the learning rate € [1,2) and T < T.
Then for every t € [c;T: T}, with probability at least 1 —
exp (—O(n)) — Texp (—O(ne2)) — 2/n over the random
noise w, the random training features S and the random
initialization W (0), the stopping time satisfies T = o=t

pl(fi—f)?] 5 <1> o . (12)

n

The significance of Corollary 5.2 is also detailed in Sec-
tion 3. Section D of the appendix shows the simulation
results with the empirical early stopping time and the theo-
retically predicted early stopping time, 1/82 =< nd/(24=1),
for a neural network trained by Algoirthm 1.

6. Roadmap of Proofs

We present the roadmap of our theoretical results which
lead to the main result, Theorem 5.1 in Section 5. We first
present in the next subsection our results about the uniform
convergence to the NTK (2) and more, which are crucial in
the analysis of training dynamics by GD.

6.1. Uniform Convergence to the NTK and More
We define functions

h’(W7 X, y) = XTy]I{wa>O} ]I{WTy>0}a

h(W X,y) Zh W, X,Y), (13)
vrR(W,X) = Ijwrx<r}, VR(W,X) = — Z’UR (Wr, X).
(14)

Then we have the following theorem stating the uniform
convergence of h(W(0),-,-) to K(-,-) and uniform con-
vergence of (W (0),x) to \/2225 for a positive num-
ber R < nT/y/m. While existing works such as (Li
et al., 2024) also has uniform convergence results for over-
parameterized neural network, our result does not depend
on the Holder continuity of the NTK.

Theorem 6.1. The following results hold withn < 1, m >

max {n2/d,T%}, and m/ logg m > d.

(1) With probability at least 1 — 1/n over the random ini-
tialization W (0) = {V_\\/T(O)} ,
r=1

sup |K(x,y) — h(W(0),x
xeX,

yeX

y)| < Ci(m/2,d,1/m)
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< /dlogm' (15)
m

(2) With probability at least 1 — 1/n over the random ini-
tialization W (0) = {V_\;T(O)} ,
r=1

2R

DR(W(0),x)| < = + Co(m/2,d, 1
i‘gE'”R( (0),%)] Tonr 2(m/ /n)
<Vdm 16Tz, (16)

where C1(m/2,d,1/n),Ca(m/2,d,1/n) are two positive
numbers depending on (m, d, n), with their formal defini-
tions deferred to (39) and (42) in Section C.2 of the ap-
pendix.

Proof. This theorem follows from Theorem C.1
and Theorem C.2 in Section C.2 of the appendix.
Note that A(W,x,y) = Ly h(w,,x,y) =
m/2 S22 h(war(0),x,y), then part (1) directly follows
from Theorem C.1. Similarly, part (2) directly follows
from Theorem C.2. O

6.2. Roadmap of Proofs

Because our main result, Theorem 5.1, is proved by The-
orem C.10 and Theorem C.11 deferred to Section C.2, we
illustrate in Figure 1, deferred to the appendix, the roadmap
containing the intermediate theoretical results which lead
to our main result, Theorem 5.1.

Summary of the technical approaches and novel results
in the proofs. Theorem C.8 is the first novel result in the
proofs of this work, showing that with high probability, the
neural network function f(W(¢),-) at step ¢ of GD can
be decomposed into two functions by f(W(t),-) = f; =
h + e, where h € H g is a function in the RKHS associ-
ated with K with bounded H x-norm. The error function
e has a small L>°-norm, that is, |le|| . < w with w being
a small number controlled by the network width m, that
is, larger m leads to smaller w. Theorem C.10 is the sec-
ond novel result in the proofs, where we derive sharp and
novel bound for the nonparametric regression risk of the
neural network function f(W (%), -) in Theorem C.10, that
is, Ep [(fr — f*)?] —2Ep, [(fi — [*)?] S e24w. Tothe
best of our knowledge, Theorem C.10 is among the first in
the literature to employ local Rademacher complexity so as
to obtain sharp rate for the risk of nonparametric regression
which is distribution-free in spherical covariate, and local
Rademacher complexity is employed to tightly bound the
Rademacher complexity of the function class comprising
all the possible neural network functions obtained by GD.

Novel proof strategy of this work. We remark that the
proof strategy of our main result, Theorem 5.1, is signifi-

cantly novel and different from the existing works in train-
ing over-parameterized neural networks for nonparametric
regression with minimax rates (Hu et al., 2021; Suh et al.,
2022; Li et al., 2024). In particular, the common proof
strategy in these works uses the decomposition f; — f* =

(ft — J?(NTK)) + (f}NTK) — f*) and then show that both

B )

tain minimax optimal rate, where is the kernel re-

gressor obtained by either kernel rldge regression (Hu et al.,

2021; Suh et al., 2022) or GD with early stopping (Li et al.,

2024). The remark after Theorem C.8 details a formulation
f FINTK). H FNTK) g

of f; [t f .

, are bounded by cer-
’INTK)

, is bounded by the minimax

optimal rate under certain distributional assumptions in the
covariate, and this is one reason for the distributional as-
sumptions about the covariate in existing works such as (Hu
et al., 2021; Suh et al., 2022; Li et al., 2024). In a strong
contrast, our analysis does not rely on such decomposition
of f; — f*. Instead of approximating f; by ﬁ(NTK), we have
a new decomposition of f; by f; = hy + e; where f; is
approximated by h; with e; being the approximation error.
As suggested by the remark after Theorem C.8, we have
he = fNTO 4 &5(- ) so that f, = [N + E(-, 1) + e
Our analysis only requires the network width m to be suit-
ably large so that the H x-norm of €5 (+, t) is bounded by a
positive constant and ||e;|| ., < w, while the common proof
strategy in(Hu et al., 2021; Suh et al., 2022; Li et al., 2024)
needs m to be sufficiently large so that both ||ex(-, )|, and
|le¢|| ., are bounded by an infinitesimal number (a minimax

optimal rate such as O(n_ﬁil) and then Hft - ﬂNTK)’

L2
is bounded by such minimax optimal rate. Detailed in Sec-

tion 3, such novel proof strategy leads to our sharp analysis,
rendering a smaller lower bound for m in our main result
compared to some existing works.

7. Conclusion

In this paper, we show that an over-parameterized two-layer
neural network trained by gradient descent (GD) with early
stopping renders a sharp rate of the nonparametric regres-
sion risk with the order of ©(£2) with ¢,, being the critical
population rate or the critical radlus of the NTK, which is
distribution-free in spherical covariate. We compare our re-
sults to the current state-of-the-art with a detailed roadmap
of our technical approaches and results in our proofs.
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Impact Statement

This paper presents work whose goal is to advance the the-
oretical understanding of the generalization capability of
over-parameterized neural networks trained by gradient de-

scent.
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We present the basic mathematical results required in our proofs in Section A, then present proofs in the subsequent
sections.

A. Mathematical Tools

We introduce the basic definitions and mathematical results as the basic tools for the subsequent results in the next sections
of this appendix.

Definition A.1. Let {o;}?_, be n i.i.d. random variables such that Pr[o; = 1] = Pr[o; = —1] = 1. The Rademacher
complexity of a function class F is defined as

1 « -
—E{;Z}f Ao}, [S“pzaif(xi)] : 17

The empirical Rademacher complexity is defined as

R(F) =E,y lsup Zm xll, (18)

For simplicity of notations, Rademacher complexity and empirical Rademacher complexity are also denoted by
n

N n N
E {supfefi > aif(xi)] and E, {Supfe}-i > oif(xi)] , respectively.

=1 1=1

For data {Q}

and a function class F, we define the notation R, F by R, F := supscr = > oi f(X:).
i=1 ' i=1
N n
Theorem A.1 ((Bartlett et al., 2005, Theorem 2.1)). Let X', P be a probability space, {XZ} be independent random
i=1
variables distributed according to P. Let F be a class of functions that map X into [a, b]. Assume that there is some r > 0

such that for every f € F,Var { f (QZ)} < r. Then, for every x > 0, with probability at least 1 — e™*,

2rx 1 1\z=z
sup (Epl ()] = Exer, [£()]) < fnf ( VE(z)" e, BT+ =) (34 7) n) (19

and with probability at least 1 — 2e~%,

‘ ) 2(14 «) 2rx 1 1 1+« x
;EIF) (Eplf(x)] — Exup, [f(x)]) < ael?of,n (HE{ai}?_l (R, F] + W +(b—a) <3 + S + M) n)

(20)

n

P, is the empirical distribution over {)_(\L} with Exp, [f(x)] = £ Y f (;z) Moreover, the same results hold for
i=1 i=1

supser (Ex~p,[f ()] — Ep[f(x)]).

In addition, we have the contraction property for Rademacher complexity, which is due to Ledoux and Talagrand (Ledoux,

1991).
Theorem A.2. Let ¢ be a contraction,that is, |¢(x) — ¢(y)| < p|x — y| for > 0. Then, for every function class F,

Eoiar  [Rudpo Fl < pEoyn  [RaF], (21)

where ¢ o F is the function class defined by ¢ o F = {¢po f: f € F}.

Definition A.2 (Sub-root function,(Bartlett et al., 2005, Definition 3.1)). A function ¢: [0, 00) — [0, 00) is sub-root if it is

nonnegative, nondecreasing and if w\([) is nonincreasing for » > 0.

Theorem A.3 ((Bartlett et al., 2005, Theorem 3.3)). Let F be a class of functions with ranges in [a, b] and assume that
there are some functional 7: F — R+ and some constant B such that for every f € F, Var[f] < T(f) < BP(f).

12
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Let ¢ be a sub-root function and let r* be the fixed point of ¢. Assume that ¢ satisfies, for any r > r*, Y(r) >
BR({f € F: T(f) <r}). Fix x > 0, then for any K > 1, with probability at least 1 — e~ %,

704Ky , x(11(b— a) + 26BKy)
5 " n

VfeF, Enlf)< 2 iEn ]+

xT

Also, with probability at least 1 — e™%,

K 1 704K, z (11(b — @) + 26 BK,
o+ Ep [f] + o ( ( ) o)

<
VIEF, Eplfl< g = -

Proposition A.4. Let F be a class of functions with ranges in [0, b] for some positive constant b. Let ¢) be a sub-root
function such that for all » > 0, R({f € F: Ep [f(x)] <7r}) < 9(r), and let r* be the fixed point of ¢). Then for any
Ky > 1, with probability 1 — exp(—z), every f € F satisfies

704[(07“* 42 (11(b — a) + 26bK,)

Ep[f] € oo Er, [f]+ X

Ko—1

: (22)

B. Proofs for Theorem 5.1 and Corollary 5.2

Optimization

Lemma C.4
\ P Generalization i
Lemma C.5 = Pl

Lemma C.3 \
Lemma C.6 / i | Theorem C.81\y,

Lemma C.947

Theorem C.10 P Theorem 5.1

Lemma C.7

Theorem C.11

Figure 1: Roadmap of major results leading to the main result, Theorem 5.1. The uniform convergence results in Theo-
rem 6.1 are used in all the optimization results and Theorem C.8.

Proof of Theorem 5.1. We use Theorem C.10 and Theorem C.11 to prove this theorem.

First of all, with the condition on m, d in this theorem, Theorem 6.1 hold, and Pr [W(0) € Wy] > 1 — 2/n. It follows by
Theorem C.11 that with probability at least 1 — exp (—O(né2)),

) 3 (13
Er, [(fi - £7] < (20 +3) .

Plugging such bound for Ep, [(f; — f*)?] in (118) of Theorem C.10 leads to

2
Ep [(fi — f)?] - % (gz + 3) < (e +w). (23)

Due to the definition of 7' and £2, we have

2
< —— <282, (24)

2 1
&€ S —=
nT  n(T+1)

n

13
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Lemma C.14 suggests that with probability at least 1 — 4 exp(—O(ne2)) over S, €2 =< ¢2. Since T = 7T, for any
t € [T, T], we have

1

~ ~
~ ~

nt 0T

— =& =xe2, (25)

3%‘ =

We have Pr[Wy] > 1 — 2/n. Let w = £2, we now verify that w € (0, 1). Due to the definition of the fixed point, w > 0.
Since Y- A\ = [, K(x,x)du(x) = 1/2, we have

i>1
O<w= lZmin{/\i,si} < lz& < i < 1.
ni21 ni21 2n

(10) then follows from (23) with w = €2, (25) and the union bound. The condition on m in (87) in Theorem C.10, together
with w = €2 and (25) leads to the condition on m in (9). Furthermore, T' < ¢, 2 follows from (25) and n = ©(1).

O

Proof of Corollary 5.2. We apply Theorem 5.1 to prove this corollary.

It is well known, such as (Raskutti et al., 2014, Corollary 3), that 5% =n_ TagT . It then can be verified by direct calculations

that the condition on m, (9) in Theorem 5.1, is satisfied with the given condition (11). It then follows from (10) in
2c

Theorem 5.1 that Ep [(f7 — f*)?] S n™ 21,

O

C. Detailed Proofs

Because Theorem 5.1 is proved by Theorem C.10 and Theorem C.11, in this section, we establish and prove all the theo-
retical results which lead to Theorem C.10 and Theorem C.11, along with the proof of Theorem C.10 and Theorem C.11.

C.1. Basic Definitions

We introduce the following definitions for the proof of Theorem 5.2. We define
u(t) =y(t) —y. (26)

Let 7 < 1 be a positive number, and ¢y € (0,1) is an arbitrary positive constant. For ¢ > 0 and T" > 1 we define the
following quantities (or recall their definitions if defined before),

Ca = flo/min {2, \/ﬁ} +oo+7+1,

_ nedT
R=To @7)
V= {v ER": v =—(I, — 1K,)" f*(S)} , (28)

Eir = {e: e=e; —&-32 € R",El =—(I, — nKn)tw,’

e <var}. (29)

We define the set of neural network weights and the set of functions represented by the neural network during training as
follows.

t—1
W(S,W(0),T) := {W: 3t € [T] s.t. vec (W) = vec (W(0)) — Z %Zs(t')u(ﬁ’)7
=0

14
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ut’) e R u(t’) =v(t') +e(t'),v(t') € Vv,e(t') € Ev r, forallt’ € [0,t — 1}} . (30)

W(S, W(0),T) is the set of weights of the neural network trained by GD on the training data S and random initialization
‘W (0) with the preconditioner M generated by Q and the steps of GD no greater than 7'. The set of functions represented
by the two-layer NN with weights in W(S, W (0), T') is then defined as

FNN(87W(0)7T) = {ft = f(W(t)7 ) dte [T]7W(t) € W(S7W(0)7T>}' (31)

We define the function class F (B, w) for any B,w > 0 as
F(B,w)={f: f=h+ehecHg(B),e], <w}. (32)
We define the constant
By = po + 14 V2. (33)

It will be shown in Theorem C.8 that with high probability, the two-layer NN (1) trained by GD lies in the function class
F (B, w) where w can be sufficiently small with a sufficiently large network width m.

We define
Wo = {W(0): (15), (16) hold} (34)

be the set of all the good random initializations which satisfy (15) and (16) in Theorem 6.1. Theorem 6.1 shows that
we have good random initialization with high probability, that is, Pr [W(0) € Wy] > 1 — 2/n. When W(0) € W), the
uniform convergence results, (15) and (16), hold with high probability, which is crucial for our main result in Theorem 5.1.

C.2. Theorem C.10, Theorem C.11, and their proofs with related theoretical results
Theorem C.10 (repeat). Suppose w € (0, 1) and m satisfy

m > max {ng%/w? T8 } : (35)
and the neural network f(W (%), -) is trained by GD in Algorithm 1 with the learning rate p = ©(1) € (0,1/X;) on

random initialization W(0) € W)y, and T < T. Then for every t € [T], with probability at least 1 — exp (—©O(n)) —
exp (—6(715%)) — exp (—ne%) over the random noise w and the random training features S,

1/2

o ; >
Ep [(fe = [*)?] = 2Ep, [(ft — f*)?] < o _min 0% 4w <\/;+ 1) + By, % + cog2. (36)

0<Q<n | n

Furthermore, with probability at least 1 — exp (—O(n)) — exp (—O(né2)) — exp (—ne2) over the random noise w, the

random training features S,
Ep [(fi = [*)?] = 2Bp, [(fi = [*)?] < co(e + w). 37)

Here By, ¢y, ¢, are absolute positive constants depending on pg, and ¢, also depends on oy.
Theorem C.11 (repeat). Suppose the neural network trained after the ¢-th step of gradient descent, f; = f(W(¢),"),
satisfies u(t) = f,(S) —y = v(t) + e(t) with v(t) € V,and e(t) € & and T < T If

€1[1,2) <L
T
’rl ) ) — 77T7

then for every ¢ € [T, with probability at least 1 — exp (—©(n&2)) over the random noise w, we have

) 3 (1
B [ - 577) < 5 (52 +3).

15
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We have the following two theorems regarding the uniform convergence of E(W(O), -,-) to K(-,+) and the uniform con-
vergence of Tz(W(0),-) to 22— Noting that d > 4, Theorem C.1 and Theorem C.2 can be proved by using the proofs

Tk

of (Yang & Li, 2025, Theorem VI.7,Theorem VI.8).
Theorem C.1 (Adapted from (Yang & Li, 2025, Theorem VL.7) for d > 4). Let W(0) = {VAVT((D} r where each
w,(0) ~ N(0, k214) for r € [m]. Then for any & € (0, 1), with probability at least 1 — & over W (0),

sup ‘K(X,y) — h(W(0),x, y)‘ < Ci(m,d,9), (38)
xeEX,yeX
where
1 o(1+2m)2l)  1dlog 20+2m)™ | g
= —[6(1+2B 21
C1(m,d,0) — (6( +2BVd) + \/ og 5 + 3 ; (39

and B is an absolute positive constant. In addition, when m > nl/Cd m /logm > d,and § < 1/n,

Ci(m, d,5) < 1/ 118" (40)
m

Theorem C.2 (Adapted from (Yang & Li, 2025, Theorem VL8) for d > 4). Let W(0) = {Q,.(O)}mﬂ, where each

w,(0) ~ N(0, k21,) for r € [m]. Suppose n < 1, m > 1. Then for any § € (0, 1), with probability at least 1 — & over
W(0),

~ 2R
sup ’UR(W(O)?x) - < C2(m7d7 5)7 (41)
xXEX 2Tk
where
d 9o 20+2vm)? oy 2(142v/m)?
02(m7d7 6) = 3\/;ml%Té + og - 5 + og 3m5 . (42)
In addition, when m > n?/4, m/ log% m >d,and § < 1/n,
Co(m,d,8) < Vdm ™ 16T%. (43)
Lemma C.3. Suppose
m 2> Tsd%/T%, (44)

and the neural network f(W(t),-) trained by gradient decent with the learning rate = ©(1) € (0,1/A;) on
the random initialization W(0) € W),. Then with probability at least 1 — exp (—©(n)) over the random noise w,
W(t) € W(S,W(0),T). Moreover, for all t € [0,T], u(t) = v(t) + e(t) where u(t) = y(t) —y, v(t) € Vi,
e(t) € Ext,rr and [Ju(t) ||y < cav/n.

Proof. First, when m > T8d5 /75 with a proper constant, it can be verified that B, ,, » < 7+/n/T where E,, , , is
defined by (54) of Lemma C.5. Also, Theorem C.1 and Theorem C.2 hold when (44) holds. We then use mathematical
induction to prove the lemma. We will first prove that u(t) = v(t) + e(t) where v(t) € V4, e(t) € & -, and ||u(t), <
cuy/n for for all ¢ € [0,T].

When t = 0, we have
u(0) = —y = v(0) + e(0), (45)

where v(0) == —f*(S) = — (I—7K,,)° f*(S), €(0) = —w = 1(0) + e2(0) with €,(0) = —(I — 7K, )’w and
32(0) = 0. Therefore, v(0) € V) and e(0) € &, . Also, it follows from the proof of Lemma C.4 that ||u(0)||, < ¢y with
probability at least 1 — exp (—©(n)) over the random noise w.

16
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Suppose that for all t; € [0,¢] witht € [0, — 1], u(t) = v(t1) +e(t1) where v(t;) € Vy,, and e(t;) = e1(t;)+ e (t1)
with v(t1) € Vy, and e(t1) € &, 7, and ||u(ty)]|, < cuy/n for all t; € [0,t]. Then it follows from Lemma C.5 that the
recursion u(t’ + 1) = (I — nK,,) u(t’) + E(¢' 4+ 1) holds for all ¢ € [0, ¢]. As a result, we have

u(t+1)=T-nK,)u(t) +E(t+1)

t+1

—(I- 77Kn)t+1 fe(8) —I— nKn)t+1 w+ Z I- 77Kn)t+1_t E(t)

t=1
=v(t+1)+e(t+1), (46)
where v (¢ + 1) and e(t + 1) are defined as
v(t+1) = — (I —nK,)™ f7(S) € Vipa, (47)
t+1 /
et+1):=—(I-7K,) ' w+> (I-nK,) """ E). (48)
e (t+1) =
ea(t+1)

We now prove the upper bound for Eg(t +1). With n € (0, 1/X1), we have ||I — nK,||, € (0,1). It follows that

t+1

ezt + 1) < 3 0= K57 B, < 7 (49)

where the last inequality follows from the fact that |E(t)||, < Ep,,, < 74/n/T for all t € [T] and the induction
hypothesis. It follows that (¢t + 1) € E:11,-. Also, it follows from Lemma C.4 that

(e + Dlly < Iv(t+ Dl + ||t + |, +||eatt + 1)
< (\/’;L+ao+f+1>\/ﬁ=cu\/ﬁ,

which completes the induction step and also the proof. O

Lemma C4. Lett € [T],v = —(I—17K,)" f*(S),e = — (I —7K,)" w, and 7 € (0, 1/X1). Then with probability at
least 1 — exp (—©(n)) over the random noise w,

W
Ivlly + llell, < ( T(;n > Vn. (50)
Proof. Whent > 1, we have v = — (I — 7K,,)" f*(S), and
n N @ n 5 @ TLILLZ
= 1—n)\) [UT < [UTf(8)]; < 2. 1
IV zj( ) [T _;MM NCINES - (5

Here @ follows Lemma C.13, @ follows by Lemma C.12.

Moreover, it follows from the concentration inequality about quadratic forms of sub-Gaussian random variables in (Wright,
1973) that

PrIwll; —E [Iwl3] > n] < exp(—0(m)), (52)

and E [|w|,] < /E [||w||§] = /noo. Therefore, Pr [||wl|, — oo > v/n] < exp (—O(n)).

17
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As a result, we have

2
VIl + lelly < 1/ 220 4w, < [ 2= + 00+ 1) V.
—\ 2en — \V2en

O

Lemma C.5. Let0 <1 < 1,0 <t <T —1forT > 1, and suppose that ||¥(t') — y||, < cuy/n holds forall 0 < ¢’ < ¢
and the random initialization W (0) € Wj. Then

yt+1) —y=>1T-1K,)F1) —y) +E(l+1), (53)

where [|E(t + 1)||, < E, 5, -, and E,;, ,, ; is defined by

B, = ncu\/ﬁ(él( 21 +cz<m/2,d,1/n>) +Ci(m/2,d, 1/n>) <nenVdim HTE(54)
o \/%FL

Proof. Because ||y (t') — y|l, < v/ncy holds for all ¢/ € [0, ¢], by Lemma C.6, we have

HQJ&—QJMLgR,VO§ﬂ§t+L (55)

Define two sets of indices

We have

m r=1
]_ — — T N
== ar (o |wg, t+1)x; | —0|wg,(t)x;
reE; r
::Dgl)
1 T N T
+ T Z ay (0‘ (Wsw(t—l— 1)x2> -0 (Wsﬂ,(t)xz))
T‘EEZ"R
=gV
-+ B, (56)

and DV EM) € R™ is a vector with their i-th element being Dgl) and Egl) defined on the RHS of (56). Now we derive
the upper bound for EM

i

. For all i € [n] we have

1 - — — JN
‘EEI)‘ = ﬁ Z Ay (U (WS,T(t+ 1)TXi) — 0 (WS,T(t)TXz))
TeEi,R
1 — -~ ~
§ Y Z ‘WS,r(t‘Fl)TXi 7WS,T‘(t)TXi
\/TTL TEELR
1 N N
< 3 [Ssatt+ 1) - ws, )
\/TTL re€Ei r 2
@® 1 n ~
2 2 sl s G0 )]
TGE,;’R

18
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I R (57)

Here @D, @ follow from (74) and (75) in the proof of Lemma C.6.

Let m be sufficiently large such that R < Ry for the absolute positive constant Ry < & specified in Theorem 6.1. Since
W(0) € Wy, we have

2R
) - 2 1
31612 ur(W(0),x) Tonr < Cy(m/2,d,1/n), (58)

where Ur(W(0),x) = L 2 {[fe@7x|<r} so that Tr(W(0), x;) = |Ei | /m. It follows from (57), (58) and the

induction hypothesis that

50| < e (22 + Catm .1/ ). (59)

It follows from (59) that ||E(!)||, can be bounded by

HE(l) H2 < nea /i <¢22i; + Co(m)2, d, 1/n)> . (60)

Dl(-l) on the RHS of (56) is expressed by

D — % S oa (a <v?;r(t + 1);1') i (Vﬁ;r(t);i»

TGE{,)R
1 N N LN
=7 e A1) —wse (b)) x;
\/ETEZE:RG {ws,r(t) xizo} (WS ( ) —Ws ()) X
o~ Té
Zar {ws OMET >o}( ](r 1)drd]( (t)*Y)) X
T
\FTEZE;R arll {ws NOME'T >o} ( )] [(r=1)d:rd] (Y(t) - Y)> X
= —LHEO), 30 -y)
::DEZ)
fm X (7 Zs(0) 50)-y) %
\/TinreEi,R " {Ws,r(t)Tiizo} n LS WI(r—1)dird) Yy y i
=E{?
=D + B, (61)

where H(t) € R™*" is a matrix specified by

AT

Hpq (t) = =

m

Vp € [n],q € [n].

Let D®® E(?) ¢ R” be a vector with their i-the element being DEZ) and EEQ) defined on the RHS of (61). E can be
expressed by E(2) = %E(Q) (F(t) —y) with E® € R"*" and

G N ]
2) = Z {ws NOMES >0} {WT(O)Tq >O}X Xp Z 1=

reEl R T€E1 R
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for all p € [n],q € [n]. The spectral norm of E() is bounded by

5 . Eir| © 2R
E(2>H <HE(2>H <n‘ , <n( + Co(m/2,d, 1 n) 62
H 2 F m V2K 2(m/ /) (©2)

where @ follows from (58). Also, [|H(t)||, < [[H(t)[|r < v/nN forall ¢ > 0. It follows from (62) that ||E(?)||, can be
bounded by

2R

B < 1B |y -yl < nea n<
[B2], < 2B, Iy~ vl < newvin ( S

+ C2(m/2,d, 1/n)) . (63)
DZ@) on the RHS of (61) is expressed by

DA — —%H(t) F(t) —y) = —%K ¥(t) —y)+ Z (K —H(0)) (¥(t) —y) +

=D (3) =E®3) =E®)

31
=
=

|

a
=
<
=

|
=

On the RHS of (64), D) E®) E®) ¢ R™ are vectors which are analyzed as follows. H]:](S) H2 is bounded by

IK = H(0)[|, < [[K-H(0)||p <nCi(m/2,d,1/n), (65)
where the last inequality holds due to W (0) € W.

In order to bound E(*), we first estimate the upper bound for [H;; (¢) — H;;(0)| for all 4, j € [n]. We note that

1 <1 . +1 — ) 66
{1{$S,7-(t>T§i}#1{Wr(o>T§i}} - {WT(O)Txi SR} {”WS”(U_WT(O)HQ>R} (©0)
It follows from (66) that
[H;(t) — Hi; (0)]
T m
o X Xj _
=T (“{as,,awzzo}“{wtr;m} H{wmow;izo}H{wrmm,-zo})
<X PR + 1
mi3 {][{$S)T(t)Tiigo}#I{$r(o)T§iZo}} {I{$Syr(t)7?j20}#I{$T(O)T§jgo}}
1 m
< 2 (W fen) 1075, < 2l c0-5:00], 1))
~ ~ . ® 4R
< vr(W(0), x;) + vr(W(0), x;) < m +2C5(m/2,d,1/n), (67)

where (D follows from (58).
It follows from (65) and (67) that || E® ||, |[E(*)||, are bounded by

[E9|| < 21— BOLIF0) - yll, < L nC(n/2.d,1/n) - Iy(6) = ¥, < newy/aCilm/2,d,1/n),  (©8)
@l <1 _ S(p) — n, (AR . _
||, < Zymo) - HOLIF) - ¥, < 2 n( mﬁ%—?C’z(m/Zd,l/n)) Iy () -1,
Sncu\/ﬁ< 1R +2C’2(m/2,d,1/n)). (69)
2Tk
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It follows from (61) and (64) that
D" =¥ + EP + EY + EY. (70)
It then follows from (56) that
3t +1)—3:(t) =DM + EY =D® + E + E? + E® + B
=E,

= - IK (1) -y)+ B, (1)

where E € R" with its i-th element being E;, and E = E(V) + E?) 4+ EG) 4 E®_ It then follows from (60), (63), (68),
and (69) that

|E|l, < necuvn (4 <\/22i7%m + Cs(m/2,d, l/n)) + C1(m/2,d, 1/n)> . (72)

Finally, (71) can be rewritten as
i+ 1) -y = (I- 1K) 30~ y) +E(t +1),

which proves (53). The upper bound for ||E||, in (54) follows from (72), Theorem 6.1, and noting that nc, < ©(1).

Lemma C.6. Suppose thatt € [0: 7 — 1] for T > 1, and ||y(t') — y||, < v/ncy holds for all 0 < ' < ¢. Then

Hv?s,r(t’) - vTrT.(O)H2 <R, VYOSt <t+1 (73)

Proof. Let [Zs(t)](,_1)q.rq denotes the submatrix of Zg (¢) formed by the the rows of Zq (¢) with row indices in [(r—1)d :
rd]. By the GD update rule we have for every t” € [0, T — 1] that

[N — ’r’ ~
ws,r(t7 +1) — ws (1) = n [ZS(t”)][(r_nd;rd] ") —vy), (74)

We have H (Zs(t")] (- 1)d:ra)

’ < 4/n/m. It then follows from (74) that
2

nc

s+ 1) s, |, < 2|2y, I967) ~ ¥l < T2 € 04 75)
Note that (73) trivially holds for ¢’ = 0. For t’ € [1,¢ + 1], it follows from (75) that
N ~ = N n = neaT
[Ws.r () =W (0)]| < g_:o [Wsr(t"+1) = ws, (") < 7= ;_:0 WSt =R (76)
which completes the proof. O

Lemma C.7. Let h(-) = i;lo h(-,t)fort € [T], T < T where
h('at/) = U('at/) + é\('at/)a

where v(t') € Vy, e(t’) € & - forall 0 < ¢’ < t — 1. Suppose that 7 < 1/(nT’), then with probability at least

1 — exp (—O(n&2)) over the random noise w,

il < Bh=po+1+2, (77)
and By, is also defined in (33).
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Proof. We have y = f*(S) + w, v(t) = — (I —nK,)" f*(S), e(t) = e1(t) + es(t) with e1(t) = — (I —7K,)'w
Hgg(t)HZ < v/nT. We define

J

0= K [E] ) F0 = T3 KG [E0)]

Let X be the diagonal matrix containing eigenvalues of K,,, we then have

t—1 n t—1 n t—1
> olet) =333 [ nka) )] K0 = 1303 [UA- a9 0TS K. 09
=0 j=1t'= j=1t'=

It follows from (78) that

2

t—1 2 t—1 , t—1 ,
St = %f*(S)TU S @) UTKU Y (1-4%)" UTf(S)
/=0 Hy /=0 /=0

£\ 2
n (1 —(1- 77/)\\1* )
= %Z ( 3 ) [UTF(S)], <ud, 9

%

K,) 1/ZUZ ) UT (S

n

where the last inequality follows from Lemma C.12.

Similarly, we have

2
~\1t
t—1 2 n 1- (1 - n)\i)
~ , 1 T 12
Y att)| <= = [UTw]. (80)
n 4 i v
t’'=0 Hi =1 ?

It then follows from the argument in the proof of (Raskutti et al., 2014, Lemma 9) that the RHS of (80) is bounded with
high probability. We define a diagonal matrix R € R"*" with R;; = (1 — (1 — nAi)t)Q /i for i € [n]. Then the RHS of
(80)is 1/n - tr (URU "ww ). It follows from (Wright, 1973) that

Pr(l/n-tr (URU 'ww') —E [1/n-tr (URU ww')]| >u] <exp (—c min {nu/||RH2, n2u2/||R||12:}) (81)

for all w > 0, and c is a positive constant. Recall that n, = nt for all £ > 0, we have

N 2

E [1/n “tr (URUTWWT)] UO Z ( % ) %) % min{:\} ,7)tA } Gl me{n W ,T)t)\ }
i =1 i tN\g

o2

O”thm{l medip = 2Oy min {n 1 X | = o Rk (Vi) <1 82)

I/\®

Here @ follows from the fact that (1 — n/):i)t > max {0, 1-— tnxi}, and @ follows from min {a,b} < Vab for any
nonnegative numbers a, b. Because t < T < f, we have R k(v/1/n:) < 1/(oon:), so the last inequality holds.

Moreover, we have the upper bounds for |R ||, and ||R|| as follows. First, we have

o\t 2
(1 — (1-0%) ) .
R||, < max — < maxmin ¢ =, 2)\ } < 1. (83)
IR, < e S wcmin { .5 | <
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We also have

n - 1 R
me{)\i, 77} =0 R%(\/1/m) < %, (84)
t 0

where @ follows from

Combining (80)-(84) with u = 1 in (81), we have
Pr{l/n-tr (URUTWWT) —E[1/n-tr (URUTWWT)} > 1] < exp (—emin {n/ne,nog /n: })

< exp (—nc /n;) < exp (fc'ngi) ,

where ¢/ = cmin {1, 08}, and the last inequality is due to the fact that 1/n; > ?% sincet < 7T < T. Tt follows that with

2
—1 ~
jﬁ,zoel(-,t’)HH <9

K

probability at least 1 — exp (—O(né2)),

n

We now find the upper bound for HZ;;IO ea(-,t")

. We have
Hi

2
~ 2 =T - ~
22 )3 < 15 €s ()K€ (t) < A,
so that
t—1 t—1
STat )| <Ry, < TTI\/;T <1, (85)
/=0 Hyx t'=0
ifr <1/(nT).
Finally, we have
t—1 t—1 t—1
ol < DG +|[Do@tt)]  +[X @) <po+1+v2=Bi
t’'=0 H t’'=0 H t’'=0 Hi

O

Theorem C.8. For every ¢t € [T, let the neural network f(-) = f(W(¢),-) be trained by gradient descent with the
learning rate n = ©(1) € (0,1/A;) on the random initialization W (0) € W, with T' < T'. Then with probability at least
1 —exp (—O(n)) — exp (—O(n&2)) over the random noise w, f € Fan(S, W(0),T), and f can be decomposed by

f=h+ee F(Bpw), (86)
where h € H i (By,) with By, defined in (33), e € L>°. When
m > max {TSd%/w? T%48 } : (87)
then
llelloe < w. (88)
In addition,
£l < o+ (59)
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Remark. We consider the kernel regression problem with the training loss L(a) = 1/2 - | K,,ax — .Y||§ Letting 3 =

K}/ a and then performing GD on 3 with this training loss and the learning rate 7, it can be verified that the kernel
regressor right after the ¢-th step of GD is

t—1 n
NTK n = t
t'=0i=1
where a(t) = (I, — T]Kn)tl y. Following from the proof of Lemma C.6 and Theorem C.8, under the conditions of

Theorem C.8 we have

hy = /;(NTK) —i-/e\z(-,t),

where €;(-,t) = 2 Zi,_:lo Z?Zl K(, QJ) {gg(t’)L and Eg(t’) appears in the definition of & ; in (29). It is remarked

that in our analysis, we approximate f; by hy € Hx (By) with a small approximation error w, and we do not need to

approximate f; by the kernel regressor jA‘(tNTK) with a sufficiently small approximation error which is the common strategy

used in existing works (Hu et al., 2021; Suh et al., 2022; Li et al., 2024). In fact, our analysis only requires m is suitably
large so that the H gc-norm of €5(+,t) = hy — /;(NTK) is bounded by a positive constant rather than an infinitesimal number
as m — oo, that is, ||é2(+, t) HHK < 1, which is revealed by the proof of Lemma C.7.

Proof. Tt follows from Lemma C.3 and its proof that conditioned on an event with probability at leastl — exp (—O(n)),
F e Fan(S, W(0),T) with W(0) € Wy. Moreover, f(-) = f(W,) with W = {?v} € W(S,W(0),T), and

vec (W) = vec (Wg) = vec (W(0)) — :,_:10 n/n-Zg(t')u(t’) for some t € [T], where u(t') € R",u(t') = v(t')+e(t’)
with v(t') € Vy and e(t') € &y , forall ¥’ € [0,¢ — 1].

w,. is expressed as

t—1

w, = ws, (1) = w,(0) - Z g (Zs ()] (- 1)a.rq) (), oD
=0

where the notation VTIS,T emphasizes that VTIT depends on the training data S.

We define the event

E,(R) = {'QT(O)TX‘ < R}, r e [m).

T
We now approximate f(W,x) by g(x) = \/—% > aT]I{vT/ (O)Tx>O}WT x. We have

|f(W,x) — g(x)|

_ % éara (\?v:x> - iaﬂl{‘;r(oﬂx>o}@:x

) ) )

-+ i e, o (7) = (W0)7x) = T ey (50— 60 (0)

< \2/7}% i:l Lig, (r)}- ©2)
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Plugging R = "\C/L in (92), we have

2R - 1 &
\%\% — < — I = 2nc, I - — I
|f(W,x) —g(x)| < \/ﬁ; (E.(R)} = 21¢C mz (E.(R)}

r=1
2
= 2ncyT - Ur(W(0),x) < 2nc T (\/25;% + Ca(m/2,d, l/n)> . 93)

Using (91), we can express g(x) as

m N t—1 1 m T
= T Z;QTH{QT(O)TxZO}W”(O)TX - Z ﬁ Z_: ]I{vﬁr(o)szo} (% [Zs(t/)][(r—l)d:rd] u(t’)) x

t—1
T

m
n
%ZH{WT(O)TX>O}Z {wr(t/)Tx >0} -7 )X % O4)

/=0 r=1

e
|

=G (x)

where (D follows from the fact that \/—% POUETS F 0 Tx0 w,(0)Tx = f(W(0),x) = 0 due to the particular initial-

ization of the two-layer NN. For each G4 on the RHS of (94), we have

@ 7\ 2T
Gu(x) = %Z {w. ) x>o} de gt (¢ X X+ m Z {wr(0)7x>0} Z {wr(0)7x. >o}uﬂ )x; x
@Qi xx u; ')Jrﬁz i ( Z]I Zd/ u; §Tx (95)
~n < iuy( n q;u; nm {wr(o x>0} v, W (
:=F1(x) :=Fs(x)
where
dy rj = ]I{Qr(tf)Tijgo} - H{Q,,.(O)szzo}
in @, and and
a; = h(W(0), X, %) = K(x;,%)
forall j € [n]in ®.
We now analyze each term on the RHS of (95). Let h(-,%'): X — R be defined by
RS -
h(x,t') = = du,; (¢
(x,t) nZK(X,X])u](t ),
j=1
then A (-, ') is an element in the RKHS H i for each t’ € [0,¢ — 1]. We further define
t—1
() =Y h(- 1), (96)
/=0

Since W(0) € Wh, q; < C1(m/2,d,1/n) for all j € [n] with C1(m/2,d, 1/n) defined in (39). Moreover, u(t’) < cy\v/n
with high probability, so that we have

1B ]| quuy = %IIU(t/)Hz\/ﬁCl(m/?,d» 1/n) < neaCi(m/2,d,1/n). o7

oo
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We now bound the last term on the RHS of (95). Define X’ € R" with its j-column being X’ @
m - . T

Ly ]I{‘;r(oﬁxzo}dt,mxj for all j € [n], then E»(x) = 1 (X'u(t')) x.

We need to derive the upper bound for || X’||,. Because Hv?r, - v?z,(O)Hz < R, it follows that I[{@T(t’)Ti,-zo} =

when ‘v_s\rT(O)Tx;-, > R forall j/ € [n]. Therefore,

H{W,.(O)Tijzo}

|dir v 7| = ‘]I{v‘vr(t/)Ton} B H{&((})T?]-ZO}

SI[{

WT((J)T§j|§R}’

and it follows that

7‘;1 ]I{‘T\VT(O)T ;i 20} dt/ 3T

Z_:l ‘dt’,r,j| Z_:l ][{ @T(O)T;j‘SR} N
— <= <= —~ = or(W(0), x;)
< 2B L comy2.d,1/m) (98)
- m y» Wy n )
= Vome

where U, is defined by (14), and the last inequality follows from Theorem C.2.

It follows from (98) that ||X'||, < /n ( ZR 1 Cy(m/2,d, 1/n)>, and we have

Vork
1B2(0) e < I o la@)llal1xlls < new (—m + Ca(my2,d,1/n) 99)
2 0o = 2 2 2 = u \/ﬂﬁ 2 s &y .

Combining (95), (97), and (99), for any ¢’ € [0,¢ — 1],
G (x) = h(x, V)|l < 1Bl + 1 B2l

< Ny (Cl(m/2,d,1/n)+\/22717?€+C’2(m/2,d,1/n)> . (100)

Define e(-) = f(W,-) — h(-), it then follows from (93), (94), and (100) that

le®)loe < NFW,-) = glloe + llg = hll

t—1
t'=0

Q@ 2R
S 2nCuT (\/277”{/ + OQ(m/Z, d, 1/”))
+ neaT <C’1(m/2,d, 1/n) + % + Ca(m/2,d, 1/n))
™
< neyT (Cl(m/Q,d, 1/n)+3 (\/2271%%; + C2(m/2,d, 1/n)>>
™
= Am,n,N,cz,nJ" (101)

We now give estimates for A, ;, n.c, .. Since W(0) € W, it follows from Theorem 6.1 that C1(m/2,d,1/n) <
\/@ <Vdm~is T3, and 2R/ (V27k) + Ca(m/2,d,1/n) < Vdm~ T3, As a result,

Am n,N,ce,n,T /S mm_%Tg/Z'
By direct calculations, for any w > 0, when

1

8 6
m > T8d3 Jw?,
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we have Ay, o Nocpmpr < W.

It follows from Lemma C.7 that with probability at least 1 — exp (—@(n?ﬁ)) over the random noise w,
IR, < Bn, (102)
where By, is defined in (33), and 7 are required to satisfy
TS 1/(T).
Lemma C.3 requires that m 2 T8d3 / 7. As a result, we have
m 2 T3 ds.
It also follows from the Cauchy-Schwarz inequality that ||| .. < Bj,/+/2. This together with (101) proves (89). O

The following lemma gives the upper bound for the Rademacher complexity of a localized function class in F (B, w)
comprising functions with their L?-norm bounded by every r > 0.

Lemma C.9. For every B, w > 0 every r > 0,

R({feFBw):Ep[f’] <r}) <epuwlr), (103)
where
1/2
Q %ﬂ Ao
= i x =T
oBpw(r) = S (\/77+w)\/:+B - + w. (104)

Proof. We first decompose the Rademacher complexity of the function class { feF(B,w): Ep [ f 2] < r} into two terms
as follows:

R((F: 1 € PP B[] <)
1 & =
<-E sup oih(x;)
n fEf(Baw):]EP[fz]Srizzl

1
+-E

sup oie(;i) . (105)
n

fEF(B,w): Ep[f2]<r ;5

=R =Ro

We now analyze the upper bounds for R, R5 on the RHS of (105).
Derivation for the upper bound for R ;.

Forany f € F(Bw), wehave f = h+ e with h € Hx(B), e € L™, |le]| ., < w. When Ep [f?] < r, it follows from the
triangle inequality that ||h]| o < [|f|l 2 + |lell 2 < Vr +w = 1.

We now consider h € H g (B) with ||h]| ;. < 73, in the remaining of this proof. We have

Z D=3 0 () + () = <hzgz >

i=1

+ 3 gie(x). (106)
=1

Hi

Because {vq}q>1 is an orthonormal basis of H , for any 0 < Q) < n, we further express the first term on the RHS of (106)
as

),
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(e (i) ) (D (i) )

(107)

o0 2
Due to the fact that h € Hy, h = Z Bq Vg = Z VA ﬁq eq with vy = \/A4eq. Therefore, ||hHL2 => N éh) ,and
g=1

Q
VA (h, Uq>HK Vq Aq,ﬁéh)v
=1

Q 2

(h)
E :>‘q 0 <Al < rh (108)
q=1

Hi Hi

According to Mercer’s Theorem, because the kernel K is continuous symmetric positive definite, it has the decomposition

so that we have
<ZdiK(-,;i),Uq> = <ZO’Z‘Z/\j€j6j(;(\i),Uq> = < UiZ\/Tjej(;i)'Uj’Uq>
i=1 Hx i o i u
=" o/ Ageq(x). (109)

Combining (107), (108), and (109), we have

<h, iUiK(', 3_(\2)> g

+ 1Al - Z <ZaiK('a;i)7vq> Uq
3 Hx

Q
VAq (R, Uq>HK Vq
=1 Hi

Hi

+B|| Y D i/ Agea(xi)yg

Hi =Q+1i=1 Hi

Q n 2 2
Z(Z%eq(;i)> + B Z (Zal\ﬁeq xz> , (110)

g=1 \i=1 q=Q+1

Q n
Z Z Uieq(;l‘)’l)q

q=1i=1

< |IAll 2

where (D is due to Cauchy-Schwarz inequality. Moreover, by Jensen’s inequality we have

Q n 2 Q n 2 Q n
E Z(Zaieq@)> < |E Z(Z@eq@)> < Elzzeg(z)]m. (111)

g=1 \i=1

and similarly,

E Z (Zalfeq xz> < |E i qun:eg( : ) (112)

q=Q+1
Since (110)-(112) hold for all ¢ > 0, it follows that

n

1 N
E sup — o;h(x;)| < min
|ﬁ€?—lx( Z ( )] Q20

(113)
Bl ga<ra T i Q:
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It follows from (105), (106), and (113) that

0o 1/2
1 n R Q 72 " )‘q
R, < —-E sup Zm—h(xi) < mir | — + B =0+ . (114)
N | heHk(B), |l 2 <rn i Q: Q20 n n
Derivation for the upper bound for RRs.
Because [1/n )", cne(?i) < w when |e[| , < w, we have
1 n
Ry < — sup oie(x;)] <w. (115)
2 n e€L>: ||e\|oo§w; ( )]
It follows from (114) and (115) that
0o 1/2
2 N
R({f: feF(B,w),Ep[f’] <r}) < min Tm/Q—FB =Qr1 + w.
- ~Q: Q>0 n n
Plugging 7}, in the RHS of the above inequality completes the proof. O
Theorem C.10. Suppose w € (0, 1) and m satisfy
mZmax{ng%/w%,T%d%}7 (116)

and the neural network f(W (%), -) is trained by GD in Algorithm 1 with the learning rate n = ©(1) € (0,1/A;) on
random initialization W(0) € W)y, and T < T. Then for every t € [T], with probability at least 1 — exp (—©(n)) —
exp (—6(715%)) — exp (—ne%) over the random noise w and the random training features S,

1/2\ 2

>
Ep [(ft - f*)Q] — 2Epn [(ft — f*)Q] < ¢p min Bo@ +w <\/§+ 1) + By, qZQ% + 0052.

0<Q<n n

(117)

Furthermore, with probability at least 1 — exp (—O(n)) — exp (—O(né2)) — exp (—ne2) over the random noise w, the

random training features S,
Ep [(fe — f)’] = 2Ep, [(fe = [*)?] < cy(er, + ). (118)
Here By, ¢y, ¢, are absolute positive constants depending on pg, and ¢, also depends on oy.

Proof. We first remark that the conditions on m, (116), is required by Lemma C.3 and Theorem C.8.

It follows from Lemma C.3 and Theorem C.8 that for every ¢ € [T, conditioned on an event €2 with probability at least
1 —exp (—0O(n)) — exp (—O(n&2)) over the random noise w, we have W (t) € W(S, W(0),T), and

FW(t),-) = fir € Fnn(S, W(0),T).
Moreover, conditioned on the event 2,

ft € ]:(B}“’LU)
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We then derive the sharp upper bound for Ep [( fi—f *)2] by applying Theorem A.3 to the function class
F={r=(-1)V:feFBLw)}.

Let By == B /V2+ 1+ po/V2 > By, /V2 +w + p19/v/2, then we have ||[F||, < B with F' € F, so that Ep [F?] <
B2Ep [F]. Let T(F) = B3Ep [F] for F € F. Then Var [F] < Ep [F2] < T(F) = B2Ep [F].

We have

R e FT(F) <) =% ({170 £ € FBnu) B [~ 1] < 45 })

0 .
<280 ({7 - 175 1 € FBuw)Br [~ 1) < 5| )
0
2 1By <{f € F(By,w): Ep [f?] < 4;2}) : (119)
0

where (D is due to the contraction property of Rademacher complexity in Theorem A.2. Since f* € F(Bp,w), f €

F(Bp,w), we have f;f* € F(Bp,w) due to the fact that F(Bp,, w) is symmetric and convex, and it follows that @ holds.

It follows from (119) and Lemma C.9 that

B2R({F € F: T(F) < r}) < 4B3R ({f: f € F(Bu,w),Ep [f?] < T})

<4B3en, <4;2> = y(r). (120)
0

1) defined as the RHS of (120) is a sub-root function since it is nonnegative, nondecreasing and % is nonincreasing. Let
r* be the fixed point of ¢, and 0 < r < r*. It follows from (Bartlett et al., 2005, Lemma 3.2) that 0 < r < ¢(r) =

4B3¢p (ﬁ). Therefore, by the definition of ¢ in (104), for every 0 < ) < n, we have

o 1/2
2 g
r VT Q g=Q+1
— < = W=+ B | ——— . 121
4B§_<230+w> n+ h i +w (121)
Solving the quadratic inequality (121) for r, we have
o 1/2
2 Ag
B3 :
r< 3500 | gps w<\/Q+1>+Bh =+l . (122)
n n n
(122) holds for every 0 < @ < n, so we have
oo 1/2
2 A
B =
r <8B3 min °Q+w<\/Q+1>+Bh =Qr . (123)
0<@<n n n n

It then follows from (120) and Theorem A.3 that with probability at least 1 — exp(—z) over the random training features
S$

K z (11B3 + 26 B3 K, 704K,
Ep [(ft —f*)ﬂ - KOEI]EPH [(ft—f*)2] _ ( 0 . 0 o) < Bg Or*,

(124)
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or
Ep [(fe = 1)) = 2Ep, [(fe = 1Y) S 07+ = (125)
with Ky = 2 in (124).
It follows from (123) and (125) that
Ep [(fi = £°)*] = 2Ep, [(fi = )]
o 1/2

ByQ Q —21/\q T
< min 0+w<\/+1>+Bh =t + =
0<<n n n n n

Let = ne2 in the above inequality, and we note that the above argument requires Theorem C.8 which holds with
probability at least 1 — exp (—O(n)) — exp (—O(n&2)) over the random noise w, then (117) is proved.

We now prove (118). First, it follows from the definition of ¢ p, ,, in (104) that

r
w(r) = 4Bg(th;’w <4B(2))

oo 1/2
> A
_ 3 . ﬁ Q q=Q+1 3
=4B§ Q{nclggo (230 +w) 1/ . + By, . + 4Bjw
oo 1/2
>N
<4B3By min | /94 [ = +4ng<\/Q+1>
Q: Q>0 n n n
4V2B3B
< WBBy g () + 8B = ()

g0

where the last inequality follows from the Cauchy-Schwarz inequality. It can be verified that 11 () is a sub-root function.
Let the fixed point of 1 (r) be ;. Because the fixed point of ogRx (1/7) as a function of r is 2, it follows from the
properties about the fixed points of sub-root functions in (Yang & Li, 2025, Lemma B.9) that

32B5B?
2 ) 1

r] < max
99

} e2 +16Bjw. (126)

It then follows from Theorem A.3 with Ky = 2 that with probability at least 1 — exp(—z),
* * * xz
Ep [(fi = £)?] = 2Ep, [(fi = [*)?] S77 + o
Letting 2 = ne2, then plugging the upper bound for r}, (126), in the above inequality leads to

Ep [(fi — [*)?] = 2Ep, [(fi — [*)?] Sea + 16Bjw, (127)

which proves (118). Again, we note that the above argument requires Theorem C.8 which holds with probability at least
1 —exp (—O(n)) — exp (—O(n&2)) over the random noise w. O

Theorem C.11. Suppose the neural network trained after the ¢-th step of gradient descent, f; = f(W(¢),-), satisfies
u(t) = fi(S) —y =v(t) + et) withv(t) € V,and e(t) € &, and T < T. If
1

nell,2), 7< T (128)
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then for every ¢ € [T, with probability at least 1 — exp (—©(né2)) over the random noise w, we have

*\ 2 3 M(z)
Ep, [(fi — *)?] <nt<26+3>. (129)
Proof. We have
ft(S) = f*(S) + w + v(t) +e(t), (130)

where v(t) € Vi, e(t) € E.r. 0(t) = e1(t) + e2(t) with e1(t) = — (I, — 7K,)' w and Hgg(t)Hz < /mr. We have
nA1 € (0,1) if n € [1,2). It follows from (130) that

Er, [(fi = 7] = 210(8) = F(S)I3 = LIv(D) +w +e(0)

= %H— (I—7Kn)" f7(8) + (In — (Tn — 7Kn)") W+ ea(t)

223 () o) 23 (1 (=) ) o]+ 2o

i=1

D 313 3¢
< e n;(1—(1—n,\i)) [U w]i+37
3 (pud 1 1 — 2
—E,
2
<3 (@ + 1) 3B, (131)
nt \ 2e

Here @ follows from the Cauchy-Schwarz inequality, @ follows from (51) in the proof of Lemma C.4. We then derive the

2
upper bound for E. on the RHS of (131). We define the diagonal matrix R € R™*" with R;; = (1 —(1- n/\i)t) . Then
we have

E.=1/n-tr (URUTWWT)
It follows from (Wright, 1973) that

Pr(l/n-tr (URU 'ww') —E [1/n-tr (URU 'ww')] > u] <exp (—cmin {nu/HR||27n2u2/HR||§}) . (132)
for all w > 0, and c is a positive constant. With n; = nt for all ¢ > 0, we have
E([1/n-tr (URUTWWT)] = J—g z”: 1- (1 - X)t : Cg U—g imin{l 2:\\2} 077f Zmln
- n 4 NA; = n . 7T]t 7 777t
@ g u 1
Z m{m i } = o3 R%(\/1/m) < — (133)

]t

Here @ follows from the fact that (1 — n/):i)t > max {0, 1— tnxi}, and @ follows from min {a,b} < Vab for any
nonnegative numbers a, b. Because t < T < f, we have Ry (1/1/n:) < 1/(o0m:), so the last inequality holds.

Moreover, we have the upper bounds for |R ||, and ||R|| as follows. First, we have

IRl, < max (1 . (1 . nXi>t>2 < min {1 i )\2} (134)
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We also have

n

%||R||;§ = %Z (1 ~(1-0%) ) me{ ,77?/\4}

i=1

Q p
< —

me{ = Rk (/T <

1

.
i

(135)

If 1/n < n; ()\ )%, then min {1/nt, )y ( ) } = 1/n;. Otherwise, we have n;‘X;* < 1, so that g, A; < 1 and it follows that

min {1/77t777t () } < A < X;. As a result, @ holds.

Combining (132)-(135), we have

Pr(l/n-tr (URU 'ww') —E [1/n-tr (URU ww')] > u] < exp (—cnmin {u,u’o5n}).

Let u = 1/, in the above inequality, we have

exp (—cnmin {u,u’ogn, }) = exp (—c'n/n;) < exp (—c'né2)

where ¢/ = cmin {1, 0(2)}, and the last inequality is due to the fact that 1/n; > 2 since t < T < T. Tt follows that with

probability at least 1 — exp (—O(né2)),

1
E.<u4+—=—.
ui n

It then follows from (131)-(136) that
3 [ ud
]E k2 < = o 3
Pn[(ft f)]_nt(26+ >

holds with probability at least 1 — exp (—¢'né2).

C.3. Auxiliary Results about Reproducing Kernel Hilbert Spaces
Lemma C.12 (In the proof of (Raskutti et al., 2014, Lemma 8)). For any f € Hx (u0), we have

1 [UT £
5 10718

2
< Ho-

uTf (s )]

Ai

Similarly, for f € H o) (f10), we have 1 Zz 1 [ < ud.

Lemma C.13. For any positive real number a € (0, 1) and natural number ¢, we have

(l—a)f <eto< L
eta

Proof. The result follows from the facts that log(1 — a) < a for a € (0,1) and sup,,cp ue™™ < 1/e.

Lemma C.14. (Yang & Li, 2025, Lemma B.7)] With probability at least 1 — 2 exp(—©(ne2)),

e2 < 82,

Furthermore, with probability at least 1 — 2 exp(—O(ne?)),

gi S 616721.
Here c; is an absolute positive constant depending on oy.

2
n

Remark. Lemma C.14 shows that with probability at least 1 — 4 exp(—©O(ne2)), e
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(136)

(137)

(138)

(139)

(140)

= 22, which is also a fact used in
kernel complexity or local Rademacher based analysis for kernel regression in the statlstlcal learmng literature.
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D. Simulation Study

We present simulation results for GD in this section. We randomly sample n points {Ql} - as ai.i.d. sample of random
variables distributed uniformly on the unit sphere in R%°. n ranges within [100, 1000] with a step size of 100. We set the
target function to f*(x) = s'x where s ~ Unif (X) is randomly sampled. We also uniformly and independenly sample
1000 points on the unit sphere in R as the test data. We train the two-layer NN (1) using either GD by Algoirthm 1 or
GD by Algoirthm 1 with m =< n? on a NVIDIA A100 GPU card with a learning rate = 0.1, and report the test loss in
Figure 2. It can be observed that early-stopping is always helpful in training neural networks with better generalization,
as the test loss initially decreases and then increases with over-training. Figure 2 illustrates the test loss with respect to
the steps (or epochs) of GD for n = 100, 500, 1000. For each n in [100, 1000] with a step size of 100, we find the step
of GD where minimum test loss is achieved, denoted by t,, which is the empirical early stopping time. We note that
the theoretically predicted early stopping time is 1/82 =< n%/(2¢=1) and we compute the ratio of early stopping time for
each n by 7, /n®/(2d=1) " Such ratios for different values of n are illustrated in the bottom right figure of Figure 2. It is
observed that the ratio of early stopping time is roughly stable and distributed between [8, 10], suggesting that predicted
early stopping time is empirically proportional to the empirical early stopping time.
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Figure 2: Illustration of the test loss by GD
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