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Abstract

Sharp generalization bound for neural networks
trained by gradient descent (GD) is of central
interest in statistical learning theory and deep
learning. In this paper, we consider nonpara-
metric regression by an over-parameterized two-
layer NN trained by GD. We show that, if the
neural network is trained by GD with early
stopping, then the trained network renders a
sharp rate of the nonparametric regression risk
of O(e2), which is the same rate as that for the
classical kernel regression trained by GD with
early stopping, where ¢,, is the critical popula-
tion rate of the Neural Tangent Kernel (NTK)
associated with the network and n is the size
of the training data. It is remarked that our re-
sult does not require distributional assumptions
on the covariate as long as the covariate lies on
the unit sphere, in a strong contrast with many
existing results which rely on specific distribu-
tions such as the spherical uniform data distribu-
tion or distributions satisfying certain restrictive
conditions. As a special case of our general re-
sult, when the eigenvalues of the associated NTK
decay at a rate of \; < j_d*il for j > 1 which
happens under certain distributional assumption
such as the training features follow the spheri-
cal uniform distribution, we immediately obtain

the minimax optimal rate of O(n‘ﬁ), which
is the major results of several existing works in
this direction. The neural network width in our
general result is lower bounded by a function of
only d and ¢,,, and such width does not depend on
the minimum eigenvalue of the empirical NTK
matrix whose lower bound usually requires ad-
ditional assumptions on the training data. Our
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results are built upon two significant technical
results which are of independent interest. First,
uniform convergence to the NTK is established
during the training process by GD, so that we can
have a nice decomposition of the neural network
function at any step of the GD into a function in
the Reproducing Kernel Hilbert Space associated
with the NTK and an error function with a small
L*°-norm. Second, local Rademacher complex-
ity is employed to tightly bound the Rademacher
complexity of the function class comprising all
the possible neural network functions obtained
by GD. Our result formally fills the gap between
training a classical kernel regression model and
training an over-parameterized but finite-width
neural network by GD for nonparametric regres-
sion without distributional assumptions about the
spherical covariate.

1. Introduction

With the stunning success of deep learning in various areas
of machine learning (LeCun et al., 2015), generalization
analysis for neural networks is of central interest for sta-
tistical learning learning and deep learning. Considerable
efforts have been made to analyze the optimization of deep
neural networks showing that gradient descent (GD) and
stochastic gradient descent (SGD) provably achieve van-
ishing training loss (Du et al., 2019b; Allen-Zhu et al.,
2019b; Du et al., 2019a; Arora et al., 2019; Zou & Gu,
2019; Su & Yang, 2019). There are also extensive efforts
devoted to generalization analysis of deep neural networks
(DNNs) with algorithmic guarantees, that is, the general-
ization bounds for neural networks trained by gradient de-
scent or its variants. It has been shown that with sufficient
over-parameterization, that is, with enough number of neu-
rons in hidden layers, the training dynamics of deep neural
networks (DNNs) can be approximated by that of a kernel
method with the kernel induced by the neural network ar-
chitecture, termed the Neural Tangent Kernel (NTK), while
other studies such as (Yang & Hu, 2021) show that infinite-
width neural networks can still learn features. The key idea
of NTK based generalization analysis is that, for highly
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over-parameterized networks, the network weights almost
remain around their random initialization. As a result, one
can use the first-order Taylor expansion around initializa-
tion to approximate the neural network functions and ana-
lyze their generalization capability (Cao & Gu, 2019; Arora
et al., 2019; Ghorbani et al., 2021).

Many existing works in generalization analysis of neural
networks focus on clean data, but it is a central problem
in statistical learning that how neural networks can obtain
sharp convergence rates for the risk of nonparametric re-
gression where the observed data are corrupted by noise.
Considerable research has been conducted in this direc-
tion which shows that various types of DNNs achieve op-
timal convergence rates for smooth (Yarotsky, 2017; Bauer
& Kohler, 2019; Schmidt-Hieber, 2020; Jiao et al., 2023;
Zhang & Wang, 2023) or non-smooth (Imaizumi & Fuku-
mizu, 2019) target functions for nonparametric regression.
However, most of these works do not have algorithmic
guarantees, that is, the DNNs in these works are con-
structed specially to achieve optimal rates with no guar-
antees that an optimization algorithm, such as GD or its
variants, can obtain such constructed DNNs. To this end,
efforts have been made in the literature to study the mini-
max optimal risk rates for nonparametric regression with
over-parameterized neural networks trained by GD with
either early stopping (Li et al., 2024) or ¢2-regularization
(Hu et al., 2021; Suh et al., 2022). However, most existing
works either require spherical uniform data distribution on
the unit sphere (Hu et al., 2021; Suh et al., 2022) or certain
restrictive conditions on the data distribution.

It remains an interesting and important question for the
statistical learning and theoretical deep learning literature
that if an over-parameterized neural network trained by
GD can achieve sharp risk rates for nonparametric regres-
sion with milder assumptions or restrictions on the distri-
bution of the covariate, so that theoretical guarantees can
be obtained for data in more practical scenarios. In this
paper, we give a confirmative answer to this question. We
present sharp risk rate for nonparametric regression with an
over-parameterized two-layer NN trained by GD with early
stopping, which is distribution-free in spherical covariate.
Throughout this paper, distribution-free in spherical covari-
ate means that there are no distributional assumptions about
the covariate as long as the covariate lies on the unit sphere.
Furthermore, our results give confirmative answers to cer-
tain open questions or address particular concerns in the
literature of training over-parameterized neural networks
by GD with early stopping for nonparametric regression
with minimax optimal rates, such as the characterization
of the stopping time in the early-stopping mechanism, the
lower bound for the network width, and the constant learn-
ing rate used in GD. Benefiting from our analysis which is
distribution-free in spherical covariate, our answers to these

open questions or concerns do not require distributional as-
sumptions about spherical covariate. Section 3 summarizes
our main results with their significance and comparison to
existing works.

We organize this paper as follows. We first introduce the
necessary notations in the remainder of this section. We
then introduce in Section 2 the problem setup for nonpara-
metric regression. Our main results are summarized in Sec-
tion 3 and detailed in Section 5. The training algorithm for
the over-parameterized two-layer neural network is intro-
duced in Section 4. The roadmap of proofs, the summary of
the technical approaches and the novel results in the proofs,
and the novel proof strategy of this work are presented in
Section 6. The detailed proofs are deferred to Section A-
Section C of the appendix, and Section D of the appendix
presents the simulation results.

Notations. We use bold letters for matrices and vectors,
and regular lower letter for scalars throughout this paper.
The bold letter with a single superscript indicates the cor-
responding column of a matrix, e.g., A is the i-th col-
umn of matrix A, and the bold letter with subscripts indi-
cates the corresponding rows or elements of a matrix or
a vector. We put an arrow on top of a letter with sub-
script if it denotes a vector, e.g., 21 denotes the i-th train-
ing feature. |||z and [|-[|, denote the Frobenius norm
and the vector ¢P-norm or the matrix p-norm. [m: n| de-
notes all the natural numbers between m and n inclusively,
and [1: n] is also written as [n]. Var[-] denotes the vari-
ance of a random variable. I, is a n x n identity ma-
trix. Tygy is an indicator function which takes the value
of 1 if event F happens, or 0 otherwise. The complement
of a set A is denoted by A°, and |A| is the cardinality of
the set A. vec (-) denotes the vectorization of a matrix
or a set of vectors, and tr (+) is the trace of a matrix. We
denote the unit sphere in d-dimensional Euclidean space
by S9! = {x: x € R%||x[|, = 1}. Let L*(S?71, n)
denote the space of square-integrable functions on S¢~!
with probability measure 4, and the inner product (-, -),

and ||-[[} are defined as (f,9) 2 = [sus F(@)g(x)dp(2)
and || f||7. = [ f2(x)dp(z) < co. B (x;r) is the
Euclidean closed ball centered at x with radius r. Given
a function g¢: S4-1 5 R, its L°-norm is denoted by
llgllo = supyesa—1 |g(x)|. L is the function class
whose elements almost surely have bounded L°°-norm.
(*y)4; and ||-||,, denote the inner product and the norm in
the Hilbert space H. a = O(b) or a < b indicates that
there exists a constant ¢ > 0 such that a < cb. O in-
dicates there are specific requirements in the constants of
the O notation. a = o(b) and a = w(b) indicate that
lim|a/b] = 0 and lim|a/b] = oo, respectively. a < b
or a = O(b) denotes that there exists constants c¢1,ca > 0
such that ¢;b < a < c9b. Throughout this paper we let the
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input space be X = S?~!, and Unif (X') denotes the uni-
form distribution on A’. The constants defined throughout
this paper may change from line to line. For a Reproducing
Kernel Hilbert Space H, H (1) denotes the ball centered
at the origin with radius po in . We use Ep [-] to denote
the expectation with respect to the distribution P.

2. Problem Setup

We introduce the problem setups for nonparametric regres-
sion in this section.

2.1. Two-Layer Neural Network

n
where each

We are given the training data {(21, yz)}

data point is a tuple of feature vector x; € X and its re-

sponse y; € R. Throughout this paper we assume that no

two training features coincide, that is, ;i #* >_<\j for all

1,7 € [n] and i # j. We denote the training feature vec-
n

tors by S = {;Z} , and denote by P, the empirical
distribution over S. Kll1 the responses are stacked as a vec-
tory = [y1,...,yn]" € R™. The response y; is given
by i = f*(X;) + w; for i € [n], where {w;}}_, are
ii.d. sub-Gaussian random noise with mean 0 and vari-
ance proxy og, that is, E [exp(Aw;)] < exp(A203/2) for
any A € R. f* is the target function to be detailed later.
We define y := [y1,...,yn], W == [w1,. .. ,wn]T, and use

f*(S) = [f*(?l), e f*(gn)} to denote the clean tar-
get labels. The feature vectors in S are drawn i.i.d. accord-
ing to an underlying unknown continuous data distribution
P with p being the probability measure for P. We consider
atwo-layer NN (NN) in this paper whose mapping function
is

F(W,x) = % > a0 (?vfx> : (1)
r=1

where x € X is the input, o(-) = max {-,0} is the ReLU

N m N
activation function, W = {wr} with w, € R? for
r=1

r € [m] denotes the weighting vectors in the first layer and
m is the number of neurons. a = [a1,...,a,] € R™
denotes the weights of the second layer. Throughout this
paper we also write W as Wg so as to indicate that the
weighting vectors in W are trained on the training features
S.

2.2. Kernel and Kernel Regression for Nonparametric
Regression
We define the kernel function
(u,v)
27

K(u,v) = (m —arccos (u,v)), Vu,ved,

2

which is in fact the NTK associated with the two-layer NN
(1), and K is a positive semi-definite (PSD) kernel. Let
the gram matrix of K over the training data S be K &
R K, = K(zi,Qj) fori,j € [n], and K,, == K/n
is the empirical NTK matrix. Let the eigendecomposition
of K, be K, = USXUT where U is an x n orthogonal
matrix, and g] is a diagonal matrix with its diagonal ele-
ments {/):Z}

1=

non-increasing order. It is proved in existing works, such
as (Du et al., 2019b), that K,, is non-singular, and it can
be verified that A; € (0,1/2). Let Hx be the Reproduc-
ing Kernel Hilbert Space (RKHS) associated with K. Be-
cause K is continuous on the compact set X' x X, the inte-
gral operator T : L2(X,pu) — L2(X,n), Tk f) (x) =
Jo K(x,x") f(x")du(x") is a positive, self-adjoint, and
compact operator on L?(X,p). By the spectral theo-
rem, there is a countable orthonormal basis {e;},5, €

being eigenvalues of K,, and sorted in a

L2(X, ) and {\;},5, with 3 > X > X > ... >0
such that e; is the eigenfunction of T with \; being the
corresponding eigenvalue. That is, Txe; = Aje;,j > 1.
Let {1u/},~, be the distinct eigenvalues associated with
Tk, and let m, be the be the sum of multiplicity of the
eigenvalue {/w}ﬁ,zl. That is, my — my _q is the mul-
tiplicity of pe . It is well known that {vj = \/)Tjej}j -1
is an orthonormal basis of Hz. For a positive con-
stant jio, we define Hy (o) = {f € Hrt || flly < po}
as the closed ball in Hx centered at 0 with radius .
We note that Hy (uo) is also specified by Hy (o) =

{f € L2(X,p): f=3002 Biejs 20521 B /A < H%}

The Task of Nonparametric Regression. With f* ¢
H (o), the task of the analysis for nonparametric re-
gression is to find an estimator f from the training data
N n ~ 2
{(xi,yi)} so that the risk Ep [(f—f*) } can con-
i=1

verge to 0 with a fast rate. In this work, we aim to establish
a sharp rate of the risk where the over-parameterized neural
network (1) trained by GD with early stopping serves as the
estimator f.

Sharp rate of the risk of nonparametric regression us-
ing classical kernel regression. The statistical learning lit-
erature has established rich results in the sharp convergence
rates for the risk of nonparametric kernel regression (Stone,
1985; Yang & Barron, 1999; Raskutti et al., 2014; Yuan
& Zhou, 2016), with one representative result in (Raskutti
et al., 2014) about kernel regression trained by GD with
early stopping. Let €,, be the critical population rate of the
PSD kernel K, which is also referred to as the critical ra-
dius (Wainwright, 2019) of K. (Raskutti et al., 2014, The-
orem 2) shows the following sharp bound for the nonpara-
metric regression risk of a kernel regression model trained
by GD with early stopping when f* € H g (uo). That is,
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with probability at least 1 — © (exp(—0O(ne2)),
Ep (17— 1")"] S <2, 3

where 7T is the stopping time whose formal definition is
deferred to Section 5.1, and ff is the kernel regressor at
the 7-th step of GD for the optimization problem of kernel
regression. The risk bound (3) is rather sharp, since it is
minimax optimal in several popular learning setups, such
as the setup where the eigenvalues {\; },- ; exhibit a certain
polynomial decay. Such risk bound (3) also holds for a
general PSD kernel rather than the NTK (2), and the risk
bound (3) is also minimax optimal when the PSD kernel
is low rank. It is also remarked that the risk bound (3) is
distribution-free in the bounded covariate, that is, there are
no distributional assumptions about the covariate when it is
in a bounded input space. Interested readers are referred to
(Raskutti et al., 2014) for more details.

The main result of this paper is that the over-parameterized
two-layer NN (1) trained by GD with early stopping
achieves the same order of risk rate as that in (3) with ar-
bitrary continuous distribution of the spherical covariate,
which are summarized in the next section.

3. Summary of Main Results.

Our main results are summarized in this section.

First, Theorem 5.1 in Section 5.2 shows that the neural net-
work (1) trained by GD with early stopping using Algo-
rithm 1 enjoys a sharp rate of the nonparametric regression
risk, O (5%), which is the same as that for the classical
kernel regression in (3). Such rate of nonparametric re-
gression risk in Theorem 5.1 is distribution-free in spher-
ical covariate, and it immediately leads to minimax opti-
mal rates for certain special cases. For example, when the
eigenvalues of the integral operator associated with K has
a particular polynomlal eigenvalue decay rate (EDR), that
is, \; < j —at for j > 1, then in this case €2 < n~ 71
according to (Raskutti et al., 2014, Corollary 3) and The-
orem 5.1 renders the rate of the nonparametric regression
risk of O(ndefl) which is minimax optimal for this spe-
cial case (Stone, 1985; Yang & Barron, 1999; Yuan &
Zhou, 2016). We refer to such EDR the polynomial EDR in
the sequel. It is shown in (Bietti & Mairal, 2019; Bietti &
Bach, 2021; Li et al., 2024) that the polynomial EDR holds
for our NTK in (2) if P = Unif (X), or P satisfies the dis-
tributional assumption for (Li et al., 2024, Proposition 13)
in Table 1.

We remark that such a minimax optimal rate O(n~ Td—l) is
derived from Theorem 5.1 under the special case of polyno-
mial EDR, and this minimax optimal rate is also the major
result of a series of existing works in nonparametric regres-
sion by training over-parameterized neural networks (Hu

et al., 2021; Suh et al., 2022; Li et al., 2024) when the tar-
get function f* belongs to H 3, the RKHS associated with
the NTK K of the network in each particular existing work.
We note that K is the NTK of the network considered in a
particular existing work which may not be the same as our
NTK in (2). We also note that one needs to set s = 1
in (Li et al., 2024, Proposition 13) so that f* € H 3, and
in this case the risk rate for nonparametric regression in (Li
et al., 2024, Proposition 13) is O(n_ﬁil). To the best of
our knowledge, Theorem 5.1 presents the first sharp risk
rate for nonparametric regression which is distribution-free
in spherical covariate, which is closer to practical scenar-
ios. In contrast, the minimax rates in (Hu et al., 2021; Suh
et al., 2022) require spherical uniform data distribution on
X. The recent work (Ko & Huo, 2024) also requires certain
distributional assumptions for the results about regression
convergence rates which does not have algorithmic guar-
antees. Although the minimax rate in another recent work
(Li et al., 2024) does not need the spherical uniform dis-
tribution, it still requires a restrictive condition on the data
distributions detailed in Table 1, and such condition is met
by sub-Gaussian distributions. It is under this condition
that (Li et al., 2024) derives the polynomial EDR. Table 1
compares our work to existing works for nonparametric re-
gression with a common setup, that is, f* € H; and the
responses {y; }.~_; are corrupted by i.i.d. Gaussian noise.
We further note that although the result in (Kuzborskij &
Szepesvari, 2021, Theorem 2) does not require distribu-
tional assumptions about the covariate, its risk rate under
this common setup is not minimax optimal due to the term
o2 in the risk bound. Furthermore, the other term (’)(n%)
in its risk bound suffers from the curse of dimension with
a slow rate to O for high-dimensional data. We also note
that (Kuzborskij & Szepesvari, 2021, Theorem 1) shows
the minimax optimal rate of O(n~ 2+d) however, this rate
is derived for the noiseless case where the responses are not
corrupted by noise.

Second, our results provide confirmative answers to several
outstanding open questions or address particular concerns
in the existing literature about training over-parameterized
neural networks for nonparametric regression by GD with
early stopping and sharp risk rates, which are detailed be-
low.

Stopping time in the early-stopping mechanism. An
open question raised in (Kuzborskij & Szepesvdri, 2021;
Hu et al., 2021) is how to characterize the stopping time
in the early-stopping mechanism when training the over-
parameterized network by GD. Let T" be the stopping time,
(Li et al., 2024, Proposition 13) shows that the stopping
time should satisfy T = n77 under the distributional as-
sumption in Table 1. In contrast, Theorem 5 1 provides
a characterization of T showing that T = 2 which is
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Table 1: Comparison between our result and the existing works on the risk rates and assumptions for nonparametric
regression by training over-parameterized neural networks with algorithmic guarantees, and the listed results here are
under a common and popular setup that f* € H ; and the responses {yz}?:1 are corrupted by i.i.d. Gaussian noise with

zero mean and variance o2.

the density p(x) for x € R? satisfies
pla) S (14 |x]l5) =272,

Existing Works and Our Result Distributional Assumptions Eigenvalue Decay Rate (EDR) | Rate of Nonparametric Regression Risk
(Kuzborskij & Szepesvari, 2021, Theorem 2) No — Not minimax optimal, 0% + O(n?+7)
(Hu et al., 2021, Theorem 5.2), . . U .. . o —d
(Suh et al., 2022, Theorem 3.11) P is Unif (X) \j =gt minimax optimal, O(n?a-1)
P satisfies
tricti dition: =
(Li et al., 2024, Proposition 13) a restrictive conciion Aj = j’ﬁ minimax optimal, O(nﬁ)

No distributional assumption about P

Our Result (Theorem 5.1) as long as X' = gd-1

O (£2), which leads to the minimax
optimal rate (’)(n%) claimed in
No requirement for EDR (Hu et al., 2021; Suh et al., 2022)
and (Li et al., 2024)
as special cases.

distribution-free in spherical covariate. Theorem 5.1 fur-
ther suggests that for each neural network function f; ob-
tained at the ¢-th step of GD with ¢ =< &2, the sharp risk
rate of O (£2) is obtained.

Lower bound for the network width m. Our main re-
sult, Theorem 5.1, requires that the network width m,
which is the number of neurons in the first layer of the
network, satisfies m > d/(16). Such lower bound for
m solely depends on d and ¢,. Under the polynomial
EDR, Corollary 5.2, which is a direct consequence of The-
orem 5.1, shows that m should satisfy m 2 n2ai1 d with
a=d/(2(d—1)) (see (11)) so that GD with early stopping
leads to the minimax rate of O(ndefl ). We remark that
this is the first time that the lower bound for the network
width m is specified only in terms of n and d under the
polynomial EDR with a minimax optimal risk rate for non-
parametric regression, which can be easily estimated from
the training data. In contrast, under the same polynomial
EDR, all the existing works (Hu et al., 2021; Suh et al.,
2022; Li et al., 2024) require m = poly(n, 1/Xn) The
problem here is that one needs additional assumptions on
the training data (Bartlett et al., 2021; Nguyen et al., 2021)
to find the lower bound for Xn, which is the minimal eigen-
value of the empirical NTK matrix K,,, to further estimate
the lower bound for m using the training data.

Corollary 5.2 also gives a competitive and smaller lower
bound for the network width m than some existing works
which give explicit orders of the lower bound for m. For
example, under the assumption of uniform spherical dis-
tribution, (Suh et al., 2022, Theorem 3.11) requires that
m/logm 2 L**n?* where L is the number of layers of
the DNN used in that work, and m/logm > 229n2* even
with L = 2 for the two-layer network (1) used in our work.
Furthermore, the proof of (Li et al., 2024, Proposition 13)
suggests that m > n?*(logm)'2. Both lower bounds for
m in (Suh et al., 2022, Theorem 3.11) and (Li et al., 2024,

Proposition 13) are much larger than our lower bound for
m, n%fl d, when n — oo and d is fixed, which is the setup
considered in (Li et al., 2024). It is worthwhile to men-
tion that (Suh et al., 2022; Li et al., 2024) use DNNs with
multiple layers for nonparametric regression. As shown in
Table 1, through our careful analysis, a shallow two-layer
NN (1) exhibits the same minimax risk rate as its deeper
counterpart under the same assumptions with much smaller
network width. This observation further support the claim
in (Bietti & Bach, 2021) that a shallow over-parameterized
neural networks with ReLU activations exhibit the same
approximation properties as its deeper counterpart, in our
nonparametric regression setup.

Training the network with learning rate = O(1). It
is also worthwhile to mention that our main result, Theo-
rem 5.1, suggests that a constant learning rate n = O(1)
can be used for GD when training the two-layer NN (1),
which could lead to better empirical optimization perfor-
mance in practice. Some existing works in fact require an
infinitesimal 7. For example, (Li et al., 2024, Proposition
13) is obtained by gradient flow where 7 — 0 instead of the
practical GD. Furthermore, (Hu et al., 2021, Theorem 5.2)
requires the learning rates for both the squared loss and the
(2-regularization term to have the order of o(n~ %) -0
as n — oo. We note that (Nitanda & Suzuki, 2021) also
employs constant learning rate in SGD to train neural net-
works.

More discussion about this work and the relevant lit-
erature. We herein provide more discussion about the
results of this work and comparison to the existing relevant
works with sharp rates for nonparametric regression. While
this paper establishes sharp rate which is distribution-free
in spherical covariate, such rate still depends on bounded
input space (X = S?!) and the condition that the target
function f* € Hg(1o). Some other existing works con-
sider target function f* not belonging to the RKHS ball
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centered at the origin with constant or low radius, such as
(Haas et al., 2023; Bordelon et al., 2024). Howeyver, the tar-
get functions in (Haas et al., 2023; Bordelon et al., 2024)
escape the finite norm or low-norm regime of RKHS at the
cost of either restriction condition on the density function
of the covariate distribution or the training process. In par-
ticular, (Haas et al., 2023, Theorem G.5) requires the con-
dition for bounded density function (in its condition (D3)
) of the distribution P, which is not required by our result.
Moreover, the training process of the model in (Bordelon
et al., 2024) requires information about the target function
(in its Eq. (4)) and certain distribution P which admits cer-
tain polynomial EDR, thatis, \; < j~< with o > 1, which
happens under certain restrictive conditions on P.

We also note that in this work, only the first layer of
an over-parameterized two-layer neural network is trained,
while the weights of the second layer are randomly ini-
tialized and then fixed in the training process. In existing
works such as (Hu et al., 2021; Suh et al., 2022; Allen-
Zhu et al., 2019a), all the layers of a deep neural networks
with more than two layers are trained by GD or its vari-
ants. However, this work shows that only training the first
layer still leads to sharp rate for nonparametric regression,
which supports the claim in (Bietti & Bach, 2021) that
a shallow over-parameterized neural networks with ReLU
activations exhibit the same approximation properties as its
deeper counterpart.

4. Training by Gradient Descent and
Preconditioned Gradient Descent

In the training process of our network (1), only W is op-
timized with a randomly initialized to 1 and then fixed.
The following quadratic loss function is minimized during
the training process:

n

1 N 2

L(W) = — (in_i)- 4

(W)= o~ ; f(W,xi) —y )

In the (¢ 4+ 1)-th step of GD with ¢ > 0, the weights of

the neural network, Wg, are updated by one-step of GD
through

vee (Ws(t+1)) = vee (Ws(t)) = —Zs(1)(3(t) ).
(&)

where y; = y;, ¥(t) € R™ with [§(1)], = f(W(t),%;).
The notations with the subscripts S indicate the de-
pendence on the training features S. We also denote
F(W(t),-) as f:(-) as the neural network function with
weighting vectors W (¢) obtained after the ¢-th step of GD.
We define Zg(t) € R™4*™ which is computed by

1 N
[ZS (t)] [(r—1)d+1:rd]i — ﬁ ]I{‘?Vv-(t)T;iZO} XAy (6)

forall i € [n] and r € [m]. where [Zs(?)];,_1)at1.0a1i €

Algorithm 1 Training the Two-Layer NN by GD

W (T) + Training-by-GD(T', W (0))
input: 7, W(0)
for t=1,...,7 do

Perform the ¢-th step of GD by (5)
end for
return W (7')

SANRANE S

R? is a vector with elements in the i-th column of Zg(#)
with indices in [(r — 1)d + 1 : rd]. We employ the fol-
lowing particular symmetric random initialization so that
¥(0) = 0, which has been used in existing works such as
(Chizat et al., 2019; Zhang et al., 2020). In our two-layer

. — m/2 m/2 N
NN, m is even, {wzr/(O)} and {ag, },,.7 are initial-
r'=1

ized randomly and independently according to W, (0) ~
N(0, k1), ag, ~ unif ({—1,1}),Vr" € [m/2], where
N(p,X) denotes a Gaussian distribution with mean g
and covariance X, unif ({—1,1}) denotes a uniform dis-
tribution over {1,—1}, 0 < s < 1 controls the magni-
tude of initialization. We set v_\\rgT/_l(O) = Way (0) and
agr—1 = —ag, for all ¥ € [m/2]. It then can be veri-
fied that ¥(0) = 0. Once randomly initialized, a is fixed
during the training. We use W(0) to denote the set of
all the random weighting vectors at initialization, that is,

W(0) = {VT’T(O)} . We run Algorithm 1 to train the
=1

two-layer NN by GD for T steps. Early stopping is en-
forced in Algorithm 1 through a bounded 7" viaT' < T'.

5. Main Results

We present the definition of kernel complexity in this sec-
tion, and then introduce the main results for nonparametric
regression of this paper.

5.1. Kernel Complexity

The local kernel complexity has been studied by (Bartlett
et al., 2005; Koltchinskii, 2006; Mendelson, 2002). For the
PSD kernel K, we define the empirical kernel complexity
Rk and the population kernel complexity Ry as

Ri(e) = \ Tllémin {Xi,52}7

IR )
5;m1n{)\i,5 }. (7

It can be verified that both o Rk (¢) and oR K (€) are sub-
root functions (Bartlett et al., 2005) in terms of 2. The
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formal definition of sub-root functions is deferred to Def-
inition A.2 in the appendix. For a given noise ratio o,
the critical empirical radius &, > 0 is the smallest p051-
tive solution to the inequality RK (6) < €%/o, where 2
is the also the fixed point of O'RK( ) as a function of &2
O'RK(En) = £2. Similarly, the critical population rate &,, is
defined to be the smallest positive solution to the inequality
R (e) < €2/o, where €2 is the ﬁxed point of 0 Rx () as

a function of €2: o Rk (e,) = €2. In this paper we con-
sider the case that ns% — o0 as n — oo, which is also
used in standard analysis of nonparametric regression with
minimax rates by kernel regression (Raskutti et al., 2014).

Let n; := nt for all ¢ > 0, we then define the stopping time
T as

7 .= min {t: Ric(V/Tm) > (ant)*l} 1 ®)

The stopping time in fact limit the number of steps 7" in for
Algorithm 1 as to be shown in Section 5.2, which in turn
enforces the early stopping mechanism.

5.2. Results

Theorem 5.1. Letcr, c; € (0, 1] be arbitrary positive con-

stants, and e7T < T < T. Suppose f* € Hx (uo), and m
satisfies

m > d/e% 9)

and the neural network f(W(t),-) is trained by GD using
Algorithm 1 with the learning rate ) € [1,2) and T' < T.
Then for every t € [c;T: T}, with probability at least 1 —
exp (—O(n)) — Texp (—O(ne2)) — 2/n over the random
noise w, the random training features S and the random

initialization W (0), the stopping time satisfies T =< £.2,
and f(W(t),-) = f; satisfies

pl(fe— 1] Sea. (10)

Significance of Theorem 5.1 and comparison to existing
works. To the best of our knowledge, Theorem 5.1 is the
first theoretical result which proves that over-parameterized
neural network trained by gradient descent with early stop-
ping achieves sharp rate of O(g2), without distributional
assumption on the covariate as long as the input space X’ is
S9=1. More discussions about the significance with com-
parison to existing works are detailed in Section 3.

When the polynomial EDR holds, we can apply Theo-
rem 5.1 to obtain the following corollary.

Corollary 5.2 (Applying Theorem 5. 1 to the special case
of polynomial EDR). Suppose \; 2o for j > 1 and
a > 1/2. Leter,c; € (0,1] be pos1t1ve constants, and
cTT <T< T. Suppose m satisfies

mZnﬁd, (11

and the neural network f(W(t),-) is trained by GD using
Algorithm 1 with the learning rate n € [1,2) and T' < T.
Then for every ¢t € [¢;T: T], with probability at least 1 —
exp (—O(n)) — Texp (—O(ne2)) — 2/n over the random
noise w, the random training features S and the random

initialization W (0), the stopping time satisfies T = nz-1,
1\ 75T
pl(fe= )] S (n) : (12)

The significance of Corollary 5.2 is also detailed in Sec-
tion 3. Section D of the appendix shows the simulation
results with the empirical early stopping time and the theo-
retically predicted early stopping time, 1/&2 =< nd/(2d=1),
for a neural network trained by Algoirthm 1.

6. Roadmap of Proofs

We present the roadmap of our theoretical results which
lead to the main result, Theorem 5.1 in Section 5. We first
present in the next subsection our results about the uniform
convergence to the NTK (2) and more, which are crucial in
the analysis of training dynamics by GD.

6.1. Uniform Convergence to the NTK and More

‘We define functions
h(W, X, y) = XTy]I{wa>O} ]I{wTy>O}7

h(W X,y) Zh W, X,Y), (13)

1 m
vr(W,x) = ]I{|wa\<R},UR (W,x) = EZUR Wy, X).
r=1

(14)

Then we have the following theorem stating the uniform
convergence of h(W(0),-,-) to K(-,-) and uniform con-

vergence of Ur(W(0),x) to \/infm for a positive num-

ber R < nT/y/m. While existing works such as (Li
et al., 2024) also has uniform convergence results for over-
parameterized neural network, our result does not depend

on the Holder continuity of the NTK.

Theorem 6.1. The following results hold with m >
max {nl/d, @(TQ)}, d = logm, and m/ 10g2 m > d.

(1) With probability at least 1 — 1/n over the random ini-
tialization W (0) = {v_\\/r(O)} ,
r=1

~

sup ’K(X,y) — h(W(0),x y)‘ < Ci(m,d,1/n)
xeX,yeX
1
< d ogm (15)

m
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(2) With probability at least 1 — 1/n over the random ini-

tialization W (0) = {VAVT(O)}T:l’

2R
r(W(0),x)| <

igg\va( ()X)Lmﬁ
d 1/4

5() VT, (16)
m

where C(m, d, 1/n), Ca(m, d,1/n) are two positive num-
bers depending on (m,d,n) and (m, Ry, n), respectively,
with their formal definitions deferred to (37) and (40) in
Section C.2 of the appendix.

+ CZ(m7 da 1/”)

Proof. This theorem follows from Theorem C.1
and Theorem C.2 in Section C.2 of the appendix.

Note that A(W,x,y) = L h(w.,x,y) =
r=1

m/2
%ﬂ > h(war(0),x,y), then part (1) directly fol-
r'=1

lows from Theorem C.I. Similarly, part (2) directly
follows from Theorem C.2. O

6.2. Roadmap of Proofs

Because our main result, Theorem 5.1, is proved by The-
orem C.10 and Theorem C.11 deferred to Section C.2, we
illustrate in Figure 1, deferred to the appendix, the roadmap
containing the intermediate theoretical results which lead
to our main result, Theorem 5.1.

Summary of the technical approaches and novel results
in the proofs. Theorem C.8 is the first novel result in the
proofs of this work, showing that with high probability, the
neural network function f(W(¢),-) at step ¢ of GD can
be decomposed into two functions by f(W(t),-) = f; =
h + e, where h € Hg is a function in the RKHS associ-
ated with K with bounded H x-norm. The error function
e has a small L>-norm, that is, |le|| . < w with w being
a small number controlled by the network width m, that
is, larger m leads to smaller w. Theorem C.10 is the sec-
ond novel result in the proofs, where we derive sharp and
novel bound for the nonparametric regression risk of the
neural network function f(W (%), -) in Theorem C.10, that
is, Ep [(ft — f*)?] —2Ep, [(fi — [*)?] S e24w. Tothe
best of our knowledge, Theorem C.10 is among the first in
the literature to employ local Rademacher complexity so as
to obtain sharp rate for the risk of nonparametric regression
which is distribution-free in spherical covariate, and local
Rademacher complexity is employed to tightly bound the
Rademacher complexity of the function class comprising
all the possible neural network functions obtained by GD.

Novel proof strategy of this work. We remark that the
proof strategy of our main result, Theorem 5.1, is signifi-

cantly novel and different from the existing works in train-
ing over-parameterized neural networks for nonparametric
regression with minimax rates (Hu et al., 2021; Suh et al.,
2022; Li et al., 2024). In particular, the common proof
strategy in these works uses the decomposition f; — f* =
(f — FNTOY 4 (FINTO) _ ¢+) and then show that both

NTK NTK *
e

are bounded by cer-
L2

tain minimax optimal rate, where /}NTK) is the kernel re-

gressor obtained by either kernel ridge regression (Hu et al.,

2021; Suh et al., 2022) or GD with early stopping (Li et al.,

2024). The remark after Theorem C.8 details a formulation
f FINTK). H FNTK) g

of f; It f I

, is bounded by the minimax

optimal rate under certain distributional assumptions in the
covariate, and this is one reason for the distributional as-
sumptions about the covariate in existing works such as (Hu
et al., 2021; Suh et al., 2022; Li et al., 2024). In a strong
contrast, our analysis does not rely on such decomposition
of f; — f*. Instead of approximating f; by ﬁ(NTK), we have
a new decomposition of f; by f; = hy + e; where f; is
approximated by h; with e; being the approximation error.
As suggested by the remark after Theorem C.8, we have
he = fNTO 4 &(- ) so that f; = [N + &(-, 1) + e
Our analysis only requires the network width m to be suit-
ably large so that the H g -norm of €5 (+, t) is bounded by a
positive constant and ||e;|| ., < w, while the common proof
strategy in(Hu et al., 2021; Suh et al., 2022; Li et al., 2024)
needs m to be sufficiently large so that both ||ex(-, )|, and
|le¢|| ., are bounded by an infinitesimal number (a minimax

optimal rate such as O(n_ﬁil) and then Hft - ﬂNTK)’

L2
is bounded by such minimax optimal rate. Detailed in Sec-

tion 3, such novel proof strategy leads to our sharp analysis,
rendering a smaller lower bound for m in our main result
compared to some existing works.

7. Conclusion

In this paper, we show that an over-parameterized two-layer
neural network trained by gradient descent (GD) with early
stopping renders a sharp rate of the nonparametric regres-
sion risk with the order of ©(£2) with &,, being the critical
population rate or the critical radius of the NTK, which is
distribution-free in spherical covariate. We compare our re-
sults to the current state-of-the-art with a detailed roadmap
of our technical approaches and results in our proofs.
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Impact Statement

This paper presents work whose goal is to advance the the-
oretical understanding of the generalization capability of
over-parameterized neural networks trained by gradient de-

scent.

References

Allen-Zhu, Z., Li, Y., and Liang, Y. Learning and gen-
eralization in overparameterized neural networks, going
beyond two layers. In Wallach, H. M., Larochelle, H.,
Beygelzimer, A., d’Alché-Buc, F., Fox, E. B., and Gar-
nett, R. (eds.), Advances in Neural Information Process-
ing Systems 32: Annual Conference on Neural Informa-
tion Processing Systems 2019, NeurIPS 2019, Decem-
ber 8-14, 2019, Vancouver, BC, Canada, pp. 6155-6166,
2019a.

Allen-Zhu, Z., Li, Y., and Song, Z. A convergence theory
for deep learning via over-parameterization. In Interna-
tional Conference on Machine Learning, volume 97 of
Proceedings of Machine Learning Research, pp. 242—
252. PMLR, 2019b.

Arora, S., Du, S. S., Hu, W, Li, Z., and Wang, R. Fine-
grained analysis of optimization and generalization for
overparameterized two-layer neural networks. In Inter-
national Conference on Machine Learning, volume 97
of Proceedings of Machine Learning Research, pp. 322—
332. PMLR, 2019.

Bartlett, P. L., Bousquet, O., and Mendelson, S. Lo-
cal rademacher complexities. Ann. Statist., 33(4):1497—
1537, 08 2005.

Bartlett, P. L., Montanari, A., and Rakhlin, A. Deep learn-
ing: a statistical viewpoint. Acta Numerica, 30:87-201,
2021. doi: 10.1017/S0962492921000027.

Bauer, B. and Kohler, M. On deep learning as a remedy for
the curse of dimensionality in nonparametric regression.
Ann. Statist., 47(4):2261 — 2285, 2019.

Bietti, A. and Bach, F. R. Deep equals shallow for relu
networks in kernel regimes. In 9th International Confer-
ence on Learning Representations, ICLR 2021, Virtual
Event, Austria, May 3-7, 2021. OpenReview.net, 2021.

Bietti, A. and Mairal, J. On the inductive bias of neu-

ral tangent kernels. In Wallach, H. M., Larochelle, H.,
Beygelzimer, A., d’Alché-Buc, F., Fox, E. B., and Gar-
nett, R. (eds.), Advances in Neural Information Process-
ing Systems, pp. 12873-12884, 2019.

Bordelon, B., Atanasov, A. B., and Pehlevan, C. How fea-

ture learning can improve neural scaling laws. CoRR,
abs/2409.17858, 2024.

Cao, Y. and Gu, Q. Generalization bounds of stochas-

tic gradient descent for wide and deep neural networks.
In Wallach, H. M., Larochelle, H., Beygelzimer, A.,
d’Alché-Buc, F., Fox, E. B., and Garnett, R. (eds.), Ad-
vances in Neural Information Processing Systems, pp.
10835-10845, 2019.

Chizat, L., Oyallon, E., and Bach, F. On lazy training in

differentiable programming. Curran Associates Inc., Red
Hook, NY, USA, 2019.

Du, S. S, Lee, J. D., Li, H., Wang, L., and Zhai, X. Gradi-

ent descent finds global minima of deep neural networks.
In Chaudhuri, K. and Salakhutdinov, R. (eds.), Interna-
tional Conference on Machine Learning, volume 97 of
Proceedings of Machine Learning Research, pp. 1675—
1685. PMLR, 2019a.

Du, S. S., Zhai, X., Poczos, B., and Singh, A. Gradient de-

scent provably optimizes over-parameterized neural net-
works. In International Conference on Learning Repre-
sentations, 2019b.

Ghorbani, B., Mei, S., Misiakiewicz, T., and Montanari,

A. Linearized two-layers neural networks in high di-
mension. Ann. Statist., 49(2):1029 — 1054, 2021.

Haas, M., Holzmiiller, D., von Luxburg, U., and Steinwart,

I. Mind the spikes: Benign overfitting of kernels and
neural networks in fixed dimension. In Oh, A., Nau-
mann, T., Globerson, A., Saenko, K., Hardt, M., and
Levine, S. (eds.), Advances in Neural Information Pro-
cessing Systems 36: Annual Conference on Neural In-
formation Processing Systems 2023, NeurIPS 2023, New
Orleans, LA, USA, December 10 - 16, 2023, 2023.

Hu, T., Wang, W,, Lin, C., and Cheng, G. Regular-

ization matters: A nonparametric perspective on over-
parametrized neural network. In Banerjee, A. and Fuku-
mizu, K. (eds.), International Conference on Artificial
Intelligence and Statistics, volume 130 of Proceedings of
Machine Learning Research, pp. 829-837. PMLR, 2021.

Imaizumi, M. and Fukumizu, K. Deep neural networks

learn non-smooth functions effectively. In Chaudhuri, K.
and Sugiyama, M. (eds.), International Conference on
Artificial Intelligence and Statistics, volume 89 of Pro-
ceedings of Machine Learning Research, pp. 869—878.
PMLR, 2019.

Jiao, Y., Shen, G., Lin, Y., and Huang, J. Deep nonparamet-

ric regression on approximate manifolds: Nonasymp-
totic error bounds with polynomial prefactors. Ann.
Statist., 51(2):691 — 716, 2023.

Ko, H. and Huo, X. Universal consistency of wide and

deep relu neural networks and minimax optimal con-
vergence rates for kolmogorov-donoho optimal function



Sharp Generalization for Over-Parameterized Neural Networks: A Distribution-Free Analysis in Spherical Covariate

classes. In Forty-first International Conference on Ma-
chine Learning, ICML 2024, Vienna, Austria, July 21-27,
2024. OpenReview.net, 2024.

Koltchinskii, V. Local rademacher complexities and oracle
inequalities in risk minimization. Ann. Statist., 34(6):
2593-2656, 12 2006.

Kuzborskij, I. and Szepesvari, C. Nonparametric regres-
sion with shallow overparameterized neural networks
trained by GD with early stopping. In Belkin, M.
and Kpotufe, S. (eds.), Conference on Learning The-
ory, COLT 2021, 15-19 August 2021, Boulder, Colorado,
USA, volume 134 of Proceedings of Machine Learning
Research, pp. 2853-2890. PMLR, 2021.

Laurent, B. and Massart, P. Adaptive estimation of a
quadratic functional by model selection. The Annals of
Statistics, 28(5):1302 — 1338, 2000.

LeCun, Y., Bengio, Y., and Hinton, G. Deep learning. Na-
ture, 521:436-444, 2015.

Ledoux, M. Probability in Banach Spaces [electronic
resource] : Isoperimetry and Processes / by Michel
Ledoux, Michel Talagrand. Classics in Mathematics.
Springer Berlin Heidelberg, Berlin, Heidelberg, 1st ed.
1991. edition, 1991.

Li, Y., Yu, Z., Chen, G., and Lin, Q. On the eigenvalue
decay rates of a class of neural-network related kernel
functions defined on general domains. Journal of Ma-
chine Learning Research, 25(82):1-47, 2024.

Mendelson, S. Geometric parameters of kernel machines.
In Kivinen, J. and Sloan, R. H. (eds.), Conference on
Computational Learning Theory, volume 2375 of Lec-
ture Notes in Computer Science, pp. 29-43. Springer,
2002.

Nguyen, Q., Mondelli, M., and Montifar, G. F. Tight
bounds on the smallest eigenvalue of the neural tangent
kernel for deep relu networks. In Meila, M. and Zhang,
T. (eds.), International Conference on Machine Learn-

ing, volume 139 of Proceedings of Machine Learning
Research, pp. 8119-8129. PMLR, 2021.

Nitanda, A. and Suzuki, T. Optimal rates for averaged
stochastic gradient descent under neural tangent ker-
nel regime. In 9th International Conference on Learn-
ing Representations, ICLR 2021, Virtual Event, Austria,
May 3-7, 2021. OpenReview.net, 2021.

Raskutti, G., Wainwright, M. J., and Yu, B. Early stop-
ping and non-parametric regression: an optimal data-
dependent stopping rule. J. Mach. Learn. Res., 15(1):
335-366, 2014.

10

Schmidt-Hieber, J. Nonparametric regression using deep
neural networks with ReLU activation function. Ann.
Statist., 48(4):1875 — 1897, 2020.

Stone, C. J. Additive Regression and Other Nonparametric
Models. Ann. Statist., 13(2):689 — 705, 1985.

Su, L. and Yang, P. On learning over-parameterized neural
networks: A functional approximation perspective. In
Advances in Neural Information Processing Systems, pp.
2637-2646, 2019.

Suh, N., Ko, H., and Huo, X. A non-parametric regression
viewpoint : Generalization of overparametrized deep
RELU network under noisy observations. In The Tenth
International Conference on Learning Representations,
ICLR 2022, Virtual Event, April 25-29, 2022. OpenRe-
view.net, 2022.

Vershynin, R. Introduction to the non-asymptotic analysis
of random matrices. In Eldar, Y. C. and Kutyniok, G.
(eds.), Compressed Sensing: Theory and Practice, pp.
210-268. Cambridge University Press, 2012.

Wainwright, M. J. High-Dimensional Statistics: A Non-
Asymptotic Viewpoint. Cambridge Series in Statistical
and Probabilistic Mathematics. Cambridge University
Press, 2019.

Wright, F. T. A Bound on Tail Probabilities for Quadratic
Forms in Independent Random Variables Whose Distri-
butions are not Necessarily Symmetric. Ann. Probab., 1
(6):1068 — 1070, 1973.

Yang, G. and Hu, E. J. Tensor programs IV: feature learn-
ing in infinite-width neural networks. In Meila, M. and
Zhang, T. (eds.), Proceedings of the 38th International
Conference on Machine Learning, ICML 2021, 18-24
July 2021, Virtual Event, volume 139 of Proceedings of
Machine Learning Research, pp. 11727-11737. PMLR,
2021.

Yang, Y. and Barron, A. Information-theoretic determina-
tion of minimax rates of convergence. Ann. Statist., 27
(5):1564 — 1599, 1999.

Yarotsky, D. Error bounds for approximations with deep
relu networks. Neural Networks, 94:103—-114, 2017.

Yuan, M. and Zhou, D.-X. Minimax optimal rates of
estimation in high dimensional additive models. Ann.
Statist., 44(6):2564 — 2593, 2016.

Zhang, K. and Wang, Y. Deep learning meets nonparamet-
ric regression: Are weight-decayed dnns locally adap-
tive? In International Conference on Learning Repre-
sentations. OpenReview.net, 2023.



Sharp Generalization for Over-Parameterized Neural Networks: A Distribution-Free Analysis in Spherical Covariate

Zhang, Y., Xu, Z.J., Luo, T., and Ma, Z. A type of general-
ization error induced by initialization in deep neural net-
works. In Lu, J. and Ward, R. A. (eds.), Proceedings of
Mathematical and Scientific Machine Learning, MSML
2020, 20-24 July 2020, Virtual Conference / Princeton,
NJ, USA, volume 107 of Proceedings of Machine Learn-
ing Research, pp. 144—-164. PMLR, 2020.

Zou, D. and Gu, Q. An improved analysis of training over-
parameterized deep neural networks. In Wallach, H. M.,
Larochelle, H., Beygelzimer, A., d’Alché-Buc, F., Fox,
E. B., and Garnett, R. (eds.), Advances in Neural Infor-
mation Processing Systems, pp. 2053-2062, 2019.

11



Sharp Generalization for Over-Parameterized Neural Networks: A Distribution-Free Analysis in Spherical Covariate

We present the basic mathematical results required in our proofs in Section A, then present proofs in the subsequent
sections.

A. Mathematical Tools

We introduce the basic definitions and mathematical results as the basic tools for the subsequent results in the next sections
of this appendix.

Definition A.1. Let {o;}?_; be n i.i.d. random variables such that Pr[o; = 1] = Pr[o; = —1] = 3. The Rademacher
complexity of a function class F is defined as

1< -
R(F) = E{Qz};l{m - [sup = ;Uif(xi)] . (17)

fer M=

The empirical Rademacher complexity is defined as

Zoiﬂi)} , (18)
=1

_ 1
R(F) =Efoyr, Lélelg -

For simplicity of notations, Rademacher complexity and empirical Rademacher complexity are also denoted by

E {supfef}l > aif(Ql-)] and E,, |:Supf€]:71L > crif(;c\i)] respectively.
i=1 j

i=1

)" n N
For data {X} and a function class F, we define the notation R, F by R, F = supcr % > oif(x4).
i=1 i=1
n

Theorem A.1 ((Bartlett et al., 2005, Theorem 2.1)). Let X', P be a probability space, {21} be independent random

variables distributed according to P. Let F be a class of functions that map X into [a, b]. Assulr;le that there is some 7 > 0
such that for every f € F,Var { f (Qz)} < r. Then, for every x > 0, with probability at least 1 — e™*,

2rx

sup (Ep(/(x)] ~ Exer, [/(x)]) < inf (2(1 TR o, [P+ 5

+(b-a) <§+;> z> (19)

—x

and with probability at least 1 — 2e~%,

sup (Ep[f(x)] = Bxwp, [f(x)]) < inf (ME{Ui}:,l[Rn]-‘]—i—\/?

fer ae(0,1) 11—«
1 1 1+« T
b—a)(-+—+-—"% ). 20
*( a)(3+oz+2oz(1—a)>n> (20)
P, is the empirical distribution over {21} with Ex~p, [f(x)] = L 3 f (2) Moreover, the same results hold for
=1 i=1

SUPfer (EXNP,L [f(X)] - EP[f(X)])

In addition, we have the contraction property for Rademacher complexity, which is due to Ledoux and Talagrand (Ledoux,
1991).

Theorem A.2. Let ¢ be a contraction,that is, |¢(x) — ¢(y)| < p |z — y| for u > 0. Then, for every function class F,
Etopyr, [Bn¢ o FI < pEioyn | [RnF], 1)
where ¢ o F is the function class defined by ¢ o F = {¢po f: f € F}.

12
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Definition A.2 (Sub-root function,(Bartlett et al., 2005, Definition 3.1)). A function ¢: [0, c0) — [0, 00) is sub-root if it is
nonnegative, nondecreasing and if % is nonincreasing for r > 0.

Theorem A.3 ((Bartlett et al., 2005, Theorem 3.3)). Let F be a class of functions with ranges in [a, b] and assume that
there are some functional 7': F — R+ and some constant B such that for every f € F, Var[f] < T(f) < BP(f).
Let v be a sub-root function and let r* be the fixed point of . Assume that ¢ satisfies, for any r > r*, ¥(r) >
BR({f € F: T(f) <r}). Fix x > 0, then for any K, > 1, with probability at least 1 — =,

VieF, Eplfl< -2 Ep [f]+ 704Ky o (11(b—a) +26BK0)

~Kyg—-1"" B n
Also, with probability at least 1 —e™",
Ko+1 704Ky , x(11(b—a + 26BK,
VfeF, Ep [f]< (I)(o Ep [f] + B°r+ (11( T)l 0).

Proposition A.4. Let F be a class of functions with ranges in [0, b] for some positive constant b. Let ¢ be a sub-root
function such that for all » > 0, R({f € F: Ep [f(x)] <r}) < 9(r), and let 7* be the fixed point of ¢). Then for any
Ky > 1, with probability 1 — exp(—z), every f € F satisfies

K, T04 K 11(b — 260K,
Ep[f] < o g, or*+$( (b—a)+ 0)

L - : (22)

B. Proofs for Theorem 5.1 and Corollary 5.2

Optimization

Lemma C.4
\ P Generalization i
Lemma C.5 = .

Lemma C.3 \
Lemma C.6 / : | Theorem C.81\y,

Lemma C.947

Theorem C.10 P Theorem 5.1

Lemma C.7

Theorem C.11

Figure 1: Roadmap of major results leading to the main result, Theorem 5.1. The uniform convergence results in Theo-
rem 6.1 are used in all the optimization results and Theorem C.8.

Proof of Theorem 5.1. We use Theorem C.10 and Theorem C.11 to prove this theorem.

First of all, it follows by Theorem C.11 that with probability at least 1 — exp (—O(né2)),

) 3 (13
e (- £ < 2 (B2 46).

Plugging such bound for Ep, [(f; — f*)?] in (117) of Theorem C.10 leads to

2
Ep [(fi — [)?] - % (gz + 6) < ch(e? +w). (23)

13
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Due to the definition of 7' and 5%, we have

2
< ——— <28, (24)

o1
€n é =
nT  n(T+1)

Since T < f, for any

S

Lemma C.14 suggests that with probability at least 1 — 4exp(—0O(ne2)) over S, £2 =< ¢
t € [T, T], we have

1

~ ~
~ =~

nt 0T

R
¢
qmnv

X
™).

(25)

3’%>‘ -

We have Pr[Wy] > 1 — 2/n. Let w = €2, we now verify that w € (0, 1). Due to the definition of the fixed point, w > 0.

Since > A = [, K(x,x)du(x) = 1/2, we have

i>1
O<w= lZmin{/\i,si} < lz& < i < 1.
ni21 ni21 2n

(10) then follows from (23) with w = 5%, (25) and the union bound. The condition on m in (85) in Theorem C.10, together
with w = €2 and (25) leads to the condition on m in (9). Furthermore, T' < .2 follows from (25) and n = ©(1).

O

Proof of Corollary 5.2. We apply Theorem 5.1 to prove this corollary.

It is well known, such as (Raskutti et al., 2014, Corollary 3), that 5721 =n" 22%. It then can be verified by direct calculations
that the condition on m, (9) in Theorem 5.1, is satisfied with the given condition (11). It then follows from (10) in

Theorem 5.1 that Ep [(f7 — *)?] < .=
O

C. Detailed Proofs

Because Theorem 5.1 is proved by Theorem C.10 and Theorem C.11, in this section, we establish and prove all the theo-
retical results which lead to Theorem C.10 and Theorem C.11, along with the proof of Theorem C.10 and Theorem C.11.

C.1. Basic Definitions

We introduce the following definitions for the proof of Theorem 5.2. We define
u(t) =y(t) —y. (26)

Let 7 < 1 be a positive number, and €9 € (0,1) is an arbitrary positive constant. For ¢ > 0 and T > 1 we define the
following quantities (or recall their definitions if defined before),

Cy = uo/min{Q, 2677} +o+T7+1,

~ nedT
R="0 @7
V= {v ER": v =—(I, — 1K,)" f*(S)} , (28)

Eir = {e: e= El —&-32 € R",El =—(1, - nKn)tW,’

esf| < vir}. (29)

14
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We define the set of neural network weights and the set of functions represented by the neural network during training as
follows.

W(S,W(0),T) = {W: 3t € [T] s.t. vec (W) = vec (W(0)) — i %Zs(t')u(t'),
=0

ut’) e R u(t’) =v(t') +e(t),v(t') € Vv,e(t') € Ev r, forallt’ € [0,t — 1}} . (30)

W(S, W(0),T) is the set of weights of neural networks trained by GD on the training data S and random initialization
‘W (0) with the preconditioner M generated by Q and the steps of GD no greater than 7'. The set of functions represented
by the two-layer NN with weights in W(S, W (0), T') is then defined as

FNN(S,W(0),T) ={fe = f(W(t),): Tt € [T],W(t) € W(S,W(0),T)}. (31)

We define the function class F (B, w) for any B,w > 0 as
F(B,w)={f: f=h+ehecHg(B) el <w}. (32)
We define the constant
B, = po + 1+ V2. (33)

It will be shown in Theorem C.8 that with high probability, the two-layer NN (1) trained by GD lies in the function class
F(Bp,w) where w can be sufficiently small with a sufficiently large network width m.

We define
Wy = {W(0): (15), (16) hold} (34)

be the set of all the good random initializations which satisfy (15) and (16) in Theorem 6.1. Theorem 6.1 shows that
we have good random initialization with high probability, that is, Pr [W(0) € Wy] > 1 — 2/n. When W(0) € W), the
uniform convergence results, (15) and (16), hold with high probability, which is crucial for our main result in Theorem 5.1.

C.2. Theorem C.10, Theorem C.11, and their proofs with related theoretical results
Theorem C.10 (repeat). Suppose w € (0, 1) and m satisfy
m 2 max {T%d/w*, T"d}

and the neural network f(W(t),-) is trained by GD in Algorithm 1 with the learning rate n € (0,1/ Xl) on random
initialization W (0), and T < 7. Then for every ¢ € [T'], with probability at least 1 — exp (—O(n)) — exp (—O(né2)) —
exp (fnsi) — 2/n over the random noise w, the random training features S and the random initialization W (0),

Ep [(fe — £)?] = 2Ep, [(f: — £*)?]

2 N
B =
<co min | 29w ((/9 1) 4B, | =T ,
0<Q<n n n n

Furthermore, with probability at least 1 — exp (—O(n)) — exp (—O(n&?

n
w, the random training features S and the random initialization W (0),

Ep [(fe — f*)?] = 2Ep, [(f: — F*)?] < chleh +w). (35)

)) — exp (—ne2) — 2/n over the random noise

Here By, co, ¢, are absolute positive constants depending on i, and ¢, also depends on o.

15
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Theorem C.11 (repeat). Suppose the neural network trained after the ¢-th step of gradient descent, f; = f(W(¢),"),
satisfies u(t) = fi(S) —y = v(t) + e(t) with v(t) € V,and e(t) € & rand T < T If

€[L,2), 7<—

then for every ¢ € [T, with probability at least 1 — exp (—©(n&2)) over the random noise w, we have
Er, [~ 197 < 2 (415
" ot \ 2e '

We have the following two theorems regarding the uniform convergence of 7:(W (0 ),+,-) to K(-,-) and the uniform con-
2R

vergence of (W (0),-) to o , which lay the foundation of the main results of thls paper. The proofs are deferred to
Section C.4.
N m N
Theorem C.1. Let W(0) = {WT(O)} , where each w,.(0) ~ N(0, x?1,) for r € [m]. Then for any § € (0, 1), with
r=1

probability at least 1 — & over W(0),

~

sup ‘K(X7y) - h(W(0)7X7y)‘ < Cl(m>d7 6)a (36)
xeEX,yeX
where
1 o(1+2m)2l)  1dlog 20+2m)™ | g
= — 1+2B 21 7
Ci(m,d, o) 7 (6( +2BVd) + \/ og 5 + T , (37)

and B is an absolute positive constant in Lemma C.18. In addition, when m > n'/?, m/logm > d, and § < 1/n,

/[d] 1 [d1
Cy(m, d,8) < dogm+dogm5 dogm. (38)
m m m

Theorem C.2. Let W(0) = {?VT(O)} , where each w,(0) ~ N(0,x2I,) for r € [m]. B is an absolute positive
r=1
constant in Lemma C.18. Then for any ¢ € (0, 1), with probability at least 1 — § over W (0),

2R
BRr(W(0),%) — < Cy(m, d, d), 39
sup tr(W(0),x) Tomr| < 2(m, d, ) (39)

where

1 2 2(1+2m)d 2(1+2m)
Co(m,d,6) = 3(BVd + 1) Q+— Sexp(—d/16) [ 2os Tlog . 40)
W Va NECT

In addition, when m > max {nl/d, @(TQ)}, d Z logm, m/ log2 m >d,and 0 < 1/n,
1 I
Co(m, d,d) < dY*VR + \/% 44/ ‘;’jm 44 ;’Sm < (d/m)/*VT. 41)

m > T%/4, (42)

Lemma C.3. Suppose

and the neural network f(W (), -) trained by gradient decent with the learning rate n € (0,1/ Xl) on the random initial-
ization W(0) € W,. Then with probability at least 1 — exp (—©(n)) over the random noise w, W () € W(S, W(0),T).
Moreover, forall t € [0, 7], u(t) = v(t)+e(t) where u(t) = y(t) —y, v(t) € Vi1, e(t) € Ext.7, and [[u(t)|, < cuy/n.

16
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Proof. First, when m 2> Tﬁd/ 74 with a proper constant, it can be verified that E,,, ,, » < 7+/n/T where E,, ;- is defined
by (52) of Lemma C.5. Also, Theorem C.1 and Theorem C.2 hold when (42) holds. We then use mathematical induction
to prove the lemma. We will first prove that u(t) = v(t) + e(t) where v(t) € V;, e(t) € &+, and ||u(t)||, < cuy/n for
forall ¢t € [0, 7.

forall ¢ € [0, 7], where >_F,_, - = 0 for ¢t < 1, and
When ¢t = 0, we have

u(0) = —y = v(0) + e(0), (43)

where v(0) = —f*(S) = — (T —1K,)° f*(S), e(0) = —w = ¢1(0) + e5(0) with e,(0) = —(I — 7K,,)"w and
€(0) = 0. Therefore, v(0) € Vy and e(0) € &o,~. Also, it follows from the proof of Lemma C.4 that [|[u(0), < ¢, with
probability at least 1 — exp (—©(n)) over the random noise w.

Suppose that for all t; € [0,#] witht € [0,7 — 1], u(t) = v(t1) +e(t1) where v(t;) € V;,, and e(t;) = e1(t;)+ e (t1)
with v(t1) € Vy, and e(t1) € &, -, and ||u(t1)]|, < cuy/n forall ¢y € [0, 1]

Then it follows from Lemma C.5 that the recursion u(¢' + 1) = (I — nK,,) u(t’) + E(¢' + 1) holds for all ¢’ € [0,t]. As a
result, we have

u(t+1)=I—-nK,)u(t) + E(t+1)

— (I =nK) (S) - I nK,) ' w

t

+ 3 @K, T E®)

=1
=v(t+1)+e(t+1), (44)
where v (¢ + 1) and e(t + 1) are defined as
v(t+1) == (1= nK,)"" f5(S) € Vi, (43)
41 ,
et+1):=—(I-7K,) ' w+> (I-nK,) """ E). (46)
e1(t+1) =t

ea(t+1)

We now prove the upper bound for e (¢ + 1). With 5y € (0,1/A;), we have ||T — nKy|l4 € (0,1). It follows that

[e=te+
t+1
t+1—t'
< =K [l B,
t'=1
< 1vn, 47)

where the last inequality follows from the fact that ||E(t)||, < E,,,, < 7y/n/T for all t € [T] and the induction
hypothesis. It follows that e(t + 1) € .41 ». Also, it follows from Lemma C.4 that

(e + Dlly < vt + Dl + ||+ 1|, +]|extt + D)

< (\/%—1—0—1—7—1—1)\/5:0“\/5,

This fact completes the induction step, which also completes the proof. O

17
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Lemma C4. Lett € [T],v = —(I—7K,)" f*(S),e = — (I —1K,)" w, and 5 € (0, 1/X1). Then with probability at
least 1 — exp (—©(n)) over the random noise w,

IVl +llell, < (o o 1) v @)

Proof: Whent > 1, we have v = — (I — nK,,)" f*(S), and
n ~\2t . 9
Ivl3 =3 (1= k)" [UTrS)];
i=1

n

Sl [T

3 2enAit

INS \

nig
2ent’

IN®

(49)

Here D follows Lemma C.13, @ follows by Lemma C.12.

Moreover, it follows from the concentration inequality about quadratic forms of sub-Gaussian random variables in (Wright,
1973) that

Pr{liwl3 — E [[wll3] > n] < exp(-6(n)). (50)

and E [ w],] < /E [||w||§} = /no. Therefore, Pr [||w]|, — o > /] < exp (—O(n)).

As a result, we have
nug Ho
Vil + el < \/; #lwl, < (oo +1) VA
O

Lemma C.5. Let0 <1 < 1,0 <t <T —1forT > 1, and suppose that ||¥(t') — y||, < cuy/n holds forall 0 < ¢’ < ¢
and the random initialization W (0) € W,. Then

yt+1) —y=T-nKy) (¥(t) —y) +E(t + 1), (51)
where |E(t + 1)y, < Ep, .7, and E,;, ,, - is defined by
2R

Em,n,T = UCu\/ﬁ (4 ( + CQ(m/27 d, 1/7’L)> =+ Cl (m/2, d, 1/”))
V2K
< neav/n(d/m)AVT. (52)
Proof. Because ||y (t') — y|ly < v/ncy holds for all ¢/ € [0, ¢], by Lemma C.6, we have
(‘v?r(t’) - wT(O)H2 <R, VO<t <t+1. (53)

Define two sets of indices

E;r:= {r € [m]: ’wT(O)Tzi

> R} , Ei,R = [m] \ EiR.

We have
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— = % (o (Ve e+ %) — o (W05 ) )

T‘EEZ'VR
=D
1 ~T N ~T —
+ W Z ay (0 (Ws7,,.(t + l)xi> -0 <WS7,,.(t)Xi>>
TEEi,R
::E(.l)
=DV + B, (54)

and DY, E(M) € R™ is a vector with their i-th element being Dgl) and Egl) defined on the RHS of (54). Now we derive
the upper bound for EM

)

. For all i € [n] we have

TEELR

‘Egl)‘ = % Z ar (0 (VT’s,r(t-l- 1)T;i) -0 (VT’S,r(t)T;i))
1

N

Z ‘Wsﬂ,(t + I)Txi - ws,r(t)Txi

IN

\/RTEEi,R
1 N N
< 3 [t e
<V 2 s ¢ 1) =50
T i, R
2EX I 50|
= — 1z _
Jm GXE: n[ sOir—1ya+1ra FE) =) ,
T i, R
@:1,2:JL
REEAT
T i, R
S”C“" ) (55)

Here @D, @ follow from (72) and (73) in the proof of Lemma C.6.

Let m be sufficiently large such that R < Ry for the absolute positive constant [?y < & specified in Theorem 6.1. Since
W(0) € Wy, we have

~ 2R
ilelg 1r(W(0),x) — Nz < Cy(m/2,d,1/n), (56)

where 7r(W(0),x) = L > 1 { d|<n) so that Tr(W(0), x;) = |Ei | /m. It follows from (55), (56) and the
r=1 -

w,(0)T

induction hypothesis that

2R
E(.l)’<76u(+C m/2,d,1 n> 57
‘ 1 _ ] \/ﬂl{ 2( / / ) ( )
It follows from (57) that HE(U H2 can be bounded by
HE(l) H < neavn <2R + Cy(m/2,d, 1/n)> . (58)
2 \/%H

DZ(.I) on the RHS of (54) is expressed by

p) — % S oa (o (Q;,r(t + 1);1') —e (Qg’r(t);i>)

rel; r
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1 N N T
T Um Z ar]:[{‘;;s,r(t)-r;izo} (Wsﬂ"(t +1)- WS,r(U) X;
reF; r
m - T R
ZGT {Wsy(t)Tx >o} ( (r 1)d: rd]( (t) —Y)> X
T
\ﬁ Z arl {ws,(t)Tx >o} ( sO]ir—1yara) (Y () = Y)> X
7"€Ez R
= —LH@)], F1) - ¥)
=D
T
\/> Z arl {ws NOMET >o} ( )] [(r—1)d: rd]( (t) —Y)> Xi
rek; 'R
::EEQ)
Dz(‘Q) + E?), (59)

where H(t) € R™*" is a matrix specified by

AT

m

X
Hyq () = = : ; LG w20 s, 7%, 20 VP € [l q € [n).

Let D) E() e R” be a vector with their i-the element being DZ@) and EZ@) defined on the RHS of (59). E? can be
expressed by E(?) = %E(Q) (¥(t) — y) with E®) € R»*" and

E® =~ e 1 _ |Big]
Z {ws,(t)-rx >0} {WT(O)Tq >O}X Xp ~m Z: L m
r€E1 R re€E; r
for all p € [n],q € [n]. The spectral norm of E() is bounded by
_ Eir| © 2R
50, <[5, <ol 22 20 (22 cyonpaaam)), 60
| =0 (ot Colm/2, 1) (60)

where @ follows from (56). Also, [[H(¢)||, < [[H(t)[|z < v/nN forall ¢ > 0. It follows from (60) that ||E(?)||, can be
bounded by

52, < 252 v - vl

< ncuf< + Co(m/2,d, 1/n)> (61)

V21K

Dl@) on the RHS of (59) is expressed by
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+ 1 (H(0) — H() (7(1) )
=E4)

On the RHS of (62), D®), E®) E(*) € R™ are vectors which are analyzed as follows. HE(S) H is bounded by
2

K —H(0)[[; < K - H(0)||p < nCi(m/2,d,1/n), (63)

where the last inequality holds due to W(0) € W.

In order to bound E(¥), we first estimate the upper bound for [H; (¢) — H;;(0)] for all i, j € [n]. We note that

I <1 - +1 - . 64
(ioeomsgipmorzy ) Im@rset ™ He 050 or) o

It follows from (64) that

[H;(t) — Hi; (0)]

T

ETETR e _
- ;<]I{v7s,r<t)7§izo}]I{vi(tﬁ?jz()} H{wrwzeo}“{WT<o>Tz]zo}>

IA
3=

>

m
m

3
—

1 + 1
{I{$S’T(t)"'?izo}#1{$r(o)7§i20}} {1{$S7T(t)T§j20}#I{Q\T(O)T;\j20}}

IN
3=

2 (H{\ar(O)T;igR} TS o [<r) 2]I{||ws,,,.(t>_;r<0)2>R}>

r=1

R NN O)
< p(W(0).%) +0r(W(0). %) £ =

where (D follows from (56).
It follows from (63) and (65) that | E®)|

+2C5(m/2,d,1/n), (65)

|E(]|,, are bounded by

27

=]
2

IN

7K~ (), |5() ~ ¥l

% -nCy(m/2,d,1/n) - ||ly(t) —yl,

neav'nCi(m/2,d,1/n), ©0
%HH(O) —H@)[LII¥() =yl

Lo (2 202, fm)) - Iy(6) -1,

4R
< neav/n <%€

IN

IN

=]
2

IN

IN

+2C4(m/2,d, 1/n)> . (67)

It follows from (59) and (62) that
D" =D L E? + EP + EX. (68)
It then follows from (54) that
yilt+1) = 5i(t) =D + BV

21
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=D +E’ +E +EP + E{Y
::Ei

= —IK(§(t) - y) +E, (69)

where E € R"™ with its i-th element being E;, and E = E) + E?) + EG) 1 E@. It then follows from (58), (61), (66),
and (67) that

IE[, < ncavn (4 (\/225;% + Co(m/2,d, l/n)) +C1(m/2,d, 1/n)> . (70)

Finally, (69) can be rewritten as
yt+1)—y=(I- 1K) 3 - y) +E(t +1),

which proves (51). The upper bound for ||E||, in (52) follows from (51), Theorem 6.1, and noting that nc, < ©(1).
Lemma C.6. Suppose thatt € [0,7 — 1] for T > 1, and ||y (t') — y||, < v/ncy holds for all 0 < ¢’ < t. Then
Hv?zs,,_(t')—wT(o)H2 <R, YO<t <t+l. (71)

Proof. Let [Zs(t)]((,_1)q..q denotes the submatrix of Zg () formed by the the rows of Zq (¢) with row indices in [(r—1)d :
rd]. By the GD update rule we have for ¢ € [0,T — 1] that

=~ (Zs(O)y1yaer T — ¥) (72)

We have H [Zs ()] (- 1)d-ra)

’2 < y/n/m. It then follows from (72) that

= = n PN MCu
[t 1) = ws, )], < 2S5 ) -yl < T2 (73)

Note that (71) trivially holds for ¢’ = 0. For ¢’ € [1,¢ + 1], it follows from (73) that

t'=0
n t'—1
S T Cu
\/ﬁ =0
nead’
< =R, 74
< m (74)
which completes the proof. O

Lemma C.7. Let h(-) = i,;lo h(-,t') fort € [T], T < T where



Sharp Generalization for Over-Parameterized Neural Networks: A Distribution-Free Analysis in Spherical Covariate

where v(t') € Vy, e(t’) € & - forall 0 < ¢’ < t — 1. Suppose that 7 < 1/(nT’), then with probability at least
1 — exp (—O(n&2)) over the random noise w,

Illy, < Bu=po+1+V2, (75)

and By, is also defined in (33).

N

Proof Wehavey = f*(S) + w, v(t) = — (I — nK,)" f*(S), e(t) = e1(t) + es(t) with e1(t) = — (I — nK,)" w,
Hgg(t)HQ < /nt. We define

3\3

Eij (5% [er(t)] . @ Zﬁj (x5, %) [ea(t)]

Let 3 be the diagonal matrix containing eigenvalues of K,,, we then have

t—1 t—1

"7 n ! % N
Sl t) = LIS [a- k) 11 (8)] K(x%)
/=0 j=1t'=0 J
n n t—1 , N
-1y [U (I1- %) UTf*(S)] K(X;,%). (76)
j=1t'=0 /
It follows from (76) that
t—1 2
U("tl>
t'=0 Hr
s)Tu Z — ) UTKU Z — ) UT f(S)
t'=0
1 t—1 ) 2
=~ ()20 (A-n=) UTS(S)
t’'=0 2

<3y <1 o nx)t) (U ©);

< Ug, (77
where the last inequality follows from Lemma C.12.

Similarly, we have

) 2
O (R (e
Yakt)| <= — [UTw]. (78)
n 4 s v
t’=0 H i=1 ?

It then follows from the argument in the proof of (Raskutti et al., 2014, Lemma 9) that the RHS of (78) is bounded with
high probability. We define a diagonal matrix R € R™*" with R;; = (1 — (1 — nAi)t)2 /i for i € [n]. Then the RHS of
(78)is 1/n - tr (URUTWWT). It follows from (Wright, 1973) that

Pr(l/n-tr (URUTWWT) —E[1/n-u (URUTWWT)] > ul
< exp (—cmin {nu/ R, n*u?/ R }) (79)
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for all w > 0, and c is a positive constant. Recall that 5, = nt for all £ > 0, we have

) (1_(1_,@))2

E[1/n-tr (URUTwwT)] < 23" =

i=1 nt)\z
® oy & -
< S min {1,
n =1
2,2 1

|
)
ME
=
=]
—~
3
Tl
>
—

= Ry (V1/m) < 1.

(80)

Here (D follows from the fact that (1 — nxi)t > max {O, 1-— tnxi}, and @ follows from min {a,b} < Vab for any

nonnegative numbers a, b. Because t < T < f, we have R k(v/1/n:) < 1/(om:), so the last inequality holds.

Moreover, we have the upper bounds for ||R||, and ||R|| as follows. First, we have

‘We also have

where @ follows from

L2
—IR|? =
~IRJZ =

et (Ai)?
77? zn: { Az}
< min =5 A
Lt Ur 12
25 in {3, L) =Rz (/i) < 1
T on “ T o

1 ~ ~ 1 ~ ~
mln{ﬂ,nt)\f} = /\i min {3,\3,7%)\1} S )‘z
M AT N A;

Combining (78)- (82) with u = 1 in (79), we have

Pr{l/n-tr (URUTWWT)

—E[1/n-tr (URU ww )] > 1] < exp (~cmin {n/n, no?/m})
<exp (—nc' /n;) < exp (

81)

(82)

where ¢/ = cmin {1, 02}, and the last inequality is due to the fact that 1/n; > 2 since t < T < T. Tt follows that with

probability at least 1 — exp (—O(né2)),

2
—1 ~
i,zoel(-,t’)HH <2

K
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We now find the upper bound forHZt ! 0e2(-t) N . We have
K
"2 "72_‘T N a (4!
[e2(, )5, < 5 €2 (F)Kea(t)
< Pt
so that
t—1
|Z€2<~ 2 Zuez o
=0

< Tn\/>7' <1, (83)

ifm <1/(nT).

Finally, we have

t—1 t—1 t—1
il < [Do0CO) D@l + D@t
t'=0 H i t'=0 Hi t'=0 Hi

<jpo+1+vV2=By.
O

Theorem C.8. For every ¢t € [T, let the neural network f(-) = f(W(¢),-) be trained by gradient descent with the
learning rate n € (0,1/A1) on the random initialization W(0) € W, with 7' < T. Then with probability at least
1 —exp (—O(n)) — exp (—O(n&2)) over the random noise w, f € Fan(S, W(0),T), and f can be decomposed by

f=h+ee€ F(Bp,w), (84)
where h € H g (Bp,) with By, defined in (33), e € L>°. When
m 2 max {T%d/w*, T"d}, (85)
then
llell o < w. (86)
In addition,
£l < 2%+ (87

Remark. We consider the kernel regression problem with the training loss L(ax) = 1/2 - | K, — y||§ Letting 3 =

K}A/ a and then performing GD on 3 with this training loss and the learning rate 7, it can be verified that the kernel
regressor right after the ¢-th step of GD is

t—1 n

/;(NTK) n Z Z K (t ) (88)

=01:=1

where a) = (I, — nKn)t/ y. Following from the proof of Lemma C.6 and Theorem C.8, under the conditions of
Theorem C.8 we have

hy = ]’c}NTK) +€2(-,t),

where €3(-,t) = Z ZJ L K(x J) { (t’)} “and e, (t') appears in the definition of &7 in (29). It is remarked
j

that in our analysis, we approximate f; by hy € Hx (By) with a small approximation error w, and we do not need to
approximate f; by the kernel regressor ]/”}NTK) with a sufficiently small approximation error which is the common strategy
used in existing works (Hu et al., 2021; Suh et al., 2022; Li et al., 2024). In fact, our analysis only requires m is suitably
large so that the H g-norm of €z (-,t) = hy — ft(NTK) is bounded by a positive constant rather than an infinitesimal number

as m — oo, that s, |[€2(+,)[|,,,. < 1, which is revealed by the proof of Lemma C.7.
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Proof. 1t follows from Lemma C.3 and its proof that conditioned on an event with probability at least 1 — exp (—O(n)) —
S) (nN/nCd63/8) — (14 2N)* exp(—n), f € Fan(S, W(0),T) with W(0) € Wy. Moreover, f(-) = f(W,-) with

W = {v*vr}’f“_l € W(S,W(0),T), and vec (W) = vec (Wg) = vec (W(0)) — 5.4 n/n - Zs(t')u(t) for some
te[T], wheréﬁ(t') eR™ ul’)=v({')+e(t') withv(¥') € Vy and e(t’') € &, forall ¢’ € [0,¢ — 1].

\?Vr is expressed as
= n
W, = ws . (t) = wr(0) = ) o Zs ()] [(r—1)diray 1(E), (89)

where the notation v?/s,r emphasizes that V?IT depends on the training data S.

We define the event

E,(R) = {(QT(O)TX‘ < R}, r € [m].

e
We now approximate f(W,x) by g(x) := \FZT Lar (5.0 x>0}w x. We have

|f(W,x) — g(x)|
B
e ) (59 )
- i T B A B T
_ % i Lp () |0 (@Tx> —a (wr(0)Tx) - T oy sa) (W = Wr(0)
< \2/7]% zm: Iip,. (r)}- (90)

r=1

Plugging R = ’7\6} in (90), we have

2R
(W) —g(x)] < —= ;H{ET(R»

1 m
=2 uT~—§ 1
ne m {E-(R)}

r=1

= 2nc T - r(W(0), x)

2R
< 2nc,T <

2 Calm/2d 1/n)) . 1)

Using (89), we can express g(x) as
(x) = — Em I w,(0)
gx)=—=) a0 W, (0) x
Vim = w0 Txzo0}

=1 om .
— ZO \/7% Zl H{Q,,,(O)szo} (% [Zs(t/ﬂ[(rﬂ)d:rd] u(t/)) %
t'= r=
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m
4 T

Z nm Z {WT(O)TX>O} Z {w, )T, >0}u3 )X X, (92)

::Gt’ (X)

where (D follows from the fact that \/—% > a"ﬁ{vﬁr(o)szo}W”‘(O)Tx = f(W(0),x) = 0 due to the particular initial-

ization of the two-layer NN. For each G in the RHS of (92), we have

)2 - 2 x
Gt/ = 7m Z:: wT(O)Tx>O} Z dt/ r]u]
L i Z ()%, x
nm & wT(O)Tx>O} {wr 0)Tx; >0} i(
®n 3
,H;K(x,x] u,(t quu]t
=E1(x)
N =T
+—— ; II{WV (O)Tpo} Z dy rju; ()% . (93)
=E3(x)
where
e = WG, w320}~ 1w, 075, 20)
in @, and and

N N

q; = h(W(0), x,,%) — K(x,,%)

forall j € [n]in ®.
We now analyze each term on the RHS of (93). Let h(-,t"): X — R be defined by

n

h(x, 1) = % 3K (x, x;)uy(t),

j=1

then h(-, ') is an element in the RKHS H j for each ¢’ € [0,¢ — 1]. We further define
-1
)= h(-t), (94)
=0

It follows from Theorem 6.1 that, with probability 1 — 1/n over W(0), ¢; < C1(m/2,d,1/n) for all j* € [n]| with
Cy(m/2,d,1/n) < VnN,u(t') < cy+/n with high probability, so that we have

IBulle = |15 gy (®)] - < e lpvaC(m/2.d, 1)
= e3¢}

< neaCy(m/2,d,1/n). (95)

We now bound the last term on the RHS of (93). Define X’ € R%*" with its j-column being X' @)
= _ T
Ly ][{@T(O)szo}dt'ﬁ'vj x forall j € [n], then Er(x) = L (X"u(t')) x.
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We need to derive the upper bound for || X’||,. Because Hv?r, - v?z,(O)Hz < R, it follows that 1[{ NUNET >0} =
H{W,V(O)Tijzo} when ‘v_x\rT(O)Tx [n]. Therefore,
’ al = —_ - —_ — — < — —
(i v, ‘H{wr(t/)ijzo} H{wr(o)ijzo} = ]I{ wT(O)ijlgR}’
and it follows that
rgl H{Q"'(O)T;izo}dt/’nj rgl ‘dtlﬂ",j| 7‘;1 ]I{|VAVV"(O)T;J"§R} ~ -
< < = or(W(0), x;)
m m m
< + C2(m/2,d,1/n), (96)
\ﬁ
where U, is defined by (14), and the last inequality follows from Theorem C.2.
It follows from (96) that ||X'||, < \f( = + C2(m/2,d, 1/n)), and we have
n
1E2()lloe < Xl ()12l
2
< e (R + Co(m/2,d. 1/n)> . ©7)
V2TK
Combining (93), (95), and (97), for any ¢’ € [0,¢ — 1],
1G (%) = h(x, )l < 1Bl + [ B2l
2R
<nca | Ci(m/2,d,1/n) + —— + Ca(m/2,d,1/n) | . 98
e (Cam2., 1) + 2t Calm/2.d.1/1) ) ©8)
Define e(-) = f(W,-) — h(-), it then follows from (91), (92), and (98) that
le®)lloe < I1F (W) — gH +llg = Pl
< F(W, ) — gl + Z 1Ge = b,
@ 2R
< 2neyT | —— + Cy(m/2,d,1/n
2 e, (m 2(m /))
4 T<C( J2.d.1/n) + 2 4 Co(m/2,d,1 ))
Cu m/2,d,1/n) + —— m/2,d,1/n
n 1 N 2
<nc T(C (m/2,d,1/n) +3 <2R+C (m/2,d, 1/n)>>
> 77 u 1 s Wy \/ﬂ 2
= Am,n,N,cgE,nJ" (99)

We now give estimates for A, ,, N.c, 5. Since W(0) € Wy, it follows from Theorem 6.1 that C1(m/2,d,1/n) <

\/m< (d/m)*/*, and 2R/(V/2rk) + Ca(m/2,d,1/n) < (d/m)"/*VT. As a result,

d 1/4
ATYLHNCT,ﬁTNTd/2 <m) .
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By direct calculations, for any w > 0, when
m > T%d/w?,
we have Ay, o Nocompr < W.
It follows from Lemma C.7 that with probability at least 1 — exp (76(725%)) over the random noise w,
Ally,. < Bhs (100)
where By, is defined in (33), and 7 are required to satisfy

TS 1/(T).

Lemma C.3 requires that m > T%d/7%. As a result, we have

m > T,
It also follows from the Cauchy-Schwarz inequality that ||h[| < B/ V/2. This together with (99) proves (87). O
For B, w > 0, we define the function class
F(B,w)={f:3he Hg(B),Je € L=, |le| Swst f=h+e}. (101)
Lemma C.9. For every B,w > 0 every r > 0,
R({f € F(B,w): Ep [f*] <r}) < opw(r), (102)
where
oo 1/2
> A
©B.w(r) == min (\/77+w)\/9+B =t +w. (103)
’ Q: Q>0 n n

Proof. We first decompose the Rademacher complexity of the function class { feF(B,w): Ep [ f 2] < 7"} into two terms
as follows:

R({f: f € F(B,w),Ep [f*] <r})
1 ~
<-E sup o;h(x;
n | feF(Bw): Ep[f2]§r; ()

n n

sup oie(;i) . (104)
D

1
+-E

n

=R =Ro

We now analyze the upper bounds for R1, R2 on the RHS of (104).
Derivation for the upper bound for R ;.

According to Definition 101 and Theorem C.8, for any f € F(Bw), we have f = h + e with h € Hg(B), e € L™,
el < w.

When Ep [f?] < r, it follows from the triangle inequality that ||A] ;2 < [[f]|l;2 + llell 2 < V7 + w = rp. We now
consider h € Hy (B) with ||h|| ;2 < 75, in the remaining of this proof. We have

Z oif(Xi) = Xn: oi (h@) + e@-))

i=1
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= <h,ZaiK(~,§i>> + Zaie@). (105)
=1 Hi

=1

Because {vq}q>1 is an orthonormal basis of H x, for any 0 < Q) < n, we further express the first term on the RHS of (105)

as
<h Zal X; >
Hi
CAR T -
= <Z \/)‘q <hvvq>7{K quz 5\ <ZUzK('7Xi)7vq> Uq>
=1 a=1 q i=1 Hi Hx
n
+ <h, > <ZaiK(-,§i),vq> vq> . (106)
g>Q \i=1 Hi M
0 2
Due to the fact that h € Hy, h = Z My, = Z \Fﬂq eq with v, = /Ageq. Therefore, |[h]|7. = > 28" and
q=1
Q Q
Z VA (hogds, ve| =D VBN,
qg=1 Hi qg=1 My
Q
(h)?
=D AB < Ihll e < 7a (107)

According to Mercer’s Theorem, because the kernel K is continuous symmetric positive definite, it has the decomposition

o0

so that we have

<ZO’1'K(',§Z'),U[I> = <ZO’Z )\jejej(Qi),vq>
i=1 H = H

1 =1 .
n (oo}
= ZO’ZZ\/Ajej(Xz) v],vq>
=1 j=1 M

=3 0iy/ e (i) (108)

Combining (106), (107), and (108), we have

e

}jvﬁ;manKw
qg=1

H Hii Hr

Pl || 3 <§:m >HK%

q=Q+1

+B|| D Do/ Agea(xi)yg

Hix q=Q+1 =1 Hi

< |IAll 2

Q n R
Zzgieq(xi)vq
q=11i=1
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Q n 2 oo n 2
<7 Z(zamq(;i)) +B\| Y (Zai\/rqeq(;i)>, (109)

g=1 \i=1 g=Q+1 \i=1

where (D is due to Cauchy-Schwarz inequality. Moreover, by Jensen’s inequality we have

Q n 2 [ @ n 2

g=1 \i=1

o
< \|E ZZ%@)] = VnQ (110)
\ Lg=1i=1
and similarly,
oo n IR 2 (oo} n IR
E > ( aiw//\qeq(xi)> < B D> A (x| = (111)
q=Q+1 \i=1 g=Q+1 i=1
Since (109)-(111) hold for all ) > 0, it follows that
1 n N o0
E sup — Y oih(x;)| < min | rp/nQ+ B, |n Ag |- (112)
lheHK<B>’|h|Lz<rh n 2 Y T ereze |1 q;@:ﬂ !
It follows from (104), (105), and (112) that
Ry < LE s zn: h(x;)
1> = up ;i i
T | heHk(B)lhll g2 <rn 5—1
0o 1/2
5 (2
< min |/t +B| S . (113)
Q: Q>0 n n
Derivation for the upper bound for RRs.
Because |1/n ) ", aie(gi) < w when |e[| , < w, we have
1 " N
R < —E sup oie(x;)| <w. (114)
n e€L>: ||e\|oo§w;
It follows from (113) and (114) that
R({f: feF(B,w),Ep [fZ] <r})
) 1/2
R
< min | rpy/—+ B =0t + w.
Q: Q>0 n n
Plugging 7, in the RHS of the above inequality completes the proof. O

31



Sharp Generalization for Over-Parameterized Neural Networks: A Distribution-Free Analysis in Spherical Covariate

Theorem C.10. Suppose w € (0,1) and m satisfy
m 2 max {Tﬁd/w‘L,Tlod}7 (115)

and the neural network f(W(t),-) is trained by GD in Algorithm 1 with the learning rate n € (0,1/ Xl) on random
initialization W (0), and T < 7. Then for every ¢ € [T'], with probability at least 1 — exp (—O(n)) — exp (—O(né2)) —
exp (—nsi) — 2/n over the random noise w, the random training features S and the random initialization W (0),

Ep [(fe — f*)?] = 2Ep, [(f: — £)?]

o 1/2\ 2
)‘q

>
B -
< o min °Q+w<\/Q+1> 4B, | = + ce2, (116)
n n

0<Q<n n

Furthermore, with probability at least 1 — exp (—O(n)) — exp (—O(n&?

w, the random training features S and the random initialization W (0),
Ep [(fe = £*)?] = 2Ep, [(f = 1)?] < colen + ). (117)

Here By, co, c{, are absolute positive constants depending on p, and ¢, also depends on o.

)) — exp (—ne2) — 2/n over the random noise

Proof. We first remark that the conditions on m, (115), is required by Lemma C.3 and Theorem C.8.

It follows from Lemma C.3 and Theorem C.8 that for every ¢ € [T, conditioned on an event 2 with probability at least
1 —exp (—O(n)) — exp (—O(n&2)) over the random noise w, we have W (t) € W(S, W(0),T), and

f(W(t)v ) = ft S ]:NN(S’W(O)vT)
Moreover, conditioned on the event 2,
ft S ]:(B}“ w)

We then derive the sharp upper bound for Ep [( fi—1f *)2] by applying Theorem A.3 to the function class
F={F=(-rV:reFBuw}.

Let By = Bh/\/i—i— 1 +u0/\/§ > Bh/\/§+w+ﬂ0/\/§, then we have || F||_ < Bg with F' € F, so that Ep [Fz] <
B2Ep [F). Let T(F) = BZEp [F] for F € F. Then Var [F] <Ep [Fz] <T(F)= BZEp[F].

‘We have

R{{FeF:T(F)<r})

- ({(f — /)% | € F(Bu,w), Ep [(f — f*)?] < gg})
%3 2BoR ({f —[*: f € F(Bp,w),Ep [(f = f)] < E:g})
%4309% ({f € F(Bu,w): Ep [f?] < 4;(%}) : (118)

where (D is due to the contraction property of Rademacher complexity in Theorem A.2. Since f* € F(Bj,w), f €
F(Bp,w), we have % € F (B}, w) due to the fact that (B}, w) is symmetric and convex, and it follows that @ holds.

It follows from (118) and Lemma C.9 that
BXR({F € F: T(F) <r}) < 4B3R ({f: f € F(By,w),Ep [f?] < T})
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< A4BieB, w <4;2> = 1(r). (119)
0

1) defined as the RHS of (119) is a sub-root function since it is nonnegative, nondecreasing and % is nonincreasing. Let
r* be the fixed point of ¢, and 0 < r < r*. It follows from (Bartlett et al., 2005, Lemma 3.2) that 0 < r < ¢(r) =

4Bg<p ( z ) Therefore, by the definition of ¢ in (103), for every 0 < @ < n, we have

4B?
00 1/2
> A
r \/77 Q =Q+1
— < = \—+Bp | ——— . 120
4B§‘<2B0+w> n+ h ” +w (120)
Solving the quadratic inequality (120) for r, we have
00 1/2
> A
B _
TSM+SBS w(,/Q+1>+Bh =t . (121)
n n n
(121) holds for every 0 < @ < n, so we have
o0 1/2
> A
B =
r <8B3 min 0Q+w<\/Q+1>+Bh =0t . (122)
0<<n n n n

It then follows from (119) and Theorem A.3 that with probability at least 1 — exp(—x) over the random training features
S7

K, 11B2 + 26 B2 K, 704K

Ep [(fi = £*)] - e “Ep, [(f = )] - o (115 — ) o 5 0, (123)

or
Ep [(fi = £?] = 2Ep, [(fe = £ S1" + =, (124)
with Ky = 2in (123).
It follows from (122) and (124) that
Ep [(f — [*)?] = 2Ep, [(f: — f*)?]
00 1/2

> A
B ~
< min 0Q+w<\/Q+1>+Bh =t T
0<R<n n n n
2

Let z = neZ in the above inequality, and we note that the above argument requires Theorem C.8 which holds with
probability at least 1 — exp (—O(n)) — exp (—O(n&2)) over the random noise w. Then (116) is proved combined with
the fact that Pr [Wy] > 1 — 2/n.

We now prove (117). First, it follows from the definition of ¢p, ,, in (103) that

r
Y(r) = 4Bg<PBh,,w (‘%)
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oo 1/2
> A
_ 3 . ﬁ Q q=Q+1 3
= 4B; QI:HC}?%O (230 +w) 1/ . + By, . + 4Bjw
o 1/2
> A
<4B3B, min |94 | =2 +4B3w (\/Q + 1)
Q: >0 n n n
4/2B3B
< % -0Rk (V) + 8Bjw = 1 (r),

where the last inequality follows from the Cauchy-Schwarz inequality. It can be verified that 1 () is a sub-root function.
Let the fixed point of 11 () be r}. Because the fixed point of o Rx (1/7) as a function of 7 is £2, it follows from Lemma C.16
that

32V/2BSB?
i gmax{m,1}gi+1633w. (125)

02

It then follows from Theorem A.3 with Ky = 2 that with probability at least 1 — exp(—z),
Ep [(fi = £)?] = 2Bp, [(fi = 1)) S7i+ -

Letting = ne2, then plugging the upper bound for 3, (125), in the above inequality leads to

Ep [(fe — [9)?] = 2Ep, [(fi — [*)?] Sea + 16Bjw. (126)

Again, we note that the above argument requires Theorem C.8 which holds with probability at least 1 — exp (—O(n)) —
exp (—O(n&2)) over the random noise w. Then (117) is proved with the fact that Pr[Wy] > 1 — 2/n and (126).

O

Theorem C.11. Suppose the neural network trained after the ¢-th step of gradient descent, f; = f(W(¢),-), satisfies
u(t) = fi(S) —y =v(t) + e(t) withv(t) € Visand e(t) € &, and T < T. If

1
n€(1,2), TSTT’ (127)

then for every ¢ € [T, with probability at least 1 — exp (—©(né2)) over the random noise w, we have

2
Ep, [(fi — [)?] < % (’;g +3> . (128)
Proof. We have
f1(S) = f(S) + w+ v(t) +e(t), (129)

where v(t) € Vi, e(t) € E.r. 0(t) = e1(t) + e2(t) with e1(t) = — (I, — 7K,)' w and HEQ(t)H < /ar. We have
2
nA1 € (0,1) if n € [1,2). It follows from (129) that

Er, [(fo= 5] = 2IA(8) = SO = TV +w + e
= |- @) £(8) + (T~ (T~ ) ) w o+ 6an)
SO e S (- () ) [ e o)

i=1 ¢ i=1
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®3,ug 3« 02 [r7T. ]2 2
SQent—‘_EZ(l_(l_nAi)) [U W}i+37—

3 (ug 1 1w 2 [T 12
Sﬁ(%Jrg) 3-52(17(177;&)) [U w]

: %
=1

=F.

IN

2 2
3(H 195, ) 43m < 3 (M0 4 4) 438, (130)
nt \ 2e nt \ 2e

Here @ follows from the Cauchy-Schwarz inequality, @ follows from (49) in the proof of Lemma C.4. We then derive the

2
upper bound for E. on the RHS of (130). We define the diagonal matrix R € R™*™ with R;; = (1 -(1- n/\i)t) . Then
we have

E.=1/n-tu(URU ww')
It follows from (Wright, 1973) that
Pr(1/n-tr (URU 'ww') —E [1/n-tr (URU ww')] > u]
< exp (—cmin {nu/\|R||2,n2u2/||R||§}). (131)

for all 4 > 0, and c is a positive constant. With 7, = nt for all t > 0, we have

E[1/n-tr (URU Tww )] = %2 i (1 - (1- nXi)t>2

i=1

~ 1
=’ Ry (v/1/m) < . (132)
t

Here (D follows from the fact that (1 — nxi)t > max {O, 1-— tnxi}, and @ follows from min {a,b} < vab for any
nonnegative numbers a, b. Because t < T < f, we have Ry (\/1/n:) < 1/(om:), so the last inequality holds.

Moreover, we have the upper bounds for ||R||, and ||R|| as follows. First, we have

N
< _ o
IRl < mas (1~ (1-0%))
< min{l,nﬁf} <1 (133)

We also have
n 4
1 2 1 ~\1t
SIRPE=-S (1 (1 - Ai)
~IRI = i}_l:( ))
2 En min{1 T]S:\\4}
"= T
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©); " (~ 1 ~ 1
< ’:me{xi,n} = R% (V1) < (134)
i=1 ¢

o
It 1/n < nj (XZ-)‘L, then min {1/7725, n: (X1)4} = 1/n,. Otherwise, we have nfi? < 1, so that g, A; < 1 and it follows that
min {1/77t, ng”@)‘*} < m3AF < X;. As a result, @ holds.
Combining (131)- (134), we have
Pr [1/n - tr (URUTWWT) —-E [1/n - tr (URUTWWT)] > u] <exp (—cn min {u7 u20277t}) .
Let u = 1/ in the above inequality, we have
exp (—enmin {u,u’o”n, }) = exp (—c'n/n;) < exp (—c'né2)

where ¢/ = cmin {1, 0%}, and the last inequality is due to the fact that 1/n, > &2 since t < T < T'. Tt follows that with
probability at least 1 — exp (—O(né2)),

n

12
E.<u+—==. (135)

It then follows from (130), (131)-(135) that

holds with probability at least 1 — exp (—c'né2).

O
C.3. Auxiliary Results about Reproducing Kernel Hilbert Spaces
Lemma C.12 (In the proof of (Raskutti et al., 2014, Lemma 8)). For any f € H (o), we have
2
1< [UTf(S)]:
-3 M <. (136)
n 4 s
i=1 1
T 12
Similarly, for f € H g (110), we have =57 m < ud.
Lemma C.13. For any positive real number a € (0, 1) and natural number ¢, we have
(1—a) <ete< 1 (137)
- ~ eta’
Proof. The result follows from the facts that log(1 — a) < a for a € (0,1) and sup,,cg ue ™ < 1/e. O
Lemma C.14. With probability at least 1 — 2 exp(—0(ne2)),
e2 < cé2. (138)
Furthermore, with probability at least 1 — 2 exp(—©(ne?)),
82 < el (139)

Here c; is an absolute positive constant depending on o.

Remark. Lemma C.14 shows that with probability at least 1 — 4 exp(—©(ne2)), 2 =< 22, which is also a fact used in

kernel complexity or local Rademacher based analysis for kernel regression in the statistical learning literature. We herein
provide a detailed proof to ensure the mathematical rigor of this paper.

36



Sharp Generalization for Over-Parameterized Neural Networks: A Distribution-Free Analysis in Spherical Covariate

Proof. Define function classes
Fe={feHr: Ifl, LIl <t} Fo={f €Hr: fly, <L, <t}

where ||f||i =1/n-3" F2(x;). Let R(t) be the Rademacher complexity of 7, that is,

R(t) =R (F) = ]E{;i}y{gi} lSUP L Uif(;i)a]

fE}—tniz

and we will also write R(t) = E |supcz, = > 0if (21),] for simplicity of notations. We let R(t) be the empirical
i=1

Rademacher complexity of F;, that is,

R(t) = E,

sup L Z(Tzf(z)}

fer i

By results of (Mendelson, 2002), there are universal constants ¢, and C,, with 0 < ¢, < C,, such that when ¢ > 1 /n, we
have

ceRi(t) S R(t) < CuRk(t), Rk (t) < R(t) < CLRk(t). (140)
When f € F, [|fllo <70 = % It follows from Lemma C.15 that with probability at least 1 — exp(—ne2),
Foc {f €t f e < LUl < VerPP Fech } = F (141)

Moreover, by the relation between Rademacher complexity and its empirical version in (Bartlett et al., 2005, Lemma A.4),
for every « > 0, with probability at least 1 — exp(—z),

1 — - 1 — - 2
E _sup - o f(x;)| <2E, _sup EZUJ(XZ') + %. (142)
f 1/c2t2+c3£2 i=1 fe q/c2t2+c35% i=1
As a result,
@® 1 <&
ROZE| s~ of(xi)
eF —~——"ia
cot +035n
1 — 2
< 2E, sup fZazf(xl) “To®

n
fe]:, [eat?tcge? i=1
~ 219
= 2R(\/ 02t2 + 035%) + TO

Here D follows from (141), and @ follows from (142). It follows from (140) and the above inequality that

~ 2
cofo-oRk(t) <2C, /0 oRk(\/cat? + c3e2) + %,Vt2 >1/n.

Rewrite Ry (t) as a function of 7 = t2 as Ry (t) = Fi(r). Similarly, R () = Fg (r) with r = 2. Then we have

o Fg(r) <max{2C,/cg, 1} - aﬁK(czr +c3e2) + 2070w = G(r),Vr > 1/n. (143)

ncy
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It can be verified that G(r) is a sub-root function, and let rf, be the fixed point of G. Let z > ¢¢/(207), then g, > 1/n.

Moreover, o Fg (r) and crﬁK(r) are sub-root functions, and they have fixed points €2 and 2, respectively. Set r = 1§, >
1/n in (143), we have

oFk(r§) <rg,

and it follows from the above inequality and (Bartlett et al., 2005, Lemma 3.2) that 5% < r¢. Since co > 1, it then follows
from the properties about the fixed point of a sub-root function in Lemma C.16 that

2c3e2 ) . 4019w .

ncy

531 < TZV < max {QCu/Céa 1}2 <C2€3L +
C2

We can choose ¢z such that ¢ > 2¢5 max {2C,, /¢y, 1}2, then the above inequality indicates that

doTx

2 ~2 0

€p < Cupéy + )
ncy

where ¢, ¢ is a constant depending on c¢, C, c2, c3, and (138) is proved with x = c na% where ¢’ > 0 is a positive constant
which is chosen such that 4¢’o7g /¢y < 1.

Similarly, it follows from Lemma C.15 that with probability at least 1 — exp(—ne2),
Foc{r et 1y, LIl S Vel ¥ e} = F, o (144)

It follows from (Bartlett et al., 2005, Lemma A.4) again that for every « > 0, with probability at least 1 — exp(—x),

1 < - 1« - 10
B | swp 3 of(X)| S2E| s = ouf(x)| + e (145)
Vor e o "

As a result, we have

o | Lo T
R(t) < E, sup gzaif(xi)
&7 fomi = ]
2 | 1 ] 0
= 2B sup *Zaif(xi) + 1;—056
€7 Jemrra i | n

5vV2 10
— (Ve ) + 2 < 20, R P T ) +
n

12n '

where (D follows from (144), and @ follows from (145). Using a similar argument for the proof of the first inequality in
(138), we have

2c: 107y
2 <k < 20, /ce, 1} =) e 0
EnSTg > maX{ /Cfa } co + o €n + 121 °

and the second inequality in (139) is approved with z = © (ne2).

O
Lemma C.15. Let K be a PSD kernel, then with probability at least 1 — exp (fnef,,),
lgll7= < callglly, + eserns Vg € Hac(1). (146)
Furthermore, with probability at least 1 — exp (—ne?),
gl < esllgliza +esen, Vg € Hic(1). (147)

Here co, c3 are positive constants with co > 1.
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Proof. The results follow from Theorem A.1. O
Lemma C.16. Suppose ¢: [0,00) — [0,00) is a sub-root function with the unique fixed point *. Then the following
properties hold.

(1) Leta > 0, then 1 (r) + a as a function of r is also a sub-root function with fixed point 7%, and r* < r* < r* + 2a.

(2) Letb > 1, ¢ > 0 then 1(br + ¢) as a function of r is also a sub-root function with fixed point r;, and r; < br* + 2¢/b.

(3) Letb > 1, then 1,(r) = btp(r) is also a sub-root function with fixed point 7, and 7} < b?r*.

Proof. (1). Let ¢, (r) = (r) + a. It can be verified that 1, (r) is a sub-root function because its nonnegative, nonde-
creasing and v, (r)/+/7 is nonincreasing. It follows from (Bartlett et al., 2005, Lemma 3.2) that 1), has unique fixed point
denoted by . Because r* = ¥(r*) < ¥(r*) + a = 1, (r*), it follows from (Bartlett et al., 2005, Lemma 3.2) that
r* < r*. Furthermore, since

* 42
Vo (r* +2a) = Y(r* + 2a) + a < P(r*) ! t a+a§\/r*(r*+2a)+a§r*+2a,

r

it follows from (Bartlett et al., 2005, Lemma 3.2) again that r} < r* + 2a.

(2). Let ¢y(r) = 1(br + ¢). It can be verified that ¢, (r) a sub-root function by checking the definition. Also, we have
Y(b(br* + 2¢/b) + ¢)/1/b(br* + 2¢/b) + ¢ < (r*) //r*. It follows that

Uy (br*—|—2bc> =w<b(b7‘*+2bc>+c> <b (T*+Z)§)T*

L. 3C . 2c

Then it follows from (Bartlett et al., 2005, Lemma 3.2) that r; < br* + 2¢/b.

(3). Let ¢p(r) = bp(r). It can be verified that v, (r) a sub-root function by checking the definition. Also, we have
Y(O2r*) VB2 < () /v r*, so Y(b2r*) < br* and 1y (b?r*) = bip(b?r*) < b%r*. Then it follows from (Bartlett et al.,
2005, Lemma 3.2) that r; < b*r*. O

C.4. Proofs of Theorem C.1 and Theorem C.2

We need the following definition of e-net for the proof of Theorem C.1 and Theorem C.2.

Definition C.1. (e-net) Let (X, d) be a metric space and let € > 0. A subset N (X, d) is called an e-net of X if for every
point z € X, there exists some point y € N.(X,d) such that d(z,y) < e. The minimal cardinality of an e-net of X, if
finite, is denoted by N (X, d, ) and is called the covering number of X at scale ¢.

Proof of Theorem C.1. First, we have Eq,ar(0,x21,) [A(W,X,y)] = K(x,y). Forany x € X and s > 0, define function
class

Hy,y,s = {h(-,x’,y'): RIS R:x' €B(x;8)NX,y € B(y;s)N X} . (148)

We first build an s-net for the unit sphere X'. By (Vershynin, 2012, Lemma 5.2), there exists an s-net Ny (X, ||-||,) of X
such that N (X, |||, 5) < (1+2)".

In the sequel, a function in the class Hx y s is also denoted as i(w), omitting the presence of variables x” and y when no

m

confusion arises. Let P, be the empirical distribution over {‘;’T(O)} s0 that Ewp,, [2(w)] = h(W(0),x,y). Given

x € N(AX,s), we aim to estimate the upper bound for the supremum of empirical process Eyw. (0,121, [2(W)] —
Ew~p,, [h(w)] when function h ranges over the function class Hy,y 5. To this end, we apply Theorem A.1 to the function
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class Hx y s with W(0) = {VT’T(O)} . It can be verified that h € [—1,1] for any h € Hx,y 5. It follows that we can set
a = —1,b=11in Theorem A.1. With probablhty at least 1 — 2e~7 over the random initialization W (0),

sup  [Ew~nr(o,21,) [1(W)] = Ewnr,, [h(W)]]

he€Hx,y,s

1 — 2rz 1 1\ =z
< inf (2(1+a)E — ) orh(w,(0 —+b-a)(z+-) ), 149
—é&n((+a)wﬁﬁﬁmlgﬁiﬁmgﬂa(W(D 4/ +( @(3+a)m) (149)

where {c'},"_, are i.i.d. Rademacher random variables taking values of +1 with equal probability.

It can be verified that Var [h] < Ey [h(w,x,y)?] < 1. Setting o = 3 in (149), it follows that with probability at least

1-4,
, ~ , 2log% 14log%
sup ‘K(X ,y) — h(W(0),x ,y)‘ <B3R(Hxys) +1 —2= + ——2. (150)
x'€B(x;5)NX,yeX m 3m

Here R(Hx,y,s) = Ew(0),{0,}™, {wpheﬂx e Z (W, (0 ))] is the Rademacher complexity of the function class
+

1
Hyxy.s. By Lemma C.17, R(Hxy.s) < 2 ( BVds

setting s = -, we have
m

~ 2BVd +1 2log 2 14log 2 + 18
sup ’K(x/,y) *h(W(O),XQY)’ < 6(2Bvd +1) +1/ %65 | 7085 g (151)
m

x'€B(x;5)NX,yeX vm 3m

Vs + ) Plugging such upper bound for R(Hx,y,s) in (150) and

By union bound, with probability at least 1 — (1 + 2m)>* § over W (0), (151) holds for arbitrary x € N (X, s). In this
case, for any x' € X,y € X, there exists x € N, (X, ||-||5) such that [|x’ — x|, < s, sothatx’ € B (x;s) N X, and (151)
holds. Changing the notation x’ to x, the conclusion is proved.

O

Lemma C.17. Let R(Hxy,s) = Ew(0),{0,}™, {suphe%x -3 aTh(v?/T(O))] be the Rademacher complexity of the
- e =1

function class Hy,y s, and B is a positive constant. Then

R(Hxy.s) <2 (23\/%—1— Vs + s) . (152)
Proof. We have
R(Hxy.s) = Ew (o) (o} sup —Zw w,(0),x',y")| < Ri+Ra+ Rs, (153)
"= % eB(x;5)N X,y  €B (y;s)nX T

where

Ri1= ]EW(O)7{U7.}T: sup — Z Ur( y ) h(\?{,(O), X, yl))‘| s

| x '€B(x;5)NX,y’ €B(y;s)nx T

Ro=E o} sup — UT( X,y h@T07X7y> )
2 WO Lordi | x 'e€B(x;5)NX,y’ €B(y;s)NX T 721 ) ( ( ) )

Rs = Ew o sup — o-h wr X,y)| - (154)
(©0).tor e | x 'eB(x; s)ﬁX,y EB(y,s)ﬂX Z )
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Here (153) follows from the subadditivity of supremum. Now we bound %1, R2, and Rz separately. First, R3 = 0 by the
definition of the Rademacher variables. For R, we first define

ZH ’
{{x/T (0>20}ﬂ{xTﬁr<0>20}}

which is the average number of weights in W (0) whose inner products with x and x’ have different signs. Our observation

is that, if ’XT‘T\VT(O)‘ > s”v?u(()) H , then XTVTIT(O) has the same sign as x’Tv?T(O). To see this, by the Cauchy-Schwarz
2

inequality, |[x'Tw,(0) fxT\T/‘r(O)‘ < |Ix’ foQHv_\\/T(O)H < s||w,(0)|| , then we have x"w,.(0) > s VT’T(O)H
2 2
KT (0) 2 7w, (0) — s|[W(0)]| > 0, and xTw, (0) < —s][w, (0)] = xTw,(0) < X (0) 4 5w 0} <0
As aresult,
o<1y 1 =0
= m g {prw o] sswe o) T
and it follows that
~ L 0|
Ew (o) [Q} —Pr HXTWT(O)‘ < SHWT(O)H } (155)
2 o,

where the last equality holds because each W, (0),r € [m], follows a continuous Gaussian distribution. It follows from
x wT(O)‘
(155), it follows that Ew (g [Q} < B+V/ds. By the Markov’s inequality, we have Pr [Q > \/§} < B+/ds, where the

probability is with respect to the probability measure space of W (0). Let A be the event that Q> \/s. We denote by 2
the subset of the probability measure space of W (0) such that A happens, then Pr[Q2;] < Bv/ds. Now we aim to bound
‘R4 by estimating its bound on 2 and its complement. First, we have

Lemma C.18 that Pr [’ < s| < BW/ds for an absolute positive constant B. According to this inequality and

Ri1=Ew(0),{0,}", l sup — Zm( x',y') = h(w,(0),x, y/)>]

m
x'€B(x;5)NX,y’€B(y;s)NX r—1

1 & — —
=FE Q. {0, sup — O‘T<h w,.(0),x",y —thO,X,y’>
W(0)€Qs {0, L,GB(X;S)MJIGB(Y;S)M - ; (w(0) ) = h(w(0),%,5")

Ri1
1 % — It o ’
+ Ew(0)¢0, o} sup — 3o (AW (0),%,y)) = h(w,(0),x,3)) |, (156)
x'€B(x;5)NX,y’€B(y;s)NX m r—1
Ri2
where we used the convention that Evy (g)cq, [] = Ew (o) [I[{W(O)eQS} X ] Now we estimate the upper bound for R

and R separately. Let [ = {r €[m]: 1 } When W (0) ¢ €, we have Q < Q < +/s.

{x'TvTrT(o)zo} a ]I{xT?vT(o)zo}

In this case, it follows that |I| < m.+/s. Moreover, when r € I, either H{x’T\TIT(o)zo} = 0or ]I{xTvT/T(o)ZO} =0. Asa
result,
(W, (0),X,¥') = B, (0),%,5)
<max{ |x'Ty'1, |- Xyl | - <1. (157)
{x w20} {3 Tw,(0)>0} {xTw, (>0} "{yTw.(0)>0}
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When r € [m] \ I, we have

N

[, (0). 5, 3") = (w1 (0), x. )

— |x'"y'1 i —xy'T i 9 (158)
1 Y w20} Hy w020} YV A rw 020} Hymwa o0} | =
where (O follows from ]I{x/Tsz (0)>0} = I[{xTsz (0)>0} because » ¢ I, x' € B(x;s), and
‘H{XT@T(O)ZO} ”I[{y'T$r(0)20} € {0,1}. By (157) and (158), for any x’ € B(x;s) N X andy’ € B (y;s) N X,
we have

rel re[m]\I
1 i ’oot — / 1 — It .
< — 3 AW (0),xY) = AW (0)x¥)| + — D |hw,(0),X.y) = bW (0), %)
rel re[m]\1
@ _
mys  m—l| s <5+s, (159)
m m
where (D uses the bounds in (157) and (158).
Using (159), we now estimate the upper bound for R12 by
1 w— N —~
Riz = IEW(O)g’EQS,{U, m sup —_ ZUT (h(WT<O),X/,y/) - h(wr(()),x,y’))
x'€B(x;5)NX,y’€B(y;s)NX m r—1

< Ew(yga. (o1, [V5] Vs +s. (160)
When W(0) € Q, forany x' € B (x;s) N X andy’ € B (y;s) N X, we have

N

h(w,(0),x',y") — h(w,(0),

| < ’h(v@(@),x’,y’) <2 (161)

+ | (w, (0).x.¥')

For R 11, it follows from (161) that

Ri1 = Ew e {o.}m,
x'€B(x;8)NX,y’ €B (y;s)nx T —1

sup *Z%( Xy —h(;\vr(O),x,y’))]

@
< Ew(0)eq. {0y, [2] = 2Pr[Q] < 2BVds (162)

Combining (156), (160), and (162), we have the upper bound for R; as
Ri=TRi1 + Ris < 2BVds + /5. + s (163)

Applying the argument for R to R, we have Ry < 2B+v/ds+ +/s. Plugging such upper bound for R, (163), and Rz = 0
in (153), we have

R(Hyy.s) < R1+Ro+ Ry <2 <2Bx/£ +Vs+ s) . (164)

O

Lemma C.18. Let w ~ N (0, k2I;) with £ > 0. Then for any ¢ € (0,1) and x € X, Pr [ ﬁcwﬂz < s] < BV/de where B

is an absolute positive constant.
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Remark. In fact, B can be set to 27— 1/2,

XTW

Proof. Let z = Tl It can be verified that 22 ~ z; where z; is a random variable following the Beta distribution
2

Beta(%, %) Therefore, the distribution of 2 has the following continuous probability density function p, with respect to
the Lebesgue measure,

d—3
pe(z) = (1 —2%) 7 Iyu<1y/B, (165)
where B = f_ll(l — xQ)%dx is the normalization factor. It can be verified by standard calculation that 1/B’ < BT‘/E
for an absolute positive constant B.
Because 1 — 22 < 1 over z € [—1, 1], we have B’ < 1. In addition,
x'w 1 [ -
Pr | | <e :Pr[—sgzgs]:—// (1—x2)%daz§B\/&€7 (166)
[[wll B ).
where the last inequality is due to the fact that 1 — 22 < 1 for z € [—¢,¢] with e € (0,1). O
Proof of Theorem C.2. We follow the same proof strategy as that for Theorem C.1.
First, we have Ey.xr(0,x21,) [VR(W, X)] = Pr [|WTX| < R}. For any x € & and s > 0, define function class
Vs = {’UR(‘,X/)ZRd%R2X/€B(X;8)ﬂ€X}. (167)

We first build an s-net for the unit sphere X'. By (Vershynin, 2012, Lemma 5.2), there exists an s-net N (X, ||-||,) of X
such that N (X, [|-]},, s) < (1+ 2).

In the sequel, a function in the class Vy is also denoted as vr (W), omitting the presence of x when no confusion arises.
Let P,, be the empirical distribution over {V?T(O)} and Eyp, [vr(W)] = 0r(W(0),x).

Given x € N (X,|,), we aim to estimate the upper bound for the supremum of empirical process
Ew~nr(0,x21,) [VR(W)] — Ewnp,, [vr(W)] when function vr ranges over the function class Vy 5. To this end, we apply
Theorem A.1 to the function class Vi , with W(0) = {V?T(O)}T_l It can be verified that vy € [0, 1] for any v € Vx 5.

It follows that we can set @ = 0,b = 1 in Theorem A.l. Setting o = % in Theorem A.1, then with probability at least
1 — 2e~* over the random initialization W (0),

sup  |Ewnro,x21,) [VR(W)] — Ewep,, [VR(W)]|

VREVx,s

. 1 Zm — [2rz  T(b—a)x
< f 3E o m _— r r 0 —_— —_— 5 168
- ael?o,l) ( WO Lordi LRSeu\Ec,S mTﬂU or(wr(0))] + m T 3m ) (168)

where {cr}:n:1 are i.i.d. Rademacher random variables taking values of +1 with equal probability.

It can be verified that Var [vg] < Ey, [v r(w, x)z} < 1, sor can be set to 1. It follows that with probability at least 1 — 4,

2 2
sup  [BR(W(0),x) — Pr[|w x| < R]| < 3R(Hxy.) + 1/210% n 71;%. (169)

x/'€B(x;5)NX

m R

Here R(Vx,s) = Ew(0),{0,}7, |SUPypev, . Ly O’r’UR(Wr(O)):| is the Rademacher complexity of the function class
B ) ' r=1

Vx.s-
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Plugging the upper bound for R(Vx s), (171) in Lemma C.20, in (169) and setting s = E’ we have
sup |vR W(0),x") = Pr[|w'x'| <R
x'€B(x;s)

—d/1 2log 2 Tlog 2
<3| Bvd+) Q+— op(Cd/16) ) | [2loss | Tloa (170)
/fR+7 m 3m

By union bound, with probability at least 1 — (1 + 2m)® § over W(0), (170) holds for arbitrary x € N (X, s). In this case,
for any x” € X, there exists x € N (X, s) such that |x’ — x||, < s, so that x’ € B (x;s) N A, and (170) holds.

Note that Pr HWTXI ’ < R] < \/injm for any x’ € X, changing the notation x’ to x completes the proof.
O

Lemma C.19. Let w € R! be a Gaussian random vector distribute according to w ~ N'(0,x%*I441). Then

Pr [y > 5\/d2] > 1 - exp (~d/16).

Proof. Let X = H‘:” then X follows the chi-square distribution with d degrees of freedom, that is, X ~ x?(d +
1). By (Laurent & Massart, 2000, Lemma 1), we have the following concentration inequalities for any z > 0,

Pr [X —(d+1)>2/[dF D+ 29;} < exp(—z),Pr [(d 1) -X>2/{d T 1)4 < exp(—x). Then this lemma

follows from setting = (d + 1)/16 in the second inequality. O

Lemma C.20. Let

R(Vx,s) = Ew(0) {0}, [ sup ZJT”R ]

REVx,s

be the Rademacher complexity of the function class Vx ;. Then

R(Vx,s) < B\f+1\/@+ exp(—d/16) (171)
\/IR—FS

where B is a positive constant.

Proof. We have

R(Vx,s) = Ew(0).{o,}7, l Sup ZUWR w,.(0 X/)] < Ri+ Ro, (172)
B 'eB(x;s)
where
R1 = Ew(0),{o,}m, l BS(up ZUTUR )] )
'eB(x;s)

m

R2 = Ew(0),{0,}m , [ sup e Z o (vR(vAvr(O), x') — vr(w,(0), x))} :

. m
x'€B(x;5)NX r—1

Here (172) follows from the subadditivity of supremum. Now we bound R, and R separately. For R1, we have

Ri1 = Ew(0),{o,}7, — ZUTUR w,.(0 )] =0. (173)

[ ’EB(x s)nx M
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For Ry, we first define @ :== L 3" 1
{1 0fn) 1 0] )

‘XT@T(O)] - R‘ > SHV_\\/T(O)

}, which is the number of weights in W (0) whose

inner products with x and x" have different signs. Note that if , then T {‘ .
2 X

w,(0)|<R} T

IN

To see this, by the Cauchy-Schwarz inequality,

o) 0 75,0] < w0

SHV_\\/',»(O)HQ, then we have ’xTvaT(O)‘ —R> sH?vAO)H2 =

x/Tv?r(O)‘ “R> ‘xTv?,.(O)’ - 4‘@(0)”2 ~R>0,and

‘XTV?T(O)‘ ~R< —SHV?T(O)]L =

x’Tv?,.(O)‘ —-R< ‘XTV_&;T(O)’ + SHVTIT(O)HQ — R < 0. As aresult,

1 & -
< — | —~ —~ = Q.
@ L M s of-risoso],} = 9
Due to the fact that ]I{HXT‘?VT(O)’—R’SS’VTIT(O)HJ < ]I{)xTvT/T(O)‘gR+s‘@T(O)“Q}’We have

o [H{HXTWT(OH—RSs!WmILﬂ =50 [H{XTWT<0>|SR+8|@T<0>HZ}}

@
= B 01 5. 0] 25y [ 1ol ] * B ol v [ Hersofsnafso,
C? E I d/16
= B 0 ol v Hrsofs(Sp o]} + P 410
xw.0)| R i\ 0 V2R
<Pr H\fvr(O)H < 7 +s| +exp (_16> < BVd <\/& + s) + exp (—d/16), (174)
2
where we used the convention that IE;W (0)eA [] = E\T/,,, ) []I{ Ay X } in @ with A being an event. For any fixed r €

[m], it follows from Lemma C.19 that Pr [||w||2 > \/d/2] > 1 — exp (—d/16), so that @ follows. By Lemma C.18,

<% @] _ yar
Pr l’VT’r(())H2 < Va +s

According to (174), we have

< BVd (% + s) for an absolute constant B, so 3 holds.

~ 2R d
Ew (0) [Q} < BVd <\§E + s) + exp (—16> . (175)
Define s’ := v/2R/\/d + s. By Markov’s inequality, we have
pe[Q > V¥ < BT + exp(\;?/ 1 (176)

where the probability is with respect to the probability measure space of W(0). Let {24 be the subset of the probability
measure space of W (0) such that Q > /s’. Now we aim to bound R by estimating its bound on 2, and its complement.
First, we have

Ro = EW(O),{O’,- " l Sup l Z Or <UR(W7'(O)7 X/) - UR(WT‘(O)’ X))]

. m
x'€B(x;s)NX —1

1 m N N
=Ew0): g>v5 (o3, L,G;&Ps)m - 2; ar (UR(WT(OL x') — vr(w;(0), X))]

Ra1
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1 & — N
+EW(O): Q<Vs {o, 37 [ sup — ZUT (UR(WT(O)vX/) - UR(WT(O)7X))] ) (177)

=1 x/eB(x;s)nx T —1

Ra2

Now we estimate the upper bound for Res and Ro; separately. Let

I= {r € [m]: 1[{ T O] <R} # I[{xTv?r(o>|<R}}~

<Q <V, |l < / i - = R =
When Q < Q < V¢, [I| < m+/s'. Moreover, when r € I, either ]I{ x’Twr(O))SR} 0 or ]I{‘XTWT(O)|§R} 0. Asa
result,
N , N
_ — N — - <1.
’vR(wT(O),x ) UR(WT(O),X)’ ‘]I{ ro|er) ™ Uprs o< <1 (178)
When r € [m] \ I, we have
N N N 7 - B - _
’vR(wT(O),x ) UR(WT(O),X)’ - ‘]I{ o)<}~ Yl of<r)| =0 (179)
It follows that for any x’ € B (x;5) N X,
L zm: o (vR(v?T(o) x') — vr(w,(0) x))
m T:1 9 )
1 . , _ 1 - , -
= ZUT (UR(WT(O),X ) — UR(WT(()),X)) + - Z oy (’UR(WT(O),X ) — UR(WT(O),X))
rel re[m]\I
< lz‘v (w,(0), %) — v (wr(0) x)‘ + 1 3 ‘v (w,(0), %) — vr(w.(0) x)] Qs aso
= m R r ) R T ) m R r ) R r ) = )
rel rem]\I
where @ follows from (178) and (179). Using (180), we now estimate the upper bound for R4z by
Raz = Ew(o) Q<Vs {o,.}™ sup i i Or (UR(VAVT(O%X/) - UR(‘;’I’(O)7 X))
’ THIr=L  xreB(x;s)nx r—1
< Ewoy: gevimionym, | V5| < V5. (181)
When Q > +/s/, we still have vR(v_\\f,.(O),x’) - ’UR(V_\\/T(O),X)’ < 1 by (178). For Ra1, we have
Rt = Ewro). 6 wp L, (0a(w(0),x) - va((0), )
W(0): Q>Vs" {or 1, x/€B (xis)nx T 2= : ’ ’
~ exp(—d/16)
< Ey(0): g5 v oy, [1] = P [Q > s’} < BVA + =52, (182)
where the last inequality follows from (176). Combining (177), (181), and (182), we have the upper bound for R, as
—d/16
Ro = Ro1 + Roz < (BVd+ 1)Vs' + eXp(\ﬁ/). (183)
s

Plugging (173) and (183) in (172), we have R(Vys) < R1 + Ro < (BVd + 1)Vs' + M\/g/m)’ which completes the
proof.

O
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Figure 2: Illustration of the test loss by GD
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D. Simulation Study

We present simulation results for GD in this section. We randomly sample n points {Ql} - as ai.i.d. sample of random
variables distributed uniformly on the unit sphere in R%°. n ranges within [100, 1000] with a step size of 100. We set the
target function to f*(x) = s'x where s ~ Unif (X) is randomly sampled. We also uniformly and independenly sample
1000 points on the unit sphere in R as the test data. We train the two-layer NN (1) using either GD by Algoirthm 1 or
GD by Algoirthm 1 with m =< n? on a NVIDIA A100 GPU card with a learning rate = 0.1, and report the test loss in
Figure 2. It can be observed that early-stopping is always helpful in training neural networks with better generalization,
as the test loss initially decreases and then increases with over-training. Figure 2 illustrates the test loss with respect to
the steps (or epochs) of GD for n = 100, 500, 1000. For each n in [100, 1000] with a step size of 100, we find the step
of GD where minimum test loss is achieved, denoted by t,, which is the empirical early stopping time. We note that
the theoretically predicted early stopping time is 1/82 =< n%/(2¢=1) and we compute the ratio of early stopping time for
each n by 7, /n®/(2d=1) " Such ratios for different values of n are illustrated in the bottom right figure of Figure 2. It is
observed that the ratio of early stopping time is roughly stable and distributed between [8, 10], suggesting that predicted
early stopping time is empirically proportional to the empirical early stopping time.
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