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ABSTRACT

We introduce Transformers with Temporal Middle-Layer Recurrence (T2MLR), a
generalized Transformer architecture that integrates attention and recurrence by
routing a lightweight temporal pathway through the middle layers. Motivated by
latent-reasoning and looped-Transformer lines of work, T2MLR injects intermedi-
ate representations from deeper layers of the previous token into earlier layers of the
current token via a gated recurrent pathway, enabling iterative latent computation
while preserving dense, token-level supervision.

Across natural-language pretraining and multi-hop reasoning finetuning, T2MLR
consistently outperforms parameter-matched Transformer baselines at the same
inference compute. Moreover, we find that looping only a middle-layer block
(as little as 20% of all layers) often outperforms full-layer looping. This offers a
new perspective on latent reasoning in Transformers: effective iterative refinement
does not necessarily require full-stack recurrence. It can instead be achieved more
effectively through targeted middle-layer recurrence. [1_-]

1 INTRODUCTION

Recent developments in large language models have demonstrated remarkable capabilities in rea-
soning, solving complex problems in mathematics, physics, and other scientific domains (Wei et al.,
2022} |Cobbe et al., 2021} |(OpenAlL 2023). Many of these tasks require multi-step reasoning in which
intermediate abstract reasoning states must be iteratively refined before producing a final answer.

Despite these advances, the underlying Transformer architecture (Vaswani et al., [2017) remains
fundamentally token-centric: auto-regressive generation repeatedly projects rich, high-dimensional
latent representations back into a sparse one-hot vector in the token space at each decoding step, and
this discrete representation is then used as the sole input for the next forward pass. This repeated
projection creates an information bottleneck that limits how latent intermediate reasoning states can
persist across time and influence the computation for future tokens.

To further improve the reasoning capability of Transformers, a growing line of work on latent
reasoning seeks to relax this temporal constraint by enabling computation to persist in continuous
latent space beyond explicit token-level intermediates. Such approaches either perform reasoning
entirely in continuous space (Hao et al.,[2024; |Shen et al., 2025)), or propagate uncertainty by forming
linear combinations of token embeddings induced by post-softmax distributions (Zhang et al., 2025}
Zhuang et al.l 2025} |Yue et al.| [2025]; Tang et al.,|2026). However, these methods typically operate on
representations at or beyond the final layer and feed recurrent signals into the next token through the
input embedding. As a result, recurrent information is forced to live outside the middle layers, where
abstract reasoning is known to occur more prominently (Tenney et al.||2019; |Geva et al.}[2021; |Meng
et al.l [2022; [Saunshi et al., 2024} |Atanas & Liul [2025)).

*Equal contribution, listed in alphabetical order.
TSignificant contribution.
!Code available at https://github.com/princeton-pli/T2MLR!
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Figure 1: T2MLR fuses representation from a deep layer from the previous token position into a
shallow layer of the current token position (left). It gets better pretraining perplexity (middle, see
Section[4.T) and reasoning downstream performance (right, see Section[#.2)and Section4.3)

Concurrently, another line of work has attempted to scale reasoning capacity by extending computa-
tion along the depth dimension. These approaches loop over the transformer layers multiple times
during the forward pass for a single token without increasing parameter count (Saunshi et al.} 2025}
[Geiping et al.} 2025}, [Zhu et al., 2025b). While successful at amplifying reasoning capabilities, such
architectures incur increased inference cost which scales with the number of loops.

In this paper, we introduce Transformers with Temporal Middle-Layer Recurrence (T2MLR), a
novel Transformer-based architecture addressing these limitations through middle-layer temporal
recurrence (see Figure[T] left). Rather than confining recurrence to the token or embedding space, or
increasing inference-time depth via looping, T?MLR allows abstract intermediate representations
computed in the middle layers of the network to persist and evolve across decoding steps.

Concretely, T2MLR injects representations from a deeper layer at the previous token directly into
an earlier layer of the current token via a gated recurrent pathway. This design enables temporally
extended latent reasoning while preserving standard auto-regressive decoding, dense token-level
supervision during training, and the inference-time computational profile of a standard transformer.

Empirically, we show that on data and parameter matched settings, T>MLR yields substantial gains
across tasks that stress different aspects of reasoning. The main findings are summarized as follows:

+ Shallow T2MLR solves S5-RETRIEVAL, a challenging synthetic benchmark requiring both
non-solvable group state tracking and in-context retrieval, where standard Transformers and
recurrent models fail in isolation (Section[3.2)).

« In pretraining settings, T2MLR achieves lower perplexity against parameter-matched Transform-
ers and demonstrates clear improvement on zero-shot NLP benchmarks (Section[d.T). The best
improvement is seen when only looping over 20% of the middle layers.

* Finetuning on downstream reasoning datasets such as GSM-Aug (Deng et al, 2023), ProsQA
2024), HotPotQA (Yang et al} 2018), and Variable Assignment (Saunshi et al, [2024)),

T*MLR consistently outperforms parameter- and data-matched baselines (Sections 4.2{and 4.3)),
and notably, middle layer recurrence variants consistently outperform all-layer recurrence ones.

2 TRANSFORMER WITH TEMPORAL MIDDLE-LAYER RECURRENCE

In this section, we formally introduce T2MLR. We will go over the design motivation, characterize
the recurrence and representation fusion module, and describe how we are training the model.

2.1 MOTIVATION: EFFECT OF MIDDLE LAYERS AND THE INFORMATION BOTTLENECK

Recent mechanistic analyses reveal that intermediate layers serve as the primary locus of abstract
reasoning in Transformers, whereas early layers focus on lexical and syntactic processing and late
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Figure 2: Illustration of the T2MLR architecture (left) and the representation fusion module ® (right).
When doing forward pass for the ¢-th token, we use the representation after layer £,q to update the
recurrent cache R;. During the forward pass for the ¢ 4+ 1-th token, R; is then merged with the
representation before layer fg, via the representation fusion module.

layers specialize in projecting representations onto the output vocabulary (Tenney et al.,[2019; |Geva
et al., 2021; Meng et al., 2022} Saunshi et al.} 2024} |Atanas & Liu, [2025). This suggests that the most
valuable reasoning-related computation occurs mainly in the middle layers, and that representations
produced after these layers encode rich information about the model’s current reasoning state.

However, autoregressive inference in a standard decoder-only Transformer provides no mechanism
for such intermediate representations computed for the previous token to be directly leveraged during
the forward pass of the current token: shallow layers processing the current token cannot directly
access deeper-layer representations computed at the previous step, even though these representations
are already available in memory. To exploit this information, the model must either reconstruct it
by traversing the same depth again and retrieving it indirectly via attention, or rely on the input
embedding, a highly compressed representation that must pass through the unembed-decode—embed
bottleneck before reaching deeper layers.

2.2 TEMPORAL MIDDLE-LAYER RECURRENCE

To relax the bottleneck without changing the autoregressive interface, we introduce a lightweight
recurrent pathway that exposes a cached intermediate representation from the previous step as an
explicit input at the current step. We now make our architectural change precise in this section.

We start from a standard L-layer decoder-only Transformer with hidden dimension d, and work at
the level of Transformer blocks with KV caches (Ott et al.,2019). We abstract out the key and value
caches, and assume each token at each layer corresponds to a single cache vector in R,

Let h,§°) € R< be the input embedding of the ¢-th token z,. During autoregressive generation, each

layer ¢ € [L] maintains a KV cache of past tokens up to step t—1, denoted by KV@_ | € RE=Dxdiv,
We view the /-th Transformer block as a map that takes the current token representation together with
the past cache and returns an updated representation and an updated cache:

(hge), KVg)) =F (hié_l), KV5{2—1> ) t=12,..., L 2.1

To break the depth-time barrier, we introduce temporal middle-layer recurrence, parameterized by two
layer indices 1 < luy < feng < L and a learnable representation fusion module ® : RY x RY — R4,
We additionally maintain a constant-size recurrent cache R; € R? for each decoding step . R; will
store information for the representation after /.4 at the current step and be used by (g, in the next.

Formally, for any step ¢ > 1, we modify the (,-th transformer block computation from (2.1J) into:
(hgesm), Kvgﬁ"‘")) — Fo ((I) (hgesmﬂ)’ Rt—l) 7 Kvgﬁ‘ﬂ ) . 2.2)

Before layer /4., we fuse the recurrent cache R;_; with the pre-£y,,, representation hftz*‘““*l). This
creates a direct pathway, allowing representations computed via the middle layers in the previous step
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to be utilized early on in the current step. The computation for the other layers remains the same as in
a standard decoder-only transformer. After passing through layer £.,q, we will compute the recurrent

cache R; based on hgée"d) and R;_1, preparing for the next recurrence.

2.3  GATED FUSION AND RECURRENT CACHE UPDATE

Now we are ready to describe how the recurrent cache is fused with the current stream of information

from shallower layers. Recall that h(é“a“ D e R is the representatlon of the current token before
layer lg, and Ry 1 € R is the recurrent cache from the previous decoding step. The gated fusion
module computes

@ (B, Ryoy) = RV 4 tanh (o) o (four ([P Re-a] ) ) @ =

+ tanh (Yee) @ (frec ([ b=l R, 1})) © WieeRi—1,

where feur, free : R24 — R< are learnable linear layers applied to the concatenation of the current
representation and the recurrent cache, Wi, : R? — R? is a learnable linear projection, and o)
denotes the element-wise sigmoid function. The scalar factors tanh (e, ) and tanh (7y..) act as
learnable input-independent gates, while the element-wise ¢ terms provide local, input-dependent
modulation. We find this design particularly helpful for early training stability as we could initialize
v’s to zero and the gates randomly.

2.3)

The fused representation @(hﬁ‘sm‘”, R;_1) is then passed through the transformer blocks from
layer gy to layer £epg. After the computation at layer £.,q, the recurrent cache is updated as

R, = RMSNorm (hffe"d) n RH) . (2.4)

The updated cache Ry is used in the next decoding step through the fusion operation in (2.2).

2.4 APPROXIMATED TRAINING OF T2MLR WITH TEMPORAL PARALLELISM

Due to the recurrent dependence of the deep cache R, across decoding steps, T2MLR cannot
directly adopt the standard token-parallel training procedure used by vanilla Transformers. To retain
scalability, we approximate R for all tokens in a sequence in parallel using a constant number of
Jacobi fixed-point iterations. Due to space constraints, we defer the full training characterization to
Algorithm|[T]in Appendix Section[A] and provide a simplified description below.

We first run a standard forward pass assuming no recurrent cache is available, and take the resulting
representation after layer £cnq (shifted appropriately) as an initial cache R(?). We then fuse this cache
with the representation before layer £, run the network forward again through the middle layers up
to layer £eqq, and use the new layer-£.;,q representations to get a refined cache R, During training,
we repeat this procedure for a fixed number of iterations dgorwara, yielding a refined R (%) that will
be used in the final forward pass all the way up to the last layer.
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Figure 3: Illustration of the approximated training scheme. It approximated the ground truth residual
cache R* by a Jacobi iteration passing through the middle layers for diorward times.
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Note that since the above calculation is fully differentiable, gradient computation can be back-
propagated with recurrence depth of dgywara as well. In order to attain better training efficiency, we
allow a separate hyperparameter dp,ckwara controlling the backward depth analogous to truncated back
propagation through time (TBPTT) in classical RNN training (Williams & Zipser, [2013).

Throughout the paper, we use diorwara = 16 and dpyckwara = 4 for experiments unless explicitly stated
otherwise. We justify the empirical choices of such parameters as balance of approximation quality
and training efficiency (see more analysis in Section[A.3). We would also want to highlight that while
the middle layer recurrence does increase the compute budget necessary for training, the inference
cost remains nearly identical to that of the standard Transformer during auto-regressive generation.
The only additional overhead comes from the constant compute per step added by the fusion module.

3 BEST OF BOTH WORLDS: STATE TRACKING AND RETRIEVAL

Before testing T2MLR on general natural language modeling, we first isolate its core inductive bias
on a synthetic benchmark. We use Ss-Retrieval, a task constructed to sharply separate T°MLR with
(i) standard Transformers, which excel at in-context retrieval but struggle with long-horizon state
tracking at small depth, and (ii) recurrent models (e.g., RNNs/LSTMs), which naturally support state
tracking but bottleneck retrieval through a fixed-width state.

3.1 THE S5-RETRIEVAL TASK

The S5 state-tracking task, first described by [Liu et al.|(2023), is a sequence to sequence modeling
task where the input is an ordered random sequence of N elements (a1, as, . .., ay) drawn from S
(the permutation group on 5 elements, with a cardinality of 120) and the output is the cumulative
composition of the input sequence (ay,a; o as, ..., Y ;a;). Here the i-th element is considered as
the i-th state, which transits into the 7 + 1-th state by applying a; 1 to itself.

Leveraging circuit complexity arguments, Merrill et al.| (2024) showed that Transformers require
Q (log N) layers to exactly solve the Sy state-tracking, and the known shallowest learnable solution
in transformers is via parallel associative scan which requires [log, V] layers (Li et al., 2025)). On
the other hand, RNNs can solve the task with just constant number of layers (Merrill et al., [2024]),
since its circuit depth grows along the temporal dimension. However, classical recurrent architectures
fail in key-value retrieval tasks as the associations must be compressed into a fixed-dimensional state.

To stress test a model’s capability of composing both state tracking and in-context retrieval, we define
the S5-Retrieval Task as follows (see sample data in Table @:

Let X be an alphabet, and let D : S5 — RX be a random mapping from the set S5 to length-K strings
from the alphabet. The input is a serialization of the dictionary {(a, D(a)) : a € S5} followed by a
delimiter and the action sequence (a1, as, . . .,an) (appropriately padded to match token count). The
target output is the step-wise state-tracking results interleaved with retrieval results based on the state:

(al, D(a1), ajoas, D(aroasz), ..., Hf\ilai, D(Hﬁilai)).

3.2 EXPERIMENTS: EMPIRICAL SEPARATION BETWEEN T2MLR vs TRANSFORMERS / RNNs

We train the S5-Retrieval task on (i) a 4-layer LSTM model, (ii) a 4-layer, 6-head Llama (Touvron
et al.| [2023) transformer model, and (iii) a T>MLR model built on top of the small Llama model with
Lyare = 0 and Lepg = 4, all with around 8 million parameters.

We use K = 4 and uniformly sample the number of states N from {1,2,...,32} within the training
set. We randomly resample the dictionary D for each sequence to ensure the necessity of doing purely
in-context retrieval. We train the models with learning rate 1 x 10~2, batchsize of 64 for 250,000
steps, and evaluate on a held-out set of input-output pairs with /N ranging from 1 to 48.

Figure 4] compares T?2MLR against recurrent and Transformer baselines on the S5-Retrieval task.
T?MLR substantially outperforms both baselines across input lengths, achieving high accuracies over
a wide range of sequence lengths. In contrast, the RNN-LSTM baseline only succeeds at the shortest
length and fails catastrophically as length increases, while the Transformer baseline fails to solve the
task at all, remaining at O accuracy for every length tested.
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Figure 4: Performance comparison between LSTM, Transformer, and T2MLR on the S5-Retrieval
task. x-axis denotes the test length, and y-axis is the accuracy. After extensive training, the LSTM and
Transformer baselines do not learn the task at all, while T’MLR shows notably nontrivial accuracy
and partial length generalization.

Overall, these results demonstrate that T’MLR combines trainability and expressivity on Ss-Retrieval,
whereas standard recurrent and Transformer architectures fail despite extensive training.

4 EXPERIMENTS

In this section, we provide empirical results of pretraining / finetuning a small T2MLR model on
natural language data as well as synthetic reasoning tasks. Across a diverse set of tasks we considered,
T?MLR achieves notable gains over the parameter-matched transformer baseline, and middle-layer
recurrence generally yields larger gains compared to full-model recurrence. Section |B| contains
further mechanistic experiments on T2MLR, in particular future token planning.

4.1 PRETRAINING T?°MLR

We first test T2MLR in standard autoregressive language modeling. We set the baseline as SmolLM2-
135M (Bakouch et al.,[2025)), a lightweight LLaMA-like decoder-only Transformer architecture. We
construct T°MLR variants on top of the same backbone, parameterized by recurrence boundaries
(Ustart; Lena). We denote the recurrence depth by D = fleng — lytare + 1, and refer to each model as
T?MLR (lstart, Lena) (optionally annotated with D).

The representation fusion module introduces additional parameters. To ensure fair comparison,
we adjust the baseline hidden size from 576 to 584 so that all models have essentially identical
parameter counts (136.4M), with the baseline being slightly larger and thus conservative. We train
all models for one epoch on the official 10B-token FineWeb-Edu subset (Penedo et al., [2024)) using
identical optimization hyperparameters (Appendix Section[D.3)), and evaluate zero-shot downstream
performance using lm-eval-harness (Gao et al., 2024)).

Table 1: Language Modeling Results for pretrained T2MLR with different (Lstart, Lend) configurations.
All results are attained from LM-eval-harness (Gao et al.,2024) and we report normalized accuracy
(acc_n) whenever available. We use the following abbreviations for the NLP benchmarks: ARC-C/E:
ARC-Challenge/Easy, HS: HellaSwag, OBQA: OpenBookQA, WG: Winogrande.

Model/Config ARC-C ARC-E HS OBQA  PIQA SciQ WG | Average
Metric accnT acc_ntT acc_ntT acc_ntT accntT accnfT acct -1
Baseline 24.74 44.28 29.81 30.20 61.53 60.80  48.46 | 42.83

T2MLR (1,30); D=30 | 24.49 43.48 29.98 30.00 60.72 62.60 5225 | 43.36
T2MLR (5,26); D=22 | 23.98 46.13 30.75 29.80 60.77 62.80 51.85 | 43.73
T2MLR (9,22); D=14 | 24.15 45.24 30.40 29.20 61.15 66.40 5154 | 44.01
T2MLR (13,18); D=6 | 24.23 45.50 29.95 31.20 61.70 64.20 5217 | 44.14
T2MLR (15,16); D=2 | 24.40 45.83 30.11 29.20 59.63 60.20  50.83 | 42.89
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As shown in Table T2MLR consistently matches or improves e T?MLR  --- Baseline
upon the parameter-matched Transformer baseline on most down-

stream benchmarks. Across recurrence configurations, T>MLR a1 l°
(13,18) (D=6) achieves the highest average score while only loop- '
ing over 20% of the layers. However, full recurrence (D=30), 3114
as used by all the previous latent reasoning works, generally per-
forms weaker than middle layer recurrence.

3.10 A

In Figure[5] we provide the training loss for different variants of
T?MLR. Most configurations attain lower evaluation loss com-
pared to the baseline except for fg, = 1 (full recurrence with 3.08 1 °
D = 30) and g, = 14 (only recurring on D = 2 layers). Except o
for these two exceptions, we note that the evaluation loss mono- 0712 T T
tonically decreases with increasing number of recurrent layers, ° lstanm 15
yielding distinct trend as in downstream. This suggest distinct im-

plicit bias of middle layers on reasoning that might not be captured
by perplexity metrics and resembles the observation in

(2024) for middle layer stacking.

3.09 A

Cross Entropy
[ ]

Figure 5: Loss vs £y for pre-
training runs at 16k steps.

4.2 MULTI-HOP REASONING

While perplexity reflects average next-token prediction, it can understate changes in the model’s
internal computation. To directly test whether temporal middle-layer recurrence improves latent
reasoning, we finetune the pretrained checkpoints from Section[d.T]on a suite of multi-hop reasoning
tasks:

Variable assignment We take the variable assignment task from the set of "reasoning-primitives"
task proposed by [Saunshi et al.| (2024). In this task, the input is a series of variable assignments, and
the model needs to output the value of a query variable. Since the baseline models already saturates
the original dataset, we increase the difficulty of the task from depth= 2 to depth= 5.

ProsQA  We evaluate on the ProsQA task from[Hao et al| (2024). The input is a directed-acyclic-
graph, and a query asks a binary question for the connectivity between a starting and two choices of

ending nodes. The output steps through the true path that connects the starting and end nodes. Since
we observe the original ProsQA data is saturated by the baseline model, we increase the average
number of nodes to 60 and average length of the path to 8.

HotPotQA-Simple HotpotQA is a question answering dataset featuring natural, multi-hop ques-
tions, with annotated supporting facts 2018). We use a teacher model (GPT-40-mini
(OpenAT et al.| [2024)) to generate natural language chain-of-thought SFT data. Since the medium
and hard level subset are too challenging at the model scale we are testing, we present the results for
the easy subset.

Variable Assignment ProsQA HotpotQA (Easy)

0921 0939 0945 0.178 0264 0268
0.167  0.168 0246

Accuracy

0.00 0.00
Baseline (1,30) (5,26) (9,22) (13,18) Baseline (1,30) (5,26) (9,22) (13,18) Baseline (1,30) (5,26) (9,22) (13,18)
D=30 D=22 D=14 D=6 D=30 D=22 D=14 D=6 D=30 D=22 D=14 D=6

Figure 6: Fine-tuning performance comparison between T2MLR and baseline models on multi-
hop reasoning tasks. We report pass@1 accuracy for all experiments. In all three tasks, T2MLR
outperforms parameter and data-matched baseline. Notably, the middle-layer looping variants
(D = 22, 14, 6) achieves higher performance than full looping (D = 30).
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4.3 SIMPLE MATH REASONING

The multi-hop tasks above emphasize compositional structure (variable updates, path tracing, and
evidence aggregation). We next test whether the same inductive bias improves arithmetic-heavy
reasoning by finetuning on GSM-8K-style grade-school math problems.

GSM-Aug (Symbolic) GSM-Aug (Natural Language)

0.5 0.354

0.436

0.310 0.314

. 0.30
0.4 0.391 0.268

0.254

03 0.20

Accuracy

0.154

0.10
0.1

0.05

Baseline (L30)  (526) (922) (1318) . Bascline (130) (5.26) (9.22) (1318)

D=30 D=22 D=14 D=6 D=30 D=22 D=14 D=6
Figure 7: Fine-tuning performance comparison between T2MLR and baseline models on GSM-8k.
We report pass@ 1 accuracy for all experiments. T2MLR outperforms parameter and data-matched
baseline. The best performance is achieved at D = 22 and D = 14.

On both the symbolic and the natural language variants of the datasets, T?MLR with middle-layer
recurrence shows superior performance compared to the parameter and data-matched baseline.
Meanwhile the full layer recurrence model show nearly negligible improvement. This further
highlights the potential of middle layer recurrence to boost latent reasoning capabilities.

5 RELATED WORKS

Latent Reasoning Many recent works study or exploit latent computation in transformers to
improve reasoning without relying on long explicit chain-of-thought (CoT).

On the modeling side, recent work has explored increasing reasoning capacity without relying on long
explicit chain-of-thought traces, by shifting computation into latent or continuous representations.
One line of work focuses on internalizing chain-of-thought into hidden states, via distillation or
progressively removing explicit intermediate steps while preserving final-answer performance
et al.| 2023}, 2024} [Hao et al.} 2024} [Shen et al.l 2025)). A second line explicitly allocates additional
inference-time computation to latent processes, such as iterative latent refinement, token-wise branch-
and-merge reasoning, or latent communication in multi-agent settings (Kong et al} 2025}, [Fu et al.}
[2023}; [Tang et al, [2026; [Zou et al. 2025). Finally, several approaches replace discrete reasoning
tokens with soft or continuous alternatives, including mixed latent/text token training and continuous

Model ‘ Recurrent Information ‘ Injection Location ‘ Fusion Module ‘ BPTT
Transformer Discrete token Input embedding - N/A
Coconut Last-layer hidden state Post-embedding Identity v
CODI Last-layer hidden state Post-embedding 2-layer MLP v
Multiplex-Thinking | Soft token mixture Post-embedding Identity X
HRPO Soft token mixture Post-embedding (soft token) Gated fusion %

+ discrete token + Input embedding (discrete token)

Middle-layer hidden state | Earlier middle layer (hidden state)

2
T"MLR (ours) + Discrete token + Input embedding (discrete token)

\

Gated fusion

Table 2: Comparison with related architectures. Standard transformers communicate across time
only through discrete tokens. Prior recurrent or latent-reasoning variants additionally propagate
either last-layer hidden states or soft token mixtures, usually through input-level or post-embedding
pathways. T2MLR instead adds a recurrent middle-layer hidden-state pathway, fused into an earlier
middle layer of the next token, while preserving the ordinary discrete token pathway and supporting
end-to-end supervised training with a constant-depth BPTT.
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mixtures in embedding space, which can shorten or eliminate verbose reasoning traces (Su et al.|
2025; Tack et al.| [2025} [Zhang et al.| 2025} |Butt et al.,[2025; Zhuang et al.| 2025). Additionally,|Zhu
et al.|(2025a) finds latent COT offers theoretical benefits on graph tasks.

Our work is most similar to [Yue et al.| (2025)), which uses latent information by projecting the
last-token latent state back to token space before the first layer. They use the resulting architecture
for RL training, showing improvements on mathematical reasoning benchmarks. Crucially, in|Yue
et al.[(2025)) gradients do not flow to the past tokens, while in our work, we use supervised training
and back-propagate through time. Furthermore, we emphasize middle-layer recurrence, avoiding
constraints that force recurrent information to live in the embedding space.

Looped Transformers Looped (recurrent-depth) Transformers trade new parameters for repeated
computation by applying the same Transformer block multiple times. Universal Transformers
introduce this idea explicitly as recurrence over depth, optionally with adaptive halting Dehghani et al.
(2019). ALBERT popularizes cross-layer parameter sharing in Transformers to reduce parameter
count |Lan et al.| (2020). On the expressivity side, Giannou et al. show that looping expands the
expressive power of Transformers Giannou et al.| (2023)). |Saunshi et al.|(2025) provide theoretical
evidence that looping can approximate the benefits of much deeper Transformers, yielding large
effective depth with fewer parameters.

Geiping et al.| (2025) demonstrate empirically that increasing test-time compute via recurrent depth
improves reasoning. Most recently, ByteDance’s Ouro (Zhu et al., 2025b) looped LMs scale this
design to billion-parameter models, reporting performance that rivals much larger-parameter Trans-
formers. It is worth noting that both |Geiping et al.|(2025) and Zhu et al.|(2025b)) introduced leveraging
the KV caches of the last loops when computing the forward pass for the shallower loops. This
represents another form of creating a shortcut for utilizing more refined deeper representations at
shallower layers.

Recurrent memory for long-context modeling. A line of work uses recurrence primarily as a
memory mechanism to improve long-context performance, rather than to change per-token computa-
tion. Transformer-XL reuses hidden states across segments to extend effective context (Dai et al.
2019), while Compressive Transformer retains older history via a compressed memory (Rae et al.,
2019). Recurrent Memory Transformer passes information across segments using dedicated memory
tokens (Bulatov et al.,2022). More recently, Titans (Behrouz et al.,2024)) augments standard attention
over a fixed-length current context (motivated by attention’s quadratic cost) with a neural long-term
memory module that stores and retrieves information from much longer histories.

State space and hybrid models. State space models offer subquadratic alternatives to attention by
maintaining and updating a compact state over the sequence, with representative examples including
S4 (Gu et al., 2021), Hyena (Poli et al.| [2023)), and Mamba (Gu & Dao|, 2023). Some hybrid
architectures interleave attention with recurrent/SSM-style blocks to trade off content-based retrieval
and efficiency, e.g., RetNet (Sun et al.| |2023), Griffin (De et al., 2024), and Jamba (Lieber et al.,
2024])). In contrast, we do not introduce a new recurrent/SSM layer or replace attention; instead, we
add a token-to-token recurrent connection that injects a previous token’s later-layer residual stream
into an earlier-layer residual stream of the current token.

6 LIMITATIONS AND FUTURE WORKS

6.1 LIMITATIONS AND FUTURE WORK

Training-time overhead. Our batch approximate forward training loops through the recurrent
middle layers multiple times per forward pass, increasing wall-clock training time. In Appendix [A.3]
we analyze gradient sensitivity to the batch-forward and batch-backward depths and find that a
moderate approximation depth is sufficient in our pretraining setting. In practice, this corresponds to
roughly a 2—-4 X training-time increase over parameter-matched Transformer baselines.

We believe this compute trade-off can be further improved. A natural direction is to design temporal
mixing mechanisms that reduce the number of approximation steps while preserving long-range
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state. For example, instead of mixing only the previous token, one can extend the recurrent input to a
window of the past &k tokens, or maintain a small bank of recurrent states with lightweight updates.

Scale and architecture design space. As an initial exploration, our experiments focus on relatively
small model sizes. While T2MLR shows consistent gains at this scale, it remains to be tested how
these improvements translate to larger models and more complex benchmarks (e.g., strong math
reasoning suites). A related direction is retrofitting: converting an existing pretrained Transformer
into an T2MLR model by inserting (and then finetuning) the recurrent mixing module, potentially
reducing the cost of training from scratch.

Finally, the mixing module itself admits substantial design freedom. Our current instantiation is a
simple mechanism for combining the recurrent and current-token streams; understanding its behavior
more systematically may enable better architectural choices (e.g., alternative parameterizations,
stability constraints, or more expressive fusion operators).

6.2 CONCLUSION

We presented T2MLR, a generalized Transformer that integrates attention and recurrence via temporal
recurrence at intermediate layers. By injecting previous-token intermediate representations into
earlier layers of the current token, T2 MLR enables richer latent computation while retaining dense
supervision and standard autoregressive inference cost. To make training scalable, we introduce a
batch approximate forward procedure that computes recurrent states for all tokens in parallel.

Across a diverse set of tasks, T°MLR consistently outperforms parameter-matched baselines, and
it notably succeeds on S5-Retrieval where standard Transformers and LSTMs fail in isolation.
Overall, T2MLR provides a unified framework that interpolates between recurrent and attention-
based computation, suggesting a path toward architectures that support stronger latent reasoning
without relying on long explicit chains of thought.
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A ADDITIONAL INFORMATION ON TRAINING T?MLR

A.1 TEMPORAL-PARALLEL APPROXIMATED TRAINING

Here we formally describe the fixed-point iteration algorithm used to train T’MLR, which has been
informally introduced in Section [2.4]

Let H© ¢ RT*4 denote the input embedding for a sequence of T tokens, and with slight abuse of
notation let 7, .p, : RT*4 — R4 denote the mapping on embedding sequences implemented by
layers between ¢ and /5. After doing a standard forward pass (assuming no recurrent cache exists),
we store H (bun=1) .= 7,  (H()) as the exact input into layer . This also corresponds to
the exact input for the sequence if recurrence has been done sequentially.

During the same forward pass, we set the right-shifted version of H gé;““) = Fro,,(H©) as the first

iterate of the approximated recurrent cache. Formally, denote R.(;y := ShiftRight(H <(§§"d))~ Here,
we use subscripts in angle brackets to denote the index of iteration for the recurrent cache and the

subsequent representation induced by that cache.

After getting this approximated cache, we merge it back with the already cached H (“=n—1) with the
fusion module ®(-, -). Then we pass the fused representation through the middle layers, getting

(EEH ) -—— (ésmrl_l)
1—_1—<1> 47— ]:Zmn:lcnd((I) <H<0> ) R(l)) ) (A1)

This gives us the post-£enq representation conditioned on the first iterate of the cache R,(;y. We then

combine the right-shifted R ;) with right shifted H gf;“d) following the temporal cache residual rule

to yield the next iterate of cache R 5y. We continue this iterative update for dgorwara time, settle on

R< Dionyard) and use it as the recurrent cache for the final forward pass.

To avoid too deep of a gradient backward pass, we also allow selective detachment analogous to
TBPTT in standard RNN training (Williams & Zipser, 2013). We present the full temporal-parallel
approximated forward algorithm in Algorithm |I| where we adopt a temporal residual connection for
the cache as described in Section[2.3]

When no temporal cache residual is used, line 8 in Algorithm [I]simply becomes

Ry + ShiftRight ( Hgﬁeid1>>> '

Algorithm 1: Temporal-Parallel Approximated Forward for T2MLR

Input: Dyopuaras Dbacowaras input embeddings H (0 ¢ RT*d
Output: H'" € RTxd

( D forward )
1 HGan—1) fl;gﬂmfl(H(O» // prefill to lsrare —1
L HG Py HO= ) // single pass to seed cache
3 R<1> — ShiftRight(Hg;“d)) // initialize deep cache

4 fork=2to Dﬂ)rward do
Hgfi‘% — fgm:gmd<<1> (Hfé;‘“"fl), R(k_1>) ) // recurrent refinement
6 if k£ > Dforward - Dbackward then

[

7 L H((ﬁeidf) — StopGrad(Héﬁej“l))) // truncate gradients
8 R<k> < Normalize (ShiftRight (Hgij‘% + R<k71>)) // update cache
o H<(1L)3\m,d> — -Ffsm:L(q) (Hg(f;m_l), R(Dfmward>>) // forward w/ refined cache
10 return H (L)

< D forward >
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Model Train (per seq) Infer (per token)
Vanilla O(L (N*d+ Nd?)) O(L (Nd+ d*))
Full-loop O(KL(N*d+ Nd*)) O(KL(Nd+ d?))
Mid-loop O((L+ (K —1)D) (N*d+ Nd*)) O((L+ (K —1)D) (Nd + d?))
T°MLR  O((L + diowaraD) (N*d 4+ Nd?)) ~O(L(Nd+ d*))

Table 3: Asymptotic compute comparison. Here [V is the sequence length, L the total number of
layers, d the hidden width, and D = feg — £y + 1 the size of the recurrent middle block.

A.2 COMPUTATION OVERHEAD OF TEMPORAL-PARALLEL JACOBI TRAINING

We summarize the asymptotic computation cost of T2MLR in Table Let N denote the sequence
length, L the total number of Transformer layers, d the hidden width, and D = l¢q — g + 1 the
size of the recurrent middle block. For full-sequence training without KV caching, each layer incurs
cost O(N%d + Nd?), where the O(N?d) term comes from dense self-attention and the O(Nd?) term
comes from projections and MLPs. For autoregressive inference with KV caching at context length
N, each layer costs O(Nd + d?) per generated token.

Relative to a vanilla Transformer, the training overhead of T2 MLR comes from the djoryarg Jacobi-
style refinement steps used to approximate the recurrent cache in parallel across token positions.
Importantly, these extra passes only re-run the recurrent middle block of size D, rather than the
full L-layer network. As a result, the training cost of T"MLR is O ((L + dgorwara D) (N2d + Nd?)) ,

compared with O(L (N?d + Nd?)) for a vanilla Transformer.

This should be contrasted with full-layer looping approaches, whose cost scales as O(K L (N2d +
Nd?)), and middle-block looping approaches, whose cost scales as O((L+(K —1)D) (N?d+Nd?)).
Thus, the additional cost of T2MLR scales only with the recurrent block size D and the Jacobi depth
dforward> Which is substantially cheaper than repeatedly looping over the entire stack when D < L.

At inference time, T2MLR does not require extra serial Jacobi refinement. Once the recurrent cache
from the previous token is available, the current token is processed with a single forward pass together
with one application of the fusion module. Therefore, under KV caching, the per-token inference
complexity remains approximately the same as that of a standard Transformer, O (L (Nd+ d2)) up
to a small constant-factor overhead from the fusion computation. This distinguishes T’MLR from
looped-Transformer approaches, whose inference cost grows linearly with the number of serial loops.

The same argument is particularly favorable in RL settings. During online rollout generation, the
model already computes the exact recurrent latent states sequentially token by token, so for rollout
tokens there is no need to perform additional forward-side Jacobi refinement. Instead, one can
cache these exact latent representations during decoding and reuse them during policy optimization.
Temporal-parallel approximation is only needed in settings such as prefill, teacher-forced training, or
replayed trajectories where token-parallel processing is desired.

It is worth noting that in RL-style training, dowarg need not be chosen to improve the approximation
quality of recurrent cache themselves. It only needs to be large enough to construct the temporal com-
putation graph needed for BPTT. Therefore one can set diorward = dbackward> Which will significantly
reduce the practical overhead relative to supervised pretraining.
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A.3 ON THE VALIDITY OF APPROXIMATION DEPTH

Due to the existence of the ShiftRight operation, the ¢-th column of R will converge after ¢-iterations.

In this subsection, we show that empirically, we might need way fewer depth for training.

We take a middle checkpoint from the FineWeb-Edu pretraining runs (with £y, = 5,leng =
26, diorward = 16, dpackwara = 4), sample a random training batch with 2048 tokens per sequence, and
compute the gradients under different approximation-depth settings (dforward, backward) il Algorithm

We treat the gradients under the largest setting (dforward, dbackward) = (32, 32) as an anchor.

For each (dforward; dbackward) S€tting, we measure the difference between the gradient and the anchor
by (i) the cosine similarity and (ii) the ¢, distance normalized by the norm of the anchor gradients
(which we denote by relative /5 distance). As shown in Figure@ setting diorward < 8 and dpackwarda < 4
could lead to drastic gradient differences compared to the anchor, while further increasing depth

yields diminishing benefits.

drorward

All parameters
Cosine Similarity

—

drorward

32

16

All parameters
Relative L2 Distance

32 16 8 4
dpackward

dorward

Fusion Module
Cosine Similarity

dorward

32 16 8 4 2 1 0
dpackward

Fusion Module
Relative L2 Distance

32 16 8 4
dbackward

drorward

Layer 15
Cosine Similarity

—

drorward

32 16 8 4 2 1 0
dbackward

32

16

Layer 15
Relative L2 Distance

32 16 8 4
doackward

Figure 8: Cosine similarity and relative /5 distance between gradients attained under different setup

32 16 8 4 2 1 0
doackward

of (dforwar(h dbackward) againSt Setting dforward = 327 dbackward = 32.
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B FUTURE TOKEN PREDICTION

Temporal middle-layer recurrence creates an explicit temporal shortcut: the recurrent cache computed
from token ¢ is fused into the residual stream when processing token ¢+-1, so the loss at position ¢+1
can backpropagate through this pathway into token ¢’s intermediate representation.

This encourages the model to maintain latent states that better anticipate upcoming tokens. To
test this hypothesis, we perform a probing analysis: from each intermediate layer, we extract the
representation of token ¢ and train a two-layer MLP to predict the next token x; 1. Table[d]reports
next-token prediction loss for T’MLR and a parameter-matched Transformer baseline under two
choices of l¢,g. We probe representations from layers [_j, where [_j, denotes the layer k steps below
the LM head.

gend =-3 Eend =-5
{4 l_o l_3 {4 o l_3 l_y l_5

T°MLR 5.091 5.088 5.110 5.097 5.096 5109 5126 5.158
Baseline 5.135 5.131 5.145 5.135 5.131 5.145 5.173 5.182

Table 4: Each predictor is trained for 20,000 steps on Fineweb-edu 10B.

Table 4| shows that intermediate-layer representations learned by T?MLR consistently yield lower
next-token prediction loss than the parameter-matched baseline, providing direct evidence that
T2MLR promotes representations that better anticipate future tokens.
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C EXTENDED DISCUSSIONS

C.1 T?MLR AS A GENERALIZED TRANSFORMER AND RECURRENT MODEL

T2MLR subsumes both recurrent neural networks and the standard Transformer as special cases. In
particular, when the learned self-attention pattern reduces to the identity—so that token interactions
occur exclusively through recurrence—T2MLR becomes a fully recurrent model. Conversely, when
the learned gating parameters 7., and . are set to zero, the recurrent pathway is disabled and
T2MLR recovers the standard Transformer architecture.

Consequently, T2MLR has the expressive capacity to smoothly interpolate between recurrent and
attention-based computation. Since Transformers excel at in-context retrieval tasks (Jelassi et al.|
2024; Nichani et al., [2025) while recurrent models are well suited for explicit state tracking (Merrill
et al.,[2024; |Grazzi et al., 2025), T2MLR has the expressivity to naturally support both modes of
computation within a unified framework.

C.2 LEARNED GATING BEHAVIOR

As formulated in Section T?MLR learns scalar, data-independent gates ey and Y that control
the contributions of the input and recurrent streams, respectively. To better understand how the model

allocates these streams relative to the residual branch xgt) in Equation we analyze the learned
gating parameters over the course of training.

Empirically, across all tasks we study, the recurrent gate ... consistently converges to positive values,
while the input gate ., consistently converges to negative values. Figure [9]illustrates this behavior
for pretraining on FineWeb. This pattern aligns with the structure of Equation 2.3} since the input

representation xl(-t) is already added unconditionally via the residual connection, the role of the
~-gated terms is not to reintroduce the input signal, but rather to modulate deviations from the identity
mapping. In particular, a negative ., suppresses redundant amplification of the input stream, while
a positive 7. selectively promotes the recurrent contribution, allowing information from previous
time steps to be injected only when it provides additional predictive value beyond the current-token

representation.

This asymmetry suggests that T2MLR learns to treat recurrence as an additive refinement to the
residual pathway, rather than as a competing source of information. In effect, the model preserves
the standard Transformer computation as a default and leverages the recurrent stream to inject latent,
temporally accumulated information when beneficial.

Finally, note that both 7¢y and . are initialized to zero, so the gating module in Equation 2.3
initially reduces to the identity function. As a result, T’MLR starts training in a regime that is exactly
equivalent to a standard Transformer, and only gradually departs from it as the gating parameters
adapt. This design stabilizes optimization and ensures that recurrent computation is introduced
smoothly, rather than being imposed a priori.

FineWeb gamma vs step

0.75 A
0.50 -

0.25 A
—— gamma_input

0.00 -
gamma_recurrent

Gamma

—0.25 A

—0.50 -

—0.75 A

0 5000 10000 15000 20000 25000
Step

Figure 9: Plot of gating parameters 7., and ;. With respect to training steps on the FineWeb dataset.
This illustrates the learned behavior of input and recurrent gating over the course of training.
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D ADDITIONAL EXPERIMENT SETUPS AND RESULTS

D.1 NLP BENCHMARKS FOR EVALUATING PRE-TRAINED MODELS

We use the following abbreviations for the NLP benchmarks: ARC-C/E: ARC-Challenge/Easy (Clarkl
et al., 2018), HS: HellaSwag (Zellers et al.,[2019), OBQA: OpenBookQA (Mihaylov et al., [2018)),
PIQA: PhysicallnteractionQA (Bisk et al.,|2020), SciQ: ScienceExamQA (Welbl et al., 2017), WG:
Winogrande (Sakaguchi et al., 2021)).

This set of benchmarks follows standard evaluation setup in the pretraining literature.

D.2 DATA CURATION FOR HOTPOTQA

To construct SFT data with step-by-step multi-hop reasoning, we curate a subset of HotpotQA and
generate 19k chain-of-thought reasoning traces using GPT-40-mini. As noted earlier, we restrict our
experiments to the easy subset, since preliminary experiments show that both baseline models and
T?MLR struggle significantly on the medium and hard subsets, making it difficult to draw meaningful
comparisons.

Prompt for generating HotpotQA chain of thoughts

According to the context, answer the question in a multi-hop reasoning process. Be
sure to include a detailed and clear logic chain in your reasoning. Detail your
thought process at each step. Put your final answer within \boxed{}. Output example:
\boxed{Knox County Regional Airport}.

Question: {question}

Context: {context}

Note that the correct final answer is \boxed{answer}.

D.3 TRAINING DETAILS

We note the training details used for each task.

Task | Model LR  Schedule Steps

Transformer: 4-layer, 6-head
384 hidden dim, RoPE

S5-Retrieval LSTM: 4-layer, S5e-4 Cosine 200k
456 hidden size

FineWeb-Edu Pretraining ‘ SmolLM2-135M-T?MLR S5e-4 Cosine w/min LR 20k

GSMS8K-Aug | SmolLM2-135M-T?*MLR 5e-5 Cosine 8000

HotpotQA | SmolLM2-135M-T?MLR le-4 Cosine w/ min LR 5000

Table 5: Training details for various experiments.

For pretraining on FineWeb-Edu, we used AdamW (Loshchilov & Hutter, |2019) optimizer with
B1 = 0.9, B2 = 0.98, and weight-decay of A = 0.01. We set the minimum learning rate decay to
be 0.001 times the peak learning rate. We pack the pretraining data into sequences of length 2048
and train with batchsize 256. For finetuning runs we used AdamW (Loshchilov & Hutter, [2019)
optimizer with 81 = 0.9, B2 = 0.999, and weight-decay of A = 0.01. Training is conducted on 4 X
H100 GPUs.
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Data examples We provide simple examples of the datasets used in our tasks.

Dataset

Details

ProsQA

Input: Every zolufibus is a conarus. Every conarus is a tanirus. Every tanirus is
a gedatus. Every cemapus is a lovaperus. Every lovaperus is a zucirarus. Every
zucirarus is a pilevus. Every sasarus is a madusurus. Every madusurus is a
cidodivus. Every cidodivus is a bumobus. Jordan is a sasarus. Is Jordan a gedatus
or a pilevus?

Steps: Jordan is a sasarus.
Every sasarus is a madusurus.
Every madusurus is a cidodivus.
Every cidodivus is a bumobus.
Every bumobus is a nuronus.
Every nuronus is a metuvelus.
Every metuvelus is a resamus.
Every resamus is a gedatus.

QOutput: Jordan is a gedatus.

S5 Retrieval

Input:
<A_32514>F4Nd <A_12543>908W <A_54213>Jccq
| <A_54213> <A_43125> <A 52314>

Target:
<A_32514>F4Nd <A_12543>908W <A_54213>Jccq
| <A_54213>Jccqg <A_12543>908W <A_32514>F4Nd

GSM-Aug

Question: Out of 600 employees in a company, 30% got promoted while 10%
received bonus. How many employees did not get either a promotion or a bonus?
Steps: 600 x 30/100 = 180 employees were promoted.

600 x 10/100 = 60 employees received a bonus.

So a total of 180+60=240 employees received a promotion or a bonus.
Therefore, 600 - 240 = 360 employees did not get either a promotion or a bonus.

Answer: 360

Variable assignment

Input: Variable assignment. Follow the assignments and fill in the blank.
a=5

b=2

c=8

X=c

y=x

7=y

w=b

v=w

7=

Answer: |
Outputs: 8

HotpotQA

Input: Which magazine was founded first, The Economist or The Atlantic?

Context:

Document 1: The Economist is a weekly newspaper founded in 1843.
Document 2: The Atlantic is a magazine founded in 1857.

Steps:

The Economist was founded in 1843.

The Atlantic was founded in 1857.

1843 is earlier than 1857.

Answer: The Economist

Table 6: Examples for each dataset used.
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Additional Pretraining Results Table|7|shows the pretraining perplexities of T’MLR and baseline
Transformer at different model scales.

135M 368M
Baseline T2MLR Baseline T2MLR
Perplexity 22.64 21.54 16.12 15.79

Table 7: We pretrain the standard Transformer and T>MLR, both based on SmolLLM, at different
scales on Fineweb-edu-10B, with T2MLR consistently having improved test time performance.
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