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Abstract

One of the central questions in the theory of deep learning is to understand how
neural networks learn hierarchical features. The ability of deep networks to extract
salient features is crucial to both their outstanding generalization ability and the
modern deep learning paradigm of pretraining and finetuneing. However, this
feature learning process remains poorly understood from a theoretical perspective,
with existing analyses largely restricted to two-layer networks. In this work we
show that three-layer neural networks have provably richer feature learning capa-
bilities than two-layer networks. We analyze the features learned by a three-layer
network trained with layer-wise gradient descent, and present a general purpose
theorem which upper bounds the sample complexity and width needed to achieve
low test error when the target has specific hierarchical structure. We instantiate
our framework in specific statistical learning settings — single-index models and
functions of quadratic features — and show that in the latter setting three-layer
networks obtain a sample complexity improvement over all existing guarantees
for two-layer networks. Crucially, this sample complexity improvement relies on
the ability of three-layer networks to efficiently learn nonlinear features. We then
establish a concrete optimization-based depth separation by constructing a function
which is efficiently learnable via gradient descent on a three-layer network, yet
cannot be learned efficiently by a two-layer network. Our work makes progress
towards understanding the provable benefit of three-layer neural networks over
two-layer networks in the feature learning regime.

1 Introduction

The success of modern deep learning can largely be attributed to the ability of deep neural networks
to decompose the target function into a hierarchy of learned features. This feature learning process
enables both improved accuracy [29] and transfer learning [21]]. Despite its importance, we still have a
rudimentary theoretical understanding of the feature learning process. Fundamental questions include
understanding what features are learned, how they are learned, and how they affect generalization.

From a theoretical viewpoint, a fascinating question is to understand how depth can be leveraged to
learn more salient features and as a consequence a richer class of hierarchical functions. The base case
for this question is to understand which features (and function classes) can be learned efficiently by
three-layer neural networks, but not two-layer networks. Recent work on feature learning has shown
that two-layer neural networks learn features which are linear functions of the input (see Section[I.2]
for further discussion). It is thus a natural question to understand if three-layer networks can learn
nonlinear features, and how this can be leveraged to obtain a sample complexity improvement. Initial
learning guarantees for three-layer networks [16} |5, 4], however, consider simplified model and
function classes and do not discern specifically what the learned features are or whether a sample
complexity improvement can be obtained over shallower networks or kernel methods.
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On the other hand, the standard approach in deep learning theory to understand the benefit of depth has
been to establish “depth separations” [51]], i.e. functions that cannot be efficiently approximated by
shallow networks, but can be via deeper networks. However, depth separations are solely concerned
with the representational capability of neural networks, and ignore the optimization and generalization
aspects. In fact, depth separation functions such as [51]] are often not learnable via gradient descent
[36]. To reconcile this, recent papers [45}44] have established optimization-based depth separation
results, which are functions which cannot be efficiently learned using gradient descent on a shallow
network but can be learned with a deeper network. We thus aim to answer the following question:

What features are learned by gradient descent on a three-layer neural network, and can these
features be leveraged to obtain a provable sample complexity guarantee?

1.1 Our contributions

We provide theoretical evidence that three-layer neural networks have provably richer feature learning
capabilities than their two-layer counterparts. We specifically study the features learned by a
three-layer network trained with a layer-wise variant of gradient descent (Algorithm[I)). Our main
contributions are as follows.

* Theorem |I|is a general purpose sample complexity guarantee for Algorithm [I|to learn
an arbitrary target function f*. We first show that Algorithm [1|learns a feature roughly
corresponding to a low-frequency component of the target function f* with respect to the
random feature kernel K induced by the first layer. We then derive an upper bound on
the population loss in terms of the learned feature. As a consequence, we show that if f*
possesses a hierarchical structure where it can be written as a 1D function of the learned
feature (detailed in Section [3)), then the sample complexity for learning f* is equal to the
sample complexity of learning the feature. This demonstrates that three-layer networks
indeed perform hierarchical learning.

* We next instantiate Theorem I]in two statistical learning settings which satisfy such hierar-
chical structure. As a warmup, we show that Algorithm [I|learns single-index models (i.e
f*(z) = g*(w - x)) in d* samples, which is comparable to existing guarantees for two-layer
networks and crucially has d-dependence not scaling with the degree of the link function
g*. We next show that Algorithm |I|learns the target f*(x) = g* (27 Az), where g* is
either Lipschitz or a degree p = O(1) polynomial, up to o4(1) error with d* samples. This
improves on all existing guarantees for learning with two-layer networks or via NTK-based
approaches, which all require sample complexity d*(P). A key technical step is to show
that for the target f*(z) = g* (27 Ax), the learned feature is approximately #7 Az. This
argument relies on the universality principle in high-dimensional probability, and may be of
independent interest.

* We conclude by establishing an explicit optimization-based depth separation: We show
that the target function f*(x) = ReLU(2T Az) for appropriately chosen A can be learned
by Algorithm [1] up to 04(1) error in d* samples, whereas any two layer network needs
either superpolynomial width or weight norm in order to approximate f* up to comparable
accuracy. This implies that such an f* is not efficiently learnable via two-layer networks.

The above separation hinges on the ability of three-layer networks to learn the nonlinear feature 2 Az
and leverage this feature learning to obtain an improved sample complexity. Altogether, our work
presents a general framework demonstrating the capability of three-layer networks to learn nonlinear
features, and makes progress towards a rigorous understanding of feature learning, optimization-based
depth separations, and the role of depth in deep learning more generally.

1.2 Related Work

Neural Networks and Kernel Methods. Early guarantees for neural networks relied on the Neural
Tangent Kernel (NTK) theory [31 150, 23| [17]. The NTK theory shows global convergence by
coupling to a kernel regression problem and generalization via the application of kernel generalization
bounds [[7,[1515]]. The NTK can be characterized explicitly for certain data distributions [27} 139, 38]],
which allows for tight sample complexity and width analyses. This connection to kernel methods
has also been used to study the role of depth, by analyzing the signal propagation and evolution of



the NTK in MLPs [42] 48, 128]], convolutional networks [6, 55} 156, 40]], and residual networks [30].
However, the NTK theory is insufficient as neural networks outperform their NTK in practice [6}[32].
In fact, [27] shows that kernels cannot adapt to low-dimensional structure and require d* samples
to learn any degree k polynomials in d dimensions. Ultimately, the NTK theory fails to explain
generalization or the role of depth in practical networks not in the kernel regime. A key distinction
is that networks in the kernel regime cannot learn features [S7]. A recent goal has thus been to
understand the feature learning mechanism and how this leads to sample complexity improvements
[531 1221158 131 25) 1261 120, 154} 33), 135]]. Crucially, our analysis is not in the kernel regime, and shows
an improvement of three-layer networks over two-layer networks in the feature-learning regime.

Feature Learning. Recent work has studied the provable feature learning capabilities of two-layer
neural networks. [9, (1} 12,18, [13| [10] show that for isotropic data distributions, two-layer networks
learn linear features of the data, and thus efficiently learn functions of low-dimensional projections
of the input (i.e targets of the form f*(z) = g(Ux) for U € R"*?). Here, z + Uz is the “linear
feature.” Such target functions include low-rank polynomials [[18 2] and single-index models [} [13]]
for Gaussian covariates, as well as sparse boolean functions [[1] such as the k-sparse parity problem
[LO] for covariates uniform on the hypercube. [43] draws connections from the mechanisms in these
works to feature learning in standard image classification settings. The above approaches rely on
layerwise training procedures, and our Algorithm [I]is an adaptation of the algorithm in [L8].

Another approach uses the quadratic Taylor expansion of the network to learn classes of polynomials
[9.41] This approach can be extended to three-layer networks. [16] replace the outermost layer with
its quadratic approximation, and by viewing 2 as the hierarchical function (2?/2)? show that their
three-layer network can learn low rank, degree p polynomials in d?/? samples. [5] similarly uses a
quadratic approximation to improperly learn a class of three-layer networks via sign-randomized
GD. An instantiation of their upper bound to the target g* (2 Az) for degree p polynomial g* yields
a sample complexity of d?T1. However, [16} [5]] are proved via opaque landscape analyses, do not
concretely identify the learned features, and rely on nonstandard algorithmic modifications. Our
Theorem [T] directly identifies the learned features, and when applied to the quadratic feature setting in
Section 4.2 obtains an improved sample complexity guarantee independent of the degree of g*.

Depth Separations. [51]] constructs a function which can be approximated by a poly-width network
with large depth, but not with smaller depth. [24] is the first depth separation between depth 2 and
3 networks, with later works [46} 19, 47]] constructing additional such examples. However, such
functions are often not learnable via three-layer networks [34]. [36] shows that approximatability by
a shallow (depth 3 network) is a necessary condition for learnability via a deeper network.

These issues have motivated the development of optimization-based, or algorithmic, depth separations,
which construct functions which are learnable by a three-layer network but not by two-layer networks.
[45] shows that certain ball indicator functions 1(||z|| > A) are not approximatable by two-layer
networks, yet are learnable via GD on a special variant of a three-layer network with second layer
width equal to 1. However, their network architecture is tailored for learning the ball indicator, and the
explicit polynomial sample complexity (n > d3°) is weak. [44] shows that a multi-layer mean-field
network with a 1D bottleneck layer can learn the target ReLU(1 — ||z||), which [47] previously
showed was inaproximatable via two-layer networks. However, their analysis relies on the rotational
invariance of the target function, and it is difficult to read off explicit sample complexity and width
guarantees beyond being poly(d). Our Section shows that three-layer networks can learn a larger
class of features (x7 Az versus ||z||) and functions on top of these features (any Lipschitz ¢ versus

ReLU), with explicit dependence on the width and sample complexity needed (n, m;, mo = O(d4)).

2 Preliminaries

2.1 Problem Setup

Data distribution. Our aim is to learn the target function f* : X; — R,with X; C R? the space of
covariates. We let v be some distribution on X, and draw two independent datasets D;, D5, each
with n samples, so that each z € D; or z € D5 is sampled i.i.d as x ~ v. Without loss of generality,
we normalize so E,, [f*(x)°] < 1. We make the following assumptions on v:



Algorithm 1 Layer-wise training algorithm

Input: Initialization #(%); learning rates 7, 772; weight decay \; time T
{Stage 1: Train W'}
WO WO — 5V Ly (0)
aM «— ¢
) — (o, WM p©) V)
{Stage 2: Train a}
fort=2,---,T do
a® — at=1) —p, [VaLg(H(tfl)) + )\a(tfl)]
0 «— (a®, W pO 1)
end for
0+ 6
Output: 0

Definition 1 (Sub-Gaussian Vector). A mean-zero random vector X € R? is y-subGaussian if. for
all unit vectors v € RY, Elexp(AX - v)] < exp(y2A?) forall X € R.

Assumption 1. E,,[z] = 0 and v is C.-subGaussian for some constant C..

Assumption 2. f* has polynomially growing moments, i.e there exist constants (Cy, ) such that
Eyonw [f*(m)q]l/q < Cyq‘forallq > 1.

We note that Assumption [2]is satisfied by a number of common distributions and functions, and we
will verify that Assumption [2]holds for each example in Section 4]

Three-layer neural network. Let mi, mo be the two hidden layer widths, and o1, 02 be two
activation functions. Our learner is a three-layer neural network parameterized by 6 = (a, W, b, V),
where ¢ € R™ W € R™*™2_ p ¢ R™ and V € R™2*4 The network f(z;0) is defined as:

1
2:0) = —aloy(Wo Vz)+b) = aa( ~7h(0):13 —I—bi). )
f(z;0) - 1(Waa( - Z 1 (2))
Here, w; € R™2 is the ith row of W, and h(9)(z) := o9(Vx) € R™ is the random feature
embedding arising from the innermost layer. The parameter vector 6(*) := (a(®), W (©) p(0) 1/(0))
is initialized with aEO) ~iia Unif({£1}), W) = 0, the biases bgo) ~qiqa N(0,1), and the rows
UEO) of V(©) drawn v; ~;;q T, where 7 is the uniform measure on S%'(1), the d-dimensional unit
sphere. We make the following assumption on the activations, and note that the polynomial growth
assumption on o is satisfied by all activations used in practice.

Assumption 3. o is the ReLU activation, i.e 01(z) = max(z,0), and o2 has polynomial growth,
i.e|oa(x)] < Cyp(1+ |z|)* for some constants Cy,, iy > 0.

Training Algorithm. Let L;(0) denote the empirical loss on dataset D;; that is for i = 1,2:
Li(0) =1 > e, (f(2:0) — f* (z))?. Our network is trained via layer-wise gradient descent with
sample splitting. Throughout training, the first layer weights V' and second layer bias b are held
constant. First, the second layer weights W are trained for ¢ = 1 timesteps. Next, the outer layer
weights a are trained for ¢ = T — 1 timesteps. This two stage training process is common in prior
works analyzing gradient descent on two-layer networks 18 (8 [1}[10], and as we see in Section@ is
already sufficient to establish a separation between two and three-layer networks. Pseudocode for the
training procedure is presented in Algorithm|[I]

2.2 Technical definitions

The activation oy admits a random feature kernel K : X; x X; — R and corresponding integral
operator K : L?(Xy,v) — L?(Xy,v):
Definition 2 (Kernel objects). o5 admits the random feature kernel

K(z,2') := Eyur|oa(z - v)o2(2' - v)) )



and corresponding integral operator
(Kf)(z) := Bornn [K (z, ) f(2")]. (€)

We make the following assumption on KK, which we verify for the examples in Section i}

Assumption 4. K f* has polynomially bounded moments, i.e there exist constants Cy , x such that,
foralll < q <d, [[Kf*| 1.y < Cra¥|Kf* [ p2(,)-

We also require the definition of the Sobolev space:

Definition 3. Let W?°°([—1, 1)) be the Sobolev space of twice continuously differentiable functions
q : [=1,1] = R equipped with the norm ||q||;, .. := max,<j maxe_1,1) |¢'*) (2)| for k =1,2.

2.3 Notation

We use big O notation (i.e O, ©, §2) to ignore absolute constants (Cy, Cy, etc.) that do not depend
on d,n,my, mg. We further write ag < bg if ag = O(bg), and ag = 0(bg) if limg—, 00 ag/bg = 0.
Additionally, we use O notation to ignore terms that depend logarithmically on dnmims. For
[+ Xa — R, define || f| 1o x, ) = (Egr [ f(2)P])"/P. To simplify notation we also call this quantity
£l 2o y- and (|9l 1o (20,05 1191l 1o () are defined analogously for functions g : S971(1) — R. When

the domain is clear from context, we write || | ., ||g|| ... We let LP (X4, v) be the space of f with
finite || || Lo (Xaw)- Finally, we write [E,, and E, as shorthand for E,..,, and E,.., respectively.

3 Main Result

The following is our main theorem which upper bounds the population loss of Algorithm

Theorem 1. Select g € W»™([~1,1]). Let m = 517, and assume n,my, my = QUK 23)
There exist 7], A, 2 such that after T = poly(n, my, ma,d, ||q||2700) timesteps, with high probability
over the initialization and datasets the output 0 of Algorithm 1 satisfies the population L? loss bound

£, |(fa:0) - @)’

min(n,ml,mg) mi \/’ﬁ

< 0<Ilq0(n‘Kf*) — I+

accuracy of i R .
feature learning sample complexity of complexity of q
feature learning

2 ,)—2 2 2
||q‘|1700||Kf 22 ||‘I||2,oo n ||Q||2,oo + 1> 4)

The full proof of this theorem is in Appendix [D] The population risk upper bound (@) has three terms:

1. The first term quantifies the extent to which feature learning is useful for learning the target
f*, and depends on how close f* is to having hierarchical structure. Concretely, if there
exists ¢ : R — R such that the compositional function g o 77 - K f* is close to the target f*,
then this first term is small. In Section[d] we show that this is true for certain hierarchical
functions. In particular, say that f* satisfies the hierarchical structure f* = g* o h*. If the
quantity K f* is nearly proportional to the true feature h*, then this first term is negligible.
As such, we refer to the quantity K f* as the learned feature.

2. The second term is the sample (and width) complexity of learning the feature K f*. It is
useful to compare the | Kf* ||Z22 term to the standard kernel generalization bound, which
requires n. 2, (f*, K~ f*) ,. Unlike in the kernel bound, the feature learning term in (@)
does not require inverting the kernel K as it only requires a lower bound on ||K f*|| .. This
difference can be best understood by considering the alignment of f* with the eigenfunctions
of K. Say that f* has nontrivial alignment with eigenfunctions of K with both small (\,,;,,)
and large (Aqz) eigenvalues. Kernel methods require Q(),,} ) samples, which blows

up when \,,;, is small; the sample complexity of kernel methods depends on the high

frequency components of f*. On the other hand, the guarantee in Theorem [I]scales with



IKf* ||222 = O(\;,2,,), which can be much smaller. In other words, the sample complexity
of feature learning scales with the low-frequency components of f*. The feature learning

process can thus be viewed as extracting the low-frequency components of the target.

3. The last two terms measure the complexity of learning the univariate function ¢. In the
examples in Section[d] the effect of these terms is benign.

Altogether, if f* satisfies the hierarchical structure that its high-frequency components can be inferred
from the low-frequency ones, then a good ¢ for Theorem T|exists and the dominant term in (4)) is the
sample complexity of feature learning term, which only depends on the low-frequency components.
This is not the case for kernel methods, as small eigenvalues blow up the sample complexity. As we
show in Section 4] this ability to ignore the small eigenvalue components of f* during the feature
learning process is critical for achieving good sample complexity in many problems.

3.1 Proof Sketch

At initialization, f(x; 0(0)) = 0. The first step of GD on the population loss for a neuron wj is thus

wh = =V, e [(f(:c; 6'%) - f*(x))Q] 5)
= MEq [ £ @)V, £ (250 ©)
= m%ﬁlb;_mzoaﬁo’lﬁz [/ @)h O @)]. ™)

Therefore the network f(z’; 0(1)) after the first step of GD is given by

£ 0W) = mil Zajol (<w§1>, O (1)) + bj) ®)

Zajal( niE |:f ( )h(o)(q;)Th(O)(q;/)} +b_]> 1b§.0)20' (9)

We first notice that this network now implements a 1D function of the quantity

1
O(a) = T—Eq | £ (@) (@) h O (@/)]. (10)
ma
Specifically, the network can be rewritten as
(1
Fla;00) leajol( B +;) - Loz (11)

Since f implements a hierarchical function of the quantity ¢(z), we term ¢ the learned feature.

The second stage of Algorithm [I]is equivalent to random feature regression. We first use results
on ReLU random features to show that any ¢ € W?°°([—1, 1]) can be approximated on [—1, 1] as

q(z) ~ - D 0'1( Py ;) for some [|a*|| < [lqlly, (Lemma. Next, we use the standard

kernel Rademacher bound to show that the excess risk scales with the smoothness of ¢ (Lemma3)).
Hence we can efficiently learn functions of the form g o ¢.

It suffices to compute this learned feature ¢. For mo large, we observe that
—_  mgo
U * — * — *
@) = LY Ealf @)oo v)ola’ o))  TEF @)K (@.0)] = 7KSH@).  (12)
j=1

The learned feature is thus approximately 7j - Kf*. Choosing 7 so that |¢(2')| < 1, we see that
Algorithm [1]learns functions of the form ¢ o (7 - Kf*). Finally, we translate the above analysis
to the finite sample gradient via standard concentration tools. Since the empirical estimate to
Kf* concentrates at a 1/y/n rate, n 2 |[|Kf* ||222 samples are needed to obtain a constant factor
approximation (Lemma/7).



4 Examples

We next instantiate Theorem|T]in two specific statistical learning settings which satisfy the hierarchical
prescription detailed in Section[3] As a warmup, we show that three-layer networks efficiently learn
single index models. Our second example shows how three-layer networks can obtain a sample
complexity improvement over existing guarantees for two-layer networks.

4.1 Warmup: single index models

Let f* = g*(w* - x), for unknown direction w* € R? and unknown link function ¢* : R — R, and
take Xy = R? with v = N (0, I). Prior work [18}[13] shows that two-layer neural networks learn
such functions with an improved sample complexity over kernel methods. Let 05(2) = z, so that
the network is of the form f(z;6) = milaTal (WVx). We can verify that Assumptionsto EI are
satisfied, and thus applying Theorem|[I]in this setting yields the following:

Theorem 2. Let f*(x) = g*(w* - x), where ||w*||, = 1. Assume that g*,(g*) and (g*)" are
polynomially bounded and that E . xr,1)[(g%) (2)] # 0. Then with high probability Algorithm
satisfies the population loss bound

E, [(f(x; 6) — f*(x))? = O(W + ;ﬁ) (13)

Given widths m, my = (:)(dQ), n = (:)(dz) samples suffice to learn f*, which matches exist-
ing guarantees for two-layer neural networks [[13| [18]. We remark that prior work on learning
single-index models under assumptions on the link function such as monotonicity or the condition
E.n0,1)[(9%) (2)] # 0 require d samples [49.37,[12]]. However, our sample complexity improves
on that of kernel methods, which require d” samples when g* is a degree p polynomial.
Theorem [2]is proved in Appendix [E.1} a brief sketch is as follows. Since o2(z) = z, the kernel is
K(z,2") = Ey[(z - v)(z' - v)] = %~. By an application of Stein’s Lemma, the learned feature is
1
Bz -2/ f*(x)] = <2 By [V£*(2)] (14)

(Kf*)(x) = :
Since f*(x) = g*(w* - z), Vf*(z) = w*(¢*)'(w* - x), and thus

* * * 1 *
KS)@) = Eenionlle”) (' @ o Zu' -a. (15)
The learned feature is proportional to the true feature, so an appropriate choice of 77 and choosing

g=g*in Theoremimplies that || Kf* ||£22 = d? samples are needed to learn f*.

IS
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4.2 Functions of quadratic features

The next example shows how three-layer networks can learn nonlinear features, and thus obtain a
sample complexity improvement over two-layer networks.

Let X; = S?1(+/d), the sphere of radius v/d, and v the uniform measure on X;. The integral opera-
tor K has been well studied [39, 127, [38]], and its eigenfunctions correspond to the spherical harmonics.
Preliminaries on spherical harmonics and this eigendecomposition are given in Appendix [F}

Consider the target f*(z) = g* (27 Az), where A € R?*? is a symmetric matrix and g* : R — R is
an unknown link function. In contrast to a single-index model, the feature 2T Az we aim to learn is a
quadratic function of z. Since one can write 7 Az = 7 (A — Tr(A) - L)z + Tr(A), we without

loss of generality assume Tr(A) = 0. We also select the normalization || A||3, = 42 = ©(1); this

ensures that E,.., [(z7 Az)?] = 1. We first make the following assumptions on the target function.:

Assumption 5. E.[f*(z)] = 0, E. n0,1)[(9%) (2)] = ©(1), g* is 1-Lipschitz, and (g*)" has
polynomial growth.

The first assumption can be achieved via a preprocessing step which subtracts the mean of f*, the
second is a nondegeneracy condition, and the last two assume the target is sufficiently smooth.

We next require the eigenvalues of A to satisfy an incoherence condition:



Assumption 6. Define x := ||A||0p\/3. Then r = o(\/d/polylog(d)).

Note that < v/d. If A has rank ©(d) and condition number ©(1), then £ = ©(1). Furthermore,

when the entries of A are sampled i.i.d, x = ©(1) with high probability by Wigner’s semicircle law.

Finally, we make the following nondegeneracy assumption on the Gegenbauer decomposition of
o2 (defined in Appendix [F). We show that A3(02) = O(d~2), and later argue that the following
assumption is mild and indeed satisfied by standard activations such as oo = ReLU.

Assumption 7. Let \y(02) be the 2nd Gegenbauer coefficient of 0. Then \3(o2) = ©(d~2).

We can verify Assumptions [I] to 4] hold for this setting, and thus applying Theorem [I] yields the
following:

Theorem 3. Under Assumptions[3to[/] with high probability Algorithm[l]satisfies the population

loss bound
E, [(ﬂx; ) - f*(w)ﬂ <0 (Hm(ndmm) n % i (;a) 1/3> (16)

We thus require sample size n = Q(d*) and widths my,ma = Q(d*) to obtain og(1) test loss.

Proof Sketch. The integral operator K has eigenspaces corresponding to spherical harmonics of
degree k. In particular, [27] shows that, in 12,

Kf* =Y cuPif", (17)
k>0

where Py is the orthogonal projection onto the subspace of degree k spherical harmonics, and the ¢y,
are constants satisfying ¢, = O(d~*). Since f* is an even function and E,. [f*(z)] = 0, truncating

this expansion at k = 2 yields
Kf*=0(d?) Paf*+0(d™%), (18)
It thus suffices to compute P» f*. To do so, we draw a connection to the universality phenomenon in
high dimensional probability. Consider two features 7 Az and 27 Bx with (A, B) = 0. We show
that, when d is large, the distribution of T Az approaches that of the standard Gaussian, while 2T Bx
approaches a mixture of x? and Gaussian random variables independent of z7 Ax. As such, we show

Eq [¢"(+" Ax)a" Bx] ~ Eq [g" (2" Aw)] - B, [27 Bx] =0 (19)

E, [g"(«" Az)aT Az] = E.no,1) [97(2)2] = Eznnvio) [(97)'(2)]- (20)
The second expression can be viewed as an approximate version of Stein’s lemma, which was applied

in Section 4. I|to compute the learned feature. Altogether, our key technical result (stated formally in
Lemma [20)) is that for f* = g* (2 Ax), the projection P f* satisfies

(Pof*) (@) = Eeno,nl(97) (2)] - 2 Az + 0a(1) 2D

The learned feature is thus Kf*(x) = ©(d~2) - (27 Az + 04(1)); plugging this into Theoremyields
the d* sample complexity.

The full proof of Theorem [3]is deferred to Appendix[E.2} In Appendix[E.3|we show that when g* is a
degree p = O(1) polynomial, Algorithmlearns f*in O(d*) samples with an improved error floor.

Comparison to two-layer networks. Existing guarantees for two-layer networks cannot efficiently
learn functions of the form f*(z) = g* (2”7 Ax) for arbitrary Lipschitz g*. In fact, in Section[5| we
provide an explicit lower bound against two-layer networks efficiently learning a subclass of these
functions. When g* is a degree p polynomial, networks in the kernel regime require d?? > d*
samples to learn f* [27]. Improved guarantees for two-layer networks learn degree p’ polynomials in
P samples when the target only depends on a rank r < d projection of the input [18]]. However,
g* (2T Ax) cannot be written in this form for some 7 < d, and thus existing guarantees do not apply.
We conjecture that two-layer networks require d2(?) samples when ¢* is a degree p polynomial.

Altogether, the ability of three-layer networks to efficiently learn the class of functions f*(x) =
g* (7 Ax) hinges on their ability to extract the correct nonlinear feature. Empirical validation of the
above examples is given in Appendix



S An Optimization-Based Depth Separation

We complement the learning guarantee in Section[d.2] with a lower bound showing that there exist
functions in this class that cannot be approximated by a polynomial size two-layer network.

The class of candidate two-layer networks is as follows. For a parameter vector § = (a, W, b1, ba),
where a € R™, W € R™*? b, € R™, by € R, define the associated two-layer network as

Ny(z) := a¥o(Wx +by) + by = Z aio(wlz + b1,i) + bo. (22)

i=1

Let ||6]| ., := max(||a]| ., [[W]|. 161l |b2]|,) denote the maximum parameter value. We make
the following assumption on o, which holds for all commonly-used activations.

Assumption 8. There exist constants Cy,, oy such that |o(z)| < Cy(1 + |2])*.

Our main theorem establishing the separation is the following.

Theorem 4. Let d be a suffiently large even integer. Consider the target function f*(x) =
0 Iy

ReLU (2T Ax) — co, where A = %U ( Ly 0O ) UT for some orthogonal matrix U and cy =

Eivw [ReLU(xTAx)] Under Assumption there exist constants C, Cs, C3, c3, depending only on
(Coy, ), such that for any c3 > € > Csd ™=, any two layer neural network Ny (x) of width m and pop-
ulation L? error bound || Ny — f*||2Lg < e must satisfy max(m, ||0]| ) > C1 exp (C2e~1/2log(de)).
However, Algorithm 1 outputs a predictor satisfying the population L? loss bound

E, [(f(a:; f) — f*(x))z} <0 (f + \/EJ’ d1/6>. (23)

after T = poly(d, m1,ma, n) timesteps.

The lower bound follows from a modification of the argument in [19] along with an explicit de-
composition of the ReLLU function into spherical harmonics. We remark that the separation applies
for any link function g* whose Gegenbauer coefficients decay sufficiently slow. The upper bound
follows from an application of Theorem [I]to a smoothed version of ReLU, since ReLU is not in
W22 (-1, 1]). The full proof of the theorem is given in Appendix

Remarks. In order for a two-layer network to achieve test loss matching the d—1/6 error floor,
either the width or maximum weight norm of the network must be exp (Q(da)) for some constant
d; this lower bound is superpolynomial in d. As a consequence, gradient descent on a poly-width
two-layer neural network with stable step size must run for superpolynomially many iterations in
order for some weight to grow this large and thus converge to a solution with low test error. Therefore
f* is not learnable via gradient descent in polynomial time. This reduction from a weight norm lower
bound to a runtime lower bound is made precise in [45]].

We next describe a specific example of such an f*. Let S be a d/2-dimensional subspace of R¢,
and let A = d~2Pg — d_%PSL, where Pg, P4 are projections onto the subspace S and and its

orthogonal complement respectively. Then, f*(z) = ReLU <2d’% | Psz|® — d%>. [44] established

an optimization-based separation for the target ReLU(1 — ||z||), under a different distribution v.
However, their analysis relies heavily on the rotational symmetry of the target, and they posed the
question of learning ReLU(1 — || Psx||) for some subspace S. Our separation applies to a similar
target function, and crucially does not rely on this rotational invariance.

6 Discussion

In this work we showed that three-layer networks can both learn nonlinear features and leverage these
features to obtain a provable sample complexity improvement over two-layer networks. There are a
number of interesting directions for future work. First, can our framework be used to learn hierarchical
functions of a larger class of features beyond quadratic functions? Next, since Theorem [I)is general



purpose and makes minimal distributional assumptions, it would be interesting to understand if it can
be applied to standard empirical datasets such as CIFAR-10, and what the learned feature K f* and
hierarchical learning correspond to in this setting. Finally, our analysis studies the nonlinear feature
learning that arises from a neural representation o2 (Vx) where V' is fixed at initialization. This alone
was enough to establish a separation between two and three-layer networks. A fascinating question
is to understand the additional features that can be learned when both V' and W are jointly trained.
Such an analysis, however, is incredibly challenging in feature-learning regimes.
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Limitations

One limitation of our work is that the innermost layer weights V' are fixed throughout training, and
our training procedure is layerwise. We remark that this is already enough to establish an algorithmic
separation between two and three-layer networks (Section [5), and that prior works on two-layer
networks also rely on layerwise training procedures. It is a very interesting direction of future work to
understand if training V' can lead to learning a larger class of functions. Another limitation is that our
examples in Section[d]rely on the data distribution v being either the standard Gaussian or uniform
on the sphere. This allows us to carefully characterize the integral operator K, and we remark that
other works on two-layer networks make similar distributional assumptions (such as uniform on the
hypercube). However, it is a very important direction of future work to extend these lines of work to
more general data distributions.

A Empirical Validation
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Figure 1: We ran Algorithm[T]on both the single index and quadratic feature settings described in
Sectiond] Each trial was run with 5 random seeds. The solid lines represent the medians and the
shaded areas represent the min and max values. For every trial we recorded both the test loss on
a test set of size 2'° and the linear correlation between the learned feature map ¢(x) and the true
intermediate feature h*(x) where h*(z) = x - 3 for the single index setting and h*(x) = x7 Ax for
the quadratic feature setting. Our results show that the test loss goes to 0 as the linear correlation
between the learned feature map ¢ and the true intermediate feature h* approaches 1.

We empirically verify our conclusions in the single index setting of Section f-I]and the quadratic
feature setting of Section 4.2}

Single Index Setting We learn the target function g*(w* - x) using Algorithm |1| where w* €
S9=1 is drawn randomly and ¢*(z) = sigmoid(z) = ﬁ, which satisfies the condition
E.n0,1)]9'(2)] # 0. As in Theorem 2, we choose the initial activation 03(z) = z. We opti-
mize the hyperparameters 7;, A using grid search over a holdout validation set of size 2! and report
the final error over a test set of size 2%°.

Quadratic Feature Setting We learn the target function g* (27 Az) using Algorithm [I| where
g*(z) = ReLU(z). We ran our experiments with two different choices of A:

» Ais symmetric with random entries, i.e. A;; ~ N(0,1) and A;; = A;; fori < j.
A is arandom projection, i.e. A = IIg where S is a random d/2 dimensional subspace.
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Both choices of A were then normalized so that tr A = 0 and || A||z = 1 by subtracting the trace
and dividing by the Frobenius norm. We chose initial activation o3(z) = ReLU(z). We note that in
both examples, k = ©(1). As above, we optimize the hyperparameters 7, A using grid search over a
holdout validation set of size 2'° and report the final error over a test set of size 2'°.

To focus on the sample complexity and avoid width-related bottlenecks, we directly simulate the
infinite width limit (ms — o0) of Algorithm[I|by computing the kernel K in closed form. Finally,
we run each trial with 5 random seeds and report the min, median, and max values in Figure

Comparison Between Two and Three-Layer Networks We also show that the sample complexity
separation between two and three layer networks persists in standard training settings. In Figure [2]
we train both a two and three-layer neural network on the target f*(z) = ReLU(2T Az), where A
is symmetric with random entries, as described above. Both networks are initialized using the uP
parameterization [57] and are trained using SGD with momentum on all layers simultaneously. The
input dimension is d = 32, and the widths are chosen to be 256 for the three-layer network and 2048
for the two-layer network, so that the parameter counts are approximately equal. Figure [2]plots the
average test loss over 5 random seeds against sample size; here, we see that the three-layer network
has a better sample complexity than the two-layer network.

f1x) = q(TAx).d =32

0.7 —®— 2 layer network

—8— 3 layer network
0.6 4

054

044

Test Loss

034

024

0.14

0.0

10° 10* 10° 109
Samples

Figure 2: Three-layer neural networks learn the target f*(x) = ReLU(zT Ax) with better sample
complexity than two-layer networks.

Experimental Details. Our experiments were written in JAX [14], and were run on a single
NVIDIA RTX A6000 GPU.

B Notation

B.1 Asymptotic Notation

Throughout the proof we will let C' be a fixed but sufficiently large constant.
Definition 4 (high probability events). Let . = C'log(dnmims). We say that an event happens with

high probability if it happens with probability at least 1 — poly(d,n, my, ms)e™".
Example 5. If z ~ N(0, 1) then |z| < \/2¢ with high probability.

Note that high probability events are closed under union bounds over sets of size poly(d, n, m1,ms).
We will also assume throughout that ¢ < C~1d.

B.2 Tensor Notation

For a k-tensor T' € (]Rd)‘g”C , let Sym be the symmetrization of " across all k axes, i.e

1
Sym(T)ih'",ik = %! Z Tiau),'”,ia(k)
" 0ESk

Next, given tensors A € (R%)®% B € (R?)® welet A® B € (R)®4+P be their tensor product.
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Definition 5 (Symmetric tensor product). Given tensors A € (R%)®% B € (R%)®°, we define their
symmetric tensor product AR B € (R%)®a+b g5

A®B := Sym (A ® B).

We note that @ satisfies associativity.

Definition 6 (Tensor contraction). Given a symmetric k-tensor T € (RY)®* and an a-tensor
A € (RY)®2, where k > a, we define the tensor contraction T(A) to be the k — a tensor given by

T(A)iy,.ip— = > Ty aritreomsin—a Ao
(J15+-2Ja)E€[d]®

When A is also a k-tensor, then (T, A) := T(A) € R denotes their Euclidean inner product. We
further define ||T||% = (T, T).

C Univariate Approximation

exp(7b2/2)

Vo
Lemma 1. Ler a ~ Unif({—1,1}) and let b ~ N(0,1). Then there exists v(a,b) supported on
{—1,1} x [0, 2] such that for any |z| < 1,

Eup[v(a,b)o(ax +b)] =1 and sup|v(a,b)| S 1.
a,b

Throughout this section, let p(b) := denote the PDF of a standard Gaussian.

Proof. Letv(a,b) = clye[1,2) Where ¢ = Then for |z| < 1,

1
w(1)—p(2)"

Ewwmmwﬁm+mn=cl'%pm+wy+d—x+wmwmb

cﬁ%Mm

=1
O

Lemma 2. Ler a ~ Unif({—1,1}) and let b ~ N(0,1). Then there exists v(a,b) supported on
{—1,1} x [0, 2] such that for any |z| < 1,

Eqplv(a,b)o(ax +b)] =2 and sup|v(a,b)] <1
a,b

Proof. Letv(a,b) = calye[r 2) Where ¢ = Then for |z| < 1,

1
T )b

Eqp[v(a,b)o(azx + b)] / z+b)—o(—z+b)|u(d)db

/

O

Lemma 3. Let f : [—1,1] — R be any twice differentiable function. Then there exists v(a,b)
supported on {—1,1} x [0, 2] such that for any |z| < 1,

Eqp[v(a,b)o(ax +b)] = f(z) and sup|v(a,b)] < sup |f(k)(a:)|.

a,b xe[—l 1]

16



Proof. First consider v(a,b) = %2 f"(—ab). Then when 2 > 0 we have by integration by parts:

Easlv(a, b)o(az + b)

- / P (—b)o(z+b) + f"(B)o(~a + b)ldb

1 1
= POz — f D)+ 1) + ) (1) + / J(~bydb— / F(b)db
= f(z)+c1 + o
where ¢c; = f(0) — f(1) — f(=1)+ f'(1) — f'(—1) and co = f'(0) — f'(1) — f'(—1). In addition

when x < 0,
Easlv(a, b)o(az +b)]

- / P (—b)o(x+b) + f"(B)o(~a + b)ldb

1 1
=0z =D+ D)+ W)z + 1+ [ f(=b)db~ /0 f'(b)db

= f(z)+ 1+ cox

so this equality is true for all 2. By Lemmas[T]and 2] we can subtract out the constant and linear terms
so there exists v(a, b) such that

Eqplv(a,b)o(ax + b)] = f(x).
In addition, using that x(b) > 1 for b € [0, 1] gives that this v(a, b) satisfies
suplu(a, )| S fea| +eo] + max (@) S sup (/P

a, ze[—1,1]
ke{0,1,2}

D Proofs for Section

The following is a formal restatement of Theorem [T}
Theorem 6. Select ¢ € W»>([~1,1]). Let m = 727, and n 2 K f*|| 2220t my >
IKf*|| 50 ma = |[Kf*|| 722t There exists a choice of T = O X|Kf*|2), T

~

poly(d,n,m1,ma,lqll,, ), and X,z such that with high probability the output 6 of Algorithm
1 satisfies the population L? loss bound

n mao mi
2 4 404+1
S sz llalls oot lally ot + ¢
+llgo (- Kf*) = fII72 + —==+ =
mi n

Proof of Theorem[6] The gradient with respect to w; is

L2€+2(xa+2x+1 L2a“+2X+1 L )

= [(f (a:6) - f*(w)ﬂ < lall? o 1K £711 52 ( . L

Vi, L1 (0) = =57 (£(:69) = [ (20)) Vu £ 356)

n a(o)
= ol 0) 37 (£ 0) = 1 (00) o h O a)

i=1 my
1¢ (0) aE'O) (0)
=Lose ; (f(Ii;e )= f (xl))milh ()

17



Therefore

wiM = 1V, L (0©)

One then has
£ (@; (a, Wb v Oy)

j=1 i=1
my

— a; 0)

= . Eal(aj ne(z) + b;) 10 4
J:

where ¢(z) := min S (f*(x,) — (wy; 9(0)))<h(0)(1}¢), RO (x)).

The second stage of Algorithm|[T]is equivalent to random feature regression. The next lemma shows
that there exists a* with small norm that acheives low empirical loss on the dataset Ds.

Lemma 4. There exists a* with ||a* ||y S ||q||o. oo /701 such that 6 = (a*, W 50 VO)) satisfies

20420, +2x+1 L20¢U+2x+1 L )

La(0%) < llall? IIKF* N2 (4 -
2(0) 5l oS3 e~

2
(2 + Hq”Q,ooL

n miq

+llgo - Kf*) = |7

The proof of Lemma]is deferred to Appendix[D.1} We first show that ¢ is approximately proportional
to Kf*, and then invoke the ReLLU random feature expressivity results from Appendix

Next, set
204205 +2x+1 205 +2x+1

* || —2 2 %) —2 L L L
A=w20mumeuw( n +)

n mo mi
2001 lgll3 o

+ T + T; + qu (ﬁ(Kf*)) _f*”sz)’

so that Ly (6*) < HQ*HS/\'

Define the regularized loss to be L(a) := La((a, WM, b V() 4 %HaHg Let a(>®) =
arg min, ﬁ(a), and a(*) be the predictor from running gradient descent for ¢ steps initialized at
a®). We first note that

L(@™)) < L(a*) 5 lla*[5X.

Next, we remark that ﬁ(a) is A-strongly convex. Additionally, we can write
f (@ (a, WD 5O V) = ¢T4)(x) where z/J( ) = Vec (%01 (ag-o)ﬁqb(x) + b;o)) . 1b§_o)>0). In
Appendixwe show sup,¢p, [|[¥(2)|| S -~ Therefore

MMWﬁ)<—2nw IS =

z€D>
so L is O( ) + A smooth. Choosing a learning rate 772 = O(my), after T = O( /\m1> =
poly(d,n,m1,ma, [|qll, ) steps we reach an iterate & = a0 = (a, WO b0 V) satisfying

L2(6) S L2(67) and [all, < lla”]l,.

18



For 7 > 0, define the truncated loss ¢, by £, (z) = min(2%, 72). We have that ¢, (2) < 22, and thus

=S e (f@0) - @) < L)

zE€D>

Consider the function class
F(Ba) = {5 (a, W 0O V) : la]l, < Ba)}
The following lemma bounds the empirical Rademacher complexity of this function class

Lemma 5. Given a dataset D, recall that the empirical Rademacher complexity of F is defined as
1 n
Rp(F) =E, n | sup — oif(xz;)]|.
(F) i=Epeqany LGF PR
Then with high probability

< _—a
Ro,(F(B) S |72,

Since £ loss is 27-Lipschitz, the above lemma with B, = O(||a*|,) = O(Hq”2 OO,/m1> along
with the standard empirical Rademacher complexity bound yields

* L
Bl (fe:0) — () S Ze( — [1(@) 7R, (F) +7% =
20420, +2x+1 20, +2x+1
<lal®2 IKFN72. (4 ¢ L
S ol 175 ( P L
2l et
+llgo @-Kf*) = fIl7= + L
mi
i IIqHz oo
Finally, we relate the £, population loss to the £2 population loss.
Lemma 6. Let 7 = O (max(, [9|l2,00))- Then with high probability over 0,
2
A * 2 ~ * ||q||2,oo
E, | (£(:0) = " (@) | < Eolr (Jl:0) = () + = 22
Plugging in 7 and applying Lemma 6] yields
. 2 5 9 L2Z+2aa+2x+1 L20¢,,+2x+1 .
£, |(1s) - @) ] S Il e - (e S )
gy pere lalsact [l 0+ 44
+llgo @ Kf*) = fll + =25 ) =
mq n
as desired. O

D.1 Proof of Lemma[d]
We require three auxiliary lemmas, all of whose proofs are deferred to Appendix[D.4] The first lemma

bounds the error between the population learned feature K f* and the finite sample learned feature ¢
over the dataset Ds.
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Lemma 7. With high probability

. L2€+2(xg+1 L2ag+1 .
sup [¢(z) — (Kf*)(z)| S + /-
x€D> n ma my

The second lemma shows that with appropriate choice of 7, the quantity n¢(x) is small.

Lemma 8. Let n 2 [Kf* 22020 my 2 K2 and my 2 [Kf[ 2000

There exists 1 = é(||]Kf ||L2) such that with high probability, sup,cp, [1¢(z)] < 1 and
sup,ep, [77- Kf*(z)] <1

The third lemma expresses the compositional function g o 7j¢ via an infinite width network.

Lemma 9. Assume that n,mi, mg = Q(||Kf*||£§) There exists v : {£1} x R — R such that
supg p [v(a,b)| < lqlly o, and, with high probability over Ds, the infinite width network

[ (@) := Eaplv(a, b)or(ang(z) + b) 1]
satisfies
[ (@) = q(mo(x))
forall x € Ds.

Proof of Lemmad} Let v be the infinite width construction defined in Lemma[9] Define a* € R™
to be the vector with a} = v(ago), b§-1)). We can decompose

Lo(0) = - 3 (f(a:6) — (@)
x€Do
S S )~ @ S () - o)’
r€D>2 z€D2
3 (@6(@) — g @)+ 3 @) @) - )
€Dy €D

Take my 2 ¢. The first term is the error between the infinite width network f2°(z) and the finite
width network f(x;60*). This error can be controlled via standard concentration arguments: by

Corollary 2| we have that with high probability ||a*|| < H:I/Hi”" , and by Lemmane have

LS~ (a0 - ety 5 [t

m
TE€D4 1

Next, by Lemmald] we get that the second term is zero with high probability. We next turn to the third
term. Since ¢ s ||q||; .-Lipschitz on [—1,1], and sup,cp, [7¢(x)| < 1,sup,ep, (7 - Kf*)(z)] <1
by Lemmal[g] we can apply Lemma[7]to get

sup [q(To(x)) — g(MKS")(@))] < llglly o sup n¢(x) —nKS) ()]

€Dy
L2£+2a0+1 L2O“’+1
204+2a,+1 L2ac+1 L
< K| \/Li p—
N||q||1,oo|| frllga n + ma * mi
and thus
1 2 2 g [1HH2eetxFl 2002t L
— = * * N
= > (@) — q@ES) (@) S llalls o IKF )23 - ( + " )
nwED2 " " "

20



Finally, we must relate the empirical error between g o7 - Kf* and f* to the population error. This
can be done via standard concentration arguments: in Lemma[I9] we show

2, 42041
LS @)~ @) S llgo ) — g2+ 1

zeD>

Altogether,

* 2 x| —2
Lo(0%) S Nl o0 IKS "Ml 2 -

+lg o @EKF)) — £*7

(L2€+2aa+2x+l 200 +2x+1 L ) . L20+1 ||q||§,ooL
1

+

ma mi

20420, +2x+1  20q+2x+1 lall%e + 24 llall3 ot
L L L Qlloot Tt 2,00
| )bl

2 x| —2
S llally oo K22 t e T
— * * (12
+ llg o (MK F*)) = f*II7-

since || K[|, < 1and thus |[Kf*||,. 2 1. O

op ~

n mi

D.2 Proof of Lemmal[3

Proof. The standard linear Rademacher bound states that for functions of the form z — w”v(z)
with ||w||y < By, the empirical Rademacher complexity is upper bounded by

P IS )

zeD

We have that f(z;6) = a”v(x), where

1
(z) = Vec <TTL101 (a;o)ﬁ(b(x) + b;o)) . 1b§0)>0).

By Lemma with high probability, sup,cp, [7¢(z)| < 1. Thus for z € D,

| , 1
< —(1+b)2 < —
9@ < 50+ 16D S -

with high probability by Lemmal[I0] Altogether, we have

R, (F(Ba) 5 ) Dt [ Be
n nmq

D.3 Proof of Lemmal6

Proof. We can bound
.| (i) - @) | - B2 [1(6) - @)
=E, _((f(x; 0) — f*(%))2 - 72> ' lf(m;é)—f*(r)|27]
<E, _(f(x;é) - f*(fﬂ))2 : 1|f(x;§)—f*(x)2-r:|
(

1/2

(i) | oty - o] =)

< [B [rsor] v B [ @] ] [P([f@o)] = 1) + U@ = )
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Next, we bound f (x; 0):

R 1 <& _
18] = |3 s (o 76(2) + b3 ) 1,0,
j=1

IN

1 &
mTZ |aj| (7 ()] + 1bj])
j=1

lally | I
< —= )|+ —1all,||b

RO+l bl
By Lemma with high probability over the initialization we have ||b||, < /m1. Next, by Lemma
with high probability over the initialization and dataset we have [|a[[, < [[a*[l; < [lqly, o /71. Thus
with high probability we have

[£(@30)| S Nl e (T0(2) | + 1)
uniformly over x.

‘We naively bound

6@ < -] - i; [ )| | iz 6@ = 7).

By Lemmaand Lemma with high probability we have | fzi;00) — f (xl)| < ¢ for all 4.
With high probability, we also have Hh(o) (z;) || < /mg. Additionally, we have
2

4 m2
@], = | Loty
2 =
my
SmQZUQ(Z"'Uj)4
j=1

mo
Sma Y (14 [o-vyf*)
j=1
Since z is Cy subGaussian and ||v|| = 1, we have
O (|* < 2 oo
By [P ()| S maE |z - v
2
< m3.
Altogether,

E,|é(x)* < 0¥,
and thus

m3 K f*|| 22

A aqt/? < 2 22 2
Ew f(x79) ~ Hq”Q,oon 17 < ||q |2,oo
By Assumption E. [(f*(a:))ﬂ <1

We choose 7 = ©(max(:%, [|q|, o) By Lemmaand Lemma{’f(x, é)’ > 7}and {|f*(x)| > 7}
are both high probability events. Therefore by choosing C sufficiently large, we have the bound

{]P’(‘f(x,é)‘ > T) +P(|f*(z)] > 7)} < m;‘lfﬂ

Altogether, this gives

) P lalls 0 KF7 122 1 lalls
E, [(ﬂx,a) - f'@)) ] B [ (J@:0) - @) | S T T L s T

O
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D.4 Auxiliary Lemmas

Proof of Lemma[7] We can decompose

() = (Kf*)(2)]

3 22 (00 = 70 W) (7))

1

mon

P HETRIRIEANARION

nif* hO )h(o)(w)>—<Em[f*(w)h(o)(fc)}»h(o)(x)>‘

‘mg (B @ @], @) - 7))

IN

17

By Lemma and Lemma|13| we can upper bound the first term by , /-

For the second term, by Lemma @ and Lemma@we have for all x € D5

11 & 20120, +1 20420, +1
=3 @) @) = B[ @h O H [p0w)), s Ly ma g e .
ma i n
The third term can be bounded as
, L2ag+1
— ZEm’ Nog(a! ~v5)02(z - ;)] — Eg o[ f*(@)o2 (2" - v)oa(z - v)]| S o~
O

Proof of Lemma(8] Conditioning on the event where Corollary [T] holds, and with the choice 77 =
10g e YK f || L2~ X, we get that with high probability

DN | =

sup |(77- Kf*)(z)| <
zE€D>

Therefore

sup [79(@)] = e [Kf* g4 - sup [o(a)

x€D2
o= 1 1 K N K . 0 L2l+2aa+1 L2o¢,,+1 .
< - s + + +4/—
e P sup ) @)+ O [ =

L2£+2a0+1 L2a0+1 L
<3 +Ol IRz + Ve
n mo mq
<1.

O

Proof of Lemma(9] Conditioning on the event where Lemma [8] holds and applying Lemma3] we get
that there exists v such that

Eaplv(a, b)or(amp(z) + b)] = (16 (x))

for all z € Ds. Since v(a,b) = 0 for b < 0, we have that v(a, b) = v(a, b)1p>0. Thus the desired
claim is true. O
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D.5 Concentration

Lemma 10. Let my 2 . With high probability,
L8 s

Proof. By Bernstein, we have

1 & 2
w2 O7) 1|5y <
mq P ma

Lemma 11. With high probability, | f

(z;0 0) \/ - for all .

Proof. We have

£ (200 Zazol

Since a; ~ Unif({£1}) and b; ~ N(0, 1), the quantities a;o1(b;) are 1-subGaussian, and thus by
Hoeffding with high probability we have

[P0 <\ )=

Lemma 12. With high probability

sup E, [oa(z - v)4] <1 and sup E,loa(z- vj)4] <1.
z€Ds J€[ma]

Proof. First, we have that o5 (7 - v)* <1+ (2 - v)*¥. Therefore

E, [0’2(.13 . U)4] 5 1+E, [(l‘ . ,U)4oz,,] 5 1+ ||J)H4aad_2a”-

Next, with high probability we have sup,cp,

lz||? — E||x||2’ <102 S 1. Since Bz S dv? S d,
we can thus bound

sup B, [o(2 - v)*] S 147, sup |
€Dy x€D>

S14+d2% (d 4 1)%
<1

The proof for the other inequality is identical. O

Lemma 13. Let my > 2“1 With high probability, SUD,e D, UDs ||h( Nz H < Jm

Proof. Since x is C., subGaussian and v is 1/ \/d subGaussian, with high probability we have
z-v < O0(Cy) = O(1).

Union bounding over z € Dy, j € [mo], with high probability we have sup,cp,up, jec[ms] 17 - vj] <
O(t). Therefore

sup |oa(z - v;)| < O(*).

Z,v;
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Next, see that
1 213
L) H — Z 02,
mo H (CE) mao = 0—2($ Uj)

Pick truncation radius R = O(.*<). By Hoeffding’s inequality and a union bound over 2z € D; U Do,
we have that with high probability

ma 20, +1
I N T 0))2 — By [1gs e )2l <4 /L
L e ; oa(w-v;)?<RO2(T - Vj) [Loz@op2<roz(@ - v)?]| S o
Observe that
‘Ev [102(z~v)2§RU2(x ’ 0)2} - E, [0’(1‘ ’ U)Q] ’ =E, [102(z~v)2>R02(x ’ ’U)ﬂ

< P(oa(z-v)* > R)E[o2(x - U)4] 1/2
1
< —.
- d

Therefore with high probability

L2°“’+1
S

_|_

oo - mioto-om 2

1
ma
by Lemma Lemmaalso tells us that E, [o2(x - v)?] = O(1). Altogether, for my > 2* T
we have

1 2
oo

ma

and hence ||1(?) (z)|| < \/mz, as desired. O

Lemma 14. P, (| f*(z)| > Cyert) < e7 and Py (|(Kf*)(z)| = Creed - | Kf*|,2) < e

Proof. By Markov’s inequality, we have

* (|4 q qt
MWW>WﬂWWW>m§%#S%%.

Choose t = C' fe/ . We select ¢ = =177, which is at least 1 for C'in the definition of ¢ sufficiently
large. Plugging in, we get

* l qud'qg —qf —ueet/ 1 —t
P(|f(x)‘>cfeb)nge =e <e
since fel/=1 > 1.
An analogous derivation for the function % yields the second bound O
L

Corollary 1. With high probability, sup,cp, | f* ()| < Cre - i and supcp, |(Kf*)(z)| < Cre -
XK S| 2

Proof. Union bounding the previous lemma over x € D, yields the desired result. O

20120, +1
mol g
< g 2
~Y

n

2

Lemma 15. With high probability,

S @O @) — B[ @) @)
=1
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Proof. Consider the quantity

L i fr(@i)oz(zi - v;) — Ey {f*(x)h(o)(zi)} )

n -
=1

With high probability, sup,cp, jepm, [f*(@i)o2(zi - vj)] < (/T Pick truncation radius R =

O(1*%7). By Hoeffding, we have with high probability.
- \/m
~Y n :

n Z [ (@)oo (w; - Uj)lf*(wi)az(wi'vj)SR — E, [f* (x)o2(w; - vj)lf*(li)Uz(ﬂﬂi'Uj)SR}
i=1
Furthermore, note that
B [f*(2)02(2 - v;)1 1+ (@,)0a(@v)) <) — Bal[f*(@)o2(ai - v;)]]
= [E[15@)os (e o)>r S (@)02 (i v;)]|
< P(f*(z)oa(z - v;) > R)Ey [0a(z - v;)"]

—_

2

3

Thus

L2€+20¢U+1
< D
~ n

By a union bound, the above holds with high probability for all j € [ms], and thus

Z f h(O) ~E, |:f* (.’L‘)h(o) (.17)} S / m2L2€+2ag+1
9 n

, Z £ @l v) — B[ £ @O )|

O
Lemma 16. With high probability,
L200+1
A ZE No2(a’ - 05)02(w - 1)) = Ear o[ (@oa(a’ - 0)oa(a - v)]| £/

Proof. Fix & € D,. Consider the random variables Z(v) = E,/[f*(z")o2 (2’ - v)o2(x - v)]. With
high probability we have |o2(x - v;)| < ¢“~ and thus
* o * 1/2 2 o
|Z(vj)| = [Eor [f* (2" oo (2" - vj)oa(m - v)]| S 0¥ - Bar [f*(27)?] / Eloa(a’ - v))?]" <.

For all j € [mg]. Choosing truncation radius R = 1%, with Hoeffding we have with high probability
that

L D Eu[f*(2)o2 (2’ v))loa(x - v5)1 200,y <k — Bar o [f7(2))o2(2” - 0)o2 (2 - 0) 1 200) <5)]

i=1
Next, we have that
|Eor o [f* ()2 (2 - v)o2(z - 0)1 200y <r] — Bar ol f* (&) (2 - v)o2(z - 0)]|

= B [f*(2")o2(2" - v)o2(x - 0) 1| 2(0)> R]

(v) > R) - Ep o[ f*(2)?02(2" - v)?02(2 - v)?]

L2o¢(,+1

A

ma

1/2

A

P(Z
1
msy’
Conditioning on the high probability event that sup ;¢ ,,,, |Z(v;)| < R, we have with high probability

that

L2ag+1

Z E, Noa(@' - v))]oa(x - vj) — Ep o[ f* (2o (2" - v)oa(z - v)]

<
~J
ma

A union bound over x € Ds yields the desired result. O
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Lemma 17. With high probability,

1 mi ||U||2 L
sup |— v(as, bi)or(aip(x) + b)) 1y, >0 — foo(x)| S —=
S [ vl b (410(2) + 000 — ()| 541

Proof. Condition on the high probability event sup,.p, [7¢(z)| < 1. Next, note that whenever
b > 2 that v(a, b) = 0. Therefore we can bound

[v(a,b)or(ano(x) + bi)1s, >0 < 2|v|| o

Therefore by Hoeffding’s inequality we have that

1 & vl|> e
LS b (aimd(@) + bl — f()| < | 1t
ma =1 mq
The desired result follows via a Union bound over € Ds. O]
Lemma 18. With high probability,
—_— viag, 0; — ||V = —_—.
mq P Lz mq
Proof. Note that
v(aibi)® < [lo]l%,
Thus by Hoeffding’s inequality we have that
1 - o] 5t
— 007 = [loll72| S 4 ==
R A
Corollary 2. Let my 2 t. Then with high probability
D> vlaibi)* < [loll5m.
i=1
Proof. By the previous lemma, we have that
1 — 2 2 < H’U”ioL < 2
— Y w(ai,b:)? — ollga| S/ S vl
mi

=1

Thus
m;
> w(ai bi)? S vl 7ama + o2 mr < (vl 2ma.

=1

Lemma 19. With high probability,
L4 201

LS @ e)@) — £@) £ lgo @) - £, + 1=
z€D3
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Proof. Let S be the set of z so that [(Kf*)(x)| < 1 and |f*(z)| < /. Consider the random
variables (¢((Kf*)(z)) — f*(2))? - 1,cs. We have that

(@S ) = £ @) Lues| £ sup la(a)"+

and
E[(q@EKf*) (@) — £ (2))* - Laes]” S ( s la(2)[* + ﬂf) g o @ES)) = f*]72.

Therefore by Berstein’s inequality we have that

LS (@) @) ~ 5@ Loes — a0 () — F)Les
z€D>
- (Supze[—l,l] la(2)]* + L%) (g o @EKF*)) = F*)1uesl7at N SUD,e(—1,1] lg(z)|? + 12
~Y L

n n

2
SUPe[—1,1] lq(2)] ""/ML
- .

< llgo (7(KF)) = ) laes7z +
Conditioning on the high probability event that x € S for all z € D5, we get that

2
Sty o)+
n

% Y @m® ) (@) = £(2))° S a0 @KF) = f*)leeslza +

x€Do

2
Sup.e(—11 le(2)["t + 2

< llgo MKS)) = 172 + -

E Proofs for Section 4

E.1 Single Index Model

Proof of Theorem[2] 1t is easy to see that Assumptions [[|and [3] are satisfied. By assumption g* is
polynomially bounded, i.e there exist constants Cy, oy such that

9*(2) S Cg(1+ |2))* < Cg2% 7 (1 + [2]™).
Therefore

* * ag— vgql ag o a
I f Hq =g ”LQ(R,N(O,l) < Cy2%0 1(1 +E.nv01) [I2%] /q) <042 9099/2(1 o/2,

Thus Assumptionis satisfied with Cy = Cj2%9 a?f’/z and £ = ay/2.

Next, we see that

z-a

K(@a') =Byl )@’ -v)] =

Therefore
(Kf)(@) = B [f*(@')a’ - 2/d) = SEa[Vf* ()] .
Furthermore, we have
Eor [V (2")] = Bar [w*g' (w" - 2")] = wE.opr0,1)[9'(2)]-
Altogether, letting c1 = E.x0,1)[9'(2)] = Q(1), we have (Kf*)(z) = LeiaTw*. Assumption
is thus satisfied with y = 1/2.
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Next, see that | Kf*|| . = c1/d. We select the test function g to be ¢(z) = g(7'd/c1 - 2), so that
q(Kf*)(x)) = g(a™ - x) = [ ().

Since 77 = O(dt~X), we see that

sup [q(2)| = sup lg(2)| = poly(¢)
z€[—1,1] 2€[—O(1X),0(LX)]
sup |¢'(2)| =7"d/c1 sup lg'(2)| = poly(v)
z€[—1,1] z€[—O(1X),0(X)]
sup |¢"(2)| =m2d*/c} sup lg” (2)| = poly(v)
z€[-1,1] 2€[—O(1X),0(tX)]

Therefore we can bound the population loss as

Ex[<f($;é) - f*(x)ﬂ < _dpobyl) 1

min(n, my,ma) /0

E.2 Quadratic Feature

Throughout this section, we call 7 Az a degree 2 spherical harmonic if A is symmetric, E [xTAx] =
0, and E [(27 Az)?] = 1. Then, we have that Tr(A) = 0, and also

5 1 d+2
1= EE(A%) = 301%2(472) = 2l Al} = Al =\ /5 =/ 55~ = (.

See Appendix |F| for technical background on spherical harmonics.

Our goal is to prove the following key lemma, which states that the projection of f* onto degree 2
spherical harmonics is approximately =7 Ax.

Lemma 20. Let q be a L-Lipschitz function with |q(0)| < L, and let the target * be of the form
[*(z) = q(a” Az), where x7 Az is a spherical harmonic. Let ¢; = E, n(0,1)[q' (2)]. Then

| Pof* = cleAx||L2 < Le'/%d=1121og d.
We defer the proof of this Lemma to Appendix

As a consequence, the learned feature K f* is approximately proportional to 27 Ax.
Lemma 21. Recall ¢y = B, xr0,1)[q'(2)]. Then

HKf* _ /\g(a')cleAxHL2 < Lil/64-2—1/12 log d

Proof. Since E[f*(z)] = 0, Pyf* = 0. Next, since f* is an even function, P, f* = 0 for k odd.
Thus

[Kf* = X3 (0) Pof*|| . S a7
Additionally, by Lemma[20] we have that
Hng* — cleAxHL2 ST —c-Allp S Lﬁl/ﬁd_1/12logd.
Since A\3(0) = ©(d?), we have
|Kf*— /\%(O‘)CleA,THLz < Le6d=2" Y12 0g d.

Corollary 3. Assume r = o(\/d). Then

o7 42 — IR 1K S

< Le'/%d=1"210gd
2 ™
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Proof.

|+ Az — &£ 172

= K|z |27 Az K £l . — KF*| 2

< KNz |Kf* = M3(0)eraT Az o + KN 5 | IK S| = M3(0)eal|
S Lu'/0d 72 P log d|K S| 2

< Lr'/%d=1"?1og d.

O

Proof of Theorem[3] By our choice of v, we see that Assumption [I]is satisfied. We next verify
Assumption[2] Since f* is 1-Lipschitz, we can bound |g* ()| < |g*(0)| + |z|, and thus

"(0)] +4q
+97(0)g;
where we used Lemma[35] Thus Assumption[2holds with ¢ = 1.

Finally, we have

E, [g*(ITAZ')q]l/q < g (0)] + E, UxTAxr]] 1/q
<lg
<(

Kf* = M(o2)Pef*.

k>2

By Lemma [21{ we have | Kf*|| 2 > 2A3(0)c1 for d larger than some absolute constant. Next, by
Lemman We have for any g < d2

K, < D AR (@)1 Pesf ],

k>2
S AR P g e
k>2
k
<> (Va/d)
k>2
_a. 1
A2 11— \/qd
< 2¢d~?

Therefore

* 4 * *
IKf IIQNW qllKf* L2 < qllKf™ ] L2,

since \3(02) = Q(d~?2). Thus Assumption 4 holds with £ = 1.

Next, observe that | Kf*||,;> < d~2. We select the test function g to be ¢(z) = g* (7 *||Kf* ||Zz1 - Z).
We see that

QK@) = g* (IS (K@) ).
and thus
17 = a@& ) @)z = |97 @7 Az) = g* (1K KS)(@))|
S [+ 4z - g1z

L2

< /‘il/ﬁd_l/12 10gd,
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where the first inequality follows from Lipschitzness of ¢*, and the second inequality is Corollary [3]
Furthermore since 77 = O (|| K f* ||Z;)1L_X) we get that 771 || K f* HZ; = O(1X), and thus

swp_[g(z) = sup_[g"(z)| = poly(1)
z€[—1,1] 2€[—O(1X),0(1X)]
swp [¢/(2)| =7 IKS 2 s [(g")(2)] = poly(r)
z€[—1,1] z€[—O(1X),0(1X)]
2
sup_[¢"(2) = (TIKS ) sw[(g)"(2)] = poly()
z€[-1,1] z€[—O(1X),0(1X)]

Therefore by Theorem[6] we can bound the population loss as

(:0) *f*(x)‘ < <d4p()ly(b) + L JrI,Ql/:3d1/6L)'

min(n, my, msa) n

Ey

E.2.1 Proof of Lemma[20]

The high level sketch of the proof of Lemma [20]is as follows. Consider a second spherlcal harmonic

2T B satisfying E[(x7 Az) (2T Bx)] = 0 (a simple computation shows that this is equivalent to
Tr(AB) = 0). We appeal to a key result in universality to show that in the large d limit, the distribution
of 27 Ax converges to a standard Gaussian; additionally, 7 Bx converges to an independent mean-
zero random variable. As a consequence, we show that

Elg(z" Az)a" Az] ~ E.nr0,1)[0(2)2] = ELopno.) [0 (2)] = 1.
and
E[q(z” Az)2” Bx] ~ E[q(2” Az)] - E[z” Bx] = 0.
From this, it immediately follows that P, f* ~ c;27 Ax.

The key universality theorem is the following.

Definition 7. For two probability measures i, v, the Wasserstein 1-distance between 1 and v is
defined as

Wi (/1'7 V) = sup |]Ez~u[f(z)] - ]Ez~u[f(z)]|a

Ifllzip<1

where || f| 1, = Sup,z, W is the Lipschitz norm of f.

Lemma 22 ([52][Theorem 9.20). ] Let z ~ N(0, 1) be a standard Gaussian vector, and let
f:R% — R satisfy E[f(2)] = 0,E[(f(2))?] = 1. Then

411/4 ) 4 71/4
Wh(Law(F(2), N0, 1) SE IV TRV G ]
where W7 is the Wasserstein 1-distance.
We next apply this lemma to show that the quantities 27 Az + 27 Bz and 27 Ax + x - u are approxi-
mately Gaussian, given appropriate operator norm bounds on A, B.

Lemma 23. Let 27 Az and x™ Bx be orthogonal spherical harmonics. Then, for constants c1, ¢y
with ¢ + ¢3 = 1, we have that the random variable Y = cix” Ax + cox™ Bz satisfies

Wi(Y, N (0, 1)) < [|All,, + 1Bl

Proof. Define the function f(z) = cld B H2 + CQdZ”Z%, and let x = ZHT\/Ha Observe that when
z ~ N(0, I) we have  ~ Unif(S9~1(1/d)). Therefore f(z) is equal in distribution to Y. Define

fi(z )—dz T4z We compute
A TAz.
Vfl(z):2d<z _rEE Z)

I
2 4
121l 121l
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and

T T T T T
V2 f1(2) =2d< A 2Azz 222" A 2zt Az 2t Azzz )

[E—E (B [Els B
Thus
A 2T Az d T Ax
IV < 2a( 1A Ay VA ]
2] [E [E (Edl
and
d

|| ||? is distributed as a chi-squared random variable with d degrees of freedom, and thus

E {HZH_%} = m

Therefore

4
op

1/4 L11/4
E[IV2AGIL,] T S dlAlEl] " < 14l

and, using the fact that « and ||z|| are independent,

}1/4

E[IvAGIY] " < vas[len ] Eflae!] " e[l BT a0 <1

As a consequence, we have

4
op

1/4 1/4
E[IV/:)I'] 7 st and E[|92r)5,] 0 S 14l + 1B,

Thus by Lemma [22] we have
Wi(Y,N(0,1)) = Wi(f(2),N(0,1)) < [|All,, + [ Bllop-

O
Lemma 24. Let 27 Az be a spherical harmonic, and ||u|| = 1. Then, for constants ci, cy with
c? + ¢ = 1, we have that the random variable Y = cix'" Ax + coxT u satisfies
Wi(Y,N(0,1)) S [|A]l,,-
where W1 is the 1-Wasserstein distance.
Proof. Define fo(z) = %. We have
u zzTu
Vfa(z) = i
T
and
V2f2(z) _ \/g<_ uz” +§uT _ leg zTuzg'T)
2] Bl Iz
Thus
Vd Vd
IVl S v and [[V2fa(2)]|,, S —
2] 1]
o)
1/4 1/4 1
E[IVAGIY] T 51 and E[IVAEITT S 2.
We finish using the same argument as above. O
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Lemma 23|implies that, when [|A]|,,,,

standard Gaussian in 2-dimensions. As a consequence, E[q(z” Az)2” Bz] ~ E[q(z1)] E[z2] = 0,
where z1, 2o are i.i.d Gaussians. This intuition is made formal in the following lemma.

|B||,,, are small, (z” Az, 2" Bz) is close in distribution to the

Lemma 25. Let 27 Ax, 7 Bx be two orthogonal spherical harmonics. Then
IE[q(x" Ax)a" Bx]| < L(, /Il logd + || Bl log d)

Proof. Define the function F'(t) = fot q(s)ds. Then F'(t) = q(t), so by a Taylor expansion we get
that

|F(z + ey) — Fo) — eyq(z)| < €y°L.
Therefore
‘E[q(xTAx)a:TBx} | < eLE[(z" Bz)?] + e_l‘E[F(xTAx + ex” Bz)| — E[F (2" Ax)] |
Pick truncation radius R, and define the function F'(2) = F(max(—R, min(R, z)). F has Lipschitz

constant sup, ¢[_ g, gy [¢(2)], and thus since W1 (27 Az, N'(0,1)) < || 4], we have

[EF(z" Az) = E.ono)F(2)| S sup (=) - [|All,,-
€[-R,R]

z

Next, we have

|E[F(2" Az) — F(2" Az)]| < E[1,7 40> p|F (a7 Az)|] < P(|2" Az| > R) - E[F (2" Az)?]
Likewise,

1/2

|Ez F(Z) — F(z)]} <P(|z| > R) 'E[F(z)z]l/?

Since ¢ is L-Lipschitz, we can bound |F'(z)| < |z||¢(0)| + %L|z|2, and thus
E[F(2)?] SL* and E[F(z"Az)?] < L%
The standard Gaussian tail bound yields P(|z| > R) < exp(fC'l RQ) for appropriate constant Cf,

and polynomial concentration yields IP’(}:L’TA:Z:| > R) < exp(—C4R) for appropriate constant Cs.
Thus choosing R = C'3log d for appropriate constant C'3, we get that

‘E[F(xTAx) — F(J:TAx)] | + |EZ F(z) — F(z)] ! < %
Altogether, since |q(z)| < |¢q(0)| + L|z|, we get that
[EF (2" Az) — E.on0,)F(2)] S 1IAll,, L log d.

By an identical calculation, we have that for € < 1,

‘]EF(xTAx +27Bx) — ]EZNN(OJ)F(Z\/HT)‘ < (||AHOP + eHB||Op) -Llogd
Altogether, we get that

|E[F(xTAx + e:cTBz)] — ]E[F(JCTAJC)] |

< (141l + Bl ) - Llogd + [Bewnon F(2) = Eeonony P11+ )|,

Via a simple calculation, one sees that
L
‘F(zx/l e - F(z)‘ < |q(0)||z|(\/1 e 1) + 5% S Ligle? + La2e
Therefore
[E[F(«” Az + e2” Bx)] — E[F(z" Ax)]| < L((||A||Op n e||B||Op) log d + 62),

SO
|E[q(2" Az)z" Bz]| < L(e—luAHOp logd + e+ B, logd).

Setting € = , /[|A[|,,, log d yields
IE[q(” Az)2” Bz]| < L<1 /Al logd + | BIl,, logd),

as desired. O
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Similarly, we use the consequence of Lemma [24]that (2 Az, u” x) is close in distribution to a 2d
standard Gaussian, and show that E[q(z” Az) ((u"'z)? — 1)] = E[q(21) (23 — 1)] = 0.

Lemma 26.

|E[q(2” Ax)(uT2)?] — E.[q()]] S LI A% 10g%/ d.

Proof. Let G(t) = fg F(s)ds. Then G'(t) = F(t),G"(t) = q(t), so a Taylor expansion yields
G(z + ey) = G(z) + eyF(z) + €yq(z) + O(*|y° L)
G(z — ey) = G(z) — eyF(z) + €yq(z) + O(’|y°L).
Thus
1 .
EyPq(x) = (Gl +ey) + Gz —ey) —2G(2)) + O(e’ly’L).
Therefore
‘E[q(xTAx)(uTx)z] | SeL+ G_Q‘E[G(.Z‘TA.Z‘ +eulz) + GaT Ax — euz) — QG(JUTAJ:)] ‘

For truncation radius R, define G(z) = G(max(—R, min(R, z))). We get that G has Lipschitz
constant supy < g | F(2)| < LR?. Therefore

|EG (2" Az) — E.n0,1)G(2)| S LR?|A|

op’
and by a similar argument in the previous lemma, setting R = Cj5 log d yields
|E[G(2" Az) — G(2" A2)]| + |E.G(2) — G(2)| £ %
Altogether,
|IEG($TAx) -E.G(2)| S HAHoleog2 d.

By an identical calculation,

‘IEG(xTAx +eulz) — EZG(Z\/HT)’ <S4l - Llog*d.
Additionally, letting z, w be independent standard Gaussians,

2K, [zc(z\/@ - 2G(z)} = ¢ %E, ,[G(z + ew) + G(z — ew) — 2G(2)]
= E. u[q(2)w’] + O(eL)
= E.[q(2)] + O(eL).
Altogether,
[E[a(a” Az)(uT2)?] — E.[q(2)]] S eL + <2 All,, - Llog®d
S Ll Al log®? d,
where we set € = ||A||(1)I/)3 log?/3 d. O

Lemmashows that when || B, < 1, E[g(2" Az)2™ Bx] ~ 0. However, we need to show this is
true for all spherical harmonics, even those with || B, = ©(1). To accomplish this, we decompose

B into the sum of a low rank component and small operator norm component. We use Lemma 23]
to bound the small operator norm component, and Lemma [26] to bound the low rank component.
Optimizing over the rank threshold yields the following desired result:

Lemma 27. Let A, B be orthogonal spherical harmonics. Then

[E[q(«7 Az)2T Bz]| < L||AJ|}/® log d.
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Proof. Let T > [|Al|,,, be a threshold to be determined later. Decompose B as follows:

B= quz = > A (u >_||Al||2 > ufAu;i- A+ B,
F |

| Xi|>T Ai|>T
where
B:Z AU U +172)\+ Z)\uAul
[As|<T [Ai|>7 ”A”F [Ai|>T

By construction, we have,

T(B)= > A+ > A=Y xi=0

[Xi|<T [Xi|>T i€(d]
and
= Z Nul Au; + Z Nul Au; = (A, B) =0
[Ail<T [Ai[>T
Therefore by Lemma [25]

‘E[q(xTAx)mTBx” s L/IIAl,, 1ogdHBHF

There are at most O(7~2) indices 7 satisfying |\;| > 7, and thus

SIS T2 Y N|* <!
|)\i|>7' MH>T
We thus compute that

2
12 1
2 T
HBHFg 3 Aﬁd(Z >\1-> +1 S aal Au,
x| <7 A>T [Xi|>T
2

2
SN HIAR D N
[Ai|<T [Ai|>T
S1+772A4)2,
<1.

log d.
op

and

8], <7+ (51, )| 5 Al

‘>\1|>T

2
/S T+ HAHopT 1'

Next, since |E[q(z” Az)]| — E.[q(2)]| < L[| A, Lemmayields

E |q(zT Az) - Z by (ul ;I) Z [N HE (zT Ax)(u? a:)2] —E[q(xTAx)H

[Ni|>T [Xi|>T
< ST Il LAY P log 2 d

[Xi|>T

< Lr Y| Al 10g? d.
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Finally,

E q(.’L' .'L' Z )\’U/ AU'L A$ SL Z )\i’l,L;rAUi SLHAHopT_l'
||A||F [Xi|>T |Xi|>T

Altogether,
[E[a(a" Ax)a™ Ba]| S Llogd (1Al + 7+ 45,7 + 7| AlIL° + 1AlL,,7") S LIAlIY Tog d.

where we set T = ||A||1/6. O

Finally, we use the fact that 27 Az is approximately Gaussian to show that E[g(z7 Az)z” Ax] ~ c;.
Lemma 28. Let 7 Ax be a spherical harmonic. Then

|E[q(xTAx)xTAx] —al < L||All,,logd

Proof. Define H(z) = q(z)z. For truncation radius R, define H(z) = H(max(—R, min(R, 2))).
For z,y € [—R, R| we can bound

|H(x) — H(y)| = lq(z)z — q(y)yl
< zllg(z) — q(v)| + la(¥)|llz — yll
S RL|lz -yl

Thus H has Lipschitz constant O(RL). Since Wy (2T Az, N'(0,1)) < [All,,, we have
’EH(QJTA.’IJ) - ]EZNN(O,l) F(2)| 5 RL”AHop
Furthermore, choosing R = C'log d for appropriate constant C, we have that

|E,[H (2" Az) — H(z" Az)]| < P(|2" Az| > R) - E[H (27 Az)?]"/? <

[E.[H(z) — H(2)]| <P(|z| > R)-E[H(2)*]"/? <
Altogether,
|Eo[H(z" Az)] — E.on0,) [H(2)]| S LAl log d.

Substituting H (27 Az) = q(2T Az)2T Az and E. nvon)[H(2)] = E.[q(2)z] = E.[¢'(2)] = a1
yields the desired bound. O

We are now set to prove Lemma[20]
Proof of Lemma20} Let P, f* = 2T Tyx. Then Hng* - cleAxHL2 ST — Al g
Write Tp = A + AL, where (A1 A) = 0. We first have that
]E[f*(m)xTAJ‘x} =E[z"Thx - xTAJ‘x] = 2o (Th, At) = 2X2HAJ‘||§,.
Also, by Lemma[27] we have
E[f*(2)2T Atz] = E[q(a” Az)a” Ata] < ||AY|| . - LI AL log d.
Therefore || A+ ||F < LHAH(IUC6 log d. Next, see that
E[f*(z)a" Az] = 20|l Al % = a,
so by Lemmaﬁwe have [c1 — af < L[|A]|,, log d. Altogether,

1T = 1Al p < la— el Allp + [|4*]| S LAl log d = Lr/%a /2 log d.
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E.3 Improved Error Floor for Polynomials

When ¢ is a polynomial of degree p = O(1), we can improve the exponent of d in the error floor.

Theorem 7. Assume that q is a degree p polynomial, where p = O(1). Under Assumption E]
Assumption [6] and Assumption[7} with high probability Algorithm[I] satisfies the population loss
bound

Em[(f(x;é) —f*(l‘))z} S O(W + % + Ka?)

The high level strategy to prove Theorem 7]is similar to that for Theorem 3] as we aim to show Kf*
is approximately proportional to 7 Ax. Rather to passing to universality as in Lemma [20, however,
we use an algebraic argument to estimate Py f*.

The key algebraic lemma is the following:
Lemma 29. Let Tr(A) = 0. Then

k
A®k([®k—1) — de,sAS . A@k—s(I®(k—s))7
s=1

where the constants dy, ; are defined by

(2K — 25 — DI(k — 1)!
2k — )k — s)!

dk:,s =251
and we denote (—1)!I! = 1.

Proof. The proof proceeds via a counting argument. We first have that

A@k(IQ@k—l) _ Z (A®k)

(a ar_1)eld]E-1 Q1,00 50y O — 1,0k —1,8,]
Tyeees k—1

Consider any permutation o € Sai. We can map this permutation to the graph G(o) on k vertices and
k—1 edges as follows: form € [k—1],ifo~'(2m—1) € {2a—1,2a} and 0~ (2m) € {2b—1, 2b},
then we draw an edge e(m) between a and b. In the resulting graph G(o) each node has degree at
most 2, and hence there are either two vertices with degree 1 or one vertex with degree 0. For a vertex
v, let e1(v), e2(v) € [k — 1] be the two edges v is incident to if v has degree 2, and otherwise e; (v)
be the only edge v is incident to. For shorthand, let (iy,...,421) = (@1, Q1,. .., Qp—1, Ak—1,%,7)-

If there are two vertices (u1, uz) with degree 1, we have that

: s 1T
(A )io'(l)yio'(Q))'”in(2k) - Al’aq(h)AJvo‘ez(uz) Aael(v)7a62(v)
vF#UL, U2

Let u1, ug be connected to eachother via a path of s total vertices, and let P be the ordered set of
vertices in this path. Via the matrix multiplication formula, one sees that

QK — (A%, .
Z (A )i0(1)7i0(2)7"'i0(2k) - (AS)I’J Z H Ao‘f’q(v)’o‘é’q(v)7
(a1yeeyap—1)€[d]F—1 vgP
where the sum is over the k — s o’s that are still remaining in {e;(v) : v ¢ P}

Likewise, if there is one vertex u; with degree 0, we have

®Qk — A H
(A )ia(1)1i0(2)1“'7;(r(2k) = Ay AO‘Cl(ﬂ)’O‘cz(v)'
vFUL
and thus, since P = {u1 }

> s 21
(A )10(1)716(2%.4.%(%) - A%J Aael(v)vaeg(v)'

(a1,..,ap—1)€[d]F—1 (a1,..,ap—1) vEP
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Altogether, we have that

A®k( ®k— 1 — ' Z Z H Ao Qe (v) ey (v)

o€Sa vgP

where s, P are defined based on the graph G(o). Consider a graph with fixed path P, and let Sp be
the set of permutations which give rise to the path P. We have that

A®k(1®k 0] 2k 2k Z Z Z H Aae, )@

cESp vgP
There are (k— 1) - - - (k — s + 1) choices for the k edges to use in the path, and at each vertex v there
are two choices for which edge should correspond to 2v or 2v + 1. Additionally, there are 2 ways to
orient each edge. Furthermore, there are % ways to choose the ordering of the path. Altogether,

(k—=1)! k!
(k—s)! (k—s)!

A@k(@kl Z 5251 ZH
Qk l _ S _ S l Qg (v)rXey(v)?

where this latter sum is over all permutations where the mapping correspondmg to vertices not on the
path have not been decided, along with the sum over the unused «’s. Reindexing, this latter sum is

(letting (i1, ..., d2k—2s) = (1, Q1,..., ks, Qk_5))

Z Z HA’v(zj 1)%0(25) = (2k — 25)'A®k 5([®k %)

TESak—2s (ayernyarg—s ) E[d]F—2

there are 2251

51 Ways to construct a path of length s. We can thus write

Altogether, we obtain

— 1! |
A®k(1®k 1 Z Zk 25) (k 1)' k! 225 1 . AS . A®k s(I®k s)
s>1

2k (k=) (k—s)!
k' (2k —28)! (K —1)!
- (2k)! (k—s)! (k—s9)!

(21{72571)”(‘1{;71)' 2s—1 s Rk—s(T®k—s
@k —1)l2s (k—s)” AT AT

. AS .A®k75(1®k75)

\%

S

Il
M8

dk,s L AS . A@)k—s(I®k—3)7

s>1
as desired. O
Definition 8. Define the operator T : R¥*4 — R4 by T(M) = M — Tr(M) - é.
Lemma 30. Let Py f*(x) = & Tox. Then | Ty — B, [(g%) (27 Az)] - Al| . NVt

Proof. Throughout, we treat p = O(1) and thus functions of p independent of d as O(1) quantities.
Let ¢ be of the form g*(z) = > 1 _, ax2". We then have

p ~
(x) = ZakA®k(x®2k)
k=0
Therefore Py f*(2) = 27 Tyx, where

P
Xkl &k (TOk—1
Tr =) ap(k—1)NE=—=—=T (A" .
2 B onlah - DUSCET (4
Applying Lemma[29] one has
p P )
=D T(A%) ) on(2k - DIEAEEL g A®k=s([0(k=2))

h—s X2
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Define

ﬁs = Zak@k — ]‘)!!kmdk,sA@k_s(I@(k_s))
k=s X2
We first see that
p ~
b1 = 2(2/4; - 3. koszA@k*l(]@(k*l))
k=1 X2
Next, see that
Xk+1 _ d(d +2)

= 1 =XK1 t+0O(1/d).

p
B =D (2k = 3)1- kagxr—1 AP IOFD) £ O(1/d) - Y (2K — 3N - oy | AZE (T8GR
k=1

= f: ka ASFHE[x®22]) + O(1/d)

k/2

45129 S B [0 A2)"] S B [0 42)7] 7 = 0)

where Tr(A) = 0 implies E, [(z7 Az)?] = O(1) and we invoke spherical hypercontractivity
(Lemma [35). Similarly, |3;| = O(1), and thus

P
. K
T2 — E[(g") (=" Az)] - A, S Z IT(A%)][p < va
s=2 d
where we use the inequality
1
1T (XM p < [ X]lp + [Te(X)] - 7is 2/ X1,
along with
s K
14 < |42, < = Va
for s > 2. O

Lemma 31. Let ¢; = E, [(¢") (27 Az)]. Then |Kf* — M3(0)cra” Axl|,, S wd=5/?

Proof. Since E[f*(z)] = 0, Pof* = 0. Next, since f* is an even function, P f* = 0 for k odd.
Thus

|Kf* = A5(0) <dt
Additionally, by Lemma [30] we have that
* K
|Pof* — cra” Az|| . S To —c1 - Allp S 7
Since M\3(0) = ©(d~?2), we have
HKf* - )\S(U)cleAxHLQ < kd /2.
O
Corollary 4. Assume r = o(\/d). Then
T o *(|—1 * <
o Az — K FIKS|| S R/
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Proof.

|+ 42 - iK1 S

Lo
= K £z |2 AxlK £ )| 2 — KF*| 2

<KF Nz [[KF* = M(o)era™ Ax|| L + [KF |22 | IKF | = A3(0)]eal |

< wd 2K |

< k/Vd.

O

The proof of Theorem [/|follows directly from Corollary 4] in an identical manner to the proof of
Theorem 3

F Preliminaries on Spherical Harmonics
In this section we restrict to Xy = S¢—1 (\/&), the sphere of radius \/&, and v the uniform distribution
on Xj.

The moments of v are given by the following [[18]]:

Lemma 32. Let x ~ v. Then
E, [292F] =y, - (2k — 1)NI®F

where

weTI (725) —ew

=0

For integer ¢ > 0, let Vz, be the space of homogeneous harmonic polynomials on R? of degree ¢
restricted to Xz. One has that V; , form an orthogonal decomposition of LQ(I/) 271, i.e

L*(v) = P Vae
£=0

Homogeneous polynomials of degree ¢ can be written as 7'(z®*) for an /-tensor T' € (R%)®*, The
following lemma characterizes Vg

Lemma 33. T(z®%) € Vy if and only if T(I) = 0.

Proof. By definition, a degree [ homogeneous polynomial p(z) € Vg if and only if Ap(z) = 0 for

all z € S%1. Note that V2p(z) = I(l — 1)T(2®(~2)) so this is satisfied if and only if
0=trT(z®=2) = T(2®"=2 @ I) = (T(I), 2®!=2).

As this must hold for all , this holds if and only if T'(I) = 0. O

From the above characterization, we see that dim(Vy ;) = B(d, k), where

— — — 3)! — k
B(d,k):2k+d 2<k+d 3>(k+d 32k +d—2) d

k k-1 K(d—2)! = (L+oa(D)7-

Define P, : L?(v) — L?(v) to be the orthogonal projection onto Vg ¢. The action of Py, Py, P> on a
homogeneous polynomial is given by the following lemma:
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Lemma 34. Let T € (RY)®?% be a symmetric 2k tensor; and let p(x) = T(x®%*) be a polynomial.
Then:

Pop = xi(2k — DNT(I®F)
Plp = O

Pop = <’“(2’“_Xl2)”x’““ <T(I®k1) —T(I%%). I) , xxT>

Proof. First, we see
Pop = E[T(2®?%)] = x5 (2k — )NT(I®F).

Next, since p is even, Pyp = 0. Next, let Pop = 2T Tyz. For symmetric B so that Tr(B) = 0, we
have that

E[T(:z:@%)zTBx} = E[xTTQQ:xTBx].
The LHS is
E[T(z%?%)2” Bx] = (2k + 1)!lxps1 (T@B)I®F !

= (2k + 1)!"Xp41 (T(I®*1),B)

2k+1
I

+
=2k - (2k — 1)xpyr (T(I®F1) —T(1%F) . =

B
S B,

where the last step is true since Tr(B) = 0. The RHS is
E[z"Thzz” Bz] = 3llx2(T2&B)(I%?)
= 2X2 <T2, B> .
Since these two quantities must be equal for all B with Tr(B) = 0, and Tr(73) = 0, we see that
k(2k — )N LT
T, = 2 = Dlxien, (T(I®’“‘1) —T(I%F).- d)v
X2

as desired.

Polynomials over the sphere verify hypercontractivity:

Lemma 35 (Spherical hypercontractivity [11,138]). Let f be a degree p polynomial. Then for g > 2
1l ey < (@ = D211l

F.1 Gegenbauer Polynomials

For an integer d > 1, let 14 be the density of 2 - 1, where  ~ Unif(S%~1(1)) and e; is a fixed unit
vector. One can verify that y4 is supported on [—1, 1] and given by
d/2) s
dpiale) = ——L2 (1~ 22 o
VAL (45h)

. . . @2 _ 1
where I'(n) is the Gamma function. For convenience, we let Z; := (S — BI.EL

denote

the normalizing constant.

The Gegenbauer polynomials (G,(Cd)) o are a sequence of orthogonal polynomials with respect
€22

to the density 14, defined as Géd) (x) =1, G(ld)(x) =z, and

_d+2/€74 (d) k—1

G (@) = 5 7G@) - 5 G @), 24)
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By construction, G,(cd) is a polynomial of degree k. The Géd) are orthogonal in that
d d _
Epmps |G (0)G ()] = 6,1 B(d, ) !
For a function f € L?(p4), we can write its Gegenbauer decomposition as
d d
F@) =7 B k)G e Gy (),
k=0
where convergence is in L2(y4). For an integer k, we define the operator P,Ed) s L2 (pg) — L% (pa)
to be the projection onto the degree k Gegenbauer polynomial, i.e
d d d
PV F = B W) (£, G 120 GL.

We also define the operators ng = Z?:o P[(d) and PSQ => P[(d).

Recall that v = Unif(S%*(v/d)). Let fiq be the density of - e;, where 2 ~ v. For a function
o € L*(jiq), we define its Gegenbauer coefficients as

Me(0) = B [0(2 - )G (d7 %2 - e1)] = (0(d%e1-), G\V) 2 (n)-
By Cauchy, we get that [\ ()| < [|o]| 2, B(d, E)~Y2 = O(HUHB(ﬁd)d*k/Q).
A key property of the Gegebauer coefficients is that they allow us to express the kernel operator K in
closed form [27.39]
Lemma 36. For a function g € L?(v), the operator K acts as
Kg = Ai(0) P,
k>0
One key fact about Gegenbauer polynomials is the following derivative formula:
Lemma 37 (Derivative Formula).

d @) _ k(k+d—2) (d+2
Lo = k2D g,
Furthermore, the following is a corollary of eq. (24):
Corollary 5.
(2k — D!

Gy (0) = (~1)*

[ o(d+2j—-1)
G Proofs for Section 3

The proof of Theorem @] relies on the following lemma, which gives the Gegenbauer decomposition
of the ReLU function:

Lemma 38 (ReLU Gegenbauer). Let ReLU(x) = max(x,0). Then

1 d) 1 @
ReLU(z) = - § (@) + 5561 ()
B, S —1) " 2d !
_ I
TR 0 s NN k) B(d, 26)GY ()
k>1 5(@ T)Hj—o(d+2j - 1)
AS a consequence,
(d) 2 _ (2k — 3)"2B(d, 2k)

HPz2mReLU(x)‘L2( = T (g1 17
wa) = By, T )P I jmo(d + 25 — 1)
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The proof of this lemma is deferred to Appendix [G.1]

We also require a key result from [19], which lower bounds the approximation error of an inner
product function.

Definition 9. f: S71(1) x §71(1) — R is an inner product function if f(z,2") = ¢((x,z')) for
some ¢ : [—1,1] = R.

Definition 10. g : S~1(1) x S?1(1) — R is a separable function if g(x,z') = (v, z), (v', 2"))
for some v,v' € SH(1) and ¢ : [-1,1]> = R.

Let 77y be the uniform distribution over S4~1(1) x S4~1(1). We note that if (z,z’) ~ 4, then

(z,2") ~ piq. For an inner product function f, we thus have || f{|;2(;,) = [|6ll12(,,,)- We overload
notation and let HP(d f‘ HP(d) ’ .

L2 ;,Ld LZ(Hd)
Lemma 39. [[9 Theorem 3] Let f be an inner product function and g1, ..., g, be separable
functions. Then, for any k > 1,

2
. 22;1 97l 12 )
||f - Zgi = ”Pkf”L?(ud) ’ <||Pkf|L2(Md) - B(d k)1/2( =]
=1 Mlr2@a) ’

We now can prove Theorem 4]

Proof of TheoremHd] We begin with the lower bound. Let z = U <§;> , where 21,25 € R%2,

Assume that there exists some 6 such that || f* — No|[ 2y < €. Then
& 2 E,[(f"(2) - No(2))’]

* 2
= Ernp [Eqy it () aamsios (v (@) = No(@))?]

where  is the random variable defined as r = ||z1||* and . is the associated measure. The equality
comes from the fact that conditioned on 7, 1 and x5 are independent and distributed uniformly on

the spheres of radii /7 and \/d — r, respectively. We see that Er = d/2, and thus
P(lr —d/2[ > d/4) < exp(=Q(d))
Let 6 = inf,cjaa,3d/4) By wsa-1( ) mamsa-1 (va=r) (f (@) — Np(x))?. We get the bound
€ >0-P(r €[d/4,3d/4]),
and thus § < €2(1 — exp(—(d))). Therefore there exists an r € [d/4, 3d/4] such that
E, wsi-1(yr)zansi(va=r) ([ (x) — No(z))* < €2/2.

Next, see that when ||z |* = r, HxQHQ = d — r, we have that

2T Ax = xhxz \/ (T1,T2),

where now Ty, Ty ~ S%271(1) i.i.d. Defining ¢(z) = ReLU (2\/ T(d r) ) — ¢p, we thus have

3((Z1,T2)) = ReLU(x TAx) —co = f*(x).
Furthermore, defining = ( ), choosing the parameter vector @ = (a, W, by, by), where W =

X 0
wuU ( 0 Nz yields a network so that N7(Z) = Ny (x). Therefore we get that the new

network Ny satisfies

Er, . | (7((71,72)) - Np(®)"] < /2,
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where T, To are drawn i.i.d over Unif(S%/2-1(1)).

We aim to invoke Lemma We note that (T1,72) ~ 7q/2, and that g is an inner product function.
Define g;(Z) = a;o(w! T + by ;). We see that g; is a separable function, and also that

Zgz +b2

Hence Nj) is the sum of m + 1 separable functions. We can bound the a single function as
19:(®)] < |as|Co (14 [T + by 4])*
< C,B(1 + Vd|w,||, + B)*
< C,B(1+ Bd*?/2 4+ B)*~
< (Bd*?)et,

since ||[W||__ < max(y/r,Vd—7)[|[WU|,, < Bd/2. Therefore by Lemma

Bz, | (a(@1,72)) = Ng(@))°] = |1 Postll - <||P2kq||L2 -

/' Baya,k

2(m + 1)(Bd3/2)aa+1>

By Lemma [38] we have that

| P>2mReLU()| 7 = (2k — 3)12B(d/2, 2k)
=<m L2(pay2) — — .
(ras2) k>m 5(%, d/22 1)2 H?:o(d/Q +2j—1)2

Simplifying, we have that
(2k = 3)!*B(d/2,2k) _ (2k —=3)*  (d/2+ 2k —3)!(d/2 + 4k - 2)

[ o@/2+2i—-12 @)Y (/2 - 2T (d/2 +2) — 1)2
2k —3)12 (d/2 + 4k — 2) a2+ 25
(k) (d/2+4 2k — 1)%(d/2 + 2k — 3) Hd/2—|—2j—1
(2k — 312 (d/2 + 4k — 2)
=2k (d/2+ 2k —1)2(d/2 + 2k — 3)

- 1 (d)2 + 4k — 2)
= 2k(2k — 1)(2k — 2)  (d/2 + 2k — 1)2(d/2 + 2k — 3)

By Gautschi’s inequality, we can bound

o3 7) - g 2ve(ior) e

Therefore
) 1 (d/2 + 4k — 2)d
> .
| Pk ReLU@) 22 10,) 2 Spmr — 1)@k =216 " (/2 1 2k — 12(d)2 + 9% — 3)

_ 1 (d/2 + 4k — 2)d

= 128k%  (d)2+ 2k — 1)2(d/2 + 2k — 3)

> _ 1

= 128k%d

for k < d/4. Altogether,
d/4

2 1 1 !
||P22mReLU(z)”L2(ud/2) 2 ﬁkf ﬁ Z m
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for m < d/8. Since §(z) = ReLU(2 T(d%;”z) —cp=2 T(d%;T)ReLU(z) — cp, we have that

_ r(d—r)
1Pooml gy > 47 Pa ReLU)]
1
>V3d- 4| ———
= V3 512m?2d
1
> —.
- 16m

We thus have, for any integer k < d/8,
S 2
/22 Bz, 7, | (@((71,72)) - N3(@))’]
2(m + 1)<Bd3/2)aa+1>

VBaj2,2k

> [|Po2kdll e - <||P>2kQL2 -

Choose € < ﬁ; we then must have
2(m+ 1)(Bd*2)oett 1
VBaao = 32k
or

(m + 1)(Bd*/?)®+1 > 64ikB(d/g,zk)l/Q > dkok .

1
64k+/(2k)!
1
= (Chexp (k logd — logk — 3 log(2k)! — klog 2)
> Crexp (klogd —logk — klog(2k) — klog 2)

> Chexp (k log% —logk — 2k log 2)
d
> Ch exp (Cgk’ log k)

for any k < C3d. Selecting k = [/ =] yields
max(m, B) > Cy exp(C’gefl/2 log(de)) -d™3? > O exp (02671/2 10g(de))

for ¢ less than a universal constant cs.
We next show the upper bound,

It is easy to see that Assumptions [T]and 3 are satisfied. Next, since the verification of Assumptions 2]
and [ only required Lipschitzness, those assumptions are satisfied as well with ¢, y = 1. Finally, we
have

d

E, [f*(2)%] < E, [ReLU*(z" Az)] = %Ex (27 Az)?] = a2 < L.

Next, observe that |[Kf*||,» < d=2. Define A = /%2 A. This scaling ensures |27 Az||,, = 1.

Then, we can write f*(z) = g*(«7 Az) for g*(2) = |/ £5ReLU(z) — ¢o. For € > 0, define the
smoothed ReLU ReLU,(z) as
0 z < —¢€
ReLUc(2) = L(z+€)? —e<0<e.
T T > €
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One sees that ReLU. is twice differentiable with |[ReLU. ||, ., < 1and [ReLU[, ., = 5-

2e

We select the test function ¢ to be g(z) = d2-&(-12 ReLU, (7' |Kf*| 2 - 2) — co. We see that

QK ") (@) = ReLU. (I |2 (Kf*)()),
and thus

1" = a@(Kf) (@)l L2

,/ HReLU (7 Az) — ReLU, (||Kf ITH(KF*) (2 ))

< HReLU (a7 Ax) — ReLU, (27 Ax)|| ., + HReLUE («TAz) — ReLUe(HKf*HZQl(K f*)(x)))

L2
< ||ReLU(2" Ax) — ReLU, (27 4x)|| ., + Hx% K

< HReLU(xTZx) - ReLUe(aJTZaJ)HL2 + Ld~'"?logd,

where the first inequality follows from Lipschitzness and the second inequality is Corollary [3] using
k=1

There exists a constant upper bound for the density of 7" Az, and thus we can upper bound

||ReLU(mTZa:) - ReLUE(xTZx)HiZ < / %z‘ldz <é.

o €

Furthermore since 77 = O (|| K f* ||L2L X), we get thatﬁ’lHKf*szl = O(1X), and thus

sup |q(2)| = sup [ReLUc(2)| = poly(v)
z€[—1,1] z€[— @(LX)@(LX)]
sup |q'(2)] =7 IKS 72 sup |(ReLU.)'(2)| = poly(¢)
z€[—1,1] z€[-O(1X),0(¢X)]
2
sup 1q"(2)] = (TIKSNE) sup|(ReLUL)(2)] = poly(1e
z€[—1,1] z€[—O(1X),0(X)]

Therefore by Theorem [6] we can bound the population loss as

e[ (10~ 1) | 5 O G + S S+ ),

Choosing € = d—1/* yields the desired result. As for the sample complexity, we have lalls 0 =
O(e ') = O(d'/*), and so the runtime is poly(d, m1, ma, n). O

G.1 Proof of Lemma 3§

Proof of Lemma[38] For any integer k, we define the quantities Aé k), B;i)ﬂ as

d d
Bék)-i-l = / Gék)-i-l(x)dﬂd(x)
_ _T(d/2) ot
We also let Z; = WEEs) to be the normalization constant.
T
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Integration by parts yields

1
Agcl? = Zd/ Gécl?(ac)x(l - xQ)%dx
0

d 1 da—1,1 Zd 2](7 + d - 2 d
=—Zd'Gék)(ff)'ﬁ(1_$2) 2 |0+ d—1 / Gék+21)
Zd  (d) Zg  2k(2k+d— ) (d+2)
d_1 2k()+Zd+2 d—172 2k—1
From Corollary [5| we have
2k — 1!
(o) = = e
I g(d+2j—1)
Thus
(d) —7,. (2k — 1! _ )k 2k(2k +d —2) )
2k (d— D=y (d+25 — 1) (d—1)? Zayo
The recurrence formula yields
1
d d
Bl = | G4 s@iata)
Ydk+d—2 4 2k d
= [ it - g Ot
dk+d—2 (d) 2k (d)

= - B
2k+d—2"2%  2k4+d—2 %1

I claim that

d i k=0 d
A;k) = {(—1)’““Z (2k—3)!! ~ 1 and Bék)ﬂ =(-1)*2,

AT, (d+2j-n =
We proceed by induction on k. For the base cases, we first have

1 1
A(()d) = / xdpg(z) = / Zax(1 — xQ)%S
0 0

1
Zq
= du
|
_Za_
d—1’

where we use the substitution u = (1 — 22)“Z". Next,

1
Z
E%/MWFWEfT
0

Next, eq. (23) gives

p ~1 2d Z4
A" = 2. =12 T @=12 d+1
C(d-1)(d+1)
Finally, eq. (26) gives
B = d;ZA L%B@
_ Za d+2 2
T d-1 [d(d+ 1) d]
C(d-1)(d+1)
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Therefore the base case is proven for k£ = 0, 1.

Now, assume that the claim is true for some k > 1 for all d. We first have

2k+1)” (2k+2)(2]€+d) Zg d+2
AD g ( _1)kL 4 ) Bld+2)
2k+2 d (d _ 1)H?:0(d + 2,] _ 1)( ) (d _ 1)2 Zd+2 2k+1
(2k + 1! ka1 (2k 4+ 2)(2k + d) (2k — 1! &
=274 -1 + Zg - . -1
T d - DIy (d +2j - 1)( ) d (d—1)2 Ik _o(d+2j + 1)( )
ka1 (2k — 1! (d+2k+1)(2k+1) (2k+2)(2k+d)
= (1) Zy _
555 (d+2j — 1) d—1 d—1

_(c)tig,. R )[—d—i—l]

A2 -1y d—1
(2k — 1)!!

= (-1 k+QZ . .
(=14 3 (d+2j - 1)

Next, we have

74k+d+2 (d) 2k + 2 (d)

2k+3 T 2]{3+d 2k+2 2k+d 2k+1

dk+d+2  (2k— 1) 2k+2  (2k— 1) ]

2k +d T5E5(d+25 — 1) 2k+dH§:O(d+2j_1)

(2k — 1! [(4k+d+2)—(2k+2)(d+2kz+1)}
)

=(-1)"Z
Il20(d+2j 1 2k +d

= (-1)*Zq

o 2k — DI [—(2k + 1)(2k + d)
SR rreryi e

2k + 1!
= (=12 k+(1 )
[T[;50(d+25—1)

Therefore by induction the claim holds for all k, d.

The Gegenbauer expansion of ReLLU is given by

ReLU(z) = Y (ReLU, Gi") 12, B(d, i) G\ (x).
=0

Note that ReLU(z) = % (x + |a[). Since |z| is even, the only nonzero odd Gegenbauer coefficient is
for ng). In this case,

1

@ _1 _
<ReLU7G1 >L2(Hd,) = iEwNN«i [.%'2] = ﬁ

Also, B(d, 1) = d. Next, we see that
1 1
(ReLU, GE)) 12(us) = /  ReLU(@)GE)) (@)dua(w) = / G (@)dpa(w) = AS).

Plugging in our derivation for Ag‘,? gives the desired result. O
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