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Abstract

Reinforcement Learning (RL) with constraints is becoming an increasingly important problem for various
applications. Often, the average criterion is more suitable than the discounted criterion. Yet, RL for
average criterion-constrained MDPs remains a challenging problem. Algorithms designed for discounted
constrained RL problems often do not perform well for the average CMDP setting. In this paper, we
introduce a new policy optimization with function approximation algorithm for constrained MDPs with the
average criterion. We develop basic sensitivity theory for average MDPs, and then use the corresponding
bounds in the design of the algorithm. We provide theoretical guarantees on its performance, and through
extensive experimental work in various challenging MuJoCo environments, show the superior performance
of the algorithm when compared to other state-of-the-art algorithms adapted for the average CMDP setting.

1. Introduction

In recent years, reinforcement learning (RL) techniques have achieved remarkable successes on a variety of
complex tasks including the game of Go [30], robotic control [22], and the real-time game StarCraft [36].
In these tasks, the agents are allowed to explore the state space and experiment with every action during
training. However, in many realistic applications such as navigation robots [4, 13] and robotic assistants,
considerations of safety and cost require the agent to operate with some constraints.

Even if constraints are incorporated using the Constrained Markov Decision Process (CMDP) framework
[12], these deep RL (DRL) constrained policy algorithms are only suitable for the discounted setting [3, 32].
Given the need for average-reward algorithms, one might posit that having the discount factor v — 1 in
algorithms for the discounted setting would obviate the need for policy optimization algorithms specifically
for the constrained average-reward setting. However, many algorithms break down when the discount factor
gets too close to 1 [3, 17, 20]. Although policy optimization algorithms for the average reward case have
been proposed [23, 38, 43], they cannot incorporate constraints.

In this work, we propose such a policy optimization algorithm for an average-CMDP with function
approximation called Average-Constrained Policy Optimization (ACPO). Our approach is motivated by
theoretical guarantees that bound the difference between the average long-run rewards or costs of different
policies. For experimental validation, we use several MuJoCo environments [34], and demonstrate the
effectiveness and superior performance of the ACPO algorithm as compared to others.

Main Contributions. A brief summary of our work’s contributions:

* We propose ACPO, the first on-policy Deep RL algorithm with function approximation specifically
designed for average-CMDPs, inspired by policy optimization algorithms.
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* Our empirical results show that ACPO out-performs all state-of-the-art Deep RL algorithms such as CPO
[3], PCPO [41], PPO [29], BVF-PPO [26] and ATRPO [43], that while not designed for average-CMDPs
could be applied with some tweaks.

Related Work

Learning constraint-satisfaction policies has been explored in the Deep RL literature [10]. This can either be
(1) through expert annotations and demonstrations [9, 25] or, (2) by exploration with constraint satisfaction
[3, 32]. While the former approach is not scalable since it requires human interventions, current state-of-
the-art algorithms for the latter are not applicable to the average reward setting. Please refer to A.1.1 for a
more detailed overview of past literature. We now begin with some preliminaries.

2. Preliminaries

A Markov decision process (MDP) is a tuple, (S, A, r, P, u), where S is the set of states, A is the set of
actions, 7 : S x A x S — R is the reward function, P : S x A x S — [0, 1] is the transition probability
function such that P(s’|s, a) is the probability of transitioning to state s’ from state s by taking action a,
and p : S — [0, 1] is the initial state distribution. A stationary policy 7 : S — A(A) is a mapping from
states to probability distributions over the actions, with (a|s) denoting the probability of selecting action a
in state s, and A(A) is the probability simplex over the action space A. We denote the set of all stationary
policies by II. For the average setting, we will make the standard assumption that the MDP is ergodic.

In reinforcement learning, we aim to select a policy 7 which maximizes a performance measure, J (),
which, for continuous control tasks is either the discounted reward criterion or the average reward approach.
Please refer to Appendix A.2 for more details.

2.1. Average criterion

The average-reward objective is given by:
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where d(s) := limy_, o % Zi\i 61 P, (st = s) is the stationary state distribution under policy 7. The
limits in J () and d(s) are guaranteed to exist under our ergodic assumption. Since the MDP is aperiodic,
it can also be shown that d(s) = limyo Prur(st = 5).

In the average setting, we seek to keep the estimate of the state value function unbiased and hence,
introduce the average-reward bias and average-reward action-bias function respectively as
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Finally, define the average-reward advantage function as A™(s,a) := Q" (s,a) — V7 (s).

2.2. Constrained MDPs

A constrained Markov decision process (CMDP) is an MDP augmented with constraints that restrict the
set of allowable policies for that MDP. Specifically, we augment the MDP with a set C' of auxiliary cost
functions, C, - - - , C,, (with each function C; : S x A x S — R mapping transition tuples to costs, just like
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the reward function), and bounds /1, - - - , [,,,. Similar to the value functions being defined for the average
reward criterion, we define the average cost objective with respect to the cost function C; as

N—-1
o1 /
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s'~P(:|s,a)

where J¢; will be referred to as the average cost for constraint C;. The set of feasible stationary policies for
a CMDP then is given by Ilc := {m e Il : Jg,(7) <l;, Vie{l,---,M}}. The goal is to find a policy
7* such that 7* € arg maxy ey, J (7).

Lastly, analogous to VT, Q”, and A™, we define similar quantities for the cost functions C;(-), and
denote them by Vgi, Qa, and Aa.

3. ACPO: The Average-Constrained Policy Optimization Algorithm

In this section, we present the main results of our work. For conciseness, we denote by d, € Rl the
column vector whose components are d.(s) and Py € RISI*I5] to be the state transition probability matrix
under policy 7. For the theoretical builup to our main result, please see Appendix A.3. Proofs of theorems
and lemmas, if not already given, are available in Appendix A.

3.1. Trust Region Based Approach

For large or continuous state and action CMDPs, solving for the exact optimal policy is impractical.
However, trust region-based policy optimization algorithms have proven to be effective for solving such
problems [2, 27-29]. Hence, we now introduce the ACPO algorithm, which is inspired by the trust region
formulations above as the following optimization problem:

maximize ~E [A™%k(s,a)]
TI'GH@ S~dﬂ-9
a~T
s.t. Jo,(mg,) + E [Agﬁk (s,a)] <li;, Vi 3)
s~drg
a~T

Dy (7 || To,) < 0

where Dy (7 || 7g, ) := . EJE [Dxw (7|7, [s]], A™* (s, a) is the average advantage function defined
~dmg
earlier, and 6 > 0 is a step size. V\I;e use this form of updates as it is an approximation to the lower bound
given in Proposition A.4 and the upper bound given in Corollary A.5.
In most cases, the trust region threshold for formulations like Eq. (3) are heuristically motivated. We
now show that it is quantitatively motivated and comes with a worst case performance degradation and
constraint violation. Proof is in Appendix A.5.

Theorem 3.1 Let mq, ., be the optimal solution to Eq. (3) for some my, € llg. Then, we have

J(ngﬂ) — J(mg,) = — /200 + Vmax)VwekJrl (4)
and Jc,(mo,..,) < i + /206 + Vinao)ve, ™ Vi, (5)
Where ]/7T9k+1 = 0‘7r0k+1 maXg | E [/Iﬂ-Gk (5; a)] s l/gjk+1 = 0‘7r9k+1 maxi’s | E [Agek (S, (I)] , Vmax —

A~TOp 41

max; 512, and ﬁl = [JCZ (ﬂ'gk) - li]+.
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Remark 3.7. Note that if the constraints are ignored (by setting V4. = 0), then this bound is tighter
than given in [43] for the unconstrained average-reward setting.

However, the update rule of Eq. (3) is difficult to implement in practice as it takes steps that are too
small, which degrades convergence. In addition, it requires the exact knowledge of A™ (s, a) which
is computationally infeasible for large-scale problems. In the next section, we will introduce a specific
sampling-based practical algorithm to alleviate these concerns.

4. Practical Implementation of ACPO

In this section, we introduce a practical version of the ACPO algorithm with a principle recovery method.
With a small step size §, we can approximate the reward function and constraints with a first order
expansion, and approximate the KL divergence constraint with a second order expansion. This gives us a
new optimization problem which can be solved exactly using Lagrangian duality.

4.1. An Implementation of ACPO

Since we are working with a parameterized class, we shall now overload notation to use 6y, as the policy at
iteration k, i.e., 0}, = 7y, . In addition, we use g to denote the gradient of the advantage function objective,
a; to denote the gradient of the advantage function of the cost C;, H as the Hessian of the KL-divergence.
Formally,

g:=Vy E [Aek(s,a)]‘ . 4=V E [f_lgl“_(s,a)]‘ . H:i=V2 E [DKL(H\\Hk))[s]]‘
s~d9k 0=04 S~d9k ‘ 0=0 s'vdgk =0
a~0 a~6

In addition, let ¢; := J¢, (0)) — l;. The approximation to the problem in Eq. (3) is:
max g (0 —0) st c+al(0—0,) <0, Vi and 1(0—60,)TH(O—06) <0 (6)

This is a convex optimization problem in which strong duality holds, and hence it can be solved using a
Lagrangian method. The update rule for the dual problem then takes the form

Lo «
9k+1=9k+FH1(9*AM)~ (7
where \* and p* are the Lagrange multipliers satisfying the dual
1 7 T T T, A
TQS‘Q(QH g—2r'p+pu Su)—k,u c— 5 (8)

©=0

withr := gTH1A, S := ATH A, A:=[a1,--- ,am],and ¢ := [c1, -+, cm] T

4.2. Feasibility and Recovery

The approximation regime described in Eq. (6) requires H to be invertible. For large parametric policies, H
is computed using the conjugate gradient method as in [27]. However, in practice, using this approximation
along with the associated statistical sampling errors, there might be potential violations of the approximate
constraints leading to infeasible policies.

To rectify this, for the case where we only have one constraint, one can recover a feasible policy by
applying a recovery step inspired by the TRPO update on the cost surrogate as:

Op1o =0 —x/%[t LlaJr(l—t) H_lg} )
k+1/2 k %aTH_la TTH_lg
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Algorithm 1 Average-Constrained Policy Optimization (ACPO)

1: Input: Initial random policy 7y € Iy

2: fork =0,1,2,..., K do

3:  Sample a set of trajectories {2 using 7, = 7,

4:  Find estimates of ¢, a, H, ¢ using 2

5.  if a feasible solution to Equation (6) exists then

6: Solve dual problem in Equation (8) for A}, y17

7: Find policy update 7y, with Equation (7)

8: else

9: Find recovery policy 74.1/2 with Equation (9)
10: Obtain 71 by linesearch till approximate constraint satisfaction of Equation (6)
11:  end if
12: end for

Average Rewards:
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Figure 1: The average reward and constraint cost function values vs iterations (in 10%) learning curves for
some algorithm-task pairs. Solid lines in each figure are the empirical means, while the shaded
area represents 1 standard deviation, all over 5 runs. The dashed line in constraint plots is the
constraint threshold [. ATRPO and PPO are tested with constraints, which are included in their
Lagrangian formulation. Additional results are available in Appendix A.9.

where ¢ € [0, 1]. Based on this, Algorithm 1 provides a basic outline of ACPO. For more details of the

algorithm, see Appendix A.6.
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S. Empirical Results

We conducted a series of experiments to evaluate the relative performance of the ACPO algorithm and
answer the following questions: (i) Does ACPO learn a sequence of constraint satisfying policies while
maximizing the average reward in the long run? (ii) How does ACPO compare with the already existing
constraint policy optimization algorithms which are applied with a large discount factor? (iii) What are the
factors that affect the performance of ACPO?

We work with the MuJoCo environments to train the various learning agent on the following tasks
- Gather, Circle, Grid, and Bottleneck tasks (see Figure 2 in Appendix A.8.1 for more details on the
environments). For our experiments we only work with a single constraint with policy recovery using
Eq. (9) (this is only a computational limitation; ACPO in principle can handle multiple constraints). We
compare ACPO with the following baseline algorithms: CPO [3], ATRPO [43], PCPO [41] (a close variant
of CPO), BVF-PPO [26] and PPO [29].

Although ATRPO and PPO originally do not incorporate constraints, for fair comparison, we introduce
constraints using a Lagrangian. Also, CPO, PCPO and PPO are compared with v = 0.999. Learning curves
for the algorithms are compiled in Figure 1 (for Point-Circle, Point-Gather, and Ant-Circle see Appendix
A.9). Since there are two objectives (rewards in the objective and costs in the constraints), we show the
plots which maximize the reward objective while satisfying the cost constraint. See Appendix A.8 for more
details.

5.1. Performance Analysis

From Figure 1, we can see that ACPO is able to improve the reward objective while having approximate
constraint satisfaction on all tasks. In particular, ACPO is the only algorithm that best learns almost-
constraint-satisfying maximum average-reward policies across all tasks: in a simple Gather environment,
ACPO is able to almost exactly track the cost constraint values to within the given threshold /; however,
for the high dimensional Grid and Bottleneck environments we have more constraint violations due to
complexity of the policy behavior. Regardless, in these environments, ACPO still outperforms all other
baselines with less average constraint violation, while maintaining similar if not better average-reward
performance. See Appendix A.8.3 for a more detailed discussion.

In Equation (9) we introduced a hyperparameter ¢, which provides for an intuitive trade-off as follows:
either we purely decrease the constraint violations (t = 1), or we decrease the average-reward (¢ = 0),
which consequently decreases the constraint violation. The latter formulation is principled in that if we
decrease rewards, we are bound to decrease constraints violation due to the nature of the environments. See
Appendix A.9.2 for more discussion.

6. Conclusion

In this paper, we studied the problem of learning policies that maximize average-rewards for a given CMDP
with average-cost constraints. We showed that the current algorithms with state-of-the-art performance and
constraint violation bounds for the discounted setting do not generalize to the average setting. We then
proposed a new algorithm, the Average-Constrained Policy Optimization (ACPO) that is of course directly
inspired by the PPO class of algorithms but based on theoretical sensitivity-type bounds for average-CMDPs
we derive, and use in designing the algorithm. Our experimental results on a range of MuJoCo environments
(including some high dimensional ones) show the effectiveness of ACPO on average CMDP RL problem:s,
as well as its superior performance vis-a-vis some current alternatives. A possible direction for future work
is implementation of ACPO to fully exploit the parallelization potential.
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Appendix A. Appendix

A.1l. Preliminaries
A.1.1. RELATED WORK REVISITED

Previous work on RL with the average reward criterion has mostly attempted to extend stochastic approxi-
mation schemes for the tabular setting, such as Q-learning [1, 38], to the non-tabular setting with function
approximation [39, 42]. [6] deals with online learning in a constrained MDP setting, but their aim is regret
minimization or exploration, both in tabular settings. [42] provide bounds on the performance of a trust
region algorithm for the the average reward setting but do not incorporate constraints.

Since our work is related to CPO [3] and ATRPO [43], we highlight our work’s novelty as follows.
ACPO is designed to find the optimal policy of the undiscounted average-CMDP problem directly, with an
average reward objective and constraints on average cost functions. While CPO is designed for discounted
CMDPs (setting v = 1 in CPO does not yield the ACPO algorithm), and though we could use it for the
average case by setting v — 1, we shall see that empirically it has inferior performance to ACPO. Moreover,
theory for CPO and ATRPO cannot be extended trivially to the ACPO algorithm, but since they are all trust
region methods, they share some analysis. Several of our techniques are still unique, e.g. in Lemma A.3,
we use eigenvalues of the transition matrix to relate total variation (TV) of stationary distributions with the
TV of the policies, and in Lemma A.11, we use the sublevel sets of constraints and projection inequality of
Bregman divergence.

A.2. Warmup on MDPs
A.2.1. DISCOUNTED CRITERION

For a given discount factor € (0, 1), the discounted reward objective is defined as

0

1

Jy(m) = T]@ﬂ [;]fytr(st,at,&ﬂ)] 1., SE:,W [r(s,a,s")]
- a~T

s'~P(|s,a)

where 7 refers to a sample trajectory of (sg,ag, $1,---) generated when following a policy 7, that is,

ar ~ m(-|s¢) and sp1 ~ P(:|St,ar); drn is the discounted occupation measure that is defined by

dr(8) = (1 —7)220"" P (st = s), which essentially refers to the discounted fraction of time spent in
T~T

state s while following policy .

A.2.2. PoLICY IMPROVEMENT FOR DISCOUNTED CMDPS

In many on-policy constrained RL problems, we improve policies iteratively by maximizing a predefined
function within a local region of the current best policy [3, 31, 32, 41]. [3] derived a policy improvement
bound for the discounted CMDP setting as:

1 - 2™kl
Iy (Trr1) = Jy(m) = ﬁ SEM [Awk(S,a) T ~ DTV(Wk+1|7Tk)[S]} ) (10)
A~Tg41

where ATF is the discounted version of the advantage function, €™+! := max; [Eq~r, ., [A7*(s,a)]|, and
Dry (mps||me)[s] = (1/2) X5, |mk+1(als) — mi(als)| is the total variational divergence between 7y,
and 7, at s. These results laid the foundations for on-policy constrained RL algorithms [37, 40].

10
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However, Equation (10) does not generalize to the average setting (v — 1) (see Appendix A.6). In the
next section, we will derive a policy improvement bound for the average case and present an algorithm
based on trust region methods, which will generate almost-monotonically improving iterative policies.

A.3. Build-up to Main Result
A.3.1. PoLiCcY IMPROVEMENT FOR THE AVERAGE-CMDP

Let 7’ be the policy obtained via some update rule from the current policy 7. Analogous to the discounted
setting of a CMDP, we would like to characterize the performance difference J(7') — J(7) by an expression
which depends on 7 and some divergence metric between the two policies. [43] give such a lemma.

Lemma A.1 [43] Under the unichain assumption of the underlying Markov chain, for any stochastic
policies w and 7' : ~
J(@') = J(m)= E [A"(s,a)]. (11)

s~d_ s

a~m’

Note that this difference depends on the stationary state distribution obtained from the new policy, d .
This is computationally impractical as we do not have access to this d,-. Fortunately, by use of the following
lemma we can show that if d and d/ are “close” with respect to some metric, we can approximate Eq.
(11) using samples from d.

Lemma A.2 Under the unichain assumption, for any stochastic policies w and ™' we have:

J(7') — J(7) — Ed [A™(s,a)]| < 2eDyv(dw || dx) where €= max! E /[A”(s,a)”. (12)

See Appendix A.4 for proof. Lemma A.2 implies J(7') ~ J(7) + E[A™(s,a)] when d, and d, are
“close”. Now that we have established this approximation, we need to study the relation of how the actual
change in policies affects their corresponding stationary state distributions. For this, we turn to standard
analysis of the underlying Markov chain of the CMDP.

Under the ergodic assumption, we have that Py is irreducible and hence its eigenvalues {\. ;} Li‘l are
such that Ar 1 = 1 and A ;1 < 1. For our analysis, we define 0™ = max;.1 (1 — )\m)_l/Q, and from
[21] and [8], we connect {\, ;} L‘ill to the sensitivity of the stationary distributions to changes in the policy
using the result below.

Lemma A.3 Under the ergodic assumption, the divergence between the stationary distributions d, and
dys is upper bounded as:

Dry(dy || dr) < 0* IF;Z [Dry(7' || ©)[s]] where o* =maxo”. (13)

See Appendix A.4 for proof. This bound is tighter and easier to compute than the one given by [43],
which replaces o* by k* = max, k™, where k™ is known as Kemeny’s constant [11, 16, 19]. It is interpreted
as the expected number of steps to get to any goal state, where the expectation is taken with respect to the

stationary-distribution of those states.
Combining the bounds in Lemma A.2 and Lemma A.3 gives us the following result:

11



ACPO

Proposition A.4 Under the ergodic assumption, the following bounds hold for any stochastic policies T
and ':

Ly (n") < J(n') — J(m) < Ly (") (14)
where

LE(r') = Ed [A™(s,a)] + 2v Ed [Dry(n" || m)[s]] and v =o" max | E l[/_l”(s, a)]|.

It is interesting to compare the inequalities of Equation (14) to Equation (11). The term E[A” (s, a)] in
Prop. A.4 is somewhat of a surrogate approximation to J(7') — J(7), in the sense that it uses d,: instead
of d,. As discussed before, we do not have access to d, since the trajectories of the new policy are not
available unless the policy itself is updated. This surrogate is a first order approximation to J(7') — J(7)
in the parameters of 7’ in a neighborhood around 7 [18]. Hence, Eq. (14) can be viewed as bounding the
worst-case approximation error.

Extending this discussion to the cost function of our CMDP, similar expressions follow immediately.

Corollary A.5 For any policies ', w, and any cost function C;, the following bound holds:

M () < Jey (') = Je,(x) < M (') (15)

™ 7

M= (n') = IF%2 [AE, (s, a)] + 2ug, IE% [Drv(7" || m)[s]] and ve, = o*max| E [AF (s, a)]|.
s~dn s~dnr S ~7! ¢
awﬂ/ a~T
Until now, we have been dealing with bounds given with regards to the TV divergence of the policies.
However, in practice, bounds with respect to the KL. divergence of policies is more commonly used
[24, 27, 28]. From Pinsker’s and Jensen’s inequalities, we have that

™

E [Drv( || m)ls]] < \/ E [Diw (|m)][s]]/2 16)

We can thus use Eq. (16) in the bounds of Proposition A.4 and Corollary A.5 to make policy im-
provement guarantees, i.e., if we find updates such that 731, € argmax, L (m), then we will have
monotonically increasing policies as, at iteration £, . E [A™(s,a)] =0, IE [Dxy (7|7g) [s]] =0

S~dmy

S§~dry ,a~T

for m = m, implying that J(mx1) — J(7r) = 0. However, this sequence does not guarantee constraint
satisfaction at each iteration, so we now turn to trust region methods in Section 3.1 to incorporate constraints,
do policy improvement and provide safety guarantees.

A.4. Proofs

Lemma A.6 (Trivialization of Discounted Criterion Bounds) Consider the policy performance bound
of [3], which says that for any two stationary policies m and 7':

1 2ve7

no_ > T B ’
K = hm) > | B Al - 5 E D | m)ls] (17)

where € = max

E [A%(s,a)]

a~’

. Then, the right hand side times 1 — ~y goes to negative infinity as v — 1.

12
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Proof Since d , approaches the stationary distribution d, as v — 1, we can multiply the right hand side of
(17) by (1 — ~y) and take the limit which gives us:

im [ E [A7(s,0)]+ 2% B Dy( | 7)[s]
Y—=1 \ s~dr 5 YA T 1 — ys~dry BAACEL
a~m'
AT . ’7
ZSEW[A (s,a)] — 2¢ B [Drv(x" || m)[s]] ilgll T4
a~’
=— 0

Here ¢ = max;,

E /[/I”(s, a)]‘. The first equality is a standard result of lim,,1 A%(s, a) = A™(s,a). B
a~T

Lemma A.7 [43] Under the unichain assumption of the underlying Markov chain, for any stochastic

policies ™ and 7':
J(r') = J(x)= E [A"(s,a)]. (11)

s~d_ s

a~m’

Proof We directly expand the right-hand side using the definition of the advantage function and Bellman

equation, which gives us:

E [A"(s,a)] = E [Q"(s,a) —V7(s)]

s~d_1 s~d_ s
= ]% [r(s, a,s) — J(r)+ V(s — V’T(s)]
o/~P(|s,0)
I Jm+ B[] E [77(s)
i/’\’aPNi?r‘sva) .
A

Analyzing A, since d,(s) is a stationary distribution:

E - [VT(s)] =D dw(s) Y 7' (als) D) P(s|s, a)VT(s)

s~d_1
S~P(lsa)
= D dw(5) D P (' |)VT(s) = D dwr () V()
Therefore, A = >, d(s)V™(s') — E [V™(s)] = 0. Hence, proved. [ |

s~d_ s
Lemma A.8 Under the unichain assumption, for any stochastic policies m and 7' we have:

J(7') = J(7) — Ed [A™(s,a)]| < 2eDrv(dx || dx) where € =max| E ,[Aw(s,a)”. (12)

13



ACPO

Proof
/ AT _ AT o AT
J(7") — J(m) —SLE% [A™(s,a)]| = SNI%W, [A7(s,a)] SET [A™(s,a)] (from Lemma A.1)

<Y

S

E L4W(s,a)](dﬂ«s)——dﬂ(s)4

a~’

E [A7(s,a)] (dw(s) — dx(s))

a~’ ‘

< max
S

E [A7(s, a)]‘ |dr — dxrll;y (Holder’s inequality)

a~’

= 2€DTV(d7r’ ” dﬂ—)

Lemma A.9 Under the ergodic assumption, the divergence between the stationary distributions d, and
dys is upper bounded as:

Dry(dy || dr) < o* IEd [Dry(7' || ©)[s]] where o* =maxo”. (13)
S~

T ™

Proof This proof takes ideas from Markov chain perturbation theory [7, 14, 43]. Firstly we state a standard
result with P* = 1d%

(dp —dp)T(I = P+ P5) = db, —dE —dL, + dX Py = dE Py — dL = dL(Py — Py).

Denoting the fundamental matrix of the Markov chain Z™ = (I — P+ P;r*,)_1 and the mean first
passage time matrix M™ = (I — Z™ + EZgg/)D“', and right multiplying the above by (Z™ )~! we have,
df, —dl = dL(Py — Po)(I - M™(D™)™Y) = dp —dr = (I —M™(D™) H(PL — P1)d. (18)
e, ldw = dal, < | (1= M7 (D7) T(PE — PD)ds|
(submultiplicative property)
! T T
UﬁprwJ@ﬁ&MM

”dfr/ - dﬂ”l <

<

"

b T,
(Holder’s inequality)
We know that k™ = Tr(Z™) and from [15], we can write 7} using the eigenvalues {Ami}ﬁ'l of the
underlying P, as
S|

: 1 —1/2 m ™ *
< 15| 1\ N\1/2 < - ) = < _ )
Tl = ‘S‘ Z:ZQ (1 _ )\7r7i)1/2 < mZaX(l Aﬂ',l) g < m;?xo— o

For T5, we refer to the result by [43], and provide the proof for completeness below.
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Ty =)

8/

> (Z P(s'|s,a)m (a]s) — P(s'|s,a)7r(a|s)> dr(s)

< Z ZP(S’|S,&)(7T/(CL|S) —7(als))|dx(s)
< ). P(s)s,a) |’ (als) — m(als)| dx(s)
< Y| (als) = w(als)| dr(s) = 2SEW[DTV(”/ I ) [s]]

Combining these inequalities of 77 and 75, we get the desired result. |

A.5. Performance and Constraint Bounds of Trust Region Approach

Consider the trust region formulation in Equation (3). To prove the policy performance bound when the
current policy is infeasible (i.e., constraint-violating), we prove the KL divergence between 7 and 711 for
the KL divergence projection, along with other lemmas. We then prove our main theorem for the worst-case
performance degradation.

Lemma A.10 For a closed convex constraint set, if we have a constraint satisfying policy 7y, and the KL
divergence I% [DKL (7rk 11 /2H7Tk) [s]] of the ‘Improve’ step is upper bounded by step size 0, then after
S~

Tk
KL divergence projection of the ‘Project’ step we have

E [DKL (WkJrlHﬂ'k) [S]] < 4.

s~d7rk

Proof
We make use of the fact that Bregman divergence (hence, KL divergence) projection onto the constraint
set (€ R%, d € N) exists and is unique. Since 7y, is safe, we have 7y, in the constraint set, and 7y is the
projection of 7, 1 onto the constraint set. Using the projection inequality, we have
2

E [P (i) ]+ B [P (mht ) ] < B [Dia (e ) 9]

s~al7T,c s~dﬁk
= E [Da(mlme) ] < B [Da(mfmey) [ <4
Tk ~any
(DxL (+[]-) = 0)

Since KL divergence is asymptotically symmetric when updating the policy within a local neighbourhood
(0 << 1), we have

E (D (milm) 5] < E [Dia (miy

S~y S~y

7rk> [s]] <o
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Lemma A.11
For a closed convex constraint set, if we have a constraint violating policy 7 and the KL divergence

I% [DKL (7rk+1 /2”71—](;) [s]] of the first step is upper bounded by step size J, then after KL divergence
S~ T

projection of the second step we have

E [Dke (mps1]mk) [s]] <0 + Vinaz:

s~d7rk

where Vipay = max; i82, Bi = [Jo,(mk) — L]+, i = , with a; as the gradient of the cost

1
QQZTH*lai
advantage function corresponding to constraint C;, and H as the Hessian of the KL divergence constraint.
1

Proof
Let the sublevel set of cost constraint function for the current infeasible policy 7 be given as:
L, = {m | Jo,(m) + E [AZ(s,0)] < Jo,(my) Vi

Ndﬂk
a~T

This implies that the current policy 7y, lies in Ly, . The constraint set onto which 7, 1 is projected onto is
_ 2
given by: {7 | Jo, (7) + I% [AZf(s,a)] <1 Vi}. Let w} be the projection of 7, 1 onto L.
s~dnr g 2
a~T
Note that the Bregman inequality of Lemma A.10 holds for any convex set in R?,d € N. This

implies ]% [DKL (77,% 1 Hﬂ'k) [s]] < ¢ since 7 and 77,% ,1 are both in L, , which is also convex since the
s~dr),

constraint functions are convex. Using the Three-point Lemma 2, for polices 7, 7)1, and ﬂ]f 1> With

p(x) := Y, x;log x;, we have

i> E [Dx (7715+1H7Tk))[3]] - sﬁﬁk | Dk (k41 ]7k) [3]]

s~d77k
- E [Dxo (7Tk+1H7rl€+1) [s]]

s~dﬁk
+ SNI%W [(Ve(mi) — VCP(WII;+1))T(7”€+1 - 7T15+1)[3]]
= SNIE [DKL (Tgs1ll7r) [S]] <0+ s~I§ [DKL (7rk+1H7r,f+1) [s]]
N - .
- E [(Vo(m) = V() (mrer — mi)[sl] . (19)

~

T

If the constraint violations of the current policy 7 are small, i.e., J¢, (7;) — I; = b; is small for all 4,
then 77 can be approximated by a second order expansion. We analyze 77 for any constraint C; and then
bound it over all the constraints. As before we overload the notation with 7, = g, = 6}, to write. For any
constraint C;, we can write 77 as the expected KL divergence if projection was onto the constraint set of C;
ie.

1. For any z € R, [z]+ := max(0, z)
2. For any ¢, the Bregman divergence identity: Dy (x,y) + Dy(y, 2) = Dg(z,2)+ < Vo(z) = Vo(y),z —y >
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T

o 1/ B _ Pi -
1 s = B ob) - Y 170) i 1)
1 2(7Tk+1 Tp1)” H(Tee1 — ™) 9 aZTH_lai az-TH_lai ’
87 2
= —"1— = ;37,
2a H1a; &

where the second equality is a result of the trust region guarantee (see [27] for more details). Finally we
invoke the projection result from [2] which uses Dykstra’s Alternating Projection algorithm [33] to bound
this projection, i.e., 77 < max; Tli A max; azﬂf.
And since ¢ is small, we have V() — V(,D(W]€’+1> ~ 0 given s. Thus, T5 ~ 0. Combining all of the
above, we have . ]% [ Dk (mes1] k) [s]] < 6 + Vinaa- [ |
~ar

Theorem 3.1 Let 7y, | be the optimal solution to Eq. (3) for some my, € Ilg. Then, we have

‘]<7r9k+1) — J(mq,,) = — \/WVﬂ-ek+l ()

and Jo,(mg,,,) < li +/2(0 + Vmax)ngk“ Y i, 5)
where vt = o™i max, [ E - [A%(s,0)]| vt = o™ maxi |, B [AGF(s,0)]] Vinar =

A~TOk 11

max; Bf, and B; = [Jc,(me,) — li]+.

A~T6p 11

Proof
Since DKL(T('gk | mg, ) = 0, g, is feasible. The objective value is O for my = 7y, . The bound follows
from Equation (14) and Equation (16) where the average KL i.e. IdE [Dkv (7g+1]7x) [s]] is bounded by
s~dn.

0 + Viaz from Lemma A.11.
Similar to Corollary A.5, expressions for the auxiliary cost constraints also follow immediately as the
second result.

Remark A.12 Remark If we look at proof as given by [43] in Section 5 of their paper, with the distinction
now that § is replaced by § + Vyaz, we have the same result. Our worse bound is due to the constrained
nature of our setting, which is intuitive in the sense that for the sake of satisfying constraints, we undergo a
worse worst-case performance degradation.

|

A.6. Approximate ACPO
A.6.1. PoLICY RECOVERY ROUTINE

As described in Section 4.2, we need a recovery routine in case the updated policy 7y 1 /2 is not approximate
constraint satisfying. In this case, the optimization problem is inspired from a simple trust region approach
by [27]. Since we only deal with one constraint in the practical implementation of ACPO, the recovery rule
is obtained by solving the following problem:

ming ¢+ a’ (9 — Hk)
st S(0—0p)" H(0—6;) <o.
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Let z = 6 — 0y, then the dual function L(z, A) is given by: L(z,\) = ¢+ a’a + X (22T Hx - §).
Now,

L 1
P =a+ \NHz) =0=»:U:—XH_1a.

x obtained above should satisfy the trust-region constraint:

1/ 1 T 1
“(==H %) H|(-H'a) <
s (ama) () <o

1 1
— g Hase
aTH-1q <
e e AT
20
Therefore, the update rule in case of infeasibility takes the form 6 = 6 — 4/ }2]6*1(1 H~'a. We augment

this rule with the gradient of the reward advantage function as well, so the final recovery is

H la H1g
Oprin =0 —\/%{t-Jr 1—t~] . telo,1
k+1/2 k \/m ( ) \/m [ ]

A.6.2. LINE SEARCH
Because of approximation error, the proposed update may not satisfy the constraints in Eq. (3). Constraint

satisfaction is enforced via line search, so the final update is

Oks1 = Ok + 57 (Opr1/o — Ok)

where s € (0, 1) is the backtracking coefficient and j € {0, ..., L} is the smallest integer for which 71
satisfies the constraints in Equation 3. Here, L is a finite backtracking budget; if no proposed policy satisfies
the constraints after L backtracking steps, no update occurs.

A.7. Practical ACPO

As explained in Section 4, we use the below problem formulation, which uses first-order Taylor approx-
imation on the objective and second-order approximation on the KL constraint * around 6}, given small
0:

max gt (0 —6)

(20)
st. ci+al(0—6,) <0, Vi 20 —0,)TH(O—0;) <.

where
g:= s~IdE [Vologmo(als)|g—p, A (s,a)] ; ¢ii=Jco,(0x) —1l; Yi

a~7r(;9:
aj = IdE [Vg logﬁg(a|s)|9=9kﬁgk (s,a)] ; H = EE [Vologmo(als)|o=a, Vo logwe(a|s)|9T=9k]

S~ 0, S~ o,

a~7r9k a~71'9k

3. The gradient and first-order Taylor approximation of D (g || 7o, ) at 6§ = 0y, is zero.
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Similar to the work of [3], g, a;, and H can be approximated using samples drawn from the policy 7y, .
The Hessian H is identical to the Hessian H used by [3] and [43]. However, the definitons g and a;’s are
different since they include the average reward advantage functions, A™x (s,a) = Q™ (s,a) — V™% (s).

Since rewards and cost advantage functions can be approximated independently, we use the framework
of [43] to do so. We describe the process of estimation of rewards advantage function, and the same
procedure can be used for the cost advantage functions as well. Specifically, first approximate the average-
reward bias V™ (s) and then use a one-step TD backup to estimate the action-bias function. Concretely,
using the average reward Bellman equation gives

A% (s,a) = r(s,a) — J(mq,) + E [V”"k (s/)] — V7 (5) 20

s'~P(:|s,a)

This expression involves the average-reward bias V™ (s), which we can approximated using the
standard critic network ‘7% (s). However, in practice we use the average-reward version of the Generalized
Advantage Estimator (GAE) from [28], similar to [43]. Hence, we refer the reader to that paper for detailed
explanatlon but pr0V1de an overview below for completeness.

Let J =¥ Zt 1 Tt denote the estimated average reward. The Monte Carlo target for the average
reward value function is V;*"*%" = Ziy ((re— J.) and the bootstrapped target is Ve — A —|—V¢ (8t41)-
The Monte Carlo and Bootstrap estimators for the average reward advantage function are:

N
Ac(styar) = D (re—Jx) = Vi (s)) 5 Ags(se,ar) = rig — Jr + Vi (s141) — VF (1)

=t
We can similarly extend the GAE to the average reward setting:

N
AGAE(St,at) = Z )\tlitfst/ s 5t’ =Ty — J7r + _J(Stu'_l) — VJ(St/). (22)

t'=t

and set the target for the value function to V,;**" = r; — T+ V¢ (8t41) + Zt, 1 A =tS,.

A.8. Experimental Details
A.8.1. ENVIRONMENTS

All environments tested on are illustrated in Figure 2, along with a detailed description of each.

A.8.2. EVALUATION DETAILS AND PROTOCOL

For the Gather and Circle tasks we test two distinct agents: a point-mass (S S RY, A < R?), and an ant
robot (S < R32, A < R®). The agent in the Bottleneck task in S < R"!, A < R!6 and for the Grid task is
S < R%, A < R* We use two hidden layer neural networks to represent Gaussian policies for the tasks.
For Gather and Circle, size is (64,32) for both layers, and for Grid and Bottleneck the layer sizes are (16,16)
and (50,25). We set the step size § to 10~%, and for each task, we conduct 5 runs to get the mean and
standard deviation for reward objective and cost constraint values during training. We train CPO, PCPO,
and PPO with the discounted objective, however, evaluation and comparison with BVF-PPO, ATRPO and
ACPO* is done using the average reward objective (this is a standard evaluation scheme [27, 37, 40]).

For each environment, we train an agent for 10° steps, and for every 103 steps, we instantiate 10
evaluation trajectories with the current (deterministic) policy. For each of these trajectories, we calculate

4. Code of the ACPO implementation will be made available on GitHub.
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(a) Circle (b) Gather (c) Grid (d) Bot-
tleneck

Figure 2: The Circle, Gather, Grid, and Bottleneck tasks. (a) Circle: The agent is rewarded for moving in
a specified circle but is penalized if the diameter of the circle is larger than some value [3]. (b)
Gather: The agent is rewarded for collecting the green balls while penalized to gather red balls
[3]. (c) Grid: The agent controls traffic lights in a 3x3 road network and is rewarded for high
traffic throughput but is constrained to let lights be red for at most 5 consecutive seconds [35].
(d) Botteneck: The agent controls vehicles (red) in a merging traffic situation and is rewarded
for maximizing the number of vehicles that pass through but is constrained to ensure that white
vehicles (not controlled by agent) have “low” speed for no more than 10 seconds. [35].

the trajectory average reward for the next 103 steps and finally report the total average-reward as the mean
of these 10 trajectories.

For detailed explanation of Point-Circle, Point-Gather, Ant-Circle, and Ant-Gather tasks, please refer to
[3]. For detailed explanation of Bottleneck and Grid tasks, please refer to [35]. For the simulations in the
Gather and Circle tasks, we use neural network baselines with the same architecture and activation functions
as the policy networks. For the simulations in the Grid and Bottleneck tasks, we use linear baselines. For all
experiments we use Gaussian neural policies whose outputs are the mean vectors and variances are separate
parameters to be learned. Seeds used for generating evaluation trajectories are different from those used for
training.

For comparison of different algorithms, we make use of CPO, PCPO, ATRPO, and PPO implemen-
tations taken from https://github.com/rll/rllab and https://github.com/openai/
safety—-starter—agents. Even the hyperparameters are selected so as to showcase the best perfor-
mance of other algorithms for fair comparison. The choice of the hyperparameters given below is inspired
by the original papers since we wanted to understand the performance of the average reward case.

We use settings which are common in all open-source implementations of the algorithms, such as
normalizing the states by the running mean and standard deviation before being fed into the neural network
and similarly normalizing the advantage values (for both rewards and constraints) by their batch means and
standard deviations before being used for policy updates. Table 1 summarizes the hyperparameters below.

For the Lagrangian formulation of ATRPO and PPO, note that the original papers do not provide
any blueprint for formulating the Lagrangian, and even CPO and PCPO use unconstrained TRPO for
benchmarking. However, we feel that this is unfair to these algorithms as they can possibly perform
better with a Lagrangian formulation in an average-reward CMDP setting. To this extent, we introduced a
Lagrangian parameter ¢ € [0, 1] that balances the rewards and constraints in the final objective function.
More specifically, Equation (6) for a single constraint now becomes

max (1 0g" (0 —0) — ([ (e1 +a] (0 —01)) + (30— 0,)TH(O - 0;) —0)]. (23)
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Table 1: Hyperparameter Setup

Hyperparameter PPO/ATRPO CPO/PCPO/ACPO
No. of hidden layers 2 2
Activation tanh tanh
Initial log std -0.5 -1

Batch size 2500 2500
GAE parameter (reward) 0.95 0.95
GAE parameter (cost) N/A 0.95
Trust region step size & 1074 1074
Learning rate for policy 2 x 1074 2 x 1074
Learning rate for reward critic net 2 x 10~ 2 x 1074
Learning rate for cost critic net N/A 2 x 1074
Backtracking coeff. 0.75 0.75
Max backtracking iterations 10 10

Max conjugate gradient iterations 10 10
Recovery regime parameter ¢ N/A 0.75

Note. The authors of the ATRPO and PPO do not suggest any principled approach for finding an optimal
£. Hence, the choice of the Lagrangian parameter £ is completely empirical and is selected such that these
algorithms achieve maximum rewards while satisfying the constraints. Also see in Figure 1, for Ant-Gather,
Bottleneck, and Grid environments, where the constraints cannot be satisfied for any value of £, we include
the results for a specific value of ¢ for illustrative purposes, as detailed in Table 2.

Table 2: Lagrangian parameter ¢ for ATRPO and PPO

Algorithm Point-Gather Ant-Circle Ant-Gather Bottleneck Grid

ATRPO 0.50 0.60 0.45 0.50 0.45
PPO 0.55 0.50 0.50 0.50 0.60

A.8.3. ACPO PERFORMANCE COMMENTARY

ACPO vs. CPO/PCPO. For the Point-Gather environment (see Figure 3), we see that initially ACPO and
CPO/PCPO give relatively similar performance, but eventually ACPO improves over CPO and PCPO by
52.5% and 36.1% on average-rewards respectively. This superior performance does not come with more
constraint violation. The Ant-Gather environment particularly brings out the effectiveness of ACPO where
it shows 41.1% and 61.5% improvement over CPO and PCPO respectively, while satisfying the constraint.
In the high dimensional Bottleneck and Grid environments, ACPO is particularly quick at optimizing for
low constraint violations, while improving over PCPO and CPO in terms of average-reward.

ACPO vs Lagrangian ATRPO/PPO. One could suppose to use the state of the art unconstrained policy
optimization algorithms with a Lagrangian formulation to solve the average-rewards CMDP problem in
consideration, but we see that such an approach, although principled in theory, does not give satisfactory
empirical results. This can be particularly seen in the Ant-Circle, Ant-Gather, Bottleneck, and Grid
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environments, where Lagrangian ATRPO and PPO give the least rewards, while not even satisfying the
constraints. If ATRPO and PPO were used without the Lagrangian (i.e. constraints are ignored), one would
see higher rewards but even worse constraint violations, which are not useful for solving the average-reward
CMDP problem. Hence, we do not include those results.

ACPO vs BVF-PPO. BVF-PPO is a whole different formulation than the other baselines, as it translates
the cumulative cost constraints into state-based constraints, which results in an almost-safe policy improve-
ment method which maximizes returns at every step. However, we see that this approach fails to satisfy
the constraints even in the moderately difficult Ant Gather environment, let alone the high dimensional
Bottleneck and Grid environments. On the other hand, ACPO performs the best among all baselines in
these three environments.

A.9. Experimental Addendum
A.9.1. LEARNING CURVES

Due to space restrictions, we present the learning curves for the remaining environments in Figure 3.
Average Rewards:

28 105
24 90

20
16
12

Average CODStI'alnt Values ——— ATRPO = PPO — CPO —— PCPO - BVF-PPO —— ACPO
0.8- 21-
0.7- 18-
0.6 15-

12-

o w o v

(a) Point Gather (b) Ant Circle

Figure 3: The average reward and constraint cost function values vs iterations (in 10*) learning curves for
some algorithm-task pairs. Solid lines in each figure are the empirical means, while the shaded
area represents 1 standard deviation, all over 5 runs. The dashed line in constraint plots is the
constraint threshold {. ATRPO and PPO are tested with constraints, which are included in their
Lagrangian formulation.
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A.9.2. RECOVERY REGIME REVISITED

Figure 4 shows the experiments we conducted
with varying ¢ € {0,0.25,5,0.75,1}. With ¢ = 1,
we obtain the same recovery scheme as that of [3].
Our results show that this scheme does not lead
to the best performance, and that ¢ = 0.75 and
t = 1 perform the best across all tasks. Figure 5
shows the performance of ACPO with different
values of ¢ in various environments.

Contrasting with the policy recovery update
of [3] which only uses the cost advantage function
gradient a, we introduce the reward advantage
function gradient g as well. This choice is to
ensure recovery while simultaneously balancing
the “regret” of not choosing the best (in terms of
the objective value) policy 7. In other words,
we wish to find a policy 73, 1/2 as close to
in terms of their objective function values. We

ACPO

(a) Rewards (b) Costs

- t=0 - t=0.25 —_— t=05 — t=0.75 -_—t=1

Figure 4: Comparison of performance of ACPO with
different values of the hyperparameter ¢ in the
Point-Circle environment. X-axis is iterations
in 10%. See Appendix A.9 for more details.

follow up this step with a simple linesearch to find feasible 7y 1.

Rewards:

(a) Point Gather (b) Ant Circle (c) Ant Gather (d) Bottleneck (e) Grid

Figure 5: Comparison of performance of ACPO with different values of the hyperparameter ¢ in various
environment. X-axis is iterations in 10%.
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