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Abstract

Machine learning models have shown exceptional prowess in solving complex issues across
various domains. However, these models can sometimes exhibit biased decision-making, resulting
in unequal treatment of different groups. Despite substantial research on counterfactual fairness,
methods to reduce the impact of multivariate and continuous sensitive variables on decision-
making outcomes are still underdeveloped. We propose a novel data pre-processing algorithm,
Orthogonal to Bias (0B), which is designed to eliminate the influence of a group of continuous
sensitive variables, thus promoting counterfactual fairness in machine learning applications. Our
approach, based on the assumption of a jointly normal distribution within a structural causal
model (SCM), demonstrates that counterfactual fairness can be achieved by ensuring the data
is orthogonal to the observed sensitive variables. The 0B algorithm is model-agnostic, making
it applicable to a wide range of machine learning models and tasks. Additionally, it includes a
sparse variant to improve numerical stability through regularization. Empirical evaluations on
both simulated and real-world datasets, encompassing settings with both discrete and continuous
sensitive variables, show that our methodology effectively promotes fairer outcomes without
compromising accuracy.

1 Introduction

The fairness concern in machine learning has catalyzed a growing body of research aimed at
identifying, understanding, and mitigating the biases present in data and algorithms. Among
the various conceptual frameworks developed to address this issue [I], 2 3, 4], [5 6], the notion of
counterfactual fairness [7] emerges as particularly significant. It seeks to ensure that a decision for
an individual remains consistent with the decision that would have been made in a counterfactual
scenario in which the individual’s sensitive variables were different. This concept is particularly
powerful as it aligns closely with intuitive notions of individual fairness and justice, offering a rigorous
standard by which to measure and rectify bias [§].

Significant progress has been made in achieving counterfactual fairness, with extensive studies
exploring various approaches [2, [7, O, 10, 11]. However, existing methods face two significant
challenges when applied in practical scenarios: (i) These methods typically address discrete or binary
sensitive variables and struggle to accommodate continuous variables such as age or weight [12]. (i7)
While these methods can effectively manage a single sensitive variable, they do not extend well to
scenarios involving multiple sensitive variables, thus limiting their practical utility. For instance,
socio-economic status in employment hiring processes encompasses diverse factors like education,
income, occupation, neighborhood, and parental education, which cannot be neatly categorized into
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Figure 1: This motivating example illustrates the distinction between binary and continuous sensitive
variables in the context of hiring decisions. The dashed lines indicate the predicted hiring decisions,
and the shaded indicates the fair decisions. The left panel presents a simpler scenario with a binary
sensitive variable, such as gender, where adjustments for fairness are more straightforward due to
limited, exhaustively enumerable values. In contrast, the right panel delves into the complexity
introduced by a continuous sensitive variable, such as family income. In this case, counterfactual
estimation becomes significantly more challenging due to potentially unseen or sparsely distributed
values. Additionally, socio-economic status, as a multi-dimensional variable combining various factors,
adds complexity to establishing fair decision-making processes.

simple discrete groups, as shown in Figure[I] Training models on historical hiring data directly may
inadvertently bias them towards candidates with specific types of experience—factors often correlated
with higher socio-economic status [I3]. This bias may stem from unrepresentative training data or
traditional fairness methods that fail to capture the complex influence of continuous multivariate
sensitive variables on decision-making.

To tackle these challenges, we develop a novel data pre-processing approach that aims to
remove the influence of a group of continuous sensitive variables from the data, thereby ensuring
counterfactual fairness in subsequent machine learning tasks. We first prove that counterfactual
fairness can be attained by making the data uncorrelated with the group of sensitive variables,
based on the assumption of a jointly normal distribution within a structural causal model (SCM)
framework [I4]. Motivated by this understanding, we consider all sensitive variables collectively and
propose a data pre-processing algorithm, referred to as Orthogonal to Bias (0B). This algorithm is
designed for minimal data adjustments to achieve orthogonality between non-sensitive and sensitive
data. To facilitate numerical stability, we also present a sparse variant of this algorithm to handle
high-dimensional features. Then the resulting data readily serves as input for machine learning
models in downstream tasks without being influenced by the undesirable bias associated with the
complexities of sensitive variables. It is also important to note that our proposed algorithm is
model-agnostic, making it suitable for a variety of machine learning models and tasks. Lastly,
we evaluate our algorithm’s performance on two simulated datasets and three real-world datasets,
covering both continuous and discrete sensitive variable settings, demonstrating that our approach
enables machine learning models to achieve fairer outcomes with comparable accuracy to current
state-of-the-art fair learning methods. The results also demonstrate that our approach is robust
beyond the joint normality assumption, indicating its applicability to a wider range of scenarios.

Our contributions in this work can be summarized as follows:

1. We show that achieving counterfactual fairness is feasible by ensuring orthogonality between
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Figure 2: Illustration of (a) the structural causal model (SCM) and a common fair learning strategies,
as well as (b) the proposed data pre-processing algorithm Orthogonal to Bias (0B). The white nodes
A, Y, and Y are the non-sensitive variables, the decision variable, and its prediction, respectively.
The red nodes B represent the sensitive variable. The A is the transformed data that is orthogonal

to bias in B. The gray nodes represent exogenous variables.

non-sensitive and sensitive data under some mild conditions;

2. We introduce a model-agnostic data pre-processing algorithm, termed Orthogonal to Bias
(0B), which facilitates counterfactual fairness across a broad spectrum of downstream machine
learning applications with continuous multivariate sensitive variables;

3. We validate the enhanced efficacy of our algorithm compared to the existing state-of-the-art
methods through evaluations on both synthetic and real datasets.

Related work This section begins by examining the fundamental fairness definitions that form
the basis of our modeling framework. Following this, we delve into prominent machine learning
techniques designed to ensure fairness, with a particular emphasis on counterfactual fairness.

Fairness in machine learning. The pursuit of fair decision-making in machine learning has
led to diverse approaches for defining and quantifying fairness. Researchers commonly adopt
either observational or counterfactual approaches to formalize fairness. Observational methods
typically characterize fairness through metrics derived from observed data and predicted outcomes
[15] [16] 0] 17]. Metrics such as individual fairness (IF) [3], demographic parity or group fairness
[5, 18] and equalized odds [2] fall under this category. The key idea for the observational fairness
metric is viewing fairness as treating similar individuals or individuals belonging to the same groups
similarly. For example, equalized odds ensures fairness by requiring that the true positive and false
positive rates are equal across different groups [9, 2].

Counterfactual methods, on the other hand, offer a causal perspective on fairness. These
approaches determine fairness based on potential changes in outcomes if sensitive variables were
altered [2], [7, @, 10, II]. Such methods extend the concept of fairness beyond observable measures.
For example, the Equal Opportunity (EO) criterion directly compares the actual and counterfactual
decisions for the same individual, assuming the individual had the same non-sensitive attributes,
providing a more nuanced assessment than equalized odds [9].

While integrating observational fairness into machine learning models is relatively straightforward,
achieving counterfactual fairness often requires approximations of causal models or counterfactuals,
which presents two major challenges [9) 19]. First, the process of counterfactual estimation often
compromises the predictive accuracy of models due to the exclusion of related information [20] 21}, 22].



For example, the FairLearning algorithm [7] uses a Markov chain Monte Carlo method to simulate
unobserved portions of the causal model, making decisions based solely on variables that are not
descendants of sensitive variables. Second, estimating counterfactual distributions for sparse or
continuous sensitive variables is difficult and often violates basic causal inference assumptions, namely
Positivity [I9]. This underscores the ongoing challenge of achieving counterfactual fairness with
continuous sensitive variables. Our method addresses these two challenges by ensuring minimal data
modification to achieve orthogonality between non-sensitive and sensitive data while maintaining
the predictive accuracy of machine learning models.

Counterfactually fair learning. Counterfactual fairness in machine learning is achieved when a
decision for an individual would remain unchanged in a counterfactual world where the individual’s
sensitive variables differ |7]. This pursuit has led to the development of diverse strategies to enhance
fairness, categorized into three main types: pre-processing [10], post-processing [19], and in-processing
methods [12].

Our approach is most related to [I0], which is also a pre-processing technique for counterfactual
fairness. In [10], the authors propose two distribution adjustment procedures for making counterfac-
tually fair decisions based on adjusted data. While both procedures remove variables’ dependence
on sensitive variables under respective conditions, their methods provide no guarantee regarding the
scale of modification due to the distribution modification. In contrast, our work introduces an exact
approach to solving an optimization problem that guarantees minimal modification to the data while
ensuring counterfactual fairness under specific assumptions. Furthermore, the method proposed by
[10] presuppose sensitive variables to be binary (or categorical) so that they can be easily isolated
or adjusted based on empirical probability mass function. It does not address situations involving
multivariate or continuous sensitive variable with intricate inter-dependency, whereas our proposed
0B algorithm aims to remove the influence of a group of continuous sensitive variables from the data,
thereby ensuring counterfactual fairness in subsequent machine learning tasks.

Additionally, our work contrasts with [12], the only other effort to the best of our knowledge
that specifically tackles counterfactual fairness with continuous sensitive variables. While we include
their method as a compared baseline, their approach relies on a generic loss design that lacks explicit
guarantees for counterfactual fairness. In contrast, our method offers a theoretical underpinning in
the motivation and design of the method, prioritizing minimal data changes to enhance the balance
between accuracy and fairness.

Overall, our emphasis on minimal data modification places our proposed algorithm in a unique
position within the widely observed fairness-accuracy spectrum [20} 21], 22]. Through our approach,
we aim to capture as much information as possible between the target variable Y and the features,
including the sensitive features.

2 Methodology
2.1 Problem setup

We jointly define ¢ non-sensitive random variables as A € A C RY, p sensitive variables as B € RP,
and the decision variable as Y € ). The data generation process in our problem setup is described
by a Structural Causal Model (SCM) [14], as shown in Figure Our setup allows for sensitive
variables (B) that are both continuous and multivariate, facilitating the handling of a broader range
of real-world applications involving complex sensitive variables.

To be specific, we consider the set of endogenous variables V.= {B, A,Y, Y}, where {B, A,Y}
are the observed variables and Y is the prediction of Y made based on B and A. We assume that Up,
U4, and Uy, which are the exogenous variables that affect B, A, and Y, respectively, are independent
of each other. The structural equations are described with the functions F' = {fy, fa, f}, one for



each component in V', detailed as follows:
B=fp(Up), A=fa(BUs), Y =/Ff(AB,Uy). (1)

According to the above SCM, the bias present in the sensitive variables B can transmit to the
predictor Y via the non-sensitive variables A. This means that if there are any differences in the
distribution of A conditioned on B, the decision variable ¥ based on A might be unfair.

In this paper, we aim to design a predictor Y that achieves counterfactual fairness [7, 10] without
being influenced by the bias in B. Formally, the counterfactual fairness in our SCM can be defined
as follows:

Definition 2.1 (Counterfactual Fairness). Given a new pair of variables (b, a), a decision variable
Y is considered counterfactually fair if, for any b’ € B,

Yo (U)[{B=b"A=a"} £ Vp.(U)|{B=Db",A=a"}, (2)

where P £ @ indicates that random variables P and @ are equal in distribution, and Y3, (U) represents
the counterfactual outcome of Y when B = b.

The above definition implies that the distribution of the counterfactual result should not depend
on the sensitive variables conditional on the observed data. Note that although Definition [2.1| uses
the decision variable Y, it also applies to its predictor Y without any loss of generality [10].

2.2 Achieving counterfactual fairness via data decorrelation

To clarify and streamline the presentation of our findings, we begin by showing that counterfactual
fairness can be attained under conditions where sensitive and non-sensitive variables exhibit no
correlation and are joint normal.

Consider a dataset D = {(b;,a;,y;)}!_; with n observed data tuples, where b;, a;, and y;
represent the i-th observation of the sensitive, non-sensitive, and decision variables, respectively.
We use A = [ay,...,a,]" € R™? to denote the data matrix of non-sensitive variables A, and use
B = [by,...,b,]" € R™P to denote the data matrix of sensitive variables B in dataset D.

To establish the connection between counterfactual fairness and data uncorrelation, we introduce
the following assumption:

Assumption 2.2. Given the structural model defined in , the sensitive variable A and non-
sensitive variables B are joint normal.

Building on this assumption, we present the following theorem:
Theorem 2.3. Under Assumption Y s counterfactually fair when A and B are uncorrelated.

Proof. We first demonstrate that Y is counterfactually fair when the model’s predictions for Y are
not influenced by the sensitive variable B. In the following proof, we focus on the case of a binary
predictor Y for simplicity, noting that our findings can be seamlessly applied to predictors that yield
continuous outcomes. This simplification allows us to establish fairness by showing that the expected
outcomes are equivalent, which for a Bernoulli random variable, also indicates a distributional
equivalence. Following the well-established “Abduction-Action-Prediction” method from [14], the
conditional expectation of Y given B = b*, A = a* can be written as:

E(Yy|B=b" A=a") = /fy (fa (b, u) ;D) Py, p,a(u| B=Db"A=a")du, (3)
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where fo (-; D) : A — ) denotes the predictor of Y trained using data D and Py, B,a(u| B=Db" A=a")
denotes the conditional density of U4 given B = b* and A = a*. To argue for counterfactual fairness,
it suffices to show

E(Yi|B =b*,A=a*) =E(Yp:|B =b*, A=a"),

if the data generating process for the observed data f4 (b, u) does not depend on the value of b,
indicating A’s independence from B.

Next, we prove that A is independent of B when they are uncorrelated under Assumption [2.2]
which is a commonly accepted statistical result. Consider the mean vectors for A and B as p4 and
up, respectively, with covariance matrices ¥4 € R7%9, X5 € RP*P, Recall that when A and B are
uncorrelated, the cross-covariance matrix between A and B is ¥4 g € R?”*? = 0. Therefore, the
covariance matrix ¥4 p) of joint distribution of [A, B] is

[ =4 0 o [=t o
2[A,B]|: 0 ZB] and E[A,B}[ 0 Eg1 .

Substituting X4 p) above into the joint probability density function of A and B, we have

-
1 1l a—pa —1 | a—pa
P(a,b) = - exp (— [ ] DIPN [
(2m)9tP |14 ] 2[ b-pp Pl s

1 1 3
N V 2m) 3PS 4 [T 5] FeXp <—2(a— pa) S a - MA)) .

exp (—;(b ) S5 (b — HB)) — P4(a)Ps(b).

As we can observe, the joint distribution decomposes into the product of their marginal distributions,
hence demonstrating their statistical independence when A and B are jointly normal and uncorrelated.

Finally, establishing A and B as jointly normal and uncorrelated implies that, given the SCM in
(1), predictor Y is counterfactually fair. O

Theorem suggests that achieving counterfactual fairness in the predictor Y is possible by
decorrelating non-sensitive variables A from sensitive variables B. This insight motivates us to
develop a data pre-processing algorithm aimed at minimally adjust the observed data to remove
the correlation between non-sensitive and sensitive variables while preserving strong predictive
performance.

It is important to emphasize that Assumption[2.2)is applicable across a diverse array of applications
that necessitate data standardization. For example, the SCM configuration depicted in Figure for
instance, aligns with Assumption [2.2) when A is linear in terms of Uy, as shown in Appendix[A] While
the assumption of normality may not always hold perfectly, standardization serves as a pragmatic
and effective pre-processing step that aligns real-world data more closely with the required conditions.
By utilizing this widely accepted practice, empirical results indicate that our method remains both
effective and robust, capable of delivering reliable performance even when applied to real-world
datasets that do not fully meet this criterion. In particular, as elaborated in Section [3| our strategy
has proven to be promising in experiments that involve both categorical and continuous sensitive
variables B.

2.3 Orthogonal to bias

Now we introduce our data pre-processing algorithm, termed as Orthogonal to Bias (0B). We assume
both non-sensitive variables A and sensitive variables B have a zero mean for each column. This



allows us to estimate the empirical covariance between A and B by calculating their inner product:
cov(4, B) = E[(A — E[A])(B — E[B))] ~ (A, B).

Since two variables are uncorrelated if their covariance is zero, achieving orthogonality between the
observed data A and B ensures their uncorrelation.

Therefore, the key idea of 0B algorithm is to adjust the observed non-sensitive data A in such
a way that it is orthogonal to the observed sensitive data B, while ensuring minimal changes to
non-sensitive data A. Specifically, we follow the idea of Orthogonal to Groups introduced by [23],
and define a rank k£ approximation of A as A= SUT, where U = [uy,...,u;] is a ¢ x k orthonormal
matrix and S = {s;;} is a n X k matrix with associated scores. The goal is to find a transformed n x g
matrix A that is orthogonal to B with minimal change to matrix, as measured by the Frobenius norm

1 XNe = /220225 xfj Formally, we aim to solve the following constrained optimization problem:
T2 T
arg win HA —SU HF st. <SU ,B> —0, Ued,, (4)

where G, 1, is the Grassman manifold [24]. The last constraint helps prevent degeneracy, such as
basis vectors becoming identically zero or encountering solutions with double multiplicity. Here we
let U be orthonormal matrix in practice, i.e., U'U = I,.

In the following, we focus on a univariate b € R™ for clarity. We note the procedure can be easily
extended for multivariate B [23]. The above constrained optimization can be reformulated in
terms of Lagrange multipliers A;:

k k n
1 @ 5 2
o _ L z s b 5
argmin ;_lHaz j§_1 sijuj||” + ”15—1 y ;_1 $ijbis ()

where A; € R denotes the Lagrange multiplier and b; is the i-th item of b. Here, the factor 2/n
is introduced to simplify the expression for the optimal solutions. It ensures that the first-order
condition for with respect to s;; involves a common factor of 2/n, which can then be canceled
out during computations. Let S* and U* denote the optimal solutions of S and U, respectively. The
reformulated equation gives a closed-form solution:

. (Au",b)

i = W, U*=[uj,...,u], S = {SZZ}, (6)

* T
- J
non-sensitive data matrix can be obtained by A = S*U*T. Detailed derivations of the closed-form

solution (@ can be found in Appendix . B

It is noteworthy that the reconstruction error of A equals to that of the standard Singular Value
Decomposition (SVD) if there is zero correlation between the sensitive and non-sensitive variables. It
is because the additional reconstruction error of A relative to SVD with the same rank is proportional
to the collinearity between the subspace spanned by B and the left singular vectors of the data A
[23]. The comparison of reconstruction error between the 0B and SVD can be found in Appendix

where U* consists of the first £ right singular vectors of A and s}; = a;u Ajb;. The pre-processed

Sparse orthogonal to bias (S0B) When the number of features p exceeds the number of
observations n, estimating a low-dimensional structure from high-dimensional data can become
numerically unstable [25]. To address this challenge, we introduce a sparse variant of the 0B
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Figure 3: Comparison of our approach (0B/S0B) with the primary baseline methods on the synthetic
dataset: (a) Counterfactual predictions for 1,000 randomly generated sample points across the
sensitive variable, comparing our approach to baseline methods. Our method’s predictions remain
flat across the sensitive variable; (b) Comparison of predictive error and counterfactual fairness
between our approach and baseline methods. The dashed line represents an exponential function
fitted to the results of Adv. The error bars indicate standard deviation. Our method is under the
curve and achieves a low MSE while maintaining relatively low CF compared to Adv.

algorithm, referred to as SOB. The SOB imposes an ¢1-norm penalty for U to encourage sparsity and
improve numerical stability, in addition to the orthogonality constraints in . We define h as the £
constraint on u. Details of the formulation of SOB can be found in Appendix [C] Following derivation
by [23] 26], Algorithm [1| illustrates the key steps to implement the SOB algorithm, where 7 represents
the minimum change to terminate the iterative optimization process.

Note that with the additional regularization constraints, the solution favors sparsity while
satisfying the orthogonal constraint. Therefore, the SOB also achieves counterfactual fairness under
SCM framework with Theorem 2.3

3 Experiments

In this section, we empirically evaluate the performance of our method using three real-world datasets
and two simulated datasets. For the discrete scenario where Y € {0,1} and B € {0, 1}, we utilize
two popular datasets: the Adult income dataset [27], with gender as the sensitive variable (male
or female) and whether a person earns over $50K a year as Y, and the COMPAS dataset [2§],
with race as the sensitive variable (Caucasian or non-Caucasian) and two-year recidivism as Y. In
addition, we explore a synthetic loan decision dataset using similar setup as [10]. For scenarios where
both Y and A are continuous, we use the Crime dataset [29], with the ratio of an ethnic group per
population as the sensitive variable and violent crimes per population as Y. Additionally, we explore
a synthetic scenario that allows for further analysis of the relative performances of the approaches.
This synthetic scenario involves a pricing algorithm for a fictional car insurance price adapted from
[12], following the causal graph in Figure . Details of the experimental setup can be found in

Appendix D]

Evaluation metrics We assess the accuracy of decisions using Mean Squared Error (MSE) for
continuous value predictions, and Area Under the Curve (AUC) and Accuracy (ACC) for binary



Table 1: Performance on Crime and Synthetic Insurance Price Data

Dataset Metrics Baselines Compared Methods Ours
ML FTU Adv (A =0.1) Adv (A =0.2) 0B SOB
MSE 0.4751 (0.0336)  0.4711 (0.0101) 0.4674 (0.0425)  0.4511 (0.0503) 04534 (0.0110)  0.4491 (0.0155)
Crime [29] CF-metric 0.2353 (0.0729)  0.2467 (0.1633) 0.0095 (0.0057)  0.0066 (0.0029) 0.1047 (0.0373)  0.1051 (0.0328)
Avg. Training Time (s) 68.9080 (7.4695) 62.9821 (6.5349)  136.9746 (4.4350) 131.8830 (4.4037)  69.2535 (5.1420)  80.7566 (7.4400)
MSE 0.0008 (0.0009) 0.0000 (0.0000) 0.0658 (0.0731) 0.1062 (0.2174) 0.0054 (0.0001)  0.0054 (0.0002)
Synthetic CF-metric 0.1414 (0.0008) 0.1418 (0.0002) 0.1422 (0.0361) 0.1189 (0.0409) 0.1309 (0.0023) 0.1296 (0.0020)
Avg. Training Time (s) 36.4220 (13.9463) 32.9465 (7.0428) 55.2336 (2.6324)  63.5752 (0.6989) 32.8576 (8.6382) 37.5425 (10.8821)
Table 2: Performance comparison on COMPAS data [2§]
Metrics Baselines Compared Methods Ours
ML FTU FL EO AA  FLAP;(0) FLAP»(0) FLAP;(M) FLAP,(M) 0B, 0B,
ACC 0.5744 0.5726 0.5598 0.5710 0.5609  0.5605 0.5599 0.5607 0.5607 0.5666  0.5674
AUC 0.7206 0.7225 0.6928 0.7225 0.6927  0.6927 0.6928 0.7015 0.7019 0.6764 0.6744
CF-metric ~ 0.2274  0.1406 0.0054 0.1377 0.0060  0.0058 0.0054 0.0026 0.0027 0.0060  0.0065
EO Fairness 0.1046 0 0.1374 0 0.1405  1.7e-06 3.3e-06 6.7¢-07 1.2e-06 0 0
AA Fairness 0.2258 0.1460 0 0.1424 0 2.9e-07 5.6e-07 8.2e-07 3.0e-07 1.6e-16 1.1e-16

classification problems. In evaluating counterfactual fairness for continuous cases, we utilize the
CF-Metric employed by [12], which measures the mean change in predictions for a set of random
counterfactual samples for each individual in the test set. These counterfactuals are generated
using a variational inference model of the Structural Causal Model (SCM), following the same
adversarial training process described by [12]. For classification problems, we adopt CF-Metrics from
[10], which measure counterfactual fairness by calculating the average change in predicted scores
between two groups. This metric is designed to be zero when decisions are counterfactually fair.
For a comprehensive comparison of methods, we also include two additional counterfactual fairness
metrics: Affirmative Action (AA) Fairness and Equalized Opportunities (EO) Fairness [9]. Both AA
Fairness and EO Fairness are only defined for scenarios with discrete sensitive variables. Definitions
of these metrics are provided in Appendix

Results with continuous sensitive variables To our knowledge, the approach by [12] is the
only other notable attempt to tackle counterfactual fairness with continuous sensitive variables. In
our experiments, we included this method (henceforth referred to as Adv) along with a standard
machine learning approach (ML) and the Fairness Through Unawareness (FTU) method as baselines.
All models were evaluated using a uniform four-layer neural network for prediction tasks.

Figure |3 illustrates the fairness-accuracy trade-off, a well-explored topic in the literature [20] 21}
22]. Moving along the spectrum, Adv appears with progressively increasing A values, reflecting a
shift towards greater emphasis on fairness at the expense of accuracy. Our method is located in the
lower-left, demonstrating low MSE and CF metrics, with narrow error bars due to its closed-form
solution (Appendix . Furthermore, Table [1| provides detailed numerical results, including mean
and standard deviations from 10 repeated experiments, which consistently demonstrate our method’s
superior performance in achieving lower MSE and competitive CF-metrics across two datasets with
continuous variables. Moreover, Table [1| shows that our method is more time-efficient than Adv.

Results with discrete sensitive variables We compare our method with the following baselines
on datasets that include discrete sensitive variables: Machine Learning (ML), a straightforward logistic
regression model that uses all variables, regardless of their sensitivity; Fairness through Unawareness
(FTU), which employs a logistic model with A specifically excluding sensitive variables; FairLearning



Table 3: Performance comparison on Adult data [30]

Metrics Baselines Compared Methods Ours
ML FTU FL EO AA FLAP;(0) FLAP5(0) FLAP;(M) FLAPy(M) SO0B;  SOB,
ACC 0.7612 0.7604 0.7594 0.7680 0.7644  0.7357 0.7151 0.7548 0.7594 0.7655 0.7597
AUC 0.8128 0.8036 0.7680 0.7991 0.7682  0.7682 0.7680 0.7651 0.7649 0.7806 0.7809
CF-metric ~ 0.2779 0.2338 0.0228 0.2047 0.0268  0.0280 0.0228 0.0280 0.0228 0.0529  0.0600
EO Fairness 0.1536 0 0.2853 0 0.2811  0.2780 0.2853 0.2780 0.2853 0.0002 0.0005
AA Fairness 0.3034 0.2574 0 0.2259 0 2.2e-17 2.2e-17 2.8e-17 2.8e-17 0.0001  0.0004
Table 4: Performance comparison on Synthetic Loan data
Metrics Baselines Compared Methods Ours
ML FTU FL EO AA FLAP;(0) FLAP,(0) FLAP; (M) FLAPy(M) 0B; 0B
ACC 0.6618 0.6481 0.6224 0.6237 0.6224 0.6237 0.6224 0.6237 0.6224 0.6406 0.6279
AUC 0.9457  0.8986 0.5867 0.6682 0.5714 0.5668 0.5837 0.5875 0.5863 0.5704  0.5856
CF-metrics  0.6291 0.3906 0.0031 0.0355 0.0034 0.0016 0.0032 0.0002 0.0002 0.0011 0.0026
EO Fairness 0.5469 0 0.0156 0 0.0336 0.0321 0.0156 0.0301 0.0180 0 0
AA Fairness 0.6235 0.4559 5.6e-18 0.0370 1.1e-18 3.3e-18 6.7e-18 0.0012 0.0038 4.6e-17 4.3e-17

Algorithm (FL), which attains counterfactual fairness by sampling unobserved portions of the causal
model using Markov chain Monte Carlo methods [7]; EO-fair and AA-fair Predictors (EO and AA) by
a post-processing algorithm that generate optimal predictors adhering to Equalized Opportunities
(EO) and Affirmative Action (AA) [9]; and Fair Learning through Data Pre-processing (FLAP) by
[10], which modifies data prior to model training to enhance fairness. Logistic regression predictors
are adopted for all compared models with classification tasks.

Among the compared methods, FTU and FLAP are pre-processing methods, FL is an in-processing
approach, and AA and EO are post-processing approaches. For discrete sensitive variables, both FLAP
and our proposed method (0B) can include sensitive variables in the predictor class. Specifically,
aside from the predictor class fy(A) : A — Y discussed in Section an standard machine
learning predictor fy.(A,B): A x B — ) that utilizes both sensitive and non-sensitive variables,
and an Averaged Machine Learning (AML) predictor f;/ (A) =" fy(A,B)P(B) can be constructed

respectively. We denote scenarios involving predictor f;(A) or fy(A) as 0By and 0By, respectively.
Similarly, we use FLAP; and FLAP, for the respective predictor scenarios. Additionally, [I0] introduces
two pre-processing methods, Orthogonalization and Marginal Distribution Mapping, denoted as
FLAP(0) and FLAP(M).

As shown in Table 2] 3] and [, the accuracy of OB is consistently among the highest, often
ranking first or second. This supports our claim that the proposed 0B algorithm effectively preserves
most of the information in the non-sensitive data. Additionally, its CF-metric is comparable to
those of FLAP and FL, which are also designed for counterfactual fairness with discrete sensitive
variables, indicating that 0B also maintains counterfactual fairness. Furthermore, despite the general
incompatibility between counterfactual fairness and popular group fairness metrics like Equalized
Opportunities, EO can also be encouraged with 0B. Empirically, OB achieves relatively low EO and
AA Fairness metrics compared to FLAP and FL. More details and proof can be found in [E]

In summary, across all discrete datasets, our approach consistently demonstrates its effectiveness
in achieving a better overall balance between accuracy and counterfactual fairness, even when the
data does not fully meet our theoretical assumptions.
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Table 5: Sensitivity analysis on the COMPAS dataset

0By 0Bs
k=3 k=4 k=5 k=3 k=4 k=5
ACC 0.5409 0.5507 0.5666 0.5420 0.5516 0.5674
CF-metric ~ 0.0120 0.0157  0.0060 0.0129 0.0162 0.0065

EO Fairness 0 0 0 0 0 0
AA Fairness 0.0006 0.0003 1.6e-16 0.0006 0.0003 1.1e-16

Metrics

Sensitivity analysis We examine the sensitivity of our 0B method to the hyperparameter rank
k. Note that rank k£ plays a key role in information preservation and data approximation. For SOB,
additional hyperparameters, such as n—used in Algorithm [I] to set the convergence threshold—are
involved in solving the optimization problem presented in @ However, these do not significantly
impact the outcomes.

We utilize the COMPAS dataset for sensitivity analysis, which contains 5 features in addition to
the sensitive variable. The limited number of feature set makes it easier to illustrate the different
effects of varying k by restricting k£ to a maximum of 5. As shown in Table [5| there is an empirical
trend of improved accuracy (ACC), similar to what is observed in Principal Component Analysis
(PCA) |23]. Additionally, the counterfactual fairness metrics (CF-metric and AA Fairness) also
improve with a higher k.

4 Conclusion

In conclusion, this paper demonstrates that achieving counterfactual fairness is feasible by ensuring
the uncorrelation between non-sensitive and sensitive variables under certain conditions. Building on
this insight, we present the Orthogonal to Bias (0B) algorithm, a novel approach to addressing fairness
challenges in machine learning models. 0B achieves counterfactual fairness by decorrelating data from
sensitive variables under mild conditions. The resulting data pre-processing algorithm effectively
removes bias in predictions while making minimal changes to the original data. Importantly, 0B
is model-agnostic, ensuring its adaptability to a variety of machine learning models. Through
comprehensive evaluations on simulated and real-world datasets, we demonstrate that 0B strikes
a great balance between fairness and accuracy, outperforming compared methods and offering a
promising solution to the complex issue of bias in machine learning. Despite the advantages of the 0B
algorithm, it exhibits certain limitations. As an offline, pre-processing approach, it may not integrate
as seamlessly with dynamic or real-time systems compared to in-processing methods. Additionally,
the theoretical guarantees of 0B depend on jointly normal assumption which may not hold in some
practical scenarios.
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A Analyzing the Joint Normality of Linear Combinations in SCM

This section demonstrates how the Structural Causal Model (SCM) depicted in Figure [2al aligns
with Assumption under certain mild conditions. For simplification, we assume both A and B are
one-dimensional variables.

Consider a scenario where the underlying exogenous variables U4 and Upg are distributed as
follows:

Ua~ N(MAa 0—.»24)7
Up ~ N(MBa 0'%),

and Ug is independent of Uy4.

Given their normal distributions and independence, [Uy4, Ug] form a jointly normal distribution.
This property of normal distributions ensures that any linear combination of U4 and Upg will also be
jointly normal. We define A and B through the following linear combinations:

A=aUp+bUg +c,
B =dUg + ¢,

where a, b, ¢, d, and e are constants. This formulation ensures that [A, B] is also jointly normal,
as long as A and B are defined as linear combinations of Uy and Up as described. The synthetic
data used for continuous sensitive variables, described in Appendix [D.3] follows a similar structure,
satisfying Assumption [2.2]

B Closed-form 0B Solution Derivation

We start by considering when k = 1. The 0B algorithm aims to find the closest rank-1 matrix
(vector) approximation to the original set of data that satisfies the orthogonal condition. () can be

reformulated as:
k n

NEES Ti2 2
argrggl EZHGZ — Zsijuj H + ﬁ)\lzsﬂbi . (7)
=1 j=1 i=1
Some algebra and the orthonormal condition on w; allow us to express the loss function to be

minimized as:
n

1 2w
L(Sl,ul) = E Z(al — silu{)T(ai — silu?) + 5)\1 Z Silbi

i=1 =1
n n
1 2
T T 2
= — E (ai a; — 2s;1a;u7 + Sﬂ) + =\ E $i1b;.
i 1 n i=1
i= =

The function is quadratic, and its partial derivative with respect to s;1 is

1 2
aTﬂL(Sl, ul) = g(—2aiur{ + 2Si1) + ﬁ)‘lbi'
Solving it finds a stationary point of

S;1 = aiulT — )\1bi. (8)

So the optimal score for the i-th subject is obtained by projecting the observed data onto the first
basis and then subtracting A;b. The constraint does not involve the orthonormal basis 1, hence the
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solution of for uy is equivalent to the unconstrained scenario. A standard result of linear algebra
states that the optimal u; for without constraints equivalent to the first right singular vector of
A, or equivalently to the first eigenvector of the matrix AT A [26]. Plugging in the solution for u;
and setting the derivative with respect to A1 equal to 0 leads to

n

Z(azu{ — Alai)sz’ = 0. (9)

i=1

Therefore,
A = >y aiud by _ (Auf, b)
Z?:l bg <b7 b> ’
which states ) is is a least squares estimate of Au{ over b.
Now consider the more general case when k& > 1. The derivatives with respect to the generic

element s;; can be calculated easily due to the constraint on U, which simplifies the computation.
The optimal solution for the generic score s;; is given by

(10)

sij = aiu? — Ajbi, (11)

since ul u; = 0 for all i # j and u]Tuj =1lforj=1,...,k.

The global solution for A = (A1, ...A\g) can be derived from least squares projection since we can
interpret as a multivariate linear regression where the k columns of the projected matrix AU”T
are response variables and a a covariant. Therefore, the optimal value for general k is then equal to

the multiple least squares solution .
_ (Auy,b)
Ak Dby (12)

This results in the closed-form solution in @ For a more complete proof and discussion of the
implications of the solution, we refer to [23]. For example, as noted by [23], an intuitive interpretation
of the solution in is that the optimal scores for the j-th dimension are obtained by projecting
the original data over the j-th basis and then subtracting j-times the observed value of b. Moreover,
as the constraints of 0B do not involve any vector u;, the optimization with respect to the basis
can be derived from known results in linear algebra. The optimal value for the vector u;, with
j=1,....,k, is equal to the first k right singular values of A, sorted accordingly to the associated
singular values [31}, [32].

We note the following useful Lemma adapted from [23] that quantifies the additional reconstruction
error of A due to using 0B compared to SVD is:

Lemma B.1. Let A = VkaUkT denote the best rank-k approrimation of the matrix A obtained
from the truncated SVD of rank k. Let [P;; = + + Zl;ibjbg.

i=1"4
the 0B algorithm compared to SVD is ||kPVyDy||r.

The additional reconstruction error of

C Formulation of SOB

To enhance the applicability of the 0B algorithm, particularly in scenarios with a large number
of features, we incorporate an ¢1-norm penalty for the matrix U. This addition aims to promote
sparsity in U and enhance the numerical stability of the approximation. The modified algorithm,
denoted as SOB, is formulated as follows:
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argminHA—SUTHj,
SU (13)
subject to [lujlly <1, |lus|l, <t [sf], < 1,5?51 = O,SJTB =0,

for j=1,...,k, and [ # j. The detailed iterative approach to solving this problem is outlined
and explained in [23]. The main idea is that although the minimization problem is not jointly convex
in s and w, it can be addressed iteratively. When s is fixed, the minimization step is equivalent to a
sparse matrix decomposition with constraints on the right singular vectors of A. On the other hand,
when u is fixed, the solution for s is obtained by rearranging the constraints and solving a univariate
optimization problem. This iterative process ensures orthogonality among the vectors s;.

Algorithm 1 Sparse Orthogonal to Bias (SOB)
1: Input: Non-sensitive and sensitive data A and B, rank k;
2: Standardize A and B,;
3: fori=1,...,kdo
4: Sett=1,60=1, and 82(-0) =0;
(0)

5. Randomly initialize u; ”;
6

while Hugt) — ugtfl)HF > n and

(t) _ (tfl)H
s; s; - >n do

7 Compute ﬂi(t) with
-1
B; (BTB) BTP  Au;
with P,_1 = Lyxn — ;;i SZSZT
Update s; as
G P;_1Au; - 3B
" [PiAui - BB,
10: Update u; as
Sy (ATs;
W So(As)
10 (AT s5)ll,
11: where Sy(x) = sign(z)(|z| — 0)1(|z] > 0)
12: t+—t+1
13: end while
14: if HATsiﬂl < h then
15: Set 0 =0
16: else
17: Set 8 > 0 such that Hu’(t)H1 =h
18:  end if
19: end for
20: Set S = [dy51,...,dxs;] where d; = s, Au;, and U = [uq, ... ug].

21: Calculate tNhe attribute matrix A = SUT.
22: Output: A
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D Experiment Details

The experiments were conducted in a Jupyter Notebook environment with 16 GB RAM and a 16
GB T4 GPU. Each experiment for the continuous case (Crime and Synthetic) was repeated 10 times
to calculate the mean and standard deviation. For regression tasks (continuous Y'), we utilized a
uniform four-layer NN and MSE loss, trained for 2000 epochs with a batch size of 256. Adv and ML
have an input size of ¢ + 1, while FTU, 0B, and SOB have an input size of q. For classification tasks,
we employed logistic regression. The hyperparameter K for our method was set to 4 for the Crime
dataset and 20 for the Synthetic insurance price dataset.

D.1 Evaluation Metrics

CF-Metric in Continuous Case The Counterfactual Fairness (CF) metric for the continuous
case, adopted from [I0], quantifies the fairness of decisions made by a machine learning model. This
metric assesses the difference in predicted outcomes under hypothetical scenarios where a sensitive
attribute B of an individual might differ, while all other attributes remain constant. It is defined as:

Mtest

Z E(arpy~cy [|Afy (0(A: ), fy (0(ALB)))|]

mtest i—1

where myest is the number of test instances, and C(i) denotes the set of counterfactual samples
for the i-th test instance. These samples are generated based on an adversarial inference process.
A represents a cost function comparing two predictions, and 6 denotes the transformation model
applied to the inputs. For Adv [12], it’s referring to the VAE. And for our method, it’s the results of
0B process. This metric evaluates the average absolute difference between the predicted outcomes
under actual and counterfactual attributes, aiming to assess how decisions might vary with changes
in the sensitive attribute B, while keeping other variables constant. This measure seeks to ensure
decisions remain invariant under hypothetical alterations of sensitive attributes, thus quantifying the
model’s counterfactual fairness.

CF-Metric in Discrete Case The CF-metric for the discrete case is designed to measure how
decisions made by a machine learning model might differ if a sensitive attribute B were altered,
assuming all other attributes A remain unchanged. It is defined as:

Mtest
CF = TIT}IL%% (mt @ ; ‘fy T, aM(T blaal))) - fY(e(ba CAl]\D/[(hH bla‘“)))‘) )

where myest is the number of test instances, and B represents the set of sensitive groups under
consideration. d]\%(h, b*,a*) is the mapping function to compute non-sensitive attributes assuming
that the individual belongs to a different sensitive group h [I0]. The functions fy.(6(r,-)) and
Jy-(0(h,-)) evaluate decision outcomes for real and hypothetical scenarios, respectively. This metric
aims for a value of zero, indicating perfect counterfactual fairness across all considered groups.

For AA and EO metric definitions, we refer to [9] for details.

D.2 Real-world Datasets

Adult In the Adult Income dataset [30], we aim to predict whether an individual’s income exceeds
$50,000, considering features such as sex, race, age, work class, education, occupation, marital status,
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capital gain, and loss. The sensitive variables are sex and race. The training set consists of 32,561
samples, and the test set comprises 16,281 samples.

Due to the large sample size of Adult dataset, we employ SOB. As illustrated in Table [3] similar to
0B’s performance in synthetic data, the accuracy is comparatively high compared to all other tested
fair learning approaches. Notably, the accuracy is even higher than the vanilla ML model, which
utilizes both sensitive and non-sensitive variables and generates unfair results. As noted by [23] 31],
the additional regulation with SOB may contribute to high out-of-sample prediction performances.
Moreover, its CF-metric is comparable to that of FLAP and FL and is much lower than baselines,
implying counterfactual fairness attributed to 0B. Additionally, it achieves both low EO and AA
Fairness metrics.

COMPAS The COMPAS recidivism data [28] includes demographic information such as sex, age,
race, and record data (prior counts, juvenile felonies counts, and juvenile misdemeanors counts) for
over 10,000 criminal defendants in Broward County, Florida. The goal is to predict whether they
will re-offend in the next two years.

Crime Crime dataset [29] with the ratio of an ethnic group per population as sensitive variable,
and violent crimes per population as Y.

D.3 Simulated Datasets

D.3.1 Synthetic Insurance Price Dataset

We simulate two scenarios for continuous sensitive variable B and decision variable Y following

Figure

0 1000 0
05 [0 4 0 0 0
U~N||1],]0 0200
15/ 10 00 3 0
2] 1o 000 2

The non-sensitive variables A1, Ao, A3, A4 are defined as follows:
A NN(7+0.1'3+U1+U2+U3,1),

Ao NN(8O—|— B+ Us, 10),
A3 ~N(2004+5- B+5-Us,20),
Ay~ N(10* +5 - B + Uy + Us, 1000),
where B is defined by the vector:
B ~ N ([45,5]).

The response variable Y is modeled as:

Y ~N(@2-(7-B+20-)  A;),0.1).

J
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D.3.2 Synthetic Loan Decision Dataset

We apply our methods to a synthetic loan dataset example which is a modification from [I0]. Using
synthetic data allows us to repeat the random data generation process and provide the average
results. It also enables us to observe how fair learning models respond to changing effects resulting
from different levels of unfair treatment among different groups. The presented example illustrates
a scenario in which a bank evaluates loan applications based on the applicant’s education level
(F) and annual income ([), determining approval (Y = 1) or rejection (Y = 0). The population
comprises three possible race groups: B = {0,1,2}. Similar to [I0], we generate B according
to B = 1{Up < 0.76} + 1{Up > 0.92}, where U ~ Uniform(0,1). Let Ug and U; be two
standard normal random variables with mean pg = Agg + 1{B = 1}Ag1 + 1{B = 2}Agy and
wr =log(Aag + 1{B = 1} a1 + 1{B = 2} X\ a2), respectively. Then the education year and annual
income for each race group follows the following distribution:

E = max{0,Ug},

14
I =exp{0.1Ug + Ur}. (14)

The bank’s decision is simulated using a logistic model:
Y =1{Uy < expit(Bo + S11{B =1} + 21{B =2} + BgE + (1)}, (15)

where Uy ~ Uniform(0,1) and expit(u) = (1 +e%)~L.

In this example, the parameters Ag; and Ags determine the extent of the mean difference in
education years across the three race groups, while the parameters Aj; and Ajs dictate the magnitude
of the mean difference in log income among these three race groups. p; and (o characterize the
direct effect of the race information on the loan approval rate.

It is important to note that the sensitive variable B is categorical, and the data generating process
does not exactly conform to Assumption As evidenced in Table [d] despite the deviation from
the assumptions in the tested synthetic dataset, our method consistently showcases comparatively
high AUC and ACC compared to most methods. Notably, its accuracy outperforms FL and FLAP,
two other counterfactually fair methods. Moreover, our method achieves low CF-metric, akin to FL
and FLAP, indicating a high degree of counterfactual fairness. This desirable characteristic can be
attributed to the property of 0B, which minimally modifies in the non-sensitive data while ensuring
counterfactual fairness. Furthermore, in terms of observational fairness metrics, 0B exhibits an
overall better performance compared to FL and FLAP with lower EO and AA Fairness metrics.

E Explanation for EO Fairness of OB and SOB

(a) The SCM with typical predictor (b) The SCM with FTU preidctor ~ (c) The SCM with 0B and SOB

Figure 4: Causal diagrams showing the relationships between S, A, Y, and Y.
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Here we explain how FTU achieves EO-fairness and why predictors based on our proposed methods,
0B and SOB, also exhibit low EO-metric values. We clarify this through the following lemma about
EO-fairness, which shows the EO-fairness of a decision Y is equivalent to the absence of any causal
arrow from B; to Y. The proof of the lemma can be found in [9].

Lemma E.1 (EO < No (B — Y)). Assume the causal graph in Fig. . A decision Y satisfies
equal opportunities over S if and only if there is no causal arrow between B and Y .

With this lemma, it becomes straightforward to establish the EO-fairness of FTU, where
YETU(q,b) = YFTU(q) (see Figure . Concurrently, the designs of 0B and SOB leverage a
predictor on A, which is the closest counterpart to A (in terms of the Frobenius norm) that is
orthogonal to B (see Figure [2b| and . This configuration endows them with properties similar to
FTU that promotes EO-fairness, but with the added benefit that modifications are minimal while
effectively eliminating the influence of B on A, leading to Theorem [2.3]
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