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ABSTRACT

Deep learning has revolutionized medical image analysis, delivering exceptional
diagnostic accuracy across diverse applications. Yet, the lack of interpretabil-
ity in its decision-making hinders clinical adoption, particularly in high-stakes
medical contexts where transparency is paramount for trustworthiness. For ex-
ample, in Placenta Accreta Spectrum (PAS), subtle cues in ultrasound imaging
challenge reliable diagnosis, rendering black-box models untrustworthy for accu-
rate scoring. To address this, Concept Bottleneck Models (CBMs) offer a promis-
ing avenue by embedding clinically meaningful intermediate concepts into the
diagnosis pipeline, enabling clinicians to scrutinize and refine model outputs.
However, conventional CBMs falter in capturing complex inter-concept depen-
dencies and demand costly, expert-driven concept annotations, limiting their scal-
ability. This study introduces a novel semi-supervised CBM framework designed
for medical imaging, which leverages dual-level hypergraph learning to model
high-order concept dependencies and generate domain-adaptive pseudo-labels.
Our approach achieves superior interpretability and performance by integrating a
concept-level hypergraph for enhanced reasoning and an image-level hypergraph
for robust pseudo-label generation. Experiments on a newly annotated PAS ultra-
sound dataset and a breast ultrasound public dataset demonstrate the effectiveness
of the proposed concept label-efficient interpretable framework. Its universality
is further validated on the dermoscopic image dataset SkinCon. The core code is
available at the appendix.

1 INTRODUCTION

Deep learning has driven substantial advancements in medical image analysis, achieving state-of-
the-art performance across various diagnostic tasks (Chen et al.,|2022; |Liu et al., [2022; [Zhou et al.}
2021). Yet despite this progress, its clinical adoption remains limited, primarily due to the lack of
interpretability. In high-stakes medical decision-making, models must not only be accurate, but also
provide transparent reasoning that clinicians can understand, validate, and act upon (Tjoa & Guan)
2020; Reddy, [2022} |Reyes et al.,2020; Nasarian et al., 2024). For example, Placenta Accreta Spec-
trum (PAS), a life-threatening pregnancy complication, demands early and accurate diagnosis due
to severe risks like hemorrhage. This makes interpretability essential for reliable clinical decision-
making. Ultrasound imaging is widely used for PAS considering its non-invasiveness, real-time
capability, and cost-effectiveness (Jauniaux et al.| 2018 |Cali et al.,|2019). However, it also presents
operator dependency, subtle imaging dynamics, and complex anatomical structures (Sarris et al.,
2012;|Avola et al., [2021])), challenging existing deep models. These facts encourage deep models not
only to achieve great results, but also to offer interpretable insights that align with clinical reasoning,
enabling trustworthy decisions and intervention in real-world applications.

Concept Bottleneck Models (CBMs)(Koh et al.,[2020; | Yuksekgonul et al.,[2022) provide a promising
solution by introducing human-understandable intermediate concepts, allowing clinicians to trace
decision pathways and correct mispredictions (Kim et al.l 2023bj, |[Pang et al., 2024} (Chowdhury
et al.,2024). However, existing CBMs face two bottlenecks: (1) Traditional CBMs assume in-
dependence among concepts, overlooking essential inter-concept relationships that are instead
inherent in medical imaging and critical for holistic reasoning. For example, lesion morphol-
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Figure 1: Traditional methods degenerate in a semi-supervised spirit. The conventional CEM
(a) and our HyperCBM (b) try to infer the PAS severity level from the predicted concepts. CEM il-
lustrates three error modes: ignoring lacunae, misinterpreting the retroplacental space, and focusing
on a biased placental location. These concept errors yield the wrong severity. Instead, HyperCBM
successfully predicts severity from the correct concepts and attentions that match expert assessment.

ogy interpretation depends on surrounding textures, vascular patterns, and anatomical structures.
(2) CBMs typically require resource-intensive and time-consuming concept-level annotations
to achieve satisfactory interpretability and maintain decent diagnosis results. Expensive anno-
tation costs unfortunately impede the scalability and application of CBMs in clinical scenarios. To
ease concept annotation, Semi-Supervised Concept Bottleneck Model (SSCBM) has been recently
proposed 2024)), leveraging unlabeled data for training. While promising, SSCBM relies
on pseudo-labels derived from ImageNet pre-trained features, a strategy that introduces a significant
domain gap when applied to clinical imaging. As a result, pseudo-labels lack medical fidelity, under-
mining both interpretability and downstream diagnostic accuracy (Liu et al} 2023} [Li et al., [2020a).
Addressing this requires a new framework that not only models the semantic dependencies be-
tween concepts, but also generates pseudo-labels grounded in domain-specific image semantics,
which we tackle in this work.

In this paper, we propose a novel Hypergraph-driven semi-supervised concept bottleneck frame-
work, dubbed HyperCBM, tailored for label-efficient, interpretable medical image diagnosis.
As shown in Fig. [T} HyperCBM is significantly superior to traditional methods like CEM
[pinosa Zarlenga et alJ) 2022)) in detecting clinical concepts and diagnosing under limited concept
labels. Our framework tackles the dual challenges of high-order inter-concept relationship model-
ing and domain-specific pseudo-label generation, thereby enhancing both the interpretability and
performance of concept bottleneck models.

Our contributions are summarized as:

* A semi-supervised concept bottleneck framework, which is the first design for medical
imaging, improving both label efficiency and interpretability.

* A hypergraph-enhanced concept representation learning (HECRL) introduced to model
high-order inter-concept relationships, enhancing diagnostic reasoning accuracy.

* A Hypergraph Image Dynamic Pseudo-labeling (HIDP) generation strategy developed,
leveraging adaptive features to robustly exploit unlabeled data.

* Extensive experiments are conducted on a newly curated Placenta Accreta Spectrum
dataset, public breast ultrasound and dermoscopic image datasets, demonstrating its ef-
fectiveness and state-of-the-art performance against existing methods.

2 RELATED WORK

Concept Bottleneck Models (CBMs) have emerged as a promising approach for enhancing in-
terpretability in deep learning. CBMs introduce an intermediate concept layer between input
and prediction, enabling models to make decisions based on human-interpretable concepts. Early
works (Koh et all, 2020; [Espinosa Zarlenga et al, [2022)) demonstrated CBMs could improve gen-
eralization and transparency, though they suffered from performance degradation compared to tra-
ditional black-box models and required expensive manual annotations. To address this, recent ef-
forts (Chauhan et al., 2023} [Oikarinen et al.}[2023)) proposed interactive CBMs that selectively anno-
tate concepts and label-free CBMs that eliminate the need for labeled concept data. However, they
heavily rely on large language models like GPTs, which have reliability issues (Lai et al., [2023),
and severely undermine their interpretability. Studies like (Magister et al., 2021} [Barbiero et al]
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Figure 2: Overview of HyperCBM, a hypergraph-driven semi-supervised concept bottleneck model
for ultrasound imaging. The framework integrates Hypergraph-Enhanced Concept Representation
Learning (HECRL) for high-order inter-concept modeling via adaptive hypergraph propagation, and
Hypergraph Image Dynamic Pseudo-labeling (HIDP) for reliable pseudo-label generation.

2024) map graphs to concept spaces using clustering and human-in-the-loop strategies to improve
transparency. CBMs work in the image field also include the works of (Havasi et al.| [2022; |Kim
et al.| 2023aj [Sheth & Ebrahimi Kahoul [2023). Despite this progress, few approaches explore label
efficiency, achieving scalable CBMs by semi-supervised learning in clinical applications.

Semi-supervised learning (SSL) is widely used in medical image diagnosis where labeled data is
scarce and expensive to obtain. Classical SSL strategies include pseudo-labeling (Kamraoui et al.,
20215 |Li et al., 2020b)), consistency regularization (Gu et al.| 2025} | Xiao et al., |2025), and hybrid
methods like MixMatch (Berthelot et al., [2019) and FixMatch (Sohn et al.l 2020). In diagnosis-
oriented tasks, POPCORN (Kamraoui et al., 2021) introduces progressive pseudo-labeling guided
by feature similarity to improve classification in liver and lung cancer. MemSAM (Deng et al.|
2024) utilizes a memory bank of anatomical priors to generate pseudo-masks without manual la-
bels. Graph-based SSL has also shown promise in classification settings. For instance, GraphX-
NET (Aviles-Rivero et al.| 2019) models chest X-ray data with graph structures, and NoTeacher (Un-
nikrishnan et al.l 2021)) combines consistency regularization with probabilistic graphical models to
impose structural constraints. While these methods have achieved strong performance in medical
diagnosis, they are predominantly based on black-box models and neglect model transparency and
interpretability.

Visual Graph Learning combines visual representation with structured relational reasoning and
has become an effective paradigm for modeling high-order semantics in vision tasks. Unlike tra-
ditional CNNss or self-attention models that operate over local pixel or patch-level features, graph-
based methods construct relational graphs where each node represents a data instance or image
region, and edges encode semantic affinities (Zhul 2005; (Chong et al., [2020; |Song et al.| 2022]).
These approaches allow models to incorporate both explicit and latent relationships, offering a
more structured understanding of similarity. Recent works incorporate hypergraphs to capture richer
multi-way relationships beyond pairwise interactions. Hypergraph-based methods (Gao et al., 2012}
Huang et al.| [2009) have been applied to GNNs (Han et al., |2023}; [Srinivas et al.| [2024) for better
representation learning. HgVT (Fixelle, |2025) propose dynamic hypergraph construction guided
by feature similarity and regularization strategies, enabling structure-aware learning directly within
vision transformer architectures. These advances demonstrate the potential of structured learning
for enhanced generalization in complex visual recognition tasks. However, none of them explore
inter-concept relationships for interpretability.

3 METHOD

In this section, we introduce our method HyperCBM enabling explainable and data-efficient med-
ical image diagnosis. We first present its preliminaries. Then, we provide a detailed description of
the Hypergraph-Enhanced Concept Representation Learning (HECRL) and Hypergraph Im-
age Dynamic Pseudo-labeling (HIDP) components. The overall framework is illustrated in Fig.[2]
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3.1 PRELIMINARY: CBM AND SSCBM

CBM (Koh et al., 2020) is a class of interpretable models designed to predict a target y € Y from
an input x € X through an intermediate concept space C. The concept set C' = {p1,...,p:}
consists of ¢ binary concepts provided by experts. The training dataset is represented as D =
{(z(3),y(), c(i))} ¥, where for each sample 4, z(i) € X C R? is the input image, y(i) € Y C R!
denotes the label with [ classes, and ¢(?) = (¢}, --- , ct) € {0, 1}* is the concept vector indicating the
presence or absence of each concept. CBM learns two mappings: a concept encoder g : RY — R?,
which transforms the input  into the concept space ¢ = g(z), and a label predictor f : R* — R/,
which maps the concept vector ¢ to the final prediction § = f(¢).

CEM (Espinosa Zarlenga et al., [2022) mitigates CBM-induced performance degradation using
high-dimensional concept embeddings. For each input z, CEM generates ¢ concept embeddings

é1,¢é2,...,¢, where each concept ¢; is represented by two embeddings ¢, ¢, € R™, correspond-
ing to the “TRUE” and “FALSE” states of the concept respectively. These embeddings are generated
using a DNN ¢ (x) to produce a latent representation h € R"™, followed by concept-specific fully
connected layers: ¢; = ¢;(h). A differential scoring function s : R?"™ — [0, 1] is used to align the
embeddings with ground truth concepts, predicting the probability p; = o(Ws[¢],é7]T + bs) of
concept c; being active. The final concept embedding is computed as:

CEM generates high-quality concept embeddings enriched with semantic information, enhancing
both interpretability and task accuracy. However, this benefit comes at the cost of dense expert
annotations on concepts. SSCBM (Hu et al.| 2024) extends CEM by leveraging limited labeled data
with abundant unlabeled data, reducing the concept annotation burden. In SSCBM, the input set X
is divided into two disjoint subsets for semi-supervised setting: X = X, U Xy, where X7, represents
a small subset of labeled data and Xy denotes the remaining unlabeled data, with |X| < |Xy|.
For z(9) € X 7., both concept annotations ¢\ and class labels y(j) are available. For z(9) € Xy,
only the class label y(¥) is accessible. Under these settings, given the combined training dataset
D = Dy UDy, where Dy, = {(z\9), 4, c(j))}‘j)iﬁl and Dy = {(x(i),y(i))}L):(U‘, the objective is
to jointly leverage both labeled and unlabeled data to train a CEM.

3.2 HYPERGRAPH-ENHANCED CONCEPT REPRESENTATION LEARNING

Traditional CBMs overlook high-order semantic relations between concepts, which are crucial
for capturing complex patterns in medical imaging, while the hypergraph structure effectively
models multi-way correlations, representing their dependencies beyond the pairwise connections
of traditional graphs. Specifically, we construct an image-level concept embedding hypergraph
He = (Ve, Ec, W,) for each image in a batch, where V. denotes ¢ concept embeddings in total
{é'}t_,, with each & € R™, in which m is the dimensionality of a single concept embedding. H..
is instantiated once per image, while the subsequent HGNN+ layers share weights across all images
in a batch. Here, &, represents adaptively formed concept clusters, while W, reflects the relative
importance of each hyperedge. The detailed process is described below.

3.2.1 ADAPTIVE HYPERGRAPH CONSTRUCTION

Considering high-order semantic relationships, we first quantify pairwise relationships between con-
cepts using cosine similarity in each image. This measure ensures that hyperedges are formed among

&gl

semantically related concepts: S;; = e The resulting similarity matrix S € R**? serves as
the foundation for adaptive hyperedge construction. Traditional methods often rely on fixed k-
nearest neighbors, which may not reflect the varying semantic density among concepts. To address
this, we define an adaptive target neighborhood size:

Einie = max (| ¢ X initial_ratio |, kmin) (D

where initial _ratio and ky,;, are predefined hyperparameters controlling the neighborhood scale. The
outer max(-) selects the densest local region as an upper bound so that even concepts located in tight
clusters retain sufficient neighbours.
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To ensure consistent semantic cohesion, we compute a global similarity threshold 7 based on the
average similarity across the top-kin; neighbors:

1<~ 1

T=-

t Kini
i=1 it

Sij. ()
J€top-kinit (Sij)
Based on 7, we update the adaptive neighborhood size k and construct hyperedges for each concept:
k = max [ min maxZﬂSm>T,t =1, ki |, 3)
T
el = {c¢ | S;; > 7 and among top-k similarities}. 4)

Each such set ¢ C V, forms a hyperedge centered on concept ¢?, capturing its most semantically
related neighbors under a similarity threshold. Collectively, these egocentric hyperedges define the
full hyperedge set £ = {el,e?,...,el}, which constitutes the concept-level hypergraph H,. =
(Ve, Ec, W,). This adaptive process ensures that hyperedges capture semantically coherent concept
clusters, providing a flexible and robust representation of high-order dependencies.

3.2.2 ATTENTION-DRIVEN HYPEREDGE WEIGHTING

To ensure that the model prioritizes clinically relevant concept clusters, we introduce an attention-
driven weighting mechanism. This mechanism dynamically assigns weight scores to hyperedges,
highlighting semantically salient relationships.

For each hyperedge e € &, that connects k concepts, we aggregate the corresponding concept em-
beddings C¢ € R¥*™ and project the embeddings into a shared d,-dimensional latent space:

Q =WoCe K = WiCe,V =Wy C-, (5)

where Wo, Wg, Wy € R™*da are learnable parameters and Q, K,V € RFX% . We compute
attention scores o to capture the importance of each hyperedge by its internal semantic consis-

tency: af = softmax (QK T \/&) € RFXF ¢ reflects the alignment of concept embeddings
within a hyperedge. We then derive a scalar, unnormalised importance by aggregating the attention-
reweighted value features across nodes within the hyperedge. Specifically, we compute the mean of
attention-weighted value features V,¢ € R**9e o obtain a representative feature vector V¢ € Rde
that captures the collective semantic information.
k

Ve = 22 (aV),, vl = |V, ©)
i=1
The ¢5-norm then quantifies the semantic coherence and feature activation intensity of this aggre-
gated representation, serving as a measure of the hyperedge’s clinical relevance and conceptual
consistency. We then apply a softmax operation over all hyperedges belonging to the same image.
This attention-driven weighting mechanism ensures that the model dynamically focuses on concept
clusters that are more relevant to clinical outcomes:

@ = M. (7)
Z exp(wi )
e'e€.

The normalised coefficients {w¢ }.c¢, populate the diagonal matrix W,, which is used as the hyper-
edge weight matrix in subsequent HGNN™ propagation.

After constructing the hypergraph with adaptively weighted hyperedges, we employ HGNN+ lay-
ers (Gao et al., 2022) for high-order semantic reasoning. Unlike traditional HGNN (Feng et al.,
2019), HGNN+ integrates vertex-to-hyperedge (V2E) aggregation and hyperedge-to-vertex (E2V)
propagation into a single compact formulation. Given the concept embeddings égl) at the [-th layer,
the HGNNConv+ layer is defined as:

& = o (D, HWD H 00 + &), )
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where H is the hypergraph incidence matrix encoding V2E relations, D,, and D, are the vertex and
hyperedge degree matrices for E2V propagation, ©() represents the learnable parameters at layer I,
and o(+) is a non-linear activation function. The final layer result can be denoted as Ceoncept- Note
that residual connections are applied to enhance training stability and mitigate over-smoothing. The
resulting Ceoncept 15 forwarded to unlabelled data concept prediction and subsequently to the final
classification head.

3.3 HYPERGRAPH IMAGE DYNAMIC PSEUDO-LABELING

To overcome the limitations of pseudo-labeling in SSCBM (Hu et al., 2024), particularly the lack
of domain-specific semantics, we propose Hypergraph Image Dynamic Pseudo-labeling (HIDP).
HIDP constructs an image-level hypergraph on semantic feature maps to improve pseudo-label se-
lection through hypergraph-based feature aggregation, dynamic pseudo-label generation, and en-
hanced alignment.

3.3.1 HYPERGRAPH CONSTRUCTION ON SEMANTIC FEATURE MAPS

Given an unlabeled image sample x, we extract its semantic image feature map as a vertex using
an image encoder. To incorporate contextual relationships, we select the K -nearest labeled sam-
ples based on similarity in the feature space. To capture high-order spatial correlations among these
feature maps, we construct an image-level hypergraph H = (V,€). Following a distance-based
hypergraph paradigm (Feng et al.,[2024), each spatial feature point (p, ¢) in the h x w grid corre-
sponds to a vertex in the hypergraph. For each vertex v, an e-ball hyperedge includes all neighboring
vertices u satisfying a distance constraint in the feature space. This construction ensures that each
hyperedge represents a local semantic neighborhood within the image feature space. Note that hy-
peredges are confined to a single image; cross-image information is introduced only through the
subsequent pseudo-label aggregation step.

3.3.2 HYPERGRAPH-DRIVEN DYNAMIC PSEUDO-LABEL GENERATION

To model high-order dependencies among feature points, we apply a single hypergraph convolu-
tional layer with residual connections as:

V=V+D;'HWD;'H'VO, 9)

where V represents vertex features, H the hypergraph incidence matrix, D, and D, the vertex and
hyperedge degree matrices, respectively, and © the learnable parameters. This operation enables
each vertex to aggregate information from its connected hyperedges, capturing contextual semantic
relationships within the image. Then we compute the Euclidean distance d; = ||[V* — V}!|| between
the feature of the unlabeled sample V* and its K neighbors {V/}X | with labeled concepts {c} X .
The final pseudo-label Eyseudo is calculated as:

(1/d) S
P = s Cpseudo — i G 10
TSR () e T e o

3.3.3 SEMI-SUPERVISED TRAINING

To enhance concept interpretability while maintaining classification performance, for labeled data,
we define concept loss £, using binary cross-entropy (BCE) to enforce consistency between pre-
dicted concepts ¢ and ground-truth labels c. For unlabeled data, we introduce the alignment loss
Laiign to enforce coherence between concept embeddings and image features. We derive épyper from
the semantic feature map V' and updated concept embeddings €concep Via heatmap-based operations
and align it with similarity-based concept labels épseudo using BCE as Lqji4n. The task loss Liasi
ensures accurate classification by mapping concept embeddings Econcepe to final predictions ¢ via a
label predictor g(-), optimized with categorical cross-entropy. The overall objective is formulated as

L= Etask + )\lﬁc + )\2£aligna (11

where A\; and Ao balance interpretability and classification accuracy in semi-supervised setting
(See Implementation Details). We define £, = BCE(¢, c) for labeled samples and Lyign =
BCE(éconcepl7 épseudo) for unlabeled ones, where Cconcept is Obtained via attention-based decoding.
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Table 1: Results of concept and task accuracy and AUC across PAS, BrEaST, and SkinCon datasets
with different labeled data ratios. ‘*’ denotes the model trained in a fully supervised setting.

PAS | BrEaST | SkinCon

Method Labeled Ratio ‘

Concept Acc.  Class Acc.  Concept AUC  Class AUC | Concept Acc. Concept AUC ~ Class AUC | Concept Acc.  Class Ace.  Concept AUC  Class AUC

0.01 7021144 57334988 S52.67+197 76214748 | 64.26+6.43 53754206 673241447 | 86081106 7233:111  50.52+0.68  57.57+2.54

0.1 81.61+0.88  76.8943.85  64.43+1.27  88.40+2.51 | 72.49+3.90 56.66:+3.96 88341051  73.99+£096  5459+2.03  70.53%3.09

02 83.07+0.70  76.5942.84  67.08+2.05  90.57+1.60 | 71.99+2.49 55.26:43.51 89.061025  75.76+£0.99 5671154  74.39+1.68

HyperCBM 04 84194111 78.82+4.18  68.20+3.00 90.48+3.03 | 76.25+2.81 61.934.69 89.874022  75.86+0.80 6014123  7534+098
0.6 8557083  80.5+1.65  71.25+191 9333246 | 77.81+1.40 62.70:£4.70 90.13£045  75.48£0.29  61.03£089  77.641.77

0.8 85.57+0.86 81934349  71.89+1.36 91.95+1.44 | 76.08+1.83 57.52+4.85 90.12+034 7592093 6073186  7530+1.14

HyperCBM* 10 84.93:0.93  79.8542.36  71.45+190 92.51+2.18 | 78.88+1.33 64.13+3.34 80612682  90.43+0.22 77481120 6234061  79.86:1.45
CBM* 10 79.85+2.50 75851051 64.64+7.29 88914834 | 76.30+029  70.98+£10.03  59.08+2.55  79.88£4.65 | 90244032 7243+121  61.72+0.83  69.37+1.73
CEM* 10 7814224 7784252 6167266 9109152 | 76364345 71762640  58.92+581 90334033  76.10£2.02  6222+0.82  78.42+1.33
ResNet* - N/A 78.22+2.55 N/A 91.09:2.09 N/A 74.12+3.37 N/A 80.50+3.85 N/A 77.88:0.92 N/A 77.550.80

Table 2: Evaluation with concept labeled ratios of 0.1, 0.4 on three datasets. Best results are in bold,
second-best are underlined.

Labeled Ratio  Method | PAS | BrEaST | SkinCon
| Concept Ace.  Class Ace.  Concept AUC _ Class AUC | Concept Acc. _ Class Acc.  Concept AUC Class AUC | Concept Acc. _ Class Ace.  Concept AUC _ Class AUC

CBM 77.54£1.797  65.93+11.52  57.63+5.05  83.1449.55 | 68.16:0.96  61.96+5.63  52.67+1.97  47.02+12.94 | 88.174+0.44  72.43+1.21  50.48+0.11  53.70+3.68
CEM 71.23+1.82 69.92+3.88 53.52+2.82  86.03+3.06 | 68.13+228  61.57+535  50.79+2.51 58.08+7.19 87.94+0.94  74.14+0.14  53.5442.81  70.69+3.54
SSCBM | 73.77+2.55 73.784+2.99 56.2844.04  88.68+1.85 | 71.4343.09 61.574+5.77 52.9044.26  62.87+10.62 | 87.97+0.99  73.92+0.63  53.0842.47  69.93+3.59
Ours 81.61+0.88  76.89+3.85 64.43+1.27  88.4042.51 | 72.49+3.90 65.49+7.08  56.66+3.96 70.31+£9.70  88.34+0.51 73.99+0.96  54.59+2.03  70.534+3.09

CBM 79.3342.14 73.634+9.14 62.724+6.01 87.66+8.81 70.93+1.07  61.57+5.35  52.28+42.01 50.86+7.83 89.794+0.18  72.43+1.21 54.93+1.77  64.25+4.13
CEM 70.13+1.60  70.37+3.71 51.47+1.94  85.16+3.53 3.50+1.78  66.28+8.54  54.97+2.68 80.45+4.49 88.824+1.22  74.49+1.11 57.4243.19  72.69+3.66
SSCBM | 78.16+3.81 76.44+1.65 60.51+3.67  89.96+2.02 | 73.89+2.06 72.94+6.83  56.17+3.23 81.46+2.18 88.78+1.31  74.89+0.76  56.46+2.83  72.16+3.63
Ours 84.11+1.11 78.67+4.18 68.73+3.00  92.41+591 | 76.25+2.81 75294422  61.93+4.69 80.1142.42 89.87+0.22 75.86+0.80  60.14+1.23  75.34+0.98

4 EXPERIMENTS

4.1 DATASETS AND SETTINGS

We evaluate our framework on three datasets: a newly collected ultrasound Placenta Accreta Spec-
trum grading dataset (PAS), a public ultrasound breast lesion diagnosis dataset BrEaST (Pawiowska
et al.| 2024)), and a public dermoscopic imaging dataset Skincon (Daneshjou et al., [2022).

PAS is a newly collected placenta-accreta-spectrum ultrasound dataset that contains 671 scans ac-
quired from multiple vendors and annotated with three severity levels and 45 clinically curated
concepts. Candidate concepts are extracted by HuatuoGPT-Vision and confirmed by two senior ob-
stetric radiologists. The detailed dataset statistics are described in Appendix. BrEaST originally
contains 256 breast ultrasound scans with 7 concepts from BI-RADS descriptors and 3 diagnostic
labels. Following (Wang et al., 2024)), we exclude the Normal category, and finally use the 254 ab-
normal images with malignant and benign categories. SkinCon selects 3,205 dermoscopic images
from Fitzpatrick-17k (Groh et al., [2021), covering Malignant, Benign, and Non-neoplastic lesions.
Two dermatologists densely labelled 48 clinical concepts, of which the 22 occurring in at least 50
images are retained, consistent with (Wang et al., 2024). For all three datasets, images are centre-
cropped and resized to 224 x 224; data are randomly split into training, validation, and test subsets in
a7:1:2ratio. Every experiment is repeated with five fixed random seeds, and results are reported
as mean * standard deviation.

We compare with the following baselines: CBM (Koh et al., |2020), CEM (Espinosa Zarlenga et al.,
2022), and SSCBM (Hu et al.}[2024) in full-supervised and semi-supervised settings. For evaluation,
we use the Area Under the Receiver Operating Characteristic Curve (AUC), Accuracy (ACC) as
disease diagnosis and concept detection tasks.

Implementation Details. All experiments were conducted on a single NVIDIA RTX 4090 GPU.
We employ a ResNet (He et al.,|2016) backbone as the image encoder, specifically using ResNet34
for the BrEaST and PAS datasets, and ResNet50 for the SkinCon dataset. Both the concept adapters
and the aggregator are implemented as fully-connected layers. The image encoder within the con-
cept encoder, denoted as (), and the unlabeled image encoder () share their weights. To strictly
enforce the stability of pseudo-label generation during training, the image encoder Q (z) utilized to
extract features for ISHC module remains frozen throughout each training epoch. Then the weights
are updated at the end of each training epoch by synchronizing the latest optimized parameters of
1 (x). We train all models end-to-end utilizing the Adam optimizer. The models for BrEaST, PAS,
and SkinCon are trained for a maximum of 150, 250, and 100 epochs, respectively. The correspond-
ing learning rates are set to 5 x 10™% for BrEaST and PAS, and 5 x 10~ for SkinCon. To prevent
overfitting, we employ an early stopping strategy with a patience of 5 epochs, monitoring the valida-
tion loss. For HECRL, the number of nearest neighbors for a hyperedge, kpyin, is set to 2 for BrEaST
and 3 for the more concept-diverse PAS and SkinCon datasets. The radius for the e-ball hyperedge,
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Placental lacunae: Present Placental location: Previa Retroplacental space: None

Shape: Irregular Posterior Feature: Shadowing Halo: Yes

Figure 3: Interpretability Visualization: (a) Concept saliency maps on the PAS dataset, highlight-
ing learned concepts (e.g., placental lacunae, retroplacental space). (b) Concept saliency maps on
the BrEaST dataset, capturing key diagnostic features (e.g., 1rregular shape, posterior features).

Class AUC

Skin_Thickening
—=— Class ACC

@
S

ERROR

&
o
g ) [1.00 ... 0.00] —> benign
©
70
§ Intervention
L
& 60|
g o1
0.1 0.2 0.4 0.6 0.8 1.0 [1.00 ... 1.00] —

malignant

Intervention Threshold

Figure 4: Test-time mterventlon results on the PAS dataset: (a) Any concept whose score exceeds
the intervention threshold is forced to zero. This intervention causes a nearly monotonic degrada-
tion in diagnosis. (b) An example demonstration of test-time intervention, where correcting ”Skin
Thickening” shifts the prediction from benign to malignant, improving diagnosis results and demon-
strating model applicability.

€ is fixed at 6 across all datasets. The loss balancing weights (A1,\2) are empirically configured
to (0.5,0.1), (1.0,0.1), and (2.0,1.0) for the BrEaST, PAS, and SkinCon datasets, respectively. (See
Appendix for details)

4.2 QUANTITATIVE COMPARISON

In Tab. we present a comprehensive evaluation of HyperCBM’s performance in a semi-
supervised setting, systematically varying the proportion of labeled data from 1% to 80% across
three distinct datasets: PAS, BrEaST, and SkinCon. The results are benchmarked against several
fully supervised models, including our own HyperCBM, traditional CBM, CEM, and a standard
ResNet backbone. On the PAS dataset, HyperCBM shows a clear and consistent improvement with
increased supervision concept label ratio. Concept accuracy rises from 70.21% to 85.57%, and class
accuracy increases from 57.33% to 81.93%. A key finding is the model’s high data efficiency: with
only 40% of labeled data, HyperCBM’s class accuracy (78.82%) is already competitive with the
fully supervised ResNet34 model (78.22%) and superior to CBM (75.85%) and CEM (77.78%).
The model’s performance on the BrEaST and SkinCon datasets further validates its capabilities.
On BrEaST, despite some performance fluctuations attributable to the dataset’s limited number of
concept annotations (7 concepts), HyperCBM with 40% labeled data still surpasses other fully su-
pervised concept models in task accuracy. On SkinCon, the performance progression is more stable,
with our model at 20% supervision (75.76% class accuracy) nearing the performance of the fully
supervised CEM (76.10%). Collectively, these experiments demonstrate that our semi-supervised
HyperCBM is highly effective in low-ratio concept label regimes, achieving performance compara-
ble or superior to fully supervised baselines with significantly less data. Thus, HyperCBM offers
a robust solution that maintains high task accuracy while providing model interpretability, which is
especially valuable in label-constrained scenarios.

Table 2| ablates HyperCBM against leading semi-supervised baselines to verify its architectural
advantages. The results yield two central conclusions: 1) HyperCBM consistently outperforms ex-
isting methods in low-data regimes, and 2) its performance advantage often scales with increased
data availability. Even with only 10% of labels, HyperCBM establishes a substantial performance
margin. On the PAS dataset, it leads the next-best method by +3.11% in class accuracy, while on
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Table 3: Ablation study on PAS and BrEaST datasets (labeled ratio = 0.1). Best results are in bold,
second-best are underlined.

HECRL HIDP | PAS | BrEaST
‘ Concept Acc. Class Acc. Concept AUC  Class AUC ‘ Concept Acc.  Class Acc.  Concept AUC  Class AUC
- - 73.64£2.77 7200+2.75 5582+347 88.19£1.25 | 69.19+£3.52 6549+6.28 50.12+4.42 69.09 £ 6.54
v - 8042+ 188 7244+1147 6316437 8733£6.07 | 71.60+3.12 63.53+590 5541+4.56 70.11+9.48
- v 80.64+0.67 7570+4.07 63.86+221 90.16+1.39 | 70.65+348 63.14+338 54.11+256 6731 +£6.04
v v 81.61£0.88 76.89+3.85 6443+127 8840+2.51 | 7249390 6549+7.08 56.66+3.96 70.31%9.70

BrEaST, it achieves top performance across all four metrics. Crucially, this performance gap widens
at the 40% label ratio, highlighting our model’s superior scalability. For instance, its concept ac-
curacy leads on PAS grows to +4.78%, and it surpasses all competitors across all metrics on the
SkinCon dataset. The consistent outperformance and scalability strongly suggest that HyperCBM’s
architecture is fundamentally more effective at leveraging heterogeneous supervision signals. Un-
like baselines whose gains may plateau, HyperCBM is more adept at integrating semi-supervised
information, leading to more robust concept representations and superior task accuracy. This firmly
establishes HyperCBM as a new state-of-the-art for semi-supervised concept-based learning.

4.3 INTERPRETABILITY AND TEST-TIME INTERVENTION

Clinical Interpretability We generate concept activation maps with Grad-CAM (Selvaraju et al.,
2017) for PAS and BrEaST test images, rescaling the heat-map intensity by the corresponding con-
cept scores. Two board-certified radiologists independently examined the overlays and agreed that
the highlighted regions coincide with the intended medical concepts. The upper-left panel in Fig. 3]
shows the raw ultrasound image; the remaining panels depict selected concepts together with their
activation maps (warmer colours indicate stronger evidence). Across both datasets, the highlighted
areas match the regions that clinicians rely on for diagnosis, underscoring the practical plausibility
of the model’s concept-level explanations.

Test-time Intervention To assess faithfulness, we perform test-time interventions by applying a
series of confidence thresholds 7€ {0.1,0.2,0.4,0.6,0.8, 1.0} to the concept prediction scores: any
concept whose score exceeds 7 is forced to zero, following Wang et al.|(2024)). A smaller 7 therefore
eliminates a larger fraction of high-confidence concepts, enabling us to examine how sensitive the
final diagnosis is to the removal of concept evidence. As shown in Fig. [ intervention causes a
nearly monotonic degradation in diagnosis: with the harshest setting (7 = 0.1), Class AUC drops
from 86.67 % to 70.21 % and Class ACC from 72.89 % to 56.44 %. Performance steadily recovers
as 7 increases, reaching 84.14 % AUC and 71.26 % ACC at 7 = 0.8, and returning to baseline when
no concepts are masked (7 = 1.0). The consistent decline confirms that the classifier relies strongly
on the predicted concepts: the more evidence we suppress, the larger the performance loss.

4.4 ABLATION STUDY

As shown in Tab. [3] we evaluate the contributions of HECRL and HIDP individually and in com-
bination. The primary role of HECRL is to significantly enhance the model’s concept-level under-
standing. Its inclusion leads to a dramatic concept accuracy boost of +6.78% on PAS and +2.41%
on BrEaST. This demonstrates HECRL'’s remarkable effectiveness in refining concept representa-
tions by modeling their inter-dependencies. Complementing this, HIDP is instrumental in improv-
ing downstream task performance. It delivers a substantial +3.70% gain in class accuracy on PAS,
showecasing its strength in effectively mapping the learned concepts to the final prediction. This
highlights its crucial role in bridging concept and task learning. (See Appendix for more ablations)

5 CONCLUSION

In this work, we design a semi-supervised concept bottleneck model HyperCBM for interpretable
medical image diagnosis, addressing the limitations of inter-concept dependency modeling and
pseudo-label reliability. By introducing a concept-level hypergraph for structured reasoning and an
image-level hypergraph for adaptive pseudo-labeling, our framework improves both interpretability
and diagnostic accuracy. Experiments on our collected PAS dataset, breast ultrasound and dermo-
scopic image public datasets demonstrate superior interpretable performance over existing CBMs
methods. This presents a powerful baseline for concept label-efficient medical image analysis and
facilitates clinical applications.
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A APPENDIX

This appendix provides supplementary materials to complement the main paper, including LLM
usage declaration, detailed dataset descriptions and an in-depth hyperparameter analysis.

For the purpose of reproducibility and thorough peer review, the core module code in our project
is anonymously available at the following link: https://anonymous. 4open.science/r/
HyperCBM-ICLR-Submission. The full code and dataset will be available once accepted.

Below, we outline the contents of the appendix:

* Section 1 documents the usage of Large Language Models (LLMs) in the manuscript
preparation, clarifying their role in language refinement while emphasizing that all sci-
entific contributions originate from the authors.

* Section 2 offers comprehensive descriptions of the three datasets employed in our study:
the public benchmarks BrEaST and SkinCon, and our newly proposed Placenta Accreta
Spectrum (PAS) dataset. This section elaborates on the data composition and details our
hybrid concept annotation pipeline for the PAS dataset, which combines a Vision-Language
Model with rigorous validation from clinical experts.

* Section 2 presents a comprehensive sensitivity analysis for the critical hyperparameters,
such as A\; and A,. It includes the experimental setup and a thorough discussion of the
results, providing empirical justification for our chosen configuration and illustrating the
inherent trade-off between classification performance and concept interpretability.

A.1 SECTION 1: LLM USAGE

We employed Large Language Models (LL.Ms) to assist in the preparation of this manuscript, specif-
ically for improving clarity, readability, and overall presentation. The LLM was used for tasks such
as rephrasing sentences, checking grammar, and enhancing the fluency of the text. Importantly, the
LLM was not involved in any aspect of the research design, methodology, data analysis, or concep-
tual development. All scientific ideas, experimental procedures, and analytical insights were solely
conceived and carried out by the authors. The role of the LLM was strictly limited to language
refinement. The authors retain complete responsibility for the manuscript’s content and have en-
sured that all LLM-assisted edits comply with ethical standards and do not constitute plagiarism or
scientific misconduct.

A.2 SECTION 2: DATASET DETAILED DESCRIPTIONS

This section details the three datasets utilized in our study. We first introduce two publicly available
benchmark datasets, BrEaST (Pawtowska et al.,[2024) and SkinCon (Daneshjou et al., 2022}, which
serve as a basis for comparison. We then provide a comprehensive description of one of our main
contributions, the proposed Placenta Accreta Spectrum (PAS) dataset. A detailed list of information
for each dataset can be found in Table @ For experiments, we follow a consistent data-splitting
strategy. The images for each dataset are randomly partitioned into training, validation, and test
sets with a 7:1:2 ratio and preprocessed by taking a center crop to a uniform size of 224x224
pixels. To ensure robust evaluation, every experiment is repeated five times using fixed random
seeds (1,2, 42,2024, 2025), and we report the results as mean =+ standard deviation.

A.2.1 PUBLICLY AVAILABLE BENCHMARK DATASETS

BrEaST The BrEaST dataset (Pawlowska et al.,[2024) is a collection of breast ultrasound images
annotated with seven concepts derived from the BI-RADS descriptors. The full dataset comprises
256 images. Following the experimental setup in (Wang et al., 2024), we utilize the 254 images
corresponding to Benign and Malignant diagnoses for our experiments.

SkinCon Our study utilizes the SkinCon dataset (Daneshjou et al.| [2022)), which originates from
the Fitz17k collection of 3,691 images (Groh et al.,2021)). From the 3,673 publicly available images,
we curate our adopted dataset following the two-stage methodology of Wang et al.| (2024). To
ensure statistical robustness, we first distill the original 48 concepts into a list of 22, retaining only
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Table 4: A detailed list of the concept labels, modality, and category counts for the BrEaST, Skin-
Con, and PAS datasets. Each concept represents a distinct visual or clinical feature for analysis.

Dataset Used Concept List Modality Categories

BrEaST  Irregular SHape (IRS), Not Circumscribed Margin  Ultrasound Malignant
(NCM), Hyperechoic or Heterogeneous Echogenicity Benign
(HoHE), Posterior Features (PF), Hyperechoic Halo
(HH), CALcifications (CAL), Skin Thickening (ST)

SkinCon PAPule (PAP), PLAque (PLA), PUStule (PUS), BULla Dermoscopic ~ Malignant
(BUL), PATch (PAT), NODule (NOD), ULCer (ULC), Benign
CRUst (CRU), EROsion (ERO), ATRophy (ATR), Non-
EXUdate (EXU), TELangiectasia (TEL), SCALe neoplastic
(SCAL), SCAR (SCAR), FRIable (FRI), Dome-
SHaped (DSH), Brown-Hyperpigmentation (BrH),
White-Hypopigmentation (WhH), PURple (PUR),
YELlow (YEL), BLAck (BLA), ERYthema (ERY)

PAS Placental Location: Normal Location (NL), Low-  Ultrasound 1: Normal

lying (LL), Placenta Previa (PP) 2: Placenta
Placental Thickness: Thickness < 30 mm (7-3¢), Accreta
Thickness 30-50 mm (75¢.50), Thickness > 50 mm 3: Placenta
(Ts50) Increta

Retroplacental Space: Present (RPSp), Absent
(RPS ), None (RPSy)

Retroplacental Myometrium: > 1 mm (MY O~,),
< 1mm (MY O<,), Absence (MY O 4)

Bladder Line: Normal (BLy), Interrupted (BLj),
Absence with Bulge (BLsp)

Cervical Morphology: Normal (CX y), Incomplete
(CX7), Disappeared (CXp)

Retroplacental Flow: None (RFp), Normal (RFy),
Increased (RF7), Numerous/Confluent (RFN¢)
Global Flow: None (G Fj), Normal (G Fy), Increased
(GFr), Massive (GFyy)

C-Section History: None (CSp), One (CSp), >2
(CS>2)

Cysts: None (CY STp), Small (C'Y STs), Numerous
(CYSTy)

Fluid: None (FLDgy), Small (FLDg), Numerous
(FLDy)

Vendor: GE, Samsung, Canon, Mindray
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those with a minimum frequency of 50 samples. Subsequently, we filter the image corpus, keeping
only the images annotated with at least one of these 22 concepts. This process yields our final set
of 3,205 images, with a class distribution of Non-neoplastic (71.67%), Malignant (14.95%), and
Benign (13.39%).

The rationale for our curation process stems from the dataset’s characteristic long-tail concept dis-
tribution. A detailed analysis reveals that a small set of high-frequency concepts, such as Erythema
(present in 66.43% of images) and Plaque (60.97%), co-occurs with numerous low-frequency con-
cepts (e.g., Bulla at 2.00%). Furthermore, the resulting dataset exhibits a rich multi-label nature,
with each image annotated with 2.95 concepts on average, and the majority of samples (72.55%)
containing 2 to 3 distinct concepts.

A.2.2 THE PROPOSED PAS DATASET

To facilitate research in interpretable, concept-based diagnosis of Placenta Accreta Spectrum (PAS),
we introduce a new, expertly curated dataset.

Data Source and Composition The PAS dataset was collected from one top-tier Asian hospital
(Due to anonymity, we do not specify here). It consists of 671 ultrasound images from patients
diagnosed with varying degrees of PAS severity. Each image in the dataset is accompanied by two
types of labels:

» Task Label (y): A PAS severity level from one of three classes: Normal, Placenta Accreta,
Placenta Increta.

* Concept Labels (c): A set of 45 fine-grained concept annotations that describe the under-
lying ultrasound characteristics, which are organized into six categories.

Concept Annotation Pipeline We employed a rigorous two-stage pipeline to ensure the quality
and clinical relevance of the concept labels:

* Automated Concept Extraction via Multi-Prompting: We utilized HuatuoGPT-Vision
(Chen et al.,2024), a publicly available Vision-Language Model, for initial concept extrac-
tion. To elicit comprehensive and multi-faceted information from each image, we devel-
oped a structured hierarchy of prompts that were systematically applied. These prompts
were organized into four distinct categories:

— General Description (e.g., "Write a detailed description of the given image.”): To
capture broad visual features and context.

— Medical Feature Summary (e.g., "What specific patterns in the image suggest the di-
agnosis of placenta accreta spectrum?”’): To guide the model towards clinically signif-
icant findings.

— Clinical Scene Q&A (e.g., "What features in this ultrasound indicate placenta accreta
spectrum, and how would you classify its severity?”’): To probe the model’s diagnostic
reasoning capabilities.

— Targeted Concept Elicitation (e.g., "Identify the key medical terms and concepts re-
lated to this image.”): To directly extract relevant medical terminology.

This multi-prompt strategy generated a rich corpus of textual descriptions for each image,
forming the foundation for the subsequent validation stage.

* Expert Validation and Standardization: The text descriptions generated by the VLM
were subsequently reviewed and validated by two board-certified obstetricians, each with
over 5 years of experience in prenatal ultrasound. These experts filtered the extracted in-
formation and mapped it to the 45 predefined, standardized concept categories. This hybrid
approach combines the scalability of large language models with the precision of domain
expertise, yielding a high-quality dataset for building trustworthy Al models.
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A.3 SECTION 3: HYPERPARAMETER SENSITIVITY ANALYSIS

A.3.1 MOTIVATION

The hyperparameters \; and Aq in our overall objective function (Equation 11) are critical for bal-
ancing the model’s focus between three key objectives: task performance (L;4s1), concept super-
vision on labeled data (£.), and feature-concept alignment on unlabeled data (Li4n). The choice
of these weights directly influences the trade-off between final classification accuracy and the inter-
pretability afforded by the learned concepts. An imbalance could lead to a model that performs well
on the task but learns meaningless concepts, or vice versa.

A.3.2 EMPIRICAL FINDINGS

Sensitivity Analysis Overview To validate our hyperparameter configuration and provide a deeper
understanding of the model’s behavior, we conducted a comprehensive sensitivity analysis on the
PAS dataset, with results summarized in Table[5] This analysis investigates the impact of the con-
cept loss weight, A1, and the semi-supervised alignment loss weight, A2, across labeled data ratios
ranging from 1% to 80%. Our findings provide empirical justification for the operational point
(A1, A2) = (1.0,0.1) and elucidate the trade-offs inherent in our semi-supervised, concept-based
framework.

Effect of Concept Loss Weight (A1) We first examined \;, which controls the influence of the
supervised concept loss, L.. Increasing A; from 0.1 to 1.0 (while fixing Ao = 0.1) led to consistent
improvements in concept-centric metrics (Concept ACC and AUC). This confirms that stronger
supervision effectively guides the model toward accurate and interpretable representations aligned
with ground-truth concepts. However, this gain came at the cost of a slight but consistent reduction
in classification performance (Class ACC and AUC). More importantly, an excessively large weight
(A1 = 2.0) sharply degraded both task performance and concept generalization, suggesting that
over-constraining the model to the concept vocabulary impedes learning of complementary features.
Thus, A\; = 1.0 emerges as a balanced choice that maximizes concept alignment without unduly
sacrificing predictive accuracy.

Effect of Alignment Loss Weight ()\2) Simultaneously, we analyzed the sensitivity to Aq, the
weight for our proposed semi-supervised alignment loss, Laiign. This component is paramount
for leveraging unlabeled data. The analysis unequivocally demonstrates that model performance
is highly responsive to this parameter. Across all labeled data ratios, all four performance metrics
consistently peaked at Ay = 0.1. For instance, at a 5% labeled ratio, increasing A2 from 0.05 to
0.1 catapulted the Class ACC from 57.48% to 72.15%, underscoring the profound efficacy of the
alignment loss. Conversely, further increasing Ao beyond this optimal point resulted in a steady
performance decline. This behavior strongly suggests that while a modest alignment signal is highly
beneficial for regularizing the model and improving generalization, an excessive weight probably
introduces noise from the less reliable pseudo-labels, €pseudo, thereby corrupting the learned feature
space. This finding empirically validates our choice of Ao = 0.1 as the optimal weight to harness
the potential of unlabeled data.

Impact of Labeled Data Ratios We further evaluated performance under varying labeled data
ratios at the optimal hyperparameter setting. As expected, all metrics improved monotonically with
more labeled data, with the most substantial gains observed in low-data regimes (1% to 20%). Be-
yond this point, performance began to plateau, indicating diminishing returns. This highlights both
the robustness of our framework and the essential role of the semi-supervised component in ensuring
competitive performance when labeled data is scarce.

Summary This exhaustive analysis provides principled justification for our hyperparameter con-
figuration of (A1, A3) = (1.0,0.1) on the PAS dataset. It clarifies the interplay between direct
concept supervision, semi-supervised signal alignment, and task-specific objectives, demonstrating
that the chosen parameters achieve a robust balance between classification accuracy and concept
interpretability.
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Table 5: Sensitivity analysis of loss balancing weights on the PAS dataset. We vary \; (concept
loss) and A5 (alignment loss) under different labeled data ratios. Performance is reported as mean +
std over five runs. The configuration used in the main experiments is highlighted in bold; it shows
the trade-off between task performance and concept interpretability.

Labeled Ratio | Hyperparameters (A1, A;) [ Concept ACC | Class ACC | Concept AUC | Class AUC
Varying \y with fixed Ao = 0.1
(0.1, 0.1) 70.34 £1.20 81.48 £+ 2.65 53.23 £ 1.15 92.18 £ 1.48
(0.5,0.1) 69.58 £2.73 | 61.04+8.53 ‘ 53.03+1.34 | 78344729
{,0.1) 70.21+1.44 | 57.33+£9.88  52.67+£1.97 | 76.2147.48
(2,0.1) 69.49 +1.74 48.30 = 4.67 ‘ 50.37 +=1.02 54.04 £+ 6.30
0.01 Varying \o with fixed \y = 1
(1, 0.05) 68.35+£2.09 | 48.30£6.15 | 51.02£0.85 | 59.59 £4.96
(1,0.1) 70.21 +£1.44 57.33 £9.88 52.67 +£1.97 76.21 £ 7.48
(1,0.2) 68.96 +2.70 | 48.00+2.67 | 50.63+0.78 | 57.9449.43
(1,0.4) 70.294+1.44 | 52.30+£4.31 | 50.67+1.26 | 64.24 £6.72
(1, 0.6) 69.98+1.63 | 49.63+3.89 | 50.72+1.30 | 60.31 £10.28
Varying A\ with fixed A\ = 0.1
(0.1,0.1) 7436229 | 7985£1.09 | 57.67£1.32 | 92.53£0.95
0.5,0.1) 77.86 £1.28 | 75.41 £ 3.61 ‘ 61.06 +£1.31 | 88.70 +1.97
1, 0.1) T7.544+0.84 | 72.15+£2.08 60.18+1.79 | 86.25+1.99
(2,0.1) 72.60 £2.56 | 47.85+3.65 | 52.0842.00 | 63.29+5.63
0.05 Varying Ao with fixed \y = 1
(1,0.05) 7448 £1.68 5748 £4.81 ‘ 56.83 & 1.22 74.26 £ 3.58
,0.1) 77.54+0.84 | 72.15+2.08 60.18 £1.79 | 86.25+1.99
(1,0.2) 76.33+£2.06 | 58.22+7.05 | 5839+1.53 | 76.76 & 3.52
(1,0.4) 73.79+4.15 | 54.67+£7.37 | 53.01£2.67 | 67.79 £ 10.26
(1, 0.6) 71.73+3.58 | 51.56+4.97 | 51.87+3.45 | 60.68 £ 10.72
Varying Ay with fixed Ao = 0.1
(0.1,0.1) 7518 £ 211 80.44 £2.59 5821224 92.96 £ 0.96
(0.5,0.1) 81.76 £ 0.95 77.34 +£1.00 ‘ 65.00 = 1.67 90.68 + 1.77
(1,0.1) 81.61 +0.88 76.89 + 3.85 64.43 +1.27 88.40 + 2.51
(2,0.1) 76.894+2.04 | 55.26+3.85 | 56.63+£2.85 | 72.174+4.30
0.1 Varying Xy with fixed \y =1
(1,0.05) 80.10£1.08 | 71.55£5.19 | 62.85£1.45 | 83.99£3.39
{,0.1) 81.61+£0.88 | 76.89+3.85 64.43+1.27 | 88.40+2.51
(1,0.2) 80.92+1.24 69.04 +4.33 62.14 +=1.59 83.62 +4.58
(1,0.4) 75.42 £+ 3.67 57.48 £8.12 55.64 +=4.70 74.63 £7.31
(1, 0.6) 70.85+3.64 | 50.37+3.86 | 52.00+4.00 | 62.08+7.53
Varying \y with fixed Ao = 0.1
(0.1,0.1) 7354+2.69 | 81.63+£2.11 | 55.67+£3.39 | 92.91£1.08
(0.5,0.1) 83.234+0.47 | 80.30 +£2.41 ‘ 67.52+1.22 | 92.47+2.00
{,0.1) 83.07+£0.70 | 76.59+2.84  67.08£2.05 | 90.57+1.60
(2,0.1) 82.11 £ 0.96 7244 +£2.27 ‘ 65.34 +2.17 84.85 + 3.08
0.2 Varying Xy with fixed \y = 1
(1, 0.05) 83.09 £ 0.53 76.74 £ 4.48 ‘ 66.67 + 1.61 90.11 £ 2.19
1,0.1) 83.07+£0.70 | 76.59+2.84  67.08£2.05 | 90.57 +1.60
(1,0.2) 83.86+0.62 | 77.48+1.20 | 67.27+1.83 | 90.75+ 1.53
(1,0.4) 80.194+5.19 | 72.00+10.54 | 63.05+5.40 | 86.05+5.84
(1, 0.6) 75.08 +6.67 | 60.89 +£15.19 | 56.15+7.86 | 71.39 +16.71
Varying A\ with fixed A = 0.1
(0.1,0.1) 73.42£1.94 81.48 £2.10 55.37 £ 1.04 92.98 £ 0.53
(0.5,0.1) 84.15 £ 1.24 80.89 + 2.54 ‘ 68.52 + 2.54 92,47+ 1.77
1,0.1) 84.19+1.11 | 78.82+4.18 68.20£3.00 | 90.48 +3.03
(2,0.1) 79.75£5.96 | 65.194+13.14 | 62.96 +8.84 | 81.42+10.58
0.4 Varying Ao with fixed \; = 1
(1, 0.05) 8432£1.67 | 7T7.19£7.13 | 69.20£4.69 | 89.64 £4.06
1,0.1) 84.19+1.11 | 78.82+4.18 68.20£3.00 | 90.48 +3.03
(1,0.2) 84.50 £+ 1.65 76.74 £ 5.82 69.13 +4.11 89.76 +4.20
(1,0.4) 77.22+6.87 | 66.96 £12.48 | 58.93+9.03 | 82.00 =+ 9.05
(1,0.6) 74.124£6.22 | 63.11 +12.10 | 54.65+8.88 | 71.79 £ 17.28
Varying Ay with fixed Ao = 0.1
(0.1,0.) 73.95+£2.24 | 80.45£2.83 | 55.79£2.26 | 92.16 £2.65
(0.5,0.1) 85.11 £ 0.79 80.30 £ 1.91 ‘ 69.79 = 3.05 92.08 £ 2.41
(1,0.1) 85.57 +£0.83 80.15 £+ 1.65 71.25 +1.91 93.33 + 2.46
(2,0.1) 85.15 + 1.25 76.15 +£4.17 ‘ 70.53 + 2.66 89.51 +2.47
0.6 Varying Xy with fixed \y = 1
(1,0.05) 85.58£0.89 | 80.89£0.98 | 70.84£255 [ 92.04£1.20
{,0.1) 85.57+0.83 | 80.154+1.65 71.25+1.91 | 93.33+2.46
(1,0.2) 84.85+1.50 | 76.74+4.15 | 69.39+4.07 | 91.99+2.44
(1,0.4) 77.55+6.83 | 61.04+£13.19 | 58.01 £10.01 | 74.18 +12.55
(1,0.6) 73.15+6.40 | 50.22+20.51 | 54.71£9.15 | 62.33 & 20.30
Varying \y with fixed Ao = 0.1
(0.1,0.1) 72.34+2.10 | 80.30£3.43 | 53.88£2.58 | 92.45+£0.93
(0.5,0.1) 85.90+0.66 | 83.26 +2.55 ‘ 72.58 £2.45 | 93.60 +1.93
{,0.1) 85.57+0.86 | 81.93+3.49 T71.89+1.36 | 91.95+1.44
(2,0.1) 85.19+1.76 78.08 £5.79 ‘ 70.66 £ 5.77 89.08 = 3.72
0.8 Varying Xy with fixed \y = 1
(1, 0.05) 86.35 £ 0.74 81.48 £1.93 ‘ 73.35 £ 2.06 91.92 + 1.50
(1, 0.1) 85.57+0.86 | 81.93+3.49  71.89+1.36 | 91.95+1.44
(1,0.2) 81.06 +6.64 | 69.93 £20.20 | 66.10 +9.84 | 82.54 £ 18.05
(1,0.4) 78.374+8.93 | 62.224+22.37 | 62.99 £10.74 | 74.90 + 21.26
(1, 0.6) 73.75+8.33 | 58.22+20.17 | 57.40 +10.99 | 69.35 £ 20.02
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