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ABSTRACT

We investigate the approximation and estimation rates of conditional diffusion
transformers (DiTs) with classifier-free guidance. We present a comprehensive
analysis for “in-context” conditional DiTs under various common assumptions:
generic and strong Holder, linear latent (subspace), and Lipschitz score function
assumptions. Importantly, we establish minimax optimality of DiTs by leveraging
score function regularity. Specifically, we discretize the input domains into infinites-
imal grids and then perform term-by-term Taylor expansions on the conditional
diffusion score function under the Holder smooth data assumption. This enables
fine-grained use of transformers’ universal approximation through a more detailed
piecewise constant approximation, and hence obtains tighter bounds. Additionally,
we extend our analysis to latent settings. Our findings establish statistical limits for
DiTs, and offer practical guidance toward more efficient and accurate designs.

1 INTRODUCTION

We investigate the approximation and estimation rates of conditional Diffusion Transformers (DiTs)
with classifier-free guidance. Specifically, we derive score approximation, score estimation, and
distribution estimation guarantees for “in-context” conditional DiTs introduced by Peebles and Xie
(2023). We provide a comprehensive analysis under various data and score function assumptions, in-
cluding generic and strong Holder, linear latent (subspace), and Lipschitz score function assumptions.
Moreover, we show that the analysis of both conditional DiTs and their latent variants lead to the first
known minimax optimality of unconditional DiTs under the strong Holder data assumption.

Transformer-based conditional diffusion models are at the forefront of generative Al due to their
success as scalable and flexible backbones for image (Zhao et al., 2024; Wu et al., 2024a; Bao et al.,
2023; Batzolis et al., 2021) and video generation (Liu et al., 2024; Ni et al., 2023; Saharia et al., 2022;
Voleti et al., 2022). However, the theoretical understanding of conditional DiTs remains limited. On
the one hand, while prior work (Hu et al., 2024) reports approximation and estimation rates of DiTs
using the established universality of transformers (Yun et al., 2020), their results are not tight and
are limited to unconditional diffusion. On the other hand, existing theoretical works on conditional
diffusion models only focus on ReLLU networks (Fu et al., 2024a; Yuan et al., 2024), model-free
settings (Ye et al., 2024; Guo et al., 2024) or generative sampling process (Dinh et al., 2023), without
considering the transformer architectures. This work addresses this gap by providing a timely analysis
of the statistical limits of both conditional and unconditional DiTs.

In this work, we present a comprehensive analysis of conditional DiT and its latent setting under
four common data and score function assumptions. We also establish the minimax optimality of
unconditional DiT and its latent version by deriving the tight distribution estimation error bounds.
Our techniques include two key parts: (i) Discretizing the input domains into infinitesimal grids.
(i1) On each grid, performing term-by-term Taylor expansions on the conditional diffusion score
function under generic and stronger Holder smooth data assumptions, motivated by the local diffused
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Table 1: Summary of Theoretical Results. The initial data is d,-dimensional, and the condition is d-
dimensional. For latent DiT, the latent variable is do-dimensional. Uf =1—etisthe denoising scheduler.
The sample size is n, and 0 < € < 1 represents the precision parameter. While we report asymptotics for large
dz, do, we reintroduce the n dependence in the estimation results to emphasize sample complexity convergence.

Lastly, we adopt standard O(-), ©(-), ©(-) to omit constant factors and O(-) to omit logarithmic factors.

. Score Score Dist. Estimation Minimax

Assumption Approximation Estimation (Total Variation Distance)| Optimality
Generic Holder Smooth Data 1vvd 6 6
Dist. (Sections 3.1 and 3.3) | O((log(£))* /o) ‘ n=OW - (logn) ) ‘ n=®W - (logn)® ‘ x
Strong Holder Smooth Data ~ —Q(/d. oa 1/d, o(d,
Dist. (Sections 3.2 and 3.3) O(e*/a?) ‘ n=1/ds) . (logn)@M) | p=1/d) . (log n)O(ds) v
Latent Subspace + Generic
Holder Smooth Data Dist. | O((log(L))% /o) n~=®W . (logn)©do) n=OW . (logn)©d) X
(Appendix A)
Latent Subspace + Stronger
Holder Smooth Data Dist. 2/0 n— 1 /do) . logn)O“) n—1/do) (log ,L)O(do) v
(Appendix A)

polynomial analysis (Fu et al., 2024a; Oko et al., 2023). These techniques leverage the nice regularity
of the score function imposed by the Holder smoothness data assumptions and hence enable fine-
grained use of transformers’ universal approximation (Kajitsuka and Sato, 2024; Yun et al., 2020)
through a more detailed piecewise constant approximation. Consequently, we obtain tighter bounds.

Contributions. We summarize the theoretical results in Table 1. Our contributions are threefold:

* Score Approximation. We characterize the approximation limit of matching the conditional DiT
score function with a transformer-based score estimator. The approximation results explain the
expressiveness of conditional DiT and its latent version, and guide the score network’s structural
configuration for practical implementations (Theorems 3.1, 3.2 and A.1). The results also show
that the latent version achieves a better approximation for the score function.

* Score and Distribution Estimation. We study the score and distribution estimation of conditional
DiTs in practical training scenarios. Specifically, we provide a sample complexity bound for score
estimation (Theorems 3.3 and E.3), using norm-based covering number bound of transformer
architecture. Additionally, we show that the learned score estimator can recover the initial data
distribution in both conditional DiT and its latent setting (Theorems 3.4 and A.2).

* Minimax Optimal Estimator. We extend our analysis to unconditional DiT and investigate
whether the generated data distribution achieves the minimax optimality in the total variation
distance. Specifically, we show that the upper bounds on the distribution estimation error match
the lower bounds under stronger Holder smooth data distribution (Theorem 3.5 and Remark A.3).

Organization. Section 2 presents preliminaries and the problem setup. Section 3 presents the results
of conditional DiTs. Appendix A presents the results of latent conditional DiTs. Appendix C.1
presents related works’ discussions. The appendix contains an extended and improved version of (Hu
et al., 2024) on conditional DiTs (Appendix F), additional results, and detailed proofs.

Notations. The index set {1, ..., I} is denoted by [I], where I € NT. We denote (column) vectors by
lower case letters, and matrices by upper case letters. Let a[i] denote the i-th component of vector
a. Let A;; denotes the (i, j)-th entry of matrix A. ||z||, |||, and ||z|| ., denote the Euclidean norm,
1-norm, and infinite norm. ||W||, and ||W|| denote the spectral norm and Frobenius norm, and
[lW]|p,q denotes the (p, ¢)-norm where p-norm is over columns and g-norm is over rows. Lastly, we

adopt standard O(-), Q(+), ©(-) to omit constant factors and O(-) to omit logarithmic factors.

2 BACKGROUND AND PRELIMINARIES

In this section, we provide a high-level overview of the conditional diffusion model with classifier-free
guidance in Section 2.1 and conditional Diffusion Transformer (DiT) networks in Section 2.2.

2.1 CONDITIONAL DIFFUSION MODEL WITH CLASSIFIER-FREE GUIDANCE

Forward and Backward Conditional Diffusion Process. In the forward process, conditional
diffusion models gradually add noise to the original data o € R% . Give a condition y € R%,
and o ~ Py(-]y). Let x, denote the noisy data at the timestamp ¢, with marginal distribution and
density as P (-|y) and p;(-|y). The conditional distribution P;(z;|y) follows N (ayzq, 0714, ), where



Published as a conference paper at ICLR 2025

Reshape Layer
Reversed
——Pp R()  RexL i Reshape Layer
z €R% : :
Concat ————— [  fr € Ths" | ' P RI() —p
RAX(L+2) Rix(L+2) ! RIXL R

—— P Embed | R4¥?
Label y
Timestep ¢

Transformer Network

Figure 1: Conditional DiT Network Architecture. The architecture consists of a reshape layer R(-), a
reversed reshape layer R~ (-), and the embedding layers for label 3 and timestep ¢. The embeddings of y and ¢

are concatenated with input sequences and then processed by a transformer network fr € 777,

o = e /2, 0?7 =1—e % and w(t) > 0 is a nondecreasing weighting function. In practice, the
forward process terminates at a large enough T such that Py is close to N (0, I4, ). In the backward
process, we obtain x;~ by reversing the forward process. The generation of z;~ depends on the score
function V log p:(-]y). See Appendix G.1 for the details. In below, when the context is clear, we
suppress the notation dependence of x; on the time step ¢.

Classifier-Free Guidance. Classifier-free guidance (Ho and Salimans, 2022) is the standard
workhorse for training condition diffusion models. It approximates both conditional and unconditional
score functions using neural networks sy with parameters W. It uses the following loss function:

T
1 2
ooyisw) = [ B wasanatty 5w @ 700t) = Vi log 6 arfa0)] ] .
0

where V,, log ¢ (z¢|z0) = — (2 — ayzg) /02, to is a small cutoff to stabilize training!. 7 =
denotes the unconditional version, 7 = id denotes the conditional version, and P(r = @) = P(r
id) = 0.5. To train sy, we select n i.i.d. samples {x¢ ;, y; }}_;, where xo; ~ Py(-|y;). We use

Il =

n

. 1
Lisw) =~ > o0,y sw), @.1)

i=1

as the empirical loss. In addition, we denote population loss as £(sy ). See Appendix G.2 for details.
2.2  CONDITIONAL DIFFUSION TRANSFORMER NETWORKS

We use a transformer network as a score estimator sy. Our notation follows (Hu et al., 2024).

Transformer Block. Let f(54) : R4<L — R4<L denote the self-attention layer. Let / and s denote
the number of heads and hidden dimension in the self-attention layer, and then we have

h
fON(Z) = Z 4+ WH(WY, Z) Softmax (Wi Z2) T (WH Z)], (2.2)

i=1

where Wi, Wi, ng € R¥* and W}, € R9** are the weight matrices. Next, we define the
feed-forward layer with MLP dimension r:

FNZ) = Z + WoReLU(W1Z + by) + by, (2.3)
where W) € R"*4 and W(?) € R4*" are weight matrices, and b(") € R”, and b® € R? are bias.

Definition 2.1 (Transformer Block). We define a transformer block of h-head, s-hidden dimension,
r-MLP dimension, and with positional encoding ' € R4* L as

fh,s,r (Z) — f(FF) (f(SA) <Z+ E)) :RdXL s RdXL.

Now, we define the transformer networks as compositions of transformer blocks.

140 is the early stopping time to prevent the score function from blowing up (Fu et al., 2024a; Chen et al.,
2023c; Dhariwal and Nichol, 2021; Song et al., 2021).
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Definition 2.2 (Transformer Network Function Class). Let 75" denote the transformer network
function class where each function 7 € 7757 is a composition of transformer blocks f hsr je.,

Th,s,r — {7_ . Rde — RdXL | = fh,s,r oo fh,s,r}-

Conditional Diffusion Transformer (DiT). Let f € 7"*" be a transformer network, and (z,y,t) €
R x R x [tg,T] be the input data. We follow the “in-context conditioning” conditional DiT
network in (Peebles and Xie, 2023) as in Figure 1. The following reshape layer converts a vector
input z € R% into the sequential matrix input format Z € R?*~ for transformer with d, = d - L.

Definition 2.3 (DiT Reshape Layer R(-)). Let R(-) : R% — R9*L be a reshape layer that transforms
the d,-dimensional input into a d x L matrix. Specifically, for any d, = ¢ X 7 image input, R(-)
converts it into a sequence representation with feature dimension d = p? (where p > 2) and
sequence length L = (i/ p)2. Besides, we define the corresponding reverse reshape (flatten) layer
R71(:) : R¥*L — R as the inverse of R(+). By d, = dL, R, R~ are associative w.r.t. their input.

We define the following transformer network function class with the reshape layer.
Definition 2.4 (Transformer Network Function Class with Reshape Layer ng ),

T (Cr, Cg‘”, Cq, 0%, Ck,C3™,Cy,C5®,Co, Cr, cﬁ;’", Ct,, CJ%;X’, Cy,, L) satisfies

. TI;"S’T ={R lofroR:R% s R | frr € T},

* Model output bound: sup || f(2)||, < Cr;

* Parameter bound in f(54): H(WQ)THzoo < C’é’oo, (W) T ||, < Caos IWklly o < o,
Willy < Crs IWvllyoo < O3 IWvll, < Ov, [Wollyoo < C5%, [Woll, < Co,
1B, o < O

* Parameter bound in fFP): [Willg 00 < C’)ch’oo, [Willy, < Chy, Wally o0 < CJ%;OO, Wally, < Cy,;

e Lipschitz of fr € Th*": || fr(Z1) — fr(Z2)|lp < L7||Z1 — Za|| , for any Zy, Z € RIXE,

These norm bounds are critical to quantify the interplay between model, performance and data.

3 STATISTICAL LIMITS OF CONDITIONAL DITS

In this section, we present a refined decomposition scheme for the fine-grained analysis of score
approximation, score estimation, and distribution estimation in conditional DiT. Our analysis con-
siders two assumptions on initial data distributions: (i) a generic Holder smooth data assumption
(Section 3.1 for approximation, and Section 3.3 for estimation), (ii) a stronger Holder smooth data
assumption (Section 3.2 for approximation, and Section 3.3 for estimation). This new scheme leads
to tighter bounds, including the minimax optimality of the unconditional DiT score estimator.

3.1 SCORE APPROXIMATION: GENERIC HOLDER SMOOTH DATA DISTRIBUTIONS

We present a fine-grained piecewise approximation using transformers to approximate the conditional
score function under the Holder smoothness assumption on the initial data (Fu et al., 2024b). At its
core, we introduce a score function decomposition scheme with term-by-term tractability.

We first introduce the definition of Holder space and Holder ball following (Fu et al., 2024b).

Definition 3.1 (Holder Space). Let o € Z%, and let 3 = k; + ~ denote the smoothness parameter,
where k1 = | 3| and v € [0, 1). For a function f : R? — R, the Holder space H”(R?) is defined
as the set of a-differentiable functions satisfying: H”(R?) := {f : R* = R | || f|[35(ra) < o0},
where the Holder norm || f (|75 (ra) satisfies:

0% f(x) — 0% f ()]
g(rdy ‘= max sup|0®f(x)|+ max sup .
[FAEVE) oo, su 0% f ()| g, S T I

We also define the Holder ball of radius B: H?(R%, B) := {f : R" — R | || f||¢#®ay < B} .

Let 7o € R% denote the initial data, and y € [0, 1]% the conditional label. With Definition 3.1, we
state the first assumption on the conditional distribution of initial data x.
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Assumption 3.1 (Generic Holder Smooth Data). The conditional density function pg(xo|y) is defined
on the domain R% x [0, 1]% and belongs to Holder ball of radius B > 0 for Holder index 3 > 0,
denoted by po(xoly) € HP (R x [0,1]%, B) (see Definition 3.1 for precise definition.) Also, for

any y € [0, 1]%, there exist positive constants Cy, Cy such that po(zo|y) < Cy eXp<_CQH1'OH§/2>.

Remark 3.1. The Holder continuity assumption captures various smoothness levels in the conditional
density function. The light-tail condition relaxes the bounded support assumption in (Oko et al.,
2023). Moreover, Assumption 3.1 only applies to the initial conditional distribution and imposes no
constraints on the induced conditional score function. This is far less restrictive than the Lipschitz
score condition in prior works (Yuan et al., 2024; Lee et al., 2023; Chen et al., 2022).

In our work, we aim to approximate the conditional score function V log p;(z+|y) using transformer
architectures. Hu et al. (2024) analyze the unconditional DiTs based on the established universality
of transformers (Yun et al., 2020). These theories discretize the input and output domains into in-
finitesimal grids and employ piecewise constant approximations to construct universal approximators
with controllable errors. However, such methods do not yield tight bounds for DiT architectures (Hu
et al., 2024). To combat this, we build on the key observation by Fu et al. (2024a):

dzg oo —
[ dw cexp [ Mozl 3
pt(ftly) /]Rda: ng (271-)dm/2 M eXp( 20? 3.1

~2k1-order Taylor polynomial

~ ko-order Taylor polynomial

A term-by-term Taylor expansion of the above conditional distribution under Assumption 3.1 enables
a more fine-grained analysis (e.g., Lemma [.2). As a result, we propose a fine-grained version of
piecewise constant approximation for conditional DiTs, allowing transformers to approximate the
conditional score function with tighter error bounds. In particular, we utilize a refined transformer
universal approximation modified from (Kajitsuka and Sato, 2024) (see Appendix H.1 for details).

Our score approximation procedure has two stages: first, we approximate p; and Vp, using a Taylor
expansion, then use transformers to approximate p;, Vp;, and the required algebraic operators to

construct V log p;(z|y) = vp’: ’(ifgljj) These lead to provably tight estimation results in Section 3.3.

We state our main result of score approximation using transformers under Assumption 3.1 as follows:

Theorem 3.1 (Conditional Score Approximation under Assumption 3.1). Assume Assumption 3.1
and d, = Q( loglgo g + )- For any precision parameter 0 < e < 1 and smoothness parameter 3 > 0, let
e < O(N~P) for some N € N. Let C,,, C, > 0 be some absolute constants. For any y € [0, 1]%

andt € [N~% C, log NJ, there exists a Tscore(, ¥y, 1) € Tlg’s’r such that

B? _ 8
/]Rd H’Ecore(xayat) - VIngt(x|y)H§ 'pt(33|y) dz =0 <0_4 - N h. (IOgN)dm+2+1> .
T t

Notably, for e = O(N~#), the approximation error has the upper bound O((log(1))% /of).
The parameter bounds for the transformer network class are as follows:

IWallas IWi g, Wl o Wikl 00 = © (N7H+657) 5
IWollz: [Wolly, e = O (N6 (log )@=+
Wy ll, = O(Vd); Wy ly0 = O);

IWilly, Wil o0 = © (N2#+4S) ;| BT, = 0 (a3LE);
IWally, [Wally o = © (N*#4267) ;C7 = O (/log N /o?)

Remark 3.2. N is the resolution of the input domain discretization (see Lemma [.2). We remark
that domain discretization is essential for utilizing the local smoothness of functions under Holder
assumptions. C,, and C,, control the stability cutoff and early stopping time, respectively.

|2,oo

*Recall that p (z:|y) = [oa, P(@oly)pe(2i|z0) dwo with Pi(:|y) ~ N(atxo,0¢la,). In below, when the
context is clear, we suppress the notation dependence of x; on the time step ¢.
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Figure 2: Approximate Score Function with Transformer 7score under Assumption 3.1. The construction
consists of the transformers to approximate local polynomials f; and f2, and the algebraic operators. We
highlight the overall term-by-term approximations and their corresponding lemmas to ensemble the transformers.

Proof Sketch. Recall that V log p;(z|y) = %. We employ the following strategy: discretize

the domains, apply a term-by-term Taylor approximation to the decomposed conditional distribution

(3.1), decompose the conditional score function V log p;(z|y) = % into two fundamental

functions and a parsimonious set of algebraic operators, and then approximate the fundamental
functions and operators with transformer networks. The resulting joint error of this strategy is
controllable under Assumption 3.1. Our proof follows three steps:

Step 1. Input Domains Discretization. For any € R%, we construct a bounded domain BN
to approximate polynomial functions evaluated at x on R% with the same functions on B, y to
arbitrary precision 1/N (Lemma I.1). Then, we discretize B, n x [0, 1]% into N4=*+4v hypercubes
(Lemma I.2). This technique confines the approximation to a compact domain by controlling error
outside this domain under Assumption 3.1. Each hypercube is now compact and local, enabling a
well-behaved Taylor expansion at . This confinement reduces approximation error in Step 2.

Step 2. Local, Term-by-Term Taylor Expansion for V log p;. To approximate V log p;, we
expand p,(z|y) and Vp;(x|y) with Taylor polynomials on each local grid on B, y, following
the term-by-term expansion (3.1). Specifically, we approximate p;(x|y) with a scalar polynomial
function fi(x,y,t) € R (Lemma 1.3) and Vp;(z|y) with a vector-valued polynomial function
fo(x,y,t) € R (Lemma 1.4). Together with a parsimonious set of algebraic operators (inverse,
product), the obtained f1, f resemble V log p; with a bounded error Errormuyior.

Step 3. Term-by-Term Approximations with Transformers. We utilize a refined universal
approximation theorem for transformers (Appendix H.1) to approximate all Taylor-expanded terms:
f1. f2, and the set of algebraic operators. Specifically, we approximate f1(x,y,t) and f2(x,y,t) with
transformer models 77, (Lemma I.5) and 7§, (Lemma 1.6). For the operators, we also approximate
each of them with a corresponding transformer 7, with ;o = {inverse, square. ..} (Lemmas 1.8
to .9 and I.11). All approximations have precision guarantees. Finally, we combine the transformer
approximations Ty, , Tz, and 7, for the set of algebraic operators, resulting in a joint approximation
for V log p; (see Figure 2) with arbitrary small error Errory.

Error Matching. The overall error includes Errorrayior and Errory. Given a fixed discretization
resolution N, Error,yior remains fixed. However, the approximation error bound of the transformer
can be an arbitrary value. We align Error7 and Errorrayior to optimize the final results.

Please see Appendix I for a detailed proof. O

Remark 3.3 (Approximation Rate). Given a fixed resolution IV, the approximation error scales
inversely with the smoothness 3. As the smoothness increases, we get a tighter approximation error.

Remark 3.4 (Comparing with Existing Works). Fu et al. (2024a) provide approximation rates for
conditional diffusion models using ReLU networks. We are the first to establish approximation error
bounds with transformer networks. Additionally, Oko et al. (2023) establish approximation rates
under a compactness condition on the input data. We mitigate this compactness requirement by
applying a Holder smoothness assumption to control approximation error outside a compact domain.

3.2 SCORE APPROXIMATION: STRONGER HOLDER SMOOTH DATA DISTRIBUTIONS

Next, we study the conditional DiT score approximation problem using our score decomposition
scheme under the stronger Holder smoothness assumption from Fu et al. (2024b, Assumption 3.3).
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Assumption 3.2 (Stronger Holder Smooth Data). Let function f € H?(R% x [0,1]%, B). Given
a constant radius B, positive constants C' and C5, we assume the conditional density function

p(zoly) = exp(—C’2||m0H§/2) - f(xo,%) and f(xq,y) > C for all (xq,y) € R% x [0,1].

Assumption 3.2 imposes stronger assumption than Assumption 3.1 and induces a refined conditional
score function decomposition. Explicitly, by Lemma J.1, V log p;(z|y) becomes:

—Chx Vh(z,y,t)

o o 3.2
gpe(xly) a? + Cyo2 " h(z,y,t) o

—a 2 -~ a
where h(x,y,t) — fRd:c &‘f’{gfr;zi/z exp(_ Hzozggrﬂ )dl‘O, o = \/ﬁ, and o; = W.

We highlight that (3.2) leads to a tighter approximation error compared with Theorem 3.1. Intuitively,
Assumption 3.2 imposes a lower bound on the conditional density function and hence implies in
better regularity of the score function. In contrast, under Assumption 3.1, the score function lacks
such regularity and may explode when p; is small. These low-density regions act as holes in the data
support. They cause the score function to diverge near the boundary of these holes. To combat this,
an implication of (3.2) is handy — h is bounded from zero, ensuring that the score function remains
well-behaved across the entire data domain. To elaborate more, two technical remarks are in order.

Remark 3.5 (Linearity). The first term on the RHS of (3.2) is linear in . This makes part of
V log p:(z|y) a linear function of z, enabling easy approximation with a tighter bound.

Remark 3.6 (Tightened Approximation Induced by h’s Lower Bound). Moreover, the introduction
of h tightens the approximation error due to the lower bound imposed by Assumption 3.2 (i.e.,

f(x,y) > C). The second term on the RHS of (3.2) mirrors the form V log p; (z]y) = Y2:&lY)
pe(aly) Y

replacing p with k. In the analysis of Section 3.1, especially in Step 2 of the proof (resembling f1, fo

to approximate Vp;(z|y)), we have to impose a threshold on the denominator of vp;: EJ(CTB) to prevent

score explosion under Assumption 3.1. This threshold introduces additional approximation error
(Lemma I.13). Assumption 3.2 remedies this by ensuring a lower bound on p;(x|y) through the

minimum values of f(x,y) and exp(—Cs||z||3/2) within the compact domain after discretization.
Setting this lower bound eliminates the need for a threshold and improves the approximation.

Consequently, decomposition (3.2) improves our approximation result from Section 3.1. We state our
main result of score approximation using transformers under Assumption 3.2 as follows:

Theorem 3.2 (Conditional Score Approximation under Assumption 3.2, Informal Version of Theo-
rem J.1). Assume Assumption 3.2. For any precision parameter ) < e < 1 and smoothness parameter
8> 0,lete < O(N _'8) for some N € N. Let C,,C, > 0 be some absolute constants. For any

y €[0,1]% and t € [N~ C, log NJ, there exists a Tecore(,y, 1) € Tp™" such that
BZ

/R [ Tacore (2, 4, t) — V1og pi(x|y)||3 - pe(z]y)dz = O ((72 -N~% . (log N)ﬂ“) :
Gl t

Notably, for e = O(N~#), the approximation error has the upper bound O(e2/o2).

Intrinsically, N is proportional to the size of the transformer network 7Tgcore (see Theorem J.1). Hence,
the precision parameter e is inversely proportional to the size of Tseore. Therefore, Theorem 3.2
specifies the required configuration (e.g., size) of Ts.ore for a desired score approximation accuracy.

Proof Sketch. Our proof follows Theorem 3.1, but uses a different conditional score function decom-
position in the form of (3.2). We highlight key differences in each corresponding step:

Step 0: Score Decomposition and Bounds on / and Vh. We decompose Vp; to the form of (3.2)
by Lemma J.1. Different from Section 3.2, we derive a lower bound on A in Lemma J.2.

Step 1: Input Domains Discretization. This step remains the same as Section 3.1, except the
approximation target changes from p, Vp to h, Vh. We confine and discretize input domains R% x
[0,1]% into N9=+4v hypercubes (Lemma 1.2), each supporting well-behaved Taylor expansions.

Step 2: Local, Term-by-Term Taylor Expansion for » and Vh. Similar to Section 3.1, we utilize
Taylor polynomials f; and f5 to approximate h and Vh on obtained hypercubes. The approximation
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on h and Vh differs from approximation on p; and Vpy, as their boundedness eliminates the need for
a threshold to prevent score function blow-up. This leads to a faster approximation rate.

Step 3: Transformer Network Approximation. Similar to Section 3.1, we approximate polynomial
functions f1, f2 and all necessary algebraic operators to construct an approximator f3 for Vp,:

0233 @ fg(l',y,t)

_ a , 3.3
of +Cho?  or fi(w,y,t) G

f 3 (‘T 'Y, t) =
following (3.2). Differed from Section 3.1, (3.2) requires transformers to approximate two additional
operators, o; and ;. All approximations have precision guarantees. Finally, we combine all
transformer approximations required in (3.3) and obtain a joint approximation error for V log p; (see
Figure 5) with arbitrary precision. We complete the proof by matching the approximation errors of

the Taylor polynomial and transformer. Importantly, second term on the RHS of (3.3) manifests a
tighter bound than that of %. The first linear-in-x term achieves a even tighter bound due to its
linearity. Combined, we obtain a smaller overall joint approximation error than Theorem 3.1.

Please see Appendix J for a detailed proof, and see Theorem J.1 for the formal version. O

Remark 3.7 (Comparing with Theorem 3.1). Let O(-) hide the terms about to, log to, logn. In
Theorem 3.2, the approximation rate O(N ~2#) is faster than that of Theorem 3.1, i.e., O(N 7).

3.3 SCORE ESTIMATION AND DISTRIBUTION ESTIMATION OF CONDITIONAL DITS

Next, we study score and distribution estimations based on the two score approximation results for
two different data assumptions: Theorems 3.1 and 3.2. Let 5 denote the trained score estimator.

Score Estimation. Building on our approximation results from Sections 3.1 and 3.2, the next
objective is to evaluate the performance of the score estimator 5 trained with a set of finite samples
by optimizing the empirical loss (2.1). To quantify this, we introduce the notion of score estimation
risk and characterize its upper bound.

Definition 3.2 (Conditional Score Risk). Given a score estimator 5, we define risk as the expectation
of the squared /5 difference between the score estimator and the ground truth with respect to (x4, y, t):

T
~ 1 -
RE) = [ 7 B alStony.0) - Vlog ().

to

Given a set of i.i.d sample {;, y; }ic[n). direct computation of E(,, ,.y, ., [R(5)] is infeasible due to
the absence of access to the joint distribution P(x,y). To address this, we: (i) Decompose the risk
into estimation and approximation errors, (ii) Bound the estimation error using the covering number
of transformers, and (iii) Bound the approximation error using Theorem 3.1 and Theorem 3.2.

Theorem 3.3 (Conditional Score Estimation with Transformer). Considery € [0, 1]% and ¢ € [to, T]
with tg = N~=C¢ and T = C,, log N, where C,,, C, > 0 are absolute constants such that ¢, < 1.

o Assume d, = Q( 1o§i1gvzv) and Assumption 3.1. Let v; := 688+ 104C,, and v = 12d,, + 125+ 2.

By taking N = n!/("1+C>+8) it holds

Efyrpin, [RB)] = O (n_ivwrcﬂaﬂw oz n)u2+2) _

For d, > d (assuming fixed 3, Cy, C,,), we have an asymptotic upper bound n~®™) (log n) (=),
* Assume Assumption 3.2. Let v3 := 5(128d, + 318d + 63) + %(12(1z + 25d + 6) + 72C,.
By taking N = n!/(»s+68) it holds

Efpiyiin, [RBE)] = O (n*%feﬁ oz n)max{13,5+2}) .
For d, > d (assuming fixed /3, Cyy, C,,), we have an asymptotic upper bound n~2(1/%=) (log ) ©(1).
The upper bounds in Theorem 3.3 arises from the fundamental bias-variance trade-off. A key aspect

of the risk analysis comes from treating n i.i.d. training samples as random variables drawn from
the same distribution. Bounding this expectation relies on the log-covering number of transformer
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network class, characterized by 11, 15 and v5. Specifically, the difference between the risk computed
from the actual sample and computed from the closest element in the cover remains small. Controlling
this gap ensures that the overall risk bound holds. In particular, A larger log-covering number
corresponds to a more expressive model, leading to higher variance in the learned estimator. One the
other hand, the bias term arises from the approximation error from Theorem 3.1 and Theorem 3.2.
Reducing the approximation error requires increasing network capacity, while expanding the function
class raises the log-covering number. The overall risk bound follows from balancing these two effects.

Corollary 3.3.1 (Low-Dimensional Input Region). Assume Assumption 3.1 and d, = o( 102)53 g L

Let vy == 22(2d, +5d + 1) + %% (2d, + 5d + 1) — 4. By taking N = n!/(*4+38+C) it holds

Efeoaze, [RO) = O (07755707 ).

Proof. Please see Appendix K.2 and Appendix K.4 for detailed proofs. O

Remark 3.8 (Sample Complexity Bounds). To obtain e-error in terms of score estimation, we
have the sample complexity O (e~ ("1+C>+36)/8) under Assumption 3.1 and O (e~ (*3+68)/28) under

Assumption 3.2. Here O(-) ignores the terms about ¢, log to and log n. The Holder data smoothness
degree (3 affects the sample complexity. This indicates that the regularity of the initial data distribution
determines the complexity of score estimation.

Distribution Estimation. Next, we study the distributional estimation capability of the trained
conditional score network s(z, y, t) by analyzing the total variation distance between the estimated
and true distributions. Our strategy uses a three-part decomposition: (i) the total variation between
the true distributions at timestamps 0 and ¢, (ii) the total variation between the true distribution at £,
and the reverse process distribution using the true score function, and (iii) the total variation between
the reverse process distributions using the true and estimated score functions at #g.

Theorem 3.4 (Conditional Distribution Estimation). For € [0,1]%, let P,, (-|y) denote estimated
conditional distributions at ¢. Recall that Py(:|y) is the conditional distribution of initial data x
giveny and t € [N~% C, log N]. Assume KL (Py(:|y) | N(0,1)) < ¢ for some constant ¢ < oc.

 Assume d, = loglgo g N) and Assumption 3.1. With v and vs, specified in Theorem 3.3, it holds

]E{xi’y" =1 [Ey [TV (ﬁto“y)a PO(|?J)):H =0 (nfw(log n)UTQJr%) ;

— @ Ca 8
where w = min { 2(1+Co13B)’ 1+ Co+3B° 21 +Co 136) }

* Assume Assumption 3.2. With v specified in Theorem 3.3, for all z € R4 _ it holds

Efimitty [Ev [TV (Po (), PoCly)) || = O (n~*(ogmymm 55552

S Co Co B
where ¢ = min { 2(v3+6B) ’ v3+68’ v3+68 }

Corollary 3.4.1 (Low-Dimensional Input Region). Assume Assumption 3.1 and d,, = o(log)ﬁ0 ng —.

i.e., d, < n. With vy specified in Theorem 3.4, it holds

Eleiyiyn, []Ey [TV (ﬁto(-ly), Po(‘ly))ﬂ =0 <n_ min{ s FRCST T }> ;

Proof. Please see Appendix K.6 for a detailed proof. O

3.4 MINIMAX OPTIMAL ESTIMATION OF UNCONDITIONAL DITS

We are now ready to present our minimax optimality result for unconditional DiTs. Recall the minimax
optimal rate for distribution estimation under the strong Holder assumption (Assumption 3.2).
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Lemma 3.1 (Proposition 4.3 of (Fu et al., 2024b) and (Yang and Barron, 1999)). For a fixed constant
(5 and a Holder index 8 > 0. We consider the task of estimating a probability distribution P(x)
with its density function defined within the following function space

P = {p(z) = f(@) exp(~Calal}}) : f(z) € H(R™, B), f(x) 2 C = 0},

. . . . __B_
Given n ii.d data {z;};";, we have infz sup,cp E(z,yn  [TV(@, P)] > Q(n” %77 ). Here, the
estimator /i ranges over all possible estimators constructed from the data.

Setting d,, =0, we show unconditional DiTs match the minimax optimal rate under specific conditions.

Theorem 3.5 (Minimax Optimality of DiTs). Recall Theorem 3.4. The minimax optimality of
unconditional diffusion transformer holds under d,, = o(+/logn/loglogn) and (1 — v3) - d, > 45.

Proof. Please see Appendix K.8 detailed proofs. O

Remark 3.9. Since we do not impose any assumptions on condition y (in contrast to data z),
Theorem 3.5 establishes only the minimax optimality of unconditional DiTs by setting d,, = 0. We
leave the minimax optimality of conditional DiTs for future work.

Remark 3.10 (Comparing with Existing Works). Oko et al. (2023) analyze the ReLU network
and provide the near minimax optimal estimation rates in both the total variation distance and
Wasserstein distance of order one. Fu et al. (2024b) utilize the ReLU network and provides the
minimax optimality for distribution in total variation as well. Our results offer the first and exact
minimax optimal guarantee for unconditional DiTs in distribution estimation.

4 DISCUSSION AND CONCLUSION

We investigate the approximation and estimation rates of conditional DiT and its latent setting. We
focus on the “in-context” conditional DiT setting presented by Peebles and Xie (2023), and conduct
a comprehensive analysis under various common data conditions (Section 3 for generic and strong
Holder smooth data, Appendix A for data with intrinsic latent subspace).

Interestingly, we establish the minimax optimality of the unconditional DiTs’ estimation by reducing
our analysis of conditional DiTs to the unconditional setting (Section 3.4 and Remark A.3). Our key
techniques include a well-designed score decomposition scheme (Section 3.1). These enable a finer
use of transformers’ universal approximation, compared to the prior statistical rates of DiTs derived
from the universal approximation results in (Yun et al., 2020) by Hu et al. (2024).

Consequently, we provide three extensions in the appendix:

* In Appendix A, we extend the results from Section 3.2 by assuming the input data has an intrinsic
lower-dimensional representation. Importantly, we establish the minimax optimality of estimation
for such latent DiTs.

* In Appendix E, we expand Appendix A and extend our well-designed score decomposition scheme
from Section 3 to the latent conditional DiT. Notably, we also obtain provably tight rate, i.e., for
distribution estimation under Assumption 3.2 (Remark A.3).

* In Appendix F, we extend the analysis of (Hu et al., 2024) to the conditional DiT setting and
provide an improved version. In particular, we analyze conditional latent DiTs under the following
three assumptions from (Hu et al., 2024) and obtained sharper rates:

— Low-Dimensional Linear Latent Space Data (Assumption A.1)
— Lipschitz Score Function (Assumption F.2)
— Light Tail Data Distribution (Assumption F.3)

In detail, we use a modified universal approximation of the single-layer self-attention transformers
(modified from (Kajitsuka and Sato, 2024)) to avoid the need for dense layers required in (Yun et al.,
2020). This refinement results in tighter error bounds for both score and distribution estimation.
Consequently, our sample complexity error bounds avoid the gigantic double exponential term

9(1/e)*" reported by Hu et al. (2024), and obtain sharper rates than those of (Hu et al., 2024).

10
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A LATENT CONDITIONAL DITS

2 |
: Reshape Layer —1/0? |
: ~ Reversed :
—> R(-) RIXE V= Reshape Layer ‘
z € R% z € R% \ =8 \/
Latent Concat _> gr € The" —»: :_> R7() EB l
Encoder /i! RAx(L+2) Rdx(L+2) RAxL Sw
———PEmbed | R .
Transformer Network Latent
Label y Decoder

Timestep ¢

Figure 3: Network Architecture of Latent Conditional DiT. The overall architecture consists of linear layer
of encoder and decoder W) and Wy that transform input z € R% into linear latent space R%, reshaping layer
é() and R~! (+), embedding layer for label y and timestep ¢. The embedding concatenates with input sequences
and processes by the adapted transformer network 7}; ST =R 1o grof FF) 6 R,

In this section, we extend the results from Section 3 by considering the latent conditional DiTs.
Specifically, we assume the raw input z € R% has an intrinsic lower-dimensional representation.

Assumption A.1 (Low-Dimensional Linear Latent Space). Initial data « has a latent representation
via x = Uh, where U € R% %% is an unknown matrix with orthonormal columns. The latent
variable h € R% follows the distribution P, with a density function py,.

Remark A.1. “Linear Latent Space” means that each entry of a given latent vector is a linear
combination of the corresponding input, i.e., x = Uh. This is also known as the “low-dimensional
data” assumption in literature (Hu et al., 2024; Chen et al., 2023c). This assumption is fundamental in
dimensionality reduction techniques for capturing the intrinsic lower-dimensional structure of data.

Score Decomposition and Model Architecture. To derive approximation and estimation results,
we extend the techniques and network architecture presented in Section 3 to latent diffusion by
considering the “low-dimensional linear subpace”. Under Assumption A.l, we decompose the score:

Viegpe(zly) =U( ofVlogpt (U aly)+U'z )jof—  ax/o} (A1)

=q(UT z,y,t): Rdo xR x [to,T] — Rdo residual connection

following Hu et al. (2024); Chen et al. (2023c) (see Lemma E.1). Based on this decomposition,
we construct the model architecture in Figure 3. The network detail for approximate (A.1) are

as follow: a transformer g (W z,9,t) € T}g’s’r to approximate q(U ' x,y,1), a latent encoder
Wy € Réo*ds and decoder Wy € R%*4o (o approximate U € R%*%: and U € R%*90_ and a
residual connection to approximate —x/o7. Importantly, d is the latent dimension.

For latent diffusion, we follow the standard setting by Peebles and Xie (2023). For each input 2 € R%
and corresponding label 7 € R%, we use a transformer network to obtain a score estimator sy € R,
The key differences from Section 3 are as follows: First, we apply a latent encoder W} € R%*d= to
map the raw data = € R4 into a low-dimensional representation h = WJ z € R% where dy < d.
Second, we reshape h € R% into a sequence H € R*! using a layer R(-) : R% — RI*L with
dy = d - L. Note that, by dy < d,, d < d, and L < L. Third, we pass H € R?*L through the
transformer g7 Lastly, We then obtain the predicted score sy € R? by applying the inverse reshape
layer R71(+) : R*L — R followed by the latent decoder Wy : R — Rz,

For our analysis, we study the cases under both the generic and strong Holder smoothness assumptions
on latent representation z € R%. Specifically, we assume the “latent” data is 3p-Holder smooth with
radius By following Assumptions 3.1 and 3.2. We extend both approximation and estimation results
from Section 3 to latent diffusion and establish the minimax optimality of latent conditional DiTs.

Score Approximation. We now present the approximation rates for latent score function under both
generic and stronger Holder data assumptions. Let b := Wjz € R% and h := Uz € R% be the
estimated and ground truth (according to Assumption A.1) latent representations, respectively.
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Theorem A.1 (Score Approximation of Latent Conditional DiTs, Informal Version of Theorems E.1
and E.2). Assume dy = Q(lolgoigN). For any precision 0 < ¢ < 1 and smoothness 8y > 0, let
e < O(N—P) for some N € N. Let C,,C, > 0 be some absolute constant. For any y € [0, 1]%

andt € [N~% C, log N, there exists a Tscore (T, ¥, t) € Tg’s’r such that

* Under Assumption 3.1, we have

B3

[, Teon(Fsst) = Viogsl (il - ot (Bly)F = © (04 N (log N>> .
Rdo :

Notably, for e = O(N ~#°), the approximation error has the upper bound O((log(1))% /o).
* Under Assumption 3.2, it holds
— — B o o B
/Rd | Tecore (%, 4, ) (R, y, t) — Vlog p} (Rly)||,, - p} (hly)dh = O (0 - N~ . (log N)BOH) :
0

2
0%

Notably, for e = O(N~50), the approximation error has the upper bound O(e2/o2).

Proof. See Theorems E.1 and E.2 for the formal versions and Appendices I and J for proofs. O

Remark A.2 (Comparing with Theorems 3.1 and 3.2). Recall d,, > dy. The approximation error
bounds are O((log(1))? /o}) in Theorem 3.1 and O(e? /o7) in Theorem 3.2. Theorem A.1 shows
that the latent conditional DiT achieves better approximation and has the potential to bypass the
challenges associated with the high dimensionality of initial data.

Score and Distribution Estimation. Based on Theorem A.1, we derive the score estimation bounds
in Theorem E.3, and report the results for distribution estimation in next theorem.

Theorem A.2 (Conditional Distribution Estimation). For y € [0, 1]%, let P;, (-|y) denote estimated
conditional distributions at ¢y. Recall that Py(-|y) is the conditional distribution of initial data x¢
given y and t € [N~% C, log N]. Assume KL (Py(:|y) | N(0,1)) < ¢ for some constant ¢ < .

e Assume dy = Q(%) and Assumption 3.1. Let 7; := 6803y + 104C,, and 75 = 12dy +

125y + 2. it holds

]E{w""y"'}?:l [Ey [TV (ﬁto“y)a PO(|:’J)>H =0 (nfw(]ogn)%z+%) ,

— =8 Co Co Bo
where w = min { 2(1+Co13B0)’ 1+Co13B0 ’ 2(71+Co +3B0) }

» Assume Assumption 3.2. Let ¥ := 4(1280do + 3180d + 60) + 125= (12dy + 25d + 6) + 72C,.
For all z € R% | it holds

E vty [By [TV (PioCly), Po(1y))]] = O (n=0(ogmymesim 2 2524)

g Of= Cqo Bo
FAEE ¢ = lalh { 2(73+6B0)* D3+6B0 * Ta+6Bo }

Proof. Please see Appendix K.6 for a detailed proof. O

Remark A.3 (Minimax Optimal Estimation). Following the same idea in Section 3.4, we show that
the estimation error bound in Theorem A.2 is the optimal tight bound for the latent unconditional DiT.
Specifically, by applying Lemma 3.1 and substituting p(z|y) and d, by p?(h|y) and dj respectively
in Assumption 3.2, we follow the setting specified in Appendix K.8.
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Concluding Remarks. We defer the discussion of our results and concluding remarks to Section 4.
We extend our analysis to the setting of (Hu et al., 2024) and improve their results in Appendix F.

Importantly, our bounds avoid the gigantic 2(1/ 9™ term reported by Hu et al. (2024).

B NOTATION TABLE

We summarize our notations in the following table for easy reference.
Table 2: Mathematical Notations and Symbols

Symbol Description

] The index set {1, ..., I}, where I € N*

ali The -th component of vector a

Ajj The (i, j)-th entry of matrix A

(|| Euclidean norm of vector

||l 1-norm of vector ©

llz |5 2-norm of vector

llzl o Infinite norm of vector

W, Spectral norm of matrix W

W] 5 Frobenius norm of matrix W

W1, (p, ¢)-norm of matrix W, where p-norm is over columns and g-norm is over rows
I f (@) e L2-norm, where f is a function

I1f @) 2 (p) L?(P)-norm, where f is a function and P is a distribution

1F N i Lipschitz-norm, where f is a function

dy(f,9) p-norm of the difference between functions f and g defined as d,,(f,g) = ([ |f(z) — g(z)[P dz) r
fyP Pushforward measure, where f is a function and P is a distribution
KL(P,Q) Kullback-Leibler (KL) divergence between distributions P and @

TV(P,Q) Total variation (TV) distance between distributions P and @

N(p,0?) Normal distribution with mean j and variance o2

as<b There exist constants C' > 0 such that a < Cb

n Sample size

T Data point in original data space, x € R%

y Conditioning Label, z € R%

h Latent variable in low-dimensional subspace, h € R%

h h=U"z

Dh The density function of h

U The matrix with orthonormal columns to transform A to x, where U € R%*o
B Radius of Holder ball for conditional density function p(z|y)

By Radius of Hélder ball for latent conditional density function p(h|y)

8 Holder index for conditional density function p(z|y)

Bo Holder index for latent conditional density function p(hly)

D Granularity in the construction of the transformer universal approximation
N Resolution of the discretization of the input domain

R Score risk (expectation of squared £2 difference between score estimator and ground truth)
N(e, F,|'l) Covering number of collection F (see Definition K.5)

T Stopping time in the forward process of diffusion model

to Stopping time in the backward process of diffusion model

m Discretized step size in backward process

() The density function of x at time ¢

() The density function of A at time ¢

P (Conditional) Gaussian density function

Thsr Transformer network function class (see Definition 2.2)

f byt Transformer block of h-head, s-hidden size, r~-MLP dimension (see Definition 2.1)
d Input dimension of each token in the transformer network of DiT

L Token length in the transformer network of DiT

d Latent data input dimension of each token in the transformer network of DiT
L Latent data token length in the transformer network of DiT

X Sequence input of transformer network in DiT, where X € R*F

H Sequence latent data input of transformer network in DiT, where X € R%*Z
FE Position encoding, where £ € R4xL

R(") Reshape layer in DiT, R(-) : R% — RIXE

R(") Reshape layer in DiT, R(-) : Rdo — RIxL

R7I(Y) Reverse reshape layer in DiT, R7!(-) : R¥*L — R%

R Reverse reshape layer in DiT, R71(-) : R¥*L — Rdo

Wu The orthonormal matrix to approximate U, where Wy, € R *do
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C RELATED WORKS, BROADER IMPACT AND LIMITATIONS
C.1 RELATED WORKS

In the following, we discuss the recent success of the techniques used in our work. We first give
the universality (universal approximation) of the transformer. Then, we discuss recent theoretical
developments (approximation and estimation) in diffusion generative models.

Universality of Transformers. The universality of transformers refers to their ability to approx-
imate any sequence-to-sequence function with arbitrary precision. Yun et al. (2020) establish this
by showing that transformers is capable of universally approximate sequence-to-sequence func-
tions using deep stacks of feed-forward and self-attention layers. Additionally, Alberti et al. (2023)
demonstrate universal approximation for architectures employing non-standard attention mechanisms.
Recently, Kajitsuka and Sato (2024) show that even a single-layer transformer with self-attention
suffices for universal approximation assuming all attention weights are rank-1. Moreover, Hu et al.
(2024) leverage (Yun et al., 2020)’s universality results to analyze the approximation and estimation
capabilities of DiT.

Our paper is motivated by and builds upon the works of Hu et al. (2024); Kajitsuka and Sato
(2024); Yun et al. (2020). Specifically, we utilize and extend the transformer universality result from
(Kajitsuka and Sato, 2024). We employ a relaxed contextual mapping property in (Kajitsuka and Sato,
2024) (see Appendix H.1). This generalization allows us to avoid the “double exponential” sample
complexity bounds in previous DiT analyses (Hu et al., 2024, Remark 3.4) and establish transformer
approximation in the simplest configuration — a single-layer, single-head attention model.

Approximation and Estimation Theories of Diffusion Models. The theories of DiTs revolve
around two main frontiers: score function approximation and statistical estimation (Chen et al., 2024a;
Tang and Zhao, 2024). Score function approximation refers to the ability of the score network to
approximate the score function. It leverages the universal approximation ability of the neural network
in LP norms (Hayakawa and Suzuki, 2020), the approximation characterized as Taylor polynomial
(Fu et al., 2024a) or B-Spline (Oko et al., 2023). Chen et al. (2023c) and Fu et al. (2024a) investigate
score approximation under specific conditions, such as low-dimensional linear subspaces and Holder
smooth data assumptions, using ReLU-based models. Furthermore, Hu et al. (2024) presents the first
characterization of score approximation in diffusion transformers (DiTs).

The statistical estimation includes score function and distribution estimation (Wu et al., 2024b; Dou
et al., 2024a; Guo et al., 2024; Chen et al., 2023¢). Under a Lo accurate score estimation, several
works provide the convergence bounds under either smoothness assumptions (Benton et al., 2024;
Chen et al., 2022) or bounded second-order moment assumptions (Chen et al., 2023b; Lee et al., 2023).
Chen et al. (2023c¢) provide the first complete estimation theory using ReLU networks without precise
estimators. Oko et al. (2023) achieve nearly minimax optimal estimation rates for total variation and
Wasserstein distances. Meanwhile, Dou et al. (2024b) define exact minimax optimality using kernel
functions without characterizing the network architectures. In the realm of diffusion transformers,
Hu et al. (2024) introduces the first complete estimation theory. Jiao et al. (2024a;b) demonstrate
theoretical convergence for latent DiTs using ODE-based and Schrodinger bridge diffusion models.?

Our paper advances the foundational works of Fu et al. (2024b); Oko et al. (2023); Hu et al. (2024).
We adopt the Holder smooth data distribution assumption*, a more practical approach than the
bounded support assumption in (Oko et al., 2023). Unlike the simple ReLU networks in (Fu et al.,
2024b), we provide a complete approximation and estimation analysis for conditional DiTs and
establish their exact minimax optimality. Furthermore, while Hu et al. (2024) analyze DiTs, their
estimation upper bounds are suboptimal. We refine this by avoiding the substantial double exponential
term 2(1/9*" reported by Hu et al. (2024, Remark 3.4) and present a provably tight, minimax optimal
estimation. Recent works on minimax optimality of diffusion model such as (Tang et al., 2024; Fu

30f independent interest, many works investigate the convergence rates of diffusion models under various
score and data smoothness assumptions or with different samplers. Please see (Chen et al., 2025; Li et al.,
2024a;b;c; Potaptchik et al., 2024; Wu et al., 2024c; Liang et al., 2024b;a; Gatmiry et al., 2024; Gu et al., 2024;
Guo et al., 2023; Chen et al., 2024b; 2023b; 2022; Lee et al., 2023; 2022) and references therein.

“Recent work by Havrilla and Liao (2024) examines the generalization and approximation of transformers
under Holder smoothness and low-dimensional subspace assumptions.
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et al., 2024b) demonstrate minimax-optimal under the total variation for ReL'U network. Additionally,
Tang et al. (2024) extend the analysis to a more general setting by considering different smoothness
levels for the data « and condition y.

C.2 BROADER IMPACT

This theoretical work aims to shed light on the foundations of generative diffusion models and is not
expected to have negative social impacts.

C.3 LIMITATIONS

Although our study provides a complete theoretical analysis of the conditional DiTs and establishes
the minimax optimality of the unconditional DiT, we acknowledge three main limitations:

* The minimax optimality of conditional DiT remains not clear.

* We did not explore other architectures such as “adaptive layer norm” and “cross-attention” DiT. A
potential direction is by establishing the universal approximation capacity of the transformer with
cross-attention mechanisms.

* Although we achieve a better bound for the latent conditional DiT under the Lipschitz assumption
than under the Holder assumption, we do not show the minimax optimality under the Lipschitz
assumption.

‘We leave these for future work.

Furthermore, there are limitations regarding the Holder smooth data assumptions in Assumption 3.1
and Assumption 3.2. Our results in Section 3 and Appendix A depend on the Holder smooth data
assumptions. However, it is challenging to measure the smoothness of a given dataset (e.g., CIFAR10),
because it requires knowledge of the dataset’s exact distribution. Conversely, it is feasible to create a
dataset with a predefined level of smoothness. To illustrate this, we provide two examples.

* Diffusion Models in Image Generation: When modeling conditional distributions of images given
attributes (e.g., generating images based on class labels), these assumptions hold if the data
distribution around these attributes is smooth and decays. In diffusion-based generative models,
the data distribution often decays smoothly in high-dimensional space. The assumption that the
density function decays exponentially reflects the natural behavior of image data, where pixels or
features far from a central region or manifold are less likely. This is commonly observed in images
with blank boundaries.

* Physical Systems with Gaussian-Like Decay: This applies to cases where the spatial distribution
of a physical quantity, such as temperature, is smooth and governed by diffusion equations with
exponential decay. In physics-based diffusion models, like those simulating the spread of particles
or heat in a medium (e.g., stars in galaxies for astrophysics applications), the conditional density
typically decays exponentially with distance from a central region.
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D PROOF-OF-CONCEPT EXPERIMENTS

Experimental Objectives. We train a conditional diffusion transformer model on the CIFAR10
dataset to validate the following three parts:

* Objective 1. Validating the influence of input data dimension d, on the testing loss (score
estimation error) in Theorem 3.3.

* Objective 2. Validating the influence of input data dimension d,, on the parameter norm bounds
([[Wolly o and [[Wy |, ) in Theorem 3.1.

* Objective 3. Validating the influence of backward timestamp ¢ on the testing loss (score estimation
error) in Theorem 3.3.

Experimental Details. We train the model on the CIFAR10 training dataset for 10 epochs. The
dataset consists of 50,000 images across 10 classes. We set the forward process termination step to
T = 1000. Then, we evaluate the model’s performance using the CIFAR10 testing dataset of 10,000
images from 10 classes. We use the testing loss as the measurement.

» To validate objectives 1 and 2, we test various values of d, at backward timestamp ¢y = 5,
including 32 - 32 = 1,024, 48 - 48 = 2,304, 64 - 64 = 4,096, and 80 - 80 = 6, 400.

* To validate objective 3, we test different backward timestamps %y, including 5,4, 3,2 and 1 for
bothd, =32-32=1,024 and d,, = 48 - 48 = 2, 304.

Model Setup. The conditional diffusion transformer model has 12 transformer blocks. The number
of attention heads is h = 6, and the hidden dimension is s = 384. We set the MLP dimension to
r = 1536. We fix d = 4 in the DiT reshape layer (Definition 2.3).

Computational Resource. We conduct all experiments using 1 NVIDIA A100 GPU with 80GB of
memory. Our code is based on the PyTorch implementation of the diffusion transformer (Peebles and
Xie, 2023) at https://github.com/chuanyangjin/fast-DiT.

D.1 EXPERIMENTAL RESULTS

Results for Objectives 1 and 2. We report the numerical results of objectives 1 and 2 in Table 3.

We observe an increase in the loss value with increasing d,. This is consistent with the score
estimation result in Theorem 3.3.

Additionally, we note an increase in the parameter norm bounds (||Wol|, ., and [|[Wy ||, ) with
increasing d,. These align with the parameter norm bound results in Theorem 3.1.

Table 3: Influence of Input Data Dimension d, on the Testing Loss and Parameter Norm
Bounds at Backward Timestamp ¢, = 5: The testing loss and parameter norm bounds (||Wo||2,00
and ||Wy||2,c0) increase with an increasing d,. These results are consistent with the results in
Theorem 3.3 and Theorem 3.1.

Input Data Dim. d,, 32-32=1,024 48-48=2,304 64-64=4,096 80-80 = 6,400

Testing loss 0.9321 0.9356 0.9364 0.9476
IWolls 1.6074 1.6332 1.6789 1.6886
W[l o 2.1513 2.1767 2.1858 2.1994

Results for Objective 3. We report numerical results of objectives 3 for d, = 32 - 32 = 1,024 and
d, = 48 - 48 = 2,304 in Table 4. We observe an increase in the loss value as ty decreases. This is
consistent with the score estimation result in Theorem 3.3.
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Table 4: Influence of Backward Timestamp ¢, on the Testing Loss: The testing loss increases with
increasing t(. This is consistent with the result in Theorem 3.3.

Testing loss to=5 to=4 t90=3 to=2 tog=1

32-32=1,024 0.9321 0.9329 0.9335 0.9350 0.9361
48 -48 =2,304 09356 0.9357 0.9360 0.9363 0.9367
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E LATENT CONDITIONAL DIT WITH HOLDER ASSUMPTION

In this section, we elaborate more on Appendix A — conditional DiTs under (i) low-dimensional
linear latent (subspace) and (ii) Holder data assumptions.

We extend the results on approximation and estimation of DiT from Section 3 by considering the
latent conditional DiTs. Latent DiTs enables efficient data generation from latent space and therefore
scales better in terms of spatial dimensionality (Rombach et al., 2022). Specifically, we assume the
raw input z € R% has an intrinsic lower-dimensional representation in a do-dimensional subspace,
where dy < d;. This setting is common in both empirical (Peebles and Xie, 2023; Rombach et al.,
2022) and theoretical studies (Hu et al., 2024; Chen et al., 2023c).

Organization. We present the statistical results under Holder data smooth Assumptions 3.1 and 3.2
and state the results in Theorem E.1, Theorem E.2, Theorem E.3, and Theorem E.4, respectively.
Appendix E.1 discusses score approximation. Appendix E.2 discusses score estimation. Appendix E.3
discusses distribution estimation. The proofs in this section primarily follow Appendices I and J.

Let dy denote the latent dimension. We summarize the key points of this section as follows:

K1. Low-Dimensional Subspace Space Data Assumption. We consider the setting that latent
representation lives in a “Low-Dimensional Subspace” under Assumption A.1, following (Hu
et al., 2024; Chen et al., 2023c¢).

Assumption E.1 (Low-Dimensional Linear Latent Space (Assumption A.l Restated)). Data
point x = Uh, where U € R4=*do ig an unknown matrix with orthonormal columns. The latent
variable h € R% follows a distribution P}, with a density function py,.

For raw data = € R% , we utilize linear encoder WJ € R *d= gnd decoder Wy € Rd=*do tq
convert the raw z € R% and latent h € R% data representations. Importantly, z = Uh with
U € Ré=*do by Assumption A.1.

For each input z € R% and corresponding label y € R%, we use a transformer network to
obtain a score estimator sy € R% . To utilize the transformer network as the score estimator, we
introduce reshape layer to convert vector input & € R% to matrix (sequence) input H € R4*L,
Specifically, the reshape layer in the network Figure 3 is defined as R(-) : R% — R4>*L and its
reverse R~1(-) : R — R where dy < d,,d < d,and L < L.

We remark that the “low-dimensional data” assumption leads to tighter approximation rates than
those of Sections 3.1 and 3.2 and estimation errors due to dy < d, (Theorems E.I and E.2).

K2. Holder Smooth Assumption. For approximation and estimation results for latent conditional
DiTs (Theorems E.1 to E.4), we study the cases under both the generic and strong Holder
smoothness assumptions on latent representation h € R% . Specifically, we assume the “latent”
data is p-Holder smooth with radius By following Assumptions 3.1 and 3.2. We extend both
approximation and estimation results from Section 3 to latent diffusion and establish the minimax
optimality of latent conditional DiTs.

Assumption E.2 (Generic Holder Smooth Data (Assumption 3.1 Restated)). The conditional
density function p{ (ho|y) is defined on the domain R% x [0, 1]% and belongs to Holder ball of
radius By > 0 for Holder index By > 0, denoted by pl(holy) € HPo (R% x [0,1]%, By) (see
Definition 3.1 for precise definition.) Also, for any y € [0, 1]%, there exist positive constants

C1,C; such that pf (holy) < C1 exp(~Callho13/2).

Assumption E.3 (Stronger Holder Smooth Data (Assumption 3.2 Restated)). Let function
f € HP(R% x [0,1]%, By). Given a constant radius By, positive constants C' and Cs,

we assume the conditional density function p(holy) = exp(fC’2||h0H§/2> - f(ho,y) and
f(ho,y) > C forall (hg,y) € R% x [0, 1]%.
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K3. Latent Score Network. Under low-dimensional data assumption, we decompose the score
function following (Hu et al., 2024; Chen et al., 2023c) (see Lemma E.1):

Viogpi(xly) = U(oiViegp, (U aly) +U'x)/of — w0} . (E.1)
=q(UT z,y,t): R% x[to,T] — R residual connection

Based on this decomposition, we construct the model architecture in Figure 3. The network detail
for approximate (E.1) are as follow: a transformer gT(WJ x,y,t) € T to approximate

q(UTx,y,t), a latent encoder WJ € R%*d= and decoder Wy € R > to approximate
UT € Rdoxde and U € R% >0 and a residual connection to approximate —x /o2

We adopt the following transformer network class of one-layer single-head self-attention
h,s,r 1 T 1
Tﬁ = 3Sw (I‘, Y, t) = TWUQT (WU T, Y, t) - T ; (E.2)
0i Ot

residual connection

where g7 € Thosr — {ng ° fh,s,r . R[{xf N RJXZ}.

Leth == Wgz € R¥% and h == UTz € R% be the estimated and ground truth (according to
Assumption A.1) latent representations, respectively. Here we construct a network sy (x,y,t) to
approximate the score function in (E.1) (see Figure 3 for network illustration).

In Section 3, we give approximation results for score function V log p;(x|y) using conditional DiTs
with a one-layer single-head self-attention transformer. We use the similar transformer architecture to
approximate latent score function V log p? (h|y). Specifically, the density function takes the form

ﬁﬁw:/%@memM,

where v (-|h) is Gaussian N (8;:h, 0214,) with B; = e~ /2, and 67 = 1 — e,

Based on the latent network construction in (K3), we employ the same techniques presented in
Section 3 for score function approximation and estimation. We restate for completeness. First, we
decompose the conditional score function V log p?(h|y) as following:

Vi (hly)

Vlog p? (hly) = o E.3
ogp; (hly) o () (E.3)

By the definition of Gaussian kernel, we have

-2
7 h—h
v (ly) :/ (270?)~ /2 py(hly) exp <M> dh.
R40 —— o

~k1-order Taylor polynomial

~2k3-order Taylor polynomial

Similar to Section 3, our strategy is to expand above term-by-term with k- and ky-order Taylor
polynomials for fine-grained characterizations.

Remark E.1. Here in the latent density function, we have (27rc?)~%/2 instead of (27a?)~%/2.
However, the additional (27rat2)*(dm’d0)/ 2 term does not affect the application of Section 3 into

latent diffusion approximation.

Based on the low-dimensional data structure assumption, we have the following score decomposition
terms: on-support score s, (U z,y,t) and orthogonal score s_ (z, y, t).
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Lemma E.1 (Score Decomposition, Lemma 1 of (Chen et al., 2023c)). Let data x = Uh follow
Assumption A.1. The decomposition of score function V log p;(x) is

Viegpi(z) =UV logp?(}ﬂy) — (ID — UUT) x/of, h=UTz, (E.4)

s (h,y,t) s_(z,t)

where pf! (hly) = [ (h|h)pp (k|y) dh, ¢ (-|h) is the Gaussian density function of N (8;h, 0714,),
B:i=et?ando? =1—et.

Following the proof strategy of conditional DiTs in Appendices I and J with differences highlighted in
(K1), (K2), and the latent network in (K3). To derive the approximation and estimation under generic
and stronger Holder assumptions results in Theorems 3.1 to 3.4 for data under low-dimensional data

assumption, we just need to replace the input dimension d, L to d and L, and the input dimension d,,
with dy, and consider the 3y-Holder smoothness assumption on latent data.

To begin, we clarify the relation between initial data admits to p(z|y) € HB (R x [0,1]%, B), and
under linear transformed data Assumption A.1 admits to p(h|y) € H (R% x [0,1]%, By) where
Bo = B and By < CB by Lemma E.2.

Lemma E.2 (Transformation of Stronger Holder Smooth Data Distribution under Linear Mapping).
Let f € HP(R% x [0,1]%, B) satisfy f(x,y) > C > 0 for all (z,y) € R% x [0, 1]%. Consider
the conditional density function:

poly) = £(z,y) exp (—(’;ﬂx”g) |

Suppose the data undergo the linear transformation = Uh, where U € R% *90 has orthonormal
columns (U "U = I,) and fo(hly) = f(Uhly). The transformed density p(h|y) becomes:

p(tly) = F@h ) exp (=2 k1R).

The following condition holds for Holder smooth data that undergoes linear transformation: f, €
HP (R x [0,1]%, By) with By < CB, where C' = max{C’, C"'}.

Proof. First, we compute the partial derivative of the transformed function fy(hly) = f(Uhly).
From the definition of Holder space Definition 3.1, and let o = (v, o) Where oy, + oy < k1. We
compute the partial derivative up to the order of k; and show that it is bounded by some C’, that is

(63 Q (67 Q C
op o (ki) = o5 o5 | fwm ) exo (=) |

= Z (Z) (a;:“f(Uh, y)) (a;(LaV) exp (‘?HMB)) . (By product rule)

a<v

From the relation 0} f(Uh,y) = U*» 90" f(Uh,y) where U*" is the product of U entries corre-
spond to a,. Therefore, ||0;" 85" fo(hly)|| < C’'B for some C” depends on U and ay,. Since f
satisfied Holder condition and the mapping h +— Uh is linear, for Holder condition |ay,| + |ay| = k1
there exist C" such that

|00y fo(hly) — 05" 0y fo(R'|y)|
[(h,y) — (B, y")|I%

The bounded partial derivate up to order k; satisfied Holder condition.

< C"B.

This completes the proof. O
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E.1 SCORE APPROXIMATION

We present the approximation rate of latent score function under generic Holder and stronger Holder
data assumption in Theorems E.1 and E.2, respectively.

Theorem E.1 (Latent Conditional DiT Score Approximation, Formal Version of Theorem A.1).
Assume Assumption 3.1 and d, = Q(lolg‘;fgo év ~)- For any precision 0 < ¢ < 1 and smoothness
Bo > 0, let e < O(N~50) for some N € N. Let Cy, C, > 0 be some absolute constant. For any

y €[0,1]% and t € [N~% O, log N, there exists a Tycore(, Y, 1) € Tg’s’r such that

] e .
[ T 0) = Vo Bl |- Bl = 0 (23 - 55 - (og 1yt #+1).
R%

1
2

Notably, for e = O(N ), the approximation error has the upper bound O((log(1))% /o).
The parameter bounds for the transformer network class are as follows:

IWeallas 1Wkllys 1Wally o Wikl o0 = O (N780+0C<) ;
HWOHza HWOHQ,OO =0 (N—3ﬂ0+60,, (]ogN)3(do+50)) :

Wy ll, = 0@2);  [Wvllye = Od);
Wil (Wil o0 = © (N25042) 3 | BT, = © (BE2);

[Wallg, [[Wally o = O (N*+267) ;07 = O (Vlog N/o?)

Proof Sketch. The proof closely follows Theorem 3.1, with differences highlighted in (K1) and (K2).
Specifically, we replace d, L and d, with d, L and dy respectively. Moreover, we consider the
Bo-Holder smoothness assumption on latent data detailed in (K2). This completes the proof.

Please see Appendix I for a detailed proof. [

Theorem E.2 (Latent Conditional DiT Score Approximation under Stronger Holder Assumption,
Formal Version of Theorem A.1). Assume Assumption 3.2. For any precision 0 < € < 1 and
smoothness 5y > 0, let e < O(N —B0) for some N € N. Let C,, C, > 0 be some absolute constant.

For any y € [0,1]% and t € [N~C~,C, log N], there exists a Tycore (7, Y, ) € Tg’s’r such that

— — o o B
o o)) = 0 Bl [ Rl = O (28 - 52 (og )1

2
0%

Notably, for e = O(N ), the approximation error has the upper bound O(e2/ o?).
The parameter bounds in the transformer network class satisfy

Wally, [Wkll,, [Wel

b

N (N

389 (2dg+4d+1) + 9Cq (2dg+4d+1)
d d

W lly = OVa); Wy lly o0 = O@): IWolla, IWolly o = O (N5)
[Willy, [Wally o0 = © (N45049€+25% 1og N || BT, = O (@2 LH);

Wallg: [W2llg 0o = O (N4BO+QC"+%) ;Cr=0 (\/logN/at) .

Proof Sketch. The proof closely follows Theorem J.1, with differences highlighted in (K1) and (K2).

We replace the input dimension d, L to d and L, and the input dimension d, with dy in Theorem J.1
with the Sy-Holder smoothness assumption on latent data detailed in (K2). This completes the proof.

Please see Appendix J for a detailed proof. [
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Remark E.2 (Score Approximation for Low-Dimensional Linear Latent Space). With the assumption
of low-dimensional latent space Assumption A.1, Theorems E.1 and E.2 provide better approximation
rates than Theorems 3.1 and 3.2 under Holder smooth assumptions in Assumptions 3.1 and 3.2,
respectively. Specifically, from Lemma E.2 we have 3y = 8 and By < B. Therefore, Theorems E.1
and E.2 deliver better approximation error over Theorem 3.1, where dy < d;.

E.2 SCORE ESTIMATION

In this section, we provide the extended results for Section 3.3 on score estimation with the estimator
Tscore- We state the main results under Holder data assumptions in Theorem E.3.

Theorem E.3 (Conditional Score Estimation with Transformer). Considery € [0, 1]% and ¢ € [to, T]
withtg = N~ % and T = C,, log N, where C,,, C,, > 0 are absolute constants such that ¢, < 1.
e Assume dy = Q(M) and Assumption 3.1. Let 77 := 688y + 104C, and s = 12dy +

log log N ~
128y + 2. By taking N = n!/("1+Co+80) it holds

Bo _
]E{wi,yi}?zl [RE)] =0 (n— 7110737 - (log n)u2+2) '

» Assume Assumption 3.2. Let 75 := 4(128do + 3180d + 600) + 1222 (12do + 25d + 6) + 72C,.

By taking N = n!/(#3+650) ‘it holds

28

Ega iy, [RG)] = O (77705 - (log p)mex13.50+2})

Proof Sketch. The proof closely follows Theorem 3.3, with differences highlighted in (K1) and (K2).

By replacing the input dimension d, L to d and L, and the input dimension d,, with dgy in Theorem 3.3,
and under the the Sy-Holder smoothness assumption on latent data detailed in (K2), the proof is
complete. Please see Appendix K.2 for a detailed proof. O

Next, we present the score estimation result for low-dimensional input data.

log N )
loglog N /*

Let 7 1= “22(2dg + 5d + 1) + %= (2dy + 5d + 1) — 4f,. By taking N = n7i#955%%% , it holds

Corollary E.3.1 (Low-Dimensional Input Region). Assume Assumption 3.1 and dy = o

Bi
Ega, iy, [RE)] = O (n~7awsmres )

Proof. The proof closely follows Corollary 3.3.1, with differences highlighted in (K1) and (K2). By

replacing the input dimension d, L to d and L, and the input dimension d, with dy in Corollary 3.3.1,
and under the the [y-Holder smoothness assumption on latent data detailed in (K2), the proof is
complete. Please see Appendix K.2 and Appendix K.4 for detailed proofs.

Remark E.3 (Comparing Score Estimation in Theorems 3.3 and E.3). Invoking Lemma E.2 where
Bo =  and By < B the sample complexity in Theorem E.3 improves Theorem 3.3.

E.3 DISTRIBUTION ESTIMATION

In this section, we provide the extended results for Section 3.3 on distribution estimation with the
estimator Tyoe. We restate the main results under Holder data assumptions in Theorem E.3.

Theorem E.4 (Conditional Distribution Estimation, Theorem A.2 Restated). For y € [0, 1]%, let

P, (-|y) denote estimated conditional distributions at ;. Recall that Py(-|y) is the conditional
distribution of initial data zo given y and t € [N~ C,, log N|. Assume KL (Py(-|y) | N(0,1)) <
c for some constant ¢ < oco.
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e Assume dy = Q(lolgoigN) and Assumption 3.1. Let 77 := 688y + 104C, and 5 = 12dy +

128y + 2. it holds

Egaiy, [By [TV (BoCly) ()] | = © (n~®(0gm) #43)

22 — Co Co Bo
where & = min { 2(71+Co13B0)’ 71+Cs 1380’ 2(71 1 Co +3B0) }

» Assume Assumption 3.2. Let ¥ := 4(1280do + 3180d + 60) + 125= (12dy + 25d + 6) + 72C,.
For all z € R% | it holds

Eteitze, [y [TV (PoClo): PoC))|] = O (P (togmymetn 52555 )

2 — Cq Co Bo
B ¢ =l { 2(v3+6p0) * U3+6B80’ v3+680 }

Proof. The proof closely follows Theorem 3.4, with differences highlighted in (K1) and (K2). By

replacing the input dimension d, L to d and L, and the input dimension d, with dy in Theorem 3.4,
and under the the Sy-Holder smoothness assumption on latent data detailed in (K2), the proof is
complete. Please see Appendix K.6 for a detailed proof.

Next, we present the distribution estimation result for low-dimensional input data.

log N )

Corollary E.4.1 (Low-Dimensional Input Region). Assume Assumption 3.1 and dy = o Tog Tog N

i.e., d, < n. With vy specified in Corollary 3.3.1, it holds

~ — mafm _ Cgo _ Cq _ B
Bty [lEy {TV (Pto(~|y),Po(-|y))H =0 (n {2(”“0””0)’”4*0”*3"0’2(”“03”50)}) :

Proof. The proof closely follows Corollary 3.4.1, with differences highlighted in (K1) and (K2). By

replacing the input dimension d, L to d and L, and the input dimension d, with dy in Corollary 3.4.1,
and under the the Sy-Holder smoothness assumption on latent data detailed in (K2), the proof is
complete. Please see Appendix K.6 for a detailed proof.
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F LATENT CONDITIONAL DIT WITH LIPSCHITZ ASSUMPTION

In this section, we apply our techniques to the setting of (Hu et al., 2024) on DiT approximation
and estimation theory — under (i) low-dimensional linear latent (subspace), (ii) Lipschitz score
and (iii) sub-Gaussian data assumptions. Specifically, we extend their work by using the one-layer
self-attention transformer universal approximation framework introduced in Appendix H.1.

Compared to (Hu et al., 2024), we consider classifier-free conditional DiTs, providing a holistic
view of the theoretical guarantees under various assumptions. In particular, our sample complexity

bounds avoid the gigantic double exponential term 2(1/ o reported in (Hu et al., 2024). We adopt
the following three assumptions considered by Hu et al. (2024):

(A1) Low-Dimensional Linear Latent Space Data Assumption.

Assumption F.1 (Low-Dimensional Linear Latent Space, Assumption A.l Restated). Data
point z = Uh, where U € R% *% js an unknown matrix with orthonormal columns. The
latent variable h € R% follows a distribution P}, with a density function py,.

Under this data assumption, Chen et al. (2023a) show that the latent score function endows a
neat decomposition into on-support s and orthogonal s_ terms (see Lemma E.1).

Lemma F.1 (Score Decomposition, Lemma 1 of (Chen et al., 2023c), Lemma E.1 Restated).
Let data 2 = Uh follow Assumption A.1. The decomposition of score function V log p;(z) is

Vlogpi(z) = UVlogpf(hly) — (Ip —UU ") z/o}, h=U"uz, (E.1)

s (hyy,t) s—(z,t)

where p (hly) = [i(h|R)py (hly)dh, ¢;(-|h) is the Gaussian density function of
N(Bih,02l4,), Bs = e t/?and0? =1 — e *.

(A2) Lipschitz Score Assumption. We assume the on-support score function s (h,y,t) to be
L -Lipschitz for any h and y.

Assumption F.2 (L, -Lipschitz of s (h, y,t)). The on-support score function s (h,y,t) is
Ly, -Lipschitz with respect to any A € R% and y € R% for any ¢ € [0, 7). i.e., there exist a

constant L. , such that for any f, y and &, ¢/

S40
— —/ = =t
s+ (P, t) = s (A )ll2 < Lo o= Blla + Ly ly — o/ l2-

(A3) Light Tail Data Assumption.

Assumption F.3 (Tail Behavior of P},). The density function p;, > 0 is twice continuously
differentiable. Moreover, there exist positive constants Ag, Ay, A, such that when |||, > Ao,

the density function py, (h|y) < (27)~%/2 A exp(—As||h||3/2).

We note that, the assumptions (A1) and (A3) are on data, and (A2) are on the score function. Notably,
(A2) on the smoothness of score function is stronger than Holder data smoothness assumptions
considered in Section 3 and Appendix A.

Organization. We study latent conditional DiTs under low-dimensional data Assumption F.1,
Lipschitz smoothness Assumption F.2, and tail behavior of P, Assumption F.3 and states the results
in Appendices F.1 to F.3, respectively. Appendix F.1 discusses score approximation. Appendix F.2
discusses score estimation. Appendix F.3 discusses distribution estimation. The proof in this section
provided in Appendices F.4 to F.6. The proof strategy in this section follows (Hu et al., 2024).

Here we summarize the key settings of this section:

S1. Lipschitz Smooth Assumption and Tail Behavior. Following (Hu et al., 2024), we introduce
two assumptions on Lipschitz smoothness for on-support score function s and tail behavior
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of P, in Assumptions F.2 and F.3, respectively. The on-support score function is defined as
s+(UTx,y,t) =UVlogp} (U x|y) (see Lemma E.1 for score decomposition).

S2. Low-Dimensional Space. We consider the setting of latent representation that is the data lives
in a “Low-Dimensional Subspace” under Assumption A.1, following (Hu et al., 2024; Chen
et al., 2023c). The raw data € R% is supported by latent h € R% where dy < d,.

S3. Transformer Network. We follow standard setting of “in-context” conditional DiTs by Peebles
and Xie (2023) on latent representation. Recall Appendix A for the transformer network setting.

F.1 SCORE APPROXIMATION

For completeness, we introduce the proofs from (Hu et al., 2024) for score approximation of the
conditional latent diffusion model.

Instead of assuming Holder smoothness of the initial conditional data distribution as in Appendix A,
we use stricter assumptions on the latent density function. To be specific, we directly approximate the
on-support latent score function, instead of approximating the denominator and nominator separately.
From the score decomposition in (A.1), we define the on-support score function s as following:

s (UTx y.t / Vi h|h pr (hly)
e e (hW)ppr (W |y) dB!
=UVlogp] (U zly). (E2)

Here we require two assumptions following the proof of (Hu et al., 2024) on tail behavior of density
function and Lipschitz continuous for on-support score function. Assumption F.3 is the analogy
of Assumption 3.1 for assuming the tail behavior of the density function. On the other hand,
Assumption F.2 further assume the on-support score function s to be L -Lipshitz. Note that this
assumption is stricter than Assumption 3.1 since we make the Lipschitz assumption directly on the
score function instead of on the latent density function.

Theorem F.1 (Latent Score Approximation of Conditional DiT, modified from Theorem 3.1 in Hu
etal. (2024)). For any approximation error € > 0 and any data distribution P under Assumptions A.1,

F.2 and F.3, there exists a DiT score network Tsore(h, ¥, ) € T£ " where W = {Wy, Tscore }» Such
that for any t € [to, T'], we have:

||7;core('7t) _VIngt( ||L2 \/do—"_d /0t7
where 07 = 1 — e~ and the parameter bounds in the transformer network class satisfy
Woll, = IWkll, = o({[. 67<%+2Z)(10gz);).

1
IWally o0 = Wikl o, = O(@% - eGP 0g D)} )

IWolly = 0 (d2€# ) s [Wolla,o = O (€7) 5
Wy lly = O(d?); [Wy |l o, = O(d);

)
SR
a
|
=
~—

(
IWill, = O (de™8)  [Wallp = O (
IWally = 0 (de™4) 5| Wally o = O (dFe7H) 5

BT ||, o = © (L),

)

Proof. Please see Appendix F.4 for a detailed proof. [
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F.2 SCORE ESTIMATION

Theorem F.2 (Score Estimation of Latent DiT). Under the Assumptions F.1 to F.3, we choose the
score network Tcore (7, Y, t) € 7'£ *®" from Theorem F.1 using € € (0,1) and L > 1. With probability
1 — 1/poly(n), we have

1 T (1 —=% - .-
Tt /t | Tscore (-5 ) — Vlogpt()HLQ(Pt)dt =0 <t%n2(1+3/d+“) log® Llog? n> ,
0
where O hides the factor about dy,dy, do, d and gl
Proof. Please see Appendix E.5 for a detailed proof. O

F.3 DISTRIBUTION ESTIMATION

In practice, DiTs generate data using discretized version with step size . Let 13750 be the distribution
generated by Ticore(, 9, t) in Theorem F.2. Let PZ; and pfo be the distribution and density function

of on-support latent variable h at ty. We have following results for distribution estimation.

Theorem E.3 (Distribution Estimation of DiT, Modified from Theorem 3 of (Chen et al., 2023c)).
Let T = O(logn),ty = O(min{cy, 1/Ls, }), where ¢y is the minimum eigenvalue of Ep, [hh"].
With the estimated DiT score network Tscore(, y,t) in Theorem F.2, we have the following with
probability 1 — 1/poly(n).

(i) The accuracy to recover the subspace U is

HWUWJ = UUTH? =0 <Cln2(1+3_/3+4i) -log® n) . (F.3)
0

(i) (Wp U)uT?tO denotes the pushforward distribution. With the conditions KL(Py||N (0, I4,)) <

o0, and step size p < &(n, to, L) -2/ (do+/1og dp). There exists an orthogonal matrix U € R4*4
such that we have the following upper bound for the total variation distance

TV(PE, (WsU)] By) = O (

_3
n 30T | Jog? n> , (F4)
to+/Co

where O hides the factor about dy,do,d,and L, .

(iii) For the generated data distribution Isto, the orthogonal pushforward (I — WgW, )ﬁﬁto is
N(0,%), where ¥ < atol for a constant a > 0.

Proof. Please see Appendix F.6 for a detailed proof. O

Remark F.1 (Compare with Existing Work). In (Chen et al., 2023c, Theorem 3), the upper bound
for total variation distance with ReL U network is O (\/ 1/(coto)n=1/(d+5) 1og? n) Therefore, for

n > 1, Theorem F.3 gives tighter accuracy if 3d + 11 > 12/c7+ 16L where Jg dand L < L. On
the other hand, under similar conditions for d and L, Theorem F.3 suggest to achieve similar total
variation distance we only require /% early stopping time which is beneficial for empirical setting.

F.4 PROOF OF SCORE APPROXIMATION (THEOREM F.1)

To begin with, we restate some auxiliary lemmas and their proofs here from (Chen et al., 2023c) for
later convenience. Note that some of the proofs extend to the latent density function.
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Lemma F.2 (Modified from Lemma 16 in (Chen et al., 2023c)). Consider a probability density
function py, (hly) = exp(—C||h||§/2) for h € R% and constant C > 0. Let r, > 0 be a fixed
radius. Then it holds

2dymo/2 e ,

/|h|2>rh w (Rly) dh _mrh exp(—Cr;/2),
2d0ﬂ.d0/2 do 2

g, B il < it (- 2)

Lemma F.3 (Modified from Lemma 2 in (Chen et al., 2023c)). Suppose Assumption Assumption F.3
holds and ¢ is defined as:

hipe (hlh) pr (hly) dh. h=pBT

1 vt) = [ T e (il i

Given € > 0, with r,, = ¢ <\/d0 log(do/to) + 1og(1/e)) for an absolute constant ¢, it holds
llg (hy t) 1{[[Bl], = rn}|| oy, < € fort € [to, T1.

Lemma F.4 (Modified from Theorem 1 in (Chen et al., 2023c)). We denote

)= swp s swp | a(hut)
t€lto,T] he0,ry]0 y€[0,1]% ot 2
With g(h,y,t) = [ he(R|R)pr(hly) /([ ¥e(h|h)pr(h|y)dh)dh and p, satisfies Assumption F.3,

we have a coarse upper bound for 7(ry,)

T@%y—0<1;f3<@++ )Vf7%>— (7L, /o)

Proof of Lemma F4.

gq(Ey,t) =U h%%@'h)ph(h'y) dh — U/ hq’”t(mh)ph(h@f%%(ﬁ\h)pg(hly)dhdh
o J be(Hln)pn (hly)dh (] dn (Rl pn (hly)dh)
W (IIh 3 1 2)hTh ¢l ¢(h|h h
v e (L R 4 N A
f¢t ph(h|y)dh
. /hwwmmmmf%<m@ (14 SDNTH + A vty 1)
(J ¢ (Rlh)pn (hly)dh)®
@ B

U [Eph [huhng} — (1 + 2) Cov [h[R] B} ,

where we plug in 0y (h|h)/0t = B, (Hh”g (1+ B7)hTh+ Bi|h|, )wt h|h)/o? and collect
terms in (7). Since P}, has a Gaussian tail, its third moment is bounded.

Then we bound ||Cov/[h|h] Hop by taking derivative of s (h, vy, ) with respect to h, here

_ @ heye(hh)pn(hly) . h
sy(hy,t) = [ 4. (h|R) ph(h|y)dhdh v 2"
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Then we have

%S#E%t) = ($>2U UhhTap(h,y)dh— /hw(h,y)dh/h%(h,y)dh] - UitzU
~ (i;)g U [Cov(hh) - ;?Jdo} ,
where
oy = fzft (: - <(h5/>)dh'

Along with the L, -Lipschitz property of s, we obtain

|Cov(hR)||. < 4(Lg++ 1)

— Q2
op B t

Therefore, we deduce

T(T}L)=O<1+ﬁt2 <Lg++ )\/77%): (eT/2L3+’I"h do),
Bt

as P, having sub-Gaussian tail implies Ep, {h||h||§} is bounded. O

Lemma F.5 (Modified from Lemma 10 in (Chen et al., 2023c)). For any given € > 0, and L-Lipschitz
function g defined on [0, 1]% x [0, 1]%, there exists a continuous function f constructed by trapezoid
function that

lg = Fll <e

Moreover, the Lipschitz continuity of f is bounded by

|F(z,y) = f(a',9)| < 10doLllz — ||, + 10dy L]y — ¥/,

for any z, 2’ € [0,1]% and y, ' € [0,1]%

Proof of Lemma F.5. This proof closely follows Lemma 10 in (Chen et al., 2023c). We divide the
proof into two parts: First, we use a collection of Trapezoid function f to approximate the function g
defined on [0, 1]% x [0, 1]%. Then we establish the Lipschitz continuity of the function f to facilitate
the approximation with a transformer.

1. Approximation by Trapezoid Function. Given an integer N > 0, we choose (N 4 1)% points
in the hypercube [0, 1]% and (N + 1)%v points in the hypercube [0, 1]%. We denote the index

of the hypercubes as m = [my,my, -+ ,mg,]" € {0,--- ,N}and n = [n1,ng, - 7ndy:|—r €
{0,---, N}. Next, we define a univariate trapezoid function (see Figure 4) as follow
1, la| <1
¢(a’) = 2 - |CL‘7 |a‘ € [172] . (FS)
0, la| > 2

33



Published as a conference paper at ICLR 2025

¢ (3N (21 — )

mk/N T

"Figure 4: Trapezoid function.

Forany z € [0, 1]% and y € [0, 1], we define a partition of unity based on a product of trapezoid
functions indexed by m and n,

Emm(2,Y) :]I{ye (T;]}ﬁqé(w (xk— %)) (F.6)

For example, the product of trapezoid function &, »(z,y) # 0 only if y € (2, %] and
v e [m=2L3 mt2 3] For any target L-Lipschitz function g with respect to 2 and y, it is more
convenient to write its Lipschitz continuity with respect to the ¢, norm, i.e.,

lg(z,y) — g(a’,y")| < Lllz — 2'||, + Ly — ¥/'[],
< Ly dollz — 2|, + Ly/dylly — || - (F7)

We now define a collection of piecewise-constant functions as

Pon(z,y) = g(m,n) for mec{0,...,N}¥*andn € {0,...,N}%.
We claim that f(z,y) = >, &m.n(2,Yy)Pron(,y) is an approximation of g, with an approxi-
mation error evaluated as

sup  sup |f(z,y) — g(z,y)|
z€[0,1]40 yel0,1]%

= sup  sup | Emn(@y) (Pmn(x,y) — g(x,v))
z€[0,1]90 ye[0,1]%v m,n

< sup sup Z | P (2,y) — g(, y)]
z€[0,1]% ye[0,1]%v mi|zg—my /N|<3%

n:ly;—n;/NI€(— 3N 2]

= sup sup Z lg(m,n) — g(x,y)|

PN EOAY i /NI<

n:ly;—n; /N|€(— 5> 7]

1 1
< Ln/dp2%t — 4+ [\/d, 1%

>~ 0 3N + Yy 2N
_£ (Vd02d0+1 + vdy>

(By Lipschitz continuity in (F.7)>

N 3 2

where the last inequality follows the Lipschitz continuity in (F.7) and using the fact that there
are at most 2% terms in the summation of m and at most 1% terms in the summation of n. By

choosing N = [L (v/do2%*! /34 \/d, /2) /€], we have ||g — f||oo Se
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2. Lipschitz Continuity. Next we compute the Lipschitz of the function f with respect to 2 and .
Suppose the approximation error € > 0 is small enough, then we have

|f($7y) - f(xlvy/)|
< |fl@y) = g(@.9)| + lg(z,y) — 9@,y + g2, y") — F',y)]|
< 2e+ Ly/dollz — 2|l o + L/dylly — ¥/ ll o

<10L\/do|lw — 2|l + 10L+/dy lly — o/ ||
< 10Ldol|lz — @'||, + 10Ldylly — ¥/[|,-

This completes the proof. O
Main Proof of Theorem F.1. Now we are ready to state the main proof.

Proof of Theorem F.1. From low-dimensional data assumption, the score function log p;(x|y) de-
composes as the on-support and orthogonal component (see Lemma E.1). Recall the on-support
score function is given by V log p/ (7L|y) = U"s;(h,y,t) from (F.7). We use a latent score network
to approximate the score function (see (K3)). Specifically, the latent score network includes a latent
encoder and a latent decoder. The encoder approximates U T € R%*4= and decoder approximates
U € R%*do_ Atits core, we use the transformer g7 (W] z,y,t) € T™*" to approximate q(h, y, t)

as defined in (E.1). The expression for g(h, y, t) is given by:
ast) = 2V log (U aly) + U = 20 (5 (oo t) 4 2/0?). (BY)

We proceed as follows:

* Step 1. Approximate q(h,y,t) with a compact-supported continuous function f(h, y,t).

* Step 2. Approximate f(h,y,t) with a one-layer single-head transformer network.

Step 1. Approximate ¢(h,y, ) with a Compact-Supported Continuous Function f(h,y,t). First,
we partition R% into a compact subset H; := {h | Hh“2 < rp} and its complement Ho, where the
choice of 7, comes from Lemma F.3. Next, we approximate q(h, y,t) on the two subsets by using

the compact-supported continuous function f(h,y,t). Finally, calculating the continuity of f gives

an estimation error of /do + d e between q(h,y,t) and f(h,y,t). We present the main proof as
follows.

« Approximation on H> x [0, 1] x [to, T']. For any € > 0, by taking r, = c(1/do log(do/to) — loge),
we obtain from Lemma F.3 that

la(h,y, OBL[[R]ly = 0 }| o,y S € for t€[to,T] and ye[0,1].

So we set f(h,y,t) = 0on Hy x [0,1] x [tg, T

* Approximation on H; x [0,1] X [to,T]. On Hy x [0, 1] x [to, T, we approximate

q(ha Y, t) = [(11 (h; Y, t)a qQ(hv Y, t)v c 5, qdy (hv Y, t)]v

by approximating each coordinate g,(h,y, t) separately.

We firstly rescale the input by A’ = (h + r;,1)/2ry, and t' = t/T, so that the transformed input
space is [0, 1]% x [0, 1]%v x [to/T, 1]. Here we do not need to rescale y, since it is already in [0, 1]
by definition. We implement such transformation by a single feed-forward layer.
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By Assumption F.2, the on-support score s (h, y,t) is L -Lipschitz with respect to any h € R%
and y € R%. This implies q(h,y,t) is (1 + L, )-Lipschitz in h and y. When taking the
transformed inputs, g(h',y,t") = q(2ryh' — r,1,Tt") becomes 2ry, (1 + L, )-Lipschitz in h’;
each coordinate gy (h',y,t) is also 27y, (1 + L, )-Lipschitz in i/. Here we denote L, = 1 + L, .

Besides, g(h',y,t') is T'7(ry)-Lipsichitz with respect to ¢, where

7(rp) = sup sup sup h,y,t)

telto,T] he [0,7p]% y€E [0,1]%

QQ( )

We have a coarse upper bound for 7(r) in Lemma F.4. We restate it as follows:

7(rp) =0 (1 + 57 (LS+ + 12) \/%rh> =0 (eT/2L5+rh\/%) )
Bt O

Since each g (h', y, t) is Lipsichitz continuous, we apply Lemma E.5 to construct a collection of
coordinate-wise functions, denoted as f(h',y,t). We concatenate f}’s together and construct

f=1f1,--,fa]"- According to the construction of trapezoid function in Lemma F.5, for any
given €, we have the following relations:

sup 17y, t) =gyt <.
h/7y’t/e[071]gx [071]'13/ X [to/T,1]

Considering the input rescaling (i.e., h — h’, y — y and t — t'), we obtain:

— The constructed function is Lipschitz continuous in hand y, i.e., for any hi,ho € Hi,y1,y2 €
[0,1] and ¢ € [to, T, it holds

| F(h1,y1,t) = f(Rha, ya, 1) < 10doLa || hy — hal|, + 10dy L]lys — yal|,- (F.9)

— The function is also Lipschitz in ¢, i.e., for any ¢y, ts € [to,T] and ||71||2 < 7}, it holds

|‘f(ﬁ>y7t1) - f(?lﬁyatQ)Hoo < 1OT(rh)“t1 - t2||2'

To conclude, the construction of f(ﬁ, Y, t) uses a collection of trapezoid functions, as described
in Lemma F.5. This ensures that f(h,y,t) = 0 for |||, > 7, forall ¢ € [to,T] and y € [0,1].
Consequently, the Lipschitz continuity of f(h, y,t) with respect to & extends over the entire space

R,

Approximation Error Analysis under L?> Norm. We first decompose the L? approximation
error of f into two terms (Hh”2 < rp and Hh”2 < Th):

la (P yst) = (B9 )| 2
= [(a (b, 6) = TRy ) LRIy < radll o ppy + llaCo g VLRI, > i}l oy

By selecting r, = O (\/do log(do/to) + log(l/e)) (see Lemma F.3), we bound the second term
on the RHS of above expression as:

o OL{UA, > il oy <
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For the first term, we bound
(R yst) = Ty, DULR], < 7 o oy
S V d() + dy sup H.]?(h/v:%tl) - g(hl7yat/)||oo

h',y,t'€[0,1]%0 x[0,1]% x [to /T',1]
< \/mg

So we obtain
H(](?L,y,t) - f(ﬁayvt)’|L2(Pth) S (\/m+ 1)6

Substituting € with €/2 gives an approximation error for f(h,y,t) of \/do + dye.

Step 2. Approximate f(h,vy,t) with One-Layer Self-Attention. This step is based on the universal
approximation of single-layer single-head transformers for compact-supported continuous function
in Theorem H.2.

Recall the reshape layer R(-) from Definition 2.3. We use f(-) := R™! 0 §r o R( ) to approximate
Fil) = FC 1), where Gr() € Tho7 = {37 0 fO8 o fiT s REE — RO},

We first use ft( )= R~'ogroR( ) to approximate the function f(-) constructed at Step 1 and
denote H = R(h). Using Theorem H.2, we have:

1/2
|7t = 7w, e = ( / ft(h,w—f(h,y)szh) (£.10)

(/ EoftoﬁwmanToE1<H>]fdh>1/2

ph F

) 1/2

- ( [ |Refio Rt —§T<H>HFdh>

Ph
<e (E11)

Along with Step 1, we obtain

o~

lah.y.t) - 7B, y)|

< |l y.t) = FRs )| oy + 1Ty 8) = G (R o oy
< (1+Vdo+dy)e.

The approximator sg; for the score function Vlogp;(hly) is define in (E.2) where s =
Wy f(U Ta,y,t) — x)/02. The approximation error for such an approximator is

1+ /do+d
TVOTD  foralit e [to, ).

IVIogpi() = s (. Ol o) < —— ¢

L2(Pl)

Finally, the parameter bounds in the transformer network class satisfy

T —(LiyoT ~.1
||WQ||2=||WK||2=(’)<d-€ (d+2L)(1ogL)2)~

~3

IWally o = IWiclly,o = 0(d? - P 105 1) );
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IWoll, = 0 (d¥et) ; [Woll .. = O (e

)i Wy lly oo = O(d);

(d) Wil = O (

(Je_a HWally oo = O (3%6_5) ;
BT, =0 (#TE).

[
N————

[N

Wy, =0O(d
||W1H2 =0

am

€

St
win
)
|
=
~——

W2, = O

We refer to Appendix H.2 for the calculation of the hyperparameters configuration of this network.

This completes the proof. O

F.5 PROOF OF SCORE ESTIMATION (THEOREM F.2)

Lemma F.6 (Lemma 15 of (Chen et al., 2023c)). Let G be a bounded function class, i.e., there exists
a constant b such that any function g € G : R%  [0,b]. Let 21, 22, - - , 2, € R% be i.i.d. random
variables. For any 6 € (0,1),a < 1, and ¢ > 0, we have

P <sup 1 Zg(zl) -1+ a)E[g(2)] > (1+3/a)B log NG [ lle0) + (24 a)c) <4,

geG N = 3n )

Main Proof of Theorem F.2. Now we are ready to state the main proof.

Proof of Theorem F.2. Our proof is built on (Chen et al., 2023c, Appendix B.2).

Recall that the empirical score-matching loss is

n

1
Llsw) = > Ui, yii s, (F12)

=1

with the loss function ¢ for a data sample (z, y) is defined as

T
1
g(xv Y, sﬁ/\) = / mE(act|x0:ac,T) [Hs(xta TY, t) -V log ¢t(mt|x0) ||§} dt.
to
We organize the proof into the following three steps:

* Step 1. Decomposing £ (s5;): We first decompose £ into three terms (A), (B), and (C).

Sw

* Step 2. Bounding Each Term: We then bound three terms separately using some helper from
Lemma F.2 and Lemma F.6.

 Step 3. Putting All Together: Finally, we combine the above bounds and substitute the covering
number of S (C,) from Lemma K.3.

* Step 1. Decomposing L (s3):
Following (Chen et al., 2023¢c, Appendix B.2), for any a € (0, 1), we have:

L(s)
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~

< LY (s) — (14 a)Zt“mC(sW) + L(sgp) — L5 (s7p) +(1+a)  inf  L(sw).

SWeTE'S’T
(A) (B) —_—
(%)
where
Ltrunc(s/w) = EmNPO V(l‘, TY, SI/}V\)]I{”:EHQ < T.x}}’ rz > B,
We denote

ACT(CF + 1) (re Jdy) ™72 - exp (=12 /o 2) [to(T — to),

Ty = (9<\/d0 log dg +10gC7-+log(n/5)).

=
I

* Step 2. Bounding Each Term: We bound (A), (B), and (C) term separately using some helper
from Lemma F.2 and Lemma F.6.

Bounding term (A). For any § > 0, following (Chen et al., 2023c, Appendix B.2) and applying

Lemma F.6, we have the following for term (A) with probability 1 — 9,

(T—to)(ec—m) h,s,r ||.
(1+3/a)(CF+1D) |, N (e T Ilo)

(A) - ’I’Lto(T — to) 1)

+2+4+a)],

where ¢ < 0 is a constant, and ¢, > 0 is another constant to be determined later.

By setting €. = log(2/(nto(T — t5))), then we have

(1+3/a)(CZ +12) N((n(CTm)to log (T/to)) ™", T, ||-H2) 1
=~ log = +—1
nto(T — to) ) n

(F.13)

(A) =0

with probability 1 — 4.
Bounding term (B). Following (Chen et al., 2023c, Appendix B.2) and applying Lemma F.2, we
has the following bound for term (B):

1 o a4y 27200124, 2
(B)=0 10T = tO)CTT't T2 1) exp (—Car/2) | . (F.14)

Bounding term (C). In Theorem F.1, we approximate the score function with the network sy, for
any € > 0. We decompose the term (C') into statistical error (C) and approximation error (C5):

(C) < LGw) — (14 @)L (Fw) +(1 4 a) L5 (Fyy) -
(C1) (C2)

Following (Chen et al., 2023c, Appendix B.2) and applying Lemma F.2 and Lemma F.6, we have
the following bound for term (C1):

with probability 1 — 4.
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Finally, for the term (C3) we use Theorem F.1 for score function approximation of £(sy ):

(Cy) =0 < do + dy )62) + (const.).

to(T — 1o
This give us the bound for term (C') < (Cy) + (1 + a)(Cs) as

(1+6/a)(C3+72) 1  do+d, o
nto(T — to) logg + me + (const.). (F.15)

(C)g@(

* Step 3. Putting All Together: In the final steps, we combine three terms and substitute the
covering number to get the score estimation bound for latent DiT.

Combining (A), (B) and (C). Following (Chen et al., 2023c, Appendix B.2), we set a = €2 and
get the overall bound:

1 T
T_to/ s (1) = Viog pe() |72, 8

to

_ ((0%+r2) log V(O + ro)tolog(T/to) ™, Spners Ill) 1 do+dy

62nt0(T — to) 8 1) E t0<T - tO) ‘
(E.16)

with probability 1 — 36.

Before we move on to the covering number of Tg *®T we first compute the Lipschitz upper bound
L and model output bound C'r.

Lipschitz Upper Bound L and Model Output Bound C7. We then compute the Lipschitz
upper bound L for the transformer. We denote f; r() = RogoR™*(-)and H = (fi(ﬁ), y)
We get the Lipschitz upper bound for ffr € ’T]g s

| Fr () = Fr ()| < || P o) = P ()| 4 (|7 (o) = o ()|

|| Fom () = Fr (112)|
<2+ ’ fog(H) —f 5 (HQ)HF (By (F.10))
< 2e+10(dy + dy)Ls, [|[H — Hal| . (By (F9))

Then we get the upper bound of Lipschitzness of Tlg T

Ly =0 ((do+dy)Ls.) . (F.17)

Next, we compute the model output bound for 7 }g "*"_ For the output of the constructed transformer
J?T € Th*7 according to (H.17), the output of the network is lower bounded by O(1). Thus with
the Lipschitz upper bound L1 = O((dg + dy )L, ), we have | fr(H) ||l r = O((do + dy)Ls 1),
where | H|| . < rp,. With 7, = ¢(+/do log(do /to) + log(1/e)), we obtain

Cr=0 ((do +dy) L, - \/dolog(do/to) + log(1 /e)) . (F.18)

Covering Number of ng **T_ The next step is to calculate the covering number of Tf? 7 In

particular, Tg "*T consists of two components: (i) Matrix Wy with orthonormal columns; (ii)
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Network function g7. Suppose we have Wyr1, Wye and g1, g2 such that ||Wy1 — Wysl|p < 6
.

and SUp | <, 4@, Tog dryel0,1].telto, 7] 191(2, Y, 1) — g2(@, 9, 1) [, < d2, where g1 = R
g7r10 Rand go = R™! 0 g75 o R. Then we evaluate

sup HSWUL,ng (‘T7yat) - SWUz,gTz(mvyvt)HQ
H33H2§37”z+vdm 10gdmvy€[071]7t6[t07T]
1
) sup ||WU191(W[—]rlx7yat) _WUQQQ(W[—]F2x7yat)H2
Ot |||, <3rp+v/ds Tog da,y€[0,1],tE[to, T
<1 su 1Worrgn (W9, ) — Werngy (Wila, y, t
>~ "5 p Ulgl( 1%, Y, ) Ulgl( uv22,Y, )||2
Tt ||all, <3re++v/ds Tog du,y€[0,1],tE]t0,T]
15t term
+ ||WU191 (W[—]er7 Y, t) - WUlQQ(W[—]er7 Y, t) ||2 + ||WU192(W(—]er7 Y, t) - WUQQQ(W[}erv Y, t) H2 )
2nd term 3rd term
1
S ) LT(Sl VvV d(](?ﬂ’z + dz 10g dx) + 52 + 51 s (Flg)
(o ~~ ~~~
15t term 2udterm  3'd term

where L7 upper bounds the Lipschitz constant of g7 (see (F.17)).

For the set {Wp € R . |[Wg||, < 1}, its §;-covering number is (1 + 2\/d0/61)d”d° (Chen
et al., 2023c, Lemma 8). The d5-covering number of f needs further discussiog as there is a
reshaping process in our network. For the input reshaped from h € R% to H € R?*%, we have

H7LH2 <ry <= ||H||p <74,

Thus we have

_ sup Hgl(?%y?t) - 92(B7y>t)H2 S 627
||| ,<3rs++v/Dlog D,y€[0,1],t€[to,T]

= sup g1 (H) — g72(H) |5 < 62
‘IHl‘FS?""z""\/DlOg D7y6[0a1]7te[thT]

Next we follow the covering number property for sequence-to-sequence transformer Tg’”, ie.,
Lemma K.2 and get the following d,-covering number

log (€0, T2, 1) (F20)
3

4 2

3 3

+(d+dy)? (2(Cr)*CovCi3) |

2
< loggL) ca2 ((CF)QC%‘(;O)3 +(d+dy)% (012500)

15t term 2nd term 3rd term

(F21)

where

o= H(CF)2COV(1 + 4CKQ)(CX + Cg).

7<t

Recall that from the network configuration in Theorem F.1, we have the following bound:
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IWall, = Wi, = O(d- +2L><1ogL>%)
IWallyoe = Wikl = 0@ - GHP (10g D)} ):
IWolly = © (d¥ei ) s [Wollyo, = O () 5

Wy ll, = O(d2); [ Wyl .. = O(d);

IWilly = 0 (de78) ,Willy o = © (c?%e—%) :
[Wally = O( € %) [Wall,

L

Note that Wy g = WoW,E and Wo v = Wo W, . Combining every component and substitute
into (F.20), we have three respective terms bounded as

15 term = O(c’lVQe*Q/(g’&)),
ond torm — (9<(do + dy)2/332/36—4/(33))7

N2/3 S
3' term = O((do + dy)2/3 ‘ (log L) Sd* 6(2/3)(3/d+4L)).

Apparently the 3" term dominates the other two. For the o term, we write
o = 0((’{106—2(3/@@) <log E) C’;),

where C!, = (Cy + (do + dy)3/2)2.

Combining the above bound we get the log-covering number of T3 as

2
€

log (nL) log® (L) ~ Tial
log A" (e, T " 1) 50<°g(” e { )d”(do+dy)26‘4(3/d+“)0§>. (F22)

h,s,r -

Substituting the log-covering number of T into (F.16), we have

1 T
T—tO./tO v -:8) = V108 () [,

_o ((072— + log(n/g)) <log (nZ) log® (E) (PQ(do N dy)264(3/g+4z)05> 1 do + dy ) 2)

€2nt0(T — to) (T — to)?’LQ o t()(T — to ¢
(By (F.16))

:O<((c7+ do)2L2 (dolog(do/to) + log(1/e)) + log(n/3)) <log(nL)log (1)

722 2 —4(3/d+4L)
Ento(T — to) T =iz © (d+dy) = )

do+d 2
——€“ ). By (F.17) and (F.18)
to(T — to) > ( )
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palancing Error Terms. To balance the error term, we set € = n=3/ 4(1+3/ JHZ). Also setting
0 = 1/3n then we have
Lo 2 P2 (d+do)*(d+dy) ooy, a7 3
T /to s () = V1og e (][ o p, At = O < 2 n 20/ log? Llog® n
(F.23)
with probability of 1 — L.
This completes the proof. O

F.6 PROOF OF DISTRIBUTION ESTIMATION (THEOREM F.3)

Our proof is built on Chen et al. (2023c, Appendix C). The main difference between our work and
Chen et al. (2023c¢) is our score estimation error from Theorem F.2. This is based on our universal
approximation of transformers in Corollary H.2.1. Consequently, only the subspace error and the
total variation distance differ from Chen et al. (2023c, Theorem 3).

Proof Sketch of (i). We show that if the orthogonal score increases significantly, the mismatch
between the column span of U and Wy will be greatly amplified. Therefore, an accurate score
network estimator forces U and W, to align with each other.

Proof Sketch of (ii). We conduct the proof via 2 steps:

 Step 1: Total Variation Distance Bound. We obtain the discrete result from the continuous-time

generated distribution ]Sto by adding discretization error (Chen et al., 2023c, Lemma 4). It suffices
to bound the divergence between the following two stochastic processes:

— For the ground-truth backward process, consider h;~ = B "y; and the following SDE:
1 _
dhi = [zhf + Vg p"T — t(hf)] dt + dU?P.

Denote the marginal distribution of the ground-truth process as Pt};.

— For the learned process, consider TLZ_ " and the following SDE:

~,r

1~ JER —h
dh, = = [2hf”+s}M(hf>T,T—t)] dt+dU,';,

where '5?’M(z, t) == [MT f(Mz,t) — z]/o? and M is an orthogonal matrix. Following the
notation in (Chen et al., 2023c), we use (Wy M )J P, to denote the marginal distribution of

13,50. We first calculate the latent score matching error, i.e., the error between V log pf(h, ) and
fsvﬁf’ f(h, y, t). Then, we adopt Girsanov’s Theorem (Chen et al., 2022) and bound the difference
in the KL divergence of the above two processes to derive the score-matching error bound.

Proof Sketch of (iii). We derive item (iii) by solving the orthogonal backward process of the
diffusion model.

o~ ~ - E—
Definition F.1. For later convenience, let us define £(n, to, d, L) := ;5n2(+3/4+L) log® n.
0

Here we include a few auxiliary lemmas from Chen et al. (2023c) without proofs. Recall the definition
of Lipschitz norm: for a given function f, || f ()|l 1;, = suP,, ([|f(x) — f(W)llo/ ]|z — yllo)-
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Lemma F.7 (Lemma 3 of Chen et al. (2023c)). Assume that the following holds

En~p, |V 1ogpn(h|y)|2 < Csny  AminBa~p, [hhT] > co, Enep, |hl2 < Ch,

where \,i, denotes the smallest eigenvalue. We denote

T
E[QS(?t)} = [z o_i?Ewa,, [¢(,t)]dt

We set top < min{2log(dp/Csh),1,21log(co),co} and T > max{2log(Cp/dy),1}. Suppose we
have

E||Ws f(WEw,y,t) — Ug(BTz,9,1)|[; <e.
Then we have
[WoWg — UUT |z = Ofeto/co),
and there exists an orthogonal matrix M € R%*% gych that:

E|[MT (M. y.1) — a(h.y.D);

t maxy || f(-, ¢ 21 -C
:e'o<1+c0[(T—logto)do-m?X||f(-,t>|iip+csh}+ G Dl h).
0

€o

Lemma F.8 (Lemma 4 of Chen et al. (2023c)). Assume that P}, is sub-Gaussian, f(h,y,t) and
V log p? (h|y) are Lipschitz in both h, y and ¢. Assume we have the latent score matching error-bound

T
/ ]EhNPfh
to

Then we have the following latent distribution estimation error for the undiscretized backward SDE

~] 2
Sﬁ@f (ht,y,t) — VIng? (ht|y)H2 dt < €raent (T — to).

TV (ng, ﬁg;) < /eraem (T — to) + KL (Pu|[N (0, 1g,)) - exp(~T).

Furthermore, we have the following latent distribution estimation error for the discretized backward
SDE

TV <Pt}éaﬁt};’dis> < Vewen(T — to) + VKL (P4 N (0, Ig,)) - exp(=T) + v/eais(T' — to),

where

o(to) t(2)
N (maxt ||f((, Y, )l

2
e = (maxh 11 R s )i | TmaXnt ||f(h,y,t)||2> 2

to)

2
-~ ) n* max {E||ho\|27do}+ﬂd0a

and 7 is the step size in the backward process.
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Lemma F.9 (Lemma 6 of Chen et al. (2023c)). Consider the following discretized SDE with step
size y satisfying T' — tg = Kru

1 1

dyy = {—

e f 1
. U(T—ku)}yk“dt+dUt’ ort € [ku, (k+ 1)u),

where Y5 ~ N(0,I). Then when T' > 1 and ¢y + p < 1, we have Yr_;, ~ N (0,0%I) with
o? <el(to+ ).

Lemma F.10 (Lemma 10 in Chen et al. (2023c)). Assume that V log p,, (h|y) is Ly -Lipschitz. Then
we have By p, ||V log pi(h|y)||2 < doLn.

Main Proof of Theorem F.3. Now we are ready to state the main proof.

Proof of Theorem F.3. Recall that in (F.23), we have
—3

~ =~ 1 ——=2
6(717 tO? d7 L) = ?n2(1+3/d+4L) 1Og3 L 10g3 n.
0

s Proof of (i). With Lemma F.7, we replace € to be ¢(T — ty)? and we set Cy;, = Lydg by
Lemma F. 10, we have

2 ~ o~
[ wewy v o(wtw>
€o

We substitute the score estimation error in Theorem F.2 and T' = O(log n) into the bound above,
we deduce

Wy — UUTHi =0 (1n2(1+3/3+4i) -log® n) .
co

We note that logn is great enough to make T satisfies T > max{log(C}/dg + 1),1} where
Ch > Epep, ||hlf5-

* Proof of (ii). Lemma F.7 and Lemma F.10 imply that
_ 2
EHMTf(th Y, t) - q(hv Y, t) ||2 = O(elatent(T - tO))a

where

t L3, -Cy
€latent = € - O (0 {(T - lOgto)dg . L§+ + dOLh] + 9+> )
Co co

Through the algebra calculation, we get

2

dt
2

— Vlogpf(hly)

UTf(Uhvyat) —h
2

0%

T
EHMTf(th,t) - q(hay>t)Hz :/ ]EhNPth
t

0

S elaltem(jj - tO)-

With €jaene and Lemma F.8, we obtain

TV(P!, (WyM), P)
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< Veten (T — to) + VKL (PL||N (0, I4,)) exp(—T) + v/eais (T — to)

n20+3/THL) ogn 4 — + M@ + Vv dO) :
n 0

~ 1
=0
<to\/%

=3 __
As we choose time step u = O (t%/dos/log don *(1+3/d+4L) ) , we obtain

A D
TV(Pt}Z)’ (WUM)JP%IS) =0 <Wn2(1+3/d+4L) -log® n> .

By definition, ]3!; odis (UWB);ﬁtdOis. This completes the proof of the total variation distance.

* Proof of (iii). We apply Lemma F.9 due to our score decomposition. With the marginal distribution

attime 7" — tg and observing u < tg, we obtain the last property.

This completes the proof.
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G SUPPLEMENTARY THEORETICAL BACKGROUND

In this section, we provide an overview of the conditional diffusion model and classifier guidance in
Appendix G.1 and classifier-free guidance in Appendix G.2.

G.1 CONDITIONAL DIFFUSION PROCESS

Conditional diffusion models use the conditional information (guidance) y to generate samples from
conditional data distribution P(-|y = guidance). Depending on the model’s objective, the guidance
is either a label for generating categorical images, a text prompt for generating images from input
sentences, or an image region for tasks like image editing and restoration. Throughout this paper, we
coin diffusion models with label guidance y as conditional diffusion models (CDMs). Practically,
implement a conditional diffusion model characterized as classifier and classifier-free guidance. The
classifier guidance diffusion model combines the unconditional score function with the gradient of an
external classifier trained on corrupted data. On the other hand, classifier-free guidance integrates the
conditional and unconditional score function by randomly ignoring y with mask signal (see (G.06)).
In this paper, we focus on the latter approach.

Specifically, we consider data € R and label y € R with initial conditional distribution P(z|y).
The diffusion process (forward Ornstein—Uhlenbeck process) is characterized by:

1
dXy =~ Xudt +-dW; with  Xo ~ P(aly), (G.1)

where W, is a Wiener process. The distribution at any finite time ¢ is denoted by P;(z]y), and X,
follows standard Gaussian distribution. Up to a sufficiently large terminating time 7', we generate
samples by the reverse process:

1 _
AX[™ = |5 X + Viogpr— (X[ ly) | dt +dW, with X§ ~ Pr(zly),  (G2)

where the term V log pr_:(X; |y) represents the conditional score function. We have X;| X, ~
N(oyXo,02l) withoy = e ¥/?ando? =1 — et

We use a score network § to estimate the conditional score function V log p;(x|y), and the quadratic
loss of the conditional diffusion model is given by

5= argl}nin E; |:]E(:ro,y) []E(mzwquo) [Hs(xl,y,t) -V IOgPt(af/‘xo)Hg}H 5 (G.3)
seThOT

where ¢ ~ Unif(tg, T).

With the estimate score network 5 in (G.3), we generates the conditional sample in the backward
process as follows:

~ 1 ~ ~ _ ~
aX; = [QXf + :s‘(Xf,y,T - t)} dt +dW, with X& ~N(0,I;). (G4

Classifier guidance (Song et al., 2021; Dhariwal and Nichol, 2021) and classifier-free guidance (Ho
and Salimans, 2022) are piratical implementations for conditional score estimation. For classifier
guidance (Song et al., 2021; Dhariwal and Nichol, 2021), it use the gradient of the classifier to improve
the conditional sample quality of the diffusion model. According to Bayes rule, the conditional score
function has the relation:

Vi logpe(ae|y) = Viogpe(xe) + Vi logpe(ylae) - (G.S5)

Approximate by Guidance from classifier
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It uses the neural network to approximate the unconditional score function V log p;(x;) along with
external classifier to approximate p;(y|x:) and compute the gradient of the classifier logits as the
guidance V log p;(y|z+).

G.2 CLASSIFIER-FREE GUIDANCE

Classifier-free guidance (Ho and Salimans, 2022) provides a widely used approach for training
condition diffusion models. It not only simplifies the training pipeline but also improves performance
and removes the need for an external classifier. Classifier-free guidance diffusion model approximates
both conditional and unconditional score functions by neural networks sy, where W' is the network
parameters.

Our primary goal is to establish the theoretical guarantee for selecting conditional score estimator
$(x,y,t) chosen from the transformer architecture class and bound the error for such estimation.
Based on previous work by Dhariwal and Nichol (2021); Fu et al. (2024b); Sohl-Dickstein et al.
(2015); Ho and Salimans (2022), we adopt the unified setting for the conditional diffusion model.
First we define the mask signal as 7 := {0, id}, where () denotes the the absence of guidance y and id
denotes otherwise. Unites the learning of conditional and unconditional scores by randomly ignoring
the guidance y. Therefore we write the function class of the score estimator as

sl(xvyvt)7 if Y € Rdy
t) = G.6
8(x7y? ) {SQ(QJ,t), lf y = @ ( )

Both s1(z,y,t) and s2(x,t) belong to the transformer function class with slight adaption. Following
Fu et al. (2024b), we consider P(7 = id) = P(7 = () = 1 without loss of generality, and we have
the following objective function for score matching:

5= argmin E, [E(To,y) [E(T,m’wx’|m0) |:||5W(xl;7-y»t) —Vau Ingt(xl|x0)||§:|]:| .

sw€7-£'s’r
In practice, the loss function is given by
é(xo, Y; SW) = / 7E7,xt\zo~N(at10,021d ) |:||SW(mt7 TY, t) - vl‘t logpt (mt|$0)||2] dt’
TO T - TO t x
(G.7)

where T is a small value for stabilize training (Vahdat et al., 2021). To train sy we select n i.i.d.
training samples {x¢;, y; } 7, where zo ; ~ Po(-|y;). We utilize the following empirical loss:

~ 1 <&
Lsw) = o Zf(ﬂfo,myi;swl (G.8)
i=1

With the estimate score function sy (z,y, t) from minimizing the empirical loss in (G.8), we use
sw(x,y,t) to generate new samples. In the classifier-free guidance setting, we generate a new
conditional sample by replacing the approximation syy in (G.4) with sy, defined as:

va‘/[/(J:7yﬁt) = (1 + 77) . SW(xvyvt) -1 SW(Z’,@,t), (G9)

where the strength of guidance n > 0. The proper choice of 7 is crucial for balancing trade-offs
between conditional guidance and unconditional ones. The choice directly impacts the performance
of the generation process. Wu et al. (2024b) theoretically study the effect of guidance n on Gaussian
mixture model. They demonstrate that strong guidance improves classification confidence but reduces
sample diversity. For more detailed related work, refer to Appendix C.1.

48



Published as a conference paper at ICLR 2025

H UNIVERSAL APPROXIMATION OF TRANSFORMERS

In this section, we discuss the universal approximation theory of transformers.

In Appendix H.1, we present the universal approximation results of transformers for score approxi-
mation in Section 3. We emphasize that most of the material in Appendix H.1 is not original and is
drawn from (Hu et al., 2025; Kajitsuka and Sato, 2024; Yun et al., 2020).

In Appendix H.2, we compute the parameter norm bounds of the transformers used for score
approximation. These bounds are crucial for calculating the covering number of the transformers and
are essential for score and distribution estimation in Section 3.3.

H.1 TRANSFORMERS AS UNIVERSAL APPROXIMATORS

The key idea for demonstrating the transformers’ ability to capture the entire sequence lies in the
concept of contextual mapping (Hu et al., 2025; Kajitsuka and Sato, 2024; Yun et al., 2020). We
first restate the background of a (y, §)-contextual mapping in Definition H.3, using the definition of
vocabulary (Definition H.1) and token separation (Definition H.2) in the input sequences.

Background: Contextual Mapping. Let Z,Y € R%*L represent input embeddings and output
label sequences, respectively, where Z. j, € R4 denotes the k-th token (column) of each Z sequence.
The vocabulary corresponding to the i-th sequence at the k-th index is defined in Definition H.1.
Definition H.1 (Vocabulary). We define the i-th vocabulary set for i € [N] by V() = | J, elL] Z:(fk) C
R?, and the whole vocabulary set V is defined by V = Uie[ N] V) ¢ R,

In line with prior works (Hu et al., 2025; Kajitsuka and Sato, 2024; Kim et al., 2022; Yun et al., 2020),
we assume the embeddings separateness to be (Ymin, Ymax, 0)-separated, as defined in Definition H.2.

Definition H.2 (Tokenwise Separateness). Let Z(1), ... Z(N) ¢ RI*L pe embeddings. Then,
ZW . Z(N) are called tokenwise (Ymin, Ymax, 0 )-separated if the following three conditions hold.

(i) Forany ¢ € [N] and k € [n], ||Z(Zk)|| > Ymin holds.
(ii) Forany i € [N]and k € [n], |Z5})]| < Ymax holds.

(iii) Forany i,j € [N]and k,1 € [n] if 2" # 29 then | Z%) — Z|| > § holds.
Note that when only conditions (ii) and (iii) hold, we denote this as (v, §)-separateness. Moreover, if
only condition (iii) holds, we denote it as (J)-separateness.

Next, we define a (v, ¢)-contextual mapping, building from conditions (ii) and (iii) in the definition
of Definition H.2. The contextual mapping extends the concept of token separateness to captures the
relationships between tokens across different input sequences effectively. This allows transformers’
to utilize self-attention for full context representation.

Definition H.3 (Contextual Mapping). Let Z(1), ..., Z(N) ¢ R¥*L pe embeddings. Then, a map

q : R¥*E — RIXL g called an (v, 6)-contextual mapping if the following two conditions hold:

1. Foranyi € [N]and k € [L],||¢(Z®). x|| < ~ holds.

2. Foranyi,j € [N]and k,l € [L] such that V() # V() or Z:(fk) # Z:()Jl), 1¢(ZD). 1, —q(ZD).4|| >
0 holds.

Note that ¢ (Z(*) for i € [N] is called a context ID of Z(V).

Helper Lemmas. For completeness, we restate some helper lemmas before presenting the proof
that a one-layer single-head attention mechanism is a contextual mapping in Theorem H.1, following
Hu et al. (2025).
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Lemma H.1 (Boltz Preserves Distance, Lemma 1 of (Kajitsuka and Sato, 2024)). Given (v, d)-
tokenwise separated vectors z(1) ... z(M) € R™ with no duplicate entries in each vector, that
is

AV £ 20
where ¢ € [N] and s,t € [L], s # t. Also, let
0> 4Inn.

Then, the outputs of the Boltzmann operator has the following property:

‘Boltz (z“))’ < v, (H.1)

‘Boltz (z(i)) — Boltz (z(j))‘ > = lnz(n) 0@ 2 (H.2)
forall4,j € [N],i # j.

Lemma H.2 (Lemma 13 of (Park et al., 2021)). For any finite subset X C R, there exists at least
one unit vector u € R? such that

1 8
W\/@le—ﬂf’ll <fu’ (@ =) < o -

for any x, 2’ € X.
Lemma H.2 provides the existence of a unit vector u € R¢ that bounds the inner product of the
difference between points in a finite subset X C R.

We are now ready to restate the construction of rank-p weight matrices in a self-attention layer
following (Hu et al., 2025) in Lemma H.3.

Lemma H.3 (Construction of Weight Matrices, Lemma D.2 of (Hu et al., 2025)). Given a dataset
with a (Ymin, Ymax, €)-separated finite vocabulary ¥V C R?. There exists rank-p weight matrices
Wk, WQ € R#*% guch that

| Wicva)T (Waue) = (Wicws) ™ (Wove)

> 0,

for any 6 > 0, any min (d, s) > p > 1 and any v,, vy, v. € V with v, # vp. In addition, the matrices
are constructed as

4 4
Wi => pig] €R™, Wo=> plg]" e R,
i=1 j=1

where for at least one i, ¢;, ¢} € R? are unit vectors that satisfy Lemma H.2, and p;, pl € R satisfies

Ipipi] =5 (VI +1)"d

min

Proof of Lemma H.3. For completeness, we restate the key point from the proof in (Hu et al., 2025).
First, applying Lemma H.2 to V U {0}, there exists at least one unit vector ¢ € R? such that for any
Vg, Up € VU {0} and v, # vy the following holds:
=l < o (v )] < e
(V] +1)% a0 - -
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Following (Hu et al., 2025), let v, = 0 and all unit vector ¢ € {g € R™ : ||g|| = 1}, and select some
arbitrary vector pairs p;, p; € R*® that satisfy the constraint:

4

Ipi il = (VI + 1) d— (H.3)

min
By constructing the weight matrices as follows:
P P
Wi =) pig] R Wo =) plgiT eR,
i=1 j=1

where for at least one i, p;, p; satisfies (H.3) and ¢;, q3 € Q, we are able to demonstrate that:

T T

|(Wicva) T (Wave) = (Wicw) " (Waue)| > 6.
This completes the proof.
O

Any-Rank Attention is Contextual Mapping. Next, we present the generalized result where
self-attention mechanisms of any rank serve as contextual mappings, extending the low-rank analysis
in (Kajitsuka and Sato, 2024) to any-rank attention weights, as shown in (Hu et al., 2025).

Theorem H.1 (Any-Rank Attention is (v, §)-Contextual Mapping, Lemma 2.2 of (Hu et al., 2025)).
Given embeddings Z(1, ..., Z(N) ¢ R¥*L which are (Yumin, Ymax, €)-tokenwise separated and
vocabulary set V = ;o V) € R% Also, let Z(D, ..., Z(V) € R**F be embedding sequences
with no duplicate word token in each sequence, that is, Z:(fk) = Z:(j), for any ¢ € [N] and k,l €
[L]. Then, there exists a 1-layer single head attention with weight matrices Wo € R%*¢ and
Wy, Wi, Wg € R¥*4, that is a (v, §)-contextual mapping for the embeddings ZW . Z(N) with

Y = Ymax + €/4, 0= exp(—56_1|V|4dmvmaX log L),

where £ = Ymax/Ymin-

Theorem H.1 shows that any-rank self-attention is able to distinguish two identical tokens in distinct
contexts. Specifically, this holds for embeddings Z (2 = Z:(’jl) when the vocabulary sets V(¥ # V),

We remark that the proof of Theorem H.1 is crucial for the subsequent analysis. Therefore, we restate
it below for later convenience.

Proof Sketch. Hu et al. (2025) generalize the results of (Kajitsuka and Sato, 2024, Theorem 2) where
all weight matrices have to be rank-1. This is achieved by constructing the weight matrices as an
outer product sum Y7 w;v,”, where u; € R®,v; € R%. The proof in (Hu et al., 2025) is diveded into
two parts:

* Construction of Softmax Self-Attention: Different input tokens are mapped to unique contextual
embeddings by configuring the weight matrices according to Lemma H.3.

» Handling Identical Tokens in Different Contexts: Use the tokenwise separateness guaranteed by

Lemma H.3 to handle identical tokens appearing in different contexts. Additionally, Lemma H.1
shows Boltz preserves separateness properties.

With these, we prove that self-attention distinguish input embeddings Z :(ik) = Z:(Jé ) when the vocabu-
lary sets V() £ Y(),
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Proof of Theorem H.1. For completeness, we restate the key point from the proof in (Hu et al., 2025).

The proof consists of two parts: First, we show that the attention layer maps different tokens to unique
IDs. Second, we show that self-attention distinguishes duplicate input tokens when they appear in
different contexts.

For the first part, by utilizing Lemma H.3 and set the weight matrices as follows:

* Weight Matrices Wx and Wy
P
WK - szqz—r S RSde
i=1
P
Wo =) v €R™,
j=1
oo s oo d 143 _ / s :
19 1 M & ?
where p;, p; € R* and ¢;, ¢; € R”. In addition, let 6 = 4Inn and p;,p; € R* be an arbitrary

vector pair that satisfies

]

min

(H.4)

piph| = (VI+1)"d

» Weight Matrices 1V, and Wy : In addition, for the other two weight matrices W € R?** and
Wy € R¥%4 we set

P
Wy =Y plq/T e R, (H.5)
=1

where ¢” € R?, ¢/ = ¢ and p/ € R® is some nonzero vector that satisfies

€

[Wopi |l = (H.6)

4 max

This can be accomplished, e.g., Wo = >_¢_, p/'p! T for any vector p!”’

2 . '
€/ (4p* Ymax [PY'[|") for any i € [p].

which satisfies ||p/’|| =

* Mapping Condition: With above weights construction, for ¢ € [N] and k € [L], we have

HWO (W 29) Softmax [(WKZ@)T (WQZ}’Q)} H <z (H.7)

For the second part, we prove that with the weight matrices Wo, Wy, W, W configured above, the
attention layer distinguishes duplicate input tokens with different context, Z :(lk) = Z:(Jl) with different
vocabulary sets V() £ V),

We define a9, a9 as

) = (VVKZ@)T (Wz®) e, o) = (WKZ(j)>T (Woz?)) er,

s

52



Published as a conference paper at ICLR 2025

where a(*) and a(9) are tokenwise (v, §)-separated. Specifically, the following inequality holds

i 1)
jal)| < (V] + 1)* d——

max"*
min

Since V() # VU and there is no duplicate token in Z(?) and Z/) respectively, we use Lemma H.1
and obtain

‘Boltz (a(i)) _ Boltz (a(j)) ’

= (a(i)>—r Softmax {a(i)} — (a(j)>T Softmax [a(j)} ‘ (H.8)
> ¢
= (Inn)%e27,
Additionally, using Lemma H.3 and (H.4), and assuming Z:(_’ik) = Z:(yjl'), we have
(a(i))T Softmax [a(i)} — (a(j))T Softmax [a(j)] ’ (H.9)
< g’Ymax (V) + 1)4%67% . ‘(qiTZ(i)> Softmax [a(i)} - (qiTZ(j)) Softmax [a(j)] ‘

By combining (H.8) and (H.9), we have

iz:; ’(%‘TZ(U) Softmax [a(i)] — (q:Z(j)) Softmax [a(ﬁ)} ‘ > (V|(:/- 1)4 d?y“rzzx (H.10)

Finally, using (H.6) and (H.10). we derive the lower bound of the difference between the self-attention
outputs of Z Z(9) as follows:

Hf Y (20) a8 (29) 0 Smin (H11)
S e 05 27 Aymax (V] + 1) d6Ymax

where § = 4In L and &’ = In?(L)e~2Y with v = (|V| + 1)* d6~2,,.. /(€ Ymin)-

This completes the proof. O

With Theorem H.1 establishing that any-rank attention is a contextual mapping, we restate the
universal approximation result for transformers with a single self-attention layer from (Hu et al.,
2025; Kajitsuka and Sato, 2024).

Theorem H.2 (Transformers with 1-Layer Self-Attention are Universal Approximators, Modified
from Proposition 1 of (Kajitsuka and Sato, 2024)). Let 0 < p < oo and f(FF)_ f(SA) be feed-forward
neural network layers and a single-head self-attention layer with softmax function respectively. Then,
for any permutation equivariant, continuous function f with compact support and € > 0, there exists

fle Tlg’s’r such that d,(f, f) < € holds

Proof of Theorem H.2. We restate the proof from (Kajitsuka and Sato, 2024) for completeness.

The proof consists of the following steps:
1. Approximate by Step Function: Given a permutation equivariant continuous function f on a

compact set, there exists a Transformer f/ € T, zg **" with one self-attention layer to approximate
f by step function with arbitrary precision in terms of p-norm.
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2. Quantization via fI¥: The first feed-forward network fI¥ quantize the input domain, reducing the
problem to memorization of finite samples.

3. Contextual Mapping f(*) and Memorization fi¥: According to Theorem H.1, we construct
any-rank attention f(54) to be contextual mapping. Then use the second feed-forward ¥ 1o
memorize the context ID with its corresponding label.

The details for the three steps are below.

1. Since f is a continuous function on a compact set, / has maximum and minimum values on the
domain. By scaling with fIF and ffF, f is assumed to be normalized without loss of generality:
That is for any Z € R4*L\ [0, 1]4%L, we have f(Z) = 0. For any X € [—1,1]9*E, the function
f(X) satisfies —1 < f(X) < 1.

Let D € N be the granularity of a grid
Gp ={1/D,2/D,..., 1} c RIxL

such that a piece-wise constant approximation

.]?(X) = Z (L) 1ZeL+[_1/D70)de

LeGp

satisfies

dp(f, f) <¢€/3. (H.12)

Such a D always exists because of uniform continuity of f.
2. We use ffF to quantize the input domain into Gp.

We first define the following two terms for first feed-forward neural network to approximate.

* The quantize term (quanthXL : RXE 5 RIXLY: Quantize [0,1] into {1/D, ..., 1}, while it
projects R \ [0, 1] to 0 by shifting and stacking step function.

DZ‘:I ReLU [z/6 — t/6D] — ReLU [z/6 — 1 — ¢/ D]
D
t=0
0 z <0

1/D 0<z<1/D

~ quantp(x) = (H.13)

1  1-1/D<uz

* The penalty term (penalty): Identify whether an input sequence is in [0, 1]¢*. This is defined

by
ReLU[(z —1)/6] — ReLU [(z — 1)/§ — 1] — ReLU [—2/d] — ReLU [—2/§ — 1]
-1 <0
~penalty(z) =¢0 0<z<1. (H.14)
-1 1<z
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Combining these components together, the first feed-forward neural network layer fI* approxi-
mates the following function:

d L
i (X) = quantGH(X) + 33 penalty (X4 (H.15)

t=1 k=1

Note that this function quantizes inputs in [0, 1]9*£ with granularity D, while every element of
the output is non-positive for inputs outside [0, 1]**~. In particular, the norm of the output is
upper-bounded by

max | f7T(X). ]| = dL x Vd (H.16)
XeRax N v

Total number of elements in X Maximum Euclidean norm in d-dimensional space
for any k € [L].

3. Let ((N}D C Gp be a sub-grid
Gp={Ge€Gp |Vk,l€[L], G #GC..},

and consider memorization of G, with its labels given by f (G) for each G € Gp. Using our
modified any-rank attention is contextual mapping in Theorem H.1 allows us to construct a

self-attention (%) to be a contextual mapping for such input sequences, because Gp can be
regarded as tokenwise (1/D,+/d, 1/D)-separated input sequences. By taking sufficiently large
granularity D of Gp, the number of cells with duplicate tokens, that is, |Gp \ Gp| is negligible.

From the way the self-attention f (SA) is constructed, we have

[ Xl

1
SAX). ) — X, H < ——— ma
Hf (X ok 4y/dD K e[L]

forany k € [L] and X € R4*L.

If we take large enough D, every element of the output for X € R¥*E\ [0, 1]
by

dx L is upper-bounded

POV o (X0 < (vt € [d], k € [L]),

1
4D
while the output for X € [0, 1]4*L is lower-bounded by

FON o fiF(X), . > (vt € [d], k € [L]).

4D

Finally, we construct bump function of scale R > 0 to map each input sequence L € G p to
its labels f(L) and for input sequence outside the range X € (—o0,1/4D)?*L to 0 using the
second feed-forward fT. Precisely, bump function of scale R > 0 is given by

f(L) N~y
==Y ) (ReLU[R(Xy j — Gy i) — 1] = ReLU [R(Zix — Grp)]
+ ReLU [R(Zt’k — Gt,k) + 1]) + ReLU[R(Gt,k — Zt,k)] (H17)

for each input sequence G € G p and add up these functions to implement f1F.
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In addition, the value of f2(FF) is always bounded: 0 < f2(FF) < 1. Thus, by taking sufficiently
small § > 0 to quantize the step function, we have

d, (fz(FF) o f(SA) o fl(FF)’ f2(FF) o f(SA) OﬂFF)) < % (H.18)
Taking large enough D to make duplicate tokens negligible, we have
—(FF) — €
dy (#7 0 fSV o T T) < £ (H.19)

Combining estimation of step function (H.12), estimation of quantization (H.18) and estimatation
of duplicate tokens (H.19) together, we get the approximation error of the any-rank Transformer
as

dy (féFF) o fN o, f) <e (H.20)

This completes the proof. O

Lastly, we provide the next corollary stating that the required transformer configuration (h, s, r) for
universal approximation.

Corollary H.2.1 (Universal Approximation of Transformers). From Theorem H.2, for any permu-
tation equivariant, continuous function f with compact support and € > 0, a transformer network
f' € Tp'"* with MLP dimension (width) 7 = 4 and = O((1/€)*") FEN layers is sufficient to
approximate f such that d,(f, f') < e.

Remark H.1. We remark that TI%’M belongs to the considered transformer network function class
Definition 2.2.

We establish in Corollary H.2.1 the minimal transformer configuration required to achieve universal
approximation for compactly supported functions. We remark that this configuration is minimally
sufficient but not necessary. More complex configurations can also achieve transformer universality,
as reported in (Hu et al., 2024; Kajitsuka and Sato, 2024; Yun et al., 2020).

Throughout this paper, unless otherwise specified, we use the transformer class 7}%’1’4 to construct
score function approximations.

H.2 PARAMETER NORM BOUNDS FOR TRANSFORMER APPROXIMATION

In the analysis of the approximation ability of transformers in (Kajitsuka and Sato, 2024), universal
approximation is ensured by using a sufficiently large granularity D, a sufficiently small § in fl(FF),
and an appropriate scaling factor R in fQ(FF). Here, we provide a detailed discussion on parameter
bounds for matrices in T];L "™ focusing on the choice of granularity and scaling factor.

Lemma H.4 (Order of Granularity and Scaling Factor). Recall universal approximation of trans-

former, Theorem H.2. The order for the granularity and the scaling factor follows D = O(efl/ )
and R = O(D), and the parameter § for the first feed-forward layer in (H.13) follows § = o(D~1).

Proof. We investigate the more precise choice of D, R, and J respectively.

* Bound on Scaling Factor in fQ(FF).

First, we ensure that R > 0 is large enough such that it maps input Z € (—oo, ﬁ)dXL to zero.

Since Z; j, — Ly < —%, by taking R = O(D), we obtain (H.17) with all ReL.U(-) output zero.

56



Published as a conference paper at ICLR 2025

Second, we ensure that R > 0 is large enough such that it maps L € G C (335, 00)?*" to the
corresponding label f(L).

From (H.17), we achieve this by selecting proper R such that

d L
> > ReLU[RS — 1] — ReLU [RS] + ReLU [RS + 1] ReLU[-RS] = dL,
t=1 k=1
where S = Z; ), — Ly, = O(D71).
For any S € R, we take R = O(D) such that |RS| < 1.

* Bound on Granularity D.

Note that there are O(D~4|G p|) omitted duplicated input. Clearly, ’G p\Gp ‘ becomes negligible
by taking sufficiently large granularity. However, we aim to evaluate the corresponding order of D.
We provide the detailed derivations as follows.

We follow (Kajitsuka and Sato, 2024) considering Lipschitz (under p-norm) function class of
continuous sequence-to-sequence. This consideration is practical as realistic input of transformer
blocks are vector embedding in Euclidean space. Let f(-) : [0, 1]4*F — [0,1]%* be the target
function and f(-) be the piece-wise constant approximation of regularity D. Recall the p-norm
difference between two function f(-) and f(-). (H.12) gives

D= ([ 15 - Fwlran»
ow“%zwumﬂWp
O(DUE=D/Py . (D~ /Py
o(D~/7),

Here, O(D~%/?) = ¢ implies D = O(e~?/?) for some constant p > 0. For simplicity, we use
D = O(e~ /) in our analysis without loss of generality.

* Bound on Parameter ¢ in fl(FF).

In the quantization operation realized by the network, we need to ensure the error within region
(¢/D,i/D + §) does not affect the desired interval (i/D, (i + 1)/D) for i € [D].

Thus, we need § = o(1/D).
This completes the proof. O

Building upon Lemma H.4, we extend the results to derive explicit parameter bounds for matrices
regarding the transformer-based universal approximation framework. That is, we ensure a more
precise quantification of parameter constraints across the architecture.

Lemma H.5 (Transformer Matrices Bounds). Consider an input sequence Z € [0,1]9*E. Let
f(2Z) :[0,1]%*E — RIXL be any permutation equivariant and continuous sequence-to-sequence

function on [0, 1]4*~. For a transformer network f’ € 772’}1’5 (recall Definition 2.4) that approximates
f within € precision, i.e., d,(f, f’) < €, the following parameter bounds hold for d > 1 and L > 2

_(2dL+1
d

1
||WQH2 = ||WK||2 = O(d ))(logL)Q);
IWally oo = IWilly o = O(d? - e T (log L)),
IWolly = © (Vdet ) ; [Wollz oo = O (¢4) ;
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Wy, = O(Vd); [Wy 5,4 = O(d);

IWilly = O (=¥ ), [Willy o = O (V) 5
@) (de %) o HW2||2’OO =0 (\/ge_%) o

HETHZQJ=<9(de%).

=

W2l =

For the case L = 1, the parameter bounds remain valid with the substitution of log L with 1.

Proof. For the self-attention layer, we denote the separatedness of the input tokens by (Vimin, Ymax, €s)
and the separatedness of the output tokens by (-, d5). Moreover, in (H.13) we denote the parameter
taken in f}* corresponding to the granularity by d, .

* Bounds for W¢ and Wi in fOV,

From the universal approximation theorem of transformer Theorem H.2, with p;,p, € R® and
4, ¢}, being any unit vectors in R?, we construct rank p matrix Wq and Wi as

p
Wi = pig] € R,

=1

P
WQ — Zp;q:‘l' c Rsxd7

with the identity p; pi = (|V| + 1)*d8s/(€sYmin). With this, we have the bound for p;, p!::

Js Js
uw=0<w2d), um=0<w2d>. (H21)
€5Ymin €5Ymin

Summing over the set of p; p’ for i = [p], we obtain the bound for rank p matrix Wq and Wi

de
Wally = sup [Wozl, <Co =0 (x/ﬁlVl2 d) ;

llzll,=1 €cYmin

é
— - < 2,002 2 s
Wl o0 = ma, (Wa)lz < €3 oQV|d>,

€5Ymin

[lz]ly=1 s Ymin

ds
Wkllz = sup [[Wkz|, < Cx = O <\/5|V2 d ) ;

1<i<d €5Ymin

, 00 65
= max [|(Wi)qll2 < CF> = </>|V|2 d>7

where p < s and the head size s < d.

After the first step quantization, we obtain vocabulary bounds |V| = O(D?") and output sequences

with (1/D,+/d,1/D) tokenwise separatedness. Moreover, recall that we take 6, = 4log L in
Theorem H.2 to ensure that f©*) is a contextual mapping.

Next, by Lemma H.4, we ensure D = O(e'/(¢1)) 5o that Theorem H.2 holds.

Combining all the components, we have the bounds for W and Wi

IWalla Wi, = © (40?1 (1og L)} ) = O(de “7 (1og L)),
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2d

IWalls o Wil o = O (@3 D241 (10g 1)} ) = O(dd ™ (10g L))

* Bounds for Wy and Wy in f&),

Following the construction of Wg and W in Theorem H.2, we have
P
WV _ Zp;/q:/"r RSXd,
L T
WO — Zpé//p;/ c Rdxs’

with the identity ||p}’|| < €s/(4pVmax||[p}||) from (H.6), and p// € R® is any nonzero vector.
Along with the (Ymin = 1/D, Ymax = Vd, €5 = 1/D) separateness and taking D = O(el/(dL)),
we have the following bounds for Wy, and Wo:

Wyll2 = sup [Wyz|, <Cv =0(/p),

llzll,=1

= max, (W)l < Co™ =0 (p),

IWolla = sup [Woall, < Co =0 (Vo p" s - €) = O (717

|3c |2:

[Wollz.oe = max. [(Wo)lla < €5 = 0 (p-p™" -4k e) = O (a7 377

Note that we use the fact max p = d in the last two lines.

* Bounds for W, in ff¥.

In order to approximate the quantization in Theorem H.2, we set up f1t as in (H.13) where every
entry of W7 in the layer is bounded by O(1/46). Therefore we have

[Willy o <CR° =0 (?) : (H22)

d
Wil < il < Cr =0 (5. 1.2

where the bound for § is given from Lemma H.4. We set 6 = vD~! for some v € (0, 1) such that
we have the bounds O(v/de'/(41)) and O(de/(41)) respectively.

* Bounds on W, in f¥F,

The bounds for ||Ws]|,, [|Wa]|5 ., in (H.17) follow the same argument as for W5, with the replace-
ment of the largest element with the scaling factor R. So we have

[Wally o <CHE =0 (\/ﬁR) : (H.24)
[Wally < Cr, = O (dR). (H.25)

Again, by Lemma H.4, we take R = O(D) = O(e'/(¢)) such that we have the bounds
O(Vde'/( @)y and O(de'/ (41)) respectively.

* Bounds on Positional Encoding Matrix E.
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For |[ET|[,.[|[ET Hz,oo’ it suffices to set the positional encoding:

2’}/max 4'Ymax e 2L’Ymax
E=| +
Qmeax 4'7max e 2L"Ymax

Since the /5 norm over every row is identical, we have

L 7 )
) L(L+1)2L+1 3
HET H2,oo = (Z(Ql’ymax)2> = (4’Yr2nax ( )6( )> = O (’YmaxL2> .

i=1

Recall that we have the relation v,,x = Vd in the self-attention layer. Therefore, we have the
following bound for encoding matrix E:

|ET]|, . <Cr=0(d"?L?). (H.26)

This completes the proof. O
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I PROOF OF THEOREM 3.1

Our proof builds on the local smoothness properties of functions within Holder spaces and the
universal approximation of transformers. While the universal approximation theory of transformers
in Appendix G ensures arbitrarily small errors, it does not account for the smoothness of functions in
the result. To incorporate the smoothness assumptions of interest, we propose the following three
steps to integrate function smoothness into approximation theory of transformer architectures.

« Step 1. Consider the integral form of p;(x;|y) in (3.1). We clip the input domain R% into closed
and bounded region B, y in (I.2). This facilitates the error analysis for the Taylor expansion
approximation in the next step. The clipping error arises from the integral over the region outside
B, n. We specify the clipping error in Lemma I.1.

 Step 2. We employ k;-order and ks-order Taylor expansion for p(zo|y) and exp(-) in (3.1).
We construct the diffused local polynomial in Lemma 1.2 based on the Taylor expansion. We
approximate p; and Vp; with the diffused local polynomial f,(z,y,t) € R and fa(z,y,t) € R
in Lemma [.3 and Lemma 1.4.

 Step 3. We approximate fi(z,y,t), fo(x,y,t) with transformers in Lemmas [.5 and 1.6. To
construct the final score approximator with the transformer, we approximate necessary algebraic
operators in Lemmas 1.7 to I.11. We provide the output bound of our transformer model in
Lemma [.12. We combine all components into Lemma I.13, and complete the proof of Theorem 3.1.

Organization. Appendix I.1 includes details regarding the three steps with auxiliary lemmas for
supporting our proof. Appendix 1.2 includes the main proof of Theorem 3.1.

1.1 AUXILIARY LEMMAS

Step 1: Clip R x [0, 1]4 for p;(x|y). We introduce a helper lemma on the clipping integral.

Lemma I.1 (Approximating Clipped Multi-Index Gaussian Integral, Lemma A.8 of (Fu et al., 2024b)).
Assume Assumption 3.1. Consider any integer vector & € Z%* with |||, < n. There exists a constant
C(n,d,) > 1, such that for any z € R% and 0 < € < 1/e, it holds

K 2
ouxo — T 1 llozzo — ||
fon [(C272) ot e (A2 Jam <

t
- (%)K :: ((atzo[tf]:fm[l] )5[1]7 (atxo[i]t*z[Z] )K,[Q]’ s (%}t*ﬂﬂ[dﬂ)n[dm]) is a multi-

indexed vector and

x — 01C(n,d;)+/log (1/e) =+ 0:C(n,d,) log(l/e)}

Qi Qi

B, ::[

N[ - Ot )16 (172). O, dy)/Iog (1/6)](11.

Remark I.1. B, is a bounded domain. Lemma I.1 provides the difference between integrals of the
form (1.1) on R% and on B,. The difference becomes arbitrarily small with precision ¢ = 1/N.

Based on Lemma 1.1, we have the following considerations:

« For each 2 € R, consider a bounded domain
By N 1.2)
= |20 L) VOos T 2% 0Ol &) BlogN] N [*C(o d.)\/Blog N, C(0,d )\/m]d“

Qi Qi

) (I1)
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where C'(0, d,;) is some positive constant depending on d, and N. Here, we pick n = 0 for
C(n,d,) to reduce (I.1) to

1 lawzo — z°
— e - |dxo < e=1/N.
pt($|y) /Rdw \Bux p(xo|y) O.;/j(zﬂ_)d/g Xp( 20_t2 To X € /
This motivates a polynomial expansion of (3.1) on B, n with precision 1/N.

* Uniformly discretize each dimension of B, y into N segments. Note that while not necessary, it
is possible to pick a C(0, d,;) such that grids in B, n are non-overlapping.

+ Uniformly discretize each dimension of [0, 1]% into N segments of length 1/N.

This discretization of domains leads to N%*4v hypercubes on bounded domain B, y x [0, 1]%.

Remark L.2. For any x € R4, we shorthand (I.2) with

dy
Bon = [—C’z\/logN7Cz\/logN} , (1.3)

where C, summarize all factors except y/log IV in all dimensions of z € R4=. Moreover, when
content is clear, we suppress the notation dependence on d,, for (I.3). Namely, we use the notation

By N = [-CyvIog N, Cy/log N| and B, vy = [—Cy\/Iog N, Cy\/Iog N| % interchangeably.

Remark I.3. Lemma I.1 ensures that we can approximate the Gaussian integral of any polynomial
function of the form (I.1) on R% with the same integral on B,, to an arbitrary precision 0 < ¢ < 1/e.
This motivate us to approximate functions on R% with polynomials evaluated at x € R% on B, .

A natural choice is through Taylor expansion around = € R%, as the Holder class assumption
guarantees local smoothing behavior for our error analysis.

Step 2: Approximate p;(x|y) and Vp,(z|y) with Taylor Expansion. We begin with the definition.

Definition I.1 (Normalization of B, n). Consider the clipping in Lemma 1.1 and the initial con-
ditional distribution p(zo|y) with closed and bounded support B, y x [0,1]%v. We define Rp =
(2C(0,d)v/Blog N) and xf, := o/ Rp+1/2. Moreover, we define M (z, y) = p(Rp(z(—1/2)|y).

Remark 1.4. The purpose of Definition I.1 is to simplify the process of discretizing B, y x [0, 1]
into N%=+dy hypercubes. In particular, M (z{,y) has compact support on [0, 1]%+4v_ where Rp
denotes the length of each coordinate of B, n, and z, € [0, 1]dw represents xo normalized on B, n.

Remark L.5. The only difference between M (x(,y) and p(zo|y) lies in their respective domains,
leading to the difference in the size of the Holder ball radius. Recall that under Assumption 3.1,

we have p(zo|y) € HP(R% x [0,1]%, B). Here we have M (x},y) € H([0,1]%*% BRY). This
follows from the fact that p(-|y) is k1 -time differentiable so that the radius scale by a factor of R’E.

Lemma 1.2 (Diffused Local Polynomial, Modified from (Fu et al., 2024a)). Assume Assumption 3.1.
We write p;(z|y) into the product of p(zo|y) and exp(-):

1 o mo — |2
pi(zly) :/ p(woly)pt(xlwo)dxo:/ S R /zp(xoly)eXp<—” 2 ” >dxo
Réax £ g

Rix 007 (27) P

Then we approximate p(zo|y) and exp <— %) with k1 -order Taylor polynomial and ko-order

Taylor polynomial within B, x respectively. Altogether, we approximate p;(x|y) with the following

62



Published as a conference paper at ICLR 2025

diffused local polynomial with the bounded domain B, n around z in (I.3):

Z RLRIH anz—&-nyp

z,y,t) =
fil@,y,t) nglng! Oxn= Oy

”G[N]dywe[N]dy ”nx”1+||ny“1§kl

(I)nz,ny,v,w (l’, Y, t)v

2=Rp(F—3).y=

2

1.4)

where
* ¢(-) is the trapezoid function.

_ 2 k2
st = b [ G+ b= 1) ()

* By (@ 9,1) = (¥ — 2)™ T2 ¢ BNl — %)) [Ty Tk, <p 9(@lil, mali], o, ko).

Remark 1.6. The form of the diffused local polynomial arises from the Taylor expansion approxima-
tion applied on each grid point within [0, 1]9=+4v_ Specifically, We use v € [N]% and w € [N]% to
denote the specific grid point undergoing approximation.

Remark 1.7. The Holder space assumption allows us to establish an upper bound on the error arising
from the remainder term in the Taylor expansion so that the approximation accuracy is well-controlled.

Proof Sketch. We provide the proof overview of Lemma I.2. with the following three steps.
Step A: Clip R%= x [0, 1]%.

We clip the domain R% x [0, 1]% into closed and bounded region B, y.

Step B: Replace p(x|y) with k;-order Taylor Polynomials.

We discretize [0, 1]9=+4v into N9 *4v hypercubes. We apply Taylor expansion to each grid point.
For areas not located on any grid point, we construct a trapezoid function and an indicator function to
control the approximation error.

Step C: Replace exp(-) with ks-order Taylor Polynomials.

We apply Taylor expansion to approximate regions within B,  for exp(-). Note that we leverage
the explicit form of the exponential function to achieve accurate approximation without additional
discretization as in previous step.

Step D: Altogether, the Diffused Local Polynomials.
We combine these 4 steps and construct the diffused local polynomial (1.4). O

Proof of Lemma 1.2. We demonstrate details regarding the three steps.

+ Step A: Clip R%= x [0, 1]%.

We take x[i] = 0 for i = [d,] and set e = N9 in Lemma I.1. This gives closed and bounded
domain B, y specified in (I.3) and clipping-induced error:

1 lawaro — x|
_ R B e T
pe(zly) /B N p(xoly) o (2m)d/2 eXP( 207 To

x,

< N5, (L5)

« Step B: Replace p,(xzo|y) with k;-order Taylor Expansion.

We construct a approximator Q (), %) for M (z},y) with domain [0, 1]%=+9s_ 5 At the end of this
step, we reset x(, = xo/Rp + 1/2 in Q(x{,, y) as the final approximator of p(zo|y).

— Step B.1: Discretize [0, 1]%=+dv,
We uniformly discretize [0, 1]%=*+4v into grid points [0,1/N,2/N, ..., (N —1)/N, 1]d=+dv,

SRecall Definition I.1. Rp = (2C(0,d)+/Blog N), z{ = 7+ 1 and M (z0,y) == p(Rs(zo — 3)|y).
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— Step B.2: Implement Taylor Expansion.
We construct the k;-order Taylor polynomial P, ,,(z, y) at point (v/N,w/N) for M (z{,y):°

(h-5%) (-5) "

(1.6)

1 gnetmu
2

/ —
Fowl@o,y) = ngn,! dane By

v w

Inelly+llmy 1, <k TH=RY=F

For z{, and y not located on any grid point, we construct an indicator function that ensures
llzy —v/N| . <1/N and ||y —w/N|, < 1/N in the next step.

Next, we expand the target function M (z(, ).
By Taylor’s theorem, there exist 0, € [0, 1]%= and 6,, € [0, 1]% such that

M (2, y)
_ Z 1 on=tny M A ) w\ "y
- nlng! 9z Hyma ( O_N) ( _N)
Irally gl <ky 25 OO OY

1 "=t M
2

+ .
2yl Ozt Oy

n
el +llnyll, =k TH=T1,Y=y1

where 21 = (1 — 6;)v/N + 6,2 and y1 = (1 — 6,)w/N + 0,y.
This ensures 1 lies between z(, and v/N, and y; lies between y and w/N.

Note that the difference between P, ., (z(, y) and M (z(, y) stems from the different value taken
in 0™=+" M /(D' Oy™v) for all terms in the series with [|ng ||, + ||ny ||, = k1.

Let z = (x{,y). By the definition of Holder norm (Definition 3.1), it holds

sup |8k1M(z) - 8’“1M(z’)’

acliall,=k1 2520 |z = 2|13

< ||M(176ay)||yﬁ([o71]dm+dy) < RIEB. {1.7)

‘We rewrite the error as

‘R),w(zéa y) - M(Ii)v y)‘

1 v\ "= w N\ "y On=tny M
< Z | | (2176 - 7) (y - 7) My "
2!y N N Oz Oy

B n
Inally +lInyll, =k

et
Bz Oyt

- J—
To=T1,Y=Y1 o=

R
N

Apply Holder Regularity

< > % (azé — %)n (y — %)n ({7 | Po—

- ngln,!
Inelly +lingll, =k * Y

1
[ewl‘é, ayy] - N[ew% eyw]

v

oo

(L.7)

Controlled by indicator function (1.8)

k1
BRY
gl INTel H g

<
el =k
NBy!

— B.3: Control Error for the Off-Grid Regions.

Please see Remarks 1.4 and 1.5 for details.
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For regions not located on any grid point (v/N,w/N), we construct an indicator function
¥ (xy, y) to ensure that our Taylor approximation at (v/N,w/N) does not deviate from (zy), y)
by more than 1/N in /¢, distance.

Specifically, we define

, o , v—1 v g w
Yol y) =1 {a:o € (N : N} }jl_[l¢ (35 (wlil - 7)) 1)
where ¢(-) is the trapezoid function:
1, 7] <1
¢<T) =492- |T|7 |T| € [172]
0, |7] > 2.

Since 1, , is nonzero if and only if z(, € [(v—1)/N,v/N]and y[j] € [(w[j]—2/3)/N, (w[j]—
2/3)/N)]| for j € [d,], it guarantees ||z, — v/N||,, < 1/N and ||y — w/N| <1/N.

— Step B.4: Construct the Final Approximator for p(zo|y).

Combining (I1.6) and (I.8), we obtain an approximator of the form:

on, Zwvw x y vw(x()vy)

Since for all z € (0,1]% and y € [0, 1]% the indicator function v, ,(x{,y) sums to 1, it holds:

BRM (d,, + d,)"

M (w0, y) = Qlao,y)l < =73 (19)

We conclude this step with the approximator Q(x(,y) = Q(xo/Rp + 1/2,y) for p(zo|y).

* Step C: Replace exp(-) with k2-order Taylor Expansion.

Recall that we set B, y as

B [:c—otC’(O,dx)\/,BlogN .1‘+0't0(0,d$)\/,610gN:|
z,N —

Qi ’ (673

N [70(0,dz)\/ﬂlogN,C(O,dr)\/ﬁlogN} -

This gives |(x[i] — auxo[i])/o¢] < C(0,dy)v/Blog N for any i € [d;] and xy € By n.
Furthermore, we have

(2 — aswo) /o> Z| | — avoli]) Joe|® < do (C(O,dm)\/ﬁlog]\f)z. (L.10)

From this fact, we implement the k»-order Taylor expansion to exp (— (2 — o) /e / 2)

2 2\ k2
— 1 —
exp <—|x2i:2330”> — Z Tl (—W) , (By Taylor theorem)

ko<u 2
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1 2\ “
< b
— ul2v ( )

1 (& “

. - 2

~ ul2w (ZW[’] — aywoli]) /o ) :

’ i=1

2 u

(dz : (C((Ld) Blog N) )
for all g € By, v, and u is a positive real number.

Following the choice of u from (Fu et al., 2024b), by utilizing the inequality u! > (u/3)* for
u > 3 and setting

T — X

Ot

<
— ul2v

2
U = max (302(0,d)ﬂ2610gN,610gN + 1ong> ,

we further write the bound as:

ka

|z — aso|” 1 |z — oo | -

B L I N e Y L1l

eXp( 2(7? kz<: kg' 203 ~ ( )
2 < U

¢ Step D: The Diffused Local Polynomial.

Substituting p(xo|y) and exp(-) with their respective approximator in (1.9) and (I.11), we obtain
the following expression:

k2
1 zg 1 > 1 |z — oo
Ty t) = -t — [ == dz. (112)
w0 ol (2m) F /BI,NQ(RB 2Y 2 k:2!< 202 0

ko<u

We term f; as diffused local polynomial, following (Fu et al., 2024a).

"Rearranging (I.12), we obtain the form

Rglz | o= +ny f

nx’”y' Gx"zﬁy"y q)nw,ny,v,w(xayat)v

v o w
T=NY=nN

fl (!L‘7 Y, t) =
vE[N]4,we[N]% [Inally+lInyll, <k

(L13)

where

k2
x r—ao a:2
- ol k)= e G+ 3= 8" (L) T

- (I)nz,ny,v,w(xvyat) = (y - %)ny H;iil ¢ (3N(y[j] - %)) Hfil Zk2<p g(l’[i], nm[i]vv[i]a k2)

This completes the proof. O

We specifies the error from the approximation of p; and Vp; with f; and f; in Lemmas 1.3 and 1.4.

Lemma 1.3 (Approximation of p;(x|y) by Polynomials, Lemma A.4 of (Fu et al., 2024b)). Assume
Assumption 3.1. For any x € R% y € [0,1]%, ¢ > 0, and a sufficiently larger N' > 0, there exists a

"Further details regarding the derivation are in (Fu et al., 2024b, Appendix A.4).
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diffused local polynomial f;(x, y,t) with at most N4+ (d,, + d,)* monomials such that

detky

|fi(z,y,t) — p(zly)] S BN Plog™ = N.

Lemma L4 (Approximation of V log p;(z|y) by Polynomials, Lemma A.6 of (Fu et al., 2024b)).
Assume Assumption 3.1. For any z € Ry € [0,1]%, ¢ > 0, and a sufficiently larger N > 0, there
exists fo = (f2[1],. .., f2[dz]) " € R with local diffused polynomial f5[i] such that

dg+k+1

| fo(, 9, t)[i] = o Vpe(aly)li]l S BN~ Plog™ > N,

where each f5]i] contains at most N4 % (d,, + d,,)* monomials.

We have finished the approximation of p; and Vp; with diffused local polynomial f; and fs.

Step 3. Approximate Diffused Local Polynomials and Algebraic Operators with Transformers.
First, we utilize universal approximation capabilities of transformers to deal with f;, f5 established
in previous step. Second, we employ similar scheme to approximate several algebraic operators
necessary in final score approximation. Lastly, we present the incorporation of these components in
Lemma I.13 with a unified transformer architecture and corresponding parameter configuration.

¢ Step 3.1: Approximate the Diffused Local Polynomials f; and f5.

We invoke the universal approximation theorem of transformer (Theorem H.2). We utilize network
consisting of one transformer block and one feed-forward layer (see Figure 1 and Definition 2.2).

Lemma 1.5 (Approximate Scalar Polynomials with Transformers). Assume Assumption 3.1.
Consider the diffused local polynomial f; in Lemma [.3. For any ¢ > 0, there exists a trans-
former 77, € 74>, such that for any z € [~C,/Tog N, Cypv/Tog N]%,y € [0,1]% and
t € [N~ C,log N] it holds

|f1(13,y,t) - 7}1 (l',y,t)[dx]‘ S €.
The parameter bounds in the Transformer network class satisfy
_ 2dL+44d+1 1
IWallys [Willy = O (de= 8 (log L))
Wally o IWilly oo = © (d%€_2dﬂ4d+1 (bgL)%) ;
Wyl = OV Wy lly, o = Od);

IWoll, = O (Vaet ) s [Wollp, = O (4) 5

[Willy = O (de¥ -log ) W4 5,00 = O (Ve -log N ;

W2, = O (de‘é) W2y 0 = O (\/&e—%) JET,.. =0 (d%Lg) .

Proof of Lemma 1.5. We first skip the embedded dimension of y and ¢ for the following proof
without loss of generality. We put it back at the end of the derivation, by replacing L with L + 2.

To implement a sequence-to-sequence model for approximating a function that outputs a scalar,
we define a trivial function for converting the scalar target into a sequence represented by matrices.

To begin with, for z € R% and f; : R% — R, we define a trivial function:

Fi(z) = (o1 f1(®), 02 f1(2),. .., aq, -1 f1(2), fi(x)) " € R%,
(padding d, — 1 elements)

for any set of non-repeated constants {o;}% 7 € R\ {1}.
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By trivial, we mean that I} transforms f;(z) € R into a vector Fy () € R% where only the last
entry is meaningful.

In order to apply the universal approximation of transformers in Theorem H.2, we show the uniform
continuity of F as follows.

— Step A: Uniform Continuity.

For different input z, =, we start by writing
de—1 1/p
[P (z) — Fa(2)]], = {If(x) — @)+ Jeaf(x) - aif(x')lp} :
i=1
do—1 1/p
oo (1))
i=1

=nlf(z) = (),

1/p
where 7 = (1 + Z;tl_l |ozi|p) eRy.

Next, we utilize the fact that the diffused local polynomials f; is continuous on compact support.
That is, for all € > 0, there exists § > 0 such that for all « and 2, if ||z — 2'|| , < 0, then

[fi(z) = fAu(@")] <e

From this fact, by taking e = €’/n, we have that for all ¢ > 0, there exists 6’ > 0 such that for
all z and o/, if ||z — 2'|| , < &', then | f1(x) — fi(2")| < € = en.

This gives || () — F1(2')||, < €’ and therefore we obtain the uniform continuity for Fj.

Also, the reshape layer R(-) that converts x € R% into sequential input R(x) € R~ does not
harm this continuity due to its linearity. Therefore, the map R o Fy(z) : R% — R is also
uniformly continuous.

— Step B: Universal Approximation.

We apply Theorem H.2 that guarantees for any e, > 0, there exists one transformer block and
one feed-forward layer such that

|[RoFi— f"*"o fToR| <e.

Adding a reverse reshape layer, we have Ty, = R™' o f"*" o f® o Rwith |[F1 — Ty, ||, < ey,

Next, observe that

dy 1/p
Thlde] = 1] < {Z Tr (i = Oéifllp} =175, = Brll, < ep1, (L14)

i=1
with ag, = 1. (I.14) completes the proof of the approximation error.

— Step C: Parameter Bounds.

To establish the approximation (I.14), we need the parameter bounds in Lemma H.5 to hold.
This requires transforming the input domain from [—C+/log N, C;+/log N| to normalized
compact support [0, 1] for all dimensions (i.e., x[¢] for all i € [d].)

Recall that (H.22), we have bound for W7i:

IWilly o = O (x/&D) —0 (\/&e—dL) : (L15)
[Willy = O (dD) = O (de*"), (1.16)
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that is, the bounds on each element in W scales up as the granularity increases. Because
for a fixed precision level, the granularity is proportional to the length of the interval in each
dimension of the input domain, we conclude that ||W;[|, = O (de~*log N) and | W1 ||, ., =

@ (\/ae*dL log N).

The rest of bounds for each operation follows Lemma H.5. Lastly, we incorporate the embedded
dimensions of y and ¢ by replacing L with L + 2 (see Figure 1).

This completes the proof. O

Similarly, we have the corresponding 7y, € Tlg **" for the approximation of fa(z,y,1).

Lemma 1.6 (Approximate Vector-Valued Polynomials with Transformers). Assume Assump-
tion 3.1 and consider fo(z,y,t) € R% with every entry fo[1],..., f2[d,] is a local diffused

polynomial defined in Lemma I.2. For any € > 0, there exists a transformer 77, € T,Q **" such that

||f2(x,y,t) - 7}2”00 < €,

for any z € [~C,+/log N, C,+/log N|% y € [0,1]% and t € [N~ C, log N]. The parameter
bounds in the transformer network class follows Lemma 1.5.

Proof of Lemma 1.6. Since each entry of the diffused local polynomials in f5 is continuous on com-
pact support, f> € R% is uniformly continuous by argument identical to the proof of Lemma I.5.

Similarly, by Theorem H.2, for any €y, > 0, there exists a transformer block and a feed-forward
layer such that ||Ro fo— flo57 0 fFFo RHP < efs.
By adding the reversed reshape layer, we obtain 7y, € T;j =7 satisfying || fo — T, |lp < ef.

Therefore,

1
d, /P

Trl] = 201 < Y TRl — LU <ep,

Jj=1

forall j = 1,...,d,. Thus the result with /., bound also holds.

The network configuration follows the argument as in the proof of Lemma L.5.

This completes the proof. O
So far, we have obtained approximation results for f; and f5. To complete the full approximation
of the score decomposition Vlogp = %, we still need to approximate several key algebraic

operators, including the product (Lemma 1.8), inverse (Lemma 1.9)...etc.

We establish their approximations as follows.

e Step 3.2: Approximate Algebraic Operators with Transformers.

We give transformer approximation theory for the clipping operator, the inverse operator, the
product operator, and functions that evolve with time ¢:

Clipping operation (Lemma [.7)

Product operation (Lemma [.8)

Inverse operation (Lemma 1.9)

Mean o = exp(—t/2) (Lemma 1.10)

Standard deviation o; = v/1 — e~ (Lemma I.11)
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The approximations for these operators are common with the network structure consisting of ReLU
activation function and fully connected feed-forward layers, such as the product approximation by
Schmidt-Hieber (2020) and the inverse approximation by Telgarsky (2017).

In their works, the general network structure is as follows.

Definition I.2. A family of fully-connected neural networks with length L, width W, sparsity
constraint S, and norm constraint B is defined as:

®(L,W,8,B) = ADReLU() + b 0.0 AWz 4 p1V)

where A(®) and b(") represent the matrix operator and bias in the i-th layer. Specifically:

Length: L € R denotes the number of hidden layers plus one.

Width: W € NE+1 i a vector representing the output dimension of each layer.

Sparsity Constraint: =, [|A®)|
terms.

0,0 + 6o < S specifies the maximum number of non-zero

— Norm Constraint: max [AD || .00 VD@ || < B specifies the upper bound on the parameter
1<i<
norms.
Here V denotes the maximum of two values.

Remark L.8 (Generalization ReLLU Networks with Transformers). Transformers are more general
network class that encompasses ReL.U-based networks defined in Definition I.2. By setting all self-
attention layers in the transformer to identity maps, we recover the ReL.U feed-forward network
structure. Therefore, our work on approximating with transformers extends previous works Fu
et al. (2024b); Oko et al. (2023) by incorporating the flexibility of self-attention mechanisms.

The following lemma provides a network that executes the clipping operation.

Lemma 1.7 (Clipping Operation, Lemma F.4 of (Oko et al., 2023)). For any a,b € R? with
ali] < b[i] for all ¢ € [d], there exist a neural network ¢ip(; a,b) € ®(L, W, S, B) such that for
all ¢ € [d], it holds

Getip(; @, b)[i] = min(b[d], max(x[i], ald])),

with
L=2 W=(d2dd'", S=17d, B= max max(|ali]], bli]). (1.17)
Moreover, suppose afi] = ¢ and b[i] = C for all ¢ € [d] with ¢ and C being some constant,

¢etip(; a, b) is denoted as ¢gip(; ¢, C').

Proof. 1t suffices to show the result for i-th coordinate, and implement the parallelization to
complete the proof that holds for the entire vector ¢ip(; a, b).® The clipping operation yields the
middle among a[i], b[i] and the input z[i]. Following (Oko et al., 2023), we achieve the task by
setting:

min (b[i], max(x[i], a[f])) = ReLU(z[i] — a[i]) — ReLU(x[i] — b[z]) + a[d].

Note that the RHS is realized by the network with one hidden layer:

(1,—1)ReLU ((1, 1)x[i] + (_Z[[f]]» +ali],

with 7 non-zero parameters, and the scale of parameter is max(|a[i]], b[{]). So there exists
baiip(x[i]; ali], bli]) € (2, (1,2,1) 7,7, max(|a[i]|, b[i])) executing the clipping operation. Then
the proof is complete by the parallelization for all the components ¢ = 1,. .. d.

8For a more detailed description regarding parallelization please see Appendix F of (Oko et al., 2023).
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This completes the proof. O

Next, we deal with the approximation of products with Transformer.

Lemma I.8 (Approximation of the Product Operator with Transformer.). Let m > 2 and C' > 1.

For any 0 < emyie < 1, there exists Tpui(:) € Th *®" such that for all x € [-C,C|™, 2’ € R™
with ||z — 2'|| ., < €error, it holds

Toun(2) — [ [ =

i=1

m—1
< €mut + mC €error-

The parameter bounds in the transformer network class 7,,*" satisfy

—(2 1 1
IWallys Wz 1Well s [Witllz,00 = O (™ (logm)? ) ;
IWollz, [Woly oo = O (s I s W 3,00 = O(L);
[Wallas [Willy o0 = © (Cemm) s [Wally, IWalz o0 = O (e)

Proof. We build our proof on (Oko et al., 2023, Lemma F.6).

Unlike approximation for input x € [~C,+/log N, C,+/log N|%* in Lemma 1.5, the input dimen-
sion for the product operator is sufficiently smaller so that we skip the reshape layer by setting R
and R~! as identity map.

Next, let f(z) = [[/~, «[i], and define a trivial function F'(-) : R™ — R'X™ ag

F(z) = (an f(x),anf(x),...,m_1f(z), f(z)) € R**™,

(padding m — 1 elements)

The idea of padding a scalar into a row vector again stems from the purpose of utilizing sequence-
to-sequence model to approximate functions that output a scalar.

By the same argument as in the proof of Lemma 1.5, the uniform continuity of f guarantees the
uniform continuity of F* with respect to the L, norm.

By Theorem H.2 , for any € > 0, there exist T € 7}? " with R, R~ being identity map such
that

Tt — Fl, < €.

Clearly, |Tru[m] — Flm]| < [Tou — F|, < e.

To extend the input to 2’ € R™ with ||z — 2'|| < €error, We adopt Lemma 1.7 and write

C™ T (Peiip (z'; —=C, C) /C) — HCE

< \C™ Tt (Batip(2; —C, C) /C) — Hmm (C, max(2'[i]], —C))| + Hmin(C, max(2'[i], —C)) — Ha:[i] ,
<CMCTMe+ O™ 12|x — min(C, max(z'[i], =C))|,

=€+ mC™ eerror

Further details regarding the product approximation are in Appendix F.2 of (Oko et al., 2023).
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Parameter Bounds. Following argument identical to the proof of Lemma 1.5, we take O(Ce~!)
for W7j. The rest of bounds for each operation follows Lemma H.5 with d = 1 and L = m.

This completes the proof. O

Next, we introduce the next lemma to approximate the inverse operator.

Lemma 1.9 (Approximation of the Reciprocal Function with Transformer.). For any 0 < €rec < 1
there exists a Tree(-) € T3> such that for all € [erec, €] and 2’ € R. It holds that

1 z—x
ﬁec(z/) - .’L“ S €rec + ‘ 2 |

rec

The parameter bounds in the Transformer network class satisfy
Walla, IWally, oo Wiclly Wiy, 00 = O (6 5

IWolly [[Wollg o0 = O (€ree) s Wy llas Wy [l o = O(1);
Wil 1Willg oo = O (€2) s [Wally: Wy, 00 = O (€rc ) -

Proof. We build our proof on (Oko et al., 2023, Lemma F.7). For any .. € (0, 1), since 1/x is
continuous on & € [€rec, er_ecl], by Theorem H.2, there exist a transformer 7T, € Tlif " such that

1
Trec — ‘ < €rec-
X

Extending to network with input z’ € R, the sensitivity analysis follows:

1 1 1 1
rec ! - < ,7;8(3 ! Y - TN
Tree(') x|~ (=) max(z’, €) x  max(z/ €)
This yields the result.

Parameter Bounds. By discussions identical to the proof of Lemma 1.8, we scale W; up by €.
such that the quantization (H.13)is valid within [0, 1]. The rest of the bounds follow Lemma H.5.

This completes the proof. O

Next, we state approximation results using Transformer for «; and 0.
From (G.2) we have a; = exp(—t/2) and 0y = /1 — a?.

Lemma I.10 (Approximation of a; = exp(—t/2) with Transformer.). For any €, € (0, 1), there

h,s,r

exists Transformer 7, (t) € T"™" such that for all £ > 0, we have
|Ta(t) — | < eq.
The parameter bounds in the Transformer network class satisfy

Wy IWally aor W llgs Wk llg,00 = O (62%) ;
[Wollg: Wollg,eo = O (31) s IWv Il Wy [l 00 = O);
Willy [Willy,0o = O ((log ez egt) 5 Weally, [[Wally o0 = O (e31) -

Proof. We build our proof on (Fu et al., 2024b, Lemma F.8). The proof consists of four steps.

— Step A: Approximate exp(-) with Taylor polynomial for ¢ € [0, 7.
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By Taylor theorem, there exist some 6 € [0, T such that

r(£) - () 2 (&) (2)

We further bound the error from the remainder by

s—1 [
t (=) [t T°
A Z 1.18
exp< 2) ; f <2> STRE (1.18)
with T" and s to be chosen later.
— Step B: Approximate Taylor polynomial with transformer for ¢ € [0, T].
We take ¢ as a sequence with length 1 and one-dimensional token.
For t € [0, T, Taylor polynomial is a continuous function with compact support.
Therefore, by Theorem H.2. for any e there exist a transformer 7 € TIZ **" such that
s—1 (_1)1' ¢ i
!/
To=> i! (2> <e. (1.19)
i=1

— Step C: Extend the two approximation results from Step 1. and Step 2. to¢ > T'.
We define 7, as
(i) Ta(t) = T.(t) fort € [0,T).
({)Ta(t) =TU(T) fort > T.
Next, we bound the error for ¢ > T' by

ol )

— Step D: Select 7', s and transformer approximation error such that the result holds for all
t > 0.

For any ¢, > 0, we ensure |7, — exp(—t/2)| < ¢, holds for all ¢ > 0.

exp(—;> —7;@)‘ <

Ta(t) — exp(—§> ’ (1.20)

To achieve this, apply Stirling formula to (I.18) and set s = T, T = 2log 3¢,,!, we have

s—1 ; eT e
S )] ()T e

5 (3)

Next we set the transformer error € = ¢,/3. Combining (I.18) and (I.19), for ¢t € [0,T] we

obtain
t 2
- )| < Ze..
T exp( 2)‘_3%

Furthermore, since exp(—T/2) = €,/3, (1.20) becomes

€a 264

eXp<;> E(t)‘ S5t T
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For the parameter bounds, by the same argument as in the proof of Lemma 1.5, we normalize
the domain from [0, 7] to [0,1] for the quantization, and then the rest of the step follows
Theorem H.2.

_1
This results in parameter bound O(log e 'eq @) for |[W1 ||, and [|[W; [, and the rest of the
bounds follow the result in Lemma H.5 withd = 1and L = 1.

This completes the proof. O

Lemma I.11 (Approximation of oy = v/1 — e~* with transformer). For any o, € (0, 1), there
exists a transformer 7, (t) € TIQ *®" such that for any ¢ € [to, T] with ¢y < 1 we have

|T5(t) — 0] < €5
The parameter bounds in the transformer network class satisfy

Wolla: Wl oo Wiclla Wil 00 = O (€5°) ;
Wolly, [Wollg,ee = O (€0); IWv llas Wyl 00 = O(1);
Wil = O (Te?);  Willy oo = O (Te; )5

Wall, =0 (ez%); [Wally oo =O (&) -

Proof. We follow the proof structure of (Fu et al., 2024b, Lemma F.10).

Since f(t) = 1 — e~ with ¢ € [to, T] is a continuous on compact domain. The first part of the
proof is complete by applying Theorem H.2.

For the parameter bounds, we take O(T'e; ') for ||W; ||, and |[W]|,., in the first feed-forward
layer. This follows from the argument in the proof of Lemma L.5.

The rest of the bounds follow Lemma H.5 withd =1land L = 1
This completes the proof. O

We have finished the approximation of every key component for the proof of Theorem 3.1. We
now proceed to the detailed assembly and integration of these components to finalize the proof.

Step 3.3: Unified Transformer-Based Score Function Approximation.

First, we establish a theoretical upper bound for transformer model output by analyzing the upper
bound of the score function in ¢, distance under Assumption 3.1 as follows.

- Bound on p;(z|y):

Recall that the conditional distribution at time ¢ has the form:

1 |z — at9€0||2
_ —— — d
pe(zly) Ud(27r)% /P(xokl/) exp< 20? Lo

t

Applying the light tail property in Assumption 3.1, the upper bound follows:

Cy Ca|zo]? 2 — o]
< _ ————— |dxzg. 1.21

On the other hand, the lower bound follows:

1 |z — apol?
pe(zly) > —— / p(zoly) exp | —————— | do. (1.22)
o (2m)% Jjzoli<1 207

74



Published as a conference paper at ICLR 2025

— Bound on Vp,(z|y): The first element of the gradient has the form:

2
(90l = oy ‘ [ (5 st p(—””;j“)dx‘ 023

2
0%

The ¢~ bound on Vp;, follows by applying light tail property to each coordinate as in (I.21).
Combining (1.21), (1.22) and (1.23), we provide the ¢, bounds on the score.

Lemma I.12 (Bounds on Score, Lemma A.10 of (Fu et al., 2024b)). Assume Assumption 3.1.
There exists a constant K such that

K
IV log pe(2[y)llo < —5(llz]| +1).
t
Further details regarding the derivation are in Appendix A.7 of (Fu et al., 2024b).
Next lemma incorporates previous approximation results into an unified transformer architecture.

Lemma 1.13 (Approximation Score Function with Transformer on Supported Domain). As-
sume Assumption 3.1. Consider ¢t € [N~% C,log N], for constant C,,C,, and (z,y) €
—[Ce\/Tog N, Cpv/Tog N]4 x [0,1]%, where N € N and C,, depends on d, 3, B, Cy, Cs. There

exist a transformer network Tycore (%, Y, t) € T,Q " such that

dathy 41
2

B
pe(@[y) |V Tog pe(aly) = Teeore(@, 4, )| oo S — N~"(log N)
t
The parameter bounds in the Transformer network class satisfy

IWally, IWklly, [Wae

3000 IWitll3 o = © (NTE46C)
IWolly, IWolly 00 = O (N—(35+60a>(10g N)3(dz+,3)) :

IWy lly = OV@); IWy 3,00 = O | ET ||, o, = O (a2 LF) 5
IWallg Wil = O (N(25+4Co)> Or =0 (\/@/af) ;

[Wal, [1Welly o = O (NGF+262))

Proof of Lemma 1.13. Our poof follows the structure of Fu et al. (2024b, Proposition A.3).

Recall that from Lemma .12, we have ||V logp:(z|y)||l,, < K(Cyv/d,logN + 1)/0?, along
with the diffused local polynomial f; and f,, we define first-step score approximator f3(x,y,t) as

f3(x,y,t) = min ( ip g(Cgpx/dI log N + 1)) ,

)
Utfl,clip (o

where we set f1 cip = {f1, €1ow } to prevent score from blowing up and we set €0y, later.

We proceed with the following three steps:

— Step A. Approximate Score Function with fs.

Without loss of generality, we first derive error bound on the difference between the first
component in f3 and the score.

f2[1]
Utfl,clip
3 ‘Npt)m A
a Dt f1,ctip

(Viogpe)[1] - fal1]] < \(Vlogpom -

chlip Utfl,cnp ’

[ _ s
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From Lemma I.12, the bound on the score implies (Vp;)[1] < K (v/d; log N + 1)p;/o?.

Therefore,

|(Vlog pi)[1] — f3[1]|

K 1 1 1 \% 1| = fo1
< 7 (Vdlog N+ 1p| - - + Vo)1l = Foll])
Y43 f1,c11p f1,c1ip Ot
1] — fo[1
( v/log N|p; — fl,clip| + (Vo) [1] — faof ]) . (By dropping Constant Terms)
fl ,clip t ¢

From Lemma 1.5, we have

k1

/1 — pi| < BN Plog ™3 N.

We set €ow = CsN—F log(d“”rkl)/2 N < p; such that f; > p;/2 by the choice of constant C'5.

‘We further write

|(Vlog pr)[1] — f5[1]]

1 1 \Y 1| — fo1
L (Lo uapl + TMIB) o et
Dt Ut Ot

S N "P(log N) ™7

~ o2 ?(log N) . (By Lemma 1.3 and Lemma L.4)

By the symmetry of each coordinate, the infinity bound for the score holds as well:

B .
N Blog N) ™2 (124)
t

[Viegp: — f3ll o S

— Step B: Approximate f3; with Transformer 7gore.

In this step, we utilize transformers to approximate f3 to an accuracy of order N % such that it
aligns with the error order in (1.24).

Since f3 is the minimum between two components, we approximate each of them as follows.

+ Step B.1: Approximate _- - fo

f1,aip”

First, we utilize 7¢,, Tz, and 75, in Lemma L.5, Lemma 1.6, and Lemma I.11 for f1, f», and
o respectively. This gives error €y, , €7, and €,,1, and we address the clipping of f; in later
paragraph.

Next, We utilize Tec,1 and Trec,2 in Lemma 1.9 for the approximation of the inverse of f; and
Ot.

This gives error

1 | f1| €f1
7;ec,1 - S €rec,1 + ——F = €rec,1 + 2
fi rec 1 rec, 1
and
1 | To.1 — 04 €01
7:60,2 —— | <é€recot 5 <2t 5
Ot rec,2 rec,2

Note that all the approximation error propagates to the next approximation.
Next, we utilize Tryy,1 in Lemma 1.8 for the approximation of the product of f; 1 fo2 and

—1
oy .
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This gives error of

f2
Trnult,1 —
b o f1

€ €
2 f1 o,1
< €mult,1 T 3K2 max <€rec,1 + 5 s €fas €rec,2 + 3 : ) )

Erec, 1 rec,2

=€y

2
= €mult, 1 + 3K2 €1,

and K is a positive constant. From Lemma 1.8 we require that [— K5, K] covers the domain
for all of f; ', fo and f; 1.

To be more specific, we reiterate three facts that determines the choice of K.

- Recall that in the Step A., we set f1 cip = {f1, €low}-
- Lemma .12 states K (Cy/d; log N + 1)/0? is the £, bound on the score.

- The maximum value of o, ! happens at t = t.

As aresult, we set K5 as

1 K 1
Kg:max( ,(wa/dwlogN—l—l),).
Jto

€low Oty

By the earlier choice of €joy, we have ¢, = O(N? log N~(%=+F1)/2) ‘and next we expand

0ty =1/l —exp(N=Cr) =1— (1 - O(N~)).

Therefore we have 0. = O(N~). Putting all together, we have

0°

Ky=0O (NB+C” log~ “2™ N) , (1.25)

where we use k1 < f.

* Step B.2 : Approximate K (C,\/d,log N + 1)/o?.
We invoke 7 2 in Lemma I.11 for the approximation of ¢, and this gives error €, .
Next, we utilize Trec,3 in Lemma 1.8 for the approximation of the inverse of 0.

This gives error

1 |7—o' 3 — Jt| €5,2
7;ec,3 - —| < €rec,3 T+ ) < €rec,3 T 5 -
gt 6rec,3 6rec,3

Next, we utilize Tru,2 for the approximation of the square of o, 1

1 2
7:nult,2 - ( >
Ot

and K is constant to be chosen such that oy € [— K, K1].

This gives error of

€ 2
< €mult,2 + 2]:{1 <€rec,3 + 20 > )

rec,3

With the same argument for K, it suffices to take O(o; *):

Ki=0(N%). (1.26)
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+ Step B.3: Error Bound on Every Approximation Combined.

Combining Step B.1 and Step B.2, the total error is bounded by

€0,2 2
€score < MAX <€mult,2 + 2K, <€rec,3 + 3 ) s €Emult,1 + 3K2 €1 ] -

rec,3

The goal is to guarantee the final error egore < IV —# such that it matches the order of the
approximation error in Step A. We list all the error choice to achieve the goal.’

- For the Error of the First Two Inverse Operators:

€rec,15 €rec,2 = @ (N_(3ﬂ+20")(10g N)(dr+:8)) .

- For the Error of the Last Inverse Operator:

€rec,3 = (@) (N7(6+2C’°)) .

- For the Error of f;:

e, =0 (N*(9B+GCU)(10g N)3(dw+ﬁ)) .

- For the Error of f5:

¢f =0 ( N—(36+2C2) (150 N)<dm+ﬂ>) .

- For the Error of the First Variance:

o1 =0 (N*(‘JBJrGCa)(]Og N)3(dz+5)) )

- For the Error of the Second Variance:

o2 =0 (N—(7ﬁ+5ca)(10g N)Q(dm+ﬁ)) .

- For the Error of the Two Product Operators:

€mult,1; €mult,2 = O(Niﬂ)

The above error choice renders €goe < N 5.

Therefore we conclude that there exist a transformer Tgeore € T}; " such that
||7;c0re(mvy7t) _f3(xayvt)||oo S Nﬁﬂ' (127)

Combining (1.24) and (I.27) we obtain

1B gkl
HVIngt - ﬁcore(xayﬂt)nm S ]702N B(lOgN) 21
t Yt

“Further details regarding the choice of each one of € are in Appendix F.4 of (Fu et al., 2024b).
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We have completed the first part of the proof. We next give the norm bounds for the transformer
parameters. Specifically, we select the parameter bounds that are consistent across all operations.
including Lemma 1.5, Lemma 1.6, Lemma 1.8, Lemma [.9 and Lemma I.11.

— Step C: Transformer Parameter Bound.

Our result highlights the influence of N under varying d,. Therefore, for the transformer
parameter bounds, we keep terms with d,., d, L appearing in the exponent of IV and log N.

Note that the following parameter selection is based on high-dimensional case where log IV term
dominates N term.

* Parameter Bound on Wy and Wi

Given error ¢, the bound on each operation follows:

- For ¢7,: By Lemma 1.5, we have

. 2dL+t4d+1 _  2dL+t4d+1
IWQllas Wik s [Wally s [ Wil o0 = O (NOFH0CT2EFEE . (1gg 1) =30 ) 252252

- For ¢,: By Lemma 1.6, we have

1Wally, Wik s 1Wally sos Wikl o = O (NOGFF20) 2EFER L 10 )~ (k) 2752 )
- For emuit,1: By Lemma 1.8 with m = 3, we have
Wy, IWilla, 1WG 5 oo Wil 0 = O (N7F).
- For emuit,2: By Lemma 1.8 with m = 2, we have
IWally: Wil 1Wally, oo Wikl 00 = O (N*7) .
- FOr €rec,15 €rec,2: By Lemma 1.9, we have

1Wally: Wik las [Wally e [Wiclly o0 = O (N©O7+06) (log N) =30 +2) ).

- For €rec,3: By Lemma 1.9, we have

IWally, [Wicllas [Wally s Wil o0 = O (NCH+6C)).

- For €,,: By Lemma .11, we have

Wally, [Wklly, [Wel

2.0 Tl o = O (NCTH1C2) (1og ) =004 )

- For €,,: By Lemma .11, we have

Wally, [Wklly, [Wel

2,200 1173l = O (NE1FH156) (log ) 004 )

We select the largest parameter bound from €11 and € 3 that remains valid across all other
approximations. That is, we take N (7% +6C5) as the upper-bound.

+ Parameter Bound on W, and Wy,.
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Given error ¢, the bound on each operation follows:

- For €7,: By Lemma 1.5, we have

||VVO||27 ||WO||2,oo =0 (N_<9ﬁ+;ca) (log ) 3(dz+ﬂ>) .

- For ¢7,: By Lemma 1.6, we have

[Wolla: [Wollp = © (N~ 7745 (l0g N) 57 ).

- For emuit,1: By Lemma 1.8 with m = 3, we have

[Woll: [Wolly o = © (N-2).

- For equit,2: By Lemma 1.8 with m = 2, we have

Wolly,

=0 (N?).
- FOr €rec,15 €rec,2: By Lemma 1.9, we have

Wolly: [Wollyoo = O (N*(35+Co)(10g N)dz+6) _

- For €rec,3: By Lemma 1.9, we have

[Wolly: [Wolly o = O (N=(+262)).

- For e,,: By Lemma .11, we have

[Wolly: [Wollg o = O (N_(95+GC")(10gN)?’(d”m) :

- For €,,: By Lemma .11, we have

[Wolly: [Wollg o = O (N=P45€0) (1og N 2:+9))

Note that only €f, and €y, involve the reshape operation. From Lemma H.5, we take
O(Vd) and O(d) |Wv ||, and ||[Wy||, .. Moreover, We select the largest parameter bound
from €rc,1 and €,, that remains valid across all other approximations. That is, we take
N—B8+6C5) (Jog N)3(d=+5) a5 the upper-bound.

+ Parameter Bound on /.

Given error ¢, the bound on each operation follows:

- For ¢, : By Lemma 1.5, we have

IWallg, W1l 00 = © (N 555 1og N) =55 - (10g ).
- For ¢f,: By Lemma 1.6, we have
Wil [Willy o0 = © (N 5555 (log N) =5 - (log V).
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- For epui,1: By Lemma .8 with m = 3 and C' = K3 in (1.25), we have

(Wil [ Wil = O (Ko - N) = O (NO#46) (log N) =24 49))

- For €pui,2: By Lemma 1.8 with m = 2 and C' = K in (1.26), we have

Wil [Willp oo = © (1 - N3) = O (N02€).

- FOr €rec,1 5 €rec,2: By Lemma 1.9, we have

Wiy, W00 = O (N (#4197 (10g ) =200 )

- For €rec,3: By Lemma 1.9, we have

[Willy, (W1 -0 (N(2ﬁ+4oc,)) .

HQ ,00
- For €,,: By Lemma I.11, we have

W1l ||W1||2700 -0 (N(95+600)(10g N)f?:(derﬁ) . logN> )

- For ¢,,: By Lemma I.11, we have

WA, ||W1||2700 -0 (N(75+5Co)(1og N)72(dz+ﬁ) . logN> .

We select the largest parameter bound from e 3 that remains valid across all other approxi-
mations. That is, we take N (2/+4C%) a5 the upper-bound.

+ Parameter Bound for 5.
Given error ¢, the bound on each operation follows:
- For €7,: By Lemma 1.5, we have
(9846C5) o (dg+B)
[Wallg, [IWally o0 = O (N 5555 (log ) 255 )

- For €y,: By Lemma 1.6, we have For ¢, : By Lemma 1.5, we have

(31”72%

(dr+ﬁ)
[Walla: [Welly o = © (N 555 (o b))

- For emuit,1: By Lemma 1.8 with m = 3, we have

[Wallg, [[Wally o0 = O (N?7).

- For equit,2: By Lemma 1.8 with m = 2, we have

[Wally, [Wally o0 = O (N?).
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- For €rec,15 €rec,2: By Lemma 1.9, we have

[Wally, [Wally g = O (NCH267) (10g N)=(de )

H2,()o
- For €rec,3: By Lemma 1.9, we have

IWal [Wally o = © (NE+207).

- For €,,: By Lemma .11, we have

[Wallo [Well o, = © (NO346€) 10g ) =360+

- For ¢,,: By Lemma .11, we have

1Wally, [Welly oo = O (N(7ﬂ+5Cg)(10g N)72(dw+ﬁ)) .

We select the largest parameter bound from €11 and €r 3 that remains valid across all other
approximations. That is, we take N (36+2C=) a5 the upper-bound.

* Parameter Bound for F.

Since only €7, and €, involve the reshape operation. From Lemma H.5, we take O(d%L%)
for HET H .
2,00

By integrating results above, we derive the following parameter bounds for the transformer
network, ensuring valid approximation across all nine approximations.

IWally, [Wklla: [Wally oo Wk lg oo = O (N(7,8+600)) ;
[Wolly, [Wolly o = O (N*(3ﬁ+600)(10g N)g(dﬁﬁ)) :

Wy lly = OWVd); Wy |y, o, = O(d); |ET],. =0 (d%L%> ;
[Willg: [Willg,0 = O (N(25+4Co)) Or =0 (\/@/Uf) ;
[Wallys [Wally o = © (NEF+26))

The last network output bound C+ = O(y/d, log N /o?) follows the entry-wise minimum
bounds K (Cv/dlog N + 1)/0? in £+, distance by Lemma 1.12.

This completes the proof. O

1.2 MAIN PROOF OF THEOREM 3.1

In Lemma I.13, we establish the score approximation with transformer that incorporates every
essential components and encodes the Holder smoothness in the final result.

However, it is only valid within the input domain [C,/log N, C;.v/log N]% x [0, 1], and we also
excludes region p; < € Where the problem of score explosion remains unaddressed.

To combat this, we introduce two additional lemmas.
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Lemma I.14 (Truncate x for Score Function, Lemma A.1 of (Fu et al., 2024b)). Assume Assump-
tion 3.1. For any 1 > 1, y,t > 0 we have

/ pe(z|y)dr < Ry exp(—CéR%),
|z] o >R1
2 R? ! P2
- IV log pi(aly) [op (zly)dz < —5 exp(=C5Ry),
Tl oo =401 t

where C% = C/(2max(Cs, 1)).

Remark 1.9. Because we only impose assumption on the light tail property of the conditional
distribution in Assumption 3.1, the unboundedness of x necessitates a truncation for integrals
regarding z, or else the result would diverge.

Furthermore, we address the explosion of score function with the second lemma.

Lemma I.15 (Lemma A.2 of (Fu et al., 2024b)). Assume Assumption 3.1. For any Ra, ¥, €1ow > 0
we have

/ 1{[p: (2l)] < etow]} - Pe(aly)dz < R con,
|z|| oo <R2

1
/ L{|pe(2|y)| < eiow} - [V Iog pe(2|y) |ope(2]y)da < — RE*eron.
]| oo <Ro 7

Remark 1.10. Recall that the score function has the form V log p:(x|y) = Vpi(z|y)/pe(z]y). Itis
essential to set a threshold for p;(z|y) prevents the explosion of the score function.

We begin the proof of Theorem 3.1.
Proof Sketch of Theorem 3.1. In the following proof, we give error bound for the three terms:

* (A.1): The approximation for ||z|__ > R;.

This step controls the error from truncation of R with radius R; in ¢, distance. We approximate
the error with Lemma 1.14

* (A.2): The approximation for 1{p;(z|y) < eow} and {|z|| . < R;}.

This step controls the error from setting a threshold to prevent score explosion within the bounded
domain ||z|| . < R;. We approximate the error with Lemma I.15.

* (A.3) The approximation for 1{p;(z|y) > €ow} and {||z|| < R;}.
With previous two steps ensuring the bounded domain and preventing the divergence of score
function, we approximate with Lemma I.13.

O

Proof of Theorem 3.1. First, we set Ry = Ry = /281log N/C in Lemma I.14 and Lemma I.15.
Next, we expand the target into three parts (A7), (Az2), and (A4s):

[, ) = Thogpulaly)l - plely)da

= [ e It~ Vel - pieia
T|| o> o7 log

(A1)
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+ L{lp(aly)] < o s(z:.8) ~ Vlogpi(aly) 3 pelaly)dz
[zl %ZlogN
(Az)
. o fEes P 2 ) Vlogpu(aly) 2 - pely)da
T og
(As)

We derive the bound for (A7), (42), (As) and combine these results.

* Bounding (A;). We apply Lemma I.14. Note that we have ||s(z,y,t)| . < /Iog N/o? from the
construction of the score estimator in Lemma I.13.

(By expanding the {2 norm)

2
/ ls(,9,¢) — Vlogpe(aly)|2 - pe(aly)de
\|1Hx>1/é—élogN
2
<2f —
[z o> %ZlogN Izl o Cé log N
(By [I-]13 < dal|]1%.)

<o [ et a2 IV g 1 (aly) 3 el
T og

||l o> % log N

s(z,y,t)|3 - pe(aly)dz + 2 IV log pe(2|y) |15 - pe(z]y)dz

(By the /- bound on the score functi(m)

log
szdw( ) / prlely)da +2 / IV log pe(aly) |2 - pe(aly)dz
1|l o IOgN lzll >4/ 3 ﬁlog

(B) Lemma .14 and dropping constant)

3
log N 2/3 2 23 _
< 2d, - : gN-N—28 loeN|) N—28
> o\l oI ((J/ o8

(By dropping constant and lower order lcrm)

dx-Hcl

* Bounding (A;). We apply Lemma 1.15. Recall that we set €, = C3N ?(log N)
(Lemma I.13).

1{|pe(2|y)| < €tow}|5(2, y,t) — Vog pi(z]y)||3 - pe(2]y)da

/ac| / ElogN
/Izl <\ & logN

(By expanding the {2 norm)
2 2
21 |p(2]y)] < €1ow} (II (@,y: )]l + IIVlogpt(xly)llz) pe(aly)de
By [I-115 < dal|]1%.)
1lpu(aly)| < eion} (dells(r 9,012 + [V logpely)]2) - pe(ely)d

/w| / % logN

(By the ¢ bound on the score funwon)
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2
log N
</ el < o} (s (LLT )+ IV 081 (als) ) -l
|l <,/ 25 10g N 0}
(By Lemma I.15 and dropping constunt)
dg dg+2
\/W 26 2 B 2 €low
<d, log N log N
~ ( 0_? C2 0og €low T C2 0og 021

(By dropping constant and lower order tcrm)

dz+2

1
—4 (log N)" 2 €jow-
Oy

* Bounding (A3). We apply Lemma I.13.

/x| /25 log N

1{|p:(z]y)| > eow}Is(z,y,t) — Viog pe(a|y) | - pi(ly)de

By [I-115 < dall]1%.)

L{[p:(z|y)| > eiow}da |[5(z, y,t) — V1og pe(z]y) ||, - pe(ly)de

/wlm_,/ 20 log N

(Multiply with pf/pt)

1 P x|y Z €low
:/ Lo iR }dzHS(w,y,t)—Vlogpt(wly)llio-pf(wly)dw
x|| %logN pt(x‘y)
(By Lemma I,l3)
Bzd
5 S 25(log N)d z+k1+1

{|pe(z|y)| > €iow }pe(z]y)da
(9 1] o /25 log N

(Mulllply with €iow/€low)

2
— B d, N~ Qﬁ(logN)d »+k1+1

2
Ut €low lzll <,/ é‘f log N

dg
2

]]'{|pt .’E|y 610W} ( |y)d1'

(By Lemma 1.15)

B? 2
< &N—Qﬁ(log]\])dm-Hﬂ-H . (Cﬁ log N)

~ o2¢
t Clow 2
(By the choice of €j,w and dropping lower order term)

2
<Bd

~ 4
O €low

2[3(1 gN) z +k1+1

* Combining Three Upper-Bounds.
Combining (A1), (A2) and (As), we have

[ Ista.0.t) = Vogpi(al) (el
R

2

N=2(logN)?  eow(logN)“s~ B2,

< < ) + = "~ N2 (log N) *2t TRt
o} o} T €low
(A1) (A2) (As)
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By replacing e, with C5 N~ (log N)%+#1/2 and using the relation k; < f3,'© we obtain

B 8
[ Is€e.:0) = 1o el nali)is = O ( Zen 2 tog Nyt 1),
R t
Last, the transformer parameter norm bounds follow Lemma I.13.

This completes the proof.

10Recall the definition of the Holder smoothness, Definition 3.1.
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J PROOF OF THEOREM 3.2

We provide the formal version of Theorem 3.2 at the end of Appendix J.2.

» Step 0. We decompose the density function and the score function under Assumption 3.2. In
Lemma J.1, we provide details regarding the decomposed form of the score function presented in
(3.2). We specify the upper and lower bound on /& and VA in Lemma J.2.

* Step 1. Similar to the domain discretization in the proof of previous main result, we discretize the
input domain of the decomposed density function in Lemma J.3.

» Step 2. We construct polynomial approximation based on Taylor expansion of i and V# in
Lemmas J.4 and J.5. The approximation result captures the local Holder smoothness, with
improved precision relative to the analogous step in Lemma I.3 and Lemma [.4.

* Step 3. We approximate h and V1 with transformer in Lemmas J.6 and J.7. In order to construct
the score approximator with transformer, we approximate several additional algebraic operators
with transformer in Lemma J.8, Lemma J.9 and Lemma J.10. We incorporate these results into a
unified transformer architecture in Lemma J.11.

Organization. Appendix J.1 includes the four steps and auxiliary lemmas supporting our proof.
Appendix J.2 includes the formal version and main proof of Theorem 3.2.

J.1 AUXILIARY LEMMAS

Step 0: Decompose the Score with Stronger Holder Smoothness Assumption. We utilize the
condition assumed in Assumption 3.2 to achieve the decomposition.

Lemma J.1 (Lemma B.1 of Fu et al. (2024b)). Assume Assumption 3.2. The conditional distribution
at time ¢ has the following expression:

_ 1 Collz3

Moreover, the score function has the following expression:

—Cox Vh(z,y,t)
af +Ca0f ~ h(z,y,t)’

Vg pi(zly) =

f(z0,y) _ llwo—aa|? S foi A, = o
where h 3;‘ y, f 5 (2m)d/2 exp %72 dzg, 0¢ = (02 +Cp02)1/2> and o, = a2+ Cro?"

Proof. Let z := x( denote the initial data distribution.

By Assumption 3.2, we have p(z|y) = exp (—C’g||zH§/2) - f(z,y). Therefore,

1 |z — apz?
= S . - 0 d
wlel) = [ (el e ( ol ),

_ [ _Gall=ll; F(z,y) ex Al a.1)
od(2m)d/2 P 2 ISP 202 ' '

We rearrange the two exponential terms in (J.1) into

Coll2ll3 o — el S 1 02510l 1 Coolalil?
p<—22 exp o = exp 22 2 2auxfi)z]i] + aZz[i]? + Cao?z[i]?) | .
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To simplify the summation in the exponents, we first rewrite the term for a single coordinate.

Without loss of generality, we derive the first coordinate of the fucntion:

exp (g el = 2[4 o201 + Cao?oli ).

0%

_ L 2 2 _ 20 (1)
exp (= go (0 + Caot) (1P = 2 alllelt] + 500 ) ).

1 2 2 az[1] 2 1 _0‘% 2
= -— C! - —— == +1 1 ,
eXp ( 20’,52 (g + Ca07) (Z[ ) af + C’gat2 2c7t2 af + C’gat2 + =[]

_ 1, 2 Cawfl] _ Coaf1p?
= exp ( 507 (af + Cy07) (z[l] o7+ Coo? exp 2?1 Cool) )

The other d,, — 1 coordinates abide by the same derivation.

Next, we rewrite the the exponential with product of all coordinates by

2 2
(LGl (e
2 20?2 ’

1 7%
:eXp( % 2(Oét +C2Ut) m

2 Cs
)e’“’( e aalh) 02

Define a; = ay/a? + Cyo? and 67 = 07 /a? + Cyo?. Next, we plug (J.2) into (J.1) and write

pe(zly)
1 _ Collally / 1 oz |
- 7t )4
od(2m)d/2 b ( 2(a? + Cy0?) 1(zy) exp (at + Cooi) |2 a2 4 Cyo2 “
1 _ Gollzl; / Nz —aw|” Oétfvll
s dz. .
od(2m)d/2 xp ( 2(a? + Cy0?) Fzy)exp 207 : 7-3)

Last, we define h(z,y,t) = [ Wf(z, Y) exp < %) dz and plug it back to (J.3).

This completes the proof. O

Next, we provide lemma that provides bound on h(z,y,t) and Vh(x,y,t) in Lemma J.1

Lemma J.2 (Lemma B.8 of (Fu et al., 2024b)). Under Assumption 3.2, we have the following bounds

for h(x,y, ) and Z-Vh(x,y,t)
G 2
2 V(o0 <\/2s
(673 &9 s

where C and B are the hyperparameters of ”(R% x [0, 1]%, B) in Assumption 3.2.

Cl S h(l’,y,t) S B,

Remark J.1 (Bound on h and VA). We reiterate that Lemma J.2 drives the key distinction between
the analyses in Theorem 3.1 and Theorem 3.2. Specifically, in Appendix 1.2, the decomposed term
containing the threshold €, results in lower approximation rate, while bounds on & and Vh eliminate
the need of the threshold with h’s lower bound C', rendering faster approximation rate.

Step 1: Discretize R% x [0,1]% for h(z,y,t). This step parallels Lemma I.1; however, the
discretization differs due to the structure of h.
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Lemma J.3 (Clipping Integral, Lemma B.10 of Fu et al. (2024b)). Assume Assumption 3.2. Consider
any integer vector £ € Z%* with ||x|, < n. There exists a constant C(n, d), such that for any
z € R% and 0 < e < 0.99, it holds

e 1 |Gezo = al?
T &, Rt " =d/o a2 © ————— |dzo < ¢, ]1.4
/Rdw\Bm < Crt > ‘ Ploly) g (2m)/? Xp( 252 R

Where (&?‘7‘1_1)’{ — ((atwo[laltl—x[l])m[l]’ (at$o[;]t—w[2])ﬁ[2]

(Bsligsld] 61 an

ge e ey

dy
B, = {&tx — C(n,d)oi\/loge L, ayz + C(n,d)5,+/log 671} .

Step 2: Approximate h and Vh with Polynomials. Similar to the construction of the diffused
local polynomials in Lemma .5 and Lemma 1.6, the following two lemmas render the first step
approximation for h(x,y,t) and Vh(z,y, t) that captures the local smoothness.

Lemma J.4 (Approximation with Diffused Local Polynomials, Lemma B.4 of (Fu et al., 2024b)).
Assume Assumption 3.2. For sufficiently larger NV > 0 and constant C, there exists a diffused local
polynomial f;(z,vy,t) with at most N%9v(d + d,,)* monomials such that

|fi(z,y,t) — h(z,y,t)] S BN—8 ]og%1 N,

for any x € [~C,+/log N, Cp+/log N|% 4 € [0,1]% and t > 0.

Lemma J.5 (Counterpart of Lemma J.4, Lemma B.6 of (Fu et al., 2024b)). Assume Assumption 3.2.
For sufficiently larger N > 0 and constant C5, there exists a diffused local polynomial f5(z,y,t) €

T®" with at most N%+4v(d,, + d,)** monomials fo[i](z,y,t) such that

ky41
2

< BN Plog™2 N

)

ol ) — (Z9(@:0)) 1

for any x € R% y € [0,1]% and t > 0.

Step 3: Approximate Diffused Local Polynomials and Algebraic Operators with Transformers.
First, we apply the universal approximation theory of transformers to f; and fs. Second, we adopt a
comparable approach to approximate the algebraic operators essential for the final score computation.
Last, we introduce Lemma J.11 that outlines how these components fit into a single transformer
architecture with a specified parameter configuration.

¢ Step 3.1: Approximate the Diffused Local Polynomials f; and f5.

We invoke the universal approximation theorem of transformer Theorem H.2. We utilize network
consisting of one transformer block and one feed-forward layer (see Figure 1 and Definition 2.2).

Lemma J.6 (Approximate Scalar Polynomials with Transformers). Assume Assumption 3.1.
Consider the diffused local polynomial f; in Lemma J.4. For any € > 0, there exists a trans-

former Ty, € Tlg’s’r, such that for any z € [~C,v/Iog N, Cyv/Iog N]%,y € [0,1]% and
t € [N~ C,log NJ, it holds

|f1($7y’t) - 7}1 (xvyat)[do:]‘ S €.

The parameter bounds in the transformer network class follows Lemma L.5.

Proof of Lemma J.6. The proof closely follows Lemma 1.5 O
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Lemma J.7 (Approximate Vector-Valued Polynomials with Transformers). Assume Assump-
tion 3.1 and consider fo(z,y,t) € R% in Lemma J.5. For any € > 0, there exists a transformer

Ts, € Tay®" such that

||f2(13,y,t) - 7}2”00 < €,

for any z € [~C,+/log N, C,/log N|% y € [0,1]% and t € [N~C, C,, log N]. The parameter
bounds in the transformer network class follows Lemma 1.5.

Proof of Lemma J.7. The proof closely follows Lemma 1.6 O

e Step 3.2: Approximate Algebraic Operators with Transformers.

Next, we introduce lemmas regarding the function of time. These are also key components to the
proof of Theorem J.1.

Lemma J.8 (Approximation of o with Transformer). For ¢ € [to, T] with ¢y < 1, there exists
Transformer 7,2 (t) € T,Qf "> such that

|7;2 — a2| < €5
The parameter bounds in the Transformer network class follow Lemma I.11.
Proof. The proof closely follows Lemma I.11. O

Also, we approximate & and o as well.

Lemma J.9 (Approximation of & with Transformer). Consider oy = %, for t € [to, T
with tg < 1, there exists Transformer Tz (t) € T}g " such that
Tz — @l < ea.
The parameter bounds in the transformer network class follow Lemma I.11.
Proof. The proof closely follows Lemma I.11. [

Lemma J.10 (Approximation of & with Transformer). Consider oy = 73, fort € [to, T

gt
(af+C207)

with ¢y < 1, there exists Transformer 73 (t) € T;">" such that
T6 — 0] < €.

The parameter bounds in the transformer network class follow Lemma I.11.

Proof. The proof closely follows Lemma I[.11. O

We have finished establishing the approximation with transformer for every key component for the
proof of Theorem 3.2.

 Step 3.3: Unified Transformer-Based Score Function Approximation.
We introduce the counterpart of Lemma I.13. It is the core of the proof for Theorem J.1.

Lemma J.11 (Score Approximation with Transformer). Assume Assumption 3.2. For sufficiently
large integer N, there exists a mapping from transformer Tycore € T]g **" such that

Cg X

2 2
a; + Cao;

kq+1
)

< EN*ﬁ(logN) 2

7;core - v IOg h(ll?, Y, t) +
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for any x € [~Cy+/log N, Cyv/log N|%, y € [0,1]% and t € [N~C~,C, log N].
The parameter bounds in the transformer network class satisfy

2dL+4d+1
IWally: IWiclls [Waplly o [ Wil o, = © (EH5C 2557522
Wy ll, = O(Va);| = 0(d); [Wolly, [Wolla,e = O (NF) ;
HW%WMMW—OOW“”+% log N) 1 [ BTl .. = 0 (a}L3):

[Wally, IWaly o = © (N*#+20 58 ) s0r = O (VVIog N/ot)

Proof. Our proof follows the proof structure of (Fu et al., 2024b, Proposition B.3).

Recall the decomposed score function presented in Step 0, we establish the the first-step approxi-
mator f3 with the form:

@. fQ(xayvt) _ CQm

T,Y,t) = = .
fal@ 1) or filz,y,t)  af +Chof

We derive the error bound on the approximation of the first term containing Taylor polynomials
in f3. We incorporate second term containing the linear function in « into the the transformer
architecture.

We proceed as follows:
1. Step A: Approximate V log p;(z|y) with fs.

2. Step B: Approximate f3 with Tgeore € Th T

3. Step C: Derive the final Parameter Configuration

— Step A. Approximate Scroe Function with fs.

We first construct f1(x,y,t) and fo(x,y,t) from Lemma J.4 and Lemma J.5 to approximate
h(z,y,t) and Vh(z,y,t) respectively.
otwb H \/73

Next, by Lemma J.4 and Lemma J.5, we select a sufficiently large N such that & < f; < 2B
and fo < B.

Without loss of generality, we begin by bounding the first coordinate of Vh, denoted as VA[1]:

From Lemma J.2, we have C; < h < B and

WM_&bw<PWH_WMW%WM_&bW‘
h G A 7| h h A oo AT
< | T2 = b+ S| | - Zown)|
Qi
< g (|f1 hl+|f2— th[ ]D , (By bounds on h, Vh, f1, fg)
Ot
ait +1
< = 2 B 1
<5 ( BlogN# + BN Blog Nz~ )),
(By Lemma J.4 and Lemma J .5)
1
S5 ).
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product
Lemma 1.8 Co+ (1 —Cy)x a,
<
N Lemma J.9
T Cz X
T
sum
Tscore inverse ot
Lemma 1.9 — Lemma .11
f2
Lemma 1.6
) o~
product Qi
Lemma 1.8 Lemma J.9
inverse f1
Lemma 1.9 Lemma I.5

Figure 5: Approximate Score Function under Assumption 3.2 with Transformer Tgcore. The construction of
the final score function consists of the approximation of diffused local polynomials f; and f> with transformer
and transformer-approximate operators. We highlight the overall pipeline and related lemmas to ensemble the
Transformer network.

Note that in the last line, we utilize

Qo 1 _1 1 _1 1 = O(o;Y)
~ - - - — t .
ot Otyai+Chof Tt V14 Ca(orfa)? 7t \[1+Co 12?;2
By the symmetry of each coordinate in Vh, we obtain the ¢, bounds:
h(xayvt) gt fl(zvyvt) foe) (257

— Step B. Approximate f; with Transformer 7gore.

Next, we prove that there exist Transformer networks Tgore € Tlg "®T that approximates
f3(z,y,t) with error of order N ~%. We illustrate the overall approximation of f3 in Figure 5.

In the following, we construct a transformer approximating the two terms in f3, and incorporate
the result into a unified network architecture.

+ Step B.1: Approximation for Qufo

guf1”
We utilize Ty,, Ty,, Ta and Tz in Lemma 1.5, Lemma 1.6, Lemma J.9 and Lemma J.10 to
approximate each one of the component. This gives error €y, €y,, €5 and ez respectively.

Next we utilize 7rec 2 and Trec,3 in Lemma 1.9 for the approximation of the inverse of f; and
0. This gives error

1 Ty, — fu €f
1 1

7;ec,2 ——1 < €rec,2 T+ 2 < €rec,2 T 5 s

fl €rec,2 rec,2

and

1 [T — 04 €5
7;60,3 - = S €rec,3 + - S €rec,3 + 2

Ot rec,2 €rec,3

92



Published as a conference paper at ICLR 2025

Next we utilize Tmy,1 in Lemma 1.8 for the approximation of the product of f; L fs, @y and
;L. This gives error

Qi fo
Toult,1 — =
oif1
€ €5
3 f1 ° o 3
< €mult,1 + 4K4 max | €rec,2 1 5 €fay €Q) €rec,3 + 3 = €mult,1 T 4K4€2,
6rec,2 rec,3

=€

and K3 is a positive constant.

From Lemma 1.8, we require [— K4, K] to cover the domain of f] 1. fs, @, and G;. Recall
that we give the upper and lower bounds for f ! and f, in the beginning of Step 1. Thus, we
set K4 = max (7, ', ).

To derive the asymptotic behavior of K4, we set the positive constant C'y = 2 without loss of
generality and note that the maximum occurs at ¢ = ¢y. We then expand &, and a;)lz

So we take K4, = O(N).

and

* Step B.2: Approximation for —Cyz/(a? + Ca0?).
We use af + o7 = 1 to rewrite (a? + Co0?) "L as (Cy + (1 — Cz)a?) L.
We first utilize 7,2 in Lemma J.8 for the approximation of o?. This gives error €.
Next, we utilize Trec,1 in Lemma 1.8 for the approximation of the inverse of af.

This gives error

‘ITaf -y €q2
7;60,1 ) < €rec,1 T 2 < €rec,1 T
t 6rec,l rec,1

Next, we utilize T2 for the approximation of the product of (Cs + (1 — C2)a?) ™! and x.

This gives error

X

€n2
Ttz — | = || < émun2 + 2K3 | €rec,1 + - ;
ult,2 (CQ + (1 — Cg)a%)‘ ult,2 3 ( ec,1 E?ec’1>

and from Lemma 1.8, K3 is positive constant such that z € [~ K3, K3 and o; ' € [~ K3, K3].
Since 2 € [~Cy\/Iog N, C,v/log N| and a;.' = (exp(—C, log N/2))™! = NC/2 we
take K5 = NCa/2,

# Step B.3: Error Bound on Every Approximation Combined.

93



Published as a conference paper at ICLR 2025

Combining Step B.1 and Step B.2, we obtain the total network with error bounded by

€n2 3
€score < €mult,2 1 2K3 (Erec,l + = > + €mult,1 + 4Kjes.

Erec7 1

Next, we specify on the choice of € in each approximation to attain a final approximation
error of order N—7.

- For the Error of the First Inverse Operator:

€rec,1 — o (Ni('BJr%CQ)) .

- For the Error of the Second and Third Inverse Operator:

€rec,2, €rec,3 = O (N*w“’c")) .
- For the Error of f;:
ef =0 (N—(3ﬁ+9c<,)> .
- For the Error of f5:

€r, =0 (N*(B%C”)) .

- For the Error of &:

=0 (N—(S,@—i-QCU)) .

- For the Error of a:

e =0 (N_(ﬁ”c“)) .

- For the Error of o?:

€2 = 0O (N_(3’B+%C“)> .

- For the Error of the Two Product Operators:

€mult,1, €mult,2 = O(N_B)'

With above error choice, we have
| Tecore (@, y, 1) — fa(@,y,t)| < N7 J1.6)
Combining (J.5), (J.6) and dropping lower order term, we obtain

ki+1

B
[ Tscore — V1og pi(z|y)|l oo S ;N ﬂ(logN) 2
t
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We have completed the first part of the proof. Next, we select the parameter bounds based on all
the above approximations.

Step C: Transformer Parameter Bound.

Our result highlights the influence of NV under varying d,.. Therefore, for the transformer parameter
bounds, we keep terms with d,, d, L appearing in the exponent of NV and log N.

— Parameter Bound on W and W.

Given error ¢, the bound on each operation follows:

% For ey, : By Lemma L.5, we have
Co 2dL+4d+1
IWallys [Wiclas [Wally s [Wiclly o0 = O (NOHH0C 25252 )
# For ey, : By Lemma L.6, we have

2dL+4d+1
1Wal IWillas IVl s IWiclly o = © (N3O ZEFE)

% For emuy,1: By Lemma 1.8 with m = 4, we have

IWello 1Willo: Wl a0 Witz 00 = O (N*7) .

* For emui,2: By Lemma 1.8 with m = 2, we have

IWallgs 1Wicllgs [Welly oo Wl oo = O (N°F).
% FOr €pec,1: By Lemma 1.9, we have

3Cq
IWQ s IWiclas IWally s Wil o = © (N29475% ).

% FOr €rec2 and €pec 3: By Lemma 1.9, we have

IWally Wkl [We

.00 Wiy 00 = O (N9 .

* For ez: By Lemma [.11, we have

Wl Wkllgs 1Welly o [Wally o0 = O (N?+2C7) .
* For e,2: By Lemma .11, we have

9Ca
IWa s Wik s [Weally s Waly o = © (N5 ).

* For ez: By Lemma .11, we have

WGl Wkllz, [Wally oo Wally o, = O (NP2

We select the largest parameter bound from €, that remains valid across all other approximations.

— Parameter Bound on Wy and Wy,
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Given error ¢, the bound on each operation follows:

* For €7 : By Lemma L.5, we have

_(3849C0)
HWOHQaHWOHQ,OO :O<N ] ) )
* For ey, : By Lemma L.6, we have
_ (B+3Cq)
[Wollp [Woll, o = O (N=57).

% For emui,1: By Lemma 1.8 with m = 4, we have

IWolly, [Wollz = O (N~*).

# FOr emyi,2: By Lemma 1.8 with m = 2, we have

IWolly, [Wolly.e = O (N72%).
# FOr €rec,1: By Lemma 1.9, we have

_ Co
[Wolly: [Wolly,oo = O (N B+ )) .

% FOr €rec,2 and €rec,3: By Lemma 1.9, we have

Woll,, HWOHQ}OO =0 (N_(ﬁ+3ca)> ]

* For ez: By Lemma [.11, we have

Wolly, HWOHQ,OO =0 (N*(ﬁ+3cc,)> '

#* For €,2: By Lemma I.11, we have

3Cq
IWollp, IWolly 0 = © (N-G755)).

# For ez: By Lemma .11, we have

IWolly: IWolly o, = O (N=6E59C))

Since we do not impose any relation on C,, C, and 3, we simply take looser bound
Wollys IWolls .. = N—P. Moreover, since only €y, and €y, involve the reshape operation.

From Lemma H.5, we take O(v/d) and O(d) | Wy |, and Wvlls o0
— Parameter Bound for W;.

Given error ¢, the bound on each operation follows:

# For ey : By Lemma L.5, we have

(BB8+9Cq)
d

)
IWillys [Wally o0 = © (N log V).
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* For €7,: By Lemma L.6, we have

(B+3Co

)
IWilly, Wiy o = © (N5 - log V)

* For emuy,1: By Lemma 1.8 with m = 4 and C' = K} in (1.25), we have

[Willg, [Willy oo = O (K4 - N*P) :0(1\[(4/#00)).

2,00
* For emu,2: By Lemma 1.8 with m = 2 and C' = K3 in (1.26), we have
IWilly, W 00 = O (5 - N) = O (N5
% FOr €rec,1: By Lemma 1.9, we have
Wil Wil 0 = O (N?75C2) .
% FOr €rec2 and €pec 3: By Lemma 1.9, we have

IWilly, [ Wil o = © (N@F+6C).
* For ez: By Lemma [.11, we have
IWilly, [Wally o0 = © (N Tog N )

* For e,2: By Lemma .11, we have

3C,

IWilly: (Wil o = O (NG5 1og V) .

# For ez: By Lemma .11, we have

IWilly, [ Wil o = © (NE#96) 10g ).

H2,oo

We select the largest parameter bound from €, that remains valid across all other approximations.

— Parameter Bound for 5.

Given error ¢, the bound on each operation follows:

* For ey : By Lemma L.5, we have

IWalls [Wallp e = © (N

(3849Cq) )
d .

* For €7,: By Lemma L.6, we have

(B+3C4)
[Wallys [Wally o = O (N a ) .
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% For emui,1: By Lemma 1.8 with m = 4, we have

[Wally, [Wally oo = O (N*F).

# For emu,2: By Lemma 1.8 with m = 2, we have

[Wallg, [[Wally o0 = O (N?7).

% FOr €pec,1: By Lemma 1.9, we have

Ca

[Wall, [Wall o, = O (N+).

% FOr €rec,2 and €rec,3: By Lemma 1.9, we have

IWally: [Wally o = O (N+26)

* For ez: By Lemma [.11, we have

[Walla: [Wally o = O (NP+26)

#* For €,2: By Lemma .11, we have

[Walo [IWally o = © (NG

C))

# For ez: By Lemma .11, we have

[Wall,, ||W2||2’oo -0 (N(3B+900)) .

We select the largest parameter bound from ¢, that remains valid across all other approximations.

— Parameter Bound for E.

Since only €y, and €, involve the reshape operation. From Lemma H.5, we take O(d/?L3/?).

By integrating results above, we derive the following parameter bounds for the transformer network,
ensuring valid approximation across all ten approximations.

2dL44d+1

IWQ s IWiclas Wl s Wikl o = © (NGHH9C 2L

Wy lly = OV [[Wyly, o, = O(d); [Wolly: [Wollyno = O (N7P);

Wil [Willy,oe = O (N4ﬁ+9cv+’°‘%‘” ~logN) NET ], =0 (d%L%) ;
3Cq

ol ¥l = 0 (N7 %) s =0 (Vg ).

This completes the proof. O
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J.2 MAIN PROOF OF THEOREM 3.2

Similar to the proof of Theorem 3.1, we implement the truncation due to the unboundedness of x.

Lemma J.12 (Lemma B.2 of (Fu et al., 2024b)). Assume Assumption 3.2. For any R3 > 1, it holds
[ nlelds S Raex(-C3R).
llz|l o > R3
Moreover, it holds
1
[ I oenal3p e $ — RS exp(~C3 ).
lzllo>Rs Z

where C% = C/(2max{1, Cs}).

Unlike results under Assumption 3.1, the explicit form of p;(z|y) in (J.1) along with the upper and
lower bound on the joint distribution Lemma J.2 allow us to skip the threshold €0 as in Lemma I.15.
We state the formal version of Theorem 3.2.

Theorem J.1 (Score Approximation, Formal Version of Theorem 3.2). Assume Assumption 3.2.

For any precision parameter 0 < ¢ < 1 and smoothness parameter 3 > 0, let ¢ < O(N ) for
some N € N. Let C, and C, be some positive absolute constants. For any y € [0,1]%v and

t € [N~% ,C,log N, there exists a Tyeore (T, ¥, 1) € T,Q’S’T such that

B2
/Rd | Tecore (2, 9, t) — V log ps (z[y) |3 - pi(z]y)dz = O (02

t

N7 . (log N)5+1> :

Notably, for e = O(N~#), the approximation error has the upper bound O(e2 /o2). The parameter
bounds in the transformer network class satisfy

)

IWallas IWilla, Wl s Wi, 00 = © (V@596
Wi ll, = OVa); Wy N3 0, = O [Wola, 1Wolly.e0 = O (N7)

3Cq

[Willy, [Wally, o = O (N‘*ﬁ*("c"+T -logN> NE ||, =0 (d%L%) ;

IWally, [Wally o = © (N45+967+%5% ) ;07 = O (Viog N/ov)

2dL+4d+1
g ).

Proof Sketch of Theorem J.1. We decompose the integral into two terms based on Lemma J.12.
* (A.1): The approximation for region outside of the truncation ||z|| > Rs:

We give the error bound via Lemma J.12.

* (A.2): The approximation for region within the truncation ||z| < Rs:

We give the error bound via Lemma J.11.

Proof of Theorem 3.2. We apply Lemma J.11 and Lemma J.12.
Specifiaclly, we take C,, = , /é—@ and R3 = C,+/log N.
2

Next, recall transformer parameter bounds in Lemma J.11. We have || Tscore || < v/log N /0.
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Therefore,
/ [ Tscore — V logptllg - peda (By expanding ¢2 norm)
Rdz
<[ (Tl 2V ogp) et [ ([T~ Vo) - prd
[[z] 00> %logN [[z] oo < %logN
2 2
(A.1) (A.2)
(By (5 bound on Tscore and Lemma J.11)

2

2-log N B
< / (75 + 2||V10gpt||§) -pedz + = NP (log N)+1,
[[z] 00> %logN Oy 0y

(By Lemma J. 12)

1 3
logN (2 2 2 /92 3 B2
N deoi\/gi (ﬂ/ logN | N720 4 5 (ﬂ, logN | N7 4 — N~ (log N)k+1,
Ut 02 Ut 02 Ut
(By dropping lower order term)
B2
< = N~ (log N)PHL,

~ 2

0%

This completes the proof. O
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K PROOF OF THE ESTIMATION RESULTS FOR CONDITIONAL DITS
Overview of Proof Strategy of Theorem 3.3.

Step 0. Preliminaries. We introduce the mixed risk that accounts for risk with the distribution of the
mask signal in Definition K.1. We restate the loss function and the score matching technique
in Definition K.2.

Step 1. Truncate the Domain of the Risk. We truncate the domain of the loss function in order
to obtain finite covering number of transformer network class. Precise definition of the
truncated loss function class is in Definition K.4. We bound the error from the truncation
from the assumed light tail condition in Lemma K.1.

Step 2. Derive the Covering Number of Transformer Network. We introduce the covering number
of a given function class in Definition K.5. We provide lemma detailing the calculation of
the covering number for transformer architecture in Lemma K.2. We derive the covering
numbers under the respective parameter configurations for our two previous main results in
Lemma K.3.

Step 3. Bound the True Risk on Truncated Domain. With the previous steps, we present the
upper-bound of the mixed risk in Lemma K.4.

Overview of Proof Strategy of Theorem 3.4. We decompose the total variation into three compo-
nents and we bound the separately.

Step 1. We bound the total variation distance between the true distributions evaluated at ¢ = 0 and
early-stopping time ¢ = .

Step 2. We bound the total variation between the true distribution at ¢y and the reverse process
distribution using the true score function.

Step 3. We bound the total variation between the reverse process distributions using the true and
estimated score functions at ¢.

Organization. Appendix K.1 includes auxiliary lemmas for supporting our proof of Theorem 3.3.
Appendix K.2 includes the main proof of Theorem 3.3. Appendix K.5 includes auxiliary lemmas for
supporting our proof of Theorem 3.4. Appendix K.6 includes the main proof of Theorem 3.4.

K.1 AUXILIARY LEMMAS FOR THEOREM 3.3

Step 0: Preliminary Framework. We evaluate the quality of the estimator sy through the risk:

|sw (4, y,t) — V log py(we|y) [ 2dt. (K.1)

T
R(SW) ::/ mEzt’y

to

Definition K.1 (Mixed Risk). The risk (K.1) considers guidance y throughout whole the diffusion
process. We refer to it as the conditional score risk. In contrast, we have the mixed risk R, that
accounts for the distribution of the mask signal 7 = {0, id} with P(7 = 0) = P(7 = id) = 0.5:

T
1
R (sw) = /t ﬂE(u,yJ) |:||Sw($t,7'y,t) - Vlogpt(:ct|7y)||§} dt, (K.2)
0

Remark K.1. Given score estimator s trained from empirical loss (G.8), the conditional score risk is
upper-bounded by twice of the mixed risk. That is, we have R(S) < 2R,,(8) by observing

1

T
~ 1 ~ 2 L
Ron3) = 3 [ T Ea [I5(0.0.0) — Viogpi(ao)[3] dt + 5R(E)
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Definition K.2 (Loss Function and Score Matching). Let x = x|z denote the random variable
following Gaussian distribution N (a2, 0214, ), we define loss function and score matching loss:

T

1

bosgiow) = [ g Bre [lsw (o ryst) = Vg aeleo) 3] de
To — 40

T
1
L(sw) ::/ mEIO’y [ET,I [||sw(xt,7y,t) — Vlogpt(xt|x0)||gﬂ dt

to

Remark K.2. Given i.i.d samples {zg ;, y;};, we write {(x;, y;; sw) with the understanding that
x; = x¢|zo,;. When context is clear, we use ¢(x;, y;; sw) and €(xo;, yi; sw); {04, yi iy and
{24, y; }1_, interchangeably.

Remark K.3. By (Vincent, 2011), £(sw ) and R, (sw ) differ by a constant that is inconsequential
to the minimization. Therefore, minimizing the mixed risk is equivalent to minimizing the score
matching loss

Definition K.3 (Empirical Risk). Consider a score estimator sy € T."*". Recall the definition of
empirical loss: L(sw) = Y7, 10(x;, yi; sw). Let s° == V log p;(x|y), we define empirical risk:

i=1n

~ ~ o "1 "1
Rm(sW) = ‘C(SW) - ,C(S ) = Z ﬁg xlaywSW Z 76 xmyu
=1 =1

S

Remark K.4. The key distinction between R, and L lies in their formulations. Specifically, R,
measures the expected difference between sy and the ground truth V log p(x|y) with respect to
(z¢,y, 7). In contrast, the score matching loss £ provides an explicit calculation based on the sample
{z0,:, ¥ }1_,. With the tower property of conditional expectation, £ measures the expected difference
between sy and V log p;(x|zo) first with respect to (x¢|xo, 7), and then with respect to .

Remark K.5. Observe (I): s° = V log p;(x|y) is the ground truth of score function with R,,,(s°) = 0,
and (II): By (Vincent, 2011), R, and £ differ by a constant. Based on (I) and (II), we define the
empirical risk ﬁm using the score matching loss as an intermediary: R,,(sw) = Rm(sw) —
Ron(s°) = L(sw) — L(s°). This leads to the definition of the empirical risk R, as a practical
approximation of the true risk difference R, (sw) — R (s°).

Remark K.6. For any score estimator sy € Th " obtained from the training with i.i.d. samples

{i,y:}1—, it holds Ez, iy, [ﬁm(sw)] = R, (sw). This follows from direct calculation with
Definition K.3 and the 1.i.d. assumption.

Step 1: Domain Truncation of the Risk. We define the loss function with truncated domain. This
is essential for obtaining finite covering number for transformer network class.

Definition K.4 (Truncated Loss). We define the truncated domain of the score function by D =
[~ Rr, Ry]% x [0,1]% U (). Given loss function £(x, y; sy ), we define the truncated loss:

0z, y; sw) = Lz, y; sw)1{||z]| . < R7}- (K.3)
We define E“”“C( w) = L(sw)Il{||z|l < R7}, Ri"(sw) = Rm(sw)L{|z|, < R7} and
Rt{,;‘““(sw) R (sw)1{||z] o, < R7}. We define the function class of the truncated loss by

S(Rr) = {l(,s5w): D =R |sw € T }. (K.4)

Next, we introduce the following lemma dealing with the error bound for the truncation of the loss.

Lemma K.1 (Truncation Error, Lemma D.1 of (Fu et al., 2024b)). Consider the truncated loss
£ (g, ys sw) and t € [n= M) O(logn)]. Under Assumption 3.1, we have |4(z, y; sw)| < 1/to.
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Consider the parameter configuration in Theorem 3.1, it holds:

1
Ew,y |:|€(x7yat) - étrunc(xa Y, S)H 5 eXp(ic'QR%-)RT (t()) .

Moreover, under Assumption 3.2, we have |¢(z,y; sw)| < log(1/tg). Consider the parameter
configuration in Theorem J.1, it holds:

1
Eoy [[0(z,y,t) — 0™ (z,y,5)|] S exp(—C2R%F)Rylog (to)

Step 2: Covering Number of Transformer Network Class. We begin with the definition.

Definition K.5 (Covering Number). Given a function class F and a data distribution P. Sample n
data points {X; }"_; from P, then the covering number N (e, F, { X;}™ ,, ||-||) is the smallest size of

a collection (a cover) C € F such that for any f € F, there exist f € C satisfying

o~

ma|| £(X,) — F(X0)

<e.

Further, we define the covering number with respect to the data distribution as

N(G,]:, ||||) = Sljp N(G’]:v {Xi}?:lv ””)

i ~
rSi=1

Next, we introduce the following lemma that provides results for the calculation of the covering
number for transformer networks.

Lemma K.2 (Modified from Theorem A.17 of Edelman et al. (2022)).
h,s,r 2,00 2,00 2,00 2,00 2,00 2,00
Let T, (CT,C’Q ,Cq,Cg™",Ck,Cy ", Cy, Cy ,C’O,C'E,Cf1 ,Cfl,sz ,Cp,, L)

represent the class of functions of one transformer block satisfying the norm bound for matrix and
Lipsichitz property for feed-forward layers. Then for all data point || X ||, ., < Ry we have

h,s,r
log N(ec, T II°ll2)

<00 (o1 (it ()’ +at (coronct) +2(0orca)))

€

where o := (CF)2COV(1 + 4CKQ>(RT + CE)
Remark K.7. We modify (Edelman et al., 2022, Theorem A.17) in seven aspects:

1. We do not consider the last linear layer in the model: converting each column vector of the
transformer output to a scalar. Therefore, we ignore the item related to the last linear layer in
Edelman et al. (2022, Theorem A.17).

2. We do not consider the normalization layer in our model. Because the normalization layer in the
original proof only applies ||] [, . (X1) = [Thorm (X2)ll5 oo < X1 — X2, ., ignoring this
layer does not change the result.

3. Our activation function is ReLLU, we replace the Lipschitz upper bound of the activate function
by 1.

4. We consider the positional encoding in our work, we need to replace the upper bound R for
the inputs with the upper bound Ry + Cg. Besides, for multi-layer transformer, the original
conclusion in Edelman et al. (2022, Theorem A.17) considers the upper bound for the 2, co-norm
of inputs is 1, we add the upper bound for the inputs in Lemma K.2.
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5. We use the feed-forward layer, including two linear layers and a residual layer. Thus, in
Lemma K.2, we replace the original upper bound for the norm of the weight matrix with the
upper bound for the norm of I; + W5 W7j. In the following, we use O to estimate the log-covering
number, thus we ignore the item for I; here for convenience. This is the same for the self-attention
layer.

6. We use multi-head attention, and we add the number of heads 7 in our result, similar to (Edelman
et al., 2022, Theorem A.12).

7. In our work, we use transformer 7'1%’4’1, i.e., with h = 1 head, » = 4 MLP dimension, and s = 1
hidden dimension, following the configuration for transformers’ universality in Theorem H.2 and
Corollary H.2.1. We remark that this configuration is minimally sufficient to achieve DiTs’ score
approximation result Theorem 3.1 but not necessary. More complex configurations also achieve
transformer universality, as reported in (Hu et al., 2024; Kajitsuka and Sato, 2024; Yun et al.,
2020).

With Lemma K.2, we derive the covering number under transformer weights configuration in
Theorem 3.1 and Theorem J.1.

Lemma K.3 (Covering Number for S(R7)). Consider e, > 0 and [|z|| < Rt

* Results under Assumption 3.1. Given sample {z;,y;}, the e.-covering number for S(R)
with respect to [|-|| ,  satisfies

logn
€2

log NV (ec, S(RT), 'l oc) S N"*(log N)"(Rr)?,

where v1 == 685 + 104C,, and v = 12d, + 123 + 2.

* Result under Assumption 3.2. Given sample {z;, y;} ,, the e.-covering number for S(R7)
with respect to [|-||,  satisfies

logn
€2

log NV (e, S(R7); [lloe) < N**(log N)'(Rr)?,

where v3 = 4(128d, + 318d + 63) + 12%= (12d, + 25d + 6) + 72C,.
Proof. Applying Lemma K.2, we have
h,s,r
log NV(ee, T ™" [I[l2)

<R (2 ((CrPegi) + @t (c2)

€

ol
o

+d%(mcbfcbvcﬁg)

(I (I1) (111)

3
> , (K3
where o = (CF)QCO\/(I + 4CKQ)(RT + CE)

Note that we drop L because it is inconsequential under either Assumption 3.1 or Assumption 3.2.

» Step A: Covering Number of Transformer Network Configuration in Theorem 3.1.

Recall that the parameter bounds in Theorem 3.1 follows

IWally, [Wicllas [Wal aor Wil o0 = O (NT2+6C0)
IWolly, IWolly o = O (N30 (tog )=+ )
Wy lly = OWd); Wyl = Od);
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IWilly, [ Wally o = © (V241 [ BT, = 0 (aPLH);

IWallo, [[Welly o = O (N#+267) :C7 = O (VIog N/o?)

Note that W, = WoW .. We take |[Wo|, . - [Wk ||, as the upper bound for [|[Wkql|, .-

Since W, Wi share identical upper-bound, we use (C'2>)* for term (C’f(oé)Q

“[[Wv |3, as the upper bound for [[Wov |, .-

Next, we take O = maX{Cfl,sz} with upper-bound [|Cr ||, = [|Cr|l, o, = O(N3H4C),

Among three terms, it is obvious that (IIT) dominates the (II) and ().

Therefore,

(L11) 4(Cov) (C?;g;)?) °

<N12ﬂ+160,, N—68+12C, - (log N)G(dm-&-ﬁ) . N288+24C, )
—_—

ol=

A

N—_————
(Cr)t (cOv>2 (CR™)4

N346+52C5 (1o \)6(de +/3))

Next, recall that o == (Cr)? - Coy - (1 +4Ckq) - (R + Ckg).
Therefore,

a2

< (Cp) (Cov)*(Ckq)* (Rt + Cp)?,
< N12HI6Co | N=6F+12Cs (o0 NYO(datB) | N286+24C0  p2 qp3

——
(Cr)* (Cov)? (CR™)1 (R2-C2)
g N34ﬁ+5200 . (log N)G(dw+,6’) '(RT)2~

(II1)3

Putting all together, we obtain

log A/ (607 h s, - ) 10%” . N68B+104C, - (log N)12dm+125 ) (R7—)2.
6

C

* Step B: Covering Number of Transformer Network Configuration in Theorem J.1.

Recall that the network configuration in Theorem J.1 follows
IWallys Wi ll2 IWellz 00 Wkl 00 = O (N@mgcc,)ad%dﬂ
Wy ll, = OWVd); Wy lly,ee = O); [Wolly, IWolly oo = O (N7F) 5
[Willy [ Wil = O (N#190 425 10g N) o| ||, = 0 (a}L2);

[Wally, [Wally o = O (N9+967+25%) ;07 = O (\Vlog N/or)

SN—

We derive the covering number following identical procedure.

First, we calculate upper-bounds
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- Bound on (Cp)* = (Cy,)%.

(Cf1)4 < O<N168+BGCU+6CQ - (log N)4).

- Bound on (C7:™)%.

(™) go(n

128(2dg+4d+1) | 36Cqo (2dg+4d+1)
d + d

Next, the upper-bound on (II) follows

(1) 5 (d*(Cp)* - (Cov)? - (CR3))

< (N24ﬁdm+6d4ﬁd+l2ﬂ+72Cadm+15gcad+36ca +36C, .
~

1

3

4 A
(log N)*- N +) 7

,00 C 2
(Cry)*(CR>) (Cov)
24B8dy +628d+128 | 72Cady+150C o d+36Cy

q + a4 +36C, . (log N>4

<N

Next, we bound « in (K.5) by

a® 5 (C1,)"(Cov)*(Cro)*(Ry + C)® S (I)* - (Ry)*.
Combining (IIT) and o for network configuration in Theorem J.1, we obtain

h,s,r
Log ' (e T ™" I

< logn . 4(12[-}dz+d31[1d+6[i)+12(12Cadm+(2150a»d+6ca)+7206

~ 2

€

-(log N)® - (R7)%. (K.7)

* Step C: Covering Number under Domain Truncation.
We extend the result to the covering number for S(R7) defined in (K.4).

For score estimators s1(x, y,t), sa(z,y,t) € ’T]g’s’r such that [|s1 — s2|| ., p < € by lemmaD.3
in Fu et al. (2024b), the difference between the loss £(-, -, s1) and £(-, -, s2) in Lo is bounded by

[0(-, -, 81) — £(-, -, 82)| S elog N. (K.3)
By replacing €. with €./ log N in (K.6), we obtain the log-covering number under Assumption 3.1

1
log N (0, S(RT), ||l ) » S OfgnNesﬁﬂowU (log N)12d=+128+2( 2
(&
__logn

51N (log N (Rr)?,

where v1 = 683 4 104C,; and vy = 12d,, + 125 + 2.
By the same token, for Assumption 3.2, it holds

__logn

- 2
€

log N (€c, S(RT), [|l] o) N**(log N)'(Rr)?.

where vy = 4(12de+d31ﬂd+6,8) + 12Ca~(12£ilw+25d+6) + 7200.
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This completes the proof. O

Step 3: Bound the True Risk on Truncated Domain. We begin with the definition.

Definition K.6. Let s° := V log p;(x|y) denote the ground truth of score function for simplicity.
Given i.i.d samples {x;,y; }; and a score estimator sy € Tlg ", we define the difference function:

An(SVV» ‘E{I1 Yi b |:7/€;rr-zunc(SW) - Rtrrrlec(SW):| ‘

Remark K.8. Note that the difference function A, (sy, s°) measures the expected difference
between the truncated empirical risk and the truncated mixed risk with respect to the training sample.
Since the true risk is unattainable, we construct A, (syy, s°) serving as an intermediate that allows us
to derive the upper-bound on the mixed risk. Surprisingly, we are able to handle the upper-bound of
the difference function, presented in Lemma K.4.

Definition K.7. Given the truncated loss function class S(R7), we define its e.-covering with the
minimum cardinality in the L metric as Lz := {1, la, ..., ¢x }. Moreover, we define £; € L
with random variable J. By definition, there exist £; € Ly such that [|£; — £(x;, yi; sw)|| o < €c.

Note that Lemma K.3 provides the upper-bound on the €.-covering number of S(R7) for score
estimator trained from transformer network class. Next, we bound the difference function.

Lemma K.4 (Bound on Difference Function). Consider i.i.d training samples {z ;, ¥; }7—; and score
estimator § from (2.1). Under Assumption 3.1 and parameter configuration in Theorem 3.1, it holds:

~ . ~ 1 1
An(5,8°) SEgz iy, [Rm(s)} + & (RTexp(—CgR%—) + - logN> + Tee,

where N (e, T T - |l5) is the covering number of transformer network class. Moreover, Under
Assumption 3. 2 and parameter configuration in Theorem J.1, it holds:

. ~ 1 1
An(5,5°) S Eizypyn [Rm(s)} + log % (RTeXp(—CgR%—) + nlog/\/) + Tee.

Proof. In this proof, we let z; = (zo,, ¥:), U(z;) = 0™n¢(2;:3) and £°(z;) = 0™ (z;: s°). For
simplicity, we use k = 1/ty for the case in Theorem 3.1 and k = log(1/to) for the case in
Theorem J.1.

* Step A: Rewrite the true risk.

To derive the upper-bound of the true risk, we introduce a different set of i.i.d samples {(, ;, y;}7-;
independent of the training data drawn from the same distribution.

This allows us to rewrite the true risk as:

n

Rm(/S\) _Rm(so) :'C(/S\) _'C’( ) E{T BT/ 3 [ Z z?yzv —f((p;’y;’so))

i=1

. (K.9)

With (K.9), we rewrite the difference function:

An(3,5°) = ‘ “Epn g [i((?(zi)—ﬁo(zi))—(Z(zl’»)—ﬁo(z;)))H. (K.10)

i=1

* Step B: Introduce the ¢ -covering.

Before further decomposing (K.10), we introduce three definitions.
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= wy(2) =ly(2) = £°(2) and B(z) = U(2) — £°(z).

3 walz)—es (=) |

- Q= max -
! J
=1

1<J<N

- hy = max{A,\/E..[¢;(z) — £°(z')]} with constant A to be chosen later.

With h;, w; and €2, we start bounding (K.10) by writing

An(5,5°) = ‘in«:{} lz () - ez0) = (20 - e°<z;>))] ‘

=1

1 " ~
< E]E{Zivzﬁ}?ﬂ lzl (wy(z;) — OJJ(Z;)) + 2¢, (By Replacing ¢ with (’./)
1
< ﬁ]E{Zi,Z;}?:l [hsQ] + 2. (By introducing 2 and h.y)
1
2 r Canc ~hwar7z ineanalitv
< - \/E{Zivzi}?:l [hJ]]E{thl{}?:l [Q2] + 2¢, (By Cauchy-Schwarz inequality )
<1(g B+ ~E 0? M inequali
=5 \2 {Ziﬁzf;}?:l[ 7]+ o {zi,z;}yzl[ 1) +2e (By AM-GM inequality)
1 2 1 2
= iE{Zi)ZQ}?:l [hJ] + 2n2 E{Zi’zl{}?zl [Q ] +2€C. (Kll)
) (Im)

— Step B.1: Bounding (I).
By the definition of h ,
B, oyn (B3] S A2+ Ep, oy | [Bar[w3(2)]]
< A2+ EL[02%(2)] + 26,
= A +Ep g [R(5)] + 2. (K.12)

— Step B.2: Bounding (II).

By Lemma K.1, we have |((z; sy)| < &, and by the definition of 22, we write

s[5 (20520 < S [(520) (4]

=1

(By the independence between z; and .f)

- wi(z)  wi(2)
< Er. .iin I\ FI\Y
<3 B [0+ 5]

< 2nk.

We use the Bernstein’s inequality and the following two facts

w (1) |22les G| < o/,

x (2) > %}‘”(ZD is centered.
i=1
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For any J and w > 0, it holds

=1 =1

<2exp | —
K (Qn + g)
Therefore,
N "L wy(z) —wy(2h) ’ w/2
P@>w) <SP (e eE)) S ) Covesp (-2
— - h K (2n + ﬂ)
J=1 i=1 3A
For some wy > 0, we bound Q2 by
wo (oo}
E{Zi,zi" n [QQ} = / P (QQ > w) dw + / P (Q2 > w) dw, (By integral identity )
0 wo
° 2
<wy —|—/ 2N exp w2 dw,
wo K <2n + ‘3/—5)
o 3
<wp+ 2N {exp (—L) + exp (— Aﬁ)}dw,
wo 8nk 4K
wo 8k wo 32k 3A wo
< wp + 2 (fi) VEO ook 22 .
=@t N{Snn FP\ T Sk * < 3A * 942 ) P 4k
Taking A = /wg/6n and wy = 8nk log N, we have
Bz, zryn [QF] < nilog N (K.13)
¢ Step C:Combing (I) and (IT).
Combining (K.12) and (K.13), it holds:
~ 0 1 2 1 2
An(s, S ) < §E{Zi722}?=1 [hJ] + ﬁE{Z%Z”LJQ } + 2¢.
1 frune /-~ K 7
S i]E{Z’}?:l [R;;,Lu C(S)] + % 10gN+ 560.
Recall Definition K.6 and multiply the above inequality with 2, we have
B, [RES] S 2B, [Ri(s)] + glog/\/ + Tec.
Therefore,
Au(3,5°) SEpayn [ﬁggm(g)} + g log N + Te. (By Lemma K.1)

~ 1
SEqiyir, [Rm(’s\)} + K (RT exp(—CngT) + - logJ\f> + Tee,
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This completes the proof. O

K.2 PROOF OF THEOREM 3.3

Proof of Theorem 3.3. Recall Definition K.1. We bound the mixed risk with following three steps.

* Step A: Decompose the mixed risk.
Let s°(z,y,t) = Vlog p:(z|y) be the ground truth. If y = 0, we set s°(x,y,t) = V log p:(x).
Recall Definition K.3 and Lemma K.4.
Let {}, y/}?_ ,~Py(z,y) be a different set of i.i.d. samples independent of the training samples.
Next, we rewrite the mixed risk

AL [ﬁ’m (3)} )

i

- RS -
Rm(s) = E{l’Ly: im1 [n Z (E(x;’ y; 5) - é(I;, y;a SO))] = E{x’
i=1
where we use R/, (3) to denote the empirical risk of the score estimator § trained from {a, Y.

Next, the decomposition of Ery, ,,1»  [Rim(5)] follows

Efevany, R3] = Eoy, [Eran, [Rn®) —R™6)]|
(I
+ B, (B, [Ri@) - R 6)|]
(I1)
F B, [REE) = R3] + By, [Rn)]

(111 av)

 Step B: Derive Upper Bounds.
Recall Lemma K.4.
Let k = 1/t( for results in Theorem 3.1 and x = log(1/¢) for results in Theorem J.1.
By Lemma K.1, we have both (I), (IIl) < & exp(—CgR%—) Ry.
By Lemma K.4, we have (Il) < (IV) + & (RT eXp(*OQR?]-) + % log./\/) + Tec,
Next, we we bound (IV) by

(IV) = Bz, {ﬁ(é\)} <Eqgn, [ﬁm(s)} = Ron(5).

Therefore, (IV) < mimSW67;;;,5,r Rin(s).

The inequality holds because s is the minimizer of the empirical risk.

Combining these bounds, it holds

T
~ . 1
By R 22 min [ 2B [Istan rnt) = Vlog ()3
t

h,s,
SWeTR’S'T

+0 (g logN> + O(exp(—CaR%)K) + O (ec) - (K.14)

Next, we take R = 4/ w.
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Since x < log(1/tg) < 1/tg = N€, it holds

T

~ . 1

By R €2 min [ ot Be (s, 0) — Vlogpulaly)[3] a
seThm Ji, T —to

o (%logN) +O(N28)+0(e). (K.15)

To apply the previous approximation theorems (Theorem 3.1 and Theorem J.1) to the first term on
the RHS of (K.14), we rewrite the expectation as

2Eayy,r [I\S(zt,w,t) - Vlogpt(o:tlfy)llﬁ} (K.16)

— [ se0.0) = Trogmaln)lBpu(aldo + 5, | [ 156000 = V1owp el e (elyhate]|
Rda Réx

Since p;(x) satisfies the subgaussian property as well, the previous result of the conditional score

estimation applies to its unconditional counterpart by removing the label throughout the process.
* Step C: Combine All Bounds.

First, we derive final bounds for results under Assumption 3.1.

Result under Assumption 3.1

Let v1,72 € (0, 1) be arbitrary real numbers.

By taking N = n and €. = n~ 72, we rewrite (K.15)

E{Zi ?:l[Rm(g)]
1
<0 (N_B(logN)dw+§+1) +O (N_Qﬁ) +0 (t n~ LN (10gN)V2+2 . ec_2> + 0O (e)
ii . (iv)
i) (i) v

(iii)
(By Theorem 3.1 )

Comy

B
<O (n_Tl(log n)dIJr%H) +0 (n ioopTton . (logn)¥2t? -n272> + O ()

AN

—min(f1 1_Coem . _o
O (n min( 2L, ST 272,72) (log n)u2+2> ,

where v; = 683 + 104C, and 15, = 12d, + 125 + 2.
We find the optimal upper-bound by the following choice of v, and 5.
For any 71,72 € (0, 1) satisfying,

c, -
yo 2+ 22 )
%]

we consider

. [ Bn Comi
minq —,1 —~v; — 27 — yY2 p -
%1 %1

To simplify, we set

Co
P 9, Com
121 1551

=72,
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and hence

Co
@:7% 1—y1 = 27 — 2 =y,
%1 141

Rearranging and solving for 71, v2, we obtain

151 B

MU G 38 T i ot 3

so that the three arguments in the min{-} all coincide.

Therefore,

. Co
mln{ﬁ%,lvl?yz 71,72}—72— i
141 41

Next, we ensure condition vy + 275 + ijjl < 1.

Since

%1% + 25 + CU 7V1+CO-+2ﬁ
m+C,+38 n+C,+38 1nn+C,+38 1n+Cy+38 ’

the condition holds for all d,, 8 and C.,.
Next, we derive final bounds for results under Assumption 3.2.
Result under Assumption 3.2

Let v3,74 € (0, 1) be arbitrary real numbers.

By taking N=n¥ and €. = n~ 7, we rewrite (K.15)
Ey., n R (5)] (By Theorem J.1)

1
S O(N 2P (logN) ™) +0 (N")+0 <log W n~!t.N" . (log N)2. e;2> + 0 (e)
@ (ii) s @iv)
(By dropping lower order term (ii))

SO (n_m%& : (logn)BH) + 0 (logn-n~"-n% - (logn)'? - n®"*) + O (n™74)

2Bv3

S o (n— min{ o ,1—"/3—274,74} . (logn)max(13,6+2)) )

where v3 =

4(128d,+318d+68) | 12C4-(12d,+25d+6)
3 + 7] + 72C,.

We find the optimal upper-bound by the following choice of v; and ~s.
For any 71,72 € (0, 1) satisfying,

73+274 < 17

we consider

. [ 2873
min 1 —793 = 274,71
V3
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To simplify, we set

20 -
773:1—’73—2742747
V3
and get
o V3 o Qﬁ
’Y3_V3+6ﬂ7 74_1/3"'66

with v3 4+ 24 < 1.

This completes the proof.
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K.3 DOMINANCE TRANSITION BETWEEN N AND log N FOR ALL NORM BOUNDS UNDER
ASSUMPTION 3.1

Here we show that there is a sharp transition between the dominance of N and log N in all norm
bounds for using transformers to approximate score function under Assumption 3.1 (in Theorem 3.1).

We remark that this sharp transition necessitates separate analyses for the low-dimensional region
(d; < n)in Corollary 3.3.1 and Corollary E.4.1.

Lemma K.5 (Dominance Transition between N and log N for All Norm Bounds). Let d, be
the feature dimension of the data. Let IV be the discretization resolution of the locally diffused

polynomial defined in Lemma I.1 and Remark I.1. Under Assumption 3.1, d, = © (log’ﬁ) g N)

divides the dependence of N and log N into two regions for the required norm bounds on attention
weights Wi, Wqo, Wo, Wi, W in score approximation using transformer networks (Theorem 3.1):

¢ High-Dimensional Region: If d, = ) (%), N dominates over log V.

log N

* Mild and Low-Dimensional Region: If d, = o (log Tog N

), log N dominates over V.

Proof of Lemma K.5. Recall the required parameter norm bounds for score function approxima-
tion with transformer networks in Theorem 3.1. Note that we derive the bounds from Step C
in Lemma I.13. We provide a comprehensive summary of all parameter bounds involving terms
dependent on N and log N from each respective operation.

* Bound on Wy and Wg.

— For €y, : By Lemma [.13, we have:
||WQ||2; ||WK||2’ HWQ||2 o HWKH2,oo =0 (N(95+6Co)~2dL-¢:i4d+1 ) (log N)—B(dq«,'f‘ﬁ)A?dL-{;;Ld-%—l) .
Since d,, = dL, we have N and log N achieving balance at

NOW@=) — (log N)@(di)’

log N
dy =0 ——— .
(loglogN>

and hence

— For €y,: By Lemma [.13, we have:

. 2dL+4d+1 _(d . 2dL+4d+1
IWallgs [Wiclys [Welly s [ Wikl o0 = © (NCFH20 2L (1o )= (ki) 2655752 )

Since d,, = dL, we have N and log N achieving balance at
NOW@=) — (log N)@(di)’

and hence

log N
dy =0 ———— | .
(loglogN>

— For €pec,1 and €pec 2t By Lemma 1.13, we have:
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IWallas Wil W g s Wik 00 = © (N©F6) (log N) =3

We have N and log N achieving balance at

NO) — (log N)O(d:c),

log N
dy = — .
‘ O(loglogN)

— For ¢, 1: By Lemma 1.13, we have:

and hence

IWallas IWK o, Wl s Wl oy = O (NETPHISC) (10g )=t 2))
We have N and log N achieving balance at

NOW = (log N)O(dz),

log N
dy =0 ———— .
<loglogN>

— For ¢, 3: By Lemma I.13, we have:

and hence

IWallas IWillos W g s W g oy = © (NE1#H1500) (10g ) =602

We have N and log N achieving balance at

NO@) — (log N)O(dm),

log N
ds =0 (loglogN> '

and hence

¢ Bound on Wy.
— For ¢y, : By Lemma .13, we have:

_ (9B+46Cq)
d

3(dz+8)
IWollas [Wolly.o. = © (N (log N) 7).

We have N and log N achieving balance at

NO) — (log N)O(dm),

115



Published as a conference paper at ICLR 2025

and hence
log N
d; =0 ————— | .
‘ (log log N>

— For €y,: By Lemma .13, we have:

(38+2Cs)

_ (dz+B)
IWolly: IWolly o = O (N~ (log N) ).

We have N and log N achieving balance at

NOW = (log N)©Od=),

d,— o (28N )
loglog N

— For €pec,1 and €rec 2: By Lemma 1.13, we have:

and hence

IWolly: Wolla o = O (N=E709) (log N)%+7)
We have N and log N achieving balance at
NOD) — (log N)O(dx),

and hence

log N
ds =0 (10g10gN> ’

— For ¢,,: By Lemma .13, we have:
[Woll,, ||WOH2,oo =0 (dN_(96+GCU)(10g N)3(dm+'8)) :

We have N and log N achieving balance at

NOW = (log N)O(dz),

log N
dy =0 ——— .
<loglogN>

and hence

— For ¢,,: By Lemma .13, we have:
IWollas [Wolly,o = © (4N~ P56 (log N)2(0t2))

We have N and log N achieving balance at

NOW — (log N)O(),
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and hence
log N
d; =0 ————— | .
‘ (log log N>

¢ Bound on W;.
— For €y, : By Lemma I.13, we have:

3(dz+8)

(95+6Co) _
Wil Wil = © (N 5555 (10 N) =55 - (log ) ).
We have IV and log N achieving balance at
NOM — (log N)O(dz),

and hence

log N
dy =0 ———— .
(loglogN>

— For ¢y,: By Lemma .13, we have:

IWollz IWoll . = © (N~ 10g N) 72

We have N and log N achieving balance at
NOW — (log N)O(d“”),

and hence

d,— o (28N )
loglog N

— For epui,1: By Lemma I.13, we have:
IWilly, (Wil o = O (NO#+E2) (10g N) =300
We have N and log N achieving balance at
NOW = (log N)O(de)

and hence

log N
dy = — .
’ O(loglogN)

— For €pec,1, €rec,2: By Lemma 1.13, we have:
Wil [Willy o = © (N(68+4Co)(logN)72(dz+ﬂ)) _
We have N and log N achieving balance at

NO) — (log N)O(dm),
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and hence
log N
d; =0 ————— | .
‘ (log log N>

— For ¢,,: By Lemma .13, we have:
Wil [ Wil = © (N 7406 (log N) =249 1og ')
We have N and log N achieving balance at
NOD) — (log N)O(dz),

and hence

log N
dy =0 ——— .
<loglogN>

— For ¢,,: By Lemma .13, we have:

[Willys [Willy o0 = © (N7H+5C7) (10g N) =24 +5) - 1og N )

H2,oo
We have N and log N achieving balance at

NOW — (log N)O(a),

log N
=0 (igiog )

and hence

¢ Bound on 5.

— For ¢y, : By Lemma .13, we have:

(9846C5) _3(datp)
[Wally: [Walla o = O (V55557 (1og )55 ).
We have N and log N achieving balance at
NOD) — (log N)O(dw),

and hence

log N
dy =0 ——— .
(loglogN>

— For ¢y,: By Lemma .13, we have:

(88+2Cs)
d

_ (detB)
IWallo, IW2lly o = O (N 5555 tog )~ 5.
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We have N and log N achieving balance at

NOD) — (log N)O(dm),

log N
do =0 (loglogN> ’

— For €pec,1 and €rec 2: By Lemma 1.13, we have:

and hence

[Wally, [Wally o, = O (NET+26) (10g N) =)
We have IV and log N achieving balance at

NOW = (log N)Old=)

log N
dy =0 ———— .
(loglogN>

— For ¢,,: By Lemma .13, we have:

and hence

[Willy, [Willy o = O (N(95+6Co>(1ogN)—3(dx+B)) )
We have N and log N achieving balance at
NOW = (log N)©Od=),

and hence

log N
ds =0 (loglogN> ’

— For ¢,,: By Lemma .13, we have:
[Wally, Wil o = © (N77+50) (10g ) =200 +))

We have N and log N achieving balance at
NOW — (log N)O(dz),

and hence

log N
dy =0 ———— .
(loglogN>

This completes the proof.

119



Published as a conference paper at ICLR 2025

K.4 PROOF OF COROLLARY 3.3.1

Low-Dimension Approximation Result.

For d, = o (log N/(loglog N)), since the dominant term in the norm bounds differs (Lemma K.5),
we obtain a distinct score approximation result from Theorem 3.1.

Theorem K.1 (Conditional Score Approximation under Assumption 3.1). Assume Assumption 3.1
and d,, = o (log N/(loglog IV)). For any precision parameter 0 < € < 1 and smoothness parameter
B > 0,lete < ONP) for some N € N. Let Cy,C, > 0 be some absolute constant. For

any y € [0,1]% and t € [N~%, C,log N], there exists a Tyeore(,y,t) € Tg’s’r such that the
conditional score approximation satisfies

B2 _ 8
[ (e 308) = Vgl - lely) do = O (Zg - N2 - (o Ny 1)
Réz t

Notably, for ¢ = O(N~5), the approximation error has the upper bound O(e/(d=+dy) /52).
The parameter bounds for the transformer network class are as follows:

IWello [Willa IWellg, o0 Wk 2,00

98(2dg+4d+1) | 6Cy (2dg+4d+1) _ L 2dL+4d41
=(’)(N JAdtl) | 0Ca (g . (log V) ~3(da+9)- 22LE2a51 );

Wy lly = OV Wy Iy, o0 = O(d); [Wolly: [Woll 0
Wil ||W1||2,oo =0 (NQ[HGCU (log N)72(dx+ﬁ)+1> ;

=0 (N7F);

IWally, [Wally oo = O (N9f3+600 (log N)—2(dw+5)) :

1B ||, = © (¢2L});Cr = 0 (ViogN/o?).

Proof of Theorem K.1. For d,, = o(log N/(loglog N)), N dominates the log N. We set bounds
based on the order of N when N and log N coexist. By Step C in the proof of Lemma .13, we have

* Bound on Wy and W
We set the parameter to the largest upper bound determined by the approximation error €, :

2dL44d+1

IWall: [Wkllos IWelly oo W llz 00 = O (N(9ﬂ+60°)' T - (log N)~&HH)

L 2dL+4d+1
d

¢ Parameter Bound on Wy and Wy, .

We set the parameter to the largest upper bound determined by the approximation error €my;,2 and
€rec,3:

[Wollg [[Wolly e = O (N7P).

Note that only €, and ey, involve the reshape operation. That is, approximation other than f;
and fo has [|[Wv ||y, [[Wv ||y, = O(1). Therefore, we take O(Vd) and O(d) for | Wy ||, and
Wy 5 o by Lemma H.5 respectively.

¢ Parameter Bound on V3.

We set the parameter to the largest upper bound determined by the approximation error €,,; and
€5.2. That is, we take N (?5+6C%) from the former and we take (log N)~2(%=+5) from the latter.

WAy, ||W1H2,oo -0 (N(9B+Gcg)(log N)72(d1+ﬁ) -log N) .
* Parameter Bound on 5.
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Following the same argument for W7, we have

IWallo, [IWlly o0 = O (NOF+66) (10g N) =20+ ).

This completes the proof. O

We compute the covering number for the function class of truncated loss S(R7) (defined in Defini-
tion K.4) under Assumption 3.1 in low-dimensional region d,, = o (log N/(loglog N)) .

Lemma K.6 (Covering Number for S(R7)). Given ¢, > 0 and consider ||z|| < Ry. With

sample {z;,y;}i, the e.-covering number for S(R7) with respect to ||-[|,  under the network
configuration in Theorem 3.1 satisfies

logn ., y
IOgN(EC7S(RT)7||‘H2) 5 & N 4(10gN) S(RT)27
C
where v, = 72ﬁ(2d1d+5d+1) " 4800(2d;+5d+1) — 48 and v = _8(d1+5)(62L+14d+3) +2.

Proof of Lemma K.6. The proof closely follows Lemma K.3. Applying Lemma K.2, we calculate

)

log N (ce T 1112

a? (2 ((CF)2033°)% +(@f (C3<)" +at (ACrPCov i)

(M (1) (111)

logn

ol
w(vo

c

where (III) dominates (I) and (II).

Plug in the network configuration from Theorem K.1, we have

IWallys Wik lla: Wl oor Wi 2,00

—0 (NQB(2d1;4d+1)+GC”(2d;Z+4d+1) ) (log N)ig(d”+5)'2sz4d+l> :
Wy = OV Wy [ly,ee = O): [[Wolly: [[Wolls,ee = O (N7F) 5
Wil Wil o0 = O (NO9#5C (log ) 720441 )

[Wallg, [W2lly o0 = O (N97¥6C (log ) 720420

1ET||,,, =0 (a2L}):Cr = 0 (ViogN /o).

Note that Wx g = WoW ., we take ||[Woll, . - [|[Wk]|5 o, as the upper bound for [|[Wkql|, -
Since Wy, Wi share identical upper-bound, we calculate (C'3>°)* for (Cf{oé)2 Similarly we use
[Wollg,o0 - [Wvll5 o as the upper bound for [[Woy ||, .. Moreover, we take Cr = max{C',, C, }.

« Bound on C} = (Cp,)*:

(Cf2)4 S ]\[Z&Gﬁ—|-24c,7 (IOg N)—S(dm-i-ﬁ)_

« Bound on (C3>)%:

368(2dg+4d+1) | 2404 (2dy44d+1) _ L 2dL44d+1
(CE)H g NP HERBG L (g )T 12(de k) 2GS

~
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The bound on (IIT) follows:

wl=

() 5 ((Cr)*(Cov)*(CR)?)

=

368(2dy +5d-+1) | 24Cq (2dg +5d+1)
d d

(dg+8)(24dL+56d+12)
~ (Lt DCILABOED | 28

N

(log N)

(Cry)H-(C2) (Cov)?

Moreover, a == (Cp)?Cov (1 + 4Ck)(RT + Ck), we have:
o £ (Cp)"(Cov)*(Crq)*(Br + Cp)* § (I)° - R

Recall Step C in Lemma K.3. We extend the log-covering number of transformer to the truncated
loss S(R7) by replacing e, with €./ log N.

Combining (III) and o2 for network configuration in Theorem J.1, we obtain:

IOgN (Ecv S(RT)v H”Q)

< N72/3(2dz+5d+1) } 480 (2dg5d+1) _4’8(10g N)_%W+2 . (RT)2
= RET N log N (e
where vy = T20Q2det5d+1) | 48Co(2dutSdt) _ g5 anq = — SldetHCALAIALS) | o
This completes the proof. O
Proof of Corollary 3.3.1. The proof closely follows the high-dimensional result d,, = €( lolg‘?lg(') ng <)

The only distinction lies in the covering number (Definition K.5) characterized by v; with i € [5].

Specifically, we have

o B.n{ Cg-"y‘
Efpoyyn, [RE)] =0 (n— min{ 28 1 yq 2y - Z2 57%}) |

Set
5"75_ 00'75_
=1—75—2v — = 6,
Vy V4
and get
IV S
ST U+38+C, ° v +38+C,

This completes the proof.
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K.5 AUXILIARY LEMMAS FOR THEOREM 3.4.

We begin with following two lemmas that serves as the key components for the proof of Theorem 3.4.

Lemma K.7 (Lemma D.4 of Fu et al. (2024b), Proposition D.1 of Oko et al. (2023) and Chen et al.
(2022)). Consider probability distribution Py and two stochastic processes Y = {Yt}te[o,T} and
Y’ = {Y/ }1e[0,r) With distribution P; and P; respectively, satisfying the following SDE:

dY, = b(Y;, t)dt + dW, Yy ~ Py,
Ay = b/ (Y/,t)dt + dW; Y] ~ P.

If the condition [ P;(z)||(b—b')(x,t)||dz < C holds for any ¢ € [0, 7] and constant C, it holds

T
KLPr | P = [ 5 [ P@)lb = ¥)(a lldodt.

Moreover, we need the following lemma to bound to total variation.

Lemma K.8 (Lemma D.5 of Fu et al. (2024b)). Assume Assumption 3.1.For any y € [0, 1]% it holds

TV (Bo(-ly), P (1) = O (ﬁlg (1})) |

K.6 MAIN PROOF OF THEOREM 3.4

Proof of Theorem 3.4. Given label y, let ﬁtg (|y) denote the data distribution with early-stopped time
to generated by the reverse process with the score estimator s from transformer network class.

We define the reverse process starting with standard Gaussian.
~ 1 ~ ~ -
dX;” = {Qde + Viegpr—o(X |y) | t +dWy  X§ ~ N(0, 14, ). (K.17)

We denote the distribution of X~ conditioned on the label i as Pr_;(-|y).

Next, we decompose the total variation into three parts

TV (P(ly), P ()
S TV (PCIy), P (1)) + TV (P (1), Pro (1)) + TV (Poy (), Pao (1)),
M (In) (111)

where we introduce distribution }5% at time ¢, as an intermediary defined in (K.17).

* Step A: Bounding (D).
By Lemma K.8, we bound term (I) by

vV (P(~|y),15t0(-|y)) =0 (mlogdm2+l (tlo»

 Step B: Bounding (II).

By Data Processing Inequality and Pinsker’s Inequality (Canonne, 2022, Lemma 2), we write

TV (Poy (). Py (1)) SY/KL(Pw (1) ] Pey (),
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SVEL(Pr(y) [| N(0, I,)),

SVEKL(P(Jy) || N(0,14,)) exp(~T). (K.18)
Next, we bound term (II) by
TV (P (1), By (1)) S VELP(Ty) N0, 1a,) exp(~T), (By (.18)
< exp(-T1).

 Step C: Bounding (III).
By Lemma K.7 and (K.18), we bound term (III) by

_ . T
V (Pl Puo () < \/ |3 [ plallste..0) = V1og paly) Pdaat.

By incorporating three steps and taking expectation with respect to y, we obtain the upper-bound

E, [TV (P(ly), P (Cly) )|

41 1 T 1 —~
(to> +exp(=T) + \// 2 /pt(wly)IIS(x,y,t) — Vlog py (xly)|*dedt,
to x

d.T
< Violog 2
(By Jensen’s inequulity)

1 T
<\/>10g e <t>+exp 2R(§)

(ii)

(111)

* Result under Assumption 3.1.
Recall Step C.1 in the proof of Theorem 3.3.
We set N = n?/" and ¢, = n~72 for all v1, 72 € (0, 1) satisfying 1 + 272 + C‘;—;“ < 1.

Therefore,
By [TV (PC1y), P Cly))]
< N™ T"] og depl (N*Co) + N Ca (By Theorem 3.3)
(i) (1)
1
3
(iif)
< _cé_,uYl ) dm2+1 _ Camy /
~n t -log (n)+n ! (Byvs > dy + 1)
(i) (i)
(iii)

<n¥- (logn) 43,
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: Cy- Ca- . C..
Wherew:mm{%,%,%’l,%,2727 (;/171’,),2}_

Moreover, recall that the following choice of ; and -5 leads to the tightest upper-bound

2 B

N T C, +38 T utC, 135

Therefore,

wmin{ Co Ca b }
N 21 +C, +38) 11 +Cy +38 11 +Cy +358

This completes the first part of the proof.

* Result under Assumption 3.2.
Recall Step C.2 in the proof of Theorem 3.3.
We set N = n3/¥s and e, = n=7* for all 3,74 € (0,1) satisfying v3 4+ 274 < 1.
Therefore, by Theorem 3.3,

By [TV (PCly), P (1))
N~ F log™s (N~C) + N~ C=
(i) (i)

A

1
28y :
vy : ’1_73_274”}/4} . (log n)rllax{137ﬂ+2}>

+ (Ca -logN -n~ min{

(iii)
_Con3 dg+1 _Caz

n 203 -1og 2 (n)+n V3

A

(i) (i)

ind 2873 5+3
- mln{ 1—v3—2v4 '74} max{7, 2L
+n vs ") (logn) {'2},

(iii)

< n‘¢(logn)max{7’#’%}, (K.19)
where ¢ = min { Cé’l;;ysv Cigﬁ 26:3 1 =3 — 274, 74}-
Moreover, recall that the following choice of 3 and 4 leads to the tightest upper-bound

13 _ 2
73_1/34’65, 74_V3+6ﬂ.
Therefore,
¢ = min { Co Ca 2B }
2(v3+60)" v3+63 3 +68 )"
This completes the second part of the proof
O

125



Published as a conference paper at ICLR 2025

K.7 PROOF OF COROLLARY 3.4.1

Proof of Corollary 3.4.1. The proof closely follows the high-dimensional result d,, = Q( log’i zgv )
The distinction lies in the covering number characterized by v; with ¢ € [5].

Therefore, we replace v1, v5 in Theorem 3.4 with v4 and vs.

This completes the proof. O

K.8 PROOF OF THEOREM 3.5

We identify the setting for unconditional DiT to achieve minimax optimality under Assumption 3.2.
Step 1: Reset the Approximation Error.
We scale the approximation error (Theorem J.1) with respect to d, and d,,.

Since the choice of IV is arbitrary. We leverage such degree of freedom to achieve the scaling by
N — NTy

That is, we determine the resolution of the domain discretization tailored to different d, and d,,.

This gives the following changes in results of approximation error.

* Change 1: The Transformer Network Size.

All parameter bounds follow Lemma J.11 with the replacement of N with N1/ (d=+dy)

* Change 2: The Scaling of Time Parameters.

The scaling of N gives t € [N_dmcfg"’y7 dmc_fdy log NJ.

We scale the cutoff and early-stopping parameter by C, = (dy + dy)Cy and Cy — (dy + dy)Co.
This gives t € [N~ C, log N].

Either with or without scaling, C,, and C, are both free to have arbitrary dependence on d.

These give the modified approximation rate

B2 28
/Rd (| Tacore (2, , ) — V1og py (x]y) |3 - pi(x]y)dz = O (02 SN ety (logN)B“) ,

t

where the parameter bounds in the transformer network class satisfy

38(2dg+4d+1) 4 9Ca (2dg+4d+1) >
d .
k)

Walla: Wikll2 [Wallz o0 Wk ll2,00 = O (N e

__B
IWy Il = OWd); Wyl o0 = OW); [Wollas [Wolloo =0 (N™%5 ) 5

Wally, [IWy

H2,oo

=0 (NTFE TS qog N BT, = 0 (a22));
3Cq4

IWala, [Wally o = O (NT55 2645 s0r = 0 (VViog N /o)

Step 2: Reset the Estimation Error.

We apply the scaled parameter bounds to Lemma K.2 and obtain the log-covering number

logn

log N (e, S(R7); [lo0) S =5~ N"(log N) ! (Rr)?,
where vg = HU220HBIEHO0) 4 12Ca (124, + 25d + 6) + 72C,.
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Next, we obtain the estimation result by rewriting (K.15) with updated approximation error and
log-covering number

Efe,yip, [Rm(3)] SO (N_%(log N)ﬁﬂ) +0 (N_ﬁ) +0 (g logN> +0 (e).

Y
@) (i) (iii) (iv)
dz+dy __ 28
By taking N = nd=*9v+2% ande, = N 4=+ we have
_ 23
+ () = O ((logn)*+1n” 70777 ).
_ 23
(i) = O (n” =70 ).
(i) = O @TTH T (logn) - g (log ) logn) ) with s = log 1/t
e (iil) = £.ndatdy+26 (logn) - nld=tdy+28 (logn ogn ) with k& = log (1/%¢).
n
e” Nva HR;_/
2
) o | _Ozva)atdy)—2p 1
We rearrange the expression and obtain (iii) = O ( log o n dotdy+25 - (logn) )
28
« ()= O (n” ),
We take the mixture of (i) and (iii) as the final error bound
R 1 _ min{28,(1-v3)(dz+dy)—28} 12 1
E{wi7yi}§’:1 [’R(s)} =0 log% -n dFdyT28 . (logn)max{ B}
Step 3: Reset the Distribution Error
detdy
Recall (K.19) in the proof of Theorem 3.4. Moreover, recall N = nd=+dy+25
We set the cut-off parameter C,, = ﬁ such that
N—Co — n*Ca' dlvdfcjydfzﬂ =n_ dx+dﬁy+2/3.
Moreover, we set the early-stopping parameter C, = dff a such that
oy Oy datdy B
N— 2 —=n 2 @tdy+28 — g dotdyT28
By Step 2. and the choice of C,,, C,,, we rewrite (K.19)
Efevatr, [Es [TV (PCI) Pl ]|
< o TTeTE L (] dtl | Tt
x Y . ‘T Y
<n v (logn) +n
@) (i)
1
min {26,(1—v3) (dy+dy)—26} 2
+ (log n)% . <10g l . n_ 2 :lm+3:1y+2; o . (log n)max{lz,ﬁ“rl}) :
to
(iii)
_ min{B,(1-v3)(de+dy)/2-B} ) 3 dy
<O (n Totdy 128 - (log n)mdx{z#’ o }> . (By dropping lower order tcrm.>
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Minimax Optimality Setting.
Removing the label y € [0, 1]%, we have v3 = 4(125d“”;356d+65) + 125‘* (12d, + 25d + 6)+72C,.

* Condition 1.
To match the minimax optimal rate, we ensure that n term dominates the log n term.

We have n and log n achieving balance at

n®E) = (logn)de,

g =0 ) tosn )
loglogn

Therefore, under the setting d,, = o(y/logn/loglogn), we have

and hence

Benar [E [TV (P, Puh))]] 5 0 (n- =202 ).

¢ Condition 2.

Under the setting (1 — v3) - d,./2 — 5 > (3, we have min{g, (1 — v3) - d,,/2 — 8} = j3. Therefore,
we show that the unconditional DiT is the minimax optimal distribution estimator (Lemma 3.1). ’

By (1 —v3)-d,/2 — B > B, we have min{f5, (1 — v3) - d,/2 — B} = B, it requires

—124&—%—%—3006—%—144ﬁ>4ﬁ.

488 - d,
dy — =

Therefore,
48 144 24 T2
dy — (+d),8-dz— (572++>/3>0.

d d d

To sum up, the minimax optimality of DiT holds if d, = o(y/logn/loglogn) and d > S.
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