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Abstract

Overparameterized neural networks enjoy great representation power on complex
data, and more importantly yield sufficiently smooth output, which is crucial
to their generalization and robustness. Most existing function approximation
theories suggest that with sufficiently many parameters, neural networks can well
approximate certain classes of functions in terms of the function value. The neural
network themselves, however, can be highly nonsmooth. To bridge this gap, we
take convolutional residual networks (ConvResNets) as an example, and prove that
large ConvResNets can not only approximate a target function in terms of function
value, but also exhibit sufficient first-order smoothness. Moreover, we extend our
theory to approximating functions supported on a low-dimensional manifold. Our
theory partially justifies the benefits of using deep and wide networks in practice.
Numerical experiments on adversarial robust image classification are provided to
support our theory.

1 Introduction

Deep neural networks of enormous sizes have achieved remarkable success in various applications.
Some well-known examples include ViT-Huge of 632 million parameters (Dosovitskiy et al., [2020),
and the gigantic GPT-3 of 175 billion parameters (Brown et al., 2020). In addition to outstanding
testing accuracy, there has been evidence that large neural networks favor smoothness and yield good
robustness (Madry et al., 2017; |Bubeck and Sellke} |2021)).

Among vast literature on explaining the success of neural networks, universal approximation theories
analyze how well neural networks can represent complex data models (see literature in related works
in Appendix [A). These works focus on approximating a target function in terms of its function value
(i.e., in function L, norm). However, other important properties, espcifically the smoothness of the
neural networks, are less investigated. A few early results provide asymptotic results on two-layer
networks with smooth activation for approximating both function value and derivatives (Hornik
et al.l|1990; Cardaliaguet and Euvrard,|1992)). Recently, Giihring et al.[(2020); Hon and Yang (2021)
established nonasymptotic approximation theory of feedforward networks in terms of Sobolev norms.

In real-world applications, on the other hand, practitioners empirically demonstrated a close tie
between the smoothness of a trained neural network to its adversarial robustness (Gu and Rigazio,
2014} |Hein and Andriushchenkol 2017; Weng et al., [2018; Miyato et al.,[2018)). The intuition behind
is relatively clear. Consider, for instance, adding some adversarial perturbation to an input. A network
of small (local) Lipschitz constant produces less deviation to the original output, and therefore, is
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often resilient to adversarial attackes. On the contrary, a network that is vulnerable to adversarial
attacks usually has a large Lipschitz constant. Over the years, many computational methods are
proposed and extensively tested in experiments for promoting network smoothness (Goodfellow et al.|
2014; Madry et al., 2017} Miyato et al.,|2018};/[Zhang et al., 2019). Apart from these explicit training
methodologies, the size of a network is also recognized as a critical factor to its generalization and
robustness (Zagoruyko and Komodakis, |2016; Madry et al., 2017; [Wu et al.l 2020). Yet, theoretical
understanding is largely missing.

In this paper, we investigate universal approximation ability of neural networks with smoothness
guarantees. We consider the convolutional residual networks (ConvResNet, see a description in Sec-
tion[D.2) with ReLU activation as an example. We measure the approximation error of ConvResNet
in terms of not only the function value, but also higher order smoothness. Specifically, suppose given
a target function f belonging to a Sobolev space in a D-dimensional hypercube. We provide an
approximation error estimate in terms of Sobolev norm as a function of the size of ConvResNet. We
also extend our theory to functions supported on a d-dimensional Riemannian manifold (d < D).
We summarize our main results in the following informal theorem.

Theorem 1 (informal). Consider a ConvResNet architecture with M residual blocks and each
convolutional filter having at most J channels. Let o« > 2 and 1 < p < 00 be positive integers. Then

e (Euclidean) for any target function in a Sobolev space W*((0,1)P) with Sobolev norm
Il fllwer(o,1yp) < 1, there exists f yielded by the ConvResNet architecture, such that

e

If = fllwer < const- (MJ)" "5 for se[0,1]
with the constant depending on D, o, p;

e (Manifold) given M C RP a d-dimensional Riemannian manifold satisfying mild regularity
conditions, for any target function in a Sobolev space W*>°(M) with || f||we.ccrm) < 1, there
exists f yielded by the ConvResNet architecture, such that

_ o

If = fllwree < const- (MJ)~“T for ke{0,1}
with the constant depending on o, p, M.

Our theory restricts to s < 1, since only first-order weak derivatives exist for ReLU networks.
Moreover, setting s = 0 or s = 1 is of particular interest, as s = 0 recovers the function value
approximation guarantee and s = 1 extends the guarantee to first-order derivatives. As can be seen,
to achieve the same function value approximation error, s = 1 requires a larger network, but enjoys
good smoothness. This can partially explain that larger networks are often more robust. We refer
readers to Corollary [T for more discussion. Our manifold setting is motivated by the fact that many
high-dimensional data in real applications often have low-dimensional structures (Tenenbaum et al.,
2000; Roweis and Saul, |2000; |Coifman et al., 2005; |Allard et al.l 2012 [Pope et al., 2021). Our
results show ConvResNet can adapt to data geometric structures and does not suffer from the curse of
ambient dimensionality.

Theorem [I)implies that as the number of residual blocks increases or each filter having more channels,

ConvResNet gives better approximation of the target function. In order to achieve an e-error, we
dad D d

may set MJ = O(e” a-+) (O(e =-+) for the manifold case), while there is no scaling restriction

between M and J. See an explicit configuration of ConvResNet architecture depending on M and J
in Theorem [2land Theorem

2 Convolutional residual networks

In this paper, we consider convolutional residual networks (ConvResNet) which consists of several
residual blocks and a fully connected layer. Denote the composition of residual blocks by @ (see
(3) in Appendix [D.2), and the weight matrix and bias in the fully connected layer by W and b,
respectively. We define the class of ConvResNets as

C(M,L,J, K,k1,k2) = {f | f(x) =W ® Q(x) + b, Q(x) has M residual blocks.

The number of filters per block is bounded by L; filter size is bounded by K; ||[W|| V [b] < Ka,

m m

the number of channels is bounded by .J; max WO loo VIBD o0 < 51} (1)



In , W,(,i), Bf,? denote the convolutional filter and bias in the [-th layer of the m-th residual block.
Details on the network architecture are deferred to Appendix

3 Approximation in Euclidean Space

Consider a Sobolev function class defined on a unit hypercube (0, 1)”. We aim to use convolutional
residual networks for approximating functions in the target class in terms of the W/ *? norm (see
Appendix [D.T] for definitions of Sobolev spaces and Sovolev norms). Here p is a positive integer
and s can vary in [0, 1]; in particular, s = 0 corresponds to function value approximation, and s = 1
resembles the result Section[T} We formally define our target function class as a Sobolev norm ball.

Assumption 1. Let o« > 2,1 < p < +00 be integers. Assume the target function f satisfies
fewer((0,1)P) | fllwaror) < 1.

We set the norm ball of radius 1 for the sake of simplicity, while the results in the sequel hold for any
constant radius. We also let @ > 2 for techincal convenience. In the following theorem, we show that
ConvResNets can approximate any functions in a Sobolev norm ball in terms of W*? norm (s < 1).

Theorem 2. For any positive integers K € [2, D], M, and J > 0, we choose

L =0(log(MJ)), J =0(J), k1 = O(MI)YP), ks = O((MJ)Y/P), M = O(M).
Then given s € [0,1], the ConvResNet architecture C(M, L, J, K, k1, k2) can approximate any
Sfunction f satisfying Assumption i.e., there exists f € C(M, L, J, K, k1, Kka) with

I = Fllwero.nypy < C1(MJ)~ D"
for some constant C depending on D, «, p.

Theorem [2] says that the approximation power of ConvResNet amplifies as its width and depth
increase. This property is validated by experiments on adversarial robust image classification, see
Appendix [C]for details. To better interpret the result, we choose s = 1 and p = oo, which corresponds
to simultaneously approximating function value and first-order derivatives.

Corollary 1. In the setup of Theorem[2] taking s = 1 and p = oo, the ConvResNet architecture
C(M, L, J, K, ki, k) can approximate any f satisfying Assumption up to first-order, i.e., there
exists f € C(M, L, J, K, k1, k2) with

I = flloe < Co(MI)™"5" and  sup [0 /0 — 0f /9| < Co(MT)™ "7,
where the constant C'y depends on D and «. In particular, we have Lipschitz continuity bound
Il < 1+ CoV/D(MJ)~ 5"

Theorem [2]and Corollary [T]have rich implications.

Large network for smooth approximation. Taking s = 0 in Theorem [2|recovers function approxi-
mation in terms of L., norm. The approximation error scales as O((M.J)~5 ). A quick comparison
to Corollary |I|indicates that in order to additionally capture the first-order information of a target
function, large network is needed to achieve the same function value error bound.

Arbitrary width and depth. Giihring et al.|(2020); Hon and Yang|(2021) provide approximation
guarantees of feedforward networks in terms of W*? norm. Despite different network architectures,
we remark that our theory covers general networks with arbitrary width and depth. More specifically,
for a given approximation error ¢, Giihring et al.|(2020) set the network depth and width as O(log 1/¢)
and O(e~P/(@=9)) respectively. Yet in our result, we only need to ensure M.J = O(e~P/(@=9)),
which does not require any scaling relation between M and J.

Theorem [2] can be used as a tool to analyze the empirical residual error. Specifically, assume the
response in the data set contains bounded zero—mean noise, we have the following probability bound
on the upper bound of the empirical residual error (see a proof in Appendix [Hj

Theorem 3. Let {(x;,y;)}_, be a given data set where x;’s are i.i.d. samples from some distribution
defined on [0,1]° and y; = f(x;) + & with i.i.d. noise &;’s satisfying E[¢;] = 0 and |&;| < o for
all v = 1,...,n. Assume f satisfy Assumptionwith p = +o00. For 0 < ¢ < min{o, 1}, let



C=C(M,L,J, K, k1, ka) be the network architecture in Theoremwith MJ = (s/Cl)fD/a =
O(e=P/®). We have

_ _ o _ 2
PAfeC: | flup <1+VDe"s and % Zfl_l(f(xi) — )’ <22 +0%) > 1—exp (- sne ) .
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Theorem [3|implies that with high probability, larger network architectures ensure the existence of
a network that has small empirical residual error as well as certain smoothness, i.e., a bounded
Lipschitz constant which is close to that of the underlying function. Our result is an upper bound
counterpart of Bubeck and Sellke| (2021, Theorem 3), in which a high probability lower bound of the
Lipschitz constant is derived.

Theorem [2]is also closely related to adversarial robustness (see Appendix [B]for the definition), which
is commonly used to measure the smoothness of a network. Consider the supervised learning scenario
in which noisy or noiseless response is generated by a ground truth function satisfying Assumption [I]
Corollary[T]indicates the existence of a properly large ConvResNet capable of smoothly approximating
the data model. The network’s Lipschitz continuity closely relates to adversarial risk, for which we
have the following theorem (see a proof in Appendix [I)
Theorem 4. Let p be a data distribution defined on [0,1]° x [~ R, R] for some constant R and l(-, -)
be a loss function with Lipschitz constant Ly ,. Denote the population risk minimizer by f:

f = argmin E(x,y) esupp(p) l (g (X)v y) )

Assume [ satisfies Assumption withgp = 4o00. For0 < e < 1, let C(M, L, J, K, k1, k2) be
the network architecture in Theorem |2\ with M.J = (C%) o = O(e7P/). Then there exists
fe C(M,L,J, K, k1, ke) so that

IF = floe <& IFlp 1+VD"S" and  R(J.0) < R(J.0) + Luyp (14+ VDT ) .

In Theorem[d] the difference between the adversarial risk and population risk depends on the Lipschitz

constant of the network f, the Lipscthiz constant of the loss function and the adversarial parameter 6.
It implies that large networks can give rise to smooth functions with a small adversarial risk

4 Approximation on Manifold

Theorem [2indicates a curse of data dimensionality: When data dimension D is large, such as image
data, Theorem [2] converges extremely slowly and becomes less attractive. Motivated by applications,
we model data as a low-dimensional Riemannian manifold M and extend our approximation theory
to functions defined on M. We will show that ConvResNet is adaptable to manifold structures. We
first impose some mild regularity conditions.

Assumption 2. M is a d-dimensional compact Riemannian manifold isometrically embedded in RP .
There exists a constant B > 0 such that for any x € M, we have ||X||oc < B.

Assumption 3. The reach of M is 7 > 0.

See Appendix [J]for the definition of reach and some other concepts related to manifolds. Similar to
Section 3] we consider a Sobolev norm ball on M as target function class.

Assumption 4. Let o > 2 be an integer. Assume the target function f satisfies
feWwe* (M) and | fllweom < 1.
We now present a counterpart of Theorem 2} showing an efficient approximation of functions on M.

Theorem 5. For any positive integers K € [2, D), M, and J > 0, we choose
L=0(og(MJ))+ D, J=0(DJ), k1 = O(MIN"Y, ky =0((MJI)"?, M =O(M).
Then given k € {0, 1}, the ConvResNet architecture C(M, L, J, K, k1, k2) can approximate any
Sfunction f satisfying Assumption i.e., there exists J?E QM, L,J, K, k1, ko) with
£ = fllwroormgy < Cs(MJ)_%k,

where constant Cs depends on d, o, B, T, and the surface area of M.

As can be seen, the approximation error decays at a rate only depending on intrinsic data dimension
d, which is a significant improvement over Theorem [2] given d < D. We also note that the size of
ConvResNet has a weak dependence on D, yet it is inevitable due to the residual connection preserves
input dimensionality.



5 Conclusion

We provide universal approximation theories of Convolutional Residual Networks in terms of Sobolev
norms. Our theory applies to Sobolev function spaces defined on a high-dimensional hypercube
or low-dimensional Riemannian manifold. We demonstrate that deep and wide ConvResNets can
provide approximation with good first-order smoothness properties. This partially justifies why using
large networks in practice often leads to better performance and robustness.
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Appendix

A Related work

Approximation theories of feedforward neural network have been studied for a long time, most of
which dedicate to function value approximation. The earliest literature dates back to late 1980s. For
example, |Irie and Miyake| (1988)); |[Funahashi| (1989)); (Cybenko| (1989); [Hornik| (1991); |Chui and L1
(1992); |Leshno et al.| (1993)) investigated the approximation power of two-layer feedforward neural
networks with sigmoidal activation for square integrable functions and established some asymptotic
results, where the number of neurons goes to infinity. |Barron| (1993)); Mhaskar| (1996) established
nonasymptotic results for the so-called “Barron” function space. For multi-layer feedforward neural
networks with ReLLU activation, Yarotsky| (2017) analyzed the approximation of Sobolev W >
functions in a D-dimensional hypercube, and proved nonasymptotic results that given a pre-specified
approximation error ¢, the depth and width of neural networks need to be at most of the order
O(e=P/) and O(log(1/¢)), respectively. More recently, Suzuki| (2019); |Suzuki and Nitanda (2019);
Liu et al.| (2021) extended to more general function classes such as Besov spaces.

Approximation theories for convolutional networks are established by [Zhou| (2020ba)); Petersen
and Voigtlaender| (2020). In|{Zhou! (2020b)), the authors consider CNN with ReL U activation whose
width increases linearly from the first layer to the last. They show that such a CNN can approximate
functions in Sobolev W2 space with arbitrary accuracy for integer & > 2 + D/2. To have a
better control on the width of the network, the authors of Zhou|(2020a) studied downsampled CNNss,
and show that the downsampled CNN can approximate Lipschitz ridge functions with an arbitrary
accuracy. In|Petersen and Voigtlaender| (2020), the authors show that any approximation bounds of
FNN can be achieved by CNNs. The results in|/Oono and Suzuki| (2019); Liu et al.|(2021)) dedicate to
convolutional residual networks. In|Oono and Suzuki| (2019), the authors show that ConvResNets is
able to approximate Holder functions with an arbitrary accuracy.

Theoretical results on approximating or learning functions on low-dimensional manifold can be found
in |Shaham et al.| (2018]); (Chui and Mhaskar| (2018)); |Schmidt-Hieber| (2019); |(Chen et al.| (2019albl
2020); Nakada and Imaizumi| (2019); Cloninger and Klock!(2020); Shen et al.|(2019); [Montanelli and
Yang| (2020); |Liu et al.| (2021}, |2022)). These works show that when the target function is defined on or
around a low-dimensional manifold, to achieve an approximation error €, the network size mainly
depends on the intrinsic dimension and weakly depends on the ambient dimension.

B Adversarial risk

The adversarial risk (Uesato et al.l 2018;Zhao et al., [2021) is defined as

Definition 1 (Adversarial risk). Given a data distribution p, and a loss function l(-, ), for a positive
constant § > 0, we define the adversarial risk of a network f as

R(.]?v 5) = IE(x,;t/)Esupp(p) [ /Ebgp( )f (.]?(X/)a y)] ) 3)

where Bs(x) is the Euclidean ball with radius  centered at x.

In the case § = 0, the adversarial risk R(f7 0) reduces to the population risk

E (x,y)esupp(p) [Z (f(x), y)}

C Numerical Experiments

We verify our theory by numerical experiments. Due to the complex structure of convolutional
residual networks, directly estimating the Lipschitz constant is rather difficult. We instead testing the
adversarial robustness as an indication of the network smoothness.

We consider the TRADES model which uses a data driven smoothness regularization and encourages
model smoothness. By keeping the same clean testing accuracy, we can compare model smoothness
through the robust testing accuracy. We follow the setup in TRADES (Zhang et al.,|2019)), and report



the performance of WideResNet (Zagoruyko and Komodakis} 2016) with different widening factor
(WF) and number of convolutional layers per residual block (we term as “depth” in the sequel). We
use the CIFAR-10 data set. Hyperparameters in training are set as follows: perturbation diameter
€ = 0.031 under the /., norm, step size for generating perturbation 0.007, number of iterations 10,
learning rate 0.1, batch size b = 128 and run 76 epochs on the training dataset. We run the White-box
attacks by applying PGD attack with 20 iterations (PGD-20) and the step size is 0.003. We report the
robust accuracy A,op, and the natural accuracy Ay, on the test data set.

The training objective is
m}n]E(x,y)N'D‘C’(f(X)7 y) + max

IX—x[|o0 <€

R (f(x), f (%)) /A,

where L is the cross entropy loss, R is the KL-divergence, x is the clean input, X is the adversarial
input, y is the label, A is the tuning parameter controlling the strength of the regularizer, and D
denotes the training dataset {x;, y; }7" ;.

For a fair comparison, we tune A such that networks of different sizes achieve approximately the same
natural accuracy. This can be understood as achieving approximately the same L., approximation
error to the data model. As can be seen in Table[T} A, of different models about matches the
performance in|Zhang et al.|(2019), indicating the network has been sufficiently trained. By comparing
the robust accuracy A, we observe that wider and deeper WideResNet attains better robustness.
When fixing the depth, a wider network can achieve a higher robust accuracy. Similarly, when fixing
the widening factor, a deeper network can achieve a higher robust accuracy.

Table 1: Performance of Wide Residual Networks with different widening factors and depths under
PGD-20 attacks.

Depth WF Anat Arob
1 78.87 £ 0.47% 34.31 £0.45%
16 2 79.34 £0.28 % 46.14 +0.21%
4 79.97 £ 0.04% 51.40 £0.16%
1 78.51 £0.25% 41.474+0.11%
22 2 79.49 + 0.48% 49.63 +0.07%
4 80.81 £ 0.44% 53.36 £ 0.21%
1 79.46 = 0.06% 43.33 £ 0.57%
28 2 79.01 £0.11% 50.85 £ 0.07%
4 80.90 £0.71% 54.45 4+ 0.14%
1 78.58 £ 0.09% 46.14 £ 0.16%
34 2 79.29 £ 0.35% 51.63 = 0.28%
4 | 80.79£0.71% 55.28 £ 0.35%

D Notations and definitions

Notations: We use lower case letters to denote scalars, bold lower case letters to denote vectors,
upper case letters to denote matrices, and calligraphic letters to denote tensors and sets. For x =
2P (if well-defined) and |v| = S22 ;.
olel f
9zt -9z P "
Let  be a subset in RP, we denote € as its closure and ch() as its convex hull. We use B,.(c)
to denote the closed Euclidean ball with radius r and centered at c. We use |||« to denotes the
entrywise maximum norm, i.e., when the input argument is a vector, it returns the vector £ norm;
when the input is a matrix or a tensor, it returns the maximum magnitude of its entries, e.g., for a
3-dimensional tensor W, |W||oo = max; 1 |[Wj k.-

[z1,....xp]",v = [v1,...,vp] ", we denote x¥ = z{* - -

Let o = [, ...,ap] " € NP be a multi-index and f be a function, we denote D f =

D.1 Sobolev Functions

We focus on studying neural networks for approximating Sobolev functions. We provide a formal
definition of Sobolev functions in both Euclidean spaces and on manifolds. We begin with Sobolev
functions in Euclidean spaces (Brezis and Brézis, [2011, Chapter 8).
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Definition 2 (Sobolev spaces). Let a > 0,1 < p < oo be integers, and domain ) C RP. We define
Sobolev space W*P(Q) as

WeP(Q) = {f € LP(Q) : D*f € LP(Q) for all |a| < a},
where o is a multi-index.

For f € W*P(Q), we define its Sobolev norm as

Flwere = (3 107 F10e) "

la|<a
In the special case of p = oo, the Sobolev norm can be rewritten as | f|lyeo.~@) =
max|q|<a [[D fll o () 0o < 00 implies the function value is bounded,
and || f||w1,0 < oo implies both the function value and its gradient are bounded.

Our later approximation theories will provide error estimate in terms of Sobolev norms. To allow
more flexibility, we define fractional Sobolev norms, which can be viewed as a generalization of
Sobolev norms to non-integer «. The fractional Sobolev functions are defined as follows.
Definition 3 (Sobolev—Slobodeckij spaces (Slobodeckij,|1958)). For 0 < s < land1 < p < oo, we
define W=P () as

WP(Q) = {f € LP(Q) : |fllwer(0) < 00}

with
”fHW‘P Q) =
1
(e + [ [ (LI axiy) ™"
llx—yll
for1 < p < ocoand
[ fllweoe ) =

[f(x) = F(¥)l }
Ix=ylls J

We restrict our attention to s < 1 for simplicity, as we focus on approximation guarantees up to

first-order continuity.

max { | flloe (), ess SUP v

Next, we extend Sobolev spaces to Riemannian manifolds. We provide a brief introduction to
manifold; a more detailed description can be found in Appendix [J} Roughly speaking, a Riemannian
manifold M is a collection of local neighborhoods, each of which is diffeomorphic to a low-
dimensional Euclidean space. These local neighborhoods are termed charts, and a collection of which
is an atlas. We provide a formal definition.

Definition 4 (Atlas). A smooth atlas for a d-dimensional manifold M C RP is a collection of
charts {(Ua ¢a) taca, which verifies |J e 4 Ua = M and ¢ : Uy — R? being diffeomorphic and
pairwise compatible, i.e.,

$a© 5" 05(Ua NUp) = ¢a(Ua NUg)  and

050 07"t Ga(Ua NUs) — d5(Us NUs)
are both smooth for any o, B € A. An atlas is called finite if it contains finitely many charts.

To define Sobolev spaces on a manifold M, we shall consider function regularity on each chart,
as charts are geometrically “akin” to a Eulidean space through the chart mapping ¢,. One caveat,
however, is that the chart mapping ¢,, can be arbitrarily rescaled, which results in potential unbound-
edness. We therefore, fix an atlas on M to mitigate this issue. We are ready to define Sobolev spaces
on a manifold (Driver, 2003, Definition 48.17).

Definition 5 (Sobolev spaces on manifold). Let M be a compact Riemannian manifold of dimension
d. Let {(Us, )} be a finite atlas on M and {p;}$ be a partition of unity on M such that
supp(p;) C U;. Forintegers k > 0and 1 < p < oo, aﬁmctlon f: M — Ris in the Sobolev space
WP (M) if

£l ) == D I1(Fi) 0 65 Hlwswouws) < 00
i=1
Since M is compact, a finite altas exists on M. Besides, we introduce the partition of unity p; to
follow the standard definition in|Tu| (2010, Definition 13.4). The existence of a smooth partition of
unity is shown in Appendix [J] From Definition[5] we observe that a Sobolev function on M is locally
Sobolev on each chart.
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D.2 Convolutional Residual Networks

We consider one-sided stride-one convolution in our network. Let W = {W), ;. ;} € RE*XKXC pe
a filter where C’ is the output channel size, K is the filter size and C is the input channel size. For
7 € RPXC the convolution of W with Z gives Y = W x Z € RP*®" with

K ©
Yij= Z Z Wi ki Zitk—1,1;

k=11=1
where we set Z; 1 = 0fori+ k —1 > D. See a graphical demonstration in Figure a).

In this paper, we study convolutional residual networks (ConvResNets) equipped with the rectified
linear unit (ReLU) activation function (ReLU(z) = max(z,0)). The ConvResNet we consider
consists consecutively of a padding layer, several residual blocks, and finally a fully connected output
layer.

Given an input vector x € RP, the network first applies a padding operator P : RP? — RP*¢ for
some integer C' > 1 such that

Z=Pkx)=[x 0 --- 0] eRP*C,

Then the matrix Z is passed through M residual blocks. To ease the notation, we denote the input
matrix to the m-th block as Z,,, and its output as Z,,4; (Consequently, Z; = Z).

In the m-th block, let W,,, = {Wy(r}), s WT(nL)} and B,, = {B,SP, s B,(,{“)} be a collection of
filters and biases of proper sizes. The m-th residual block maps its input matrix Z,,, from RP*¢ to
RP*C by the operator

Convyy, 5. +id,

myPm

where id is the identity mapping (also known as the shortcut connection) and
Convw,, B,,(Zm) = ReLU (Wﬁf) * -+ x ReLU (Wr(nl) * Ly + Bﬁ,?) st B,(nL"")), 4)

with ReL U applied entrywise. We denote the mapping from input x to the output of the M -th residual
block as

Q(x) = (Convyy,, B,, +1id) o --- o (Convyy, 5, +1id) o P(x). 5)

j-th column i
=] —
W Z + D Convyy,5(x)
= —
T ( x+réonv1,;wlrg(x) )
(a) Convolution. (b) A residual block.

Figure 1: (a) Convolution of W Z, where the input is Z € RP*C_ and the outputis W Z € RP*C",
Here W = {W; 1} € R *KXC ig a filter where C” is the output channel size, K is the filter
size and C is the input channel size. W; . . is a D x C matrix for the j-th output channel. (b) A
convolutional residual block.

Given (), a ConvResNet applies an additional fully connected layer to ) and outputs
fx)=WeQx)+b,

where W € RP*C and b € R are a weight matrix and a bias, respectively, and ® denotes sum of
entrywise product, i.e., W @ Q(x) = >, ; Wi ;[Q(x)]: ;.

E Proof Sketch

We highlight key steps in establishing Theorem [2]and [3]in this section. Full proofs are deferred to
Appendix [G]and [K] respectively.
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E.1 Proof Sketch of Theorem 2]

The main idea consists of two stages: 1) Approximating target function f in terms of W *®P norm using
a sum of averaged Taylor polynomials; 2) Implementing the sum of averaged Taylor polynomials
by a given width and depth ConvResNet up to a certain error. In stage 1), we rely on tools from the
finite element anaylsis to quantify approximation error. In stage 2), we first represent polynomials
using convolutional networks, and then assemble them according to the specified width and depth as
a ConvResNet. We dive into the following four steps.

Step 1: Decompose f using a partition of unity. Given the network size parameter M and J, we
define a partition of unity {¢; } =1 0n (0, 1)? for an integer N = O((MJ)'/P), so that each qu is

supported on a small hypercube of edge length . The function f is decomposed into f = Z =1 f j
with f; = f¢;. See Figure 2] [a) for an 1llustrat10n

Step 2: Averaged Taylor polynomial approximation. Each f; is a Sobolev function, which may
not have classical derivatives but weak derivatives. Similar to approximating differentiable functions

by Taylor polynomials, we approximate f; by an averaged Taylor polynomial jA’j, which is defined in
an integral form and indeed is a polynomial. The approximation error of averaged Taylor polynomial
is similar to that of using Taylor polynomial, and can be found in Lemma 2]

Step 3: Network implementation. As shown in Lemma[I6|and [5] CNN can approximate multi-
plication and compositions of muliplications well. Since a polynomial is a sum of compositions
of multiplication, each fl can be approximated by a sum of O(1) CNNs, and therefore Zf\z ﬁ is
approximated by a sum of O(N?) CNNs, each of which has width of O(1). We prove in Lemmal
that such a sum can be realized by a sum of M CNN with width J. The new sum can be realized by

a ConvResNet with M residual blocks (Lemma , where each summand corresponds to a residual
block and the sum is realized using skip-layer connections.

Step 4: Error estimation. To estimate the approximation error of f, we decompose the error as
ND
1f = fllwsr,r < Z 1f5 = fillwer(o,0)P)
Jj=1
ND
+) NF = fillwer0,1)0)- (6)
j=1
On the right-hand side of (6), the second term is the approximation error of averaged Taylor polyno-
mial, whose upper bound is given by Lemma 4]

The first term is the network implementation error. We derive an upper bound of it in Lemmal[6] In the
proof of Lemma@ we first derive an upper bound with respect to the W norm for k& = 0, 1. The
case k = 0 corresponds to the error of function value approximation, and the case k = 1 corresponds
to the error of first order weak derivative approximation. Note that each f; is a polynomial, and each
f; consists of compositions of %, the network approximation of multiplication x. The error indeed
is the approximation error of compositions of X. We first derive the %> approximation error of
x and then show that compositions of x have W approximation errors of the same order. After
the upper bounds of WP and WP errors are derived, these upper bounds are generalized to WP
errors using an argument on interpolation spaces, which is discussed in Appendix [L.2]

Combining the upper bounds of both terms in (6)) gives rise to the total approximation error as a

function of N. Utilizing the relation MJ = O(NP), we can further express the approximation error
in terms of number of blocks and width of the ConvResNet.

E.2 Proof Sketch of Theorem 3

We exploit the geometric nature of manifold M and Sobolev functions on it to prove Theorem|[5] By
an explicit construction of a finite atlas on M based on the curvature condition in Assumption|3| we
first restrict ourselves to a single chart on M. Recall Definition [3]that a Sobolev function f on M is
locally Sobolev on a chart. We are thus, able to locally approximate f on each chart by the results in
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(a) Partition of unity on (0,1)”. (b) Partition of unity on M.

Figure 2: (a) Illustration of ¢;’s and f;’s in Step 1 of the proof of Theoreml 2| (b) Ilustration of the
construction of charts and paritition of unity in Step 1 of the proof of Theorem[5] The red curve
represents a cross section of p;.

Theorem 2] However, the main challenge stems from combining these local approximations to obtain
a global guarantee. This requires to determine which charts a given input belongs to. We develop
a chart determination sub-network for approximating indicator functions of charts, nonetheless, its
Lipschitz continuity is troublesome due to the sharp jump on the boundary of a chart. We resolve such
an issue by carefully constructing a partition of unity vanishing at a neighborhood of the boundary of
charts. We provide more details in the following four steps.

Step 1: Decompose f using an atlas and partition of unity of M. We first construct an atlas
and a partition of unity of M so that each function in the partition of unity is compactly supported
in a chart (Lemma E]) To construct an atlas of M, we use a set of D-dimensional Euclidean balls
{Br/g(ci)}ic:/‘f with centers {c;}$ C M and radius /2 satisfying 0 < r < 7/4 to cover M.
Since M is compact, C'y4 is finite. The collection of intersections between each ball and M, denoted
by {U;} with U; = B, /2(ci) N M, forms an open cover of M. It is guaranteed that there exists a
C*° partition of unity { pl} 2, so that p; is supported in U (Lemma. We then double the radius

and denote U; = B,.(c;) N M. The collection {U; }Z*! is also an open cover of M. Since U; C U,
p; is compactly supported in U; and the distance between the support of p; and OU; is at least /2.
For each U;, an orthogonal projection ; with proper scaling and shifting, which projects any x € U;
to a tangent plane, is constructed so that ¢;(U;) C (0,1)?. See the proof of Lemma@ for details.

With this construction, we illustrate U; and p; in Figure b). We then focus on the atlas {U;, cpl}lc:j‘f
and partition of unity {p;}?!,. We decompose f as f = Z?:"f (fio ;) ow; with f; = fp;.

Step 2: Averaged Taylor polynomial approximation. In the decomposition in Step 1, each f; o gai_l
is a Sobolev function compactly supported in ¢;(U;) C (0,1)%. Extend f; o ¢; ' to (0,1) by 0. The
extended function has the same smoothness as f; o @[1, and can be approximated by a sum of local

averaged Taylor polynomials Zivzdl ﬁ ;j» as what has been done in the proof of Theorem

Step 3: Network implementation. Each polynomial fl 4 can be approximated by a CNN fl 4. Since
we are only interested in the value of ﬁ j © ¢i(x) when x € U;, we need to determine the chart it
belongs to. We accomplish this by introducing a chart determination function 1;(x) = 1o ,2j 0 d (x),
where 1 ,2)(a) is a step function which outputs 1 when a € [0, 72] and outputs 0 otherwise, d7 (x)

computes the squared Euclidean distance between x and c;. The squared distance function d? can be
approximated by a CNN with high accuracy. To approximate the step function 1o 2}, we construct a

CNN which outputs 1 on [0, 72 — A], 0 on [r?, 00) and is linear on [r? — A, r?] for some small A. The

CNN approximation of 1, , denoted by 1,, is illustrated in Figure 3 a) Our network approximation
of f is constructed as
Cpm N

=33 X (fij o pi(x), Li(x)),

=1 j5=1
where x denotes the CNN approximation of multiplication. By Lemma and fcan be realized by
a ConvResNet with M/ blocks and width of O(.J) as long as M.J = O(N?).

Step 4: Error estimation. We decompose the error into two parts: 1) the error between f and its
averaged Taylor polynomial approximation, and 2) the error between the averaged Taylor polynomial
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and its network approximation, see (39) in Appendix [K] The first part can be bounded using Lemma
The second part is characterized by the approximation error of X for multiplication, of fi,; for

averaged Taylor polynomials, and of 1, for chart determination 1;. The first two errors can be
bounded using techniques similar to those in the proof of Theorem

Hyper
P! L

»i(0U;)

(a) Chart determination. (b) Projected region in (0, 1)<,

Figure 3: (a) Illustration of an element of a chart and partition of unity. The red curve represents a
cross section of p;. (b) Illustration of the chart determination network 1;. The black curve represents
a cross section of 1;. (c) Ilustration of the projected regions in (0, 1)%.

For the approximation error of 1, bounding its W1>° norm is the most challenging task. To derive
an upper bound, one needs to bound |(f” 0@;) X (d(T;0071)/8z) | forl =1, ...,dand z € @;(U;).
In our network construction, ii o %._1 is linear on a narrow band, denoted by (; 5, with width of
O(A). Its weak derivative on the narrow band is of O(1/A), which blows up as A — 0 and causes
problems. To eliminate the effect of A, we show that the value of f, j © ¢; is small enough so that

its product with 8(1; o ¢; ") /02 does not blow up as A — 0. Specifically, thanks to the fact that
fi is compactly supported on U;, we have f; o ¢! is compactly supported on ;(U;). Therefore
there exists another band €2; ; adjacent to ¢;(OU;) so that f; o <p*1 = 0 on £2; 1. We choose A small

enough so that ; » C €; 1, and fZ _; and all of its first order weak derivatives vanish on €); 5, see
Figure |3 a) and (b) for illustrations. Note that fl _j 1s an approximation of fZ - We can show that
fi = 0 on ¢;(0U;), and all of its first order weak derivatives on ; » are in the same order of other

error terms. Since the width of €2; 5 is of O(A), by Taylor’s theorem, | f; j o ;| is bounded by a
linear function of A on €2; 5. With such a construction and proper choice of A, the resulting upper
bound is in the same order of those of other terms. See Lemma [I1] for details.

Combining all of the error bounds, we can express the error in terms of N. Substituting the relation
MJ = O(N?) proves Theorem

F Convolutional neural networks and multi-layer perceptions

Our proofs are based on approximation theories of convolutional neural networks (CNN) and their
relations to multi-layer perceptions (MLP). In this section, we introduce related notations and
definitions. For the convenience of notation, we use - to denote ®, the sum of entrywise product.

‘We consider CNNs in the form of
f(x) =W - Convyy 5(x), @)

where Convyy 3(Z) is defined in , W is the weight matrix of the fully connected layer, W, B3 are
sets of filters and biases, respectively. We define the class of CNNs as

FONN(L, J, K, k1, k2) = {f | f(x) in the form (7) with L layers.
Each convolutional layer has filter size bounded by K.
The number of channels of each layer is bounded by J.

max WOl V[ BY e < i1, [W]loo < ha}-

For MLP, we consider the following form
f(X) =Wy - RCLU(WL,1 cee RCLU(W1X + bl) B bLfl) + by, ()
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where W1, ..., W and by, ..., by are weight matrices and bias vectors of proper sizes, respectively.
The class of MLP is defined as
FMEP(L, J, k) = { f |f(x) in the form (8) with L-layers and width bounded by .J.
||‘/VZ||OQ,Oo < K, Hb7,||oo S K fOI‘i = 1, .. .,L}.

In some cases it is necessary to enforce the output of the MLP to be bounded. We define such a class

® FMUP(L, Tk, R) = { £ 1£(x) € FMP(L, T, k) and | f]oe < RY .

In some case we do not need the constraint on the output, we denote such MLP class as
]-'MLP(L,J, K).

G Proof of Theorem 2]

Before we prove Theorem 2] we define the Sobolev semi-norm:

Definition 6. For any integers 0 < k < a, 1 < p < 0o and function f € W*P(Q), we define its
Sobolev semi-norm as

1/
flwer@ = (30 ID%fIuy)

|| =k

|f|WkOC(Q) = max ||Daf||Loo(Q)7
|a|=k
Now we prove Theorem 2]

Proof of Theorem 2] We prove Theorem 2]in four steps.

Step 1: Decompose (0, 1)” using locally supported functions. We define

1 lz| < 1,
Y(z) =40 2 < |zf,
2—|z] 1<|z|<2

and

withm = (mq,ma,...,mp) € {0,..., N}P. We have > ¢m = 1 on (0,1)” and ¢y, is supported
on Bz y .. (F) C Bin,|-j. (). We denote Sy = {0, 1, ..., N}P. The following lemma shows
that each ¢ (3N (zj, — %£)) can be realized by a CNN (see a proof in Appendix .

Lemma 1. There exists a CNN architecture FENN(L, J, K, k1, k) such that for any N, m, such an
architecture yields a CNN ) with

~ m
Gmv(@) = (38 (= T)) ©
[ N lwkoe 0,1y < (BN)E. (10)

Such an architecture has
L:2, J:167 KZQ, K}1:K}2:O(N).

Further more, the weight matrix in the fully connected layer of FENN has nonzero entries only in the
first row.

We then decompose f as

f=> ¢mf
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Step 2: Approximate each ¢, f using averaged Taylor polynomials. On each By /y .. (%)
we approximate ¢, f by an averaged Taylor polynomial. The averaged Taylor polynomial is defined
as follows:

Definition 7 (Averaged Taylor polynomials). Let o > 0,1 < p < +00 be integers and f €
We=Lp(Q). Forxo € Q,7 > 0 such that B,.).||(x0) is compact in §Q, the corresponding Taylor
polynomial of order o of f averaged over B,. .|| (o) is defined as

W= [ 1o
B, || (%0)
with
1
Tfxy)= Y, [0f(@)(x-2)"
[v|]<a—1
and ¢ being arbitrary cut-off function satisfying
¢ € C(RP) with ¢(x) > 0 for all x € RP,

supp(9) = By o) and [ ofx)ax = 1.
R
where C° (RP) denotes the space of infinitely differentiable functions on RY with compact support.

Under proper assumptions, the averaged Taylor polynomial can approximate f and its partial deriva-
tives well. We first define the star-shaped sets and chunkiness parameter, which are used in the error
estimation result.

Definition 8 (Star-shaped sets, Deﬁllition 4.2.2 of Brenner et al.| (2008)). Let €, Q C RP. Then Q is
called star-shaped with respect to ) if for all x € §Q, we have

ch({x}UQ) c .

Definition 9 (Chunkiness parameter, Definition 4.2.16 of Brenner et al. (2008)). Let Q) C RP pe
bounded. Define

R = {7’ > 0 : there exists x € () such that () is star-shaped with respect to B,. || (x)}

For R # 0, we define

7 f diam(Q?)

supR  and ~v=——7""—,
Tmax

* p—

Tmax

where -y is called the chunkiness parameter of §Q.

The following lemma gives an error estimation of averaged Taylor polynomials:

Lemma 2 (Bramble-Hilbert, Lemma 4.3.8 of Brenner et al.| (2008)). Ler Q C RP be open and
bounded, x € Q and r > 0 such that Q is star-shaped with respect to B,.|.|(xo) and r > %r*

max’
with 1}, defined in Definition[9) Let n > 0,1 < p < 00 be integers and ~y be the chunkiness

parameter of S). Then we have

|f — Qx, flwara) < Ch ¥ flwaw(a)
fork =0,1,...,, where h = diam(Q2) and C is a constant depending on D, «, .

Lemma 3| below shows that Q“ f can be written as a weighted sum of polynomials.

Lemma 3 (Lemma B.9 of (Giihring et al.| (2020)). Let « > 0,1 < p < +oo be integers and
f e WembP(Q). Letxg € Q,7 > 0 such that B,. .| (xo) is compact in ), and there exists T > 0
with B, .| (X0) C By, (0). Then the averaged Taylor polynomial Q% (f) can be written as

L) = > ex” (11)
[v|[<a—1
for x € Q. There exists a constant C' depending on o, D, 7 such that
lev] < Cr7P/P| fllwa-10(Q)
SJorall|lv|<a—1.
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Using averaged Taylor polynomials, we approximate ¢, f by

Smf ~ (GmQua/n ) ) =6m D myX = D CmybmX’ (12)

lv|<a—1 vi<a-1

F=3 Y cuvbmx", (13)

meSy |v|<a—1

Define

where ¢, v’s are the coefficients in ti Then fis an approximation of f. The following lemma
gives an upper bound on the approximation error

Lemma 4 (Lemma C.4 of Giihring et al.| (2020)). Let o > 2 be an integer and 1 < p < oco. For any
s€[0,1] and f € W*P((0,1)), one has

N 1 a—S
If = fllwsro,ypy < C (N) I fllwer (0,12

where C'is a constant depending on o, p, D. Furthermore, the coefficients in fsatisﬁes
D
lemv| < CLNP/P| fllwan(0,1)P)

for some constant Cy depending on D, o, p.

Step 3: Network approximation Note that fis a sum of functions in the form of ¢, x¥ with
weights ¢ +’s. We next approximate each ¢ x¥ by a CNN.

Lemma 5. Forany) < e < 1,x € (0,1)?,N > 0,m € {0,1,.... N}?,|v| < o, there exists a
CNN architecture F°NN(L, J, K, k, k) that yields a CNN g with

[Gra, (X) — dmX [lwros ((0,1)p < C2NPe, (14)
Em,v(x) =0 lf¢mxv =0 (15)
for k = 0,1, where Cs is a constant depending on o, k. Such an architecture has

L=0 (Dlogi), J=0(D), k= 3N.

The constants hidden in O depends on o, k. Further more, the weight matrix in the fully connected
layer of FENN has nonzero entries only in the first row.

Lemma [3]is proved in Appendix By Lemma[5 each ¢mx" can be approximated by a CNN.
Denote the network approximation of ¢mXx¥ by gm v (x). We approximate f by f defined as

f: Z Z Cm,vgm,v (X) (16)

m |v|<a-1

The following lemma gives an upper bound of the approximation error of f(see a proof in Appendix
IL.6).
Lemma 6. Let o > 2 and 1 < p < co be integers. For any f € W*P((0,1)P), let PmQp, /v f (%)

be the averaged Taylor approximation of ¢, f defined in . For any 0 < n < 1, let gy v be the
CNN approximation of ¢m QS IN f(x) constructed in Lemmal5|with accuracy . For 0 < s < 1, we

have

| Z PmQm/nS — Z Z cmyvImyvllwer 0,02y < Csllfllwero,py N,  (17)

meSy meSy |vi<a—1

where cy v's are coefficients defined in @, Cj is a constant depending on D, «, s, p.

Note the f is the sum of no more than N2 (D + 1)*~ CNNs of which the width is of J = O(D).
The following lemma shows that under appropriate conditions, the sum of ny CNNs with width in
the same order can be realized by the sum of n; CNNs with a proper width (see a proof in Appendix

L.8):
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Lemma 7. Let {f;}/°, be a set of CNNs with architecture F°NN(Lg, Jo, Ko, ko, ko). For any

integers 1 <n < ny and J satisfying nJ = O(nOJO) and J > Jo, there exists a CNN architecture
FONN(L, J, K, K, k) that gives a set ofCNNs {g:}7" =1 such that

Zgi(x) = Z fi(x)
i=1 =1

L=0(Ly),J =0(J), K = Ko, k = ko.
Furthermore, the fully connected layer of f has nonzero elements only in the first row.

Such an architecture has

By Lemma (7, for any M,.J satisfying MJ = O(NP), there exists a CNN architecture
FONN(L, J, K K, k) that gives rise to {g; }7_; w1th

f= Zgi,
i=1

where
1 ~
L:O(logn>7 J=0(J), kK =3N.

The following lemma shows that the sum of CNNs can be realized by a ConvResNet:

Lemma 8 (Lemma 18 inLiu et al.[(2021)). Let F°NN(L, J, K, k1, k2) be any CNN architecture
from RP to R. Assume the weight matrix in the fully connected layer of F°NN(L, J, K, k1, ko)
has nonzero entries only in the first row. Let M be a positive integer. There exists a ConvResNet
architecture C(M, L, J, 1, ko (1 V k7 1)) such that for any {f;(x)}M, ¢ FONN(L, J, K, k1, ko),
there exists f € C(M, L, J, k1, ko(1V k7 1)) with

By Lemma there exits a ConvResNet architecture C(M, L, J, K, k1, ko) with
L=0(og1/n), J=0(J), k1 = O(3N), ks = O(3N), M = O(M) (18)
and J, M satisfying
MJ = O(NP), (19)
that yields a ConvResNet realizing f

Step 4: Error estimation. We compute

1f = Fllwsr(o,1)P)

- (Z ¢mQ“m/Nf> H (Z ¢mQ;/Nf> - ﬂ|
m W ((0,1 m W= ((0,1)P)

1 « S s
<Cy <N> I llwe.r 0,00y + Cs N0 fllwewr(0,1)P)

<(Cy+ C5)N~@, (20)
where Cy, C5 are two constants depending on D, «, s, p, R. In the second inequality, we use Lemma
I 4| and |§| for the first and second term, respectlvely In the third inequality, we set n = N~ to balance
the two terms. Using the relation @) we have

)P)

N=(MHP, n=(MJ) 5. 1)
Substituting (Z1)) into (20) gives rise to
1f = Flweronp) < Co(MJ) 2" (22)

for some constant Cs depending on D, «v, s, p, R. Substituting (2I) into (I8) and (I9) gives rise to
the network architecture

L =0(log(MJ)), J=0(J), k1 = O(MI)P), ky = O(MI)'/P), M = O(M).
O
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H Proof of Theorem

Proof of Theorem[3| By Theoremand the choice of M.J, there exits f € C so that ||f— flloo <e
and

of  of a1
—ZJ | <R 23
max o, on| = g o, (23)
which implies
7] <1+ VD 24)
Lip

We have
E {(f(xl) - yl)z}
<E |(Fix1) = F(x1)?] + E [(F(x1) = 2)?]
<e? +o°. 25)

Denote X; = %(f(xl) —y)?—E {(f(xl) - yZ)Q} We have

2 2 2
X< 287 mpx =, 26)
and
4 4
E[x?) < 3¢ + ) 27)
n

n 3n

_ 3nt? 28)
48(c* + o) +4(e2+ 02t )

n th
2
P (Z X; > t) <exp ( 8(ci o) n 2(52+02)t
i=1

Therefore

<P (711 Z(ﬂxz) —3)* >E [(f(xl) - yl)ﬂ +t>

Int?
< — . 29
—eXp< 48(et + o) + 4(e? +a2)t> 29)
Setting ¢ = £2 gives rise to

P(iE:G@»—%Fzzﬁ+aﬂ

i=1

3ne?
<exp <_10 40_4> . (30)

I Proof of Theorem 4

Proof of TheoremHd] By Theoremand the choice of M.J, there exits f € C so that 1f = fllos <¢
and

Of Of || o =22 (31)




Since || f|lwe.e < 1, we have

||f||Lip <1++VDe"s . (32)
We have
R(f,) = R(f.0)
=E(x,y)esupp(p) L/:gf(x)g (f(xl)a y)] — Ex,y)esupp(p) [E (f(x’),y)}
(7)) - ()|

SE(XJJ)GSUPP(P) [ /:gp( )
x 5(x

SE(x,y)Gsupp(p) , Sgp LLip|f(xl) - f(X)‘

5(x)

<E(xy)esupp(p) SUP  Liip|[fllLipllx" — x|2
x'€Bs(x)

<Lyip(1+ VD)5 (33)

J A Brief Introduction to Manifold

We introduce some concepts and quantities that characterize a low-dimensional Riemannian manifold.
(Some are restatements of the main text for completeness.) These concepts and quantities are used in
our theorems and proofs. We refer readers to [Lee| (2006); |Tu/ (2010) for more details.

Let M be a d-dimensional manifold embedded in R” with d < D. The first concept related to
manifolds is chart, which defines a local coordinate neighborhood of a manifold.

Definition 10 (Chart). A chart on M is a pair (U, $) where U C M is openand ¢ : U — R% is a
homeomorphism (i.e., bijective, ¢ and gb*l are both continuous).

In a chart (U, ¢), U is called a coordinate neighborhood and ¢ is a coordinate system on U. A
collection of charts which covers M is called an atlas of M.
Definition 11 (C* Atlas). A C* atlas for M is a collection of charts {(Uy, da) }ac.a which satisfies
Uaca Ua = M, and are pairwise C* compatible, i.e.,

$a 0 ¢y 05(Ua NUs) = ¢pa(Ua NUs)  and

¢80 dat : Ga(Ua NUs) — ¢5(Us NUs)
are both C* for any o, B € A. An atlas is called finite if it contains finitely many charts.

With the concept of atlas, we then define smooth manifolds:
Definition 12 (Smooth Manifold). A smooth manifold is a manifold M together with a C* atlas.

Simple examples of smooth manifold include the Euclidean space, the torus and the unit sphere. C*
functions on a smooth manifold M are defined as follows:

Definition 13 (C® functions on M). Let M be a smooth manifold and f : M — R be a function
on M. We say f is a C*® function defined on M, if for every chart (U, ®) on M, the function
foot:o(U) — RisaC? function.

We next define the C'*° partition of unity which is an important tool for the study of functions on
manifolds.

Definition 14 (Partition of Unity). A C'°° partition of unity on a manifold M is a collection of C'*°
Sunctions {pa }aca With po : M — [0, 1] such that for any x € M,

1. there is a neighbourhood of x where only a finite number of the functions in {p, }aca are
nonzero, and

2. Z pa(x) =1

acA
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An open cover of M is called locally finite if every x € M has a neighbourhood that intersects with
a finite number of sets in the cover. For a locally finite cover of a smooth manifold M, there always
exists a C'™ partition of unity subordinate to the cover (Spivakl [1973] Chapter 2, Theorem 15).

Proposition 1 (Existence of a C°° partition of unity). Let {U, }oca be a locally finite cover of a
smooth manifold M. There is a C* partition of unity {p, }22_, such that supp(py) C Ul,.

Let {(Uq, o) tac.a be a C atlas of M. Proposition 1| guarantees the existence of a partition of
unity {pq }aec.a such that p,, is supported on U,.

The reach of M introduced by Federer (Federer}, [1959) is an important quantity defined below. Let
d(x, M) = infyc a1 || x — y||2 be the distance from x to M.

Definition 15 (Reach (Federer, |1959; Niyogi et al.,[2008)). Define the set
G = {x € RP : I distinct p,q € M such that
d(x, M) = [x — pll2 = [[x — a2}
The closure of G is called the medial axis of M. The reach of M is defined as
= inf inf ||x— .
7= Inf inf x—yls

K Proof of Theorem 3

Proof of Theorem[5] We prove Theorem [5]in three steps.

Step 1: Decomposition of f

e Construct an atlas on M. According to Assumption 2] M is bounded. Therefore, for any given
0 < r < 7/2, we can find a finite collection of points {c; }<*! C M such that

Cm
Mc | Bi(ci).
i=1
Denote U; = B,.(c;) N M. Then {Ut}zczf‘f form an open cover of M and each U is diffeomorphic
to an open subset of R%. The total number of partitions if bounded by C'y, < [%Td—‘, where

SA (M) is the surface area of M and Ty is the average number of U;’s that contain a given point on

On each U;, we define a transformation ¢, that projects any x € U; to T, (M), the tangent space

of M atc;. Let V; € RP*? be an orthogonal matrix whose columns form an orthonomal basis of
Te,(M). Define

wi(x) = aiViT(x —¢;)+ b, forx € U, (34)

where a; € R is a scaling factor and b)i € R? is a shifting vector that ensure ;(U;) C [0, 1]%. Then
{(Us, i)} form an atlas of M.

eDecomposition of f by a partition of unity. The following lemma shows that under proper
assumption, there exists a partition of unity {pl}lcﬁf subordinate to {(U;, %)}ZC:,\T (see Appendix

[M.T]for a proof). -

Lemma 9. Let {(U;, @,)}ZC:"f be the atlas of M defined above with r < 7 /4. There exist a finite
number Caq and a C* partition of unity {p; ZC:"f satisfying

(i) supp(p;) is compact in U;.
(ii) Ef’;"f pi(x) =1 forany x € M.
(iii) There exists a constant ¢ > 0 depending on r such that for any i, we have
inf Ix —X||2 > e

x€esupp(p;), X€9U;

Here C'nq depends on the surface area of M and the average number of U;’s that contain a given
point on M.
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Let { pl} 1 be the partmon of unity from Lemma@ Since for each 4, @, is a bijection from U; to a
subset of [O 1]9, ¢! exists and is a linear operator. We decompose f as

Cnm
F="f with  fi=(fpi).
i=1
Here each f; is compactly supported on U; and each f; o 30;1 is compactly supportedin ¢;(U;) C
[0,1]%. We extend f; o ¢; * by 0 on [0,1]%\¢;(U;). The extended function is in W*([0, 1]¢). To
simplify the notation, we still use f; o ; ! to denote the extended function. For each i, we use
averaged Taylor polynomials to appr0x1mate fl op~lon[0,1]?asin :
f1 o 901 f = Z Ci,m,v¢mxv~
Step 2: Network approximation
oAppr0x1mate fl by CNNs. Since each fl is the averaged Taylor polynomial approximation of
fio gpl , by Lemma | it can be approximated by a sum of (d + 1)*"'N? CNNs. Denote the
appr0x1mat10n accuracy by 7 as in Lemma 5] each CNN has depth O(log(1/n)), width O(1), all
weight parameters are of O(N).

oChart determination For any input x, to determine the chart it belongs to, we are going to construct
an indicator function. With our construction of charts, we have x € Uj if and only if ||x — c;||3 < 2.
Define the indicator function

1 ifa<r?
1 a) = -
j0.r2 (@) {0 otherwise,

and the squared distance function

D
&} (x) = [lx = cill3 = > (2; — i)’ 35)
=1
where we used the expression x = [71,...,xp]' and ¢; = [ci1,...,c; p]". The composition

1; =120 d? outputs 1if x € U; and outputs 0 otherwise. We are going to construct a CNN to
approximate 1;.

n , the function d? is a sum of D square functions. By Lemma Forany 0 < 6 < 1/2,
€ [-B,B], and K > 2, there is a CNN architecture F°NN(L, J, K, x, k) that yields a CNN,
denoted by d?, such that

||J2(I) — 2% |lwr(—B,B)) <Y, J(O) =0.
Such a network has

1
L=O<10g0>, J=24 k=1.
Furthermore, one has

||‘22||W1«°°((—B,B)) <C:B (36)
for some absolute constant C7. We approximatc d; by

ZdQ —Cij)-

According to Lemma d; can be realized by a CNN with O (log %) layers, O(D) width and all
weight parameters of O(1). The approximation error is bounded as

|d? — d2|| = < 4B2D6.
The following Lemma shows that 1o ,.2; can be approximated by a CNN:

Lemma 10 (Lemma 9 of [Liu et al. (2021)). Forany 0 < 6 < 1 and A > 8B2D¥, there exists a
CNN 1, approximating 1(q, ,2) with
1, ifa < (1—2-%)(r2 — 4B2D9),
Ta(x) =40, ifa>r*—4B2D0,
29((r? —4B?D0)"ta — 1), otherwise
forx € M, where w = [log(r?/A)] such that (1 —27%)(w? —4B2D@) > w? — A+4B2D6. Such
a CNN has [log(r?/A)] + D layers, 2 channels. All weight parameters are of O(1).
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Let 1A be the CNN defined in Lemma[T0} We have

dla(a) [0, ifa < (1—2"%)(r2—4B%D#) ora > 12 — 4B2D0, 37
da | Cgs/A, otherwise
for some constant Cg depending on 7.
The function 1; is approximated by
1i(x) = 1a o d2(x).
Combining (37) and (36) gives rise to
o1, TN di 0, if d;(x)2 > r2 or d2(x) < 1% — A,
orj| | a 200 dz;| — |CB/A, otherwise.
Step 3: Error analysis. Our network approximation of f is
Z.fz with fz Zczmv vao%( ));éiz(x)y (38)

where G v is the CNN approximation of ¢p,z" for z € [0, 1]% as in . We decompose the error as

Cm
1 = Fllwese oy < DI = Fillwes @y

i=1

M
=3 Nfiowi 0w — fio w0 pillwre(ws)
Cm _
< Z 1fi 0@y H(2) = fi o p; (@) lweoo (o, 02 (set z = p;(x))
Cam ~
SZ Ifi o 97 (2) = fio i (@) lwrs (pu (i)

< Z 1fi 0 @t (2) = Fil@)lwroe o)) + 1i(2) = fi0 07 (@) lwros o,10)-
(39)

The second term can be bounded using Lemma] We next focus on the first term
I1fio@i ' (2) = fi(@)lweee (g, 00

<2 comy (G (DX (Wi 0 07 (2) — dm(a)s"

Wk (i (Us))

|Gim (@)% (T 0 677 (2)) = G (2)) % (T 7 (2)] H

Wk-o2 (o (Us))

|2 cime |G (@) x (L0 07 (2)) = (G (2)) % (L0 07 (2))]

|Wk'm(Wi(Ui))

+ Z Ci,m,v [(gm,V(Z)) x (10 %—1(2)) - ¢m(z)zv]
m,v Wk (p;(U;))
=l Atllyr.oo (g )y T 1420wk oo (s )y T 143l weoc (g, () (40)
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with
A=Y Cimy |G (@)% (L0 97 (2) = G (2) x (Low'@)] @)

A2 =Y cimes |G (@) % (L0 971 (@) = @Gimn(2) x (Lo (2)] . @2)

A3 = Z Cim,v [gm,v(z) - d)m(z)zv] . (43)

Denote the W1 error of X by §. We first derive an upper bound for A;. We can show that
[gm.v]lco < a4+ d (see ) and ||1; o ¢; !||p=~ = 1. Therefore by Lemma we have for k = 0

| A1lwo. (—a—datd) < Z Cimov] X (a,b) — ablwo.co((—a—D.atD])

m,v
<CyNs, (44)
and fork =1

|A1|W1v°°([—a—d,a+d])

< Z CimvC'[X (a,b) = ablyr.oe ((—a— Dot D) [Fmv W (o, (01 | Li © <pi_1’
m,v
<CioN*5/A 45)
for some constants Cy, C19, C' depending on r, o, d, where we used Lemma@ and in the last
inequality. Combining (#4) and #3) gives rise to
A1 lwk oo (—a—data) < CriNTFG/A (46)

for £ = 0,1 and a constant C'1; depending on d, o, r.

W (0i(Us))

Before we derive upper bounds for A; and Az, we define some sets which will be used in our
following proof.

Define the set

(~2¢71 = {X €U;: min ||x—X|s < c} ,
x€oU;
where c is the constant from Lemma@ Denote §2; 1 = %‘(@,1)- According to LemmaEI, we have
filg, .= fi o dila,, = 0. Since ¢; is a bijection, both 2; ; and €2; ; have two disjoint boundaries.
Denote the two boundaries of Q;,1 by Aj 1,1 and A; 1 2. We define the thickness of €; ; as

1= min z — Z||5.
Xi1 ZEN; 1,1, ZEX; 1,2 H H2

Since each ; is a bijection, there exists a constant ¢; depending on c and the atlas such that x; 1 > ¢;
for all 7’s. Again since ¢; is a linear bijection, its inverse exists and is linear, and there exists a
constant ¢y such that

loi " (2) = i (@2 > callz — 2. (47

We will choose 6 and A small enough such that
8B2D0 A c1

< =< (48)
Co Cor 2
Define the region
~ A
Q0= € v (U;) : i - < — ). 49
e={oenwy: my 2=z 2] )

According to (7)), and the definition of Q; 1, we have Q; 2 C Q; 1. For any z € ;(U;)\{; 2,
denote z* = argmingc,,. su,) |12 — Z||2. We have

min o7 (2) = Kl > callz — 2" > A/

Therefore AN 2
loi'@ el < (= AP = s+ (1) —2a <0
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when A < 72 and B
~ Ol; 07t

]liogo_l(z):]-v =0

= Pi (Ui)\Qi,2
for j = 1, ...,d, where we used the notation z = [z, ..., zq] ' .
Note that each g, v and ¢m2z" is supported on By /y ... (m/N), a hyper cube with edge length
2/N. We will choose N large enough such that

2 A C1

< = <2
N = deor — 8
Such a choice of IV ensures that along any directions of z; for j = 1,...,d, there are at least 2
hypercubes that entirely locate inside €2; 5. Since any z € [0, 1]% is only covered by 2 hypercubes
along each coordinate direction, we have

{¢im,v : there exits z € ;(OU;) such that z € By n .|, (m/N)} =0 (50)
and f; o ¢i(z) = 0 for any z € ;(9U;). See Figure@for an illustration.

Hyper cubes (0,1)¢

©i(0U;)

Figure 4: Illustration of the relations of §2; 1, Q; 2 and ¢, (U;).

We have the following lemma on the bound of || Az ||y . (4, (v,)) (see Appendix for a proof):

Lemma 11. Let A, be defined as in (@) Assume A < 2. We have
||A2||W1,oo(¢i(Ui)) < OlgNnAlik (1))
fork=1,2.

The term A3 can be bounded using Lemma [6}

Z Ci,m,v [gm,v (Z) - ¢m(z)zv]

[ Asllwe.ee (ps(0)) =

v Wk2 (i (Ui))
< Z Ci,m,v [Em,v(z) - ¢m(z)zv]
m,v Wk,oo([o,l]d)
<Ci13N*p (52)

for some constant C3 depending on d, o, R. Substituting #6), (51) and (52) into (@0) gives rise to
I1fi 007 ' (2) = fi(@)[wroe (i (vn)) < CruNTR6/A + CraN*n + CraNpA' ™. (53)
The second term in (39) can be bounded by Lemma ] as
1£i(2) = fi 0 07 () oo 0,10y < CraN~ (@7, (54)
Substituting (33) and (54) into (39) gives rise to
I = Fllwroo(rn) € CaCriNES /A + CryCraNFn + CaqCrsNnAF 4 CpgCraN~O7F),
Setting
n=N"% A=8crN~' =Nt g — (8B2D)'A,
we have _
1 = Fllwreoe gy < CraN— 8 (55)
for £ = 0,1 and a constant C5 depending on d, o, 7 and the surface area of M.

eNetwork size We analyze the network size for each f;
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* 1,: The chart dermination network is the composition of d; and 1, where d; has
O(log3) = O(log N + log D) layers and O(D) width, 1 has O(log$) + D =
O(log N) + D layers and O(1) width. In both subnetworks, all parameters are of O(1). By
Lemma|13] the chart dermination network has O(log N + log D) + D layers, O(D) width
and all weight parameters are of O(1).

« x: The multiplication network has O(log ) = O(log N) layers, O(1) width. All weight
parameters are bounded by 2(« + d + 1).

* (;: the projection ; can be realized by a single layer with width d. All parameters are of

O(1).

* Jimnv: By Lemma each g; m, v has O(log N) layers and O(d) width. All parameters are
of O(N).

* Cim,v: By Lemma[d with p = 0o, each ¢; m v is of O(1).

By Lemma each ¢; mv (Fm.v 0 i (%)) X 1;(x) is a CNN with O(log N +log D)+ D layers, O(D)

width and all parameters of O(N). According to , f can be written as a sum of CyyN%(d + 1)*
CNNs

Cnm
f: Z Z Ciym,v(ﬂgvm,v SR2%) (X));il (X) (56)

=1 m,v

By Lemma (7, for any M,J satisfying M.J = O(NY), there exists a CNN architecture
FONN(L, J, K, k, k) that gives rise to {g; }7_, with
M
F=>u
i=1

and

L=0(ogN +1logD)+ D, J=0(DJ), K =O(N).
By Lemma there exits a ConvResNet architecture C(M, L, J, K, k1, ko) with

L=0(logN)+D,J =O0(DJ),k1 =tz = O(N), M = O(M) (57)
and J, , M satisfying
MJ = O(N%), (58)
that yields a ConvResNet realizing f. Setting N = O((]Tf J )1/4) in and gives rise to
17 = Fllwreagy < Cus(MT) =57 (59)

and the network size
L=0 (1og(1\75) +log D) + D, J=0(DJ), k= O((MJY4).

L Definitions, Lemmas and their proofs used in Section [G]

L.1 Existing lemmas on CNNs

Lemma 12| shows that any MLP can be realized by a CNN.

Lemma 12 (Theorem 1 in|Oono and Suzuki (2019)). Let D be the dimension of the input. Let L, J
be positive integers and r > 0. For any 2 < K' < D, any MLP architectures FMYY (L, J, k) can be
realized by a CNN architecture FENN (L', J' K’ K}, k) with

L'=L+D,J =4J,k = k) = k.
Specifically, any fMWF e FMLP(L J k) can be realized by a CNN fONN ¢
FONN(L T K, k), Kb). Furthermore, the weight matrix in the fully connected layer of fNN has
nonzero entries only in the first row.
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Lemma [T3]shows that the composition of two CNNs can be realized by a CNN.

Lemma 13 (Lemma 13 in [Liu et al. (2021)). Let FFNN(Ly, Ji, Ky,K1,k1) be a CNN ar-
chitecture from RY? — R and Fy~N(Lo, Ja, Ko, ko, k2) be a CNN architecture from R —
R. Assume the weight matrix in the fully connected layer of FlcNN(Ll,Jl,Kl,m,m) and
.FQCNN(LQ, Jo, Ko, K2, ka) has nonzero entries only in the first row. Then there exists a CNN archi-
tecture FENN(L, J, K, K, k) from RP — R with

L=1L;+ Ly, J=max(J1,J2), K = max(K;, Ks),x = max(ky, ka)
such that for any f1 € FCNN(Ly, J1, K1, k1, k1) and fo € FONN(Ly, Jo, Ko, ko, ko), there exists

f € FONN(L, J, K, k, k) such that f(x) = fo o f1(x). Furthermore, the weight matrix in the fully
connected layer of F°NN(L, J, K, k, k) has nonzero entries only in the first row.

L.2 Interpolation spaces

Definition 16 (Interpolation spaces). Let (By, B1) be an interpolation couple. For any u € By,
define

K(t,u, Bo, B1) (lu = vllz, + ol 5,)

= inf
vEB;
and the norm
lul U K (8, Bo, BP )T for1 < p < oo,
e SUPg<y<oo t K (t,u, Bo, B1), forp = oo.

Then the interpolation space (By, B1)gp is defined by

(Bo B1)o.p = {u € Bo : [[ull(g.1),,, < 00} -

The following lemma shows that the fractional Sobolev space is an interpolation space:

Lemma 14 (Theorem 14.2.3 of Brenner et al.|(2008). Ler Q € R be an Lipschitz domain. Then
forany 0 < s < land1 < p < oo, we have

WHP(Q) = (LP(2), WHP(Q))5 p-
The following lemma shows that the norm of the interpolation space of (By, B )g,;, can be bounded
using || - |5, and || - || B,:
Lemma 15. Let (By, By) be an interpolation couple. Moreover, let 0 < 6 < 1 and 1 < p < oco.
Then there exists a constant C' depending on 0 and p such that for all uw € By, we have
-0
ullB,.,, < Cllullp, lul,-

In particular, when p = oo, we have C = 1.

L.3 Proof of Lemmalll

Proof of Lemma(l} Note that ¢)(z) can be realized by a two-layer MLP
¥(z) = ReLU(As - ReLU (Ayz + by))

with
2

1

1 1
1=
1 -2
According to Lemma [I2] for any 2 < K, such an MLP can be realized by a CNN in
}'CNN(Q, 16,2,2,2). According to the expression of the right-hand-side of @), we have ’(ZT,L,N(QS) €
FENN(2.16,2,3N, 3N).

To prove (I0), the case k = 0 follows by the definition of ¢. For k = 1, we have

Ay () d (BN (wp — B
dx o dx

A1: 5 A2:[1 —1 —1 1}

)) =3N.
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L.4 Proof of Lemmals

Proof of Lemma[3] For any given m and v, ¢,x" is a product of at most « + D quantities each of
which can be realized by a CNN. The following lemma shows that the multiplication operator X can
be well approximated by a CNN (see a proof in Appendix [L.3)):

Lemma 16. Forany 0 < n < 1/2, x,y € [-B, B), and K > 2, there is a CNN architecture
FONN(L J, K, k, k) that yields a CNN, denoted by X (-, ), such that

% (z,y) — zyllwr—p,p2 <n, x(2,0)=x(y,0) =0.
Such a network has

1
LzO(log),J:Qél,/f:l.
Ui

Furthermore, one has -~
1% (@, y)llwre((~B,B)2) < CB

Sfor some absolute constant C.

For simplicity, we denote ¢y, (z) = ¢ (3N (z, — %)) for k = 1,...,D. Then we construct
gm,v(x) as
v (%) = X (X (X (X By (%), ¥y (21)) Yz (£2))s w00 )y Yy (€D)),
where Dy (x) is the network approximation of xV defined by
pv(x) = X(..x (21, 21), ..., D).
The structure of g, v is visualized in Figure [5| Here gm v consists of no more than o + D — 1

compositions of x and 2D additional channels. These additional channels are used to pass the
information x and x_.
-]

/\,

X (@1, @2) p'as x_
X(X (@1, 22), @3) p'an x_

. —1 |
(- (K (21, 22),23)5 -+ )y Yy (21)) x4 x_

| r
L —1

(e X R (R (@1, 2),23), 0+ Yy (21))s -+ Ymp o (TD-1)) | | Xt x-
{ s (%) \

Figure 5: Illustration of gy, v
By applying Lemmal13|a + D — 2 times, we have §m v € FNN(L, J, K, k, k) with

LzO(Dlogi), J=0(D), k =3N.
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We next prove (T4) and (T3). First note that we can express

enx¥ = g = [ 1s(x),
i=1
Imv(X) = Gn = X(X(- - X(h1(x), h2(X)), --.), hn (X))
for some n < a + D, where each h; can be realized by one layer and satisfies
[17(%) [0 (0,1) < (BN)P.

To prove (T4) and (T3), it is enough to show

190 (%) = gn (%) [lwe.o (0,1)p < ' el Nbe (60)

gn(x) =0if g,(x) =0, (61)

|G () w1 (0,1)p) < C16N* (62)
forany1 <n < a+ D — 1, where {cn}ﬁilDfl and C'¢ are constants depending on D and .

For n = 1, we have
[Gn = gnlweee(0,1)0) = [X(h1,1) = halwr.oe((0,1)0)-
By Lemmawith B=a«a+ D + 1, we have for k = 0,
|;(h1, 1) - h,1|W0,oo((O’1)D) <e.
For k = 1, by Lemma[T6] we deduce
‘;(hl, 1) - hl‘Wl,oo((O)l)D) < C’|§(m,y) — - y‘Wl,m([071]2)|h1|W1,oc([0’1]2) < SC/NE,
where C’ is a constant depending on D. We set ¢; = 3C". Furthermore,
191 (%) oo 0,12y = X (h1, 1) e 0,12y < CalX(2,y) — @ - Ylwr.oo (0,192 [halwioo ((0,1)2) < CsN,
where C7, C1g are constants depending on D, a.
Therefore, the inequalities (60) and (62) hold for n = 1.

For (61)), if g1 (x) = 0, then hy (x) = 0. By Lemma[16] g; (x) = 0.

Assume (60)—(62) hold for any 1 < n < ¢ for some integer ¢ satisfying 1 < ¢ < a + D — 2, i.e., for
any 1 <n <t, we have

190 = gnlwroo o)y < ' e NEe, (63)
gn =0if g, =0, (64)
|Gnlw.(0,1)p) < C19N. (65)
We also deduce that
|Gt lwo.((0,1)P) = Gt = gelwo.((0,1yP) + [gtlwo.se(0,1ypy Ste+1 <t + 1. (66)

Forn =t + 1, we have
|Ge41 = Geg1lwroe 0,192y = [X(Ges eg1) — ge - hegr [ ((0,1)0)
<X (Ges hig1) = Ge - Pusalwrs 0,02y + 1G¢ - e — g - Pustlwrs (0,1)2)-
(67)
Consider the first term in @ For k = 0, we have
IX(Ge, 1) = Gt - hegalwoe(0,1y2) < [X(@,y) — @ Ylwoso(mim1,412) <. (68)
For k = 1, we have
| (Ges he1) = Gt - hestlwios ((0,1)0)
<C'1X(2,y) = T - Ylwroo ((—t—1,640172) | Gelwroe (e—1,e41)2) < 3C ¢ Ne, (69)
where with k = 1 is used in the last inequality, C’ is a constant depending on D.
For the second term in (]5_7]}, we first consider k = 0:
Gt + his1 = gt - hagalwoss (0,0)P) < hit1loolt — giloo < te, (70)
where (63) with &£ = 0 is used.
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For k = 1, we have
19t - hit1 — gt - healwr0,1)0)
=[ht11(9t — 9¢)lwre((0,1)P)
<Coolht+1lwr. 0,12y 19t = gtlloo + Coollhet1lloc |Gt — gelwro((0,1)P)
<3C9Nte 4+ Cyoc; Ne < Cy1 Ne, (71)

where Ctg, C; are constants depending on D and «. In (71)), with £ = 0 and k = 1 are used in
the second inequality.

Combining (68)—(71) and setting ;1 = 3Ca9c¢ + Ca1 gives rise to
|Ge1 — Grrilwroe(0.1)0) < (E+ 1) Fef NP,
Therefore, holds forn =t + 1.

To prove (@, note that if g, = 0, then either hy;; = 0, or g = 0. By our induction assumption,
when g; = 0, we have §; = 0. Since gz1+1 = X(Gt, ht+1), by Lemma we have g;1 = 0 and
holds forn =t + 1.

For (62)), we deduce
|§t+1(x)|W1«°°((0,1)D)
=X (Gt, heg1) lwreo ((0,1)P)

SC'[X(,y) = @ - Ylwroo (—t—1,041)2) MAX { [Ge w100 ((0,1)2) 5 [hes1 oo ((0,1)2) }
<Cx.N,

where Cog is a constant depending on D and ov.

Therefore, (60)—(62) hold for n = t + 1. By mathematical induction, (60)—(62) hold for any
1 <n <D+ a+1,and (T4) and (T3) are proved. O

L.5 Proof of Lemma([16

Proof of Lemma[l6] The proof of Lemma|[I6]is based on the following lemma.

Lemma 17 (Proposition C.2 in |Giihring et al. (2020)). Forany 0 < n < 1/2, x,y € [—B, B]. There
is an MLP, denoted by X (+,-), such that

||§($,y) - xy”leoo[—B,B]? <, ;(i(,’E,O) = ;Z(y70) =0.

Such a network has O (log %) layers and parameters. The width of each layer is bounded by 6 and
all parameters are bounded by 2. Furthermore, we have
% (2, y) lwr((—B.B)2) < CM,
for some absolute constant C.
Combing Lemma|17|and (12} for any ¢ > 0, K > 2, there exits a CNN x € FNN(L J K k, k)
such that for any |z| < B, |y| < B, we have
|;($,y) - Jﬁy| <g, ;(J?,O) = ;(yao) = 07

1% (2, y)|lwr (- B,B)2) < CasB,

where Cy3 is an absolute constant. Such an architecture has

1
LzO(logg), J=24 k=1.
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L.6 Proof of Lemmal6l

Proof of Lemmal6] Denote O, v = B%,H‘Hm (%) We have

| Z ¢mQﬁ1/Nf_ Z Z Cm,vgm,v”W’w’((&l)D)

meSy meSy |v|<a—1
p
v ~
= § E Cm,v(bmX - g E Cm,vdm,v
meSy |vi<a—1 meSy |vi<a—1

Wk ((0,1)P)
p

= Z Z Cm,v (¢mxv - gm,v)

meSy |v|<a—1

Wkr((0,1)P)
p

< Z Z Z Cm,v (¢mxv - gm,v) s (72)
MESN [|mESy [via—t WP (g, 5 0(0,1)2)
where the first equality follows from , the last inequality holds since (0,1)° C Ugesy Qm N-

For each m, we have

Z Z Cm,v (¢mxv - gm,v)

mESN [vl<a-1 WD (g, n 1(0,1) P)

<Y Y lemy

meSy |v|<a-—1
§024Nd/p Z Z ||f7||W“—1’P(Qm1N) ||¢mxV - gm,v”wk,p(QE,Nﬂ(O)l)D) 5 (73)
mesSy |v|<a—1

where C9; is the constant in Lemma f is the extension of f to RP from Stein| (1970, Theorem
VI1.3.1.5), which satisfies

H¢mxv - gm,vak,p(QﬁNn(o,nD)

I fllwer@ey < Cosll fllwer(o,1)2) (74)
for some constant Cs5 depending on D, p, a.

We next derive an upper bound of the summand of (73). We first deduce that
[pmx" — gm,VHWk.,p(QaNn(o,l)D)

1/ v~
<[Q2m,n N0, (D + DY ¢mX” = Gnvllyre (0 yn(0,1))

d/p
1 v -
§C26 (N) H(bmx _gm,VHWk,oc(QFﬂ’Nm(O’l)D)

1 d/P
<Cyy (N) N*n, (75)

where ’Q&N N (0, 1)D’ denotes the volume of Qz x N (0,1)P, Cag, Ca7 are constants depending
on D, o and p. We used Lemma [3]in the last inequality. Substituting (73) into (73) gives rise to

Z Z Cm7v ((bmxv - gm,v)

SN [viga=t WP (@, x(0,1)P)

=C4 Z Z ||f_HW0‘71=p(Qm,N) [¢mx" — gm,vHWk,p(Qﬁme(o,l)D)

meSy v|<a—1
[m-—mle<

<CpCa7N*n Z Z [ Fllwe—1.0 ()

mgSN [v|<a—1
Hm_mHoogl

<CousN* 3" I flwe-rs(@umn)s (76)

mgSN
[m—mlo <1
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where Cyg = Ca4C47(D + 1)@~ 1. By Holder’s inequality, we have
Yo IMflwero@un

mgSN
lm—mlloo <1

= Y Iflwe s -1

mesS

SON
[m—m|le <1

P q
= D SR I . 2, v
mesy ' meSy
<1 =il <t
P
D
ST W e i | o

meSy
||m— mH(x,<1

where ¢ = 1/(1 — 1/p). Substituting (76 into (72)) gives rise to

| Z ¢QO/Nf_ Z Z Cm,vgm,vuwk,p((oJ)D)

meSy meSy |v|<a-—1

< (C’283%Nk77>p Z Z Hf”wa L2 (Qem, )

meSy mESN
[lm—ml<1

S (OQgS%NkT]>p3D Z ||fHW” Lr(Qm. N

meSy
< (C2s37 N )" 32221 Pl

meSy Qzm, N)
<CooN* 0P| fllwa-1.0((0,1)2)
where Cby is a constant depending on D, v, p. In the above, we used (74) in the last inequality.

Lemma|§|is proved for s =0and s = 1. Forany 0 < s < land 1 < p < o0, by Lemma@ we have
p

Z ¢mQran/Nf_ Z Z Cm,vgm,v §C30Nkp77p||f||Wf¥*1,p((())1)D)

meSy meSy |v|<a-—1 WP ((0,1)P)

<C3oN*PnP|| flwer ((0,1)P)
for some constant C'3g depending on D, «, s, p. The proof is finished. O

L.7 Lemmal[i8 and its proof

Lemma 18. Let {f;}"_, be a set of CNNs with architecture FNN(Lg, Jo, Ko, Ko, ko). Then there
for any integer 1 < w < n, there exists a CNN architecture FENN (Ly,, Ju, K, K, Kw ) that gives
rise to a CNN g,, such that
w
= filx)
i=1

L= O(LO), J = U}Jo, K= Ko, R = K.
Furthermore, the fully connected layer of f has nonzero elements only in the first row.

Such an architecture has

Proof of Lemmal(I8] The idea of the proof is similar to [Liu et al] (2021} proof of Lemma 14).
Following the proof of [Liu et al.| (2021, Lemma 14), we can show that there exist a set of filters VW
and biases B such that

Comvym px) — {(ﬁ( D (A6 (RODs (L) (FuGDs (ful9)-]
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where Convyy g has depth bounded by Lo, number of channels bounded by wj, and all weight
parameters bounded by k. We write g,, as

gw = W1 - Convyy 5,

where W7 is given as

The proof is finished. O

L.8 Proof of Lemmalf7

Proof of Lemmal7} For any given J, let ¢ be the smallest integer such that J < cJo. Then we set
J = cJpandn = [ng/c]. By Lemmal18] there exists a CNN architecture FENN(L, J, K, , &) with

L= O(Lo), J = CJ(), K= Ko, K = RQ.

Such an architecture gives rise to CNNs {g; }j[-zol/ I such that

min{cj,n}

g= > [

i=c(j—1)+1

The lemma is proved. O

M  Proof of lemmas in Appendix K|

M.1 Proof of Lemmal[9]

Proof of Lemmal9} Following the construction in Step 1 of the proof of Theorem forr=r/2<

7/8, there exists a collection of points atlas of M denoted by {[71-, @}ZC:"{', where U; = Bx(¢;)
for some ¢; € M, and @; is defined according to (34). By [Conway and Sloane| (1988| Chapter 2
Equation (1)), the number of charts is bounded by

5/\/( < ’VSA?(;M)Td—‘ = ’VS‘?/(;\;I)Td-‘ )

The following lemma shows that for any locally finite cover of a smooth manifold, a C'*® partition of
unity always exists:

Lemma 19 (Chapter 2 Theorem 15 of [Spivakl (1973). Let {U, }nc.a be a locally finite cover of a
smooth manifold M. There is a C*° partition of unity {pa }32 1 such that supp(pa) C Us.

Let {p; }$ be the partition of unity in Lemma [19|with respect to {U; }Z2.

We set Cpq = 5’/\4 and define U; = B,.(¢;) and ; according to . Since 7 < 7, U; C U;, we
have U; C U; and

Cm B Cm
mclJuclu.
=1 =1

Therefore {U; }$ is an open cover of M and {U;, p; }Z is an atlas of M. Since supp(p;) C Uy,
we have supp(p;) C U; and

in Ix—%[s> _inf  [x—F[» = r/2
x€supp(p;), X€AU; x€eU;, x€dU;

The lemma is proved. O
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M.2 Proof of Lemmal[I1l
Proof of Lemmal(I1} We deduce
|A2|Wk~°°(<pi(Ui)) = (Z ci,m,vgm,v(z)> X (il © 90;1(2) - ]li o Lp;l<z)) ‘
m,v Wk (i (Us))

= : ~1 1 Pz -1 ;' ’

fiow; (Z)X( op; (2) —Lioy; (z)) W (04 (U2))
-1

i (Z))’W’“=°°(Qi,2)

-1
(2
( )> ‘Wk’m(tpi(Ui)\Qiyg)

T -1 ¥ —1 -1

i . X ]12 . — ]lz . ) ’
Frogi' () x (Lot (e) ~Liow @)| |,
for k = 0, 1, where the last equality holds since

Liow;'(z) =109 '(2) =1

IA
po
o)
AS
L
~
X
~
=
[e)
AS
L
—
X
|
=
(]
5

on ©; (Us)\$ 2.
According to , fio o; Hz) = ﬁ 0 ;1 (z) = 0 for z € ;(OU;). For any z € Q; 5, let
z* = argmin ||z —Z||2.
2€¢;(U;)

According to (49), we have ||z — z*||2 < A/(car).

By Lemmal6| with some small > 0 and for s = k = 0, 1, we have

I fiowit - fill weos o110y < Cs1N*n, (78)
where Cs3; is a constant depending on d, «, R. Since ||J/C;HW1,OO(QL2) = 0, we have max; ‘% <
Cs1Nn for any z € Q; o. Therefore

r - s - * * C.
|[fio g (2)] <fio i (2") + CaiNnlz — 2"||2 < ﬁNnA (79)
for any z € Q; 5.
Using |T; 0 ;' (z) — 1; 0 0; *(2)| < 1, we bound A; as
[Aslwo gy =|Fro o) x (Tiowr ') ~Liop@)| o
<|fiop:t ‘ o0 (z) —1;00 "
<l|fiow; (2) I LA (z) op; (z) o ()
gﬁNnA (80)
CaT
for £ = 0 and
Aslwisos (o = | fi 0 07 (']L- “z)— 100" )‘
[ Azlwre i) = |fiow; (2) x (Liow; (2) = L;op; (2) W6 a)
P = -1 -1
<|fioe @] g ¥ [Toer @ —Liow @] o
P T -1 -1
+|fiow; (2) Wiy |0 i (z) —Liow; (2) W (@)
SMNUA/A—FCUNU
CoT
=C33Nn (81)

for k = 1, where C15 is a constant depending on «, R, 7. In the first inequality of (81)), we used (79),
the inequality

T —1 —1 _

Lop @), , <Os/a
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by and the fact 1; o ap[l(z) = 1for z € Q; o, and the inequality
fop =
Fowr @)y o
by (78).

Combining and (8T) gives rise to

[ Az || wos (s () < CaaNnpAF (82)
fork =0,1. O

Jiooi @) =0 | o =lieei’ = fiow lwi=(a,z) < Cnln
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