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ABSTRACT

Diffusion models have recently shown considerable potential in solving Bayesian
inverse problems when used as priors. However, sampling from the resulting de-
noising posterior distributions remains a challenge as it involves intractable terms.
To tackle this issue, state-of-the-art approaches formulate the problem as that of
sampling from a surrogate diffusion model targeting the posterior and decompose
its scores into two terms: the prior score and an intractable guidance term. While
the former is replaced by the pre-trained score of the considered diffusion model,
the guidance term has to be estimated. In this paper, we propose a novel approach
that utilises a decomposition of the transitions which, in contrast to previous meth-
ods, allows a trade-off between the complexity of the intractable guidance term
and that of the prior transitions. We validate the proposed approach through exten-
sive experiments on linear and nonlinear inverse problems, including challenging
cases with latent diffusion models as priors, and demonstrate its effectiveness in
reconstructing electrocardiogram (ECG) from partial measurements for accurate
cardiac diagnosis.

1 INTRODUCTION

Inverse problems aim to reconstruct signals from incomplete and noisy observations and are prevalent
across various fields. In signal and image processing, common examples include signal deconvo-
lution, image restoration, and tomographic image reconstruction (Stuart, 2010; Idier, 2013). Other
applications extend to protein backbone motif scaffolding (Watson et al., 2023) and urban mobility
modeling (Jiang et al., 2023). Due to the presence of noise and the inherent complexity of the
measurement process, these problems are typically ill-posed, meaning they have an infinite number
of possible solutions. While many of these solutions may fit the observed data, only a few align
with the true underlying signal. Bayesian inverse problems provide a principled framework for
addressing the challenges of signal reconstruction by incorporating prior knowledge, enabling more
plausible and meaningful solutions. The a priori knowledge about the signal = to be reconstructed is
captured in the prior distribution ¢(x), while the information about the observation y is encoded in
the likelihood function p(y|x). Given these components, solving the inverse problem boils down to
sampling from the posterior distribution 7(x) x p(y|x)g(x), which integrates both prior knowledge
and observational data.

The choice of the prior distribution is crucial for achieving accurate reconstructions. If the goal
is to reconstruct high-resolution data, the prior must be able to model data with similar fine detail
and complexity. Recently, denoising diffusion models (DDM) (Sohl-Dickstein et al., 2015; Song
& Ermon, 2019; Ho et al., 2020; Song et al., 2021b) have emerged as a powerful approach in this
context. These models can generate highly realistic and detailed reconstructions and are becoming
increasingly popular as priors. Using a DDM, a sample X, being approximately distributed according
to a given data distribution ¢ of interest can be generated by iteratively denoising an initial sample
X, from a standard Gaussian distribution. The denoising process (X ){_,, consists of the iterative
refinement of X, for k € [1,n] based on a parametric approximation of the score V log g, where
ak(zx) = [ q(zo)qujo(xr|To), dxo, with g0 (-|20) being a Gaussian noising transition.

Denoising Diffusion Models (DDMs) form a highly powerful class of prior distributions, but their
use introduces significant challenges in posterior sampling. Specifically, since a DDM prior does not
admit an explicit and tractable density, conventional Markov chain Monte Carlo (MCMC) methods,
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such as the Metropolis—Hastings algorithm and its variants (Besag, 1994; Neal, 2011), cannot be
applied in general. Furthermore, gradient-based MCMC methods often prove inefficient, as they tend
to get trapped in local modes of the posterior.

The problem of sampling from the posterior in Bayesian inverse problems with DDM priors has
recently been addressed in several papers (Kadkhodaie & Simoncelli, 2020; Song et al., 2021b; Kawar
etal., 2021; 2022; Lugmayr et al., 2022; Ho et al., 2022; Chung et al., 2023; Song et al., 2023a). These
methods typically modify the denoising process to account for the observation y. One principled
approach for accurate posterior sampling involves skewing the denoising process at each stage k
using the score V log 7, where 7y, is defined analogously to g,, with ¢ replaced by the posterior
«. This guides the denoising process in a manner that is consistent with the observation. Notably,
the posterior score V log 7, decomposes into two components: the prior score and an additional
intractable term commonly referred to as guidance. Previous works leverage pre-trained DDMs for
the prior score, while providing various training-free approximations for the guidance term (Ho et al.,
2022; Chung et al., 2023; Song et al., 2023a; Finzi et al., 2023). This framework enables solving
a wide range of inverse problems for a given prior. However, despite the notable success of these
methods, the approximations often introduce significant errors, leading to inaccurate reconstructions
when the posterior distribution is highly multimodal, the measurement process is strongly nonlinear,
or the data is heavily contaminated by noise.

Our contribution. We begin with the observation that the posterior denoising step, which trans-
forms a sample X1 into a sample X}, does not necessarily require the conditional scores
Vlog w41 or Vlogmy. Instead, we demonstrate that this step can be decomposed into two in-
termediate phases: first, denoising X1 into an intermediate midpoint state X, , where ¢}, < k,
and then noising back to obtain Xy, unconditionally on the observation y. This decomposition
introduces an additional degree of freedom, as it only requires the estimation of the guidance term at
the intermediate step ¢, rather than step k£ + 1. Building on this insight, we introduce MIDPOINT
GUIDANCE POSTERIOR SAMPLING (MGPS), a novel diffusion posterior sampling scheme that ex-
plicitly leverages this approach. Our algorithm develops a principled approximation of the denoising
transition by utilizing a Gaussian variational approximation, combined with the guidance approxima-
tion proposed by Chung et al. (2023) at the intermediate steps {. The strong empirical performance
of our method is demonstrated through an extensive set of experiments. In particular, we validate
our approach on a Gaussian mixture toy example, as well as various linear and nonlinear image
reconstruction tasks—inpainting, super-resolution, phase retrieval, deblurring, JPEG dequantization,
high-dynamic range—using both pixel-space and latent diffusion models (LDM). We also apply our
posterior sampling method to imputation tasks for 12-lead electrocardiograms (ECGs). Our results
demonstrate that training-free posterior sampling performs on par with diffusion models specifically
trained for ECG imputation (Alcaraz & Strodthoff, 2022). Moreover, our method demonstrates
significantly improved performance compared to existing approaches.

2 POSTERIOR SAMPLING WITH DDM PRIOR

Problem setup. In this paper, we focus on the approximate sampling from a density of the form

(@) := p(ylz)q(x)/ 2, 2.1
where p(y|-) : R? — R is a non-negative and differentiable likelihood that can be evaluated
pointwise, g is a prior distribution, and Z := [ p(y|x)q(x) de is the normalizing constant. We are
interested in the case where a DDM pg for the prior has been pre-trained for the prior based on i.i.d.
observations from ¢. As a by-product, we also have parametric approximations (sﬁ)zzl of the scores
(Vlogq,)y_,, where the marginals (¢, )}'_; are defined as g, (1) = [ q(x0) qrjo(xk|20) do With
Qrjo(Tr]T0) = N (ks \/arxo, vilq) and vy 1= 1 — ay. Typically, the sequence (o)}, is a
decreasing sequence with oy = 1 and «,, approximately equals zero for n large enough.

These score approximations enable the generation of new samples from ¢ according to one of
the DDM sampling schemes (Song & Ermon, 2019; Ho et al., 2020; Song et al., 2021a;b; Karras
et al., 2022). All these approaches boil down to simulating a Markov chain (Xj,)?_, backwards
in time starting from a standard Gaussian p,, := N(04, I,;) and following the Gaussian transitions
0 _ om0 : 0
pk|k+1(wk|wk+1) = N(xy; My 11 (Trt1), Vgpi+11a), where the mean functions my;4q can be
derived from the learned DDM, and vy, ;41 > 0 are fixed and pre-defined variances. The backward
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transitions are designed in such a way that the marginal law of X, approximates g, ; see Appendix A.1
for more details on the form of the backward transitions.

In our problem setup, we assume we only have access to the approximated scores of the prior and no
observation from neither posterior 7 nor the prior g. This setup encompasses of solving an inverse
problem without training a conditional model from scratch based on a paired signal/observation
dataset; a requirement typically imposed by conditional DDM frameworks (Song et al., 2021b;
Batzolis et al., 2021; Tashiro et al., 2021; Saharia et al., 2022). On the other hand, we require access
to p(y|-). This setup includes many applications in Bayesian inverse problems, e.g., image restoration,
motif scaffolding in protein design (Trippe et al., 2023; Wu et al., 2023), and trajectory control in
traffic-simulation frameworks (Jiang et al., 2023).

Conditional score. Since we have access to a DDM model for ¢, a natural approach to sam-
pling from 7 is to define a DDM approximation based on the pre-trained score approximations
for q;. Following the DDM approach, the basic idea here is to sample sequentially from the
marginals 7 () 1= [ 7(20)qrjo(xk|®o) dao by relying on approximations of the conditional
scores (V log mx)7_,. The latter can be expressed in terms of the unconditional scores by using

(@) o / p(ylzo)a(o)aupo (s |o) dao . 2.2)

where after defining the backward transition kernel g, (zo|@x) = q(20) gy, (%k o) /q, (@) yields

T (@k) < pr(ylee) g (zr) . where  pi(ylzy) = /p(y|9co)qo|k(33o|-’ﬂk)dwo~ 2.3

It then follows that
Viog m(zr) = Vlog gy (zx) + V log pr(y|s,) -

While we have a parametric approximation of the first term on the r.h.s., the bottleneck is the
second term, which is intractable due to the integration of p(y|-) against the conditional distribution

q0|k('|wk)-

Existing approaches. To circumvent this computational bottleneck, previous works have proposed
approximations that involve replacing « (-|Tx) in (2.3) with either a Dirac delta mass (Chung et al.,

2023) or a Gaussian approximation (Ho et al., 2022; Song et al., 2023a)
Goj (@) = N (o3 m) ), (1), vojr1a) , (24

where mg‘k is a parametric approximation of 1 (zx) == [ ¢ qolk(:po\azk)dazo and v, is a
tuning parameter. Using Tweedie’s formula (Robbins, 1956), it holds that mg;(zx) = (—xx +
Vg Vlog g, (k) / vk, which suggests the approximation mglk(mk) = (—xp + Jagrsh(x)) vk -
As for the variance parameter vg|;, Ho et al. (2022) suggest setting vo, = vi/cy, while Song
et al. (2023a) use vy, = vg. When p(y|-) is the likelihood of a linear model, i.e., p(y|z) :=
N(y; Az, U%Idy), for A € R%*? and o,, > 0, it can be exactly integrated against the Gaussian
approximation (2.4), yielding p(y|zr) ~ N (y; Amglk(mk), o214, + vo,AAT). Chung et al.
(2023), on the other hand, use the pointwise approximation, yielding py (y|xy) =~ p(y|mg|k(mk)).
We denote by pr(y|-) the resulting approximation stemming from any of these methods. Approximate
samples from the posterior distribution are then drawn by simulating a backward Markov chain
(Xk)Y_,,, where X,, ~ p,, and then, given X1, X}, is obtained via the update

Xy = X + Wi 1(Xper1)V1og 1 (y|Xe+1), where Xj ~ Pz|k+1('|Xk+1) , (29

and wy4+; is a method-dependent weighting function. For instance, Chung et al. (2023) use
w1 (Xpy1) = Cog/lly — Am81k+1(xk+1) , with ¢ € [0,1]. We note that the update (2.5)
in general involves a vector-Jacobian product, e.g., considering the approximation suggested by
Chung et al. .(.2023), Vi, log[)k(y\:ck) = mGmglk(azk)vac? logp(y|mp)|mozmg‘k(mk), which
incurs an additional computational cost compared to an unconditional diffusion step.
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3 THE MGPS ALGORITHM

In this section we propose a novel scheme for the approximate inference of 7. We start by presenting
a midpoint decomposition of the backward transition that allows us to trade adherence to the prior
backward dynamics for improved guidance approximation.

We preface our description of the MGPS algorithm with some additional notations. First, consider the
DDPM forward process with transitions given by qy,|; (xx|x;) = N (x; /o /ojx;, (1—ar/a;)1g)
for all (j, k) € [0,n]? such that j < k. We also define the joint law
n—1
o (0:n) = 7(@0) [ [ dhsrje(@nsalar) (3.1
k=0
of the forward process when initialized with the posterior (2.1) of interest. Note that with these defi-
nitions, 7, (given by (2.3)) is the marginal of 7., (€., ) W.I.t. ). The time-reversed decomposition
of (3.1) writes
n—1
WO:n(wO:n) = Wn(mn) H 7Tk|k+1(wk|mk:+1) 5 (32)
k=0
where, more generally, for all (i, j) € [0,n]? such thati < j,
mi(@ila) o= mi(a) g (s]e:) /75 () o< pi(ylai) g (el e;) (3.3)
where the marginals are given by (2.2), is the conditional density of X; given X; = =, and y.
Using the decomposition (3.1), an exact draw X, from
(2.1) is obtained by first drawing X, from m, and
then simulating recursively Xj from the transitions
Tep1 ([ X+1) for all k. However, according to (3.3),
each such transition involves the intractable likelihood

function py (y|@y ) which is hard to approximate accurately
when £k is large.

Midpoint decomposition. The transition (3.3) has two Figure 1: For each color, the different solid
components: the conditional density p;(y|x;) and the arrows indicate different conditional densi-
prior transition density ¢;|;(e;|x;). The approximation ties that need to be approximated for a given
pi(ylz;) ~ p(y|mg (x;)) of Chung et al. (2023) is accu- choice of the m@pomt Zk The longgr the
L i . . . arrow, the more difficult it is to approximate
rate when 7 is small, whereas the Gaussian approximation h & ditional density. B
f ¢;); (x;|x;) proposed by Ho et al. (2020) is accurate the corresponding concifiona’ censity. 5y
O gi|;(:| ;) proposed by - e placing the ¢, midway between zero and k,
when the difference |¢ — j| is small. Thus, in order to com-  the shortest arrows are obtained.
bine the best of both worlds, we introduce a decomposition
that transfers the problem of sampling from Thkt1 O that of sampling from 7, k10 i.e., drawing
Xy, given X411 and y, where ¢, < k. The parameter ¢; balances the approximation errors of
the two conditional densities in (3.3); see Figure 1. In order to make this construction, define, for
each ¢ € [0, k], the bridge kernel ¢ x+1(Tx|Te, Tha1) X qrje(Tx|Te) et 1k (Trr1|Tr), Which is
Gaussian; see Appendix A.1. By convention, gy i x+1(-|Tx, Tri1) = O, -

Lemma 3.1. Forall k € [1,n — 1] and ¢}, € [0, k] it holds that
Thet1 (Th|Trs1) = /qk|£k,k+1($k|w€k7$k+1)77ek\k+1(332k|33k+1)dmék : (3.4)
The proof is found in Appendix A.3. Lead by the decomposition provided by Lemma 3.1, we define
Fhphs (Tk|Thg1) = /qk\ek,k+1(fﬂk|wzk,wk+1)ﬁ?k|k+1($zk|$k+1)diﬂzk, (3.5)

where 77,y (€, |[Z41) o B, (Y|20,)P0, 1y (T |Trir) With 57, (ylze,) = p(ylmf,, (2e,))
and pzk\k+1($€k|mk+1) = Qo j0,k+1 (0, \mg‘k+1(mk+1), &y+1). Finally, for any sequence ¢ :=
(€x)}_, satisfying £, < k, we define our surrogate model for 7., and the posterior (2.1) as

n—1

ﬁg:n(wom) = ,ﬁn(:’vn) H 7?r£|k+l(wk|:l’1€+1)7 ’ﬁg(ﬂlo) = /ﬁgn(won) dwl:na (36)
k=0
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where 7, (2,) = N(n;04,14) and (), (-|1) = dmg (2, (similarly to Ho et al., 2020; Song
etal., 2021a). Since the bridge kernel gy, 11 is Gaussian, it can be easily sampled. Therefore, we
only need to focus on the approximate sampling from 7, kot 1° Moreover, since the decomposition
(3.4) is valid for any /i, it can be chosen to better balance the approximation errors, as discussed
above.

Choice of the sequence (Ek)Z;% The accuracy of the surrogate model (3.6) ultimately depends

on the design of the sequence (Ek)z;ll. In fact, for a given k, note that a decrease in ¢; ensures that
the approximation p, (y|ae, ) of pe, (y|ae, ) becomes more accurate. For instance, setting ), = 0
eliminates any error of the approximate like-
lihood (since po(y|-) = p(y|)); how-
ever, decreasing /; can cause the distribution 8
Tolk41 (*|g+1) to become strongly multimodal,
especially in the early stages of the diffusion pro-
cess, making the DDPM Gaussian approxima-
tion less accurate. Conversely, setting ¢j, closer 0
to k, similar to the DPS approach of Chung et al. 02 05 08 R
(2023), improves the accuracy of the approxima- n n*
tion of gy, |1, but impairs the approximation
P9 (yley,) of py, (ylxy, ). The choice of ¢y, is
therefore subject to a particular trade-off, which
we illustrate using the following Gaussian toy example. When considering the parameterization
0l = |nk] with ) € [0, 1], we show that the Wasserstein-2 distance between 7 and fré " reaches its
minimum for 7 around 0.5, which confirms that the additional flexibility obtained by introducing the
midpoint can provide a surrogate model (3.6) with reduced approximation error.
Example 3.2. Consider a linear inverse problem Y = AX + oy Z with Gaussian noise and prior
q=N(m,X), where m € R% and & € R¥*4 js positive definite. In this setting, we have access to
the exact denoiser myy;, in a closed form, which allows us to take mgl & = M|k Moreover, since
the transition (3.5) admits an explicit expression in this case, we can quantify the approximation
error of (3.6) w.r.t. T for any sequence (Ek)z;% Note that in this case the true backward transitions
ey, |k+1 are Gaussian and have the same mean as the Gaussian DDPM transitions, but differ in their
covariance. All necessary derivations and computational details can be found in Appendix B. We
consider sequences {(n) := (€;)_, with {] = |nk], n € [0,1], and compute the Wasserstein-2
distance Wy (m, frg(n)) as a function of 1 on the basis of 500 samples (A, m,X) for d = 100. The
left panel of Figure 2 displays the average error Wo(, ﬁg(n)) as a function of m, while the right
[ displays the associated distribution of n* := argmin Wa(r, 7t n))’ Figure 2 illustrates
panel dispiay n g nel0,1] W2 0
that the smallest approximation error for the surrogate model (3.6) is reached at intermediate values
close to n = 0.5 rather than n = 1, which corresponds to a DPS-like approximation.

~L0(m)
T 7y )
Frequency
o I
o IS
) )

Wa(

Figure 2: Right: average W> with 10%-90% quantile
range. Left: distribution of the minimizing n*.

Variational approximation. To sample from 7§, in (3.6), we focus on simulating approximately

and recursively (over k) the Markov chain with transition densities (3.5). Ideally, for £ = n, we
simply sample from frz; then, recursively, assuming that we have access to an approximate sample
:.X.k-+1 from frﬁ_H, the next state X, is dtawn from ﬁ£|k_+1('|Xk+1)' quever, as fr£|k+1(-|X;€+1) is
intractable, we propose using the Gaussian approximation that we specify next.

In the following, let k € [1,n] and ¢, € [0, k] be fixed. For ¢ = (fi1,, , py,) € (R%)?, consider the
Gaussian variational distribution

)\Ek+1(wk‘wk+1) = /Qk|€k,k+1(wk|mzkawk+1)>\2|k+1(wék)dwlk7 3.7

>\2|k+1(m51¢) = N(mgk;ﬂek,diag(e%%)) : (?8)
In definition (3.8) the exponential function is applied element-wise to the vector p,, and diag(e”x)
is the diagonal matrix with diagonal entries ”¢x. Based on the family { )\ﬁ kel P PE (R%)2} and an
approximate sample Xy, from fri 1> we then seek the best fitting parameter ¢ that minimizes the
upper bound on the backward KL divergence obtained using the data-processing inequality

KL oy C1Xe2) | Ao CXk1)) < KL iy 7, e (1 Xi1)) = La(05 Xiga) -
Here the gradient of the upper bound is given by

Ve Li(9; Xii1) = —E[Vy log pf, (ylis, +diag(e”r)Z)] +VeKLAZ oy | Pl C1Xger1)) 5
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Algorithm 1 MIDPOINT GUIDANCE POSTERIOR SAMPLING

1: Input: (¢)7_, with ¢,, = n and ¢; = 1; number M of gradient steps.
2 X, ~ N (0g,1g), X, + X,

3: fork=n—1to1ldo

- M(lfak-pl/(wk)mg (XékJrl) + \/(Jék+1/0¢£k(1—alk)x ‘

4: “ek 1—ak+1 O|€k+1 l—ock+1 k+1
50 Py, < 3log (1_(1“11121’1)1(1_(1[")

6. forj=1to M do

7: Z ~ N(Od, Id)

8: (g, Pe,.) < OptimizerStep(V, Ly (v, Z; X+1); £y, » Py, )

9: end for

10: ng , 7 lfl\fl N(Od, Iq)

1 Xy, < fuy, + diag(e”x)Zy,

12 Xp ~ qrjoy k1 (-1 Xe,, Xiy1) (See (AL5))
13: end for

14: XO «— mgll(Xl)

where Z ~ N(04,1,) is independent of X 1. The first term is dealt with using the reparameteriza-
tion trick (Kingma & Welling, 2014) and can be approximated using a Monte Carlo estimator based
on a single sample Zj_ 1; we denote this estimate by VL (¢, Zj11; Xg41). The second term is
the gradient of the KL divergence between two Gaussian distributions and can thus be computed in a
closed form. Similarly to the previous approaches of Ho et al. (2022); Chung et al. (2023); Song et al.
(2023a), our gradient estimator involves a vector-Jacobian product of the denoising network.

We now provide a summary of the MGPS algorithm, whose pseudocode is given in Algorithm 1.

Given (£4)}'Z1, MGPS proceeds by simulating a Markov chain (X;)9_,, starting from X,, ~
N(04,1;). Recursively, given the state Xy, 1, the state X, is obtained by

1. minimizing Ly (-; Xj11) by performing M stochastic gradient steps using the gradient
estimator V¢£~k(~; X+1), yielding a parameter ¢ (Xg+1),

@5,

¢ 0| k410

Qej ey k1 (1 Xy s Xit1)-

2. sampling ng ~ A where we drop the dependence on Xy, 1 in 7, and then X, ~

Remark 3.3. While conditionally on ¢}, we have that ng ~ /\Z»ki ki1 the actual law of ng given
X1 is not a Gaussian distribution as we need to marginalize over that of ¢}, due to the randomness
in the stochastic gradients.

A well-chosen initialization for the Gaussian variational approximation parameters is crucial for
achieving accurate fitting with few optimization steps, ensuring the overall runtime of MGPS remains
competitive with existing methods. Given Xy, ., sampled from )‘Z’:llk o at the previous step, we

choose the initial parameter ¢;, so that
Pr ] 2
Apdii (@r) = degjo 1 (@rlmgp, (Ko, ) Xig) - (3.9)
This initialization is motivated by noting that gy, o, x+1 (- |m70r| i1 (Xk+1), Xg+1), the DDPM approx-
imation of 7, k1 (-|Xg+1), where mg‘ k41 18 a supposed denoiser for the posterior, is a reasonable
candidate for the initialization. As it is intractable, we replace it with mg‘ oin (X¢,.,), our best
current guess. Finally, in Appendix C.2 we devise a warm-start approach that improves the initializa-

tion during the early steps of the algorithm. This has proved advantageous in the most challenging
problems.

Related works. We now discuss existing works that have similarities with our algorithm, MGPS.
In essence, our method tries to reduce the approximation error incurred by DPS-like approximations.
This has also been the focus of many works in the literature, which we review below.

When p(y|-) is a likelihood associated to a linear inverse problem with Gaussian noise, Finzi et al.
(2023); Stevens et al. (2023); Boys et al. (2023) leverage the fact that the Gaussian projection
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Observation ~ Groundtruth — Sample 1 Sample 2 Sample 3 Sample 4 Observation ~ Groundtruth  Sample 1 Sample 2 Sample 3 Sample
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Figure 3: MGPS sample images for half mask (left), expand task, Gaussian blur and motion blur
(right) on the ImageNet dataset.

of qo|(-|zx) minimizing the forward KL divergence can be approximated using the pre-trained
denoisers; see Meng et al. (2021, Theorem 1). In the considered Gaussian setting, the likelihood
p(y|-) can be exactly integrated against the estimated Gaussian projection. However, this involves
a matrix inversion that may be prohibitively expensive. Boys et al. (2023) circumvent the latter
by using a diagonal approximation which involves the computation of d vector-Jacobian products.
For general likelihoods p(y|-), Song et al. (2023b) use the Gaussian approximations of Ho et al.
(2022); Song et al. (2023a) to estimate py (y|-) for non-linear likelihoods p(y|-) using a vanilla Monte
Carlo estimate. Zhang et al. (2023) also consider the surrogate transitions (3.5) with ¢, = k, and,
glven an approxnnate sample X1 from w,‘; 4 1» estimate the next sample X maximizing xy —
wklk H(:ck |Xk+1) using gradient ascent. They also consider improved estimates of the likelihood
pr(y|-) running a few diffusion steps. However, it is shown (Zhang et al., 2023, last subtable in Table
2) that this brings minor improvements at the expense of a sharp increase in computational cost,
which is mainly due to backpropagation over the denoisers. See also Appendix C.3 for a discussion
on how our method relates to the DPS (Chung et al., 2023) in the case where ¢}, = k.

Finally, a second line of work considers the distribution path (#)%_,, where #j(z)) o<
p(ylmok(xr))q;, (xr) for k € [0,n — 1] and 7, = N (0g,14). This path bridges the Gaussian
distribution and the posterior of interest. Furthermore, if one is able to accurately sample from 741,
then these samples can be used to initialize a sampler targeting the next distribution 7. As these
distributions are expected to be close, the sampling from 7 can also be expected to be accurate.
Repeating this process yields approximate samples from 7 regardless of the approximation error in
the likelihoods. This approach is pursued by Rozet & Louppe (2023), who combines the update (2.5)
with a Langevin dynamics targeting ;. Wu et al. (2023) use instead sequential Monte Carlo (Gordon
et al., 1993) to recursively build empirical approximations of each 7 by evolving a sample of N
particles.

4 EXPERIMENTS

We now evaluate our algorithm on three different problems and compare it with several competitors.
We begin in benchmarking our method on toy Gaussian-mixture targets and image experiments with
both pixel space and latent diffusion models. We review the latter in Appendix A.2. Finally, we
perform inpainting experiments on ECG data. For experiments based on pixel-space diffusion models,
MGPS is benchmarked against state-of-the art methods in the literature: DPS (Chung et al., 2023),
PGDM (Song et al., 2023a), DDNM (Wang et al., 2023), DIFFPIR (Zhu et al., 2023), and REDDIFF
(Mardani et al., 2024). Regarding experiments using latent diffusion models, we compare against
PSLD (Rout et al., 2024) and RESAMPLE (Song et al., 2024). Full details on the hyperparameters
can be found in Appendix D.1.

Gaussian mixture. We first evaluate the accuracy of our method and the impact of the hyperparam-
eters on a toy linear inverse problem with Gaussian mixture (GM) as ¢ and a Gaussian likelihood
p(yle) = N(y; Ax,071,), where A € R%*? and o,, = 0.05. We repeat the experiment of
Cardoso et al. (2023, App B.3), where the prior is a GM with 25 well-separated strata. For this
specific example, both the posterior and the denoiser 11|, are available in a closed form. In particular,
the posterior can be shown to be a GM. The full details are provided in Appendix D.3. We consider
the settings (20, 1) and (200, 1) for the dimensions (d, dy,). For each method, we reconstruct 1000
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— d=20 — d =200 Table 1: 95 % confidence interval for the SW on the GM
754 1 experiment.
€501 1\ d=20,dy =1 d=200,dy =1
&

; . MGPS 2.11 +£0.30 3.66 +0.53
& 257 1 ™ DPS 8.93 4 0.49 9.15 4 0.44
T T T T T T T PGDM 2.44 + 0.36 5.23 +0.38
0.2 0.6 Lot 10 200 30 DDNM 4.24 4 0.37 7.10+0.50
n #Gradient steps DIFFPIR 4.144+0.42 8.43 £0.92
REDDIFF 6.70 = 0.45 8.35£0.39

Figure 4: Left: SW as a function of n with £, = |nk].
Right: SW as a function of the number of gradient steps,
for a specific choice of ({1 ).

samples and then compute the sliced Wasserstein (SW) distance to exact samples from the posterior
distribution. We repeat this procedure 100 times with randomly drawn matrices A, and consider the
resulting averaged SW distance. In every replication, the observation is generated as Y = AX +o,7Z
where Z ~ N (04,,14,) and X ~ q. The results are reported in Table 1. It can be observed that
MGPS with n = 0.75 outperforms all baselines in both settings. Although we have tuned the
parameters of DPS it still exhibits considerable instability and often diverges. To account for these
instabilities we set the SW to 10 when it diverges.

Ablations.  Next, we perform an ablation study on the total number of gradient steps and the choice
of the sequence (¢ );._; . The right-hand plot in Figure 4 shows the average SW distance as a function
of the number of gradient steps per denoising step when using £, = |3k/4]. For d = 20, we observe
a monotonic decrease of the SW distance. For d = 200, the SW distance decreases and then stabilizes
after 10 gradient steps, indicating that in this case, MGPS performs well without requiring many
additional gradient steps. We also report the average SW as a function of 7 € [0, 1] in the left-hand
plot of Figure 4, following the same sequence choices as in Example 3.2, i.e., ¢] = [nk]. In both
settings, the best SW is achieved at n = 0.75. In dimension d = 200, the SW at n = 0.75 is nearly
twice as good as at n = 1, which corresponds to a DPS-like approximation. This demonstrates that
the introduced trade-off leads to non-negligeable performance gains.

Images. We evaluate our algorithm on a wide range of linear and nonlinear inverse problems with
noise level oy, = 0.05. As linear problems we consider: image inpainting with a box mask of shape
150 x 150 covering the center of the image and half mask covering its right-hand side; image Super
Resolution (SR) with factors x4 and x16; image deblurring with Gaussian blur; motion blur with
61 x 61 kernel size. We use the same experimental setup as Chung et al. (2023, Section 4) for the
last two tasks. Regarding the nonlinear inverse problems on which we benchmark our algorithm, we
consider: JPEG dequantization with quality factor 2%; phase retrieval with oversampling factor 2;
non-uniform deblurring emulated via the forward model of Tran et al. (2021); high dynamic range
(HDR) following Mardani et al. (2024, Section 5.2). Since the JPEG operator is not differentiable,
we instead use the differentiable JPEG framework from Shin & Song (2017). We note that only DPS
and REDDIFF apply to nonlinear problems.

Datasets and models. We test our algorithm on the 256 x 256 versions of the FFHQ (Karras et al.,
2019) and ImageNet (Deng et al., 2009) datasets. We chose randomly 50 images from each to be
used in the evaluation of the algorithms. We leverage pre-trained DDMs that are publicly available.
For FFHQ, we use the pixel-space DDM of Choi et al. (2021) and the LDM of Rombach et al. (2022)
with VQ4 autoencoder. We use the model by Dhariwal & Nichol (2021) for ImageNet.

Evaluation. We use LPIPS (Zhang et al., 2018) as the metric to evaluate the quality of the recon-
structions. Given that the posterior distribution is expected to be highly multimodal for most of the
tasks, pixel-wise comparisons with the ground truth, such as PSNR and SSIM, provide limited insight
into reconstruction quality. We nonetheless provide them in the extended tables Table 7, 8 and 9 in
the appendix. For all the considered algorithms, we use the hyperparameters proposed in their official
implementations if available, otherwise we manually tune them to achieve the best reconstructions.
We defer implementation details to Appendix D.1. For each inverse problem, we compute the LPIPS
between the ground-truth image and a reconstruction and then average over the dataset. For phase
retrieval, however, due to the task’s inherent instability, we follow the approach of Chung et al. (2023)
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Table 2: Mean LPIPS for various linear and nonlinear imaging tasks on the FFHQ and ImageNet
256 x 256 datasets with oy = 0.05.

FFHQ ImageNet
Task MGPS DPS PGDM DDNM DIFFPIR REDDIFF \ MGPS DPS PGDM DDNM DIFFPIR REDDIFF
SR (x4) 0.09 0.09 0.33 0.14 0.13 0.36 0.30 0.41 0.78 0.34 0.36 0.56
SR (x16) 0.26 0.24 0.44 0.30 0.28 0.51 0.53 0.50 0.60 0.70 0.63 0.83
Box inpainting 0.10 0.19 0.17 0.12 0.18 0.19 0.22 0.34 0.29 0.28 0.28 0.36
Half mask 0.20 0.24 0.26 0.22 0.23 0.28 0.29 0.44 0.38 0.38 0.35 0.44
Gaussian Deblur 0.15 0.16 0.87 0.19 0.12 023 0.32 0.35 1.00 045 0.29 0.54
Motion Deblur 0.13 0.16 — — — 0.21 0.22 0.39 — — — 0.40
JPEG (QF =2) 0.16 0.39 1.10 — — 0.32 0.42 0.63 1.31 — — 0.51
Phase retrieval 0.11 0.46 — — — 0.25 0.47 0.62 — — — 0.60
Nonlinear deblur 0.23 0.52 — — — 0.66 0.44 0.88 — — — 0.67
High dynamic range 0.07 0.49 — — — 0.20 0.10 0.85 — — — 0.21

by selecting the best reconstruction out of four; further discussion on this can be found in Chung et al.
(2023, Appendix C.6).

Results.  We report the results in Table 2 for FFHQ and ImageNet with DDM prior, and Table 3
for FFHQ with LDM prior. These reveal that MGPS consistently outperforms the competing
algorithms across both linear and nonlinear problems. Notably, on nonlinear tasks, MGPS achieves
up to a twofold reduction in LPIPS compared to the other methods with DDM prior. It effectively
manages the additional nonlinearities introduced by using LDMs and surpasses the state-of-the-art,
as demonstrated in Table 3. Reconstructions obtained with MGPS are displayed in Figure 3 and
Figure 5. Further examples and comparisons with other competitors are provided in Appendix D.6. It
is seen that MGPS provides high quality reconstructions even for the most challenging examples. For
the DDM prior, the results are obtained using the warm-start approach, see Algorithm 3, and setting
¢, = |k/2] on all the tasks based on the FFHQ dataset. As for the ImageNet dataset, we use the
same configuration on all the tasks, except for Gaussian deblur and motion deblur. For these tasks we
found that using £, = [k/2]1j>|n 2] + klj<|n/2) improves performance. We use a similar strategy
for the LDM prior. In Appendix D.2.1, we measure the runtime and GPU memory requirements
for each algorithm. The memory requirement of our algorithm is the same as that of DPS and
PGDM, but the runtime of MGPS with n = 300 is slightly larger. With fewer diffusion steps, the
runtime is halved compared to DPS and PGDM and comparable to that of DIFFPIR, DDNM and
REDDIFF. Still, MGPS remains competitive and consistently outperforms the baselines, particularly
on nonlinear tasks. See Table 7 and 8 for detailed results using n € {50, 100} diffusion steps.

Observation Groundtruth Sample 1 Sample 2 Sample 3 Sample 4

Table 3: Mean LPIPS with LDM on FFHQ.

JPEG2%

Task MGPS RESAMPLE PSLD
= SR (x4) 0.11 0.20 0.22
2 SR (x16) 0.30 0.36 0.35
8 Box inpainting 0.16 0.22 0.26
8 Half mask 0.25 0.30 0.31
E Gaussian Deblur 0.16 0.15 0.35

Motion Deblur 0.18 0.19 0.41
P JPEG (QF =2) 0.20 0.26 -
g Phase retrieval 0.34 0.41 -
= Nonlinear deblur 0.26 0.30 -
o High dynamic range ~ 0.15 0.15 —

Figure 5: MGPS samples with LDM on FFHQ dataset.

ECG. An electrocardiogram (ECG) is an electrical recording of the heart’s activity in which the
signals generated by the heartbeats are recorded in order to diagnose various cardiac conditions
such as cardiac arrhythmias and conduction abnormalities. Unlike static images, ECGs constitute
complex time-series data consisting of 12 electrical signals acquired using 10 electrodes, 4 of which
are attached to the limbs and record the ’limb leads’, while the others record the ’precordial leads’
around the heart. We study two conditional generation problems in ECGs. The first is a forecasting
or missing-block (MB) reconstruction problem, where one half of the ECG is reconstructed from the
other (see fig. 8). This task evaluates the algorithm’s ability to capture temporal information to predict
a coherent signal. The second problem is an inpainting or missing-leads (ML) reconstruction, where
the entire ECG is reconstructed from the lead I (see fig. 6). The question is whether we can capture
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the subtle information contained in lead I and reconstruct a coherent ECG with the same diagnosis as
the real ECG. This task is challenging because lead I, being acquired with limb electrodes far from the
heart, may contain very subtle features related to specific cardiac conditions. We train a state-space
diffusion model (Goel et al., 2022) to generate ECGs using the 20k training ECGs from the PTB-XL
dataset (Wagner et al., 2020), and benchmark the posterior sampling algorithm on the 2k test ECGs
(see appendix D.5). We report the Mean Absolute Error (MAE) and the Root Mean Squared Error
(RMSE) between ground-truth and reconstructions in Table 4. We demonstrate that a diffusion
model trained to generate ECGs can serve as a prior to solve imputation tasks without additional
training or fine-tuning, yielding superior results to a diffusion model trained conditionally on the
MB task (Alcaraz & Strodthoff, 2022). The rationale for this result is discussed in Appendix D.5.2.
We report in Table 5 the balanced accuracy of diagnosing Left Bundle Branch Block (LBBB),
Right Bundle Branch Block (RBBB), Atrial Fibrillation (AF), and Sinus Bradycardia (SB) using
the downstream classifier proposed in (Strodthoff et al., 2020) (see appendix D.5.1), applied to both
ground-truth and to reconstructed samples from lead I. See appendix D.5.2 for sample figures. MGPS
outperforms all other posterior sampling algorithms with just 50 diffusion steps.

Table 4: MAE and RMSE for missing block task on the PTB-XL dataset.

Metric MGPS DPS PGDM DDNM DIFFPIR REDDIFF TRAINEDDIFF
MAE  0.111 £2¢-3 0.117+4e-3 0.118 +2e-3 0.103 £2e-3 0.115+2e-3 0.171 £3e-3 0.116 + 2e-3
RMSE 0.225 +4e-3 0.232+4e-3 0.233 +£4e-3 0.224+4e-3 0.233 +4e-3 0.287+5e-3 0.266 £ 3e-3
I avR vo | V3 ’\/\ [ | Table 5: Balanced acc. downstream diag-
- . — sl Y SR oS | . .
- ™ ™ L( Ir Y r nosis from ECG reconstructed from lead I.
Il ‘ aVF V1 Jl * V4 | \ i
N PO I NPRPENRES ~Ar ] (/\, e S Method RBBB LBBB AF SB
‘ |
MGPS5 081 092 094 0.66
“,l, A "y . a.\.”:AJ oy V2 ) A JA VSQ vm"\ A MGPS300 0.90 093 0.92 0.66
| | DPS 0.54 0.84 0.79 0.50
I ! ! PGDM 0.65 0.87 0.88 0.55
P o N W W dre LA dr DDNM 0.71 0.83 0.86 0.59
DIFFPIR 0.57 0.80 0.77 0.53
REDDIFF 0.73 0.86 0.88 0.60
Ground-truth ~ 0.99 0.98 0.94 0.70

Figure 6: 10s ECG reconstruction from lead I. Ground-truth in blue,
10%-90% quantile range in green, random sample in orange.

5 CONCLUSION

We have introduced MGPS, a novel posterior sampling algorithm designed to solve general inverse
problems using both diffusion models and latent diffusion models as a prior. Our approach is based on
trading off the approximation error in the prior backward dynamics for a more accurate approximation
of the guidance term. This strategy has proven to be effective in a variety of numerical experiments
across various tasks. The results show that MGPS consistently performs competitively and often
even superior to state-of-the-art methods.

Limitations and future directions. Although the proposed method is promising, it has certain
limitations that invite further exploration. First, a detailed analysis of how the algorithm’s performance
depends on the choice of the intermediate time steps (Ek)z;} remains a challenging but critical subject
for future research. Although our image and ECG experiments suggest that setting ¢, = | k/2] leads
to significant performance gains on most tasks, we have observed that using an adaptive sequence
¢, = |nik], where 7, increases as k decreases, further enhances results on certain tasks, such as
Gaussian and motion deblurring, as well as when using latent diffusion models. A second direction
for improvement lies in refining the approximation of py(y|-) which we believe could lead to overall
algorithmic improvements. Specifically, devising an approximation p¢ (y|-) such that V log pf (y|-)
does not require a vector-Jacobian product could significantly reduce the algorithm’s runtime. Lastly,
we see potential in using the two-stage approximation introduced in our warm-start strategy (see
Algorithm 3) at every diffusion step. Although this technique is promising, it currently leads to
instability as k decreases. Understanding and resolving this instability will be a key focus of our
future work.

10
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A BACKGROUND ON DENOISING DIFFUSION MODELS

A.1 DENOISING DIFFUSION PROBABILISTIC MODELS

In this section, we provide further background on DDMs based on the DDPM framework (Ho et al.,
2020; Dhariwal & Nichol, 2021; Song et al., 2021a). We rely on definitions provided in the main text.

DDPMs define generative models for ¢ relying only on parametric approximations (mg| t)thl of the

denoisers (mo‘t)thl. These approximate denoisers are usually defined through the parameterization

mi () = (2 — VI — arel (1)) /v/on (A1)

and trained by minimizing the denoising loss
T
Zth [lle: — € (VarXo + V1 —azer)|?] (A2)
t=1

w.r.t. the neural network parameter 0, where (€;)7_; are i.i.d. standard normal vectors, X ~ ¢, and
(w¢)L_, are some nonnegative weights. Having trained the denoisers, the generative model for q is
defined as follows. Let (tx)}l_, be an increasing sequence of time steps in [0, 7] with o = 0. We
assume that ¢,, is large enough so that g, (,) = [ q(€0)qs,|0(%+, |2o) dxo is approximately the
density of a multivariate standard normal distribution. For convenience we assign the index & to any
quantity depending on #x; e.g., we denote g,, by g;. Consider the backward decomposition

n—1 n—1

G0:n (®0:n) = q(x0) H Aot 1)k (Trt1|Tr) = ¢, (Tn) H Qolho+1 (T | Ts1)
k=0 k=0

of the forward process initialized at g, where gy ;41 (Tk|Tr+1) X G, (k) @tk (Trp1]Tr). Next,
for (4,4, k) € [0,n]? such that j < ¢ < k, define

Voag/a;(1— ak/w)w- N Vag/o(l —o/ay)

; ) = , A3
my); (T, Tk) 1— ar/a; j 1—az/a, Tk (A.3)
1—oay/a;) (1 —ap/ay
g = (L 02)0 /) "
—ax/a;
Then the bridge kernel is
qojj (@l @, 1) = g5 (@l @) anje(Th|e) /gy (w]25)
:N(xg;mg‘jyk(wj,mk),1}@|j7k1d) . (AS)
Using the bridge kernel, gj.,, is approximated using the variational approximation
n—1
pg:n(iﬂo:n) = piL(wn) H p2|k+1(wk|wk+1) )
k=0

where pgu(wo|w1) = N(zo; mgu(asl), voj11a), vo)1 being a tunable parameter, and

pZ|k+1($k|$k+l) = Qk\o,k+1($k|m8|k+1(wk+1),wk+1) kell,n—1]. (A.6)

When n = T, the denoising objective (A.2) corresponds to the KL divergence KL(qy.,, || §.,,) for a
specific choice of weights (w;);. In practice, a DDPM is trained using the objective (A.2) with large
T but at inference n is usually much smaller.

A.2 LATENT DIFFUSION MODELS

Latent diffusion models (LDM) (Rombach et al., 2022) define a DDM in a latent space. Let
& : R? — RP be an encoder function and D : R? — R a decoder function. We assume that these
functions satisfy D3&yq ~ q, where, for instance, £4q denotes the law of the random variable £ (X)

where X ~ ¢. A LDM approximating q is given by D;pf), where pf) is a diffusion model trained on
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samples from &yq. Finally, when solving inverse problems with LDMs, we assume that the target
distribution is instead

m(x) < p(ylz)Di&sq(x) -
Let X ~ m, D ~ Dy&sq, E ~ Eyq, and Z ~ 7, where T(z) o« p(y|Dy(z))Eyq(2z). For any bounded
function f on R?, we have, following the definition of 7, that

Elp(y|D)f(D)] _ Elp(y|D(E))f(D(E))]
Elp(y|D)] E[p(y|D(E))]
Hence Law(X) = Law(D(Z)). As a result, to sample approximately from 7, we first sample

approximately from 7 using any diffusion posterior sampling algorithm with pre-trained DDM for
&4q, then decode the obtained samples using D.

E[f(X)] = = E[f(D(2))].-

A.3 MIDPOINT DECOMPOSITION

Before we proceed with the midpoint decomposition, we first recall that under the joint distribution
obtained by initializing the posterior 7 with the forward process (see (3.1)), it holds that for all 7 < 7,

(i) gy (xjlx:) = 75 (xi)m; ;(wilxy) (A7)

where 7, (xi|@;) := mi(@i)q;;(x;|x;) /7;(2;) and integrates to one.

Proof of Lemma 3.1. Let (£, k) € [0,n] be such that £ < k. Applying repeatedly the definition of
the bridge kernel (A.5) and the identity (A.7),
Qk|£(wk‘w£)Qk+1\k($k+l |z )
Qk+1|€(mk+1 |z¢)
To(@0) Qe (kT ) Q1 1 (Tht1 |[28)
Wz(we)%ﬂw(mkﬂ |¢)

B o (@l @) Ty ) (k| @Rr1) T

Qrjeo+1(Tk| T, Ty 1) =

) +1($k+1)
g (Tl Thg 1) g g (Thgr)
)

T (@[ Z8) T gy (R E41

Tré\k-&-l ($€|$k+1)

It then follows that
T|k+1 (zk|Thi1) /W\k To|wy,) 7Tk|k+1(wk|wk+1)d$€

Q) k1 (Th [T, Thop 1) T oy (o] Thy1) dae -

B THE GAUSSIAN CASE

B.1 DERIVATION

In this sectlon we derive the recursions verified by the first and second moments of the marginal
distribution 7§ of the surrogate model (3.6) in the simplified setting of Example 3.2. We recall
that in this specific example we assume that ¢ = N(m,X) where (m, %) € R? x S and

p(yl) @ — N(y; Az, 0714,).

Denoiser and DDPM transitions. Since we are dealing with a Gaussian prior, the denoiser gy,
can be computed in closed form for any k € [1, n]. Using Bishop (2006, Eqn. 2.116), we have that
ok (oK) o< q(z0)qro(Tk|To)

= N (zo; Zopk (Var/ve) Tk + 271m), Sope),
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where X5, := ((a/vp)I+ X71) 1. Hence,

mo (@) = Bop ((Vor/vi)oe + 7 'm),

and we assume in the remainder of this section that mgl & = Mo From the expression of qo‘k(-|:ck)
we can immediately derive the more general backward transitions gy, (-|y) for £ € [1,k — 1] by
noting that

Qo (Te|)) = /QZ|0,k(fBe|wo,wk)CIom(fBo\ka)deo-

From this, (A.3), (A.4), and the law of total expectation and covariance, it follows that Qe)k (lek) =
N(m£|k(wk)7 Ee|k(wk)), where

ae(l — ag/ap)?
my (k) = My (Mo (), Tx) , e = ((1_0%/)2)20k + vgjo,k1a -

On the other hand, the DDPM transitions are
pg\k('kﬂk) = qejo.x (lmopk(@k), TK) = N(mygjo k(Mo (xk), k), vejo,11a), (B.1)
which shows that in this case, the true transitions and approximate ones differ only by their covariance.

Moments recursion. For k& € [0, n] we let frf denote the x; marginal of the surrogate model (3.6).
We remind the reader that 7/, = N(04,1,). The marginals satisfy the recursion

wh@n) = [ e @don) i @) dos, ke [0.n-1],

Since ) (yler) = N(y; Am, (xx),0p1a,) and mg, is linear in @y, it is easily seen that
frﬁk‘ j+1(|Tr41) is the density of a Gaussian distribution. Consequently, by definition (3.5) and
the definition (A.5) of the bridge kernel, this is also the case for ﬁi‘kﬂ (-|Zk+1). Now assume that

Fhr (@i1) = N (@i g1, Zhg) (B.2)
ﬁ£|k+1(wk|wk+1) = N (2 M£|k+1wk+1 + ci\k+17 2i|k+1) . (B.3)
where M}, ., € R™Y, 2£|k+1 €S, and ¢, ., € R Using the definition (A.5) of the bridge
kernel we find that 7#7{ = N(ju;,, 31 ), where
frj, = Mi|k+1ﬂi+1 + Chppg s
25 = Mi|k+12£+1MZ|k-+l + ZA:i|k-|-1 :
Iterating these updates until reaching k = 0, starting from the initialization /lfl = 04 and ﬁ)fl =1g4,

yields the desired moments of the surrogate posterior 7. It now remains to show that the backward
transition frﬁlkﬂ (:|xx+1) writes in the form (B.3) and identify M£|k+1 and ci‘kﬂ.

First, we write the approximate likelihood in the form

ﬁZ(y|mk) = N(y7Akwk + bkao-ZIdy)a

where )
Ay = (Vor /o) ASg, by =AZ 2 'm.

We also denote by mz . (@) the mean of the Gaussian distribution with density given by the DDPM
transition pf (-|zy) in (B.1). We have that

0 _
m€k|k+1(wk+l) =Hy kr1Zr+1 + Ry et

where
ag, (1 — ags1/au, Varii(l = ay,)
Hgk‘k-_;'_l — Zk( k?+1/ Zk,)zo‘k + #Idy (B4)
Ve, Vk+1 V41
Vou, (1 —aggr/og,) -
R ki1 = b e R im. (B.5)
+
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Then, applying (Bishop, 2006, Eqn. 2.116), we get

-0 Ve ~0
ﬂ-lk|k+1(mék |mk+1) = N(mek 3 Mék\k-t,-lxk-‘rl + c€k|k+17 I‘ZkU%H) 3
where
e (1 —2AT A 1
| VATSSIES (U£k|0,k+11+ay AekAfk) )
'V -1
My, k1 = V0 k1 Dol He kg
~0 o —2AT -1
Coplk+1 = Fék\kﬂ [Uy Azk (y — bek) + ng|o,k+1hek\k+1] .
Finally, following (3.5) we find that
ML =V ag/og, (1 — agyr/ag)
klk+1 =

1-— ak+1/04gk

¢ vak/aek(l—akﬂ/ak)ée

c; = )
k|k-+1 1— app1/a, 0| k+1

\/M(l—ak/aek)l

1-— ak+1/aék

i

~T
My, o1 +

B.2 EXPERIMENTAL SETUP

In the experiment described in Example 3.2, we set d = 100 and generate 500 instances of inverse
problems (A, m, X). For eacI} instance, we compute the Wasserstein-2 distance between the resulting
posterior distribution 7 and 7, .

Prior. The mean of the prior is sampled from a standard Gaussian distribution. To generate the
covariance ¥ € 87, we first draw a matrix G € R?*? with i.i.d. entries sampled from N(0, 1).

Then, for a better conditioning of 3, we normalize the columns of G and set ¥ = I+ GGT,
where A\? is the mean of the squared singular values of G.

Likelihood. To sample an ill-posed problem we generate a rank-deficient matrix A € R%*? with
dy < d. We sample uniformly d,, from the interval [d/10, d] and draw the entries of A i.i.d. from
N(0, 1). Regarding o,,, we sample it uniformly from the interval [0.1,0.5].

Finally, the resulting posterior is also Gaussian (Bishop, 2006, Eqn. 2.116)
m(@) o p(yle)p(a) o< N(@5my, 5y)

where ¥, = (X! + (1/0121)A—'—A)*1 ar}d my = Ey((l/afl)ATy + X~!'m). The Wasserstein-2
distance between the true posterior and 7, " is thus (Olkin & Pukelsheim, 1982)

N N & e i1
Wa(m, 76)% = |lmy — | + tr (Sy + 26 — 2(252555)?) .
C MORE DETAILS ON MGPS

C.1 DETAILS ON THE LOSS

First, by the Data Processing inequality (Van Erven & Harremos, 2014, Example 2),
KL(Af|k:+1('|wk‘+1) H ﬁﬁ‘k+1('|wk7+1))

Ak|ey,,k+1 (l’kc\wzk,Sffk:+1))\2‘k>+l(g;[k)
< [ log

q/ﬂlék,k“I»l (mk: |m[k ) mk—}—l)frg]\ ‘k+1 (mék |mk7+1

)Qk:\/k,k:+l(mk‘wék T 1) AL, (o) dErde,

_ / lo A (T0)
ﬁ?k|k+1(a}5k‘wk+l
-0
= KL()‘ZM;H | e kgr CR41))

The gradient of ¢ — KL()\‘[;f";“‘u+1 | ﬁ-gklk“’l (|xk1)) for a given a1 writes

Vo Lli(p; Xit1)
= —E[V, logp), (ylfr, + diag(e”+)Z)] + VKL o |l Pl 1 (1Xkg1))  (C.D)

) Qi k1 (Tk| Ty, wkﬂ))\z,wﬂ (x¢, ) dzpday,
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and the second term can be expressed in a closed form since both distributions are Gaussians, i.e.,

VoKLY oy | 90, i Cl2r41))

22
d e Ply.i

J=1 e, j0,k+1

£e, = Mo, g1 (MG (@rrn), @) 1P+ 30

d
=V |~ Z Po it
=1 204,,10,k-+1

C.2 WARM START

In this section we describe the warm-start approach discussed in the main paper. The complete
algorithm with the warm-start procedure is given in Algorithm 3. The original version presented in
Algorithm 1 relies on first sampling approximately X, , given X1, from the surrogate transition
#? (+|Xk+1) and then sampling X, from (-|X¢, s Xk+1)- In our warm-start approach

£kt 1 E+1 L pling A Irom g e, k+1*| 80,5 Ak41)- pp n,
which we apply only during the first iterations of the algorithm (see the hyperparameter settings in
Table 6), we draw inspiration from the decomposition

Tt 1 (T Trt1) :/q’€|1,k+1($k|m17mk-"l)ﬂ-l\ék(w1|mek)ﬂ-€k|k+1(w£k|wk+1)dmldmzk' (C2)

It suggests introducing a second intermediary step that involves sampling approximately from the
transition Xy ~ m,,, (+|X, ). X is then sampled from the bridge qy1 41 (- X1, Xpt1).

In order to draw approximate samples from Ty, (-|X¢, ) we leverage again a Gaussian variational
approximation )\lfl 0 = N(f1,, diag(e?P1)), which we fit by minimizing a proxy of the KL divergence

between )‘111}\2;9 and m ,, (+|Xy,) of which the gradient w.r.t. ¢ := (g, py ) writes

Xz, — (o, fn) /2| + (cug, Jo) 30—y P
2(1 — ey, /o)

d
vwﬁ\{\l‘sek (?wb;xfk)hbo = _VIZJ Zﬁl,j -
j=1
[0
B[y + ding(e™)2)T, (V. logp(ul) + 50) (1 + ding(P)Z )] - (€3)

This expression corresponds to the gradient w.r.t. ¢ of KL()\lfl o I 7110, (X4, )) combined with

the score approximation s{ of V log ¢, and the mild likelihood approximation V, log p1 (y|-) of
V. logp(y|). Indeed, we have that

KL, [l 710, (Xe)) = ~Eye [logpa(y[Xa) +log ¢, (X1)]

[€5
AV, (1)
1|£)C P
+ [ log———— A\ x1)dx .
/ g‘]zku(XMml) 1l (1) da

The second term can be computed in a closed form and its gradient corresponds to the first term in
(C.3). As for the first term, under standard differentiability assumptions and applying the raparame-
terization trick, we find that

V’”E/\‘ﬂek [log p1(y|X1) + log ¢, (X1)] o
= VyE [(logpi(yl) +logq,) (f, + diag(e”)Z)]
— E |V, + diag(eP)Z)],, (V.o logpa(yl) + V. logay) (i, + diag(e”)Z )| -

Plugging the previous approximations yields the second term in (C.3). The warm-start procedure
is summarized in Algorithm 2. We also use a single sample Monte Carlo estimate to perform

the optimization. Finally, at step k£ and given X,,, the initial parameter v, of the variational
approximation is chosen so that

AL, (@1) = qujo.e, (@1 mf,, (Xe, ), Xe,) -

19



Under review as a conference paper at ICLR 2025

Algorithm 2 WarmStart

Input: step k, samples (ng,Xk_H) gradient steps M

ity < myjop (mf, (Xe):Xe,), Py < 3loguios,
for j =1to M do
Z ~ N(04,1,)

(B, p1) < Opt|m|zerStep(V¢£1|£ (,Z5X4,); 24, P1)
end for
X, « fu, + diag(eP1)Z; where Z; ~ N(04,1,)

Xk mk|1,k+1<X17 Xpt1) + vk‘/]_,]g+1zk
Output: X, Xl

R A AN A ol e

Algorithm 3 MGPS with warm start strategy

: Input: (¢)7_, with ¢, = n, {, = 1, gradient steps (Mk)Z;ll, warm start threshold w.
2 X,y ~ N (04,1y), X,y = X,
3: XO — m0|n(Xn)
4: fork=n—1toldo_
50 i, < Myok+1(Xo, Xkg1), Py, < 310800, 10,541
6 for j = 1to My do
7 Z ~ N(Od, Id)
23 (Bog, 5 Py,) < OptimizerStep(V Lo, (-, Z; Xiy1); fbe, , Po,,)

end for
i.i.d.

10: Zngk ~ N(Od,Id)
1: - Xy, fiy, + diag(eP)Z,
12:  if k > w then

13: (Xk,Xl) + WarmStart(k, ng,Xk_H,Mk)
14: XO < X1

15:  else .

16: X — mkwk k+1(XZk7Xk+1) + Uli|/€2k,k+lzk
17: Xo — mole (ng)

18:  endif

19: end for

20: Output: X,

After having sampled X; ~ AR e use it to first sample Xy ~ g1, k“(-\f(l, X+1) and then

1|4y°
initialize the next variational approximation )\ Lk The initial parameter ;,_; is set so that
Pr
/\ek ll‘k(x‘ek—l) = q‘gk—l‘OJC(wek:—l |X1’ Xk) ’

see line 5 in Algorithm 3.

C.3 DIFFERENCE WITH DPS

In this section we detail the differences between MGPS and the DPS algorithm proposed in (Chung
et al., 2023). While DPS cannot be seen as an instantition of our methodology, we highlight the main
differences by deriving a specific case of MGPS that closely resembles DPS.

We assume that £, = k for all k& € [1,n — 1] and that p(y|xz) = N(y;A(z),0;14,) where
A : R% — R, We consider the same optimization procedure as in Algorithm 1 but we: (i) optimize
only the mean parameter f1;, and fix the covariance of the variational approximation to vy, ,11q, (i)
perform a single stochastic optimization step.

Following that, the initialization strategy (3.9) boils down to setting

Msr @xl @) = PR (@|2n) (C4)
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which means that the inital mean parameter is fi) := mk‘o,k,ﬂ(mg‘kﬂ(mkﬂ),wk+1). With
this initialization ¢, +— KL(/\ZZH(“@WH) I pz|k+1("wk+1)) has its global optimum attained
at ¢, = f1p. Thus, the gradient (C.1) writes Vo, Li(Pri Tht1) g0 = —E[V, logp%(yl i, +

k1)) ﬂﬁ]' Next, updating the parameters of the variational approximation using a single
stochastic gradient descent step with the gradient estimate —V,, log ﬁi(y\/}k + /Uklk+1Lk)
where Zj, ~ N(04,1,;) and step-size

|2,

2
Coy

ly — A(mfy, (A + /1 Ze)

yields the variational approximation

Ve =

Mo @r|zin) = N(@w; oy, — Ve, ly — A(mg) (i + /Orirr12x)) a9 Okirsala) -

In order to simply the expression we have used the fact that
Vo, logﬁi(ylﬂk + Ok r1Lk) |0 1 .
: 9 /0 ==V, ly - A(mg\k(ﬂk + \/”k\kﬂzkc))ﬂmg :
ly — A(mf, (i + Orpr1 i)l g '

Therefore, given Xy, 1, a draw from the variational approximation in MGPS is obtained following
the update

< < < ii.d.
Xpe = Xk = (Va |y = Amgp @) g, —x; - (X X5) " 1] jgr (1K) -

On the other hand, the DPS transition is given by
)\,?‘iil(ajk\mk,+1) = N(z; /12 —(Va, |y — A(mg\k:+1(mk+1))”> Uk\k+11d) .
and, hence a sample X,?PS is drawn following

DPS Ve [ Ve (%
Xk =X — Cvmk+1 Hy - A(m()\k+1(wk+1))H\zk+1:Xk+1 ;o Xg o~ pk|k+1('|Xk+1) .

The difference between MGPS and DPS is in: (i) the diffusion step used for the denoiser (k for
MGPS, k + 1 for DPS), (ii) the sample where the gradient is evaluated.

D EXPERIMENTS

In this section we provide the implementation details on our algorithm as well as the algorithms we
benchmark against. We use the the hyperparameters recommended by the authors and tune them on
each dataset if they are not provided.

D.1 IMPLEMENTATION DETAILS AND HYPERPARAMETERS FOR MGPS

We implement Algorithm 1 with ¢, = |k/2] and use the Adam optimizer (Kingma & Ba, 2015)
with a learning rate of 0.03 for optimization. The number of gradient steps is adjusted based on the
complexity of the task: posterior sampling with the ImageNet DDM prior or FFHQ LDM prior
is more challenging and therefore requires additional gradient steps. Detailed hyperparameters are
provided in Table 6.

The warm-start strategy outlined in Appendix C.2 improved reconstruction plausibility and eliminated
potential artifacts. A similar effect was observed when performing multiple gradient steps (M = 20)
during the initial stages. For latent-space models, switching the intermediate step to ¢, = k for the
second half of the diffusion process has been crucial and significantly enhanced reconstruction quality
by mitigating the smoothing effect, which often removes important details. A similar strategy has
been useful for the Gaussian deblurring and motion deblurring tasks on the ImageNet dataset.

D.2 IMPLEMENTATION DETAILS OF COMPETITORS

DPS. We implemented Chung et al. (2023, Algorithm 1) and refer to Chung et al. (2023, App. D)
for the values of its hyperparameters. After tuning, we adopt v = 0.2 for JPEG 2% and v = 0.07 for
High Dynamic Range tasks.
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Table 6: The hyperparameters used in MGPS for the considered datasets.

Warm start ~ Threshold (w) Diffusion steps Ly Learning rate Gradient steps
20 ifk>n-5
FFHQ v [3n/4] n € {50,100,300} [k/2) 0.03 My ={20 ifk mod10=0
2 otherwise
. 20 ifk>n-—5
FFHQ (LDM) v [3n/4] n € {50,100,300} ¢ = Lk/2) itk > [n/2] 0.03 My =210 ifk mod 10 =0
k otherwise .
5  otherwise
20 ifk>n—5
ImageNet v [3n/4] n € {50,100, 300} [k/2] 0.03 M =410 ifk mod20=0
2 otherwise
20 ifk>n-5
Gaussian Mixture X - n = 300 k/2] 0.1 M;=<20 ifk mod10=0
2 otherwise
20 ifk>n-5
PTB-XL (ECG) v [3n/4] n € {50,300} [k/2) 0.03 My ={5 ifk mod20=0
5  otherwise

DiffPIR. We implemented Zhu et al. (2023, Algorithm 1) to make it compatible with our existing
code base. We used the hyperparameters recommended in the official, released version'. Unfortu-
nately, we did not manage to make the algorithm converge for nonlinear problems. While the authors
give some guidelines to handle such problems (Zhu et al., 2023, Eqn. (13)), examples are missing
in the paper and the released code. Similarly, we do not run it on the motion deblur task as the
FFT-based solution provided in (Zhu et al., 2023) is only valid for circular convolution, yet we opted
for the experimental setup of Chung et al. (2023) which uses convolution with reflect padding.

DDNM. We adapted the implementation in the released code” to our code base. Since DDNM
utilizes the pseudo-inverse of the degradation operator, we noticed that it is unstable for operators
whose SVD are prone to numerical errors, such as Gaussian Blur with wide convolution kernel.

RedDiff. We used the implementation of REDDIFF available in the released code®. On nonlin-
ear problems, for which the pseudo-inverse of the observation is not available, we initialized the
variational optimization with a sample from the standard Gaussian distribution.

PGDM. We relied on the implementation provided in REDDIFF’s code as some of its authors
are co-authors of PGDM. The implementation features a subtle difference with Song et al. (2023a,
Algorithm 1): in the last line of the algorithm, the guidance term g is multiplied by /c, but in the
implementation it is multiplied by ,/a; 1. This modification stabilizes the algorithm on most
tasks. For JPEG 2% we found that it worsens the performance. In this case we simply multiply by
V@, as in the original algorithm.

PSLD We implemented the PSLD algorithm provided in Rout et al. (2024, Algorithm (2)) and
used the hyperparameters provided by the authors in the publicly available implementation®.

ReSample We used the original code provided by the authors® and modified it to expose several
hyperparameters that were not directly accessible in the released version. Specifically, we exposed the
tolerance ¢ and the maximum number of iterations /N for solving the optimization problems related
to hard data consistency, as well as the scaling factor for the variance of the stochastic resampling
distribution ~. Our experiments revealed that the algorithm is highly sensitive to €. We found that
setting it equal to the noise level of the inverse problem gave the best reconstruction across tasks and
noise levels. We set the maximum number of gradient iterations to N = 200 to make the algorithm
less computationally prohibitive. Finally, we tuned ~ for each task but found it has less impact on the
quality of the reconstruction compared to €.

"https://github.com/yuanzhi-zhu/DiffPIR
https://github.com/wyhuai/DDNM
*https://github.com/NVlabs/RED-diff
*nttps://github.com/LituRout /PSLD
‘https://github.com/soominkwon/resample
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D.2.1 RUNTIME AND MEMORY

To get the runtime and GPU memory consumption of an algorithm on a dataset, we average these
two metrics over both samples of the dataset and the considered tasks in Section 4.
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Figure 7: Runtime and memory requirement of the considered algorithms on datasets: FFHQ latent
space (1 row), FFHQ pixel space (2™ row), and ImageNet (3™ row). The left axis displays the
runtime in minutes, whereas the right axis the GPU memory requirement in Gigabytes (GB).

D.3 GAUSSIAN MIXTURES

In this section, we elaborate more on the Gaussian mixture experiment in Section 4, where we
consider a linear inverse problem with a Gaussian mixture as prior. Therefore, the likelihood is
p(yl-) : & = N(y; Az, 014, ). Recall that a Gaussian mixture with C' € N components, whose

weights, means, and covariances are w; > 0, m; € R4, and 01»2 14, respectively, has the density

C
g(z) = Y wilN (z;m;, 071,).

=1

Denoiser. The denoiser is obtained via Tweedie’s formula (Robbins, 1956),
moe(er) = (zr + (1 — o) Viog g () /v/ ks
where the densities of the marginals (gx)}'_, are straightforward,

c
ar(TK) = /(J(wo)Qk|o(f’3k|wo) dxy = Zwi//\/(wo;muU?Id)Qk\o(fBMfﬂo) dxg
=1

c
=Y wilN (wx; varmi, (aro] + vi)la) -
i=1

Posterior. Furthermore, following Bishop (2006, Eqn. 2.116), the posterior can be shown to be a
Gaussian mixture

c
m(x) x g(x)q(x) Z@z/\/(w, m;, %),
i=1
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with new weights, covariances, and means given by

w; = wiN (y; Amg, o 1q, + 07 AAT),
S = ((1/02)Ly + (1/02)ATA) ™,
m; =3 ((1/o)ATy + (1/0)m;) |

where the weights are un-normalized.

Experimental setup. We consider two setups where d € {20, 200} and generate Gaussian mixtures
of C' = 25 components with means (m;)$_; = {(84,8,...,8i,85) € R?: (i,5) € [~2,2]*}, unit
covariances, and weights w; drawn from a uniform distribution on [0, 1] then normalized to sum
to 1. The linear inverse problem (y, A) is generated by first drawing the matrix A € R'*¢ with
entries i.i.d. from N(0, 1), then sampling «* from the prior ¢ and finally computing y = Ax* + o e
with e ~ N(0, 1) to get the observation. The standard deviation of the inverse problem is fixed to
oy = 0.05 across all problem instances.

To assess the performance of each algorithm, we draw 2000 samples and compare against 2000
samples from the true posterior distribution using the Sliced Wasserstein (SW) distance by averaging
over 10* slices. In Table 1 we report the average SW and the 95% confidence interval over 100
replicates.

D.4 EXTENDED IMAGE EXPERIMENTS

We extend, in Tables 7 and 8, the results in Table 2 by including MGPS with n = 50 and n = 100. In
the setting n = 100, the runtime of MGPS is twice lower than that of DPS, PGDM and comparable
to that of DIFFPIR, DDNM and REDDIFF, see Figure 7. It is also outperforming them on most of the
tasks, especially the nonlinear ones, as is seen in the table below. In the setting n = 50, MGPS has
the lowest runtime among all the methods while maintaining competitive performance.

Finally, in Appendix D.6, we present sample reconstructions on the various tasks. For each algorithm,
we generate five samples and select the four most visually appealing ones. Completely black or white
images correspond to failure cases of DPS.

D.5 ECG EXPERIMENTS

D.5.1 IMPLEMENTATION DETAILS

PTB-XL dataset We use 12-lead ECGs at a sampling frequency of 100 Hz from the PTB-XL dataset
(Wagner et al., 2020). For both training and generation, we do not use the augmented limb leads aVL,
aVR and aVF as they can be obtained with the following relations: aVL=(I-1II)/2, aVF=I+III)/2
and aVR=-(I+II)/2. This leads to inputs of shape 1" x 9 instead of T' x 12 (where T is the length
of the signal). For evaluation metrics, we reconstruct the augmented limb leads. For the MB task,
following (Alcaraz & Strodthoff, 2022), we use 2.56-second ECG random crops, hence the inputs
are of shape 256 x 9. For the ML task, we use the full 10-second ECGs and pad them into a tensor
of shape 1024 x 9. Table 10 summarizes the input shapes for models and algorithms for each task.
Table 11 summarizes the distribution of train/val/test splits and the number of cardiac conditions
(RBBB, LBBB, AF, SB) per split. Note that for posterior sampling, we only use the test set, and for
both training and sampling we never use the cardiac condition.

Diffusion model Following (Alcaraz & Strodthoff, 2023; 2022) we used Structured State Space
Diffusion (SSSD) models (Gu et al., 2022; Goel et al., 2022). SSSD generates a sequence u(t) with
the following differential equation denpending on the input seuqnece x(t) and a hidden state h(t):
B (t) = Ah(t) + Bx(t) (D.1)
u(t) = Ch(t) + Dx(t), (D.2)
where A, B, C, D are transition matrices. We use the SSSD®4 (Alcaraz & Strodthoff, 2022) (also
denoted as Sashimi (Goel et al., 2022)) architecture publicly available®’. We parametrize the matrix

*https://github.com/AI4HealthUOL/SSSD
"https://github.com/albertfgu/diffwave-sashimi/tree/master
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Table 7: Mean LPIPS/PSNR/SSIM values for various linear and nonlinear imaging tasks on the
FFHQ 256 x 256 dataset. Best is in bold and second best is underlined.

Task MGPS;y MGPS150 MGPS300 DPS PGDM DDNM DIFFPIR REDDIFF
LPIPS |
SR (x4) 0.13 0.10 0.09 0.09 0.33 0.14 0.13 0.36
SR (x16) 0.27 0.26 0.26 0.24 0.44 0.30 0.28 0.51
Box inpainting 0.16 0.12 0.10 0.19 0.17 0.12 0.18 0.19
Half mask 0.24 0.22 0.20 0.24 0.26 0.22 0.23 0.28
Gaussian Deblur 0.21 0.18 0.15 0.16 0.87 0.19 0.12 0.26
Motion Deblur 0.19 0.15 0.13 0.16 — - — 0.21
JPEG (QF =2) 0.20 0.17 0.16 0.39 1.10 — — 0.32
Phase retrieval 0.20 0.14 0.11 0.46 — — — 0.25
Nonlinear deblur 0.23 0.23 0.23 0.52 - - - 0.66
High dynamic range 0.13 0.09 0.07 0.49 — - - 0.20
PSNR 1
SR (x4) 27.83 27.79 27.79 28.24  23.34 29.52 27.17 27.25
SR (x16) 20.45 20.34 20.22 20.67 17.65 2243 20.75 21.91
Box inpainting 21.55 22.22 22.68 1839  21.13 22.35 21.96 21.79
Half mask 15.10 15.32 15.54 14.82  16.03 16.16 15.17 16.21
Gaussian Deblur 25.09 25.19 25.89 2420 1336 26.69 25.89 26.72
Motion Deblur 26.07 26.64 26.48 24.24 — - — 27.58
JPEG (QF =2) 25.00 25.23 24.94 18.50  12.76 — — 24.42
Phase retrieval 24.20 26.60 27.25 14.87 — — — 24.85
Nonlinear deblur 24.16 24.21 24.37 15.89 — — — 21.97
High dynamic range 24.77 26.07 27.74 16.83 — - — 21.25
SSIM 1
SR (x4) 0.81 0.80 0.79 0.81 0.50 0.85 0.77 0.70
SR (x16) 0.58 0.57 0.55 0.59 0.38 0.67 0.60 0.62
Box inpainting 0.80 0.81 0.82 0.76 0.70 0.83 0.80 0.70
Half mask 0.69 0.70 0.71 0.66 0.56 0.73 0.67 0.65
Gaussian Deblur 0.71 0.73 0.75 0.69 0.14 0.77 0.73 0.76
Motion Deblur 0.77 0.78 0.77 0.71 — - — 0.71
JPEG (QF =2) 0.75 0.74 0.73 0.51 12.76 — - 0.71
Phase retrieval 0.74 0.78 0.79 0.43 — — — 0.61
Nonlinear deblur 0.70 0.70 0.69 0.46 — - — 0.42
High dynamic range 0.79 0.81 0.86 0.48 — - — 0.71

A = A — pp* where p is a vector and A is a diagonal matrix. This parametrization with facilitates
the control of the spectrum of A to enforce stability (negative real part of eigenvalues). We use a
multi-scale architecture, with a stack of residual S4 blocks. The top tier processes the raw audio
signal at its original sampling rate, while lower tiers process downsampled versions of the input signal.
The outputs of the lower tiers are upsampled with up-pooling and down-pooling operations and
combined with the input to the upper tier to provide a stronger conditioning signal. Hyper-parameters
are described in table 12. The selected model is the model of the last epoch. Training time is 30 hours
for 2.5 seconds ECGs, 42 hours for 10 seconds ECGs.

Algorithm parameters We use the same parameters as described in table 6 for MGPS and the
implementation described in appendix D.2 for competitors. Since we had to run the experiments over
2k samples, we set the number of diffusion steps such that the runtime approximates 30 seconds for
generating 10 samples. This leads to the parameters shown in table 13. For the ML experiment, we
also tested MGPS with 300 diffusion steps, which resulted in a runtime of 5 minutes and 30 seconds
per batch of 10 samples. The results improved, but we already outperform competitors with just 50
diffusion steps and a 30-second runtime.

Evaluation metrics For the MB task, for each observation, we generate 10 samples - instead of
100 as in in (Alcaraz & Strodthoff, 2022). We then compute the Mean Absolute Error (MAE) and
Root Mean Squared Error (RMSE) between each generated sample and the ground-truth. The final
score is the average of these errors over the 10 generated samples. We report the confidence intervals
over the test set in table 4 and table 15.
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Table 8: Mean LPIPS/PSNR/SSIM values for various linear and nonlinear imaging tasks on the
IMAGENET 256 x 256 dataset. Best is in bold and second best is underlined.

Task MGPS;y MGPS150 MGPS300 DPS PGDM DDNM DIFFPIR REDDIFF
LPIPS |
SR (x4) 0.36 0.33 0.30 0.41 0.78 0.34 0.36 0.56
SR (x16) 0.58 0.55 0.53 0.50 0.60 0.70 0.63 0.83
Box inpainting 0.31 0.26 0.22 0.34 0.29 0.28 0.28 0.36
Half mask 0.39 0.34 0.29 0.44 0.38 0.38 0.35 0.44
Gaussian Deblur 0.35 0.29 0.32 0.35 1.00 0.45 0.29 0.52
Motion Deblur 0.35 0.25 0.22 0.39 — - — 0.40
JPEG (QF =2) 0.50 0.46 0.42 0.63 1.31 - — 0.51
Phase retrieval 0.54 0.52 0.47 0.62 - — - 0.60
Nonlinear deblur 0.49 0.47 0.44 0.88 - — - 0.67
High dynamic range 0.22 0.15 0.10 0.85 — — — 0.21
PSNR 1
SR (x4) 24.68 24.70 24.77 23.52  15.67 25.55 24.26 24.24
SR (x16) 18.56 18.42 18.04 18.22  15.80 20.43 19.37 19.95
Box inpainting 17.52 17.95 18.25 1434 17.35 20.08 19.77 18.90
Half mask 14.98 15.14 15.60 14.65 1436 17.06 15.79 16.96
Gaussian Deblur 22.56 21.96 20.10 21.20 9.93 23.29 22.10 23.27
Motion Deblur 23.91 25.03 24.50 21.59 - - - 24.43
JPEG (QF =2) 21.96 22.17 22.44 16.11 5.29 - — 22.15
Phase retrieval 16.36 16.94 18.10 14.40 — - — 15.78
Nonlinear deblur 21.89 22.23 22.36 8.49 — - — 20.76
High dynamic range 23.93 25.64 27.04 9.32 - - - 22.88
SSIM 1
SR (x4) 0.65 0.66 0.66 0.60 0.23 0.70 0.63 0.61
SR (x16) 0.41 0.38 0.35 0.40 0.24 0.50 0.46 0.47
Box inpainting 0.71 0.74 0.76 0.70 0.62 0.78 0.74 0.67
Half mask 0.61 0.63 0.65 0.55 0.53 0.69 0.63 0.62
Gaussian Deblur 0.56 0.53 0.44 0.51 0.07 0.60 0.51 0.57
Motion Deblur 0.64 0.69 0.65 0.55 - - - 0.60
JPEG (QF =2) 0.59 0.60 0.60 0.39 0.01 - — 0.59
Phase retrieval 0.37 0.40 0.43 0.29 - — - 0.26
Nonlinear deblur 0.57 0.58 0.58 0.24 — - — 0.41
High dynamic range 0.75 0.81 0.84 0.25 — — — 0.73

Table 9: Mean LPIPS/PSNR/SSIM values for various linear and nonlinear imaging tasks on FFHQ 256 X 256
dataset with LDM prior. Best is in bold and second best is underlined.

MGPS RESAMPLE PSLD MGPS RESAMPLE PSLD MGPS RESAMPLE PSLD

Task LPIPS | PSNR 1 SSIM 1

SR (x4) 0.11 0.20 0.22 28.46 26.08 25.53 0.83 0.69 0.70
SR (x16) 0.30 0.36 0.35 20.64 21.09 21.42 0.57 0.56 0.63
Box inpainting 0.16 0.22 0.26 22,94 18.80 20.39 0.79 0.75 0.66
Half mask 0.25 0.30 0.31 15.11 14.59 14.75 0.69 0.67 0.61
Gaussian Deblur 0.16 0.15 0.35 27.57 27.44 19.95 0.79 0.75 0.47
Motion Deblur 0.18 0.19 0.41 26.49 26.85 18.14 0.77 0.72 0.39
JPEG (QF =2) 0.20 0.26 - 24.75 24.33 - 0.72 0.67 -
Phase retrieval 0.34 0.41 - 22.21 19.05 - 0.62 0.47 -
Nonlinear deblur 0.26 0.30 - 23.79 24.44 - 0.70 0.68 -
High dynamic range 0.15 0.15 - 25.17 25.42 - 0.79 0.81 -

For the ML task, we use a classifier trained to detect four cardiac conditions: Right Bundle Branch
Block (RBBB), Left Bundle Branch Block (LBBB), Atrial Fibrillation (AF), and Sinus Bradycardia
(SB) on the PTB-XL dataset. We follow the XRESNET1D50 described in (Strodthoff et al., 2020)
with hyper-parameters reported in table 14. We apply the classifier to the ground-truth ECG of the test
set and to the samples generated from lead I. As in the MB task, for each observation, 10 samples are
generated. The output of the classifier is averaged over these 10 samples. For each cardiac condition,
we compute balanced accuracy to account for class imbalance (see table 11). The classification
threshold is selected using PTB-XL validation-set.
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Table 10: ECG size and input-shape per task.

Task ECG size (seconds) Total leads Used leads Input shape

MB 2,56 12 I 1L 111, V1-6 256 x 9
ML 10 12 LILIIL V1-6 1024 x 9

Table 11: pTB-XL dataset description.

Split All RBBB LBBB AF SB

Train 17,403 432 428 1211 503
Val 2,183 55 54 151 64
Test 2,203 54 54 152 64

D.5.2 ADDITIONAL RESULTS

Discussion In table 4, we demonstrated that most posterior sampling algorithms outperform the
trained diffusion model for the missing block reconstruction task. This result is particularly interesting
as it suggests that training a diffusion model (which takes several days) is not necessary for this task.
However, when (Alcaraz & Strodthoff, 2023) trained the model on the reconstruction of random
missing blocks (RMB), where 50% of each lead is independently removed, the model outperformed
all posterior sampling algorithms on the MB task. We report in table 15 the results of the top
two algorithms, as well as the model trained on the MB task and the RMB task. The significant
improvement between RMB and MB can be seen as an enhancement due to data augmentation.
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Ml s “‘, ~ \,(»»/ o ‘/ — ‘/ i
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e AN {f&_, B A e | A

I

J\
1l V2 | V5,
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Figure 8: Missing block imputation with MGPS on 2.56s 12-lead ECG. Ground-truth in blue, 10%-90%
quantile range in green, random sample in orange.

Generated samples

D.6 SAMPLE IMAGES

While it may appear that some of the methods underperform on some tasks/images compared
to the original publications, for instance Figure 14 and Figure 16, they still produce competitive
reconstructions on others; see for example Figure 15, Figure 18, and Figure 23. Similar patterns are
also displayed in Zhang et al. (2023, Figure 10) and Liu et al. (2023, Figure 9). With that being said,
we highlight that these discrepancies appear more frequently on the ImageNet dataset than the FFHQ
one. This can be explained by the fact that ImageNet is notoriously challenging due to its diversity,
encompassing 1000 classes. This also seems to happen on one of the most difficult tasks, namely the
half mask one.
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Table 12: ECG diffusion generative model hyper-parameters.

Hyper-parameter Value
Residual layers 4
Pooling factor [1,2,2]
Feature expansion 2
Diffusion embedding dim. 1 128
Diffusion embedding dim. 2 512
Diffusion embedding dim. 3 512
Diffusion steps 1000
Optimizer Adam
Number of iterations 150k
Loss function MSE
Learning rate 0.002
Batch size 128
Number of parameters 16 millions

Table 13: Number of diffusion steps used in posterior sampling algorithms for ECG tasks.
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Figure 9: Missing lead reconstruction from lead I on 10s 12-lead Normal Sinus Rythm (NSR) ECGs. Ground-
truth in blue, 10%-90% quantile range in green, random sample in orange.

Table 14: XRESNET1D50 downstream classifier hyper-parameters.

Hyper-parameter Value
Blocks 4
Layers per block  [3, 4, 6, 3]
Expansion 4
Stride 1
Optimizer Adam
Learning rate 0.001
Batch size 0.001
Epochs 100
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Table 15: MAE and RMSE for missing block task on the PTB-XL dataset.

Metric MGPS DDNM TRAINEDDIFF-MB  TRAINEDDIFF-RMB

MAE 0.111 +2e-3  0.103 £ 2¢-3 0.116 &+ 2e-3 0.0879 + 2¢-3

RMSE 0.225 +£4e-3 0.224 +4e-3 0.266 + 3e—3 0.217 £+ 6e-3
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Figure 10: Missing lead reconstruction from lead I on 10s 12-lead Right Bundle Branch Block (RBBB) ECGs.
Ground-truth in blue, 10%-90% quantile range in green, random sample in orange.
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Figure 11: Missing lead reconstruction from lead I on 10s 12-lead Left Bundle Branch Block (LBBB) ECGs.
Ground-truth in blue, 10%-90% quantile range in green, random sample in orange.
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Figure 12: Missing lead reconstruction from lead I on 10s 12-lead Atrial Fibrillation (AF) ECGs. Ground-truth
in blue, 10%-90% quantile range in green, random sample in orange.
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Figure 13: Missing lead reconstruction from lead I on 10s 12-lead Sinus Bradycardia (SB) ECGs. Ground-truth
in blue, 10%-90% quantile range in green, random sample in orange.
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Figure 14: Sample reconstructions with box mask on ImageNet dataset.
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Figure 16: Sample reconstructions with half mask on ImageNet dataset.
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Figure 17: Sample reconstructions on motion deblurring task.
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Figure 18: Sample reconstructions on Gaussian deblurring task.

35



Under review as a conference paper at ICLR 2025

Observation  Ground truth Observation  Ground truth

<
n n
2 o
O O
= =
= =
n n
A~ A~
[=] =]
= B
5} = ¢
a a
a a
3] &
~ ~

Observation  Ground truth

MGPS
MGPS

DPS

REDDIFF
REDDIFF

Figure 19: Sample reconstructions on phase retrieval task.
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Figure 20: Sample reconstructions on JPEG 2 task.
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Figure 21: Sample reconstructions on high dynamic range task.
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Figure 22: Sample reconstructions on SR (16x) task.
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Figure 23: More sample reconstructions on SR (16x) task.
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Figure 24: Sample reconstructions with latent diffusion models on FFHQ dataset.
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Figure 25: More sample reconstructions with MGPS on the expand task.
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Figure 26: More sample reconstructions with MGPS and half mask.
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Figure 27: More sample reconstructions with MGPS and half mask.
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