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ABSTRACT

Learning probabilistic surrogates for partial differential equations (PDEs) remains
challenging in data-scarce regimes, where high-fidelity simulations are expen-
sive, and many generative models lack resolution invariance. We formulate multi-
fidelity PDE learning as probabilistic transport between solution manifolds, where
low-fidelity solvers define a reference measure, and the model learns residual
flows toward high-fidelity solutions in function space. We propose an operator-
valued flow matching framework that parameterizes conditional vector fields di-
rectly in infinite-dimensional spaces, enabling resolution-invariant inference with-
out retraining. Unlike prior operator-valued flow matching methods that learn full
solution distributions at a single fidelity, we explicitly parameterize transport in
a residual-function space defined by a physics-based reference solver, enabling
data-efficient probabilistic operator learning. The resulting model combines lin-
ear operator structure with a FiLM-conditioned Fourier neural operator to cap-
ture expressive input-dependent generative dynamics. Across advection, Burgers’,
and flow-through-porous-media problems, including cross-resolution tasks, our
method improves data efficiency, discretization generalization, and uncertainty
quantification compared with single-fidelity probabilistic neural operators.

1 INTRODUCTION

Solving PDEs remains computationally demanding, particularly when high-fidelity simulations are
required for design optimization, uncertainty quantification, or real-time inference. While neural
operators and physics-informed learning have enabled data-driven surrogates (Brunton et al.l|2020),
most approaches rely on large volumes of high-fidelity data and struggle to incorporate inexpensive
low-fidelity models in a principled probabilistic framework.

We view multi-fidelity PDE learning as probabilistic transport between solution manifolds. Low-
fidelity solvers define a reference measure, and the learning objective is to model residual flows that
transport this measure toward high-fidelity solution distributions in function space. This perspective
shifts the problem from learning full solution operators to learning structured residual corrections,
improving data efficiency while preserving physical inductive bias.

To realize this view, we introduce a probabilistic operator-learning framework based on operator-
valued flow matching. The proposed model learns conditional vector fields directly in function
space and parameterizes generative dynamics in a residual space defined relative to a low-fidelity
solver. This formulation enables resolution-invariant inference, cross-resolution generalization, and
calibrated predictive uncertainty.

Our main contributions are summarized as follows:

1. Residual Transport View of Multi-Fidelity PDE Learning: We reinterpret probabilistic
multi-fidelity operator learning as transport between solution manifolds, where low-fidelity
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solvers characterize a reference measure, and the model learns residual flows toward high-
fidelity solutions in function space.

2. Operator-Valued Flow Matching Dynamics: We introduce a conditional neural opera-
tor that parameterizes flow matching vector fields directly in infinite-dimensional function
space, enabling probabilistic inference across arbitrary spatial resolutions without retrain-
ing.

3. Residual-Augmented Probabilistic Operators: We develop a residual-based formulation

in which generative dynamics learn probabilistic corrections from low-fidelity surrogates,
improving data efficiency and reducing predictive variance.

4. Empirical Evaluation Across Fidelities and Resolutions: We demonstrate improved
accuracy, cross-resolution generalization, and uncertainty calibration on canonical PDE
benchmarks, including 1D advection, the Burgers’ equation, and flow through porous me-
dia governed by Darcy’s law.
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Figure 1: Schematic of operator view of flow matching for PDE solution generation. The vector field
operator fﬁja induces a probability measure 1, (-|a; () that seeks to approximate the conditional
data measure vy (-|a) at T = 1. Here, v1(+|a) characterizes the PDE solution for a given a ~ v,.

2 RELATED WORK

We consider the forward problem of approximating the PDE solution operator G : A — W that
maps an input function a € A to the corresponding solution field w € W. Here A £ {a : Q, C
R — R™a} denotes the space of admissible input functions (e.g., boundary or initial conditions),
and W 2 {w : Q, C R*» — R™v} denotes the corresponding solution function space. Recent
work approaches this problem using operator learning and conditional generative modeling.

Operator Learning for PDEs. Operator-learning methods such as DeepONet (Lu et al., [2019)
and FNO (Li et al., [2020) learn mappings between function spaces and exhibit resolution-invariant
generalization compared to CNN or physics-informed approaches (Guo et all 2016} [Karniadakis
et al., 2021). While probabilistic extensions introduce uncertainty-aware formulations (Winovich
et al.||2025; Biilte et al., 2025)), most approaches perform direct operator regression and do not model
relationships between fidelity levels as transport between solution measures.

Conditional Generative Modeling for PDEs. Generative approaches learn conditional distribu-
tions over solution fields, including conditional GANs (Goodfellow et al., 2014), diffusion mod-
els (Ho et al., [2020; Song et al., 2020), and flow matching methods (Lipman et al.,|2022} Tong et al.},
2023). Although these models capture uncertainty, most operate on finite-dimensional representa-
tions tied to a fixed discretization and do not explicitly leverage low-fidelity solvers as structural
priors or transport references.
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Functional Generative Models. Recent work extends generative modeling to function spaces,
including GANO (Rahman et al., [2022), infinite-dimensional diffusion (Kerrigan et al., 2022 Yao
et al., 2025), and operator-valued flow matching (Kerrigan et al., 2023} |Shi et al., |2025). These
approaches enable resolution-invariant probabilistic modeling, but typically assume data from a
single fidelity. In contrast, our work introduces a residual transport formulation in which low-fidelity
solvers define a reference measure, and generative dynamics learn probabilistic corrections toward
high-fidelity solution manifolds. This perspective enables the transfer of contextual information
between fidelity levels via conditional residual flows, thereby enabling multi-fidelity conditioning
without retraining across resolutions.

3 METHODOLOGY

We interpret multi-fidelity operator learning as probabilistic transport between solution manifolds in
function space. Given a low-fidelity solver that induces a reference measure and provides valuable
inductive biases, we seek to learn an operator-valued transformation that transports this toward the
high-fidelity solution measure through residual corrections. This transport perspective motivates the
operator-valued flow matching formulation introduced next.

3.1 PROBABILISTIC OPERATOR FOR SOLVING THE FORWARD PROBLEM

To solve the forward problem in a probabilistic setting, we seek to approximate the conditional data
measure v (-|a) defined on B(W) for the input function a ~ v,. Here, B(-) denotes the Borel
o-algebra and v, is a probability measure defined on B(.A). Following Kerrigan et al.| (2023), we
define a conditional flow map cpﬁya : W — W with parameters ¢ € R™¢ governed by

d
TPRalw] = Fraletalul], T eo,1],

Poalw] =w,  w~w,

where ]-'E,a : W — W is a vector field operator. The flow induces the push-forward measure
A

nr(-|a; () =[S, ,]410 defined on B(W). The goal is to learn a vector field operator F¢ , that
induces a conditional probability path 7. (-|a; ¢) such that 01 (-|a; () =~ v1(:|a) for all a ~ v,, as
illustrated in fig.

Similar to |Shi et al| (2025), we learn an operator Hﬁ’a with parameters & € R™¢ to approximate

F£ , by introducing a latent conditional vector field ]:"T{,m : W — W that induces 7, (+|a, z; ¢) and
minimizing the objective

Jooecomi(G ) 2E o) amv,, || (FEasl] = HE[0])[[, ] )

z~k(-|a), wng(+la,z;C)

such that £ , also induces the measure 7. (+|a; ¢). Here, we introduce a conditional coupling r(:|a)
such that z ~ «(-|a) with z = {wq, w; }, where wg ~ vg and wy ~ vy (-|a). While independent
couplings have been explored in finite-dimensional flow matching (Tong et al., 2023), here we ex-
tend this construction to the infinite-dimensional setting of the forward operator learning problem,
enabling conditional probability paths directly in function space. Further, we introduce a posi-
tive time-dependent deterministic scaling 7, to regularize the vector field as 7 — 1, encouraging
accurate learning near the target data measure by scaling V¢Jppe.corm. To evaluate the learning
objective, we need to efficiently sample from the conditional measure 7, (-|a, z; (). We construct
1 (+|a, z; ¢) as a Gaussian measure GP (i (2), C;(z;()) that interpolates between the coupled sam-
ples wg and w;. The mean follows a linear path,

pr(z) & (1= 7wo + 7wy, 2= {wo, wi},

while the covariance is defined as C..(z; () = 02Cy, where Cj denotes a trace-class base covariance.
Assuming the reference measure vy = GP(mg, Cy), the resulting path remains well-defined for
finite time-dependent scaling o, > 0 (Kerrigan et al., [2023). In practice, we set 0, = Opin||w1 —
wo| |y to maintain a favorable signal-to-noise ratio when wg and w; are close. Under this Gaussian

construction, the induced vector field reduces to F< = w1 — wq (Kerrigan et al.,[2023).

T,0,2
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3.2 RESIDUAL-AUGMENTED PROBABILISTIC OPERATOR LEARNING

Building on the probabilistic operator formulation introduced in section [3.1] we incorporate multi-
fidelity structure by parameterizing transport in a residual function space defined relative to a low-
fidelity solution operator. The resulting model learns probabilistic residual maps rather than full so-
lution operators, which we refer to as FLORAL (Flow Matching Operators For Residual Augmented
Learning).

Let Gir : A — W denote a low-fidelity solution operator that approximates the true solution oper-
ator G : A — W. Such operators may arise from simplified physics models, coarse discretizations,
or surrogate approximations and provide useful inductive bias while remaining computationally in-
expensive. We express the solution operator through a residual decomposition

Glal = Giela] +Cla], 2)

where the residual correction operator C : A — W captures deviations between low- and high-
fidelity solutions. This decomposition allows us to leverage the low-fidelity operator while focusing
learning capacity on modeling the correction operator, which is often simpler than the full solution
operator. Rather than learning G directly, FLORAL learns a probabilistic model for the residual
operator C using the operator-valued flow matching framework.

3.3 MODEL ARCHITECTURE
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Figure 2: Schematic of the proposed FILMFNO architecture for modeling the nonlinear operator
N ffg . The projection operators P, and P, lift the inputs into a higher-dimensional channel space. A
sequence of FiLM Fourier layers: each composed of an integral operator, nonlinear activation, and
FiLM-based channel-wise modulation. The resulting representation is projected back to the target
dimension by the operator (). Within each FiLM Fourier layer, the input z is mapped to Fourier
space via F*, transformed by a linear operator R acting on the retained low-frequency modes,
and returned to physical space through the inverse transform F*~'. This output is combined with
a skip connection obtained by a local linear map W, followed by nonlinear activation and FiLM
conditioning.

In this work, we decompose the model vector field operator into linear and nonlinear components
(with respect to w) as HS ,[w] = L5, [w] + NEX [w], where £§%, and NEY are parameterized by
&1 and &y, respectively. This decomposition improves stability for long-horizon predictions, as
observed in neural ODEs (Linot et al., 2023). To model the linear operator Eﬁfa, we can use linear
convolution layers with a stride and Kkernel size 1 and no activation. For the nonlinear operator
Nf”g, we propose FILMFNO, a conditional Fourier neural operator (FNO) (Li et al., [2020) with
feature-wise linear modulation (FiLM) (Perez et al., 2018) layers to effectively incorporate the input
function a € A as conditioning information. FiLM layers enable context-aware feature modulation
by injecting auxiliary information directly into deeper network representations, providing a more
effective alternative to input concatenation. The proposed architecture is illustrated in fig.
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4 EXPERIMENTS

Our goal is to evaluate whether probabilistic residual transport improves data efficiency, cross-
resolution generalization, and uncertainty calibration compared to single-fidelity generative opera-
tors. We compare FLORAL, which combines low- and high-fidelity data, against two baselines: (i) a
single-fidelity probabilistic neural operator (FLORA) trained only on high-fidelity data, as proposed
by [Kerrigan et al.| (2023), and (ii) a deterministic low-fidelity physics-based solver. All methods
are evaluated against the high-fidelity reference solution. Performance is measured using RMSE,
NRMSE, and CRMSE (Takamoto et al.|[2022), and probabilistic prediction performance is assessed
using the mean Ly error and the mean predictive standard deviation. All numerical experiments and
datasets used are provided in https://github.com/sahilbholal4/floral.

4.1 PDE PROBLEM SETTING

We evaluate the proposed framework on canonical PDE operator-learning benchmarks, including
1D advection, the Burgers’ equation, and Darcy flow. These problems span transport-dominated
dynamics, nonlinear shock formation, and elliptic porous-media systems, enabling assessment of
multi-fidelity learning. Low-fidelity models are physics-based numerical solvers with model-form
uncertainty introduced through either (a) coarser spatial discretization or (b) spectral filtering of the
initial condition or auxiliary model state. These settings reflect realistic scientific computing scenar-
ios in which inexpensive simulations yield biased yet informative priors for high-fidelity solutions.
Detailed PDE formulations, datasets, and numerical configurations are provided in appendix [A]

4.2 MAIN EVALUATION RESULTS

Low-fidelity

0.3
0.2
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0.2
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Figure 3: Illustration of absolute error in the solution obtained using low-fidelity model (left), FLORA
(center), and FLORAL (right) on unseen permeability fields for the Darcy flow. Model trained with
5000 high-fidelity training samples and corresponding low-fidelity training samples. To compute the
mean prediction for probabilistic models, 50 ensembles are generated for each permeability field.

Figure [3]illustrates the absolute error in the predicted pressure field for flow through porous media
at unseen permeability fields using the low-fidelity model, FLORA, and FLORAL when trained with
5000 high-fidelity training samples. Qualitatively, we can reduce the absolute mean prediction er-
ror by leveraging low-fidelity information. Table [I] summarizes the quantitative comparison across
PDE benchmarks for varying training sizes. All metrics are evaluated on 1000 unseen high-fidelity
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Table 1: Quantitative comparison across PDE benchmarks for varying training sizes. Lower is
better for all metrics. For all PDEs, the metrics are computed on 1000 unseen samples, and for
each sample, 50 ensemble predictions are generated to obtain the mean prediction.

Method PDE # Train RMSE] NRMSE/| CRMSE]
samples
Advection - 1.892 x 1071 3742 x 107! 1.554 x 10*
Low-fidelity (physics-based) g oo - 1115 x 1071 3.152x 1071 1.625 x 10*
Darcy - 4.595 x 1072 1.710 x 107! 4.674 x 107!
500 4964 x 1072  9.818 x 107 8.651 x 107!
Advection 1000  6.464 x 1073 1.278 x 1072  9.622 x 1071
5000 2943 x 1073 5.820x 107® 6.770 x 107!
-3 -2 (0]
FLORA (single-fidelity) 500 9.369 x 10 2.565 x 10 : 1.133 x 10
Burgers’ 1000 8.172x 1073 2.237 x 10~ 2.676 x 10°
5000 5.351 x 1073 1.466 x 1072 1.722 x 10°
500 2777 x 1072 1.033x107*  1.482 x 10°
Darcy 1000 2.394 x 1072 8908 x 1072  1.206 x 10°
5000 2.512x 1072 9.345x 1072  1.071 x 10°
500 2.705x 1073 5.351 x 107® 4.400 x 1071
Advection 1000 2.261 x 1073 4.472x 1073 2.141 x 10~?
5000 1.840x 10~2 3.639 x 10°2 1.890 x 10~
FLORAL (ours) 500 6.118 x 10 % 1.675x 1072 5.176 x 10"
Burgers’ 1000 3.803 x 1072 1.041 x 1072 4.163 x 107!
5000 3.656 x 10°® 1.001 x 102 5.045 x 10~ ?
500 1.341x1072 4989 x 1072 4.151 x 107}
Darcy 1000 1.117x 1072 4.158 x 10°2 4.000 x 107!
5000 1.538 x 1072 5.723 x 1072 4.243 x 1071

samples, and for probabilistic methods, we report the mean prediction over 50 generated ensembles
per input. Leveraging low-fidelity information yields consistent gains in predictive accuracy, with
the largest improvements observed in low-data regimes. Across all PDEs and training sizes, FLO-
RAL achieves substantially lower CRMSE, resulting in nearly an order-of-magnitude improvement
over the single-fidelity baseline. Notably, in the Darcy flow benchmark, the single-fidelity FLORA
model fails to outperform the inexpensive low-fidelity solver, highlighting the difficulty of learning
accurate probabilistic operators from limited high-fidelity data alone. In contrast, FLORAL attains
nearly an order-of-magnitude reduction in CRMSE relative to FLORA using only 500 high-fidelity
samples. These results indicate that learning probabilistic corrections in residual function space
improves sample efficiency and stabilizes operator learning compared to modeling the full solution
operator directly.

Table [2] reports the mean predictive Lo error and predictive uncertainty for 500 training samples.
Across all PDE benchmarks, FLORAL consistently reduces both predictive error and predictive vari-
ance relative to the single-fidelity FLORA baseline. This joint reduction suggests that multi-fidelity
conditioning improves uncertainty calibration rather than merely producing overconfident predic-
tions. Overall, the results demonstrate that residual probabilistic transport enables more reliable and
data-efficient uncertainty-aware neural operators when high-fidelity data are scarce.

4.3 PROBABILISTIC SUPER-RESOLUTION

A key advantage of operator-based models is their ability to generalize across discretizations. To
study this, we consider a 1D operator learning task where the correlation between low- and high-
fidelity responses depends on the input function a, following Thakur et al.| (2022). Let A = {a :
N CR - R}and W = {w: 2, C R — R}. The low- and high-fidelity operators G, Gur :
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Table 2: Mean predictive error and predictive uncertainty across PDE benchmarks for 500 training
samples. Lower is better for both metrics. For all PDEs, the metrics are computed on 1000 unseen
samples, and for each sample, 50 ensemble predictions are generated to obtain the mean prediction
and the predictive uncertainty.

Mean predictive, Mean predictive

Method PDE L2 error + uncertainty +
Advection  5.294 x 107! 5.851 x 1073

FLORA (single-fidelity) g oo 797 x 10~ 4.350 x 10~°
Darcy 3.385 x 10° 1.277 x 1072

Advection  2.815 x 10~ ! 2.734 x 1073
Burgers’ 5.931 x 107! 2.677 x 1073
Darcy 1.612 x 10° 5.352 x 1073

FLORAL (ours)

100

=== Low-fidelity
—— High-fidelity
—— FLORA

w(z)

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 4: Samples of the generated high-fidelity function (left) using FLORA (——) and FLORAL
(=-=-) and the absolute error (right) for the 1D problem with input function correlation. The shaded
region indicates +10 standard deviations about the mean for both models, computed using 100
generated ensembles. Model trained with 10 high-fidelity training samples using 8 discretization
points, and inference is performed on 128 points, that is, a 16X resolution increase.

A — W are defined as

Girlal(x) = sin(a(x)) + 2 — 0.25 a(x),
Gurlal(z) = sin(a(x)),

where a(x) = kx — 4, k ~ U4(10,14), and Q, = Q, = [0,1]. Models are trained at coarse
resolutions N,, € {8,16,32,64} and evaluated on 128 points to assess super-resolution. Figure E|
illustrates samples of the generated high-fidelity function using FLORA and FLORAL along with the
absolute error when trained with 8 spatial points. As shown, by leveraging the low-fidelity informa-
tion, FLORAL can generate high-fidelity function samples that closely match the true high-fidelity
function with high confidence, even when trained on a significantly coarser resolution. Quanti-
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tatively, as shown in fig. [5} FLORAL consistently outperforms FLORA for cross-resolution tasks,
achieving nearly an order-of-magnitude accuracy gain for the 16 x resolution increase.
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Figure 5: Mean predictive error vs. predictive uncertainty for varying training resolutions for the
1D problem with input function correlation. Predictive uncertainty is the mean standard deviation
of generated samples. The model is trained with 10 high-fidelity samples. To compute the statistics,
1000 unseen high-fidelity function samples are used, and for each sample, 100 ensembles are gen-
erated. Low-fidelity uncertainty is set to 1075 for visualization since the model is deterministic.

5 CONCLUSION

We introduced FLORAL, a probabilistic neural operator framework that formulates multi-fidelity
learning as residual transport between solution manifolds. To enable probabilistic modeling in func-
tion space, we formulate the transport dynamics within a flow matching framework using conditional
neural operators. To integrate multiple information sources, we introduce a low-fidelity reference
measure that provides a structured prior and learn residual transport to the high-fidelity solution
manifold. By learning conditional flow dynamics in residual function space, the proposed approach
improves data efficiency, enables cross-resolution generalization, and produces calibrated uncer-
tainty estimates while maintaining resolution-invariant inference. Across canonical PDE bench-
marks, incorporating low-fidelity structure as a reference measure consistently improves predictive
performance in data-limited regimes where single-fidelity generative operators struggle.

Beyond quantitative performance, the results suggest several broader perspectives for probabilistic
operator learning. Modeling corrections in residual function space provides a structured alternative
to learning full solution distributions, potentially simplifying the geometry of the learning problem.
Similarly, conditioning the flow on the input function offers a flexible mechanism for contextual
adaptation across discretizations without explicitly tying the model to a fixed resolution. Finally,
structured vector-field parameterizations and time-dependent regularization appear to support stable
training of operator-valued flows in practice.

While this work focuses on benchmark PDE problems, the residual transport formulation provides a
general framework for probabilistic scientific modeling with heterogeneous fidelity sources. Future
work includes systematic architectural studies, extending the framework to settings with mismatched
input representations, and developing theoretical analyses of the observed gains in sample efficiency.
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A DETAILED PROBLEM DESCRIPTION

Advection equation. We consider the 1D linear advection equation
Opu(z,t) + B Ozu(z,t) =0, x€][0,1], t €]0,1],

which models the transport of a conserved scalar field with constant velocity 3. Following|Takamoto
et al.| (2022), periodic boundary conditions are imposed, and the initial condition is constructed as

N
u(z,0) = > A;sin(kz + ¢;), 3)

i=1

where k; = 2mn;, n; ~ U{1, ..., Wmax}), Ai ~U(0,1), and ¢; ~ U(0,27). We use nmax = 8,
N = 2, and 8 = 0.05. After evaluating eq. (3), we apply absolute value, random sign flip, and
windowing with probabilities 0.1, 0.5, and 0.1, respectively. The PDE is solved using a first-order
upwind finite-difference scheme with forward Euler time integration.

To generate high-fidelity (HF) data, we use [N, = 128 spatial grid points and N; = 128 time steps.
Low-fidelity (LF) solutions are defined on the same spatio-temporal grid but incorporate model-
form error through perturbed initial conditions. Specifically, the LF initial condition is constructed
by spectrally filtering the HF initial condition. Let igr(k), k = 0,. .., K, denote the Fourier coeffi-
cients of u(x,0). We define the LF spectrum as

ﬁLF(k) = SAﬁHF(k) mg Givk/K,
where my, retains max(2, | freep K |) low-frequency modes, e~ 7F/K applies mode-dependent damp-
ing, and s 4 scales the amplitude. We use fieep = 0.4, v = 4, and s 4 = 0.8 across all experiments.
The LF initial condition is obtained via inverse Fourier transform of 4 g(k). An illustration of the
high- and low-fidelity initial conditions is shown in fig.[6]

Burgers’ equation. We consider the 1D viscous Burgers’ equation
Opu(x,t) + u(w, t)Opu(z, t) = v dpeu(z,t), = €0,1], t €10,0.2],

which models nonlinear advection-diffusion dynamics. The viscosity is fixed to v = 0.01. Ground-
truth solutions are generated using a second-order upwind scheme for advection, second-order cen-
tral differences for diffusion, and a third-order SSP Runge-Kutta integrator.

High-fidelity (HF) data use Ny.ur = 128 and Nygr = 128. Initial conditions are obtained sim-
ilar to the advection equation case, with fiep = 0.6. Low-fidelity (LF) data introduce additional
discretization error via a coarser grid with N, p = 64 and Ny, p = 64.
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Figure 6: Comparison of high- (——) and low-fidelity (—) initial conditions in the spectral space
(top row) and the corresponding physical space state (bottom row) for the 1D advection equation.
The low-fidelity initial condition is obtained by applying a spectral filter, followed by amplitude
distortion, to the high-fidelity initial condition to remove high-frequency components and introduce
an amplitude bias.

Flow through porous media. We consider the flow through porous media characterized by
Darcy’s law that relates pressure p(x) and permeability K (x) on Q = [0, 1]%:

u(x) = —K(x)Vp(x), (4a)
V-u(x) = fs(x), (4b)
u(x)-n(x) =0, xe€ N, (4c)
/ p(x)dx =0, (4d)
Q

where 7 denotes the outward unit normal. Following |[Zhu & Zabaras| (2018)), the source term f
models an injection well at the bottom-left and a production well at the top-right corner, with rate
r = 50 and size s = 0.125.

The log-permeability is modeled as a Gaussian random field K (x) = exp(G(x)), where G has zero
mean and covariance k(z,z’') = exp(—||lz — 2’||2)/! with [ = 0.1. Dimensionality reduction is
performed via a truncated Karhunen-Logve expansion G(x) = .7, v/ Ai¢;(x)z;, 2; ~ N (0, 1).

The governing equations are solved using second-order central finite differences, enforcing bound-
ary conditions via KKT conditions. High-fidelity (HF) data use a 128 x 128 grid and ¢ = 128
modes. Low-fidelity (LF) data truncate the expansion to ¢ = 64 and use a coarser 32 X 32 grid,
introducing both model-form and discretization error.

B TRAINING DETAILS

For each experiment performed, we require samples from a Gaussian process measure. In our work,
we consider a zero-mean (that is, my = 0) Gaussian process parameterized by a Matern covari-
ance kernel with smoothness factor v = 0.5 and length scale of 10~3. We implement this using
the GPyTorch library (Gardner et al., 2018). To model the vector fields using an operator, we
propose a conditional Fourier neural operator (Li et al., [2020) leveraging feature-wise linear mod-
ulation (FiLM) (Perez et al.l 2018)), called FILMFNO, using the neuraloperator library (Kos-
saifi et al.,|2025). The hyperparameters for FILMFNO have the same meaning as described in the
neuraloperator library. For all experiments, we have considered 4 Fourier layers, 64 hidden
channels, 4 lifting channel ratio, and 4 projection channel ratio. To compute the coefficients of the
FiLM layers, we use fully connected neural networks with 3 hidden layers of 64 neurons each and
SiLU activations. To train the model, we use Adam optimizer with a learning rate of 1072 and a
weight decay of 10~%. We use an exponential learning rate scheduler with a decay rate of 0.99. To
integrate the vector-fields, we use dopri5 provided in torchdiffeq (Chen et al., 2018) with
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atol = rtol = 10~°. For all experiments, the training configurations are summarized in tables
to

Table 3: Training configurations for the 1D advection equation. Training and inference share the
same spatial-temporal resolution, and the number of Fourier modes is identical across spatial and
temporal dimensions.

Train—Infer Epochs Train Val Batch Fourier

Resolution Size Size Size Modes
500 16

128 — 128 500 1,000 1,000 64 64
5,000 128

Table 4: Training configurations for the 1D Burgers’ equation. Training and inference share the
same spatial-temporal resolution, and the number of Fourier modes is identical across dimensions.

Train—Infer Epochs Train Val Batch Fourier

Resolution Size Size Size Modes
500 16
128 — 128 500 1,000 1,000 64 64
5,000 128

Table 5: Training configurations for the Darcy flow problem. Training and inference share the same
resolution, and the number of Fourier modes is identical across spatial dimensions.

Train—Infer Epochs Train Val Batch Fourier

Resolution Size Size Size Modes
500 16
128 — 128 500 1,000 1,000 64 64
5,000 128

Table 6: Training configurations for the 1D input-correlation experiment. Both equal-resolution and
multi-resolution settings are reported.

Train—Infer Epochs Train Val Batch Fourier

Resolution Size Size Size Modes
10 2
50 4
128 — 128 300 500 1,000 16 64
1,000 64
8 — 128 4
16 — 128 8
39 _s 198 300 10 1,000 2 16
64 — 128 32

C ADDITIONAL RESULTS
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Figure 7: Samples of the generated high-fidelity function (left) using FLORA (——) and FLORAL
(=-=-) and the absolute error (right) for the 1D problem with input function correlation. The shaded
region indicates +£10 standard deviations about the mean for both models, computed using 100
generated ensembles. Model trained with 10 high-fidelity and corresponding low-fidelity training
samples for a training and inference resolution of 128 discretization points. Samples are generated
on the same input function as in fig.
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Figure 8: Samples of the generated high-fidelity function (left) using FLORA (——) and FLORAL
(=-=-) and the absolute error (right) for the 1D problem with input function correlation. The shaded
region indicates +£10 standard deviations about the mean for both models, computed using 100
generated ensembles. Model trained with 10 high-fidelity training samples using 64 discretization
points, and inference is performed on 128 points, that is, a 2x resolution increase. Samples are
generated on the same input function as in fig.
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Figure 9: Illustration of absolute error in the solution obtained using low-fidelity model (left), FLORA
(center), and FLORAL (right) on unseen initial conditions for the 1D advection equation. Model
trained with 500 high-fidelity and corresponding low-fidelity training samples. To compute the mean
prediction for probabilistic models, 50 ensembles are generated for each unseen initial condition.
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Figure 10: [Illustration of absolute error in the solution obtained using low-fidelity model (left),
FLORA (center), and FLORAL (right) on unseen initial conditions for the 1D advection equation.
Model trained with 5000 high-fidelity and corresponding low-fidelity training samples. To compute
the mean prediction for probabilistic models, 50 ensembles are generated for each unseen initial
condition. Samples are generated on the same initial conditions as in fig. E}
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Figure 11: Illustration of absolute error in the solution obtained using low-fidelity model (left),
FLORA (center), and FLORAL (right) on unseen initial conditions for the 1D Burgers’ equation.
Model trained with 500 high-fidelity training samples and corresponding low-fidelity training sam-
ples. To compute the mean prediction for probabilistic models, 50 ensembles are generated for each
unseen initial condition.
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Figure 12: Illustration of absolute error in the solution obtained using low-fidelity model (left),
FLORA (center), and FLORAL (right) on unseen initial conditions for the 1D Burgers’ equation.
Model trained with 5000 high-fidelity training samples and corresponding low-fidelity training sam-
ples. To compute the mean prediction for probabilistic models, 50 ensembles are generated for each
unseen initial condition. Samples are generated on the same initial conditions as in fig. E}
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Figure 13: Illlustration of absolute error in the solution obtained using low-fidelity model (left),
FLORA (center), and FLORAL (right) on unseen permeability fields for the Darcy flow. Model trained
with 500 high-fidelity training samples and corresponding low-fidelity training samples. To compute
the mean prediction for probabilistic models, 50 ensembles are generated for each unseen perme-
ability field. Samples are generated on the same permeability fields conditions as in fig. Ef]
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