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Abstract

Uniform manifold approximation and projection (UMAP) is among the most popular neighbor
embedding methods. The method samples pairs of point indices according to similarities in
the high-dimensional space, and applies attractive and repulsive forces to their coordinates in
the low-dimensional embedding. In this paper, we analyze the forces to reveal their effects on
cluster formations and visualization, and compare UMAP to its contemporaries. Repulsion
emphasizes differences, controlling cluster boundaries and inter-cluster distance. Attraction
is more subtle, as attractive tension between points can manifest simultaneously as attraction
and repulsion in the lower-dimensional mapping. This explains the need for learning rate
annealing and motivates the different treatments between attractive and repulsive terms.
Moreover, by modifying attraction, we improve the consistency of cluster formation under
random initialization. Overall, our analysis provides a mechanistic understanding of UMAP
and related embedding methods.

1 Introduction

Modern applications routinely generate high-dimensional data. Dimensionality reduction (DR) techniques
have emerged as tools for exploratory analysis of such data by visualizing the underlying structure. The
most popular methods, t-distributed stochastic neighbor embedding (Maaten & Hinton, |2008]) and uniform
manifold approximation and projection (UMAP) (Mclnnes et al., |2018) are grounded in the attraction-
repulsion dynamics that bring similar data points closer while pushing dissimilar ones apart. As unsupervised
algorithms, these do not rely on labeled data; instead, they identify and preserve the intrinsic structure of
high-dimensional data by leveraging local (attractive) and global (repulsive) relationships (forces). This
makes these algorithms particularly well-suited for tasks such as clustering (Becht et al., [2019), exploratory
data analysis (Fleischer & Islam, 2020]), anomaly detection in semiconductor manufacturing (Fan et al.,
2021)), visual search (Gonzalez-Marquez et al.| |2024)), time series analysis (Altin & Cakirl [2024])), studying
representation convergence (Huh et all|2024), and outlier image detection (Islam & Fleischer| [2024]), where
visualizing hidden patterns in unlabeled data is critical and meaningful. By learning the embeddings in a
data-driven, label-free manner, DR exemplifies the power of unsupervised methods to distill complex data
into easily interpretable forms.

Building upon the attraction-repulsion principle, newer methods have emerged (Amid & Warmuth, [2019;
Agrawal et all] [2021; [Wang et al., [2021; Narayan et all [2021} [Yang et al., 2022; Wang et all [2025; Kury
et al.| 2026)), each designed to emphasize specific aspects of the data. Despite their relevance in diverse
applications, these methods often rely on heuristic practices that may fail to give meaningful interpretations.
Moreover, DR introduces distortions that are unavoidable (Chari & Pachter, |2023). Thus, it is imperative to
have a deeper understanding of the algorithms so that practitioners can provide better interpretations of
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the embeddings, avoid spurious structures, and optimize performance. In practice, these algorithms achieve
compact clusters using a variety of techniques, including specific initialization, learning rate schedule, and
kernel function tuning. However, the underlying dynamics of the attractive and repulsive forces, responsible
for cluster formation, have not been thoroughly investigated. Furthermore, the essential tunable parameters
are concealed within abstract functional forms, making it harder to explain the algorithms.

In this paper, we decompose the forces into their constituent parts and extract the functional shapes of
attraction and repulsion. We find that the necessity of learning rate annealing, the challenge of providing
consistent output under random initialization, and the origin of cluster formation rely on attraction. Repulsive
forces primarily govern inter-cluster distances. Our specific contributions are:

1. We formulate attraction and repulsion shapes from the attractive and repulsive forces, establish
the conditions for contraction and expansion of distance, and provide a fresh perspective for these
algorithms (Section [4)).

2. We show that the attraction shape of UMAP causes the counterintuitive concept of both contraction
and expansion of distance. Comparing attraction shapes of different algorithms, we discuss how
attraction influences the learning rate annealing scheme (Section [5).

3. We compare attraction and repulsion shapes of UMAP, Parametric UMAP, and NEG-t-SNE, unveil the
similarities and distinctions among them, and characterize the stability of the algorithms (Section.

4. We modify the attraction shape to improve the consistency of embedding under random initialization.
This indicates the encoding of a unique structure (Section .

5. Analyzing repulsion shapes, we provide a deeper understanding of cluster formation and regulating
inter-cluster distance (Section [5.3).

We center the main text on UMAP, now a de facto standard in many fields, and bring in other algorithms
as needed for comparison and context. We organize the paper as follows. Section [2| reviews related work.
Section [3] introduces the dimensionality reduction algorithm and fixes notation. In Section [4 we develop the
tools needed to characterize attraction and repulsion shapes. Section [§] then analyzes UMAP through the
lens of these shapes. Finally, Section [f] concludes with a discussion and directions for future work.

The datasets used in the paper are described in Appendix [A] The metrics used to quantify embedding quality
are described in Appendix [D] For a detailed discussion of algorithms other than UMAP, see Appendix [J] The
codes used in the research are available at https://github.com /tariqul-islam/explaining_neighbor_embedding.

2 Related Works

The origin of modern iterative graph-based neighbor embedding algorithms can be traced to stochastic neighbor
embedding (SNE) (Hinton & Roweis| |2002) and its extension using the t-distribution (¢-SNE) (Maaten &
Hinton, [2008). Both methods use a dense graph in which each point in a dataset has a pairwise relation
with all the others, regardless of whether they are similar to each other or not. Moreover, the weights of
the graphs are normalized to give a notion of probability distribution. Other concurrent methods, including
locally linear embedding (Roweis & Saull |2000)) and Laplacian Eigenmaps (LE) (Belkin & Niyogil [2002)), used
a k-nearest neighbor (k-NN) graph of pairwise interaction. Known as spectral methods, these algorithms
rely on Eigenvalue decomposition. Subsequent work by Tang et al. (Tang et al. [2016) incorporated the
k-NN graph in the iterative approach and removed normalization in the lower dimension. This approach was
further extended by Mclnnes et al.| (2018) in UMAP, where the normalization step was removed altogether
(both in high and low dimension) and the embedding was obtained using pairwise interactions alone. The
optimization steps use an explicit attractive force to preserve the local neighborhood and a repulsive force to
keep dissimilar points apart. Building on these foundations, methods such as PACMAP (Wang et al., [2021))
and NEG-t-SNE (Damrich et al., |2023) have been proposed. For a recent survey of methods, see de Bodt
et al.| (2025]).

There has been considerable progress in understanding and explaining the relationship among these algorithms.
An early analysis of SNE found that if the data is well-clustered in the original space, then they are well-
clustered in the embedding space (Shaham & Steinerberger} [2017). A similar analysis for t-SNE by |Linderman
& Steinerberger| (2019) showed that the number of clusters in the embedding space is a lower bound on
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the number of clusters in the original space. This was followed up in further characterization|(Arora et al.,
2018;| Cal & Ma,|2022; Linderman & Steinerberger, 2022). Since-SNE and UMAP originate from the same
underlying framework (but with drastically di erent visualizations), a major undertaking in the literature
has been to nd the connection between them |(Bohm et al.; 2022; Damrich et al., 2023; Draganov et al.,
2023). | Bohm et al| (2022) theorized that methods like Laplacian Eigenmap, ForceAtlas2| (Jacomy et al.,
2014), UMAP, and t-SNE are all samples from the same underlying spectrum. Indeed, LE anttSNE's are
connected by the early exaggeration phase (Cai & Ma, 2022). The connection between UMAP andSNE
can be related through contrastive estimation (Damrich et al., 2023). Around the same time, Hu et al. (2023)
independently discovered the relation of contrastive learning and SNE. Recent approaches o er a probabilistic
perspective (Ravuri et al., 2023; Ravuri & Lawrence, 2024), employ kernel techniques (Draganov & Dohn,
2023), and utilize information geometry (Kolpakov & Rocke, 2024) to explain dimensionality reduction.

3 Uniform Manifold Approximation and Projection

relation: pi; = fr(d(x;;X;)), typically, 2 [0; 1], where, fy is the high dimensional a nity function and d(; )
is a distance metric (for details, see Appendix K).

function
1 .
1+ a(jiyi  vjiid)°’

where the parametersa and b determine the density of the mapping and are chosen by ttingg; to

g = 1)

(
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where my regulates the distance between the two nearest low-dimensional points.

UMAP aims to minimize the following cross-entropy loss function:
X

L= ( pjlog(g) (@ pj)logl g)): 3

B]

The rst term provides an attractive force and the second term provides a repulsive force. Instead of
optimizing every point in each iteration, UMAP takes the negative sampling approach (Mikolov et al., 2013;
Tang et al., 2016). For each edge withp; > 0, named a positive edge, several edges are sampled randomly,
named negative edges. The attractive force is applied on the positive edge:

yit =y 1 yelog(g ); (4)
y™t =y + rylog(g ) (5)

and the repulsive force is applied on the negative edges:
yit =yt rylog(l g (6)

where (> 0) is the learning rate andt is the step number. Note thaty; is not updated for negative edges.
For a detailed analysis of UMAP's loss, see (Damrich & Hamprecht, 2021). Other algorithms follow a similar
optimization scheme with di erent loss functions.

4 Attraction and Repulsion Shapes

The action of the updates (4-6) can be simpli ed by decomposing the gradients y! log(ag ) (r y! log(1 g;))
into a scalar coe cient dependent on the distancejjy; y;jj. acting on the vector (y; y;). We call this
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Figure 1: Attraction and repulsion shapes in UMAP. (a) E ect of di erent values of f, (top) and f, (bottom)
on a pair. (b) Attraction shape of UMAP. (c) Attraction term scaled by the learning rate, f 4, for various
learning rates . (d) Minimum distance for contraction ( ;) as decreases. (e) Repulsion shape of UMAP.
Default UMAP parameters: a=1:58 and b= 0:89.

scalar coe cient the attraction (repulsion) shape. While we use UMAP as a speci ¢c example, this formalism
applies to any method that relies on attraction and repulsion.

By writing r yc log(g; ) = fa( ')(yi ¥}), where = jiyi yjjj2, we can update the equations of a positive
edge as

vyt =y fa(HY Y @)
t+1

it =y fa( Yy 8)

Here,f4: R ¢! R g is the attraction shape, and we use the fact that for Euclidean metric,r y! log(g; ) =
roy log(g; ). Similarly, we reformulate the update equation of a negative edge as

AR T G IV O F ©)
Y=y (10)
wheref, : R ¢! R g is the repulsion shape.

Such decomposition has appeared previously, e.g., in (Mclnnes et al., 2018; Agrawal et al., 2021; Draganov &
Dohn, 2023), but their formulations and utilization vary. The original UMAP paper (Mclnnes et al., 2018) used
it as a computational trick for fast processing, while Draganov & Dohn (2023) used it for comparing di erent
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algorithms from the kernel perspective. In both cases, the primary focus was computing the derivative without
any further analysis of the decomposition. A similar approach was used earlier by Agrawal et al. (2021), but
they expressed the decomposition in terms of a scalar coe cient and a unit vector (y;  v;)=liyi  Yjli2) to
emphasize the magnitude of the forces. Here, we treat the decompositions as independent functions that can
take various forms. The discussion below shows that our shape decomposition is more illuminating than the
magnitude alone.

4.1 Conditions for Attraction and Repulsion

In this section, we establish the conditions of attraction and repulsion from the update equations (7)-(10).
The following proposition characterizes the contraction of distance between the paiy! and y]-t of a positive
edge:

Proposition 4.1.  The update Egs. (7) and (8) provide a contraction of distance jfy! ** yJ-t+1 i<yt i
if 1<f a<0.

Here, f ; works as the e ective attraction shape, since the contraction condition depends on the scaled
quantity f 5. In particular, scaling by can move the update across the critical threshold 1, changing
attraction from contractive to expansive. In practice, oncef, is specied, can be chosen to placef 5 in a
well-behaved regime.

For a negative edge, the following proposition characterizes the expansion of the distance between the pgir
andy/:

Proposition 4.2. The update Egs. (9) and (10) provide an expansion of distancejj(s,/it+l yjt"l i > iVt yj‘jj)

if f, > 0.

Note that the inclusion of a symmetric term  f ( )(y} y]-t) in Eq. (10) does not alter this conclusion. Unlike

attraction, repulsion does not require introducing an e ective shape: for any positive learning rate > 0,

multiplying f, by changes only the magnitude of the repulsive update, not its sign. Thus, the qualitative
condition for per-iteration expansion is determined byf, > 0, and we treat f, itself as the repulsion shape.
Proofs of these propositions are provided in Appendix B.

Overall, these conditions give a per-iteration certi cate for guaranteed contraction/expansion, and one should
not confuse them with the learning rate tuning/decay mechanism, as we can design the shapes in such a way
that the contraction and expansion do not rely on learning rate decay.

Figure 1 (a) shows the e ect of di erent values of f, < 0 and f, > 0 on two points. The latter shape is
straightforward, as any positive value increases the distance. The former is much more subtle, &g encodes
both attractive and repulsive dynamics. For f, 2 ( 1:0;0), the distance decreases, with a sign ip at the
value f, = 0:5 of maximum attraction (coincident points). Any value lower than  1:0 causes the distance
to increase. Although these forces act locally, they collectively shape the global structure.

5 Analysis of UMAP in terms of Attraction and Repulsion Shape

Using the gradient decomposition and the distance form (1), the attraction and repulsion shapes are given by

2ab 2(b D
O Taw =
and
2b
()= D1+ a Zb); (12)

respectively. This section focuses on the default shapes of UMAP, controlled primarily by the parametera
and b, and discusses the insights learned by perturbing them. The discussion below is generally valid for
b 1, where the attraction shape is strictly increasing and thus invertible (for derivation, see Appendix B;
for a discussion ofb > 1, see Appendix F).
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Table 1: Eect of ; interms of mean std Euclidean distances among the k-NN pairs in the UMAP
embedding space. With annealing, 1! O0; without annealing (constant learning rate), 1 = 1:07, leading
to larger k-NN distances. Results for embedding dimensions scaled to unit variance are shown in parentheses.

Dataset \ With Annealing | Without Annealing
MNIST (LeCun et al.,, 2010) 056 1.70(0:10 031) | 1.71 1:80(0:29 0:30)
FMNIST (Xiao et al., 2017) 0:39 0:94(0:06 0:16) | 1:52 1:24(0:23 0:18)

Transcriptomes (Macosko et al., 2015)| 0:48 1:16(0:09 0:22) | 1:67 1:54(0:26 0:23

Figure 2: Embedding of the MNIST dataset using UMAP's default attraction and repulsion. (a) Embedding
when the learning rate is annealed. (b) Embeddings when the learning rate is constant. We varied the
constant learning rate for attraction ( ;) and repulsion ( ;). A smaller learning rate gives a sharper cluster
boundary. SIL: silhouette scores (Rousseeuw, 1987), a measure of cluster separation, and T: trustworthiness
(Venna & Kaski, 2001), a measure of structure preservation.

Figure 1 (b) shows the default attraction shape of UMAP (a = 1:58 b = 0:89). It becomes unbounded
(approaches1 )as ! 0. As predicted by Proposition 4.1, the transition from contraction to expansion

occurs whenf Y crosses 1as approaches0. Since the attraction shape is invertible, we can identify the
distance at this transition, 1= (f J) ( 1), as the minimum distance for contraction due to attractive

updates. E ectively, > 1 causes contraction, and0 < < 1 causes expansion, contradicting the
intuition that attractive updates consistently bring points closer together.

If 1 is high, neighboring points oscillate between contraction and expansion, and the clusters appear fuzzy.

For the sharpest boundaries, then, the goal of optimization can be recast as one of achieving the limit 1 ! 0.

The default shape oscillates around = 1:07, which is large compared to the expectation (i.e., the limit
1! 0). As a result, UMAP's learning rate schedule requires annealing to zero (Figs. 1 (c,d)). The e ect is

evident when we quantify the distances among the k-NN pairs in the learned embeddings (Table 1). Without

annealing, the average distance among the k-NN pairs increases by 1:16, consistent with the predicted

scale set by ;. This increase persists even when the embedding dimensions are scaled to unit variance (by
0:18).

On the other hand, the repulsion shape (Eq. 12) is always positive and satis es Proposition 4.2f ¥ approaches
Oas !1 and approachesl as ! O (Fig. 1 (e)).

To illustrate their e ect, Fig. 2 shows UMAP embeddings of MNIST under di erent optimization settings.

With learning rate annealing, UMAP produces the familiar embedding with well-formed clusters of individual
digits (Fig. 2 (a)). In contrast, keeping the learning rate constant can lead to drastically di erent embeddings
(Fig. 2 (b)). For clarity, we separately x the attraction and repulsion learning rates, denoted by , and
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Figure 3: Comparison of di erent algorithms. (a) Attraction and (b) repulsion shapes of various embedding
methods. (c) Trustworthiness and (d) Silhouette Score of various methods as the constant learning rate is
varied for attraction ( ;) and repulsion ( ) independently. (e) Portions of neighbors that ip and expand,
and (f) average distance between neighbors for various methods due to attraction and repulsion dynamics in
each epoch.

r. Clearer cluster boundaries emerge when, is small (e.g.,0:1), which also keeps ; small. When ,
is large (e.g.,1:0), the clusters become more diuse. The , mainly a ects local jitter; a larger , (1:0)
introduces noticeable uctuations around the clusters, whereas a smaller ; (0:1) yields a cleaner embedding
(for 4 =0:1). We also observe changes in the overall scale of the embedding, re ecting the balance between
attraction and repulsion. As this balance shifts, the equilibrium spacing between clusters changes, causing
the embedding to contract or expand (we analyze the scaling further in Section 5.3).

To connect Fig. 2 to the underlying mechanics, note that( ,; ) do not merely speed up optimization,
rather they change the e ective forces through ,f, and f;. In particular, whenever ,f, crosses 1
(equivalently 1 > 0), nearest-neighbor updates can oscillate between contraction and expansion around 1,
producing fuzzy clusters unless 4 is reduced (thus, reducing the value of ;). This motivates comparing the
attraction/repulsion shapes across methods. Attraction shapes for di erent algorithms show that only UMAP
and t-SNE deal with the issue of havingf; < 1 (and consequently ;> Oat =1, Fig. 3(a)). t-SNE solves
it by weighting the updates with corresponding p; values, while UMAP relies on learning rate annealing.
Methods like Negt-SNE and PaCMAP have f , naturally within [ 1;0] (and thus, satis es Proposition 4.1
for 2 [0;1]with 3 =0). Furthermore, PaCMAP's weighted f, (< 0:5 always) even prevents any ips
during attraction. On the other hand, the repulsion shapes for di erent algorithms show that only UMAP
deals with large values for small distances (Fig. 3(b); the shape is unbounded, but during optimization, the
values are often clipped).

We show the e ect of these attraction/repulsion choices for MNIST embedding by applying separate constant
learning for attraction ( ,) and repulsion ( ), and varying their values within (0, 1] (Figs. 3 (c,d)). For UMAP,
the lower value of 5 (< 0:5and consequently ;' 0) is preferred for better embedding (trustworthiness
(T)in Fig. 3 (c)) and clustering (silhouette scores (SIL) in Fig. 3 (d)), whereas the whole range of ; (2 [0;1])
could be used (e.g., for a xed 5 = 0:3). For NEG-t-SNE and PaCMAP, for which 1 = 0, the whole
range of parameters is e ective. This con rms that UMAP relies on making ; close to O for satisfactory
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embedding and clustering, which it achieves in practice by learning rate annealing, whereas ; =0 is the
default in newer algorithms.

To further probe the inner workings of attraction, we can quantify the number of ips and expansions of
nearest neighbors. Note that these values account for all interactions during each epoch (while Propositions 4.1
and 4.2 account for local interactions in isolation). We can intuitively predict from the attraction shapes that
UMAP will experience the highest number of ips and expansions, while the other methods, UMAP with
a=1 and b=1, Neg-t-SNE, and PaCMAP, will gradually go downward. Fig. 3 (e) shows the percentage of
neighbors that experience this during optimization and perfectly matches with our intuition (for details of
how we estimate these values, see Appendix L). When the learning rate is constant, the number of ips is
stable. In UMAP, roughly 21:55% (average of last 200 epochs) of the neighbors ip and expand. Whereas, it
becomes lower as we drive the attraction shape toward 1 and then to 0:5. For PaCMAP, where there is
no ip from the attraction shape, 11:34% of the neighbors (half of that of UMAP) ip and expand. When
the learning rate is annealed, the number of points that ip and expand reduces towardO.

We can make a similar observation regarding the distance between the neighbors (Fig. 3 (f); for details,
see Appendix L). Without learning rate annealing, the average distance in UMAP is highest and then
drops signi cantly for Neg-t-SNE and PaCMAP. When the learning rate is annealed, all the methods reach
practically the same value. Notably, PaCMAP, which allows no ip during attractive update, essentially
traces the same curve with or without learning rate annealing.

Future sections and appendices provide additional details. In Section 5.1, we focus on the caseaof 1 and
b=1 and compare UMAP to NEG-t-SNE. Appendix C provides additional discussion regarding constant
learning rate in UMAP. Appendix J provides details of di erent dimensionality reduction algorithms (TriMAp,
PaCMAP, LocalMAP, t-SNE, SNE and multidimensional scaling) from the perspective of attraction and
repulsion shape. Appendix M discusses the case when ips are deliberately injected during the optimization.
Appendix N studies a synthetic scenario in which an attractive pair is initialized with many repelling points
between them. Appendix O gives details of the embeddings used in this section as well as extended results
for two other datasets.

5.1 Comparison to NEG-t-SNE

In the previous section, we focused on the default UMAP parameters, which causes both the attraction
and repulsion shapes to be unbounded. However, setting and bto 1 is common for various dimensionality
reduction algorithms. This particular setting makes the gradients in many algorithms stable (or bounded)
and, in turn, makes the optimization easier. Recently, Damrich et al. (2023) explored this for UMAP and
proposed Negt-SNE as a solution, which, in addition to having a stable gradient, provides a more compact
clustering even for a constant learning rate ofl. On the other hand, Parametric UMAP (Sainburg et al., 2021)
initially used the UMAP loss formulation, but later it * adopted a numerically stable modi ed cross-entropy
loss function (Shi et al., 2023) with a logsigmoid kernel. Analysis of both reveals that the approaches arrive
at the same formulation from di erent starting points, which leads to the following observation:

Proposition 5.1  (Damrich et al. (2023)). Neg-t-SNE is Parametric UMAP with a=1 and b=1.

With a=1 and b= 1, the attraction and repulsion shapes of UMAP are given byfY = 2=(1+ 2) and
fY =2=2(L+ 2)), respectively. The attraction shape becomes bounded withirf 2;0], with fY(0)= 2
(Fig. 3 (a)), while the repulsion shape remains essentially unchanged (i.e., unbounded as! 0, Fig. 3 (b)).
SincefY < 1as ! 0, according to Proposition 4.1 and the discussion provided in Section 5, this unity
case still requires learning rate annealing.

Damrich et al. (2023) compared UMAP's negative sampling loss function from the perspective of contrastive
embedding (CE) and concluded that the e ective kernel of UMAP is 1= 2. Under the CE framework, the
authors introduced NEG-t-SNE by changing the kernel to1=(1 + 2). Reverting to UMAP formalism, this
results in the low-dimensional a nity function gj =1=(2+ 2). Consequently, the attraction and repulsion
shapes aref ) = 2=2+ 2),andf]N =2=((1+ 2)(2+ 2)), respectively (Figs. 3 (g,h)). The attraction
shape is bounded within[ 1;0] and satis es Proposition 4.1. Any 2 [0; 1] would cause contraction and

Lhttps://github.com/Imcinnes/umap/pull/856, merged on April 26, 2022
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Figure 4: E ect of random initialization on di erent attraction shapes for the MNIST dataset. (a) Mapping
using PCA. (b-d) Four mappings with the lowest Procrustes distance f4) from the embedding in (a) for
(b) UMAP, (c) modi ed, and (d) composite attraction shapes. (e) Default UMAP and modi ed attraction
shapes. (f-h) Procrustes matrices from 100 runs of (f) UMAP 0:78 0:13), (g) modied ( 0:49 0:21), and
(h) composite attraction (0:50 0:20) shapes. The diagonal(i; i) entries of the Procrustes matrix are sorted
by Procrustes distance pg) from (a), and the o -diagonal, (i;j ), entries correspond topy betweeni® and j "
mapping. The matrices and (meanpy std) values show that UMAP's embeddings are not self-similar, while
the modi ed and composite attraction shapes encourage initialization-invariant structure.

avoid oscillation of expansion and contraction. Thus, NEGt-SNE is less sensitive to learning rate annealing,
and the clusters appear less fuzzy even for constant = 1:0. Moreover, the repulsion shape of NEG-SNE is
also bounded within [0; 1] and does not approach in nity as ! 0, which causes fewer points to leave the
clusters when sampled randomly. While Damrich et al. (2023) used only the bounded repulsive forces of
NEG-t-SNE and unbounded ones of UMAP to explain this disparity, our analysis, in Fig. 3, shows that the
attraction shape is equally responsible for stability and compactness of the clusters. Whea and b vary in
NEG-t-SNE, it faces the same numerical challenges of UMAP.

For additional discussion on NEG+-SNE with illustration, see Appendix I.

5.2 UMAP's Consistency under Random Initialization and Probing Its Optimization Landscape

The consistency of UMAP embeddings depends on proper initialization (Kobak & Linderman, 2021; Wang
et al., 2021). Typically, principal component analysis (PCA) of the data or spectral decomposition of the
high-dimensional graph initializes the embedding, producing consistent mappings despite various sources of
stochasticity. If randomly initialized, clusters often fail to form or form in a random orientation each time
the algorithm executes. If the initial distance between two points (nearest neighbors in high dimension) is
large, the attractive forces become too low to bring them closer. Known as near-sightedness (Wang et al.,
2021), this phenomenon is evident in the attraction shape, whergf Jj diminishes towards zero as the distance
increases (sincejf Yj = o(1=), and thus, lim ;; jfY( )j =0). If we can alleviate this near-sightedness, we
can probe whether an informed initialization (such as PCA) leads to a preferred low-dimensional arrangement,
or whether multiple such arrangements are equally accessible under the objective.

One can induce far-sightedness in the mapping by increasing attraction for large distances, facilitating
faraway neighbors to come closer. To test this hypothesis, we modify the attraction shape of UMAP to
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Table 2: E ect of random initialization on di erent datasets using di erent attraction shapes and comparison to
PCA initialization. The metrics (mean std) are reported based on 100 runs of each. Datasets: MNIST (LeCun
et al., 2010), FMNIST (Xiao et al., 2017), Transcriptomes- (Macosko et al., 2015), (Shekhar et al., 2016), and
20NewsGroup (20NG) (Mitchell, 1997).

| | Embedding Quality | Run to Run Consistency
Dataset | Shape (initialization) | Trustworthiness | Silhouette Score| Spearman | Spearman | Procrustes Distance
Default (PCA, baseline) | 0:957 0:001 0:51 0:01 0:31 0:01 | 0:95 0:06 0:13 0:05
E Default (Rand) 0:958 0:001 0:47 0:04 0:24 0:06 0:44 012 0:78 0:13
P Modi ed (Rand) 0:923 0:003 0:33 0:03 0:33 0:03 | 0:71 0:12 0:49 0:21
2 Composite (Rand) 0:956 0:001 0:48 0:02 0:29 004 | 0:70 011 050 0:21
— Default (PCA, baseline) | 0:975 0:001 0:18 0:00 0:60 0:00 | 0:99 0:00 0:02 0:00
2] Default (Rand) 0:976 0:001 0:11 0:05 0:42 0:.07 | 054 013 0:72 0:15
§ Modi ed (Rand) 0:959 0:004 0:16 0:03 0:57 0:04 | 0:82 0:11 0:38 0:19
T8 Composite (Rand) 0:975 0:001 0:18 0:03 0:53 0:05 | 0:78 0:10 0:43 0:18
2 Default (PCA, baseline) | 0:950 0:001 0:42 0:04 0:77 0:01 | 0:95 0:02 0:16 0:07
4 Default (Rand) 0:950 0:001 0:23 0:06 0:75 0:02 | 0:76 0:03 0:91 0:06
g Modi ed (Rand) 0:935 0:001 0:15 0:05 0:71 0:.02 | 0:82 0:.05 0:61 0:13
= Composite (Rand) 0:949 0:001 0:28 0:05 0:73 0:02 | 0:83 0:04 0:64 0:15
= Default (PCA, baseline) | 0:974 0:000 0:52 0:01 0:51 0:01 | 0:94 0:03 0:07 0:03
< Default (Rand) 0:974 0:000 0:41 0:08 0:48 0:03 | 0:52 0:09 0:70 0:16
2 Modi ed (Rand) 0:965 0:001 0:58 0:03 0:40 0:.02 | 0:81 0:06 0:48 0:19
n Composite (Rand) 0:973 0:000 0:51 0:03 0:48 0:01 | 0:73 0:08 051 0:19
Default (PCA, baseline) | 0:819 0:001 0:17 0:00 | 0:58 0:00 | 0:96 0:01 0:05 0:01
(ZD Default (Rand) 0:818 0:002 0:18 0:01 0:57 001 | 0:92 0:03 024 0:13
IS Modi ed (Rand) 0:777 0:001 0:16 0:00 0:59 0:00 | 0:95 0:04 0:20 0:13
Composite (Rand) 0:817 0:002 0:18 0:01 0:58 0:01 | 0:94 0:.04 0:19 0:15

increase the attractive force:

a (13)
where is a parameter that regulates the strength of the added term (we used = 0:2, Fig. 4 (e)). This
addition in the agaction shape translates to adding a regularizer in the attractive term of the loss function
G.e., LM =1L+ ij =3 nyi i ji3). In addition to attracting pairs at faraway distances, this technique
enables intermixing of points that help convergence under random initialization (akin to early exaggeration
in t-SNE). In (13), we chose the simplest linear correction; other functions, such akg or P (p2 R o),

may also be suitable.

We also consider a composite attraction shape:

(
fM. epoch 100
= 2" : 14
@ fY:  otherwise (14)

a’
The composite shape attempts to remove any distortions introduced byf M by reverting to the original
UMAP. Below, we discuss the e ects these modi ed and composite attraction shapes have on DR from
random initialization.

We rst created a PCA-initialized embedding of the MNIST dataset Figure 4 (a). Then, we produced
embeddings using random initialization (Gaussian) for each shape and repeated the experiment 100 times
(to probe the optimization landscape starting from various initial position). To quantify the results, we
use Procrustes analysis (Gower, 1975) that aligns two point clouds under scaling, translation, rotation, and
re ection (for details, see Appendix D.1). Here, we align the randomly initialized embeddings to that of
the PCA-initialized one and characterize their separation using the Procrustes distancey). Figure 4 (b)
shows four embeddings with the lowestpy. While the cluster shapes are consistent, their placements are not.
Outputs from the modi ed and composite attraction shapes (Figs. 4 (c) and (d), respectively) show improved
consistency of cluster placements.
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Figure 5: Control of inter-cluster distances on the MNIST dataset. (a) Computing a; b by varying the
low-dimensional distancemy restricts exploration. (b-d) UMAP output by setting mg to 0:1, 0:01, and
0:0001, respectively, shows little improvement in compactness of clusters. (e) Repulsion shapes for di erent
parameters. (f-h) Increasing repulsion by explicitly varying b results in more compact clusters and forms new
ones that were absent otherwise. (i) Attraction shapes by varying parameters. (j-I) Increasing repulsion by
adding a small positive value (') to the repulsion shape increases inter-cluster distance.

To quantify the placements further, we consider the Procrustes matrix: the diagonal of the matrix is sorted
by pg from the PCA-initialized mapping, and the o -diagonal values are py between two randomly initialized

mappings (for details, see Appendix D.1). This quanti cation is analogous to the similarity matrix (Foote,

1999). The embeddings due to the default UMAP attraction shape are not similar to each other (Fig. 4 (f)),
but the modi ed (Fig. 4 (g)) and composite (Fig. 4 (h)) shapes show strong similarity to each other. Additional

results on other datasets, showing consistent behavior, are provided in Appendix E.

Table 2 shows embedding quality and run-to-run variance of ve di erent datasets when randomly initialized
and compare it to the corresponding PCA initialized version (standard and the most consistent one). Overall,
we can observe that the embedding quality is comparable among di erent shapes. Overall, modi ed and
composite shapes improve consistency in terms of Spearman's rank correlation and Procrustes distance.

This indicates that UMAP, regardless of the initialization, aims to encode a unique structure (in our
experiments, PCA initialized embedding is an attractor). However, attaining that structure in the low
dimension may fall short due to small attraction at longer distances.

5.3 Cluster Formation and Compactness

The primary controllable parameter in uencing cluster formation in UMAP is the minimum distance parameter
mgq (through Eq. 2). However, varying mq restricts the exploration of di erent values of a and b (Fig. 5 (a)).
Thus, reducing my often results in embeddings that do not provide additional bene t (Figs. 5 (b-d)). The
key factor is the limited in uence of varying mg on the repulsion shape (Fig. 5 (e)). Alternatively, we can
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