Statistical Numerical PDE :
Fast Rate, Neural Scaling Law and When it’s Optimal

Yiping Lu Haoxuan Chen Jianfeng Lu
Stanford University, CA Caltech, CA Duke University, NC
yplu@stanford.edu haoxuan@caltech.edu jianfeng@math.duke.edu
Lexing Ying Jose Blanchet
Stanford University, CA Stanford University, CA
lexing@stanford.edu jose.blanchet@stanford.edu
Abstract

In this paper, we study the statistical limits of deep learning techniques for solving
elliptic partial differential equations (PDEs) from random samples using the Deep
Ritz Method (DRM) and Physics-Informed Neural Networks (PINNs). To simplify
the problem, we focus on a prototype elliptic PDE: the Schrodinger equation on a
hypercube with zero Dirichlet boundary condition, which is applied in quantum-
mechanical systems. We establish upper and lower bounds for both methods,
which improve upon concurrently developed upper bounds for this problem via
a fast rate generalization bound. We discover that the current Deep Ritz Method
is sub-optimal and propose a modified version of it. We also prove that PINN
and the modified version of DRM can achieve minimax optimal bounds over
Sobolev spaces. Empirically, following recent work which has shown that the
deep model accuracy will improve with growing training sets according to a power
law, we supply computational experiments to show similar-behavior of dimension
dependent power law for deep PDE solvers.

1 Introduction

Partial differential equations (PDEs) play a prominent role in many disciplines of science and engi-
neering. The recent deep learning breakthrough and the rapid development of sensors, computational
power, and data storage in the past decade draws attention to numerically solving PDEs via machine
learning methods [36} 35/ 148} 18,57, 29]], especially in high-dimension where conventional methods
become impractical. Despite the success and popularity of adopting neural networks for solving
high-dimensional PDEs, the following question still remain poorly answered.

For a given PDE and data driven approximation architecture, how large a
sample size and how complex such model is needed for to reach a prescribed
performance level?

In this paper, we aim to establish the numerical analysis of such deep learning based PDE solvers.
Inspired by recent works which showed that the empirical performance of a model is remarkably
predictable via a power law of the data number, known as the neural scaling law [28, 22} 154], we
aim to explore the neural scaling law for deep PDE solvers and compare its performance to Fourier
approximation. In this work, we will focus on the deep Ritz method (DRM) [12,29] and the Physics-
Inspired Neural Networks (PINN) approach [57, 48]], both are based on minimizing neural network
parameters according to some loss funcitonal related to the PDEs.
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To provide theoretically guarantees for DRM and PINN, following [38, [11} [1]], we decompose the
error into approximation error [68} 159, 155] and generalization error [2, |68} 67]. However instead
of the O(1/+/n) (n is the number of data sampled) slow rate generalization bounds established in
prior work [38., 155,166, 56], we utilize the strongly convex structure of the DRM and PINN objective
and provide a O(1/n) fast rate generalization bound [2} [67] which lead us to a non-parametric
estimation bound. Our theory also suggests optimal selection of network size with respect to the
number of sampled data. Moreover, to illustrate the optimiality of our upper bound, we also establish
an information-theoretic lower bound which matches our upper bound for PINN and a modified
version of DRM.

2  Setting

For simplicity, we consider the static Schrodinger equation with zero Dirichlet boundary conditions
on the domain €2, which we assume to be the unit hypercube in R%. Let f € L2(2), V € L>(Q)
and , g € L>°(Q). Our focus is on the analysis of Deep-Learning-based numerical methods to solve
the elliptic equations

—Au+Vu=f inQ,

u=g ondf. @D

2.1 Loss Functions for Solving PDEs and Induced Evaluation Metric

In this paper, we mainly focus on analysing Deep Ritz Methods (DRM) and Physics Informed Neural
Network (PINN). In this subsection, we first introduce the objective function and algorithm of the
two methods.

Deep Ritz Methods [12,57] Recall that the equation is equivalent to following variational
form

u* = arg min EPRM(y |Vu|2 + Vlul? da — fudz (2.2)
Hg ()

where u is minimized over H} () with boundary condition given by g on 89.

Physics Informed Neural Network [48]57]). PINN solves|2.1]via minizing the following objective
function

ut = argmlnEPINNEHU ) (y / |Au(x (z)u(z) + f(z)|*da.

The objective function EP™N can also be viewed as the population risk function and we can train
an optimal estimator approximation of the solution to the PDE within a parameterized hypothesis
function class F' C Hg (). In this paper, we also rely on the strong convexity of the PINN objective
respect to the Hs norm.

2.2 Estimator Setting

Empirical Loss Minimization In order to access the d-dimensional integrals, DRM and PINNem-
ploy a Monte-Carlo method on sampled data (X5, f; = f(X;) +n:)™ 1,1 ~ N(0, o) for computing
the high dimensional integrals, which leads to the so-called empirical risk minimization training for
neural networks. Define the empirical losses E,, by setting

B = 37 [10]- (GIVu06) 7 + Y OOP - )] @)
BN = 237 (101 (300) - Vo) + 1) 04

where |Q| represent the Lebesgue measure of the sets.

Once given an empirical loss E/,, we apply the empirical loss minimization to seek the estimation
ie. u, = argmin,cp E, (u) where F is the parametrized hypothesis function space we consider.



For example, reproducing kernel Hilbert space(8]] and tensor training format[49]]. In this paper, we
consider sparse neural network and truncated fourier basis, which can achieves min-max optimal
estimation rate for the non-parametric function estimation[|62} 152 (14} 159, [7, 271 145]].

Neural Network Function Space In this paper, the hypothesis function space F is expressed by the
neural network following [59]]. Let us denote the ReLU? activation by n3(z) = max{x?,0} (z € R)
which is used in [[12], and for a vector z, 7(x) is operated in an element-wise manner. Define the
neural network with height L, width W, sparsity constraint S and norm constraint B as

®(L,W, S, B) := {WFEns(-) + b)) o .. W3 (1) + 5@y o WDz 4 M) |

W e RUW pE) ¢ R W) ¢ RW>d p(1) ¢ RW Wb ¢ RV>*W 30 e RV (1 < 1 < L),
L
S UIWB o + 18P1lo) < S, max WO |sg 00 V (0P ]| < BY, (2.5)
=1
where o denotes the function composition, || - ||o is the £o-norm of the matrix (the number of non-zero

elements of the matrix) and || - || is the £oo-norm of the matrix (maximum of the absolute values of
the elements).

Truncated Fourier Basis Estimator We also considered the Truncated Fourier basis as our es-
timator. Suppose the domain we interested Q C [0,1]¢. For any z € N? we consider the
corresponding Fourier basis function ¢ (z) := €2 (z € Q). Any function f € L*(Q)
can be represented as weighted sum of the Fourier basis f(z) := >, ya f2¢.(x) where f. :=
Jof (2)¢.(x)dx (¥ z € N%) is the Fourier coefficient. This inspired us to use the Fourier Basis
whose index lies in a truncated set Zy = {z € Z|||z|lc < £} to represent the function class F as

Fe = {3, < a:0:la: € R, ||z]l0 < €}

3 Lower Bounds

Theorem 3.1 (Lower bound). We denote u*(f) to be the solution of the PDE|2.1|and we can access
randomly sampled data {X;, f;}i=1,... n as described in Section

DRM Lower Bound. For all estimator H : (Rd)®" x R®" — Ho (), we have
2a—2
inf sup E|H{X;, fitizt,m) — u*(f)||[F, 20 721, (3.1)
H yeHq ()

Given that n~ 425 is the minimax rate of estimation of the k-th derivative of a 3-smooth density in

Lo [34, 47 43], the lower bound have here is the rate of estimating the right hand side function f in
terms of the H_1 norm. Given H_1 norm error estimate on f, we can achieve estimate of u with,
which provides an alternative way to understand our upper bound.

PINN Lower Bound. For all estimator H : (]Rd)@n x R®" — H{(Q), we have

X " _ _2a-4
inf sup E[H{X;, fitiz1..n) = u ()llf, 2”77 (3.2)
u€Hq ()

4 Upper Bounds

Physics Informed Neural Network.

Theorem 4.1. (Informal Upper Bound of PINN with Deep Neural Network Estimator) With proper
assumptions, consider the sparse Deep Neural Network function space® (L, W, S, B) with parameters
L=0(1), W=0(n T ), S = O(nd+2d574 ), B = O(1), then the Physics Informed estimator
BN, = ming,ce(r,w,s,B) EPINN(y) satisfies the following upper bound with high probability:

B — w3, < n” 75 logn,



Theorem 4.2. (Informal Upper Bound of PINN with Truncated Fourier Series Estimator) With proper
assumptions, consider the Physics Informed Neural Network objective with a plug-in Fourier Series

. . 1 . . I
estimator Uppn = minge g, () EFNN (u) with € = ©(n@¥25=1), then with high probability we have

i = wllf, S n-we.
Deep Ritz Methods.
Theorem 4.3. (Informal Upper Bound of DRM with Truncated Fourier Series Estimator)With proper

assumptions, consider the Deep Ritz objecnve with a plug in Fourier Series estimator 45" =

minye g, (o) EY™M (u) with § = ©(na72:=2 T ), then with high probability we have

gk —w Iz, Sn”

Theorem 4.4. (Final Upper Bound of DRM with Deep Neural Network Estimator) With proper
assumptions, consider the sparse Deep Neural Network function space ®(L, W, S, B) with param-

eters L = O( ), W = O(ndHLZ)7 S = O(TuinH)7 B = O(1), then the Deep ritz estimator

UDpy = Minyea(r,w,s,5) ES™ (u) satisfies the following upper bound with high probability:

252
d+2s—2

@By, — u*[|%, < n~ T logn.

Upper Bounds Lower Bound
Objective Function | Neural Network [ Previous Bound | Fourier Basis

— 95-2 — o

Deep Ritz n_ 7&?’&2;32 log n n d+‘E51*14] 10g n n- di\zb‘iz n- di2534

. . —_Z — 257 — ZT

Modified Deep Ritz | n™ @+25-2 logn / n~ a1 n~ d+zs—1
) ~ 57

PINN n~ TEea logn | ™ d+E2;4] logn n- T n- T

Table 1: Upper bounds and lower bounds we achieved in this paper and previous work. The upper
bound colored in red indicates the convergence rate matches the min-max lower bound.

5 Modified Deep Ritz Methods

Comparing the lower bound in Section [3 and the upper bound in Section @ we find out that the
Physics Informed Neural Network achieved min-max optimality while the Deep Ritz Method doesn’t.
In this section, we proposed a modified version of deep Ritz which can be statistically optimal.

As discussed in Appendix [B| the reason behind the suboptimality of DRM comes from the high
complexity introduced via the uniform concentration bound of the gradient term in the variational
form. At the same time, we further observed that the [ |Vu|?>dz doesn’t require any information
of observed data, which means that we can easily make another splitted sample to approximate the
J |Vul?dz term.

By a(u) = fj[m X)) + 230 [l (Bv o)) R - fu(x))]

Jj=1
6D
Once we sampled more data for approximating | |Vu|?dzx, we can achieve an near optimal bound
for the Truncated Fourier Estimator when % Z>n e
Theorem 5.1. (Informal Upper Bound of DRM with Truncated Fourier Series Estimator)With proper

assumptions, consider the Deep Ritz objective with a plug in Fourier Series estimator 154" =

. . . B T
min, ¢ g, () B2 (u) with § = ©(n725=1) and &L > n@72=1, then we have

” ~ Fourier

2 _ 2373
pry" — u*[[f, ST

All our upper and lower bound is summarized in Table[T] Due to page limit, we put all the discussion
in Appendix [A] and experiments in Appendix
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Appendix

A Discussion

A.1 Related Works

Neural Scaling Law The starting point of our work is the recent observation across speech, vision
and text [22} 28,151, |50]] that the empirical performance of a model satisfies a power law scales as a
power-law with model size and dataset size. [54] further finds out that the power of the scaling law
is depends on the intrinsic dimension of the dataset. Theoretical works [52, 59, 160\ (7}, 24} |14} [2'7]
explore the optimal power law under the non-parametric curve estimation setting via a plug-in neural
network. Our work extend this line of research into solving a PDE.

Deep Network Based PDE Solver. Soliving high dimensional partial differential equations (PDEs)
have been a long-standing challenge due to the curse of dimensionality. At the same time, deep
learning has shown superior flexibility and adaptivity in approximating high dimensional functions
which leads to state-of-the-art performances in a wide range of tasks ranging from computer vision to
natural language processing. Recent years, pioneer works [[18] 148} 36} |57, 129] have tried to utilize
the deep neural networks to solve different types of PDEs and achieves impressive results in many
tasks [37,133]]. Based on the natural idea to represent solutions of PDEs by (deep) neural networks,
different loss functions for solving PDEs are proposed. [18}[19]] utilize the Feyman-Kac formulation
which turns solving PDE to a stochastic control problem and the weak adversarial network [69]
solves the weak formulation via an adversarial network. In this paper, we focus on the convergence
rate of the Deep Ritz Method (DRM) [[12}29] and Physic—informed neural network(PINN) [48l157].
DRM[12, 29] utilize the variational structure of the PDE, similar to the Ritz-Galerkin method in
classical numerical analysis of PDEs, and trains the neural network to minimize the variational
objective. PINN[48] |57]] train the neural network directly to minimize the residual of the PDE.

Theoretical Guarantee For Machine Learning Based PDE Solver. Theoretical convergence
results for deep learning based PDE solvers raises wide interest recently. Specifically, [38|[15} 141} 65|
66, 156, 1] investigated the regularity of PDEs approximated by neuarl network and [38},139]] further
provided a generalization analysis. [44] considered a prior and an equivalent white noise model[4]
and considered the rate of convergence of the posterior. Our paper doesn’t need to introduce and



provided a non-asymptotic result. At the same time, [44] can only be applied to linear PDEs while
our proof technique can be extend to nonlinear one. All these paper also failed to answer the question
that how to determine the network size corresponding to the sampled data number to achieve a
desired statistical convergence rate. [23|40] consider the similar problem for the optimal transport
problem, i.e. Monge-ampere equation. However the variational problem we considered is different
from[23} 40] which leads to technical difference. The most related paper to us is a concurrent paper
[L1} 25 [26]]. However our upper is faster than [[11} 25, 26] and we have shown that the lower bound
conjecture in [[11] is wrong. In this paper, we showed that generalization analysis in [38} [11}[39] are
loose due to lack of localization technique[2,|67]]. With observation of the strong convexity of the
loss function, we follows fast rate results for ERM [52} 167, |14] and provided a near optimal bound
for both DRM and PINN.

A.2 Contribution
In short, we summarize our contribution as following

* In this paper, we first consider the statistical limit of learning a PDE solution from sam-
pled observations. The lower bound showed a non-standard exponent different from non-
parametric estimating a function, which breaks the conjecture listed in the concurrent work
[L1].

* Instead of the O(1//n) slow rate generalization bounds in [38} [T1]], we utilize the strongly
convex nature of the variational form and provide a fast rate generalization bound via the
localization methods [63} 12, 30, 58, 167]]. We showed that PINN and a modified version of
DRM can achieve nearly min-max optimal convergence rate. Our result is listed in Table/T]

* We tested the recently discovered neural scaling law [22} 128} 51} 20] for deep PDE solvers
numerically and the empirical results verified our theory.

A.3 Remark on Our Upper Bound

* To theoretically understand the empirical success of Physics Informed Neural Networks and
the Deep Ritz solver, in this section, we aim to prove that the excess risk AE,, := E(u,,) —
E(u*) of a well-trained neural networks on the PINN/DRM loss function will follow a
precise power-law scaling relations with the size of the training dataset. Similar to [66} 38|
111250 26]], we decompose the excess risk into approximation error and generalization error.
Different from the concurrent bound [11}, 25]], we provided a fast rate O(1/n) by utilizing
the strong convexity of the objective function established in Section[2.T|and achieved a faster
and near optimal upper bound. We showed that the generalization error can be bounded by
the fixed point of the local Rademencher complexity

¥(r) = Ra({Z(u)|llu — w*|% < }),

where R,, is the rademencher complexity, Z(u) = Au+ Vu, || - ||a = || - ||z, for PINN and
Z(u) = |Vul|* + Vu, || - [|a = || ||, for DRM. We put detailed definition and analysis in
Appendix[D.4] Then we plug in the approximation and generalization error calculated in
Appendix [D.3|and Appendix [D.2]and finally achieved the following upper bounds.

* There is a common belief that Machine learning based PDE solvers can break the curse of

dimensionality [12}[16}|31]. However we obtained an n_% convergence rate which can
become super slow in high dimension. Our analysis showed that it’s essential to constrain
the function space to break the curse of dimensionality. [38] considered the DRM in Barron
spaces. [46] showed that functions in the Barron space enjoy a smoothness s at the same
magnitude as d , which will also leads to convergence rate independent of the dimension
using our upper bound. Neural network can also approximate mixed sparse grid spaces
[42}59]], function on manifold [45. [7] without curse of dimensionality. Combined with these
approximation bounds, we can also achieve a bound that breaks the curse of dimensionality
using Theorem [D.12]and[D.9] In this paper, we aim to consider the statistical power of the
loss function in common function spaces and put the curse of dimensionality as a separate
topic.

* Our bound is faster than the concurrent bound [T, 23] for we provided a fast rate O(1/n)
by utilizing the strong convexity of the objective function. Comparing to the lower bound



provided in Section3} we show that our bound for PINN is near optimal and we’ll let our
bound for DRM become near optimal in the next section.

* For upper bound of DRM, due to technique issue, we assume the observation we access is
clean, i.e f; = f(X;). We conjecture that add noising on observation will not effect the rate
and leave this to future work.

B Intuition Behind the Sub-optimality of the Unmodified Deep Ritz Methods

In this section, we aim to discuss the intuition behind the sub-optimality of the unmodified DRM via
using the truncation Fourier basis. To simplify the notation, in this section we consider the following
simplest Poisson equation Au = f. To illustrate the necessity of the modification we made, we
consider the difference between the following two estimators

» Estimator 1. We use the truncated Fourier basis estimator to learn the right hand side
function f and then we invert the PDE exactly to get the estimated u.

» Estimator 2. We plug in a parametrization of the truncated fourier basis into the empirical
DRM objective

We would like to point out that estimator 1 isn’t build for computational consideration but we use it
to consider the statistical limit of our sampled data. We first show that the estimator 1 can achieve the
minmax optimal estimation error.

Error Of Estimator 1 Firstly, we show that if one wants to learn the function v in H; norm, one
need to learn the right hand side function f in H ! norm. The H ! norm is defined as the dual norm

of the Hy norm, i.e. ||ullg_, = max,, <1 (u,v). Once we assume we have an estimation fof f

in H_1, we can have the estimate of u via @ := (A)™" f in H; norm for

(IVu —Vi|lg, = max (Vu— Vi, Vo)

lvll ey <1

= max <AU, - A,&’ U>
Il ey <1

= max <f—f,v> =f = flla_,-
lloller, <1

Estimator 1 using the truncated fourier estimator to estimate the right hand side function f. Suppose
we can access a random sample of observed data as {x;, f(x;)}"_,, then the Fourier coefficient

f- = (u, ¢.) can be estimated as f, := LS, f(zi)¢=(x;). To bound the estimation error of

f = Z”Z”m <z fszz in H_;, we first apply the bias-variance decompoiton as

E|f — fl%-1 < |Ef — f%-1 + E[lf —Ef|%-

We first bound the bias term ||Ef — flI%;-1. We know that Ef = Z\lz\lmgz f2¢.. Thus for a
truncation set Z to be of the from Z := {z € N%|||z||c < Z}, the bias can be controlled by

1> fetelf <€ Y0 22 <PVl

llzlloc>2 llzlloc>2

Next we estimate the variance of the estimator, we decompose the variance in to every term

Elf = fli, <E Y (L= fPle:la, < D |7 Var(f).

llzlc<Z lzllec<Z

. . d—2 . . . .

Finally we achieve a Z—2(s=1) 4 ZT upper bound for estimator 1 and with optimal selection of Z,
2s—2

we can achieve the min-max optimal convergence rate n~ d+2s—4.
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Difference Between Estimator 1 and Estimator 2 Next we aim to understand the Deep Ritz
Method objective function via plugging in a truncated Fourier series estimator. We consider our
estimator u = Y @, ¢, (x) lies in the truncated fourier spaces. Then the empirical DRM objective
function then can be expressed as

i, (Zazqﬁz(xi)) + > s (@) f (). B.1)

We observe that (B.1) is a quadratic formula respect to the fourier coffecient u := (u. )|, <z and
we can reformulate it in the following matrix form

n
min %uTA +u'f, where A = <711 > v¢,;(z1;)v¢j(:ci)> (B.2)
=1 lilleo<Z,llill0 <Z
Based on the matrix formulation[B.2] we can compare the solution for the two estimator
» Estimator 1: The Fourier coefficient of the solution of Estimator 1 is
ir = diag (||13) 2, f- (B.3)
* Estimator 2: The Fourier coefficient of the solution of Estimator 2 is
W= A1 (B.4)
We notice that EA = (1z113) l2llws2” thus we discovered that we further introduce another variance

from the sampling of A. We directly estimate %; — @ and showed this term will larger than the final
convergence rate. Notice that

. . T R -
i — ol = £ (EA) = 471) diag (J203),,y <, (BT =47Y) 5 ®S)

Next we aim to bound ((]EA)_l — fl‘l). We first use Matrix Bernstein Inequality[[61] to bound the
H, distance between 7 and y. Using Matrix Bernstein Inequality, we know with high probability

1—et
[(- )], =5+

where || - || is the matrix operator norm respect to the vector || - || defined as ||z[| =

. —1
2T diag (||z||§)HszSZ z. Note that

(1 + (EA) (A - (EA))) ((EA)—l - A—l) = (EA)™! (,21 - (EA)) EA- B

When n is large enough, we know that $1 < I + (EA)~! (fl — (IEA)) < I with high probability.

~ ~ 2 d .
Thus the term ||, — Gz[|3;, is at the scale of H ((EA) - A) H ~ Z- the same magnitude as what
H

Zd—2

we get from the empirical process approach in our main proof and is large than the variance
term for 4. Thus here we conjecture that the our bound for DRM itself is tight and leads to the
sub-optimal convergence rate.

C Experiments

In this section, we conduct several numerical experiments to verify our theory. We follow the neural
network and hyper-parameter setting in [S]]. Due to the page limit, we only put the experiments for
Deep Ritz Methods here.

11



C.1 The Modified Deep Ritz Methods

In this section, we conduct experiments which substantiate our theoretical results for modified Deep
Ritz methods. For simplicity, we take V(x) = 1 in our experiment. We conduct experiment in
2-dimension and select the solution of the PDE as u* = ) _||z|| ®¢.(x) € H®. We showed the
Log-log plot of H loss plotted against the number of sampled data for s = 4 in Figure[I} We use an
OLS estimator to fit the log-log plot and put the estimated slope and corresponding R2 score in Figure
As our theory predicts, the modified Deep Ritz Methods convergences faster than the original one.
All the derivation of the two estimators is listed in Appendix [B]

C.2 Dimension Dependent Scaling Law.

We conduct experiments to illustrate that the
population loss of well-trained and well-tuned
deep Ritz method will scales with the d-
dimensional training data number N as a power- : | .
law £ o< <. We also scans over a range of d LogiNumbe of Training Data)” LogiNurmber of Training Data)

and « and verified an an approximately a o< é
scaling law as our theory suggested. We use the
same test function in Section as the solution
of our PDE. For simplicity, we take V(z) = 1
in our experiment. We trained deep Nitsche
method on 20, 80, 320, 1280, 10240 sampled
data for 5,6,7,8,9,10 dimensional problems and
we plot our result in log—log scale. Result is

shown in Flgure We discovered the L o< n@+2 scaling law in practical situations.

507 LH Jo B0

(a) Deep Ritz Methods (b) Modified Deep Ritz Methods

Theory yEyTETin yES i,

0.6595 0.7953
R2 Score 0.91 0.89

Figure 1: The Log-Log plot and estimated con-
vergence slope for Modified DRM and DRM us-
ing fourier basis, showing the median error over 5
replicates.

Lo
Testing Loss
Multiplicative Inverse of Scaling Law Coefficient 1/

7
Dimension

Figure 2: We verify the dimension dependent scaling law empirically and the multiplicative inverse
of the scaling law coefficient is highly linear with the dimension d, showing the mean error over 2
replicates.

C.3 Adapation To The Simpler Functions.

[54] have shown that the neural scaling law will adapt to the structure that the target function enjoys,
this adaptivity enables the neural network to break the cure of the dimensionality for simple functions
in high dimension. [60) 6] also observed this theortically. For solving PDE, we also observed this
adaptivity in practice. Here we tested the following two hypothesis

* Random Neural Network Teacher. Following [54], we also tested random neural network
using He initialization [21]] as the ground turth solution »*. [10] has shown that random
deep neural networks are biased towards simple functions and in practice we observed a
scaling law at the parametric rate. To be specific, we obtained a linear estimate with slope
a = —0.50679429 in the log-log curve and with a R? score 0.96. See Figura).

» Simple Polynomials. Neural network can approximate simple polynomials exponentially
fast [64], thus we select the ground truth solution to be the following simple polynomial in

12



10 dimensional spaces,
u*(x) = 2122 + -+ - + To1p.

In this example, we obtained a linear estimate with slope @ = —0.49755418 in the log-log
curve and with a R? score 0.99. See Figurb). .

(a) Random Neural Network Teacher (b)Y = X2, + X3 + -+ +XgXyg

4 6 4 6
Log of Training Data Number. Log of Training Data Number.

Figure 3: Neural network have the ability to adapt to simple functions and achieves convergence
without curse of dimensionality, showing the median error over 5 replicates.

D Proof of the Upper Bounds

D.1 Regularity Result For the PDE model.

Regularity Results of the DRM Objective Function

Theorem D.1. We consider the static Schrédinger equation on the unit hypercube on RY with the
zero Direchlet boundary condition:

—Au+Vu=fonf,

u = 0 on ON). (D.1)

where f € L*(Q) and V € L*®(Q) with 0 < Viin < V(2) < Vipax > 0. There exists a unique
weak solution u} to the equivalent variational problem [l13|]:

1
us = argmin EZ™ (y) := arg min {f/ [|Vu|2 + V|u|2} dx — / fudx}. (D.2)
ueHO(Q) wer?(Q) ‘2 Ja Q

Then for any u € H1(2), we have:

min(1, Vipin)
2

max(1, Vinax)

e — w13, @) < BR™() - BEW(ug) < W5

lu = wsl|7, ) (D-3)

Proof. To show that u satisfies estimate[D.3} we first claim that for any u € H1 (),

Es(u) — Eg(ug) /|Vu—VuS| dr + - /V —u) (D.4)
In fact, by plugging in the first equation of [D.T} one has that
1 1
Bsu) = 5 [ IVusPdo+ /V\us| dx—/fusd:c
1 * |2 1 * |2 * * *
=— | |Vuglde+ = [ V|ug|de + | (Aug — Vug)ugde
2 Ja 2 Ja Q

1 1
= 5/ \Vu§|2d:z:+/(AuS)ude /V|u5|2daj
Q Q

13



Furthermore, applying Green’s formula to the true solution u§ yields:

1
Egs(ug) = /\Vu5| dm+/(AuS)ude /V|u5| dx

:/ 05 g | Vgl /V|u5| da
] on

Q
/|V S|2dw77/V|uS| dx,

where the last identity above follows from the second equality in [D.1} Now for any v € H;(f2),
applying Green’s formula to « and the true solution ug implies:

Es(u) — Eg(ug) /|Vu|2dm+ /V|u| dx—/fudx+ /|Vus| de + = /V|u5| dx

/|Vu|2d:c+ /V|u| dx—|—/(AuS Vug)ude + - /|Vus| de + = /V|u5| dx

1 1
=~ [ |Vul?dz + / (Aul)udz + */ |V |*dz + f/ V(us — u)zda:
2 Jo Q 2 Ja 2

Q

1 1 1 2
= - Vul?dr + /Vu"“Vud:L‘—&—f/ Vue de—i—f/Vu*—u dx

5 | vudes [ FSuae— [ v 5 | 1vusPdot 5 [ Vi -

1 1
— 5/ |[Vu — Vufg|2dx + 5/ V(ug — u)2 dx
Q Q

where the last identity above again follows from the second equality in[D.1] This completes our proof
of identity [D.4] Using the assumptions on the potential function V' then implies:

1, Vinax N N
Eg(u) — Es(u}) < W{ ; |Vu — Vu§|*dx + /Q(us —u)? da:}
max(1, Vinax) .
fﬂu - uS”f’il(Q)a
1 ‘/min * *
Eg(u) — Es(ug) > % {/ﬂ |Vu — Vul|2de + /Q(US —u)? dx}
max (1, Viyin) .
= e Vi), gz g
This completes our proof of [D.1} O

Regularity Results of the PINN Objective Function

Theorem D.2. We consider the static Schrodinger equation on the unit hypercube on R? with the
Neumann boundary condition:

—Au+Vu= fon{,
u = 0 on 0N2.

where f € L?(Q) and V € L>(2) with V—%AV > Chin, 0 < V() < Vinax and AV () < Vijax.
Then there exists a unique solution uy to the following minimization problem [3)]:

(D.5)

u} = argmin EE™V(u) := arg min {/ |Au — Vu+ f\2dx}. (D.6)
uEH(Q) ueH(Q) Q

Then for any u € H; (), we have:
min{L, Coin} 1 — w3 13 0y < Bw) — B(u5) < 200+ Vi)t — w3, (D)

Proof. Letu = u — u*, we have

E(u) — E(u}) = / (AD)? 4+ V2% — 2VaAude = / (AR)* + V2% + 2V ||Va|? + 2aVV - Vidz
Q Q

= /(V — %AV)&Q + V|Va|?* + (Ar)?
(D.8)
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For we have assumed V' € L (Q2) with V — %AV > Ciin, 0 < V() < Vipax and AV (2) < Vipax,
thus we have

min{1, Cuin}lu — uh 30y < B(u) — Blug) < 201+ Vinwlu — w5 3yy-  (D9)
O

D.2 Auxiliary definitions and lemmata On Generalization Error

To bound the generalization error, we use the localized Rademencher complexity [2]. Recall that the
Rademacher complexity of a function class G is defined by

R, (G) =E4zE, [bug on'Jg j)HZ1,~-- ,Zn],
ge

where Z; are i.i.d samples according to the data distributions and o are i.i.d Rademencher random
variables which take the value 1 with probaility % and value -1 with probaility %

The following important symmetrization lemma makes the connection between the uniform law of
large numbers and the Rademacher complexity.
Lemma D.1 (Symmetrization Lemma). Let F' be a set of functions. Then

n

1
E sup |— Zu(Xj) —EXNpQu(X)‘ < 2R, (F).
ucF nj:l

Lemma D.2 (Ledoux-Talagrand contraction [32, Theorem 4.12]). Assume that ¢ : R—R is L-
Lipschitz with ¢(0) = 0. Let {0;}!'_, be independent Rademacher random variables. Then for any
TCR"

E, sup ’iolqﬁ( t;)| <2L-E, sup ‘i%ti .

(tl,"'atn)ET i=1 (t17"'7t7l)ET i=1

Let (E, p) be a metric space with metric p. A d-cover of a set A C F with respect to p is a collection
of points {z1,--- ,z,} C A such that for every © € A, there exists i € {1,---,n} such that
p(x,x;) < d. The d-covering number N (4, A, p) is the cardinality of the smallest j-cover of the
set A with respect to the metric p. Equivalently, the §-covering number N (4, A, p) is the minimal
number of balls B, (z, ¢) of radius ¢ needed to cover the set A.

Theorem D.3 (Dudley’s Integral theorem). Let F" be a function class such that sup s || flloo < M.
Then the Rademacher complexity R,,(F') satisfies that

19 M
< 1 —_ .
R.(F) < OglngfM {45 + . Viog N(e, F, || ||oo)de}.

Lemma D.3 (Talagrand Concentration Inequality). For a function class F defined on a probability
measure p, if for all f € F, we have || f|loo < B,Eu[f] = 0,E,[f?] < 02. Then for any t > 0, we
can have the following concentration results.

2to? 2tﬁ
Pay v vom [bup Zsz 2 25Up Byl o Zf A A

fermn

e—t

Lemma D.4 (Peeling lemma [2]). For a function class F defined on a probability measure p, if for
all f € F, we have || floo < B,E,[f] = 0. We further have a sub-root function ¢(r) satisfies

R.({f € FIPf <r}) < ¢(r) (Vr > 0). (D.10)

Then we have

1 n

- 109\ Z; 4
B, Joup A Xim0(z)] _ 49(r)
geG Pg+r T
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Proof. Denote G(r) to be the localized set with radius r. Then we have

< sup AZZ;I Uig(zi)
g€G(r) r
e’} 1 n
Ly ooz
+Z sup nzzj; i9(2:)
iT09EGat\G(ra) T AT

E %Z;;l Uig(zi)
TinEi Pg+r

Ru(Gr) = Ru(Grgivig,)
< E -
- r + T4 +r -

/\

Z d(raitt 4 )

= T4l +r

2Hp(r) _ 4g(r)
*7—'_; rdl +r — 1

D.2.1 Local Rademacher Complexity of Truncated Fourier Basis

Definition D.1. (Fourier Series) Given a domain 2 C [0,1]%. For any z € N%, we consider the

corresponding Fourier basis function ¢, (x) := e>™*%) (x € Q). With respect to the Fourier basis,
any function f € L?(Q) can be decomposed as the following sum:

= Z fz(bz(x) (D.11)

z€Nd

where for any z € N9, the Fourier coefficient f, = fQ dac

Definition D.2. (Truncated Fourier Series) For a fixed positive lnteger§ € 7T, we define the space
F¢(Q) of truncated Fourier series as follows:

~{r=3 ro.

z€Nd

fo=0, V|2l > €} (D.12)

Equivalently, we can decompose any f € F¢(Q) as f := annwgg [0
Lemma D.5. (Local Rademacher Complexity of Localized Truncated Fourier Series) For a fixed

& € T, we consider a localized class of functions F, ¢(Q) = {f € Fe(Q) ‘ Hf”%fl(ﬂ) < p}, where
p > 0is fixed. Then we have the following upper bound on the local Rademacher complexity:

Rn(Fl)f(Q)) =Ex [EU[ sup Zazf ’ Xy, ,Xn]] N \/55‘122 (D.13)

fEFﬂEQ)nl 1

Proof. Take an arbitrary function f € F,¢(2). Let f = Z\|z\|w<§ f=¢. be the Fourier basis

expansion of f. On the one hand, substituting the Fourier expansion into the norm restriction and
using orthogonality of the Fourier basis imply:

p>1fl3n@) = | Z feb:l ) = |l Z fob2lZ20) + Z FAYH[F P

llzll o0 <€ llzll oo <€ llzllo <€
= Y 1Pl + Y 1PIVE:a
llzlloo <& llzlloo <&
IO SR VAL FIE N S S AL P
llzllco <& llzlloo <€ llzlleo <€
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On the other hand, substituting the Fourier expansion into the average sum = > | o; f(X;) and
using Cauchy-Schwarz inequality let us upper bound as follows:

%Zaiﬂxi):%Zai > fzasz(X,;):% > D oif6.(X
=1

=1 [zl < llzlloo <€ =1

O EONEY \ann

lello<e lellose =1

1

(Y| X))’
R e E:” .

where we have used the constraint Zl\zl\o@ <el f-1?11z/3 < p in the last step above. Moreover, by

taking expectation with respect to the i.i.d Rademacher random variables o; (1 < i < n) and the
uniformly sampled data points { X} ; on both sides and applying Jensen’s inequality, we can
deduce that:

ExE, [izn:%f(Xi)} S %EX,U ( > ‘ZH:HT@(XJ 2>%

M

<

S
=
=

=

N

NGt

Tl
&

5

Using independence between the random variables o; (1 < i < n), we can further simplify the
expectation inside the square root above as below:
x|

]EX=”[|| ’Zp ] ||Z EX”{ZH,Z

> kx|l

llzlloo <€ =1

S Z|Q| n Y 125n52_n§d2
Iz 12113 ~ ¢

ll2ll oo <€ i=1 Iz~ n lloo <€

[P 277

¢=(X;)

||Z||2

Combining the two bounds above yields the desired upper bound:

]ExlEg{ sup ZJZf ‘Xl’“"X"HS‘\{fW:\/zfd?z.

fEF, () i
O
Lemma D.6. (Local Rademacher Complexity of Localized Truncated Fourier Series’ Gradient) For
a fixed & € Z*, we consider a localized class of functions G, ¢(2) = {||Vfl2 | f € F, ()},

where p > 0 is fixed. Then for any sample {X;}?_, C Q, we have the following upper bound on the
local Rademacher complexity:

Rn(GP,g(m):EXlEU[ sup Zaluw Dz | X1, ,Xnﬂg\/ggg, (D.14)

JEF, () M

Proof. Take an arbitrary function f € F,¢(Q). Let f = Z\Iz\lmgﬁ f-®. be the Fourier basis
expansion of f. Similarly, the norm restriction condition || f ||?{1(Q) < p can be reduced to the
following condition about fourier coefficients:

DR ARIEL RS

llzlloo <€
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Moreover, substituting the Fourier expansion into the average sum % >, 0;Vf(X;) and using
Cauchy-Schwarz inequality let us upper bound as follows:

{jazuw D=0l Y AVe(Xh <t Y Yol V(X0

=1 llzlloo <€ llz]lo <€ =1

<O ) (2 \Z Zovo.00lk] )
llzlloo <& | E2(p i=

(Y f; ive.cxonf)”

where we have used the constraint Z”Z”x<§ |£21?]12]|3 < p in the last step above. Moreover, by

taking expectation with respect to the i.i.d Rademacher random variables o; (1 < ¢ < n) and the
uniformly sampled data points { X} ; on both sides and applying Jensen’s inequality, we can
deduce that:

ok, [1 3 vs 0] £ P | (3 3 ivescle])

llzllo < i=1

Nl

<

S

Exo[ 3 \ZH V6. (X)) ||

llzlloo <€ =1

Using independence between the random variables o; (1 < ¢ < n), we can further simplify the
expectation inside the square root above as below:

Ex,a[ ];H 1V6.(le| ] = [

Z ZE“[”Z”anZ( 3]

Vel |

[2]] oo <& i=1

4
=Y SR s g
[|2]| oo <€ i=1 I3 ll2]lo0 <€

Combining the two bounds above yields the desired upper bound:

E,| sup ZmllW e | X1, ,Xnﬂs*ff@—\/zs?

fngg

Ex

D.2.2 Local Rademacher Complexity of the Deep Neural Network Model

In this section we aim to bound the local Rademacher Complexity of a Deep Neural Network. We
first bound the covering number of the function space composed by the gradient of all possible neural
networks and then apply a Duley Integral to achieve the final bound.

Definition D.3. Let 1; denote the I-ReLU activiation function. Here we use 13 := max{0, :r}3[ 12)]
as the activation function to ensure smoothness. We can define the space consisting of all neural
network models with depth L, width W, sparsity constraint S and norm constraint B as follows:

(L, W, S, B) := {(W<L>n3(~) + 0B W 4 bWy | WE) e RV p(E) e R, (D.15)

W e RWxd p1) ¢ RW Wb ¢ RV*W () e RW (1 <1 < L), (D.16)
L
> UWOllo + 1Plo) < S, max WOl g,00 V80|00 < B}- (D.17)

=1
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where || - ||o measures the number of nonzero entries in a matrix and || - || so,00 Measures the maximum
of the absolute values of the entries in a matrix.

Forany d € 7, we refer to an arbitrary element in ®(L, W, S, B) as a ReLU3 Deep Neural Network.
Then for any index 1 < k < L, we use Fy, to denote the k—ReLU3 Deep Neural Network composed
by the first k layers, i.e:

Fi(z) == WFns() + 68y . ov P + o0,

Also, we use ®y (L, W, S, B) to denote the space consisting of all Fy,. In particular, when k = L, we
have:

F(z) = Fr(z) = W) + 685 - Wz + b0, and ®,(L, W, S, B) = ®(L, W, S, B).
Furthermore, given that the domain Q C [0, 1]% is bounded, we have sup,cq, |7 = 1

Lemma D.7. (Upper bound on oco-norm of functions in DNN space) For any 1 < k < L, the
following inequality holds:

gk—1_, 5.3k—1_1 3k‘1—k+1
sup k(@)oo <W 2 (BVd) 2272 '
z€Q, Fr€®,(L,W,S,B)

Proof. We use induction to prove this claim.
Base cases: When k = 1, we have that for any = € ) and any F} € ®,(L, W, S, B), the following
holds:

1 1 1 1
12 (@) oo = W2+ b2 oo < W so2lloo + (165
< AWl sone + B <dB + B < 2(BV d)>.
When k& = 2, we have that for any = € ) and any F» € ®o(L, W, S, B), the following holds:
2 2 2 2 2
1F2(@) o0 = W ms(Fi(2)) + 52 oo < WL ool (F1 (@)oo + 115 oo < WIWE oo 00 | Fi (@) 13 + B.
By applying the bound proved in the case when k = 1, we have:
| F2(z)||lo S WB(AB+ B>+ B=WB*d+1)*+B
=WB*(d® +3d*> +3d+ 1)+ B <8W(BVd)".

where the last inequality follows from the assumption that W > 2.
Inductive Step: Now we assume that the claim has been proved for kK —1, where 3 < k < L. Similarly,
for any z € Q and any F), € ®(L, W, S, B), we have:

k k k k
1Fx (@)oo = WS n3(Fimr (@) + 0% loo < W oollm3(Fr—1(2)) oo + 1697l
< WIWI oo ool Fro1 (@)% + B < WB||Fy—1(2)|% + B.

Using inductive hypothesis, we can further deduce that:

(D.18)

sk—1_3 5.3k—1_3 Sk’3—3k+6
|Fe(z)]loo < WBXW 2 (BVd) =z 22 +B
k—1_q 5.3k—1_1 3k_3
<W™= (Bvd) = 2= 61pBvqg
< ng;l_l (BVd) Bt [2 53k t6 +1]
k—1_ 5.3k—1_ gk _:
<WTT(Bvd) T 27T k2 (k> 3)
=W By )T
Thus, the inequality also holds for k. By induction, the claim is proved. O

We also need to show that the ReLu3 activation function is a Lipschitzness functions over a bounded
domain.

Lemma D.8. Forany k € 7", consider the k—ReLU activation function ny, defined on some bounded
domain D C R (i.e, sup,cp ||2]|oo < C for some C > 0). Then we have that for any z,y € D, the
following inequalities hold:

I13(2) = 13(1) oo < 3C%[lx = ylloe,
[n2(2) = 12(y) oo < 2C]Jx — yllo-
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Proof. This is because |Vn3(z)| = [3max{z,0}?| < 3C? and |Vna(z)| = |2max{z,0}| <
2C. O

Lemma D.9. (Relation between the covering number of DNN space and parameter space) For any
1 < k < L, suppose that a pair of different two networks Fy,, Gy, € ®.(L, W, S, B) are given by:

Fy(z) == W s () + 658y - Wiz 4 62,
Grl@) == W na () +5) - Wz + b)),

Furthermore, assume that the || || norm of the distance between the parameter spaces are upper

bounded by 6, i.e
W = W o0 < 6, b =0 lloc < 0. (V1 <1< )
Then we have that:

sh=1 1 I ot U LS S Y
sup [1Fk(2) = Gi(2)]loo < = (Bvd) T2 5
z€Q,Fy, ,Gre® (L,W,S,B)

(D.19)

Proof. Let’s prove the claim by using induction on k.
Base Case: When & = 1, we have that for any 2 € Q and any Fy,G; € ®,(L,W, S, B), the
following holds:

|1F1(z) = Gi(@)]|loo = WDz + b2 — W2 — 0l o
< W - ws ||oo||zuoo+||b13>—bg>uoo (D.20)

<8d+0=06(d+1)<25(BVd) <45(BVd)>.

When k = 2, we have that for any = € Q and any F», Go € ®5(L, W, S, B), the following inequality
holds:

| Fa(e) = Ga(@)lloo = W3 maEr () + b —Wé,?)ng(Gl( ) = b6 1

< W s(Fa (@) = W (G (@)oo + 165 = b 1o

< WEns(Fu (@) = WEms(Fy (@) [loo + WG 13(Fi () = WG 13(G1 (2)) oo + 6.
By applying the upper bound proved in equation [D.I8] we can upper bound the first part
W ns(Fa () = W s (Fy () | by:

IWE s (Fa(@)) = W ms(Fi@)lloe < IWE = W& lclins (Fi(@))
<WE||Fi(z)|2, < SW2W (B Vd))°.

By applying the Lipschitz condition proved in Lemma[D.8|and the bound proved in equation [D.20]
we can further upper bound the second part ||1/Vé;2 )7’]3(F1(.’13)) WG 773( 1(2)) oo by:
IWE ms(Fa(@)) = W ms(Gr @) loe < IWE oo llma(F1 () = 13(G1 (@)

<WBx3  sup [P (2)lI3 % [[F1(2) = Gi(2) oo
F1€¢'1(L,W,S,B

<WB x 32W(BVd))* x 26W (B V d)
< 245WHB Vv d)*.
Summing the two upper bounds above yields:
[ Fa(z) — G2(2)]|loo < 8SWH(BV d)? + 246WH(B Vv d)* + 6 < 486W*(B v d)*.

where we again use the assumption W > 2 in the last step.
Inductive Step: Now we assume that the claim has been proved for £ — 1, where k£ > 3. For any
x € Qand Fy, € O (L, W, S, B), we have that:

1Pk (2) — Gr(@)]loo = W s (Fii (@) + % = W s (G (2)) — b5 |10
< WP s (Fr—s (2)) — Wék)ngwkq(x))nm + 15— 5%l
< WP s (Fii (2)) = W n3(Grmr (@) | 0 + 0.
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Applying triangle inequality helps us upper bound the first term above as follows:
IWE s (i () = WEms(Cia ()
< Wi ms(Froa (@) = WE s (Bima (@)oo + IWE m(Fiea (2)) = W3 (Grea (@) 1o

k k k
< W = WE llsolIns (i1 (@))lloo + WS llso I3 (i1 () = ns(Gi1(2)) oo
< W[ Fr1(2)|12, + BW s (Fr—1(2)) — n3(Gr—1(2))]|oo-
From Lemma we can upper bound the first term & W||Fk_1 (a:) 12, by:

k— k_
SW | P ()|, < oW 2 (B v d) ™72 5" —3k+o,

Moreover, applying Lemma|D.8|and the inductive hypothesis let us upper bound the second term
BW||ns(Fr-1(z)) — n3(Gr—1(z))||c as follows:

BW|[ns(Fr—1(x)) = n3(Gr—1(2))ll o

< BW x 3 sup [Fe—1(2)[% % [[Fe-1(z) = Gr—1(2)]l oo
z€Q, Fi_1€P_1(L,W,S,B

<3BW x W3 "BV d)5X3k_2’123k_1’1’2k+4||Fk_1(x) — Gr1(2)]|oo

< 3BW x W3k_2*1(B v d)st’ﬂ—27123’“—17172k+4 (B v d) sh=2 123'“7%71@%331@72
T (B d) ST et ke
Combining the two upper bounds derived above yields:
1F() = Gaa) oo < 8W 37 (B @) ™5 275 ks

—1_1 3k

7271(B\/d)%2 2
(B v )T ke,

where the last inequality above follows from the fact that k£ > 3. Thus, the upper bound also holds
for k. By induction, the claim is proved. O

—3k+6 446

<

Theorem D.4. (Bounding the DNN space covering number) Fix some sufficiently large N € Z™.
Consider a Deep Neural Network space ®(L, W, S, B) with L = O(1), W = O(N),S = O(N)
and B = O(N). Then the log value of the covering number of this DNN space with respect to the
I  l|oo mOrm, which is denoted by N' (8, ®(L, W, S, B), || - || ), can be bounded by:

og (6, ®(L, W, S, B, ||+ <) = O ($[ log(6™") + 3" 10g(WB) ) D.21)

Proof. We firstly fix a sparsity pattern (i.e, the locations of the non-zero entries are fixed). By picking
k = L in Lemma|[D.9] we get the following upper bound on the covering number with respect to

[~ lloo:
1)
=BV d)Zt et L2

Furthermore, note that the number of feasible configurations is upper bounded by:

<(W ‘g 1)L> < (W 4+ 1)L

)—S

Multiplying the two bounds above yields:
0

)]
S T (B Y ) L

log N (8, (L, W, 5. B), | - |oc) < log (W +1)%5

L-1_4 3L,
S gt

< Slog [6‘1(W + 1)L3L—1W =(Bvad)’

<s [1og(5-1) + Llog(3W) + 3% log(W (B V d)) + 3% log 2]
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Note that here the dimension d is some constant. Thus, by plugging in thee given magnitudes
L=0(1),W=0(N),S=0(N)and B = O(N), we can further deduce that:

log A'(8, ®(L, W, S, B). || | <) S S| log(5™") + 3" log(W B)|
This finishes our proof. O

Now let’s consider upper bounding the covering number of the /s norm of the sparse Deep Neural
Networks’ gradients. Note that for any 1 < k < L — 1, any k—ReLU3 Deep Neural Network
Fy, € & (L, W, S, B) is a map from R% to RW. For any 1 < [ < W, we use F}, ;(z) to denote the
[-th component of the map Fj,. This helps us write the map F};(z) and its Jacobian matrix J[Fy](z)
explicitly as:

Fi(x) = [Fr(2), Fra(x), -, Frw(z)]” e RY

T

7Fk_’2 xr 7Fk72 X 7Fk72 X

TR = | 7 2 7 e RWxd
%Fk7w(5€) %Fk,W(Z‘) te %Fk,W(aj)

In particular, when k = L, we have that any F, € &1 (L, W, S, B) = ®(L, W, S, B) is a map from
R? to R. Thus, its Jacobian can be explicitly written as the following row vector:

0 0 0
—F , — -—F e Rt
81'1 L(x) 8x2 8(Ed L(x)]
Lemma D.10. (Upper bound on oo-norm of function gradients in DNN space) Forany 1 < k < L,
the following inequality holds:

JFL)(z) = | Fr(z),--

k 3k
3F—1 3F-1 ;2
5 —k

272

sup T[] (@) ]|oe < 35 HW (B V d)]
z€Q,FL€®,(L,W,S,B)

Proof. We use induction on k to prove the claim.
Base case: k = 1. By the definition of Jacobian matrix, we have that for any € 2 and any
Fy € &1(L, W, S, B), the following holds:

1
IR @) e = (Wi oo < dB < W(BV d)
Inductive Step: Assume that the claim has been proved for k£ — 1. Again, by the definition of Jacobian
matrix, we can write the Jacobian matrix J[F}](x) as follows:
JIF) (@) = W Tlns o Fia](x)
k
= IIE] @) lloo < Wi el T3 © Fema)(@) oo < W B[ Tna © Frot](@)

Note that for any 2 < k < L, the mapping 13 o Fj,_; maps from R? to R". Hence, the Jacobian
matrix J[n3 o Fy_1](x) is of shape R" >4, Moreover, from Chain Rule we know that its co-norm
can be written as:
d
1703 © Fre1](@)lloo = sup (> [3n2(Fr-14())
1SISW

aFk,Ll(w) |)
3xj
Furthermore, for any 1 <[ < W, the expression on the RHS above can be upper bounded as below:
d
8Fk_1 l(:c)
3 F _ Pt b N
> B (Fesa() =52

j=1

d
< 3| Fe—1 (@) 12D |£ij1¢($)) < 3] Fiomr (@) 12 1 [Fra] (@) |

j=1
<3W(BVDP M V1) TR IR ()]

sk—1_4 sk=1_1

<3W(BVHPE T (M v+ 1) R gk 2By )T (MY 14+ 1) kD

3k_3 sk_1_ ;2

= (MV1+1)=

=31 W(B V1)
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where we use the inductive hypothesis in the second last step. Taking supremum with respect to
implies:

Bty < (s v 1)

3k_3 sk_1_ ;2

d
1703 © Fre1)(@)lloo = sup (O [3n2(Fr—14()) 7 (Mv1+1) >
1<i<w o

Combining the two bounds derived above yields:

k1 sk—1_ 2

IT[E)(2) [l < W(BV D[ Jl3 0 Fyoa](@)l|oo < 3" HW(BVL)] = (MV1+1)=

Therefore, the inequality also holds for k. By induction, the claim is proved. O

Lemma D.11. (Relation between the covering number of Jacobian/Gradient of elements in the DNN
space and parameter space) For any 1 < k < L, suppose that a pair of different two networks

Fy., Gy, € Fi y are given by:
Fi(w) i= OV () + b)) - OV 403
Gr(x) = WP s () + 08y - Wz + b))

Furthermore, assume that the || || norm of the distance between the parameter spaces are upper
bounded by 6, i.e

WL = W lloooo < 6, DY — b |loo <6 (V1< 1< k)

Then we have that:

sup ||J[Fk](it) — J[Gk](l')”c,o < 532k—2[W(B v 1)] 37<271 (MV1+ 1)3k2’1—k2+2k

2EQ,Fr,GLEFE pn

(D.22)

Proof. We use induction on k to prove the claim.
Base case: When k = 1, we have that for any = € Q and any Fy, G1 € F}, . the following holds:
TR (@) = TIG1](@) oo = W = W lloo < 6W < W (BV1)(M V1 +1)2

Inductive Step: assume that the claim has been proved for k¥ — 1. Then for any z €  and
Fy, Gy € F¥ - difference between the two Jacobian matrices J[F](z) and J[Gy](z) can be
written as:

1T [E) (@) = T[Grl(@)llso = W Tlns 0 Fioa)(z) = W Tls 0 Greet) (@)oo
< WP I 0 Fy 1)) = W I [ns 0 Fy 1)) oo + W J[ns © Fr_1](2) — W T ng 0 Gi1](@) oo

< WS =~ W ol T3 © Fie1)(@) oo + WS ool T3 © Fima] (@) — J[n3 0 Grei] (@) oo
< W |[J[n3 0 Fier)(@) oo + BW I3 © Fri](2) — J[nz © Ger)(2) |

Using what we have calculated before, the first term can be upper bounded by:

3k_3 sk—1_ ;2

= (MV14+1) =

SW || J[n3 0 Fie1]()]|oo < SW3F W (B Vv 1)]
Moreover, using the definition of Jacobian matrix again, we can deduce that:

[J[n3 o F—1](z) — Jn3 0 Gr—1](z) |0

d
= sup (Z\3n2(Fk—1,l(x))M

X
1w dz;

8Gk_17l(33)

—3n2(Gr—1,(x)) oz, )
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IN
e

M&

I
—

J

M- 1

<
Il
i

< 6

32 (Fr—1,1())

_ 13n2(Gr-1,(x))

1302(Gr—1.1(2)) |

sup

+3(

T€Q, Flo_1€Fpad

sup

|Gr—1(

z€Q, Gp_1eFEL

d

2)loe)® Y|

j=1

3Fk 1,1(

For any index 1 < [ < W, the summation above can be upper bounded by:

Z|3772 Fr—1.(

) 28 OF1.(x) 9Gy—1.(x)
o, = 312(Gr—1.()) oz, |
9Fi—14() OFk—14(z)

9, 3n2(Gr-1,(x)) oz, |
OF—1.1(x) _ 9Gr-1.(z)
or. 3n2(Gr—-1.1(x)) oz, |
OF}_
[3n2(Fr—1,(z)) — 3772(01@7171(55))”%@\
J
OF—1.(z) 5Gk—1,l(£)|
6a:j an

d
1Fi—1(2)loo) [ Fi—1(2) = Gro1 (@)oo D |8Fk8fi;z<x>|

=1

~ 0G—1,(2)

Oz,

J

| =: 51+ 52

Now let’s consider using what we have calculated above to upper bound the two summations. On the
one hand, the first summation S; can be upper bounded as follows:

Sp<6(  sup [ Fe—1(2)lloo) | Fre—1 (2) —
z€Q, F_ lef,’;l&l
<6 BV T (MV1I+D®
—1_ —1
) B2V (B V)] T (M V14 1) R 2k
o arys

=25 x 3% 3[W(B V1)

E5 (M\/1+1)

k2 532 (B v 1))

Gr—1(2) oo | I [Fre—1] () [0

-1_4

1 3k
= (MV1+1)° =

On the other hand, applying the inductive hypothesis helps us upper bound the second summation as

follows:

Sy < 3(
€,

<3w(Bv 1)

sup
Gr-1 E.F];\E\]l

=6 x 33w (B v 1)}

= (M

1Gk-1(2)llo0) [l T[Fi—1)(x) —

v1+1)

Combining all bounds proved above yields:

1T [Fi)(z) —

+ § % 32k—3

< 63 2[W (B Vv 1)]*F

T[Ga](@) oo < SW3E1W/(B v 1)) 7
< SW3LW(B v 1) *F

3
(MV1

W(Bv1)*F

(MV1+1)72
1 3 1
(MV1+1)%3

+1)°

+2k

+2k (k > 2)

By induction, this completes our proof of the claim.

_1*1(M V14 1)3’“‘1*1*2“4 X 5324 (B v 1))

JGr1]()loo

Lemma D.12. Given any two row vectors w,v € R*%, we have:

[ullz = lvll2

24

< Vd|u — |

S Mvien®

(MV141)E K + WB(S: + 52)
* 405 x 33 (B V)] ST

S (MV1+1)%

—k+3

=1 _k244k—3

+4



Proof. Assume that the two vectors u, v € R? can be explicitly written as u = [ur, ug, -+ ,ugq) and
v = [v1,v9, - ,v4], respectively. By applying Cauchy-Schwarz inequality, we have:

2
lullz = flolls| =

d d
SZ Z *QZuﬂM:Zh/fi*Uiz

< dfilax lu; —vi|* = d|ju — v||%

Taking the square root on both sides yields the desired inequality. O

Theorem D.5. (Bounding the DNN gradient space covering number) Fix some sufficiently large
N € Z*. Consider a Deep Neural Network space ®(L,W, S, B) with L = O(1),W = O(N), S =
O(N) and B = O(N). Then the log value of the covering number of this DNN space with respect to
the || - ||oo norm, which is denoted by N'(6, V®(L, W, S, B), || - |0 ), can be bounded by:

log N'(8, V&(L, W, S, B), || - [|loc) = O (s [bg((s—l) +3F log(WB)D (D.23)

Proof. We firstly fix a sparsity pattern (i.e, the locations of the non-zero entries are fixed). By picking
k = L in Lemma[D.9] we get the following upper bound on the covering number with respect to

5
( Sy
LW (B Vv d)] > 7 2%~ 142

)—S

Furthermore, note that the number of feasible configurations is upper bounded by:

1 L
S
Multiplying the two bounds above yields:
5 ),S]
3L=1[W (B\/d)} ~1 3 —Ll-_L+2

}

< S[log((S*l) + Llog(3W) + 3% log(W(B Vv d)) + 3% log 2}

log /(8 ®(L, W, S, B). | - | ) < log [(W +1)-

< Slog [5-1(W L)L W (B Y )

Note that here the dimension d is some constant. Thus, by plugging in thee given magnitudes
L=0Q1),W=0(N),S=0(N)and B = O(N), we can further deduce that:

og (8, (L, W, S, B), | - |oc) S S| log(6™") + 3" log(W B)|
This finishes our proof. O
Lemma D.13. (Relation between the covering number of the DNN Laplacian space and parameter
space) For any 1 < k < L, suppose that a pair of different two networks Fy,, Gy, € ®(L, W, S, B)
are given by:
Fr(w) = W na () + 67) - e b)),
Grl() = W ma() +b6") - WG e +0)).
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Furthermore, assume that the || || norm of the distance between the parameter spaces is uniformly
upper bounded by 6, i.e

W =W oo <6, [0 =00 |00 < 6, (V1 <1< k). (D.24)

Then we have:

sup |A[Fi](2) — AlG](@)llse = O S (Bv d)”“l). (D.25)

€N

Proof. We use induction on k to prove the claim.
Base case: k = 1. Note that any F} € ®1(L, W, S, B) is a linear transform, so the Laplacian
A[F1](z) must be the zero vector for any € . Hence, for any x € Q and any F},G; €
o, (L, W, S, B), we have:

IA[F](2) = AlGi](2)llo = 0 S 8(B V d)*.
Inductive Step: assume that the claim has been proved for k — 1, where 2 < k& < L. Then for any

x € Qand Fy, Gy, € O (L, W, S, B) satisfying constraint|[D.24] applying linearity of the Laplacian
operator indicates:

IA[F] () — AlGR](@)]lso = W Al 0 Fi1](x) — Wa Alns 0 Gre1] () oo
= (7 - w) Alms o B )|
+ W (Al 0 Fical@) = Al o Gia](@) |
< (W~ W loo | Alns © Fi—1)() 1o
HIWE ol A © Fimt)(2) — Al © Gr—1](@) | o-

For the first term ||W§7k) - Wé’” lloo[|A[n3 © Fr—1](x)]||c0» applying the bound in equation ?? and
equation [D.24]yields:

WL~ W el Al © Fimt)(@)lloo S
= oW

o)

—1_4

> (Bvd) ™

gk—1_4 5.3k—1_3

(BV d)

(D.26)

For the second term HWék) lool|A[n3 © Fr—1](x) — A[nz o Gx—1]()]|s, We need to upper bound
the norm ||A[ns o Fi—1](x) — A[ns o Gk—1](z)]| at first. Note that for any 1 <[ < W, we can
use equation ?? to write the [-th component of A[n3 o Fr_1](z) — A[n3 0 Gr_1](x) as:

2

(A[U30Fk—1]( ) — Az 0 G ) Za 2?73 Fre—1( Za 2773 [Gr—1.(2)]
d 0 2 b 2
= omlFi1a@) Y (5 Fe-1a@)) = omlGroa@)) 3 (5-Gr-ra())

DN

d
+ 3n2[F—1.1(7)]  Fie1.0(2) = 32 [Gr—1.(2)] Z WG’“M(;C)

-M&
%’\Qv
SN

<
Il
i

= o Pt (0] Y (G Fioral@)) = OmiGecsa )] 3 (5 Feora@))

<.
Il
-
<
.
Il
-

M=~
/~ /N
%\@

\ @

M=

+6m[Gr—1,(2)] ~Fr1(z ))2 — 6m[Gro1(2)] > (%kal,l(x)y

Q
3]
<!

.
I
A

+ 302 [Fi—1,1(x)]

%]
Il Qu
)

‘M&.
S’\Qv
SN

 Fr1(2) — 3772[Gk—1,l($)]ZWF/C—LI(@

<
Il
—
©

d
+ 3n2[Gr—1,()]  Fe10() — 37]2[Gk—1,l($)]Z@Gk—l,l(z)-

.M&
%\Qv
SN

~
I
—
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We denote the four summations above by Vi, Vs, V3 and V4, respectively:

d 2 d 2
Vi = 6mlFiva(e)] 3 (f%Fkl,l(x)) — 6 [Grora(@)] Y (aiFm,mw)) :
J . a ];

Vo i= 6m1[Gr—1,(2)] ‘ (T%Fk—l,l($)) —6m[Gr—1,(x Z( Gk L( ))27

1

<
Il
—

<

82 d 8
Vs = 3n2[Fk71,z($)]Zax2Fk 11(2) = 3n2[Gr—1.( ZW k-1
=173 Jj=1 L
d 82 62
Vi = 3n2[Gr—1,(2)] Z ﬁF’f—lvl( ) = 3n2[Gr-14( Z 0z? Cr-ri(
i=1 9 =1

By applying Lemma ??, Lemma|D.8] Lemma|[D.9]and Lemma ??, we can upper bound V; by:

Vi = 6(771 [Fr—11(z)] —m [Gk—l,l(ﬂf)]) zi: (aiij—u(a?))z

< 61Fio14(z) — Gro (Z\Fk il |) < 61Fi1 (0) = G &) o TP ) @)

—2_1 gk-1_4 nk—2 ak—2 k—1
2f71€+23k72 % W3 71(B Vi d)5-3 7123 7172’64’432]674

3k—2_4 5-3
< WS (B V)

—1_ 5.3k~
= (BVd)
where the last step above follows from & < L and L = O(1).

2
Furthermore, note that for any 1 < j < d, we can upper bound the difference (%qu, l(x)) —

2
(%Gk—u(x)) as follows:

0 2 0 2 0 2 0 2

(5 Frral®) = (g Gt < ‘(8J;JFIC u(@) = (55 Gr-n@)
0 0 0 0

o Flere) 4 oG a0) | o ) = -G (o)

(D.27)

9 0 0
< (‘%Fk 1,1( ‘—F‘a Gr-1(z )D ’%Fk—u(ﬂ?)—&%Gk—Ll(@ :

Note that 71 (Gg—1,(z)) > 0. Combmmg the non-negativity with equation|[D.27} Lemma ??, Lemma
?? and Lemma ?? helps us upper bound V3 by:

Vo = 6m1[Gr—1,( Z [( JFk 1 ))2* (;%Gk—l,l(x)>2:|

< 6||Gk1($)|oozd: ()aaFk iz ‘ + ’a—Gk iz )D ‘;;Fku(x) - inf1 ()

< 6]|Gr-1(z) |00 (Z‘O Fr—1,( ’ Z‘@ Gr-1,( ’) (i’aiij—l,l(x);Gk—l,l(x)’)
j=1

J

< 6||Gk,1<x>uoo(||J[Fk,1]<x>||oo +[Gh ]G ||oo) |71F @) = TGk @)

k213k

oo

~(Bvd)® F k2 == (B V)T g ke agk2

3k—2_;1 gk—1_,

7271(B\/d)5" =2

3’“13

= (BVvd)*

27



where the last step above follows from k& < L and L = O(1).
Moreover, using Lemma ??, Lemma[D-8|and Lemma ?? helps us upper bound V3 by:

Vi = (3772[Fk71,l($)] — 3n2[Gr—1,( ) Z Fk 1,1(

< ‘3772[Fk—1,l(35)]_3772 [Gr—1.( Hza 2 Fr_1.( ’

<o sup HFk_l(x)noo) Bt (@) = Gior (@)l | AP )(2) o
z€Q, Fy_1€D_1(L,W,S,B)

gk—2_ 5.3k—2_1 gk—1_ sk—2_ 5.3k—2_q1 gk—1_
§6W3 2 1(B\/d) 32 123 h 1_jyo 3 . I(B\/d) 32 123 ] 1—k+23k—2

-1_g3

-2_, 5.3k—2_ —1_. 5.3k
> (Bvd) 2 T2 (Bvd)T 2

where the last step above follows from & < L and L = O(1).
Finally, applying Lemma ?? and inductive hypothesis helps us upper bound V, by:

Vi = 3n2[Gr_1,( (282Fk 1w ZaQGk 1( )

< 3||Gk—1(x)||§oIIA[Fk—ii(ﬂf) - A[Gk—ii(w)lloo
<3WH (B )P0 2k s S (B @)

-1_3

—1 . 5.3k
= (BVd)

where the last step above follows from & < L and L = O(1).
Combining the four bounds on V7, V5, V3 and V4 implies:

dk13

(Al 0 Fe)(@) = Al 0 Gial(@)) =

(Bvd)

Taking supremum with respect to 1 < [ < W gives us an upper bound on the second term
IWE NocllAlns © Fiea)(@) = Als © Gioa] (@)oo

—1_. 5.3k—1 _4
IWE oo | Alns © Fi—1](2) — Aliis 0 Gi1)(@) ]| S WB x 6W T (Bvd)T
gk—1_4
(B \Y d)

(D.28)

Combining the two bounds derived in equation [D.26| and equation [D.28] then implies:
5.3k—1_3 zk—1_4 5.3k—1_
|A[F](z) — A[Gi](2)][o0 S ~(BVad) +oW = (Bvd) =
1 1 5.3k—1_1
(BVd)

Taking supremum with respect to x € ) on the LHS implies that the given upper bound also holds
for k. By induction, the claim is proved. O

Given a DNN space ®(L,W,S,B), we define a corresponding DNN Laplacian space
AD(L,W, S, B) as:

AD(L,W, S, B) := {AF | F € ®L,W, 5, B)}. (D.29)

Theorem D.6. (Bounding the DNN Laplacian space covering number) Fix some sufficiently
large N € Z*. Consider a Deep Neural Network space ®(L,W, S, B) with L = O(1),W =
O(N),S = O(N) and B = O(N). Then the log value of the covering number of the DNN
Laplacian space with respect to the || - ||oc norm ||F(2)||co = sup,eq | F(x)],
N, AD(L, W, S,B), | - ||loo), can be upper bounded by:

log (8, AD(L, W, S, B), || - ||oc) = O (s[mg(a*l) +3F log(WB)D (D.30)
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Proof. We firstly fix a sparsity pattern (i.e, the locations of the non-zero entries are fixed). Applying
Lemma yields that there exists some constant C' = O(1), such that the covering number with
respect to || - || can be upper bounded by:

Furthermore, note that the number of feasible configurations is upper bounded by:

<(W g 1)L> < (W4 1)LS

Multiplying the two bounds above yields:

log N (6, ®(L, W, S, B), | - [leo) < log

W + ) (e (];Svd)“L;ll )‘S]
e

<S [1og(5—1) + Llog(W) + 3% log(W (B v d))}

< Slog [5—1(W+ 1)L

Note that here the dimension d is some constant. Thus, by plugging in thee given magnitudes
L=0(1),W=0(N),S=0(N) and B = O(N), we can further deduce that:

log N (6, AS(L, W, 8, B, || - <) S S| og(67") + 8" 1og(WB)|
This finishes our proof. O

Lemma D.14 (Local Rademencher Complexity Bound for Deep Ritz Method). At the the same time,
for any p > 0, we assume the Rademencher complexity of a localized function space S,(§) :=

{ni= 100 [$(19ul = Ve ) + 3Vl = w ) = f=u)] | e = )3, < pou e
(LW, S, B)} can be upper bounded by a sub-root function

o) = O (\/Ser

$(4p) < 2¢(p) and R,(S,(2)) < ¢(p) (D.31)

log (LBWn))

i.e. we have

holds for all constant p > 0

Proof. We first apply the Talagrand Contraction Lemma [D.2]to upper bound the local Rademacher
complexity R, (S,(€)) as

R,.(S,(Q)) = EzEU[Sup %ial {;(VUP |VU*|2> + 1V(|u‘2 — u*?) = flu— u*)} }

=1

[\

n

<2LE,E, zlégrlz;m(u(xl) u*(x )) +2LE,E, iggizzz;a;(HVu(ml)—Vu*(ml)|2>]
< 2LE,E, iggnZUl(u x;) — ug( )) + 2LE. E, Sup Z:: (||Vu x;) VuZ(be)]

We denote the localization set L, := {u : u € ¢(L,W, S, B), ||u — u*||3;, < p}, then we can bound
the local Radmencher complexity using duley integral
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E,R.S,(Q) < CrE,R,{u—us:u€ L} +E,R, {||[Vu—Vu*| :ue L,}|
< CLE, R, fu— .t u € (LW, S, B), [u— |2 < 2p)
+ CLE, R, {|Vu — Vu*|| 1 u € ¢(L,W, S, B), || Vu — Vu*|2 < 2p}

279
SCp  inf — log N'(5, ®(L, W, S, B )ds
~ Lo<algm{a+f/ Viog ( ) i
1 27
C inf — log N'(6, ®(L, W, S, B), ||V - ||)d6
HO, b et s ), ViesN G IV s}

11 Ve 1 [eve
< o -1 _ L -1
~ CL[n + \/ﬁ/,i \/QSLlog(LBWG )+ \/ﬁ/jl \/25’3 log(LBW e )}

L,
< \/S3 log (LBWn)

~

Lemma D.15 (Local Rademencher Complexity Bound for Physics Informed Neural Network). Az
the the same time, for any p > 0, we assume the Rademencher complexity of a localized function

space S,(Q) = {h =19 [(Au—Vu+ f)? = (Au* = Vu* + f)?] ‘ u—u*|%, < pue
(L, W, S, B)} can be upper bounded by a sub-root function

o(r):=0 <\/S3L log (LBWn))

i.e. we have
d(4p) < 2¢(p) and R,(S,(Q)) < ¢(p) (D.32)

holds for all constant p > 0

Proof. We first apply the Talagrand Contraction Lemma[D.2]to upper bound the local Rademacher
complexity R, (S,(12)) as

n

R.(5,(Q)) =E,E, [;22;201 (Au—Vu+ f)? - (Au*—Vu*—Ff)Q]]

<2LE,E, 21612 - Zol( x;) —u(z )) +2LE,E, ilelgigo (||Au x;) Au*($1)|2)]
<2LE,E, Ztelg % ;O’i (u(xz) — uE(xJ) +2LE E, ilég % ;O’ (||Au x;) AUE(IZ)|2>‘| .

We denote the localization set L, := {u : u € ¢(L,W, S, B), ||u — u*||3;, < p}, then we can bound
the local Radmencher complexity using duley integral
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E,R,S,(Q) < Cr[EyRpy{u—us:uec Ly} +E,R, {|Au— Au*|:u € L,}]
< CLE, R, {u—u, :u € ¢(L,W, S, B), |u—u*|2 <2p}
+CLE, R, {\Au — Au*|:u € ¢(L,W,S,B),|Au — Au*|? < 2p}

1 279
<C inf — log NV (6, ®(L, W, S,B),| - ||n)dé
seo it fas o [l NG T T}

2T0

V1og N'(6,®(L, W, S, B), [|A - ||,,)dé }

1
+C inf o+ —
o 0<a<+/2po { \/ﬁ o

11 Ve 1 oVE
< _ __ 1 1
SOl + 7 / V25Llog(LBWe™1) + NG / V25Llog(LBWe1)]

L
< \/ 5 ‘j’l " log (LBWn)

~

D.3 Auxiliary definitions and lemmata On Approximation Error
D.3.1 Approximation using Truncated Fourier Basis

Lemma D.16. Given o > 0 and a fixed integer € € Z*. For any function f € H*(Q)) , we let
fe= ZHZHOQSE [=¢- be the best approximation of f in the space F¢(Q2). Then for any 0 < 3 < a,
we have the following inequality:

I1f = fell3o () < €722 £l3a.

Proof. For f € H*(Q2), we know the Fourier coefficient satisfies

Yo PR S I N

llzlloo >€
We directly construct fe = ZHZHOO< ¢ f-¢. to be the truncated Fourier series of the function f, then
we have

2 —2(a— o (e
If = fellZy S D0 1£P12137 <7207 N J£P)2)3% < €727 f][3a.

ll2llo0 =€ llzlloe =€

D.3.2 Approximation using Neural Network

In this section, we aim to provide approximation bound for deep neural network. Our proof of
the approximation upper bound is based on the observation that the B-spline approximation[9, |53]]
can be formulated as a ReLU3 neural network efficiently[59, [17, [11}, 25]. Although the proof of
the approximation of the neural network to the Sobolev spaces is a standard approach, we still
demonstrate the proof sketch here.

Definition D.4. (Univariate and Multivariate B-splines) Fix an arbitrary integer | € 7. Consider
a corresponding uniform partition m; of [0, 1]:

m0=t{ <t <o <t <D =1,
)

where t;’ = % (V0 <i <l). Now for any k € Z*, we can define an extended partition m, j, as:
mg it =t =0=t0 <t <<t <t =1=4") = =),

Based on the extended partition 7y, the univariate B-splines of order k with respect to partition T
are defined by:

NP (@) i= (=18l = t®) - [10, ot max{(@ = 0,017, @ €0,1], i € Iy, (D33)

7
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where I, = {-k+1,-k+2,---,l — 1} and [tz(-l), e ,tf:}k] denotes the divided difference

operator.

Equivalently, for any x € [0, 1], we can rewrite the univariate B-splines N l(f) () in an explicit form:
lk—l

k ke it k—1 )
dm (-1 () max o — 0L (0<i<i-k+1)

k) k-1 oLkt k=2, n .
Ny (z) = 2 j—o aymaxyx— 7,0 + o1 binx™ 4+ big, (—k+1<i<0) (D.34)
k—1

Z;zl_k+1cijmax{x—%,0} ,(I—k+1<i<i-1)
where {a;; | —k+1<i<0,0<j<k—1}{bin| —k+1<i<0,1<n<k—2}and
{cij | l—k+1<i<l—-1,1—k+1<j<Il—1} are some fixed constants.
For any index vector © = (i1,12, -+ ,iq) € I ldk we can define a corresponding multivariate B-spline

as a product of univariate B-splines:

N (@) =11 N (). (D.35)

i

Definition D.5. (Interpolation Operator[53]) Take some domain Q C [0,1]¢ and two arbitrary
integers k,l € 7. Consider the extended partition 7, , and the corresponding set of multivariate

B-splines {Nl(’z) () }icra defined in Deﬁnition Forany1t € Iﬁk, we define the domain §; :=
{xeQ:z; e [tij,tij+;;], 1 < j < d}. There exists a set of linear functionals {\i};ea , where
Ni L) =R (Vi€ Ilgl,l)’ such that for any i € [lil and p € [1, 0], we have:

_ k\—3%
NN = 8 and (D] £ 9D @k +10%(T) T lisaos ¥ € L(Q). (D36)
The corresponding interpolation operator Q) is defined as:
Quaf == > NN Y fe LR,
i€l
Theorem D.7. [[33]] Fix f € W*(Q) with Q C [0,1]%,s € Z* and p € [1,00). Then for any

k,l,r € Z* withk > s and 0 < r < s, we have that there exists some constant C = C'(k, s,r, p, d),
such that:

1 s—r
If = Quafllar (o) < 0(7) LNl &e ()

Theorem D.8. (Approximation result of Deep Neural Network) Fix some dimension d € 7.7, some
domain Q C [0,1]% Pick some N € Z% that is sufficiently large. Then for any s,r € 77
with 0 < r < s and any function u* € H?*()), there exists some sparse Deep Neural Network
upny € ®(L, W, S, B) with L = O(1), W = O(N),S = O(N), B = O(N), such that:

lupny — ey S NTT |Ju|| s (a)- (D.37)

Proof. We firstly show that the given function v* can be approximated well by some linear combi-
nation of multivariate splines, which is denoted by us,. Note that IV is assumed to be sufficiently

large. Hence, we may pick [ = [Na] = O(N 5) € ZT to be the partition size of the B-splines.
Moreover, by picking k¥ = 4 and p = 2 in Theorem we have that the linear combination

Ugp 1= Quu* = Zielfl )\i(u*)Nl(;%) satisfies:
* * * 1ys=r * —5=r *
lu* = upllizr = ' = Quew ey < C () la'llars() = CN T |l a.

We will then show that the linear combination ug, = » ;. I, Xi(f)N, z(j) can be implemented by

some Deep Neural Network upny € ®(L, W, S, B) with L = O(1),W = O(N), § = O(N) and
B = O(log N). Firstly, note that for z > 0, both  and 22 can be expressed in terms of the ReLU3
activation function 73 with no error:

z= —Tlg[ng(:v +3) = 5s( +2) + Tz + 1) — 3y () + 6]

22 = —é[ns(x +2) —4ns(xz + 1) + 3n3(x) — 4]
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Applying the explicit formula listed in equation implies that for any —3 < ¢ < [ — 1, the
univariate B-spline function N l(j) (x) (x € [0,1]) can be implemented by some ReLU3 Deep Neural
Network vpnn With both scalar input and scalar output. We have that for vpnn, the depth L, is 2 and
the maximum width W, is upper bounded by 11.

Secondly, for any x,y > 0, we have that the product operation x - y can be expressed in terms of the
ReL U3 activation function 73 with no error:

1
vy =gl +y) -2 -y

1
=~ |m@+y+2) —dn(a+y+1) + (e +y)

—n3(x+2) +4ns(z + 1) = 3nz(x) —n3(y +2) +4n3(y + 1) — 3na(y) + 4]

In [33], it has been proved that the B-splines are always non-negative, i.e Nl(j) (x) >0, Vael0,1].
Therefore, by multiplying the non-negative univariate B-splines, we can implement any multivariate
B-spline Nl(é) =1I9_, N, l(f]) (x;) with some ReLU3 Deep Neural Network ppxy. We have that for
ponn, the depth L, = [log, d] + 2 and the maximum width W, = max{11d, 3d}.

Hence, we can further claim that u* = 1, Ai(u*)N\Y, which is a linear combination of the

Li
multivariate B-splines Nz(,?’ can be implemented by some ReLU3 Deep Neural Network upnn.
It remains to check that upny € ®(L, W, S, B) with L = O(1),W = O(N),S = O(N) and
B = O(N). Note that we can ensure that the hidden layers of upny are of the same dimension W by
adding inactive neurons.
For the depth L of upnn, we have that L is equal to L, + 1, where L, denotes the depth of the
ReLU3 Deep Neural Network ppnn. Thus, we have L = L, + 1 = [log, d] + 3, which implies that
L=0(1).
For the width W of upnn, we have that W < |1 ,‘j, |W,, where W, denotes the width of the ReLU3
Deep Neural Network ppnn. This implies:

W < |If)| x 11d = 11d(l + k) = 11d(1 + 4)* = O(1*) = W = O(N)

For the sparsity constraint S of upnn, we have that starting from the third layer, the number of
active neurons decreases by a factor of 2 when the index of the layer increases by 1. This yields the
following upper bound on S:

L-2

SSQ(W+W+ZK)§8W:>S:O(W):O(N)
j=0 2

For the norm constraint B of upxn, we have the following upper bound on B from equation [D.34]

and equation[D.36;
B = O(max{I*7!, sup \;(u*)}) = O(max{I1%}) = O(N)

ieIgJ

Now we have shown that parameters L, W, S| B of the Deep Neural Network upny are of the desired
magnitude, which completes our proof. O

D.4 Final Upper Bound

In this subsection, we provide the proof of upper bounds for PINN and DRM. For both estimator, we
first provide a meta-theorem to illustrate the approximation and generalization decomposition with
a O(1/n) fast rate generalization bound|2} 66]. Then we use truncated fourier basis estimator and
neural network estimator as example to obtain the final rate.

D.4.1 Deep Ritz Methods
Theorem D.9 (Meta-theorem for Upper Bounds of Deep Ritz Methods). Let u* € H*(2) denote
the true solution to the PDE model with Dirichlet boundary condition:

—Au+Vu= fon(,
D.38
u = 0on 09, ( )
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where f € L?(Q) and V € L>®(Q) with 0 < Vigin < V() < Vinax > 0. For a fixed function space
F(Q), consider the empirical loss induced by the Deep Ritz Method:

B = 23 [0 (Suee) R+ e - o)) o)

j=1
where {X; } _, are datapoints uniformly sampled from the domain ). Then the Deep Ritz estimator

associated wzth Sfunction space F(Q) is defined as the minimizer of E,(u) over the function space

aDRM: min En(u)
ueF(Q)

Moreover, we assume that there exists some constant C' > 0 such that all function u in the function
space F (), the real solution u* and f,V satisfy the following two conditions.

e The gradients and function value are uniformly bounded
max { sup |[Jul|pe(q), sup HVUHLOO @) 1" || o< ), VU™ (| 2o (), Vinazs Hf”Loo(Q)} <C.
wEF () ueF(Q
(D.40)
o All the functions in the function space F(Q) satisfies the boundary condition

u = 0 on 0f).

At the the same time, for any p > 0, we assume the Rademencher complexity of a localized function

space S,(@) = {h = 19 - [3(IVuf = |V [?) + 3V (Juf = o [?) = f(w—u)] | llu -

u*||3, < p} can be upper bounded by a sub-root function ¢ = ¢(p) : [0,00) — [0, 00), i.e.

6(4p) < 26(p) and R, (S,(2)) < (p) (¥ p > 0). (D41

For all constant t > 0. We denote r* to be the solution of the fix point equation of local Rademacher
complexity r = ¢(r). There exists a constant C,, such that for probability 1 — Cp exp(—t), we have
the following upper bound for the Deep Ritz Estimator

-~ * . " t
lapry — w77, < uplerif(m (E(UF) - E(U*)) —l—max{r ’ﬁ}'

Proof. To upper bound the excess risk AE(™ := E(iprm) — E(u*), following[66, 38| [11]], we
decompose the excess risk into approximation error and generalization error with probability 1 — e~*:

AE"™ (tipru) = E(iprm) — E(u*) = [E(tprm) — En (dprm) | + [En(dprm) — En(ur)]
+ [En(ur) — E(ur)] + [E(ur) — E(u*)}
< [E(iprm) — En(ipru ] + [En( E(up)] + [E(ur) — E(u*)]
< [E(aprm) — E(u") + Ep(u”) — ( )}

(D.42)
where the expectation is on all sampled data. The inequality of the third line is because the
u is the minimizer of the empirical loss E,, in the solution set F(2), so we have E,(u) <
E,(ur). The last inequality is based on the Bernstein inequality. The variance of h =

Q- [l (|vu\2 - \w*\?) + LV (Jul? = [ ?) = fu— u*)} can be bounded by [E(ur)— E(u*)]
due to the strong convexity of the variation objective (D.44). According to the Bernstein inequality,
we know with probability 1 — e~* we have

[E(ur) — E(u*)] + %
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Note that holds for all function lies in the function space F. Thus, we can take up :=
arg min,, c p(q) (E(uo) - E(u*)) and finally get

3 t
(n) < { — * — - * —
AE"™ < E(iprm) — E(u*) + E,(u*) — Ep(u) +5 UFlerg(Q) (E(uF) E(u )) +2n'

AEgen
AEqyy,

This inequality decompose the excess risk to the generalization error AEye, := Ey . [E(lprm) —
E(u*) + E,(u*) — E,(uprm)] and the approximation error AE,,, = inf, .cpo) (E(uF) -
E(u*)) .

From the lemmata proved in Section[D.3] we already have an estimation of the approximation error’s
convergence rate. So now we’ll focus on providing fast rate upper bounds of the generalization error

for the two estimators using the localization technique[2} |66]]. To achieve the fast generalization
bound, we focus on the following normalized empirical process

—MUL e S(N )}(r>0).

First, we try to bound the expectation of the normalized empirical process. Applying the Symmetriza-
tion Lemma|D.T] we can first bound the expectation as

< Eu < 2R, (8,(Q)).

1 o R(zi) — Eh]
sup — —
hes(Q) ‘n ; E[h] +7r ’

S|

sup [E,-
heS,(Q)

i h(z!
i=1

where the function class S,.(€2) is defined as:

$.(Q) == {h(z) := % | e S},

where S(Q2) = {h =1Q- B (|Vu|2 - |Vu*|2) + 2V (Jul? = Ju?) = flu— u*)} } Then Ap-
plying the Peeling Lemma to any function h € S(€2) helps us upper bound the local Rademacher
complexity R, (S,(€2)) with the function ¢ defined in equation

1 n
n Ei:l o;h(z;) 4¢(r)

R.(8,.(Q) =E,

Combining all inequalities derived above yields:

n

LS )

i=1

8¢(r)

< 2R, (8:() < == (r>0). (D.43)

sup E.
heS,.(Q)

Secondly we’ll apply the Talagrand concentration inequality, which requires us to verify the condition
needed. We will first check that the expectation value [E[h] is always non-negative for any h € S(Q):

Bl = g [ 190 (GIVul@) + 3V @)u(e)? - f@pu(e)ds

2 ? le*$2— z)u*(z))dx

m/'“' [V @) + V@) (@)~ f(@)u*(2)d
—E(u )>0¢E[m 0.

E[h]—h

E[R]+r
that any h € S(Q) is of bounded inf-norm beforehand. Using boundedness condition listed in

We will proceed to verify that any h= €8s, (€2) is of bounded inf-norm. We need to prove
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equation [D.40|implies:
1 2 * |2 1 2 * (2 *
1l = 1920115 (IVul? = [Vu*2) + SV (Jul® = Ju*2) = o= ") oo

‘Q| 2 * |2 |Q| 2 * |12 *

= (17l + Va1 ) + S Vo (ull + 112 ) + 19201 lloo (lulloe + 1l )
Q Q
‘2| 207 + |2‘ Vinax X 2C% +2|Q|C? = || (Vipax + 3)C?

By taking M := |Q|(Vinax + 3)C?, we then have ||h]|o < M for all h € S(Q). Note that the
denominator can be lower bounded by |E[h] 4+ r| > r > 0. Combining these two inequalities help us

upper bound the inf-norm ||A|oe = sup,cq |2 ()| as follows:

IER] = hllos _ 2lhlloo o 2M _, 5.

e =
17l [E[R]+r] — r r

We will then check the normalized functions % in S (©2) have bounded second moment,

which is satisfied because of the regularity results of the PDE. We aim to show that there exist some
constants «, &' > 0, such that for any h € S(§), the following inequality holds:
aE[h?] < [lu — u*||3 0y < 'E[h]. (D.44)

The RHS of the inequality follows from strong convexity of the DRM objective function proved in
Theorem[D. T}
. min{1, Vin} .
E[h] = B(u) - B(u') > Ty 2,

The LHS of the inequality follows from boundedness condition listed in equation [D.40] and the
QM-AM inequality:

B - [ [;(Wu? 19w )+ SV (Juf® ) “*>f dx
< %/ﬂ (|VU\2* |Vu| ) de + — /Vz(|u|2 |u*|?) dx+3/ 2 (u —u*)?de

3 2
<3 [ fivul = v
4 Q

+302/(u—u*)2dx§302/ |vu—vu*|2dx+302(1+vjax)/ lu — u*|?dx
Q Q Q

(Jul + Ju ) ?da

(Vad + [V + Vi, [ [ful =1

<3C* (1L + Vi) lu — w* [l o

By picking o' = and o = m, we have finished proving inequality Then

4
min{1,Viin }
we can can upper bound the expectation E[h?] as:

E[(h —E[R])?’] _ E[R’] —E[R]* _ _ E[p?]
[E[R] 4|2 B[R]+ 7[> 7 |E[A] +r[*

Using the fact that E[h] > 0 and inequality [D.44} we can lower bound the denominator [E[h] + r|?
as follows:

E[h?] =

B[]+ r? > 2Eh)r > ZOE[R).

Therefore, we can deduce that:

. E[h?] E[h?] o
2 < < = = 2_
E[r] < [E[h] + 72 = Z2E[r?]  2ra 7

Hence, any function in the localized class ST(Q) is of bounded second moment.
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It’s easy to check that for any i € S,.(Q), we have

i.e. any function in the localized class S,.(Q) is of zero mean.

Now we have verified that any function & € ST(Q) satisfies all the required conditions. By taking p
to be the uniform distribution on the domain €2 and applying Talagrand’s Concentration inequality
given in Lemma[D.3] we have:

1 - SN 2to? 2t
P, | sup — E h(z;) >2 sup E, [f E h(x;)} + Z ¥ 26 <e .
hes.() i heS, () iz " "

By using the upper bound deduced above and plugging in the expressions of 3 and o, we can rewrite
Talagrand’s Concentration Inequality in the following way. With probability at least 1 — e, the
inequality below holds:

1> 1> 1 - 2002 2t
— Z h(z;) < sup — Zh(mi) <2 sup E, {f Z h(x;)} + o | 2B
s hes () i heS.(9) s n "
16 ta! 4Mt
< 1000)y JI A ),
T nar  nr
Let’s pick the threshold radius rg to be:
24M !
ro = max{2"r*, 715, 36a t}. (D.45)
n an

Note that concavity of the function ¢ implies that ¢(r) < r for any r > r*. Combining this with the
first inequality listed in[D.41] yields:

166(r) _ 2"0(38) _ 1 o(3h) _ 1
r - 214 7’0 8 % — 8

On the other hand, applying equation [D.43]yields:

\/ o't \/ o't an
narg na 36a’t 6’
4Mt 4M n 1

nro n Mt 6

Summing the three inequalities above implies:

16¢(ro) ta! 4Mt 1 1 1 1
+ + <—-+-+-<z
0 nary nro 8 6 6

Y(ro) =

By picking r = rg, we can further deduce that for any function u € F(€2), the following inequality
holds with probability 1 — e~*:

E(u) — E(u*) — E,(u) + B, (u*
E(u) — E(u*) +7g

1 LI 1
— < _
n §: h xz w(ro) 5

Multiplying the denominator on both sides indicates:
1 1 1 1
AEgn = E(u) = B(u") = By(u) + Bo(u) < 5 [E(u) - E(u*)] + 310 = 5AB™ + =,
Substituting the upper bound above into the decomposition AE(™) < AFEge, + %AEapp + ﬁ yields
that with probability 1 — e~*, we have:
t

N 3 t
AE™ < AEgen + 3AEuy + o one

1 1 3
< —AE™ 4 2 “AE
om = 92 +2TO+2 app“r
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Simplifying the inequality above yields that with probability 1 — e~*, we have:

t t Tttt
AE™ < 1o+ 3AEy, +— =3 inf (E(up) - E(u*)) + max{24r*, 24 M —, 36a 4=
n ur€F(Q) nooan n
t
< : _ * * 7
S g (B0m) - E00) s £}

Moreover, using strong convexity of the DRM objective function proved in Theorem [D.T]implies:

min{1, V,,

AE™ = E(ipry) — E(u*) > n) [iprRM — “*”%11(9)

- 4
Combining the two bounds above yields that with probability 1 — e~*, we have:
. . . Lt
lavry = wll7 () S qu}rf(Q) (E(UF) - E(U*)) + max {r , ﬁ}
O

Deep Neural Network Estimator. For any N € Z™, there exists some Deep Neural Network in
O(L,W,S,B)with L =0(1), W =O(N), S =0O(N), B=0(1), such that the approximation
error AE,,, = O(N~ 2a2) Nlog N lzg N
N = n@¥=2 to balance the bias and variance, we can achieve n~ TrEs log n convergence rate for
DRM estimator.

Theorem D.10. (Final Upper Bound of DRM with Deep Neural Network Estimator) Con-
sider the sparse Deep Neural Network function space ®(L,W,S, B) with parameters L =
o), W = O(nd+2dsf2), S = O(ndﬂdsf?)7 B = O(1), then the Deep ritz estimator U5ny =
ming,ca(r,w,s,8) En(u) satisfies the following upper bound

) and generalization error A Ege, = O( ). With optimal selection

By, — u* (|3, < n~ T logn.

Proof. On the one hand, by taking s = 1 and p = 2 in Theorem [D.8] proved above, we have that
there exists some Deep Neural Network upny € (L, W, S, B) with L = O(1), W = O(N), S =
O(N), B = O(1), such that.
* (|12 — 222 *

luonn — w51 o) S N7 [[u” | 20
Applying strong convexity of the DRM objective function proved in Section [2.T| further implies:

AEup, < Jupss — t|[3n g S N7
On the other hand, from Lemma proved above, we know that the function ¢(p) that upper
bounds the local Rademacher complexity of the Deep Neural Networks upnn is dominated by the

term \/% log(W (B V 1)n). By plugging in the magnitudes of L, W, S, B, we can determine the
thresholding localization radius 7:

L
\/pS S log(W(BV 1)n) ~ \/pN(logN—i—logn) ~p= T N (log —Hogn).
n n n

Combining the two bounds above gives us:

By y[AB,] S AByy +7 5 N2 4 Mg Nt loan)
n

By equating the two terms above, we can solve for the optimal N that yields the desired bound:

N‘LSJI) ~ E = N ~ nd+2d§7*z.
n
Plugging in the optimal N gives us the magnitudes of the four parameters L = O(1), W =
O(ndi;i ), S = O(ndiZE?), B = 0(1), as well as the final rate:

EoulaB,] 5 N7 4 T80 o

_ 2(s—1)
n~ 4+2G-0 logn.
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Truncated Fourier Series Estimator. For any £ € 7.1, there exists some Truncated Fourier Series
d

in F¢(Q) with approximation error A Eyy, = O(£72(71)) and generalization error A Ege, = O(%)

Theorem D.11. (Final Upper Bound of DRM with Truncated Fourier Series Estimator) Consider

the Deep Ritz objective with a plug in Fourier Series estimator 454" = min,, ¢ Fe () En (u) with

£E=0(n T2 ), then we have

” ~ Fourier

25—2
* (12 —TTIss-35
tpry — u* |7, Sn” T2

Proof. On the one hand, from Lemma[D.5]and Lemma D.€| proved above, we know that the function
@(p) that upper bounds the local Rademacher complexity is dominated by the term \/gg % for
Truncated Fourier Series in F¢ (§2). Thus, the thresholding localization radius 7 can be determined as

follows:
d
\/?fg ~p=>T f—,
n n

On the other hand, by taking v = s and 3 = 1 in Lemma|D.16]and applying strong convexity of the
DRM objective function proved in Section [2;1], we can upper bound the approximation error AE,p,
as below:

AEapp ,S é——Z(s—l)7

By equating the two terms above, we can solve for £ that yields the desired bound:

g ~ ¢£—2(s-1) ~ o dTEE
~ § = f ~ ndFs-2
n
Plugging in the expression of £ gives the final upper bound:
d 25—2
Eunp[AE,) S 7+ AByp S § +&72670 o g T

n

D.4.2 Physics Informed Neural Network
Theorem D.12 (Meta-theorem for Upper Bounds of Physics Informed Neural Network). Ler u* €
H?#(Q2) denote the true solution to the PDE model with Dirichlet boundary condition:
—Au+Vu= fon{,
u = 0 on 01,

where f € L?(Q) and V € L> () with 0 < Viyin < V(2) < Vinax > 0. For a fixed function space
F(Q), consider the empirical loss induced by the Physics Informed Neural Network:

Bow) = 237 [190- (8u(x) - VX + £05) . (D47)

Jj=1

(D.46)

where {X; };;:1 are datapoints uniformly sampled from the domain ). Then the Physics Informed

Neural Network estimator associated with function space F () is defined as the minimizer of E,,(u)
over the function space F(2):

tpwy = min  E, (u)
ueF(Q)

Moreover, we assume that there exists some constant C' > 0 such that all function w in the function
space F(Q)), the real solution v* and f,V satisfy the following two conditions.

» The gradients and function value are uniformly bounded

max{ sup |[ullpe(qy, sup [[Vullp=), sup [[Aulr~q),
uEF () uEF () uEF () (D.48)

[ (| Loe ()5 VU | oo ()5 AU | Lo ()5 Vinaz ||f||L°°(Q)} <C.
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o All the functions in the function space F () satisfies the boundary condition

u = 0 on 0N.
At the the same time, for any p > 0, we assume the Rademencher complexzty of a localized function
space T, () = {h = Q] - [(Au—Vu+ f)? = (Au* = Vu* + [)?] ‘ Ju—u*|3, < p} can
be upper bounded by a sub-root function ¢ = ¢(p) : [0, 00) — [0, 00), i.e.
o(4p) < 2¢(p) and R, (T,(2)) < ¢(p) (VY p > 0). (D.49)

For all constant t > 0. We denote r* to be the solution of the fix point equation of local Rademacher
complexity r = ¢(r). There exists a constant C), such that for probability 1 — C), exp(—t), we have
the following upper bound for the Physics Informed Neural Network Estimator

i . . .t
s~ 'l £ inf (Blup) ~ B)) +max {r, .

Proof. To upper bound the excess risk AE(), following[66, 38| [L1]], we decompose the excess risk
into approximation error and generalization error with probability 1 — e~*:

AE™ (tpinn) = E(UpinN) — E(u*) = [E('&PINN) -E, (‘ELPINN)] + [En(ﬁPINN) - En(UF)]

+ [En uF)} + [E(ur) — E(u")]

< [E( UPINN E,(tpnn)| + [En(ur) — E(ur)] + [E(ur) — E(u")]
< [E(E(irny) — E(u”) + En(u”) — Ep(lpnw)]

+ 2 [Blur) - B + -

2n’
(D.50)

where the expectation is on all sampled data. The inequality of the third line is because the
u is the minimizer of the empirical loss E,, in the solution set F'(Q2), so we have E,(u) <
E,(ur). The last inequality is based on the Bernstein inequality. The variance of h =
Q] - [(Au—Vu+ f)? = (Au* — Vu* + f)?] can be bounded by [E(ur) — E(u*)] due to the
strong convexity of the variation objective . According to the Brenstein inequality, we know
with probability 1 — e~! we have

[B(ur) ~ Bu)] + -

t|\E(up) — E(u* 1
Note that holds for all function lies in the function space F'. Thus, we can take up :=

arg min,, e p(q) (E(uo) - E(u*)) and finally get

3 t
(n) < ~ _ * *\ ~ e . _ * v
AE < E(UP[NN) E(u ) + En(u ) En(Up]NN) +2 uFIGIg(Q) (E(UF) E(u )) +2n.

AEg
AEqy,

This inequality decompose the excess risk to the generalization error AEgen = E(upn) — E(u*) +
E,(u*) — E,(ip~) and the approximation error AE,,, = inf, .cp(o) (E(up) - E(u*))

From the lemmata proved in Section[D.3] we already have an estimation of the approximation error’s
convergence rate. So now we’ll focus on providing fast rate upper bounds of the generalization error
for the two estimators using the localization techinque[2} |66]]. To achieve the fast generalization
bound, we focus on the following normalized empirical process

—M|heT(Q)}(r>O).

First, we try to bound the expectation of the normalized empirical process. Applying the Symmetriza-
tion Lemma [D.1] we can first bound the expectation as
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sup ‘lzhx ]E[h]’

sup E,-
z heT(Q2) nZ 1 E[h +7r

heT, ()

< Ez/

P

where the function class S,.(€) is defined as:

T.(Q) == {h(z) == h(]“ir |heT(Q)},

where T'(2) = {h = Q] [(Au—Vu+ f)? — (Au* = Vu* + f)?] } Then Applying the Peeling

Lemma to any function h € T'(€2) helps us upper bound the local Rademacher complexity R,, (T} (€2))
with the function ¢ defined in equation

R, (TT<Q)) =E,

1 n
n Zi=1 aih(z;) 4¢(r)
Em[hes;%)m E[h] +r ” = T

Combining all inequalities derived above yields:

1~
sup Ey [nZh(x'
i=1

heT, ()

8¢(r)

r

< 2R, (T, () < (r>0). (D.51)

Secondly we’ll apply the Talagrand concentration inequality, which requires us to verify the condition
needed. We will first check that the expectation value [E[h] is always non-negative for any h € S(Q):

Bl = g [ 190 (GIVal@) + 3V @)u(e)? - f(@pu(e)ds

- 2 1 2l (2 2 Dt () da
m/'ﬂ' [V @) + 5 V(@) @) = f@)u’ (2)d
—E(u )>O:>E[h} 0.

We will proceed to verify that any i = € T () is of bounded inf-norm. We need to prove

E[}L]+7
that any h € T'(Q) is of bounded inf-norm beforehand. Using boundedness condition listed in

equation [D.48]implies:
[Allee = 190 - I(Au = Vu+ ) = (Au* = Vu* + f)*[lec = Q] - [(Au = Vu+ f)?]lo
< 190+ ([ Aulloe + Vinaxl[ulloo + [[fllo)® < [92](Vinax +2)*C*

By taking M := |Q|(Vinax + 2)?C?, we then have |||« < M for all h € T(Q). Note that the
denominator can be lower bounded by |E[h] + r| > r > 0. Combining these two inequalities help us

upper bound the inf-norm ||A|oe = sup,cq |2(x)| as follows:

[EA] — bl _ 2hle _ 22 _ o

Il =
il [E[R]+7] — r r

We will then check the normalized functions % in TT(Q) have bounded second moment,

which is satisfied because of the regularity results of the PDE. We aim to show that there exist some
constants «, &’ > 0, such that for any h € T(£2), the following inequality holds:
aE[h?] < |lu — w13, q) < 'E[h]. (D.52)

The RHS of the inequality follows from strong convexity of the PINN objective function proved in
Theorem [D.2}

E[h] = E(u) — E(u*) > min{1, Vipin }Hlu — u*H%{Q(Q)
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The LHS of the inequality follows from boundedness condition listed in equation [D.48] and the
QM-AM inequality:

E[h?] = /Q [(Au—Vu+ f)* — (Au* — Vu* + f)2]2 dx = /Q(Au —Vu+ f)*de

< M? / (Au— Vu — Au* 4+ Vu*)de < 2M? / [(Au—Au*)? + VZ(u —u*)?]dz
Q Q
< 2M? max{1, Vi, Hlu — u* |13, 0

By picking o' = min{1, Viin } and o = m, we have finished proving inequality

Then we can can upper bound the expectation E[A?] as:

L, El(h—E[R)?] ER)-ERE _  ER
B = " Em o = B oP  ER R

Using the fact that E[h] > 0 and inequality [D.52} we can lower bound the denominator [E[h] + r|?
as follows:

E[h] + 72 > 2E[]r > 2T R[R2).
«

!
Therefore, we can deduce that:
~ E[h?] E[h?] o
E[h?] < < = =: o2,
W) < Em e S Zagp] ~ 2ra

Hence, any function in the localized class TT(Q) is of bounded second moment.

It’s easy to check that for any i € T,.(2), we have
. E[h] - E[h]
Ehl= ————=0
(1] E[h] +r ’
i.e. any function in the localized class S,.(Q) is of zero mean.

Now we have verified that any function & € ST(Q) satisfies all the required conditions. By taking p
to be the uniform distribution on the domain 2 and applying Talagrand’s Concentration inequality
given in Lemma[D.3] we have:

1A 1 = -~ [2to2 2t
P, | sup — Z h(z;) >2 sup Eg. [ﬁ Z h(z;)] + ; + nﬂ] <e .
i=1

heT () " 54 heT, (Q)

By using the upper bound deduced above and plugging in the expressions of 3 and o, we can rewrite
Talagrand’s Concentration Inequality in the following way. With probability at least 1 — e~ %, the
inequality below holds:

n n

R R R 202 2t
SN h@) < swp =3 he) <2 sup B STRGD] 4/ T+ 20
n = heso ) i hes.) M " "
16¢(r ta!  4AMt
<100t el Ay
r nar nr
Let’s pick the threshold radius rg to be:
24 Mt 't
ro = max{2lys 2AME 3607ty (D.53)
n an

Note that concavity of the function ¢ implies that ¢(r) < r for any r > r*. Combining this with the
first inequality listed in[D.49]yields:

166(r) _ 2"0(38) _ 1 1
ro T 214 8 I 8
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On the other hand, applying equation [D.53]yields:

\/a’t < o't an 1
narg — V na 36a/t 6’
4Mt  4Mt n 1
< X = -.
nrg . n 24Mt 6

Summing the three inequalities above implies:

16¢(ro) ta! aMt 1 1 1

= -+ —-+=-< =

¥(ro) &) + narg + nrg ~— 8 + 6 + 6 2

By picking r = rg, we can further deduce that for any function u € F(€2), the following inequality
holds with probability 1 — e~*:

E(U) _E(u*) —En(u) +En(u*) B l n_ N )
E(u) — E(u*) + 19 _n;h( i) < (ro) <

N =

Multiplying the denominator on both sides indicates:

1 11 1
ABg = B(u) = E(u") = Bo(u) + By(u”) < [E(u) - E(u*)} + 570 = SAE™ 4+ or,

Substituting the upper bound above into the decomposition AE(™) < AFEgen + %AEapp + % yields
that with probability 1 — e~*, we have:

n 3 t 1 SO | 3 t
AE( ) S AEgen =+ EAEapp + % S iAE( ) + 57‘0 + iAEapp + %
Simplifying the inequality above yields that with probability 1 — e~*, we have:
t t 36a’ t t
AE™ < ry+ BAE,p + — =3 inf (E(up) — E(u*)) + max{2'r* 24 M —, a —}+ -
n up€F(Q) n o n n

< uFier;f(Q) (E(up) - E(u*)) + max {r*, %}

Moreover, using strong convexity of the PINN objective function proved in Theorem [D.T|implies:
AE™ = E(ipy) — E(u*) > min{1, Viyin Hliemn — w* (|3 g

Combining the two bounds above yields that with probability 1 — e~?, we have:

~ * . * * t
e —uFe) < nf - (Blup) — B ) +max {r, -}

O

Deep Neural Network Estimator. For any N € ZT, there exists some Deep Neural Network in
O(L,W,S,B) with L =0(1), W =0(N), S=O(N), B= 0O(1), such that the approximation

2(s—2

error AE,,, = O(N~ "4 )) and generalization error A Ege, = O(

Nlog Ny With optimal selection
n

N = ndﬁif’z to balance the bias and variance, we can achieve n~ Tr3 log n convergence rate for
PINN estimator.

Theorem D.13. (Final Upper Bound of PINN with Deep Neural Network Estimator) Consider the
sparse Deep Neural Network function space (L, W, S, B) with parameters L = O(1), W =

O(n e ), S=0(n e ), B = O(1), then the Physics Informed Neural Network estimator
BN, = minyece(r,w,s,8) En(u) satisfies the following upper bound with high probability

B — w3, < n™ 75 logn,
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Proof. On the one hand, by taking s = 2 and p = 2 in Theorem [D.§] proved above, we have that
there exists some Deep Neural Network upny € ®(L, W, S, B) with L = O(1), W = O(N), S =
O(N), B = O(1), such that.
X _23-4

[upnn — u ”%{2(9) SNTTT lullgs )

Applying strong convexity of the DRM objective function proved in Section 2. 1| further implies:
2s—4

AEyy S [lupnn — a3, S N7 77
On the other hand, from lemma proved above, we know that the function ¢(p) that upper
bounds the local Rademacher complexity of the Deep Neural Networks upny is dominated by the

term \/# log(W (B V 1)n). By plugging in the magnitudes of L, W, S, B, we can determine the
thresholding localization radius 7:

N(log N +logn)

3LS N
\/pnlog(W(B\/l)n):\/pn(logN+logn)2p:>f: - .

Combining the two bounds above gives us:
26-2  N(log N +logn)

Erp[AE,] SAEy, +7 SN™ + .
n
By equating the two terms above, we can solve for the optimal N that yields the desired bound:
N -2 ~ E = N ~ paFsea,
n

Plugging in the optimal N gives us the magnitudes of the four parameters L = O(1), W =
O(ndﬂdsf‘l)7 S = O(nd+2dsf4)7 B = O(1), as well as the final rate:

2:-2) n Nlog N <

(s—=2)
E(L‘NM[AE’IJ 5 N~ n- di2(si2) log n.

n
O

Truncated Fourier Series Estimator. For any £ € Z™, there exists some Truncated Fourier Series
d

in Fy(£2) with approximation error AE,,, = O(£2(*=2)) and generalization error A Ege, = O(%)

Theorem D.14. (Final Upper Bound of PINN with Truncated Fourier Series Estimator)

Consider the PINN objective with a plug in Fourier Series estimator Gi54H¢" = min,,¢ Fe() En(u)

with & = O(n T2 ), then we have

e A
Proof. On the one hand, from Lemma[D.5]and Lemma D.6| proved above, we know that the function
¢(p) that upper bounds the local Rademacher complexity is dominated by the term \/gfg for
Truncated Fourier Series in F¢(£2). Thus, the thresholding localization radius 7 can be determined as

follows:
d
\/?fg ~p=7 5—,
n n

On the other hand, by taking o = s and 3 = 1 in Lemma|[D.16]and applying strong convexity of the
DRM objective function proved in Section@ we can upper bound the approximation error AE,;,
as below:
AEy, S 677072,

By equating the two terms above, we can solve for £ that yields the desired bound:

é-d

n
Plugging in the expression of £ gives the final upper bound:

—2(s—2 N —
:f (s ):>§:nd+25—4,

d .
Eon[AEL] S 7+ ABEyy S % 472 T AE,
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E Proof of Modified DRM

Theorem E.1 (Meta-theorem for Upper Bounds of Modified Deep Ritz Method). Ler u* € H*(Q)
denote the true solution to the PDE model with Dirichlet boundary condition:

—Au+Vu=fonf,

u = 0 on 09, ED

where f € L2(Q) and V € L™ (Q) with 0 < Vipin < V(2) < Vinax > 0. For a fixed function space
F(Q), consider the empirical loss induced by the Modified Deep Ritz Method (N > n):

N n
1 1
Bxa(w) = 3 (101 19u(x)2] + 2 3" 101 (3P - 705)ux:) ],
=1 j=1
(E.2)

where { X!} | and {X; }?_y are datapoints uniformly and independently sampled from the domain
Q. Then the Modified Deep Ritz estimator associated with function space F(S) is defined as the
minimizer of Ey ,,(u) over the function space F():

aMDRM: min EN,n(u)
uweF(Q)

Moreover, we assume that there exists some constant C' > 0 such that all function u in the function
space F(Q), the real solution u* and f,V satisfy the following two conditions.

» The gradients and function value are uniformly bounded

maX{ sup |[uflze (), sup |[[Vullpe @) vl @), [V lL<): Vina Hf||L°°(Q)} <C.
weF(Q) u€EF(2)
(E.3)
o All the functions in the function space F(Q) satisfy the boundary condition
u = 0 on 0N.

At the the same time, for any p > 0, we assume the Rademacher complexity of a localized function
space

8(Q) = {h = 10} [L (190l = [V 2) + 3V (jul? = Ju ) = f(u—u)] | Ju—u|3, < p}
can be upper bounded by a sub-root function ¢ = ¢(p) : [0,00) — [0, 00), i.e.

¢(4p) < 2¢(p) and Ry n(S,(€2)) < é(p) (V p > 0). (E4

For all constant t > 0. We denote r* to be the solution of the fix point equation of local Rademacher
complexity r = ¢(r). There exist a constant C), such that for probability 1 — C, exp(—t), we have
the following upper bound for the Modified Deep Ritz Estimator

N X . «
s 1 5 1 (B - 20 ..

Proof. To upper bound the excess risk AEWN") := E(typrm) — E(u*), following[66} 38, [1T]], we
decompose the excess risk into approximation error and generalization error with probability 1 — e~ ¢:

AEWN™M — [E(tivprm) — E(u*)] = [E(dvprv) — En,n (dvprm) | + [Enn (vprm) — B (ur) ]
+ [Enn(ur) — E(ur)] + [E(ur) — E(u*)]
< [E(@mprm) — Enn(@vprm)] + [Enn(ur) — E(ur)] + [E(ur) — E(u*)]
S [E( ivprM) — E(u”) + Enpn(u”) — EN,n(aMDRM)H
+2[E(ur) — B(u*)] + mm{tM e

(E.5)
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where the expectation is on all sampled data. The inequality of the third line is because the w is the
minimizer of the empirical loss E,, in the solution set F'(2), so we have En ,(u) < En,(up). The
last inequality is based on the Bernstein inequality. The variance can be bounded by [E(up)—E(u*)]
due to the strong convexity of the variation objective. According to the Brenstein inequality, we know
with probability 1 — e~* we have

2t [E(UF> — E(U*)]
min{N,n}

4t
min{N,n}

En,(up) — Eny,(u*) — E(up) + E(u*) < \/ < [E(up) - E(u*)] +

Note that @] holds for all function lies in the function space F'. Thus, we can take up :=
arg min, . c p(Q) (E(uF) - E(u*)) and finally get

~ * * ~ . * t
ABN S By Bliymrw) — B(w') + By n(w') — Bxn(oyorw)] + inf (Bur) — E@)) +-—.
uUp

A-Egen
AEqy,

This inequality decomposes the excess risk to the generalization error A Ege, := Eg, [E(lnvprM) —

E(u*)+ Enn(u*) — En n(tvprv)] and the approximation error A Eyp, = inf, . c p() (E(up) —

E(u*)) From the lemmata proved in Section we already have an estimation of the approx-
I

imation error’s convergence rate. So now we’ll focus on providing fast rate upper bounds of the
generalization error for the two estimators using the localization techinque[2, |66]. To achieve the fast
generalization bound, we focus on the following two normalized empirical processes:

Sra(Q) == {h(x) == Efh [] 1 - ;;g‘i)r |h=hi+hy € S(Q)} (r>0),
Q) := {ha(x) := Efh [] iE[}fﬁr |h=hy+hy € S} (r>0).

First, we try to bound the expectation of the two normalized empirical processes. Applying the
Symmetrization Lemma[D.T] we can first bound the two expectations as:

1 & Y h(y) — E[hy]
sup Ey |~ S hu@)| <E, | su ‘ (o) = Bl ] 2Ry (S1()),
s [N; 1(1’)] = Llesf’(g NZ]Ehl |+ E[ho] + 7 (Sr.1(2))
1~ h2 (y;) — Elho] ;
sup E, |— ho(y; — < 2R, (8,2(02
R2€8r2() Y ni3 2(8) |j12€52(Q)‘ +E[h2]+7"‘ (Sra(D)
where the function classes S,. () (1 < k < 2) are defined as:
A 2 hi(z)
Q) := = = Q
ST,1( ) {h1(.13) ]E[h1]+]E[h2]+T |h hi + ho GS( )},
: ha(x)
- 2(Q) == {ha( h=h, +h ),
Sr.2(€2) := {ha Efln] + E[ha] + | 1+ha€S(Q)}

Applying the Peeling Lemma to any function & € S(2) helps us upper bound the sum of the two local
Rademacher complexities Ry (S;.1(22)) + R, (Sr,2(£2)) with the function ¢ defined in equation:

1 N ) ) s~ o 9 (1"
RN(Sr,l(Q)) + Rn(‘gr2(ﬂ)> = ]Ea [EU[ Sup N Zi:l Ulhl(yl)} Ey’[ sup - ZJ:I jh (yj)}]

+ ET
ReS(Q) E[R] +r heS(Q) E[h] + 7

1 N 1 n ’
N Zai ih1(ys =N Tiha (Y
=E, l]Eyy{ sup & Lz 9im(y:) + M}

hes(Q) E[R] +r hes(Q) E[h] +r
4¢(r)

r

= RN,7L(ST'(Q)) <
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Combining all inequalities derived above yields:

sup K,

1y
r b B | LS k)
1€5-1(9)

hzegr,z(ﬂ) j=1 (E6)

8¢(r)

r

< QRN(ST,I(Q)) + 2RH(ST,Q(Q)) = 2RN,n(ST(Q)) < (’I“ > 0)

Secondly we’ll apply the Talagrand concentration inequality to the two function classes Sr,l (Q) and

ST’Q (€2), which requires us to verify the conditions needed. We will first check that the expectation
value [E[h] is always non-negative for any h € S(Q):

Elh] = |;2/ |Q|(llvu(gj)‘ZJr%V(x)‘u(I)F*f(x)u(x))d;z;
_ 2 1 Dl (2 2 2 (x .
Q|/'“' [V @) + V@) (@) — f@)u*(2)d
— E(u )>0:>E[h] 0.

Next, We will verify that Sr.,l () satisfies all three requirements. At first, we will show that any

hy = IEIEE]};T IS S’TJ(Q) is of bounded inf-norm. We need to prove that any hy € S;(f2) is of

bounded inf-norm beforehand. Using boundedness condition listed in equation [E.3]implies:

1 * 1 *
Ialloe = 15 (1IVul? = 1V 12 loe < 5 (IVulZ + V0%, ) < €2

By taking M; := C?, we then have ||l |l < M forall h; € S;(2). Note that the denominator of
h1 can be lower bounded by |E[h] + 7| > r > 0. Combining these two inequalities help us upper
bound the inf-norm |11 || = sup,eq |h1(x)| as follows:

B[] = Mlloe _ 2]l 2M:
[E[R] +7] — r -7

h]le = =: f1.

Also, it’s easy to check that for any hy € 5'7,,1 (Q), we have

E[h] — Efh]

E[ﬁl] - E[h] +r

= 0,

i.e. any function in the localized class S,.;(Q) is of zero mean.

Moreover, we take 07 = SUD, 8,1 (2) E[h?] to be the upper bound on the second moment of
functions in S, ; (Q2). Now we have verified that any function h; € S,.1 () satisfies all the required

conditions. By taking p to be the uniform distribution on the domain {2 and applying Talagrand’s
Concentration inequality given in Lemma|D.3] we have:

N N
1 ~ 1 ~ 2t02 2By
P, sup  — Z hi(z;) >2 sup E, [— Z hl(yi)} + L2 <e
h1€8,.1() N i=1 h1€8,.1(Q) N i=1 N N
(E.7)

Moreover, We will verify that 5))2((2) also satisfies all three requirements. At first, we will show that

any ho = E]EE}}Z]] +h2 € S,.5(9) is of bounded inf-norm. We need to prove that any hy € S5(Q) is of

bounded inf-norm beforehand. Using boundedness condition listed in equation [E.3]implies:

1
Ihalloe = 15V (lul? = u* ) = f(u = )]s
2
1 .
< 5 Vanas (Il + 7112 ) + 1 £1low (Jullow + llu* o)
1
< 5 Vi X 20? 4 2C? = (Vipax + 2)C2.
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By taking My := (Vinax + 2)C?, we then have ||ha||oo < My for all hy € S3(£2). Note that the
denominator of hy can be lower bounded by |E[h] + 7| > r > 0. Combining these two inequalities
help us upper bound the inf-norm ||h2||cc = SUp,cq |h2(x)]| as follows:

[Elh2] — holloc _ 2[lholloc _ 2M>

ER+r] — r - 7 = B2

||B2Hoo =

Also, it’s easy to check that for any hy € ST’Q(Q), we have

i _ E[ha] — E[ho]
Elhe] = ——75—— =0
o] = = E T ’
i.e. any function in the localized class S,. 2(Q) is of zero mean.
Moreover, we take 05 = SUPf, e 8, ,(Q) [E[h3] to be the upper bound on the second moment of

functions in 5}72 (Q). Now we have verified that any function hy € S’T_Q () satisfies all the required
conditions. By taking  to be the uniform distribution on the domain €2 and applying Talagrand’s
Concentration inequality given in Lemma[D.3] we have:

L. 1 — [2to2 2t
P, sup z:hg(x;-)22~ sup {ﬁz ] %—4—% <e t.

1
ho€S,.2(Q) n j=1 h2€8, 2(82)
(E.8)

By applying a union bound to the two inequalities derived in[E.7]and [E:8] we can derive that with
probability at least 1 — 2e~%, the inequality below holds:

N n
%Zﬁl(x;) + %Zﬁ(:r]) sup Zhl x;) sup Zhg
i=1 j=1

hi€8,, 1(Q) h2€S7‘ 2(9)
N
1 = 2t0’ 2tﬁ1
<2 sup E, [— Zhl(yi)} + Ly ==
h1€8,1(Q) N i=1 N N
1 - 2to2 2
+2 sup E, [f hg(y;)} ﬂ/ﬂJrﬁ
ho€Sr2(Q) st " "
160(r 2t 2t +
S QS( )+ 7(0_1+02)+ (ﬂl BQ)
r V n n

By the definition of 51 and 2, we have that the term Zt(ﬂlTw can be upper bounded by:

20(B1 + B2) _ At(My + Ma) _ 4(Vinax +3)C%t

n nr nr

Now we will derive some upper bound on the sum o1 + 2. By definition we have that:

(01 4+ 02)*> <2(02 +03) = 2[ sup  E[R2]+ sup E[R?

h1€8,1() h1€8,.1(Q)
E[h7] — E[h]? E[h3] — E[hs]?
:2[$m EE R |HM+ﬂ2}
RES(Q) hES(Q)
2 2
<4 sup E[h{] + E[h3]

nes(@) |E[R] +7?

Now it suffices to derive an upper bound of % for any h € S(Q2). The existence of such an

upper bound is guaranteed because of the regularity results of the PDE. We aim to show that there
exist some constants «v, o > 0, such that for any h € S(), the following inequality holds:

a(E[AY] + E[h3]) < lu — u"|[3 o) < «/E[A]. (E9)
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The RHS of the inequality follows from strong convexity of the DRM objective function proved in

Section[2.1}

min{1, Viin}

E[h] = Bu) - B(u') > Sy 3 o)

The LHS of the inequality follows from boundedness condition listed in equation[E-3]and the QM-AM
inequality:

B+ ) = [ (190 - 1VaP) do+ [ [;V(|u|2—|u*2)—f(u—u*)]2d:v

gi/(\vm? |V“|)dfc+ /V2 Jul? ~ IUI)dw+2/f2u—u)2dx

SZ/Q“VM—

+202/(u—u*)2d33§02/ \Vu — Vu* Pdx + 2C% (1 + V2,) /\u u*2dx
Q Q

< 20%(1+ Vi) lu — w3 0-

(19l + Va4 5V, [ [l = | (ul+ s

By picking o/ = W and o = W we have finished proving inequality Then we
E[h7]+E[h3]
[E[h]+7]?

E[h?) + E[h2] _ CE[A] .
[E[h] + 7|2 — 2rE[h] — 2ar’

can can upper bound the term as:

Combining the bounds derived above helps us upper bound the term

%

2L(gy + 03) as below:

2 h2 +E[h2] da't
(01 +02) 5 <
heS(Q h] + 7| nar

Thus, using the two upper bounds on ,/ L(oy + 09) and w, we have :

L\ 1~ 16 9 9
N;hl( Ez::hxj < QZ(T)‘F\/Z(Q—FGQ)_FM

n

16¢(r) n 4ot n 4(Viax + 3)C%t
nar nr

IN

= ()

Let’s pick the threshold radius rg to be:

/
24Mt’ 144a t}. (E.10)
an
Note that concavity of the function ¢ implies that ¢(r) < r for any r > r*. Combining this with the
first inequality listed in [E-4] yields:

ro = max{2'4r*,

166(r0) _ 26(sH) 1 9(h) _ 1
ro — 2U5y 8 = 8
On the other hand, applying equation [E.10]yields:
\/404% < \/4a’t an 1
narg — V na 144a’t 6’
A(Viax +3)C%t _ A(Vonan +3)C%t y n 1
nro - n 24(Viax +3)C2t 6
Summing the three inequalities above implies:
16¢(r0) 4o/t AV +3)C%t 1 1 1 1
= \/ —+ -4+ =<z
¥(ro) T + narg + nro -8 6 + 6 2
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By picking r = 7, we can further deduce that for any function u € F (), the following inequality
holds with probability 1 — e™¢

B(u) - B(u*) — B(u) + En(u®
E(u)— E(u*)+ro

Multiplying the denominator on both sides indicates:

_ 1 . 1
- E ) < -
n — hxl 1p(ro) 2
. L1 ST SRR DN
AEgn = E(u) = B(u") = By(u) + Bo(u) < 5 [E(u) — E(u )} + 570 = SAE™ + rp.

Substituting the upper bound above into the decomposition AE() < AEg, + %AEapp + ﬁ yields
that with probability 1 — e~*, we have:

n 3 t 1 | 3 t
AE( ) S AEgen + iAEapp + % S §AE( ) + 57”0 + iAEapp + %
Simplifying the inequality above yields that with probability 1 — e, we have:
t t 36a’ ¢
AE™ < 1o+ 3AEy +— =3 inf (E(up) - E(u*)) + max{217*, of “ -
n

’U.FGF(Q)
t
S, gy (Blue) — Bt)) 4 max (o7, 2}
N’ILFIEI}?(Q) (up) (u*)) + max < r -
Moreover, using strong convexity of the DRM objective function proved in Theorem [D.T|implies:
AE™ = E(inprv) — E(u*) = {1, VininHlamrm — 0|31 )
Combining the two bounds above yields that with probability 1 — e~*, we have:
~ * . * * t
[|tivprRM — © ||%{1(Q) S UFgg(Q) (E(uF) —E(u )) + max {r ’ﬁ}
O

Truncated Fourier Series Estimator. Next we aim to show that the truncated Fourier series
estimator can achieve the min-max optimal rate using the MDRM objective function. For any f E 7T,

there exists some Truncated Fourier Series in F¢ () with approximation error A E,,, = O(£~2(s~ 2))

and generalization error A Ky, = O(%)
Theorem E.2. (Final Upper Bound of PINN with Truncated Fourier Series Estimator) Consider

the PINN objective with a plug in Fourier Series estimator 454" = min,,¢ F: () E, (u) with

E=0(n T2 ), then we have

|| ~ Fourier

2 < - 25—4
UpNy — U ||H2 SnoodtEs—d

Proof. On the one hand, from Lemma[D.5]and LemmaD.6 proved above, we know that the function
@(p) that upper bounds the local Rademacher complexity is dominated by the term \/gg % for
Truncated Fourier Series in Fy (€2). Thus, the thresholding localization radius # can be determined as

follows:
B d
\/?,5324_ /ﬁgggpzﬂagi7
n N n

On the other hand, by taking v = s and 3 = 1 in Lemma|[D.16]and applying strong convexity of the
DRM objective function proved in Section [2;1], we can upper bound the approximation error AE,y,
as below:

AEapp S é——2(s—1)7
By equating the two terms above, we can solve for ¢ that yields the desired bound:

§d72 Ed as1) L
- =~ = £ ~ ndt+2s—4
n + N ¢ §n ’
Note that this is because 5 < 5
A fd 2 2( 2) 25—2
EINH[AETL} ,§ T+ AEapp S —4& S72) ~ T d¥2s—14,

50



F Proof of the Lower Bounds

F.1 Preliminaries on Tools for Lower Bounds

In this section, we repeat the standard tools we use to establish the lower bound. The main tool we
use is the Fano’s inequailty and the Varshamov-Gilber Lemma.
Lemma F.1 (Fano’s methods). Assume that V is a unifrom random variable over set V, then for any
markov chain V.— X — V, we always have
I(V; X) +1log2

log([V])
Lemma F.2 (Varshamov-Gillbert Lemma,[62]] Theorem 2.9). Let D > 8. There exists a subset ) =
{r©@ ... ,T(QD/S)} of D—dimensional hypercube HP = {0,1}” such that 7(°) = (0,0,--- ,0)

D

and the ¢y distance between every two elements is larger than <

PV AV)>1-—

D . D
DI =l = S forall 0 < j k< 2P7°
=1

F.2 Proof Of Lower Bound

In this section, we provide the proof of the lower bound for learning a PDE. Our proof uses standard
Fano method to establish minimax lower bound but finally leads to a non-standard convergence rate.
We state standard results for Fano methods in Appendix [F.I] Following is the proof our main lower
bound.

Theorem F.1 (Lower bound). We denote u*(f) to be the solution of the PDE2.1|and we can aceess
randomly sampled data {X;,Y;};=1,... n, as described in Section

DRM Lower Bound. For all estimator H : (Rd)®n x R®"™ — W2 (Q), we have

. . _ 202
inf sup B|H({Xi, fiYiz1, ) —u (D, 2 0~ 721 (E.1)
uEW ()

PINN Lower Bound. For all estimator H : (Rd)®n x R®™ — W2 (Q), we have

2a—4
inf sup E|H{X, fitiz1, ) —u*(f)lf, 2 0~ e (E2)
H yewee ()

Proof. We construct the following bump function to construct the multiple hypothesis test used for
proving the lower bound. Consider a simple C>° bump function supported on [0, 1]¢

d
g(r) = Hf(fﬂz)’x = (21, ,za),

where £ : R — R be a non-zero funtion in C*°(R) with support contained in [0, 1] and satisfies
&(x) #0, % (x) # 0. Then Vg(z) # 0 and the support of function g is [0, 1]<.

Next, take m = [n 2u714+d} and let’s consider a regular gird 2),j € [m]%

According to the
Varshamov-Gilbert lemma, we can find 2"/8 (0, 1)-sequence 71, - -+ , Ty,ass € {0, 1}md such that
7% — 70 |3 > %d forall0 < k # K < 2m*“/8_Then we construct the multiple hypothesis as

. w j ma
U/k(x): Z Tk(])mg<m($_‘r(j)))7k:1725 a2 ' /87
jElma)? ’

where w is a constant to be determined later. It’s easy to find out that u;, € C*.

Then we reduce solving PDE to the multiple hypothesis testing which considers all mappings from n
sampled data to the constructed hypothesis W : (Rd)®n x RO 5 V= {uli = 1,2, ,2m"/8}.
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Then we apply the local Fano method and check that we can obtain a constant lower bound of
P(V #£ V) for any estimator V. Applying the local Fano methods, we know that

v 50 2 Drr(PIP)
< et

where P, joint distribution of the sampled data (z,y), in specific, « follows a uniform distribu-

tion on [0,1]¢ and y = f(X) + oe where ¢ is independently sampled from a standard Gaussian
distribution N (0, 1). Then we have

dk Cw

KL(P|Pe) = Elog(S2) = [ Aug + wrllf, =~

Using Fano inequality, when taking w large enough, we know that

CIViX) dlog2 g

. - =
PV#£V) 21 log(1V|) - melog2 —

1/2

At the same time, we can estimate the separation of the hypothesis in the two different norms:

* Deep Ritz Method:

1
/[0 e |Vup — Vg ||*de = o 2+d Z / IVg(z)|]2dz > e

j€[m]d

* Physic Informed Neural Network:

1
= AP = g 30 P o [ g2

j€[m]d

Plug in m = [n2e-474], we know that with constant probability we have

. . _ _2a-2
inf sup E|H({X;,Yitim1n) — 0" (F)F, 20”75 log(n)?, (E3)
ueW ()
. . __2a-a_
inf sup EH({X, Yitiz1, ) —u (DI, 2 n~ =1 log(n)*. (F4)
uEW> ()
O
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