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Abstract

Test-time augmentation, such as Retrieval-
Augmented Generation (RAG) or tool use,
critically depends on an interplay between a
model’s parametric knowledge and externally
retrieved information. However, the theoret-
ical underpinnings of this relationship remain
poorly understood. Specifically, it is not clear
how much pre-training knowledge is required
to answer queries with a small number of aug-
mentation steps, which is a desirable prop-
erty in practice. To address this question,
we formulate multi-step reasoning as an s-t
connectivity problem on a knowledge graph.
We represent a model’s pre-training paramet-
ric knowledge as a partial, potentially noisy
subgraph. We view augmentation as query-
ing an oracle for true edges that augment
the model’s knowledge. Then, we charac-
terize the necessary and sufficient number of
augmentation steps for the model to gener-
ate an accurate answer given partial prior
knowledge. Ome key result shows a phase
transition: if the prior knowledge graph over
n vertices is disconnected into small compo-
nents, then finding a path via augmentation
is inefficient and requires Q(y/n) queries. On
the other hand, once the density of correct
knowledge surpasses a threshold, forming a
giant component, we can find paths with an
expected constant number of queries.
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1 INTRODUCTION

Generating accurate and helpful answers with Large
Language Models (LLMs) often involves a combination
of thinking about the user query and retrieving rele-
vant information from external sources. For reasoning
problems, the LLM can produce a chain-of-thought,
analyzing intermediate sub-problems before arriving
at a final solution |(Comanici et al| (2025)); Mirtaheri
et al.| (2025); Yang et al|(2025); [DeepSeek-Al et al.
(2025). For information seeking queries, the LLM can
retrieve from databases or knowledge graphs to expand
its grasp of new facts (Gutiérrez et al., 2025; |[Lewis
et al., 2020; Min et al., 2019; |Zhou et al.l [2025; |Vu
et all 2023). A common thread for these scenarios is
that the LLM needs to augment its pre-training knowl-
edge with additional information (either self-generated
or external) before being able to adequately answer a
question (Joren et al. 2024; [Su et all [2024; |Wei
et al, 2024a)). However, this interplay between para-
metric and user-provided or externally-retrieved con-
textual knowledge remains poorly understood.

We develop a graph-theoretic framework to study the
ability of LLMs to solve multi-step problems. Using
our abstract model, we can shed light on some fun-
damental questions. For instance, we explore how
properties of the pre-training knowledge can facili-
tate or impede the ability to solve a multi-step prob-
lem. Then, as one of our results we show that when
prior quality is above a certain threshold, a constant
expected number of augmentation steps suffices, and
below this threshold, any strategy requires supercon-
stantly many queries using external information. Of
course, representing an LLM’s vast, nuanced paramet-
ric knowledge as an unweighted subgraph is a sig-
nificant simplification. Nonetheless, our model pro-
vides a formal lens on a key principle: we support the
conjecture that efficient retrieval-augmented genera-
tion (RAG) requires a richness of parametric knowl-
edge (Guu et al., 2020; [Pan et al.l2024; |Wei et al.|
2024b; Xie et al.l [2024; |Liu et al., [2025)). In other



Prior Knowledge Makes It Possible: From Sublinear Graph Algorithms to LLM Test-Time Methods

words, if LLMs are to succeed in RAG tasks, then they
need to both process language and have a sufficient
density of world knowledge from their pre-training
data. Similarly, we provide further evidence that the
best reasoning models require a deep knowledge of
mathematical facts (Ma et al., [2025)).

1.1 Graph-theoretic Framework for Solving
Multi-step Problems

Given that an LLM with test-time augmentation is a
very complex system to study, we focus on a few key
components. At a high level, we consider a knowledge
graph G* where nodes are entities in the world and
edges represent relationships or facts that involve two
entities. For example, consider a simple fact compo-
sition scenario in knowledge graphs: if we know “A is
connected to B” and “B is connected to C,” we can de-
duce “A is connected to C.” Such chaining of local facts
into a global conclusion lies at the heart of deductive
reasoning. One interpretation is that “A is connected
to B” corresponds to “A is equivalent to B” and we
want to deduce other equivalence relations. Another
is that a connection corresponds to a co-occurrence
in a sentence (Yang et al., [2024]). We provide further
examples in Figure

A core component of our framework is that we aim
to formalize the difference between the partial knowl-
edge that the model knows from pre-training and the
potential facts that it could know through reasoning-
based thinking or external retrieval mechanisms. We
abstract this as designating a subgraph G of G*. In
graph terms, we frame “good” prior knowledge as ex-
hibiting well-connectedness, expansion, and edge re-
liability. We use G to capture the fact that a pre-
tained LLM will have only partial information about
an unknown ground-truth graph G*. Furthermore,
each edge of G may or may not correspond to a true
edge in G*, and the number of edges in G will be a
small fraction of the total in G*. We want to find
trade-offs where a model knows G but also requires
some access to G* to correctly answer a question. The
model will access G* using “oracles” that provide in-
formation. From a theoretical point of view, our work
complements much literature on sub-linear time graph
algorithms (Goldreich and Ronj, 2011). In particular,
the algorithm starts with the prior knowledge of G,
rather than with no information about G*, leading to
a new twist on classical problems.

To study test-time augmentation, we define two query
models: (i) given a vertex v, the retrieval oracle re-
turns a random neighbor of v in G* (and our lower
bound also holds for a stronger oracle that given a
vertex v, returns all neighbors in G* of the connected
component in G that contains v) and (ii) given a pair

u,v, the verifier oracle returns whether {u,v} is an
edge in G* or not. These oracles capture different
aspects of test-time augmentations based on a knowl-
edge graph. In a RAG setting, a retrieval mechanism
provides information about the query. Often this is
done through a similarity search (e.g., BM25 or em-
beddings) based on the entities in the query. However,
we cannot guarantee exactly what information the re-
triever returns. Hence, in the retrieval oracle, we get
a random neighbor entity of a vertex. The connected
component oracle is stronger, returning many neigh-
bors. The verifier oracle offers the option to query a
specific edge, rather than a random one.

With these query models, we then study when it is
possible to efficiently solve certain tasks. We are par-
ticularly interested in algorithms that use a constant
number of queries, not scaling with graph size. We
begin our analysis with the s—¢ path problem. For an
input pair of vertices (s,¢) in a hidden ground truth
graph G, the goal is to output a path between s and ¢
in G* if there is one. The path finding task is a proxy
for a fundamental aspect of deductive reasoning: com-
posing local facts (edges) to infer a global conclusion
(path connectivity). For example, each edge may rep-
resent a discrete factual or logical step (e.g., ‘Alice likes
Pizza’ or ‘Pizza is an Italian food’). Finding a path
from ‘Alice’ to ‘Italian food’ means composing individ-
ual facts to infer a new relationship. We also consider
a robust version, where we output a subgraph that
connects s and ¢ even after removing certain edges.

1.2 Main Results

We prove several new bounds, for multiple query mod-
els and algorithmic tasks. Table [l] summarizes our
main results. Our contributions make progress toward
the larger goal of characterizing when an Al system,
along with test-time mechanisms, can solve reasoning
tasks from partial, and possibly noisy, prior knowl-
edge. We first introduce a graph-theoretic property,
Retrieval Friendliness (Definition , that captures
when a partial knowledge graph and its ground truth
counterpart admit efficient reasoning about every s—t
connectivity prompt using a constant expected num-
ber of retrieval queries. We then define a general prop-
erty, admissible, that implies Retrieval Friendliness.
Building on these concepts, we show that variations of
a bidirectional search algorithm can identify different
types of subgraphs in G* while using few queries.

To instantiate our theory in a more concrete setting,
we show that certain random graphs are admissible
with high probability. The Erd6s-Rényi graph model
serves as a good testbed for reasoning from incomplete
priors due to its homogeneity, connectedness, strong
expansion, and small diameter. These are all char-
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Figure 1: The left graph depicts that in our basic framework, we have a prior graph G, which is a subset of the
true graph G*. We illustrate two example knowledge graphs, where finding a path between nodes can answer
the given question. Often the algorithm must query dotted edges from G* \ G that are outside of G. We also
consider various ways to sample G and G*, as well as cases where edges in G may be noisy and need verification.

Table 1: Algorithm Performance and Lower Bounds. Here a “v” for Grounded means we provide a grounded
algorithm (Definition , and an “x” means our lower bound holds for general algorithms. For brevity we only
state results for the retrieval oracle (Definition in this table, with results for other oracles in the paper.

Problem Prior G True G* Grounded Results Reference
st path Random dense subgraph Erd(?sze:ny% v o(1) Thm.
Random sparse subgraph  Erdés—Rényi X Q(y/n) Thm.
s—t path Double Star + Random Bridge X ©(n) Prop. 3.1
s—t path Empty Complete graph v O(y/n) Prop. 3.2
Int. K-connected Random dense subgraph  Erddés-Rényi v O(log K) Thm.

acteristics that intuitively facilitate finding paths. In
other words, if a constant-query algorithm already fails
here, then we would need stronger assumptions on the
prior knowledge (e.g., more true information or a prop-
erty where connectivity is tied to locality).

Our main technical results consist of new, nearly-tight
lower bounds, which apply to multiple oracle models.
First, we focus on the path problem with a random
neighbor oracle, showing that can be hard to even find
an s—t path without sufficient prior knowledge. We
consider both worst-case and random graphs. Start-
ing simple, we show that if G misses a single “bridge”
edge, then we need (n) queries. We next ana-
lyze Erd6s—Rényi graphs, considering when the prior
knowledge is random as opposed to structured, where
we get an Q(y/n) lower bound. Finally, we consider
queries that return multiple neighbors, other tasks
(e.g., multi-vertex connectivity), and robustness con-
straints. We analyze the reliability of prior knowledge,
quantifying how many “false facts” (incorrect edges)
we can tolerate while verifying paths. This highlights
the importance of verifying the model’s intermediate
reasoning steps before relying on further retrieval.

One salient aspect of our new lower bounds is that
algorithms need many queries even when the expected
path length is short. It would be easy to prove that
the number of queries grows with the path length. We
go further, showing cases where the algorithm must

explore many options, and the difficulty comes from
finding a path. This is more interesting because LLMs
often answer queries that only require a few hops.

1.3 Related Work

Retrieval-Augmented Generation (RAG) enhances
LLMs by allowing them to access external knowledge
bases. While RAG is effective in practice, the the-
oretical modeling of RAG is limited (Koga et al.|
2025 |Weller et al. 2025), and the interplay be-
tween a model’s existing knowledge and the infor-
mation it retrieves is not well understood. Classic
RAG uses a single retrieve then generate step, which
is often insufficient for multi-hop or evolving infor-
mation needs. Dynamic RAG interleaves generation
with retrieval, deciding both when and what to re-
trieve (Su et al., [2025; |Asai et all 2023; |Gao et al.|
2022). Corrective variants add evaluators to re-query
when retrieval looks untrustworthy (Yan et al., 2024).
Our model complements these systems by replacing
heuristic trigger policies with bounded query guaran-
tees: under structural conditions on the target knowl-
edge graph, we characterize when constant expected
retrieval suffice and when no bounded policy can suc-
ceed. Related instance-level criteria such as sufficient
context (Joren et al., 2024) evaluate whether the re-
trieved snippets alone contain a solution; our concept
of retrieval friendliness strengthens this by demanding
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constant-query, zero-error guarantees while consider-
ing the effect of prior knowledge. Our lower bounds
provide more evidence for the theoretical limitations
of embedding-based retrieval (Weller et al.| [2025)).

Some of our results are inspired by a process-based
supervision model (Uesato et al., [2022; |Lightman
et al) [2023; |Setlur et all [2024; |Rohatgi et al.l
2025 |Balcan et al., [2025). Unlike outcome-only feed-
back, which evaluates a complete solution, process-
based supervision provides granular feedback on each
intermediate step. For graph problems, this corre-
sponds to validating edges. We model the step-level
validation capability with a verifier oracle, which is
a membership query (Angluin, |1988) on the edge set
of G*. Graph-structured training and tool use have
improved relational reasoning with LLMs (Mirtaheri
et al., 2025; [Yao et al. [2023} |Shalev-Shwartz and
Shashuay, 2025; [Huang et al.| [2022] 2023} |Wu et al.|
2024 Kim et al.,|2025)), and while synthetic continued
pre-training (Yang et al.;|2024)) can strengthen the con-
nectedness of parametric knowledge, our results clarify
when prior knowledge can improve test-time retrieval
efficiency.

Our work connects to a long line of literature on sub-
linear graph algorithms in query models; see |Beame
et al.| (2020); [Feige| (2004)); Feige and Ferster| (2021));
Racz and Schiffer| (2019); |Rashtchian et al.| (2020}
2021); |Chen et al|(2020) and references therein. We
utilize recent lower bounds on shortest paths in ex-
panders and random graphs (Alon et al. [2023), where
that research provides a foundation for studying path
computations in large networks (Basu et al.|2025). Fi-
nally, our results imply lower bounds on CoT length
in a reasoning-inspired model (Mirtaheri et al.| [2025)).

2 PRELIMINARIES

For integer n € N, define [n] = {1,...,n}. Let
G* = (V, E*) be the ground truth graph on V = [n].
We use Ng(u) for the neighbors of u in a graph G,
and let degn(u) = |[Ng(u)|. An s—t path is a simple
path P = (vg = s,v1,...,u, = t) consisting of distinct
pairs (v;,v;+1) € E*. The algorithm has access to a
prior graph G = (V, E). To isolate the challenge of
knowledge incompleteness, we begin by assuming the
prior is reliable; that is, G is a subgraph of G* with
E C E*. This ‘clean prior’ setting allows us to first
study knowledge structure, before we later discuss ex-
tensions to unreliable or ‘hallucinated’ facts (incorrect
edges). The algorithm can use one or more oracles to
G*, which serve as test-time augmentation methods.
In addition to paths, we will also be interested in “ro-
bust” subgraphs. For K > 1, we say that P is an
internally K -connected subgraph between s and t if s

and ¢ remain connected in P whenever fewer than K
edges are removed from PN G.

2.1 Retrieving Relevant Knowledge

We start with our first query model. It is the most
restrictive, but it will suffice for our algorithms. RAG
systems provide relevant retrieval results through a va-
riety of search methods. To abstract away their inner
workings, we consider a basic Retrieval Oracle that,
given a vertex u, returns one of its true neighbors in
G* chosen uniformly at random.

Definition 2.1 (Retrieval Oracle). Let G* = (V, E*)
be a ground-truth graph. The retrieval oracle Og~ :
V — E* U{L} is specified by the family {uS Yuev
where each ug* is the uniform probability distribution
over neighbors of u in G*. On query uw € V the oracle
returns

O () (u,v) with probability S (v), v € Ng-(u),
*U) =
¢ L if Ng-(u) = 0.

While real-world RAG systems use deterministic sim-
ilarity searches, the retrieved results are imperfect
proxies for true relevance. Modeling the output as
stochastic is a tractable way to capture the uncertainty
an algorithm faces, preventing it from exploiting an all-
knowing retriever. Later, we prove a lower bound for
a stronger oracle that returns many neighbors based
on the connected component containing the query.

We are interested in the interplay between the pre-
trained knowledge and the feasibility of outputting a
correct answer. From an efficiency point of view, we
also want to determine when a model can use a small
number of retrieval queries in expectation. This is in
contrast to cases where the model must make a num-
ber of queries that scales with the graph size, which
would be infeasible in practice for large graphs. Our
framework captures the fact that the the model often
combines the knowledge learned through context with
its own prior knowledge for answer generation.

We introduce the notions of Grounded Algorithms
and Retrieval Friendliness. First, the distinction be-
tween grounded and general algorithms is crucial. A
grounded algorithm should not “hallucinate” or guess
connections; its reasoning is based on verified facts
(e.g., via G or an oracle). This captures how RAG sys-
tems ideally work, where grounding refers to providing
citations (Gao et al., |2023; |Song et al., |2025). Our
lower bounds that hold for general algorithms (marked
with an “x” in Table 1)) are stronger and apply to hy-
pothetical algorithms with the ability to guess edges.

Definition 2.2 (Grounded Algorithm). An algorithm
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A is grounded if it outputs only edges it has explicitly
observed from oracle outputs or prior knowledge G.

Combined with grounded algorithms, our next defi-
nition strengthens the notion of “sufficient context”
of |Joren et al.|(2024). Sufficient context means that
the LLM has enough information to answer a query.
We go further, saying that the algorithm can make a
conclusion after a constant number of queries in ex-
pectation, and it only uses explicitly observed edges.

Definition 2.3 (g-Retrieval Friendliness). The pair
(G, G*) is g-retrieval friendly for a grounded algorithm
A if given s,t, access to G, and Og~, the algorithm
outputs: (a) NO when t is not reachable from s in G*,
and (b) when t is reachable, a simple s-t path P such
that all edges of P are valid (they are also in G*) by
making at most q queries in expectation.

Intuitively, Retrieval Friendliness implies that even
though G may contain incomplete information about
the true graph G*, it is still possible to efficiently re-
cover valid reachability information for every pair in
G* using only a constant number of retrieval queries
in expectation.

2.2 Random Graphs & Asymptotic Notation

Our general framework applies to any way of con-
structing a pretrained knowledge graph G and a tar-
get graph G*. In some cases, we analyze a stan-
dard random graph model. Let G(n,p) denote the
Erdés—Rényi random graph with n vertices, where
edges appear independently with probability p (which
may depend on n, so we may write p(n) for clarity).
This model produces a high-entropy graph, with no
correlation between edges, and provides a challenging
regime for finding paths. All our asymptotics are as
n — oo. An event B occurs with high probability if
lim, o P[B] — 1. Unless stated otherwise, success
probabilities are over randomness in G, G*, the ora-
cle, and any internal randomness in the algorithm.

3 LOWER BOUNDS

We establish limits of test-time augmentation by prov-
ing query complexity lower bounds. We begin with an
adversarial “bridge” graph to show that even a sin-
gle missing piece of information can be expensive to
find. We then show that without any prior knowl-
edge, grounded algorithms are inefficient even on well-
connected graphs. Finally, we prove our main lower
bound for the more complex setting of random graphs.

Bridge Graph Lower Bound. While dense priors
can permit efficient retrieval, we now demonstrate that
sheer volume of pretrained knowledge by itself is in-

sufficient. To illustrate this, we construct a worst-case
instance where the prior G is a subgraph of the target
G* containing all but a single edge forming an infor-
mation bottleneck (see Figure . Formally, define the
double star with random bridge on n vertices as
a graph G* = (V, E*) constructed as follows: V is par-
titioned into S and T of size n/2. Then, E* contains
the edges of two stars centered at designated vertices
cs € S and ¢; € T, plus a single bridge edge (u,v)
where v € S\ {¢s} and v € T\ {¢:} are chosen uni-
formly at random. The learner knows the prior graph
G = G*\ {(u,v)}. Let (s,t) be a pair of vertices
chosen uniformly at random from V. This example
demonstrates a lower bound in an extreme case.

Figure 2: Double star with random bridge. The prior
knowledge graph G consists of two disjoint star graphs
on the left and right. The ground-truth graph G* adds
a single, hidden “bridge” edge between random leaves
on the left and right. Any algorithm must query Q(n)
leaves on average to find this bottleneck edge.

Proposition 3.1. Finding an s-t path in the double
star with random bridge on n vertices requires (n)
retrieval queries to have success probability > 2/3.

Intuitively, the algorithm must query vertices until it
finds the bridge. However, each query reveals no ex-
tra information about the potential bridge endpoints,
since the retrieval oracle returns a random neighbor.
We provide the full proof in Appendix Note that
the proof holds with access to a stronger retrieval ora-
cle that treats every edge in the prior graph as already
known and never repeats an edge it has either previ-
ously returned or that was present in the prior.

Complete Graph, Grounded Lower Bound. We
next establish that in a favorable setting, constant
query grounded retrieval is impossible without prior
knowledge. We consider when the ground truth graph
G* is a unweighted complete graph, and the pretrained
graph G has no edges. This is a worst case scenario for
the learner in terms of prior information, but best-case
in terms of the target graph’s connectivity.

Proposition 3.2. Let G* be complete and G empty.
For any nodes s and t, any grounded algorithm must
make Q(y/n) retrieval oracle (Definition queries
to find an s-t path with success probability at least 1/2.

The proof is an application of the birthday paradox
and is stated in Appendix We note that the
proof holds with access to a stronger retrieval oracle
that never repeats an edge it has previously returned.
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This lower bound holds for the fundamental problem
of finding any path between two nodes, not merely a
shortest path. The core of our argument is based on
collision probability (i.e., the birthday paradox) and
would apply to G* ~ G(n,p) for any value of p.

General Lower Bound & Stronger Oracle. We
now extend this result to the more general setting of
Erdés—Rényi random graphs, even when the learner
has access to a powerful retrieval oracle that given a
vertex v returns all neighbors in G* of the connected
component in pretrained graph G that contains v.

Definition 3.3 (Connected Component Incident Re-
trieval Oracle). Let G* be the ground truth graph and
G the pretrained subgraph. For any vertex v € V, let
Cg(v) CV denote the set of vertices in the connected
component of G that contains v. The CCI retrieval
oracle is a map OF! oV — 28" U{L} defined by

cci va S’U 7é (Da
G*,G(v) =

1, otherwise,

where Sy = {(u,w) € E* :u € Cg(v), w ¢ Cg(v)}.

Consider G* ~ G(n,p) with p > %, which ensures
G* is connected with high probability. We are inter-
ested in the sparse but supercritical regime when p is
above the connectivity threshold yet far from dense.
For instance, when p = 1 then G* is the complete
graph and a single CCI query (Definition |3.3)) trivi-
alizes path finding. Assume the learner also has ac-
cess to pretrained knowledge G obtained by indepen-
dently retaining each edge of G* with probability 7
with p-n < 71“ placing G in a regime that carries
negligible global connectivity signal.

Theorem 3.4. In the setup above, any algorithm for
finding a path between given vertices s,t either makes
Q(m) connected component incident retrieval
(Deﬁm’tion queries or finds an s—t path with prob-

ability at most plog®n 4 o(1).

The proof is provided in Appendix and relies on
a reduction that contracts O(logn)-sized components
into super-nodes, turning the problem into path find-
ing in a meta-graph. It then uses a trace based analy-
sis, that is, by fixing the algorithm’s randomness, each
execution is represented as a trace. Observe the num-
ber of edges discovered after Q(m) connected

component incidence queries is O(y/n) each call can
reveal fewer than p - log®n - (n — 1) incident edges.
Having shown the Q(y/n) lower bound for path recov-
ery, we now present a nearly matching upper bound
for Erd6és-Rényi random graphs, which adapts a result
of |Alon et al.| (2023)) for regular expander graphs to
random graphs that are only approximately regular.

Theorem 3.5. Consider an FErdds-Rényi random
graph G* ~ G(n,p), where p(1—p) > C- bgl% and C
1s a sufficiently large constant. There exists an algo-
rithm that, with high probability over the randommness
of G*, for every node s and every § € (0,1), finds an
st path while visiting O((%)%“‘O(l)) vertices for all but
a d-fraction of targets t.

The proof in Appendix [A-4] uses tools from random
matrix theory and is implementable with access to a
retrieval oracle that never repeats an edge it has pre-
viously returned. Next, we explore the properties of
the ground truth and prior knowledge graph that make
retrieval friendliness (Definition possible.

4 UPPER BOUNDS: EFFICIENT
TEST-TIME AUGMENTATION
ALGORITHMS

4.1 Reliable and Sufficient Prior for Efficient
Retrieval

We start by stating a condition that makes retrieval
friendliness possible by the strategy of decomposing
the task of finding paths into efficient sub-tasks.

Intuitively, for path-finding, the model’s prior knowl-
edge G must connect disparate regions of the complete
knowledge graph G*. Even if we do not know how to
globally connect our start s and end ¢ nodes, we can
find a subgraph that connects to both. Our formal con-
dition, which we call admissibility, captures this idea:
a well-connected component in the prior knowledge is
“visible” from every node in the graph, covering a con-
stant fraction of its local connections. We formalize
this below and then show how a simple bidirectional
search strategy can exploit it for efficient retrieval.

Definition 4.1 (vy-Admissible Pair). Let G* be the
ground-truth graph, G the pretrained subgraph, Ogx
the retrieval oracle, and v € (0,1]. For every ver-
tex u, let ug* be the uniform probability distribution
over Ngx(u) given by G*. We say that (G*,G) is -
admissible if there exists a connected component C of
G such that, for every vertex u with Ng«(u) # 0,

e (Ne+(w) NV (C)) > 7.
for some constant .

Claim 4.2. Any vy-admissible pair is 2/v-retrieval
friendly for bidirectional-retrieval augmentation gen-
eration algorithm (Algorithm .

The bidirectional strategy is given in Algorithm[I] Af-
ter each pair of retrievals we augment the pretrained
graph with the returned edges and attempt to generate



Avrim Blum, Daniel Hsu, Cyrus Rashtchian, Donya Saless

Algorithm 1 Bidirectional-Retrieval Augmentation
Generation (BiRAG)
Require: y-admissible pair (G*,G), endpoints s, t,
retrieval oracle Og=.
1: ES < @, Et <— @
2: repeat
es +— Og«(s)
[ OG* (t)
if e, =1 or ¢, = 1 then
return NO
E; + E;U{es}
E,+ E, U {et}
Augment: G + AUGMENT(G, E,, E;)
10: Generate: II + st path from G
11: until IT # L
12: return II

an s-t path in the augmented graph. Concretely, the
Augment step forms G = (V, EU E, U E;) by adding
the edges in E and F; to G. If the Generate step fails
to find an s-t path in G, it returns IT = L and the loop
continues. Under the y-admissibility assumption the
loop in Algorithm [1] runs 1/ times in expectation, is-
suing two retrieval calls per iteration. We provide the
run time analysis and the full proof in Appendix

As an example, we now show that our condition for
efficient retrieval holds with high probability in an
Erd6s-Rényi graph model G*, provided it contains a
sufficiently dense subgraph G.

Theorem 4.3. Consider an FErdés—Rényi random
graph G* ~ G(n,p) with p > C’olo% for a sufficiently
large constant Cy. Let pretrained graph G be a sub-
graph formed by retaining each edge of G* indepen-
dently with probability n € (@, 1]. Then, with high
pmbabz’litzﬂ over the randomness of G* and G, the
pair (G,G*) is v/3-admissible with v € (0,1] being
the unique solution to v =1 — e~ "P17,

As long as the edge probabilities p (for the true graph)
and 7 (for the prior) are above the connectivity thresh-
old, a giant component in the prior graph exists with
high probability. Furthermore, the random nature
of the remaining edges in G* \ G ensures that this
component is distributed, making it ‘visible’ from all
other nodes, thus satisfying our admissibility condi-
tion. Formally, using the equivalence that G* can be
obtained by adding independent edges to G, we can
condition on the giant component of G to show ev-
ery vertex connects into it with ratio at least /3.
Note that since npn > Cjy in Theorem v is al-
ways at least some absolute positive constant. Full
details are in Appendix[A.6] Motivated by priors with

Lwith probability 1 — o(n™?)

Figure 3: Illustrating y-admissible & Algorithm

community structure, we consider a partitioned rev-
elation model that preserves intra-group edges while
suppressing cross-group links.

Remark 4.4. In Theorem[[.3 suppose the pretrained
graph is obtained through a much harsher non-uniform
revelation process. Let V = L*'Jlel Vi be a fized parti-
tioning of the wvertices for some constant L, and the
pretrained graph G be a subgraph formed by retaining
each intra-group edge of G* independently with prob-

ability n € (- —=2 1], and discarding all inter-

logn max; |V’
group edges (i.e., p;; = n-1{3l : 4,5 € Vi}). Then,
with high probability over the randomness of G* and

G, the pair (G, G*) is admissible.

Beyond Paths: Finding Steiner Trees. One nat-
ural extension to finding a path between vertices is
considering a set of M input vertices (s, ..., sy ) and
asking whether the learner can recover a Steiner tree
connecting them all. This is a proxy for finding a
set of facts that connect many entities, e.g., when an
LLM must construct a coherent story involving mul-
tiple people. We can extend our bidirectional search
to an M-directional algorithm, which works for ad-
missible graphs. From each s;, we connect it to the
giant component and then stitch the paths together.
That is, in ~y-admissible pairs, we can find a Steiner
tree containing the neighborhoods of (si,...,sa) in-
side the giant component of GG, and connect the s; to
it with M extra edges and by making M/~ queries in
expectations.

4.2 Sufficient but Unreliable Prior

To establish a robust conclusion between two enti-
ties, one should not rely on a single line of reasoning.
We therefore seek many candidate routes whose evi-
dence is separated across the pretrained graph. Con-
cretely, think of an K edge-coloring (or labeling) of
E: each color (labeling) is a self-contained reasoning
route. Concretely, we want K edge-disjoint segments
in the pretrained graph. The benefit is robustness:
even if we distrust up to K — 1 edge types, a single re-
maining route of a trusted type still suffices to certify
correctness. The next definition formalizes an struc-
tural property that satisfies this.

Definition 4.5 ((K,~v)-Robust-Admissible). Let G*
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be the ground truth graph, G the pretrained subgraph,
K € N and v € (0,1]. For each vertex u, let S
be the uniform probability distribution over Ng+ given
by G*. We say (G*,G) is (K,~y)-robust-admissible
if there exist an edge-partition E = L-ijKzl Ey, with
Gy = (V,Ey), and for each i € [k], a connected
component Cy, of Gy, such that Yu € V' with Ng«(u) #
0 and all k € [K]

pS (Ne+(u) NV (Cr)) > 7.

We now present an example of such a pair.

Corollary 4.6. Consider G* ~ G(n,p) with p >
Ci lofin, where C1 = KCy, and Cy is the same con-
stant as Theorem [[.3 Let the pretrained graph G be
obtained by retaining each edge of G* independently
with probability n € (@, 1]. Then, with high prob-
ability over the randomness of G* and G, (G*,G) is
(K,~/3)-robust-admissible with v € (0,1] the unique
constant solution to vy =1 — e~ P17,

Proof. Independently color each retained edge of G
uniformly with one of K colors, yielding an edge-
partition F = L-ijKzl Ej and subgraphs Gy, := (V, Ej).
For each k, an edge of G* lands in Ej with proba-
bility /K, so marginally G, ~ G(n, “2). As a di-
rect corollary of Theorem for each k € [K] with
high probability over the randomness of G*, G and Gy,
the pair (G, G*) is /3-admissible. The union bound
gives that this holds for all k£ € [K] simultaneously
with high probability. Therefore, it follows with high
probability over the randomness of G* and G, the pair
is (K,~/3)-robust-admissible. O

Theorem 4.7. There exists an algorithm that for any
(K, ~)-robust-admissible pair (G*, G), for any two ver-
tices s,t € V makes O(lmgTK) calls to the retrieval or-
acle (Deﬁnition in expectation and constructs in-
ternally K -connected subgraph between s and t.

While the statement above is similar to a coupon col-
lector argument we note that here every partition is
hit with probability at least ~; hence, O(log’T'K) queries

suffice. The proof is provided in Appendix [A.7]

Remark 4.8. There exists an algorithm that for any
(K, ~)-robust-admissible pair (G*, G), for any two ver-
tices s,t € V- makes O(1/7) calls to the retrieval oracle
(Definition in expectation and constructs inter-
nally K/2-connected subgraph between s and t.

From Robustness to Verification The use of
large pretrained models as priors is promising, but
their inherent unreliability creates a fundamental
trade-off. In the discussed robustness guarantee above,
we assumed E can be partitioned into k types and each

type sees a constant fraction of true neighbors. Thus,
trusting any one edge type yields a correct s,¢ path
with efficient retrieval. When this assumption may
fail we must switch to werification. That is, use the
prior G to generate candidate s,t paths and let a ver-
ifier certify the first valid one. Concretely, a verifier
for a graph G* = (V, E*) is an oracle that given two
vertices (u, v), returns YES if (u,v) € E* and NO other-
wise. This approach does not need a strong structural
assumption and is appropriate when a verifier is avail-
able. To get a sense of how efficient the generate then
verify approach can be, imagine that the prior graph
is reasonably grounded: whenever it suggests a short
path of length ¢, each edge in that path has at least
probability r of being correct in the true graph. In
other words, a whole c-hop path from the prior sur-
vives in the ground truth graph with probability at
least r¢. Under this assumption, it is straightforward
to see that we can find and certify a path using only
about O(c/r°) verifier queries in expectation.

5 CONCLUSION

We provide the first theoretical framework of test-
time augmentation with multiple types of query mod-
els. We analyze the s— path finding problem serving
as a basic testbed for reasoning as well as the inter-
nally K-connected problem, a generalization of it. We
study the interplay between the test time query com-
plexity of solving these problems and prior knowledge
in various types of graphs, providing upper and lower
bounds. Depending on properties of prior knowledge,
our bounds delineate “easy” regimes where we can find
a correct s—t path with few retrieval query calls as well
as “hard” regimes where any algorithm requires Q(1/n)
or even )(n) queries. Overall, our results provide evi-
dence that density and the structure of the pretrained
knowledge is critical for efficient RAG or tool use. We
list several problems in Appendix [B]

Limitations. One shortcoming is that we only study
a few oracle models, and there may be different trade-
offs for other test-time augmentation methods. For
example, it would be ideal to more closely align with
similarity-based retrieval methods in real RAG sys-
tems. Another limitation is that our asymptotic anal-
ysis may not be precise enough to explain the nuanced
trade-offs in real-world systems. As another aspect,
our upper-bound results address the existence of cer-
tain subgraphs rather than the optimal versions (e.g.,
shortest path or minimum spanning tree), which we
view as an important direction for future work. Addi-
tionally, while we studied multiple, distinct graph fam-
ilies, we did not fully characterize all ways to generate
the prior knowledge graph G and the target graph G*.
Finally, retrieval friendliness is a broad concept, ex-



Avrim Blum, Daniel Hsu, Cyrus Rashtchian, Donya Saless

tending well beyond the path-finding problem. Char-
acterizing the algorithms and conditions that enable
it across problems remains a compelling direction for
theory and practice.
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A  Appendix

Definition A.1 (Prior-Aware Retrieval Oracle with Memory). Let G* = (V, E*) be the ground-truth graph and
G = (V,E) a pretrained subgraph. The retrieval oracle is specified by the family {uS }uey where each pS s
the uniform probability distribution over neighbors of u in G*.

The oracle never repeats an edge it has already revealed or one present in the prior graph. It maintains a set of
seen edges Eseen C E*, initialized aS Fseen := E. For each vertex u € V, let

Ng*lseen(u) = {U € Ng~ (U) : (uvv) ¢ Eseen}7

and let 7&mseen denote the restriction of uG to this set (renormalized). On query u € V, the oracle returns

O (1) (w,v) with probability & 1mseen (v),
G* =
1 if Nawseen(u) = 0.

After returning (u,v), the oracle updates Fseen and its dependent sets accordingly.

A.1 Proof of Proposition (3.1

Proof. By Yao’s Minimax Principle, it suffices to prove a lower bound for the best deterministic algorithm against
an input distribution that is hard on average. In the distribution from the proposition the bridge endpoints (u,v)
are chosen uniformly and independently. A pair of vertices (s,t) chosen uniformly at random falls into one of
following cases. Either both s and ¢ lie in the same partition which occurs with probability approaching 1/2 and
a path already exists within the prior and no retrieval queries is needed. Or, s and t lie in different partitions,
and any path from s to ¢ must traverse the hidden bridge (u,v). Thus, to achieve an overall success probability
of at least 2/3 on a uniformly random pair, an algorithm must have at least a constant success probability
on the inter-star instances. We establish a lower bound for this sub-problem which reduces to identifying the
bridge. For the sake of proving a lower bound suppose access to a the prior aware retrieval oracle with memory

(Definition [A.1)).

We first demonstrate that an optimal algorithm will focus on identifying one of the bridge’s endpoints. That is,
the learner queries the leaves of one star sequentially in order to find the target hidden leaf u € S\ {¢;} among
5 — 1 such candidates. To see why this strategy is optimal, suppose the algorithm instead made g1 queries to
the leaves of the star centered at c¢; and g — ¢; queries to the leaves of the star centered at c;. The probability

of missing the target leaf on the star centered at c, is 1 — —Z— and the probability of missing the special leaf

n/2—1
on the star centered at ¢; is 1 — nq/;q_ll. Hence the success probability is
TENE R Al N S S [ S B a(q—a)
n/2—1 n/2—1 n/2—1 (n/2-1)2"

Now, consider a learner that focuses on the leaves of one star instead and uses q retrieval queries. Since the
retriever is prior aware with memory, this process is equivalent to choosing ¢ leaves all at once from a set of
n/2 — 1 leaves to find the target leaf.

q

Pr[bridge discovered within ¢ queries] = ———,
n/2—1

_ (q;%:%% is strictly smaller than #

Demonstrating the latter strategy is optimal since — /571 T
Therefore, for an algorithm to succeed on the inter star instances with a constant probability, it must make
q = Q(n) queries (it is easy to see that an adaptive learner has the same query complexity as well). The overall
expected query complexity is the average over both cases; thus, any algorithm that succeeds with an overall

probability of at least 2/3 must perform Q(n) queries. O

A.2 Proof of Proposition

Proof. Let ks, ki be the number of queries at s and ¢, and @ = g5+ ¢:. The probability that the direct edge (s, )
is revealed is at most L + Ao < -2 To succeed with probability at least 1 /2 we need Q = (n); thus, the

-1 n—1 — n—1"
learner needs to target finding a path of length at least two.
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Next, the proof establishes the lower bound by first considering the specific problem of finding a length-two
path, whose structure motivates a more general argument. A query to a vertex v ¢ {s,t} finds a path only if
the returned neighbor is s (and v is known to be a neighbor of ¢) or ¢ (and v is known to be a neighbor of s);
therefore, without loss of generality assume that A queries s and ¢, and Q = g5 + ¢;- After g5 and ¢; queries, the
discovered neighbor sets Sg,To C V' \ {s,t} satisfy [Sq| < gs, [To| < ¢ A length-2 path is found iff SNT # 0,
that is we need Pr(success) = Pr(|Sq NTg| > 1) < E[|ISNT| < % to be at least 1/2. For fixed total
Q = ¢s + qt, the product gsq; is maximized at g5 = ¢: = @/2; thus, for a success probability greater than half we
need @ = Q(y/n). We note that this search for a common element between two incrementally revealed sets has
the structure of the birthday paradox; we now generalize this to paths of longer lengths. The argument rests on
reducing the path-finding problem to that of inducing a collision, defined as any event where a query returns a
vertex that has already been discovered. Label V' \ {s,t} = {1,...,n — 2}, and in each round ¢ the algorithm
chooses a vertex u; € V and the oracle returns a random neighbor v; € Ng-(u;). At each round, place a ball in
the bin of the queried vertex and in the bin of the returned neighbor. Let a connection collision be the event that
the returned neighbor v; falls into a bin that already contains a ball from some earlier round. Note that finding
a connection collision is a lower bound on finding a connected path, and by birthday paradox, any algorithm
needs (y/n) rounds in expectation before the first connection collision, and hence Q(y/n) retrieval queries in
expectation before it can find an s-t path. Therefore, the minimum expected number of queries required by is
Q(y/n), completing the proof. O

Lemma A.2 (K-Birthday Paradox). Throw m balls independently and uniformly into n bins, and let C be the
number of bins with at least 2 balls. Then, m = o(vKn) implies C < K with high probability.

Proof. Let X; be the number of balls in bin i. The event of interest is > ; 1{X; > 2} > K which is monotone
in m. By standard Poissonization,

Pr(i}{xi > 2} ZK) §2Pr(zn:1{Yi > 9 2K>,

i=1 1=1
where Y7,...,Y, are i.i.d. Poi(\) with A = m/n. Let Z; = 1{Y; > 2} and p = E[Z;] = Pr(Y; > 2). Observe that
p=1-e 141 < 1—(1—>\)(1+>\):)\2:(%)2

and we have E[Y_"" | Z;] = nu < ™—. Therefore, for any € > 0, if m < /{2 then K > (1+€)E[}_]" | Z;]. Thus,
by Chernoff bound

Pr ( _ Z; > ) <Pr (i (14~ n,u) < exp(—npe?/3),

completing the proof. O

Remark A.3. In the setting of Proposition any algorithm that finds K edge disjoint s—t paths with constant
probability requires Q(\/ﬁ) retrieval queries. First, note that there can be at most one length one path; therefore,
for K > 2 at least K — 1 of the paths must have length more than one. Moreover, finding the direct edge path
requires Q(n) queries as stated before. For length two paths, let qs, qr be the numbers of queries at s and t, and
set Q := qs + q;. As in the proof above,

E“SQ ﬂTQ” = ZPI‘(’U € SQQTQ) <

By Markov’s inequality,

E[|So N T, — 202
Pr(|SQmTQ|ZK> = H QK ol = 4(;(71—)612)2

Thus achieving constant success probability for K edge disjoint s-t paths requires @ = Q(v Kn).
For longer paths, we can again use the balls and bins argument and reduce it to K-birthday paradoz (see

Lemma . FEach edge disjoint path needs at least one distinct intermediate vertex, so we need at least K
connection collisions, that is, at least K bins with at least two balls which requires Q@ = Q(vV Kn) as shown in

lemma A2
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A.3 Proof of Theorem [3.4]

Proof. Our proof adapts Theorem 4 of |Alon et al.| (2023). Given each edge from G* is retained in the pretrained
graph G with probability 7, the pretrained graph G itself is an Erdés—Rényi random graph G ~ G(n, Ppartial)
with ppartial = p -1 < % It is known that in this subcritical regime an Erdés—Rényi random graph G ~ G(n, p)
with p < 1/n , the largest connected component has size O(logn) with high probability.

We note that the generation process is equivalent to first sampling G ~ G(n,pn) and then, to form G*, adding
each edge not present in G independently with probability ¢ = f:gz. This ensures G* is a valid G(n,p) graph.
This allows us to first condition on the realization of G (and thus the partition of the vertices and connected

components) and then analyze the properties of G* and the meta graph we introduce in what follows.

For the lower bound, take the extremal case where all components have size C'logn for a fixed absolute constant
C > 1. Contracting components yields n’ = #gn super-nodes. Let G’ be the meta-graph on the super nodes.
Two super nodes are adjacent in G’ if there exists at least one cross edge in G* between their underlying
components. By a union bound over at most (C'logn)? potential cross-edges between two components,

Prledge in G'] < (C'logn)?p.

With p = 10% and n' = Tlogn this simplifies to

21 3 1 2 4 1 2 7
Pr[edgeinG/}gc ogn Clogn C’ogn.
n n

/ /

n
2, 7
Therefore G’ is no denser than G (n’ , 401%) for large n'.

Let A* be a (possibly randomized) algorithm for computing an s-t path in G’. Without loss of generality,
we label vertices so that s = 1 and ¢ = n/ as it does not change the success probability. Let a* denote the
probability that A* outputs a valid s-t, that is, the path also exists in G*. Suppose A* has access to a node
incident retrieval oracle. This oracle for a queried vertex u returns the entire set of edges incident to u in G*
or L if u is isolated. Observe that node incident retrieval queries in G’ are equivalent to connected component
incident retrieval (Deﬁnition queries in G’. Let ¢ be the worst case number of node incident retrieval queries
made by A*.

Note that for A4* making an expected ¢ queries, one can make it worst case O(gq) queries by decreasing a* by a
small additive constant. Here the probability is over both the random choices of algorithm A* and the randomness
of graph G’. By linearity of expectation, we may fix the random choices of A* to obtain a deterministic algorithm
A that outputs a valid s-t path with probability o > «*. It thus suffices to prove an upper bound on « for such
deterministic A.

For the graph G’, let (A, G') denote the trace of running the deterministic A on G'. If i1 (G'), ..., i,(G’") denotes
the sequence of edges queried by A on G, and N1(G’),...,N,(G’) denotes the returned sets of edges, then

(A, G") = (i1(G), M1(G),ia(G"), ..., 1q(G"), No(G")).

If we condition on a particular trace 7 = (i1, N1, i2, . .., iq, Ny), the distribution of G’ conditioned on 7(A,G’) = 7
is the same as if we condition on the set of edges incident to i1,...,44 being Ny,..., N,. This is because the
algorithm A is deterministic and the execution of A is the same for all graphs G’ with the same such sets of
edges incident to i1,...,4%,. Furthermore, no graph G’ with a different set of incident edges for iy, ..., will
result in the trace 7.

For a trace 7 = (i1, N1,...,iq, Ny), call the trace connected if there is a path from s to ¢ using the discovered

edges
q
U ;.
j=1

Otherwise, call it disconnected. Intuitively, if a trace is disconnected, then it is unlikely that A will succeed in
outputting a valid path connecting s and ¢, as it has to guess some of the edges along such a path. Furthermore,
if A makes too few queries, then it is unlikely that the trace is connected. Letting A(G’) denote the output of
A on the graph G’, we have for a random graph G’ that
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a = Pr[A(G’) is valid] < Pr[m(A, G") is connected] + Pr[A(G") is valid | m(A, G’) is disconnected)].

We first bound Pr[A(G’) is valid | m(A, G’) is disconnected]. For this, let 7 = (i1, N1, ..., %4, Ny) be an arbitrary
disconnected trace in the support of n(A,G’) when G’ is an Erd6s—Rényi random graph, where each edge

is present with probability p’ > %%2"/. Observe that the output of A is determined from 7. Since 7 is
disconnected, the path reported by .4 on 7 must contain at least one edge (u,v) where neither « nor v is among
U;{i,}, or otherwise the output path is valid with probability 0 conditioned on 7. But conditioned on the trace 7,
every edge that is not connected to {i1,...,7,} is present independently with probability p’. We thus conclude:

PrlA(G") is valid | m(A,G') = 7] < D'
Since this holds for every disconnected 7, we conclude:
Pr[A(G’) is valid | 7(A, G') is disconnected] < p'.
Next we bound the probability that 7(A, G’) is connected. For this, define for 1 < k < ¢:
m(G') = (i1(G"), N1(G"),i2(G), . ., i(G"), Ni(G')).

as the trace of A on G’ after the first k queries. As for 7, (G’), we say that 7 (G’) is connected if there is a path
from s to ¢ using the discovered edges

k
Bm(@) = N (@)

and that it is disconnected otherwise. We further say that m;(G’) is useless if it is both disconnected and
|E(m(G")| < 2p'n’k. Since

Prm(G’) is disconnected] > Pr[m,(G’) is useless],
we prove that Pr[m;(G’) is useless] is large. Therefore, we lower bound
Pr[mi(G') is useless | mx—1(G’) is useless].

Note that the base case mo(G’) is defined to be useless as s and ¢ are not connected when no queries have
been asked and also |FE(mo(G’'))] =0 < 2p'n’ -0 =0. Let 7—1 = (i1, N1,...,ik—1, Nx—1) be any useless trace.
The query ix = ix(G’) is uniquely determined when conditioning on 7;_1(G’) = 7;_1, and so is the edge set
Ey_1 = E(mg—1(G")). Furthermore, we know that |Fx_1| < 2p'n’(k — 1). We now bound the probability that
the query discovers more than 2p’n’ new edges. If iy has already been queried, no new edges are discovered and
the probability is 0. So assume iy ¢ {i1,...,ix_1}. Now observe that conditioned on m;_1(G’) = 75,_1, the edges
(ik,i) where i ¢ {i1,...,ix,—1} are independently included in G’ with probability p’ each. The number of new
edges discovered is thus a sum of m < n/ independent Bernoulli’s X,...,X,, with success probability p’. A
Chernoff bound implies

Pr lz X; > Qn’p'] < (e/A)"'? < e P/,

Since we assume p’ > %7 this is at most n/~4C1087"/3 We now bound the probability that the discovered
edges NVi(G’) makes s and ¢ connected in E(m,(G’)). For this, let V; denote the nodes in the connected component
of s in the subgraph induced by the edges Ej_1. Define V; similarly. We split the analysis into three cases. First,
if i, € Vs, then N (G’) connects s and ¢ if and only if one of the edges {ix,v} with v € V; is in G’. Conditioned
on mx—1(G’) = 7,1, each such edge is in G’ independently either with probability 0, or with probability p’
(depending on whether one of the end points is in {iy,...,ix_1}). A union bound implies that s and ¢ are
connected in E(m,(G")) with probability at most p/|V;|. A symmetric argument upper bounds the probability
by p'|Vs| in case iy, € V;. Finally, if 4 is in neither of V; and V4, it must have an edge to both a node in V; and
in V; to connect s and ¢t. By independence, this happens with probability at most p2|V,||V;|. We thus conclude
that
Pr[m(G’) is connected | m—1(G’) = 7—1] < p' max{|Vy|, |Vi|} < p'(|Ex—1| +1) < 2p'n'k.
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By union bound

1
N . I\ : 12/
Prmi(G') is useless | mp—1(G") is useless] > 1 — 2p“n'k — —ACTog 3"
Thus
Pr[r,(G") is useless| = H Pr[mi(G') is useless | mp_1(G’) is useless]
k=1
> H 1—2pn'k — ;
— p-n n/4Clogn’/3
k=1
! 1
2,1
21- Z <2p nk + n/4Clogn’/3)
k=1
>1—p?n'qlg+1) - S
= n/4Clogn’/3
It follows
Pr[r(G’) is connected] = 1 — Pr[r(G’) is disconnected] < 1 — Pr[r(G’) is useless] < p"*n’(q +1)? + W.

Forg=o0 ( ﬁ) and p’ > %%2"/ node-incident queries in the meta-graph G’, the success probability remains

o(1). Therefore, g = Q2 (m) connected component incident retrieval (Definition i queries in given G
are necessary. O

A.4 Proof of Theorem [3.5]

Proof. We consider an Erdés-Rényi random graph G ~ G(n, p), where p satisfies

p(l—p) >C- logZ(n). (1)

and, C' > 0 is taken to be a sufficiently large constant.

Vertex degrees of the random graph. Let deg(i) denote the degree of vertex i in G. By Bernstein’s
inequality and a union bound, we have the following with probability at least 1 — 2/n:

(1 —60)pn < deg(i) < (14 dp)pn for all vertices i in G (2)
where
1 1—p)l 21
do = do(p,n) == — +2 (1 =p)In(n) + n(n)
n pn 3pn

The assumption in Equation implies that 6, = O(1/log®?(n)).

Deviation of the random adjacency matrix from its expectation. Let the n x n random matrix A
denote the adjacency matrix of G, so

4 = 1 ifi# j and {4,;j} is an edge in G;
"7 10 otherwise.

Let X = A —E(A), so we have the following:

| X4l <1 forall 1 <i<j<n;
E(Xi;) =0 forall 1 <i<j<m;
var(X; ;) = p(1 —p) forall 1 <i<j<mn.
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Then, using the assumption in Equation and the above properties of the random matrix X, Theorem 1.4 of
Vu (2007)) implies that, there is a constant C’ > 0 such that with probability at least 1 — o(1),

1X1|2 < 2¢/p(1 = p)n + C'(p(1 — p)n)*/*log(n).

Here, the norm on X is the spectral norm (i.e., largest singular value). For any € > 0, there is a large enough C
in Equation such that the above inequality implies

1A —E(A)[l2 < (2+2)Vp(1 —p)n. (3)
We henceforth condition on the event that both Equation and Equation hold.

Eigenvalues and eigenvectors of the expected adjacency matrix. For a symmetric matrix M, let Ag (M)
denote its k-th largest eigenvalue. The matrix E(A) can be written as

E(A) = pnuuT - pIna

where u :=n"1/?1,, 1, := (1,1,...,1) is the all-1s vector in R", and I, is the n x n identity matrix. Therefore,
the largest eigenvalue of E(A) is A1(E(A)) = p(n — 1), and u is a corresponding (unit length) eigenvector. All
other eigenvalues of E(A) are A\, (E(A)) = —p, for k # 1, and the corresponding eigenvectors u satisfy 1;u; = 0.

Eigenvalues of the random adjacency matrix. By Weyl’s inequality,
(A (A) = A (E(A))] < [|A = E(A)]]2

for all k. Therefore, using Equation , we find that

(1—=2061)pn < M(A) < (1+61)pn (4)
where
_ 1 1-p
61 = 01(p,n) -—n+(2+5) on
Furthermore, A(A) := max{Aa2(A), |\, (A)|} satisfies
AA) < (2+¢e+62)V/p(1—p)n (5)
where
b = 0a(p,m) 1= |
(1—p)n

The assumption in Equation implies that 6, = O(1/log®(n)) and d; = O(1/log?(n)).

Leading eigenvector of the random adjacency matrix. Let v; be any unit length eigenvector correspond-
ing to the largest eigenvalue A;(A) of A. Recall that v = n~1/21, is a unit length eigenvector corresponding to
the largest eigenvalue of E(A). We show that v; (or —v;) is close to u in terms of both the Euclidean norm as
well as the {*° norm.

The closeness of v; to u in Euclidean norm follows from the Davis-Kahan sin(©) theorem, but here we give a
direct argument. We can write
U = C1v1 + v

for some unit vector v, orthogonal to vi, and some coefficients ¢; = u"v; and cp satisfying ¢? + ¢ = 1. Then
(A= E(A))o1 = (A — prun” — pl, oy
= A (A)vy — e1pnu — puy
=M (A)v; — crpn(c1v + cauy ) — puy
=MA) —p— C%pn)vl — c1eopnv ] .
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Since v; and v, are orthogonal, the Pythagorean theorem implies

I(A = E(A))orlz > [M(4) - p — cipnl.
On the other hand, by Equation , we have

[(A—E(A)vil2 < (2+&)vp(1 —p)n.

Therefore,
M(A) —p—cipn < (2+€)V/p(1 —p)n,

which, together with Equation and Equation , implies

2 > A;}:) —1—(2—#5)

In particular, this implies [|sign(c)vy — ulls = /2(1 — [e1]) < v/2(1 — VT = 231) = O(V/37).

Now we show closeness of v1 to u in [°° norm. For any non-negative integer k, define the vector

(uT/UI)Q = b =1- 2(51

3

pn

k) — (R k)Y . k
u® = (ul 7...,ugl))._)\1(A)kAu
Also define -
/ 0
: -1
Bt = dipm) = g
The assumption in [1| implies that &) = O(d,) = O(1/log®?(n)). We show, by induction, that for all k <

1+ 1/(26),

for all vertices 7 in G.

Uy

) ¢ 1—2ko, 1+ 2ké

VARVD
The base case k = 0 clearly holds by definition of u(°) = u. So assume the claim holds for & — 1. Then, for any
vertex 1,

ul®) = At < deal) 120k =10 (e hebothesi
Z 0,5 Uj = N(A) NG (inductive hypothesis)
1460 1+2(k—1)d .
< . E 5 (|2 4
S NG (by Equations and (4)))
_ (A +6)(1+2(k—1)d)
= 7
!
< 1—#\/2;50 (by the upper-bound on k).
Similarly,
(k) > deg(i) ] 1 —Q(k - 1)56 inducti h thesi
;> N (A) n (inductive hypothesis)
16 1—2(k—1)8,
> . E
> 175, N (by Equations (2) and (4))
Y _ _ !
> (1=4)0 \/s(k 1)) (by comparison with d)
o 1 —2ké}
- ﬁ .

Therefore the claim holds for all £ <1+ 1/(24().
Since 8) = O(1/log*?(n)), we can choose (with foresight)

_ _ log(n)
log(1/p(A))’
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where )
AMA 24+ [1—p
= < = .
pA) =+ A= 1og on = 06
This choice of k satisfies £ < 14 1/(24}). Observe that
1 1
(k) _ Ak: _ Ak
= AT apar ot eavs)
1 k
=c1v1 + C2wA V.
Therefore
1
= (k) — Ak:
Clu o . C1>\1( ||| A*oL]|
< A
= Cl)\l( ‘ Ul”z
C2 A(A) >k C2 k
< |= = |=|p(A)".
- C1 ()\1(A) C1 ( )
We also have oks! ) ) .
(k) _ <=9 and ||—u-— :<—1>
U Uoo < an uU—u .
™ = wlloe < 5 IR Rl TRy v

By the triangle inequality,

1_1> 1, 28
|c1] Voo ely/n

Jsignten ol <
Now we use the specific choice of k to conclude

. €
Isign(cr)vr — ullos < —=

WV

8o log(n) >
€0 =0 ——F———=|.
’ Q%wmm
The assumption in Equation implies that ¢g = O(1/(1/log(n) loglog(n)))

where

We can now prove the main result, using mostly the same argument as in the proof of Lemma 1 from |Alon et al.
(2023). Without loss of generality, we assume sign(c;) = 1 (else we replace v; with —v;). Fix any vertex 4 in
G, any 0 € (0,1), and any distance d. Let Z denote the subset of vertices j such that the (i, j)-th entry of A?
is zero. In other words, there are no length d paths from i to vertices in Z. Let 1z be the {0, 1}-characteristic

vector for Z, i.e., the j-th component of 1 is 1 if and only if j € Z. We can write

1z = bivy +bav

for some unit vector v, orthogonal to v;, and some coefficients b; = 1,v; and b, satisfying b2 +b2 = ||14]|2 = | Z|.
z 1103 5

Let e; denote the j-th coordinate basis vector. Note that by Equation (@, we have

Z|(1 —
and b =150 = ZeTvl > M.

J
jez vn

1—60

Jn

.
e;v1 2

Therefore
eZTAdlz = e}Ad(blvl + bQUJ_)
= b1)\1(A)delTvl + bQGZTAdUL

zkmmmﬂzﬂﬁ—@mmd
> Aq(A)? |Z| —VIZI\4
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On the other hand, we have e] A%1; = 0 since the (i, j)-th entry of A¢ is zero for all j € Z. Combining with the
above inequality, we have

w2z iz ay <o

which rearranges to
|Z]| n
— <

" (A Qd.
n STt
The right-hand side is at most 0 provided that
1Og(5(1f60)4)

g> 1. 2\e)t)
2 log(1/p(4))

We conclude that there are at most dn vertices with distance from ¢ more than

1 log(éufeo)‘l?lfpm)?))
2 log(1/p(A))

This implies that for any vertex i, for at least (1 —)n other vertices j, the number of nodes visited by the double
BF'S algorithm is at most

. l°g( 31— (1-06D) )
4 Tog(1/p(A))

" n
1. ‘°g(5<1—eo>1(1—p<A>2> )
i Tox(1/p(A)

< ((1+do)pn) {

log((1+6p)pn)

= O(n/5)T Tost/alay .

(m?x deg(i)) {

We can simplify the exponent in the final expression:

do
1 log((1+ dp)pn) < 1 . log(%)\l(A))

4 log(1/p(A)) ~ 4 log(1/p(A))
do
1 log (120 ) . log(A1 (A))
4 \log(1/p(A)) = log(Ai(A)) —log(A(A))
< 1 . 6101_5611 + 1
T4 \log(1/d1) 1 — jesQLA
1L e 1

: +
4\ log(1/41) 1_%

So+91
S e 1
"4 \log(1/6 log(2+e+32)+1 log(pn)
Og( / 1) 1- log(1—612)+1<2)g(pn)
1 1
=1 W TEn
1—0(1)
=L etom) =140
= 4 0] = 2 0] .

Therefore the number of nodes visited is .
O(n/8)2 W, O



Prior Knowledge Makes It Possible: From Sublinear Graph Algorithms to LLM Test-Time Methods

A.5 Proof of Claim [4.2]

Proof. If compe(s) = compg(t), the algorithm returns a simple s-t path II C FE(G) upon the first run of
generation phase. Note that E(G) C E(G*) implies IT C E(G*).

Otherwise, given that (G, G*) is an admissible pair, by definition, there exists a connected component C' of G
such that, for every vertex u € V with Ng+(u) # 0,

pnS (Na=(u) NV (C)) > .

The algorithm repeatedly queries Og~(s) and Og=+(s) until it finds a neighbor of both s and ¢t denoted by wv;
and v; in C. Since C' is a connected component of G, in the generation phase, a BFS in G yields a simple path
Il C E(G) from vs to v;. Note that E(G) C E(G*) implies II¢ C E(G*). Moreover, both of the (s,v,) and
(v, t) edges are returned by the retrieval oracle on G*, and therefore, lie in E(G*). Thus, a path will be found
during the generation phase. Note that if the oracle returns | either s or ¢, then there can be no s-t path in G*,
so the algorithm outputs NO.

It remains to bound the number @ of retrieval calls. For any endpoint x with Ng«(z) # 0, y-admissibility
implies that each query to Og+(x) hits C with probability at least ~, independently of past failures. Therefore
the expected number of query calls for each end point is bounded by ~, that is, E[Q,] < 1/v. For Q := Qs + Q:
by linearity of expectation E[Q] < 2/v when a path exists; thus, the pair (G, G*) is 2/~-retrieval friendly. O

A.6 Proof of Theorem [4.3|

Proof. Since G ~ G(n,pn) and npn > 1, the standard Erd6s—Rényi giant-component theorem [Frieze and Karonski
(2015) implies that with high probability there is a unique giant C' with |C| = (y£o(1))n with v = 1—e™"P"7 and
all other components are O(logn). Similarly, with high probability G* is connected. The generation process is
equivalent to first sampling G ~ G(n, pn) and then, to form G*, adding each edge not present in G independently
with probability ¢ = %. This ensures G* is a valid G(n,p) graph. This allows us to first condition on
the realization of G (and thus its giant component C) and then analyze the properties of G*. Note that in
Erdés-Rényi model for all u, m, is uniform over Ng«(u), and admissibility reduces to

[Ne-(u) N V(O)| y
[Ng=(w)]  —

Fix constant a € (0,1/5]. For any vertex u € V, its degree | N~ (u)| follows a binomial distribution Bin(n —1, p).
Since p(n — 1) > logn, Chernoff bounds give, for each fixed u

o2
Pr (|[Ne-(w)| > (1 + a)(n —1)p) < exp (—3(71 — 1)p)
Similarly, conditioned on G, for each vertex not in the giant component the number of its neighbors within the

giant component, |Ng-(u) NV (C)|, follows Bin(|C|, p)

Pr (1N (1) NV(C)] < (1 ) Clp | 6) < exp (-5 1)

To ensure these bounds hold for all vertices simultaneously, we apply a union bound. The probability of the first
event failing for at least one vertex is at most

3 n
a?Cy |Cllogn
3 n

Pr(ﬂu : |Ng-(u)| > (14 a)(n— 1)p) <n-exp (_a200 (n—1) 10gn>

Pr(ﬂu: |Ng+(u) N V(C)] < (1 —a)|Clp ‘G> <n-exp (_
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For sufficiently large n, |C| > %t. For Cy > % probabilities above are o(n~2), and the lower bound ratio for
any vertex u:

[Ne-(w)nV(O)|  (A-a)Clp _l1-a |C]

No-@w)]  ~(+a)n-Dp 1ta n-

> .
1_7/3

A.7 Proof of Theorem

Proof. Fix an endpoint = € {s,t}. Consider K bins, one per partition ¢ € [K], such that bin 4 corresponds to
C;, and throw one ball per querying the retriever Og«(x). A ball occupies bin i if the returned neighbor lies in
V(C;). By Definition for every i,

Pr[ball occupies bin i] = u& (Ne+(z) NV (Cr)) = v

Note that one ball may occupy multiple bins, that is, the same vertex can lie in many C; which only helps cover
faster. After ¢ throws, for any fixed i the probability bin 7 is still empty is at most (1 —v)! < e~ 7. By a union
bound over the K bins,

Pr[3 empty bin after ¢ balls] < Ke 7"

Doing this for both endpoints yields an expected total of at most O( queries. Then, for both endpoint

log K)
{s,} bin i is occupied by anchor v{”,v{" € V(C;). Since C; is a connected component of G; = (V, E;), a BFS
yields a simple path IIo, € E(G) from vs to v;. Note that E(G) C E(G*) implies IIo, € E(G*). Moreover,
every (571)?)) and (vt(l),t) edges are returned by the retrieval oracle on G*, and therefore, lie in E(G*). Thus,

every (s, vgi)) ollg; o (v,gi), t) is also in G*. Moreover, since Il¢, uses only edges of E;, and {E;}X | partitions E,

the internal segments {II¢, }1< | are pairwise edge disjoint in G and G*. O

B Future Directions

B.1 Empirical Directions

Another extension is to provide empirical evidence that matches our theory. An easy route is to implement
synthetic experiments showing that the model accuracy has an inflection point: low with to few queries and high
with enough queries. However, this does not shed light on the impact of parametric knowledge in real LLMs.
Also, we already have much evidence that RAG and tool use work well with modern LLMs.

To validate the necessity of dense parametric knowledge, it would be ideal to train models on multiple mixtures
of pre-training corpora, crafted to have different proportions of a target domain. For example, one could train on
a mix of general purpose web data and selectively chosen data in a niche domain, like medical or law documents.

B.2 Theoretical Directions

In this work, we focused mainly on finding a path between two vertices s, ¢ and our examples on an Erdés—Rényi
random graph with 7 retention threshold on the prior. It is natural to seek query-complexity thresholds for
other graph-theoretic tasks under a partially observed prior. The relevant phenomenon is a prior sensitive phase
transition, that is, a critical retention level n(P) at which a task P switches from requiring w(1) queries to
allowing O(1) expected queries. In general, there are many sub-linear graph and matrix questions that we can
study with prior knowledge. For example, see Beame et al.[(2020)); [Feige| (2004); [Feige and Ferster| (2021); |[Racz
and Schiffer| (2019); [Rashtchian et al.| (2020, [2021]); |Chen et al.[ (2020) and references therein. Importantly, our
work opens up new questions, where we can study how the query complexity changes based on the knowledge G
instead of starting with no information about G*. This includes problems with more global dependencies, such
as Minimum Spanning Tree recovery. Note that a natural extension to finding a (shortest) path between two
vertices is to consider a set of M input vertices (s1,..., S ) and ask whether the learner can efficiently recover
a (minimum) spanning tree connecting them all.

What is the tightest possible lower bound on the query complexity for finding a tree spanning input vertices
(s1,.-.,8m)? This bound should be characterized as a function of the structural properties and densities of
both the pretrained graph G and the ground truth graph G*? What structural properties beyond admissibility
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of (G,G*) guarantee a constant upper bound on the expected number of retrieval queries for recovering a tree
spanning (s1,...,$ap)7

Moreover, problems concerning local structure, like triangle detection and counting are interesting to explore.
Another interesting future direction is the observation model that generates G and G*. In this work we use
i.i.d. edge retention, but other realistic mechanisms include radius-dependent thinning in random geometric
k-NN graphs, which models conserving local edges while suppressing long edges, and adversarial deletions. Each
induces a different critical n(P) and poses open problems at the interface of random graph theory and query
complexity.
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