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ABSTRACT

In this work, we consider rather general and broad class of Markov chains, Ito
chains, that look like Euler-Maryama discretization of some Stochastic Differential
Equation. The chain we study is a unified framework for theoretical analysis. It
comes with almost arbitrary isotropic and state-dependent noise instead of normal
and state-independent one as in most related papers. Moreover, in our chain the drift
and diffusion coefficient can be inexact in order to cover wide range of applications
as Stochastic Gradient Langevin Dynamics, sampling, Stochastic Gradient Descent
or Stochastic Gradient Boosting. We prove the bound in WW,-distance between
the laws of our Ito chain and corresponding differential equation. These results
improve or cover most of the known estimates. And for some particular cases, our
analysis is the first.

1 INTRODUCTION

The connection between diffusion processes and homogeneous Markov chains has been investigated
for a long time (Skorokhod, |1963)). If we need to approximate the given diffusion by some homoge-
neous Markov chain, it is easy to realize because we are free to construct the chain nicely, meaning
that we can choose terms and properties of MC, e.g., as it was shown in (Raginsky et al., 2017).
However, often the inverse problem arises, namely, we have the a priori given chain, and the goal is
to study it via the corresponding diffusion approximation. This task is an increasingly popular and
hot research topic. Indeed, it is used to investigate different sampling techniques (Orvieto & Lucchil
2018)), to describe the behavior of optimization methods (Raginsky et al.,[2017) and to understand the
convergence of boosting algorithms (Ustimenko & Prokhorenkoval 2021). From practical experience,
the given Markov chain may not have good properties that are easy to analyze in theory. Thus, the
aim of our work is to study when diffusion approximation holds for as broad as the possible class of
homogeneous Markov chains, i.e., we want to consider the maximally general chain and place the
broadest possible assumptions on it whilst obtaining diffusion approximation guarantee.

The key and most popular MC is Langevin-based (Raginsky et al.l 2017} |Dalalyan [2017; |Cheng
et al.| [2018; [Erdogdu et al.l 2018; Durmus & Moulines, [2019; |Orvieto & Lucchil, [2018;|Cheng et al.,
2020) (which corresponds to Langevin diffusion). Such a chain is found in most existing works. In
this paper, we propose a more general Ito chain:

Xiy1 = X +n(b(Xp) +6,) + V't (0(Xk) + Ar)er (Xn), (1

where X, € R is the state of the chain at the moment k& > 0, n € Ris the stepsize, b : R — R4 s
the main part in the drift of the chain (e.g., for Langevin MC, b = —V f, where f is some potential),
§ € R is the deterministic bias of the drift (Dalalyan & Karagulyan, 2019) (e.g., such bias occurs if
we use smoothing techniques (Chatterji et al.|[2020) for Langevin dynamics, or a gradient-free method
instead of a gradient based in optimization (Duchi et al.,|2015)), or a special modification of boosting
(Ustimenko & Prokhorenkoval 2021)), parameter ~y takes values between O and 1 (e.g., for SGD case
~ = 1, for sampling case v = 0), the whole expression /n*7 (O’ + A) € is responsible for generally
non-Gaussian noise, depending on the current state of our chain. In this case, o : Re — RI%d jg
called the covariance coefficient, A € R4*% _ the covariance shift and ¢ : RY — R? — the noise
function.
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Next, let us consider the following Ito diffusion:
dZt = b(Zt)dt + T]’YO'(Zt)th. (2)

with Brownian motion W;. This is the diffusion for which we obtain bounds on the discretization
error with equation|[I}

1.1 OUR CONTRIBUTION AND RELATED WORKS

Explanation of our contribution can be divided into three parts: 1) the universality of the chain equa-
tion |1} 2) rather weak and broad assumptions on the chain’s terms, 3) guarantees on the discretization
error between equation [T]and equation [2]in the WV,-distance.

e Unified framework. The Ito chain equation I]incorporates a variety of practical approaches and
techniques — see Table[I] In particular, equation [I]can be used to describe:

Dynamics. Primarily, chain equation [I]is suitable for analyzing Langevin Dynamics, which have
a wide range of applications. Here we can note the classical results in sampling (Ma et al., 2019;
Chatterji et al.| |2020; |Dalalyan, 2017; Durmus et al., {2019} |Durmus & Moulines, [2019)), continuous
optimization (Gelfand et al.| {1992)), as well as modern and hot techniques in generative models (Gidel
et al.l [2018)).

SGD and beyond. The use of equation|[T]is also a rather popular way to study the behavior of stochastic
optimization methods. In particular, one can highlight papers on SGD (Robbins & Monro, [1951}
Ankirchner & Perko, |[2021} |Orvieto & Lucchil 2018; |Hu et al.l 2017) analysis via diffusions, as well
as works (Bhardwaj, [2019; |Kim et al.,|2020) about diffusions for popular and famous modifications
of the original SGD: SGD with momentum (Robbins & Monro| |1951)), RMSProp (Tieleman et al.|
2012) and Adam (Kingma & Bal 2014). Moreover, equation [1|can be used to describe stochastic
methods not only for minimization but for saddle point problems (Facchinei & Pang| 2003} Ben-Tal
et al., 2009; Juditsky et al., 2011; |Gidel et al., 2018): minx maxy f(X,Y), and fixed point problems
(Bailion et al.,|1978): F/(X*) = X*.

Gradient Boosting. Moreover, Gradient Boosting algorithms, in particular, the original one from
(Friedman| 2001), and the Langevin-based boosting proposed in (Ustimenko & Prokhorenkoval 2021)),
can be written in the form equation [I]

Table 1: Matching different methods and frameworks with the parameters of the Ito chain equation
and Assumption [T}

Case v e 8 b(Xy) Sk o(Xk) A
GLD 0| coM oo — V. f(Xg) 0 [21,@ 0
SGLD (Gelfand et al. 1992 0 1 1 — Vo f(Xy) 0 214 V/%Id +nCov(V) — /214
1 : = =
SGLD with smoothing (Chatterji et al. 2020} 0 1 1 — Vo f(Xy) Vo (f(Xk) — Be f(Xp +n2¢)) 214 \/fld + nCov(V) — \/grd
SGD (Robbins & Monro)1951 1] e |0 —Vaf(Xp) 0 /Cov(V) 0
£ 4
H]
H SGDA {Dem’yanov & Pevnyi|1972) 1| oo | 0 | (=Vaef(Xk, Yi) Vyf(Xg, Yi)) 0 Cov(V) 0
£ =
gl SA-FP (Bailion et al. 1978 1] o |0 F(Xp) — X 0 Cov(F) 0
T
SA {Bailion et al. |1978] 1| o0 | 0 H(Xp)—a® 0 Cov(H) 0
w SGB (Friedman 2001 1| oo | 0 —P(X)Vaf(Xp) 0 Cov(V) 0
£
2 SGLB [Ustimenko & Prokhorenkova 2021 | 0 1 0 —P(Xg)Vaf(Xy) 0 /21,4 nCov (V)
£ z
= s Ic —
SGLB-O {Ustimenko & Prokhorenkova 2021} ®| 0 % 0 —PocVa f(X}) (Poo = P(X}))Va f(Xy) \V/ % Iy \/nCov (V)

m — — - - —
7°° means that the terms multiplied by it vanish, i.c., we can take o as large as we desire when calculating overall approximation error.

[f’ T refers to inverse diffusion temperature.

¥ 4 is any constant. Stochastic Approximation tries to solve H (z) = a.

‘f’ SGLB here is defined as in the original paper, but here we ignore smoothing applied to the trees selection algorithm.

20" stands for "original", i.c., as presented in the original paper. In that case, such coefficients appear if we take the distribution of trees as in the paper.
o Wide assumptions and results. We consider the most general and practical setting for equation
- see Table[2] Next, we give more details on each of the columns of Table [2] (comparison criteria):

Non-normality of noise. The central and widely used assumption about noise in analyses of MC
satisfying equation [I] (e.g., Langevin-based) is that it has a normal distribution (Raginsky et al,
2017 |Dalalyanl 2017} |Cheng et al., 2018; Durmus & Moulines, [2019; Ma et al.,[2019; [Feng et al.,
2019; Orvieto & Lucchil, |2018; (Chatterji et al., [2020; | Xie et al., [2021). However, practice suggests
otherwise. For example, stochastic gradient noise in the training of neural networks is not Gaussian
for classical and small models (Simsekli et al.l 2019), as well as for modern and large transformers
(Zhang et al.| 2020). Therefore, as in some papers on the SDE approximations for SGD (Li et al.,
2019azb; |[Hu et al., [2017; |[Cheng et al.| |2020), we assume that the noise in our Ito chain equation E]is
non-Gaussian — see Assumption
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Dependence of the noise on the current state. Most of the papers on Langevin MCMC assume that the
noise is independent of the current state (Raginsky et al.l 2017} [Erdogdu et al.,|2018}; [Dalalyan, |2017;
Cheng et al., 2018; |Durmus & Moulines, 2019; |[Ma et al., |2019; |Chatterji et al., [2020; Feng et al.,
2019; Orvieto & Lucchil 2018} [ Xie et al., 2021)). However, let’s talk primarily about SGD analysis.
This assumption is often unmet because the noise in a stochastic gradient can depend strongly on the
current weights of the model, e.g., how close we are to the optimal weights. Therefore, we consider
the state-dependent noise in our chain equation[I] However, in our chain, we require that the diffusion
coefficient is strictly non-singular and its minimal eigenvalue is lower bounded uniformly from zero
(uniformly elliptic, see (Baldi & Baldi, [2017), p. 308), which is a limitation of our work compared to
the analysis done in (Li et al.,[2019a).

Table 2: Comparison of the theoretical setups and results on Markov chains and diffusions analysis.

Noise Generator, i.e. b(-)

Reference Distribution Dependence | Non-convex | Non-dissipative | Non-uniformly elliptic Wa

(Raginsky et al.{2017) N+SG v 4 X 4 4
(Dalalyan,|2017) N X X X X v

(Cheng et al.,[2018] N X v X X X

(Erdogdu et al.{2018] N+SG v v X X X

(Durmus & Moulines)2019] N X X X X 4

(Ma et al.,[2019) N X v X X X

(Li et al.}2019b)] N v X X v v

(Chatterji et al.J[2020) N X X X X v

(Feng et al.,[2019) [le]l < consta.s. X v X X X

(Orvieto & Lucchi)[2018] N X v X X X
7(:A.nkirchner & Perko/2021) N X v X v X
I (Hu et al.}[2017) N X v X X X
(Xie et al.J|2021) N X X X X X
7(Ustimenko & Prokﬂorenkova, 2021} Mixture N v v X v X
B (Cheng et al. {2020} V N+SG v v X X X
(Li et al.|2019a) Elle]|* < const v v X v X

Ours Elle[|* < const v v v X v

Without convexity and dissipativity assumptions. Note also that often, when dealing with Langevin
MC, the authors consider the convex/monotone setup (Dalalyanl 2017; [Erdogdu et al., [2018}; Durmus
& Moulines| [2019; [Li et al.} [2019bj [Chatterji et al.| 20205 | Xie et al., 2021)), which is possible and
relevant, but at the same time restricted. This is primarily because a large number of practical problems
(including ML problems) are non-convex: neural networks (Goodfellow et al.,[2016), adversarial
training (Goodfellow et al., 2014}, games (Hazan et al.,|2017), problems with specific losses (Nguyen
& Sanner, |2013) and many others examples. However, even those works (Raginsky et al., 2017}
Cheng et al.,|2018;[Ma et al.l 2019; [Feng et al.|[2019; |Orvieto & Lucchi, [2018;|Ankirchner & Perkol
2021;[Hu et al., 2017; Ustimenko & Prokhorenkova, [2021}; (Cheng et al.,|2020) which consider the
non-convex case make it under the dissipativity assumption (see for example, A.3 from (Cheng et al.|
2020)). This assumption means non-convexity inside some ball and strong convexity outside the
ball. However, it is not always fulfilled for practical problems and is primarily needed to simplify the
analysis.

Here, in addition to examples of non-convex ML problems, we can mention already classic examples
of the use of stochastic processes in applied problems (@ksendal & Pksendall2003). Even the simplest
processes of these are not dissipative. For example, one of the best-known stochastic processes, the
Ornstein—Uhlenbeck process, can be introduced using the diffusion equation[2} dZ; = aZ,dt+odW,
wit o, 0 > 0. This process has been known for almost a century (Uhlenbeck & Ornstein, |1930),
and has both classical applications and completely new ones, e.g., in machine learning (Lillicrap
et al.,[2015} [Blanc et al., [2020). In our analysis, we do not need assumptions about either convexity
or dissipativity (formally, for our chain equation |1| we should talk not about non-convexity/non-
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dissipativity, but about non-monotonicity of (—b) because, unlike the Langevin MC, we do not
assume that b = —V f) — see Assumption [I]

Ws convergence. In our work, we give a bound on the discretization error in the VVs-distance. This is
a common criterion in many works (Raginsky et al.| 2017} Dalalyan, [2017; [Erdogdu et al., 2018} [Li
et al.,|2019b; Ma et al., |2019). However, in the meantime, the main competitive paper (Cheng et al.,
2020) gives weaker guarantees, namely, the distance is measured in W;. First of all, note that from
the YW, bound follows the W;. The converse is not true. Thus Ws-distance can be used when b in
equation [I)is a gradient of some potential/loss function f, and this potential is quadratic growth (e.g.,
MSE) — see Lemma 6 from (Raginsky et al.,|2017). In turn, YW, cannot be used for such potentials.
(Edwardsl, 2011)

¢ Best and new rates. We provide explicit bound between the laws of X}, and Zy,, in W,-distance
for almost arbitrary noise:

Sy + DA+ x0) + (v +B)(1 = x0)

Wa (L(X), L(Zkn)) = 0(779+77%+%>7 where 6 = min {a, 1

with xo = 1{Gaussian noise}. « and § are parameters from Assumption |1} 7 is from the chain
equation|l] Specific values for o, 8 and +y in different cases can be found in Table|[l] Using this table,
it is possible to obtain convergence guarantees for the major cases — see Table

For SGLD, our bounds are the best in the existing Table 3: Comparison of guarantees on dis-
literature. In particular, they coincide with the re- cretization error in our work with the literature.

sults for the general Euler-Maryama discretization X
with normal noise — a subset of chains from the fam- Noise Reference Rate
ily equation E} For non-Gaussian noise, our results ' (Muzellec et al.| 2020) O(n%)
are first in the literature. g | Gaussian .
1T Ours O(n4)
SGD with non-Gaussian noise was considered in @ 1
. . any Ours O(n4)
(Cheng et al.,|2020), the authors give guarantees in _
Wi - distance, we use Ws. Our guarantee inlwl— ' (Cheng et al}2020) V' | O(n#)
distances is O(n7 ), which is better than O(n¥) in Gaussian o omh)
(Cheng et al, 2020). g o
wn 1
. (Cheng et al.|[2020) V' | O(n8
In the case of SGD and SGLB (Ustimenko & any cnectd (n . )
Prokhorenkoval 2021)), our work is the first to get Ours O(n?2)
estimates on discretization error in both cases of =
noise. ’ Z ‘ i ‘ Ours ‘ On2) ‘
=
E ‘ any Ours ‘ O(n%) ‘
2 PROBLEM SETUP AND ASSUMPTIONS “%; :
W - distance

We consider the chain equation |1 and the diffusion equation 2| with Xy = Z, = zo € R%. Our
ultimate goal is to produce an upper bound on W, (E(X k), E(Z;m)) for all k£ € N, where £ here and
after denotes the distribution of a random vector.

We assume that learning rate € (0,1] and v € {0, 1} (see Table|l|for details). In the literature
(especially on optimization), it is common to assume that the learning rate n depends on the properties
of V f (in our case b), e.g., typically that 7 ~ L™, where L is a Lipschitz constant of V f. Meanwhile,
we can always renormalize the original problem to guarantee 7 € (0;1]. Next, let us list the
assumptions concerning the terms of the chain equation [I]

Assumption 1. There exists some constants My > 0, My > 0, M. > 0, 09 > 0, 01 > 0,
a> 0,8 € [0,1] (see also Table for special cases) such that

o the drift b is My-Lipschitz, i.e. for x,z' € R?
Ib(x) = b(2")|| < Mo|z — ']
For particular cases of optimization problems: minimization, and saddle point problems, this assump-

tion means that the corresponding target functions have Lipschitz gradients, i.e., are smooth. Hence,
we do not need other assumptions, such as the monotonicity of b or, in particular, the convexity of

b=—-Vf{f.
e the biased drift § is bounded, i.e. for all k > 0
18] < 2> (1 + | X[ [).
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e the noise function € is unbiased, has unit covariance, and "the central limit theorem" holds for it,
i.e, forall x € R k>0and S>1
S—1

E.es (LC) = 0q4, Eeeke;cr (IL‘) =14, W22 (N(ch Sfd)7£< Z €L (1’))) < Mznﬂ.
k=0

In the general case, noise e can be arbitrary within the assumption of "the central limit theorem,"
which holds in particular for all noises that have uniformly bounded the fourth moment E||e (x)|*,
see (Bonis, |2020). We also define xo = 1 if the noise €, is Gaussian, otherwise xo = 0, note that in
the first case M, = 0.

e the covariance coefficient o is symmetric, positive definite, uniformly elliptic, bounded and M-
Lipschitz, i.e. for all z,x" € R?

orly > o(z) = 0" (z) > 00ly, Ee ‘2 < Mgl —'||"

o(w)er(z) —o(2)ex (o)
o the covariance shift A is symmetric and bounded, i.e. for all k > 0

Ap = AL, Tr (A7) < M2 (1+ || X)),

Let us also introduce the following notation for convenience: M? = 2max {Mg, Hb(Od)H2} +
2max {Mg, do%} + 312 M?. One can note that such M > 0 gives

1) |[* 4+ T ((Xi)o™ (X)) + [0 + 7T (A7) < M2 (14 | X))

.. 2 .
Moreover, we define the bound on the initial vector x: Rg = max{1; H:co || }. Meanwhile, we do
not assume the existence of some X * s.t. X — X™ because, in the general non-dissipative case, the
chain equation[I]can diverge, i.e., || Xj| — oc.

3 MAIN RESULTS

3.1 CHAIN APPROXIMATION BY WINDOW COUPLING

The first thing to look into is the non-Gaussian noise. In this section, we construct a new auxiliary
chain with Gaussian noise that approximates S-subsampled initial dynamic equation [I} The idea
behind this approach is that we can use the central limit theorem for the noise function e (Assumption
[I), and note that by collecting a reasonably large S-batch, we can approximate our non-Gaussian
noise by Gaussian.

We define e (r) = Zf;ol eSkﬂ-(x). Since for € "the central limit theorem" holds (Assumption ,
using this new "batched" €, we can introduce

(VG (@), € (@) ~ T (N (0a, SL), £(€(2)),

where II, (-, -) is an optimal coupling for W;-distance. In fact,  has no closed form, but it is an
auxiliary object, and we need only that it exists (by definition of W) (Cavalletti & Huesmann, 2015).
The only fact we strongly need follows from definitions of ¢ ;f and of optimal coupling — we know
that ¢& ~ N'(04, I4). We need such (% to introduce the coupled chain (Yﬁ),g), which is closed to the
chain X ;. The natural idea to construct is

Yalern) = Yar +70(Yax) + V17 o (Yar )67 (X)), ©)

coupling via noise

where we additionally define subsampled learning rate 7 = S7). The essence of this trick is quite
simple — a non-Gaussian noise is subtracted from the original chain equation [1| and replaced by a
Gaussian CLT approximation. This idea can show itself perfectly in the case of a p-strongly monotone
operator (—b) (which corresponds to strong convexity and strong dissipativity in the case b = —V f):
(b(X) = b(Y),Y — X) > p||X — Y| In particular, it is easy to bound (Yﬁ),g) and (Xgg) with
monotonicity:

S—1
B Vbt~ Xsgeonl® = B[ MG -~ Xow Y 6K+
=0
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%

E||Yy +mb(Yek) — Xsk — mb(Xsk) + H2

EH nk XSkH + 2ﬁE<b( nk) - b(XSk) Yn)]g - XSk> +
(1 — um)E|| Yz, — XSkH

If we choose 7J < p~ 1, then we have a geometric convergence. It allows us to obtain the bound on the
difference that does not diverge in time. But this idea does not work in our setting because nothing
like (strong) monotonicity/convexity/dissipativity is required to hold. Without such a term, those two
chains mainly diverge from each other in general, as no structure pulls them closer to each other. This

IN

issue can be alleviated. We need to add one more term. In particular, we inject 7L X g — Y),g > with

some constant L > 0 (which we define later) into equation [3] Thus, instead of equation 3| we define
the coupled chain YX using arbitrary fixed constant L > 0:

Yﬁ(k+1) = Yﬁk + nb(yﬁk) mo( ﬁk)Ck (Xsk) L77(Y — Xsi) - 4
_,_/

Window coupling

This additional coupling effectively emulates "monotonicity"/"convexity"/"dissipativity":

2 2
E|| Vb — Xsaanl” = BV +7L(Xsp = Yk )+ = Xsu .. |
= IEJHYﬁk - XSkH + 2nLE(X gk — Ynk,Y — Xsk) +
_ 2,
< (1-29L)E[| Yy — Xsl|” + 5)
Physical interpretation of the additional term Ln(Y — Xy, ) is straightforward: in order to force

Y77 + and Xg;, to be close to each other we "forget" a portion of Yﬁ)lg and replace it with a portion of
Xy Normal noise appearing in Y, makes the distribution of Y ;{ "regular” and —7LY; term acts
like Lo-regularization for YnX which additionally imposes regularity on Y- 7% Which was absent in X
due to the non-Gaussian noise and absence of the regularization.

On the other hand, the purpose of introducing Y=Y 7 18 to create a Gaussian chain that approximates the
original non-Gaussian Xj. But Lﬁ(Yn),g X Sk) at first glance destroys the normality of Yn),g We
suggest to look at Window coupling L77(Y — Xs1) as a biased part of drift. Then the noise in the
Y &, remains Gaussian. Nevertheless, this will give us additional problems in the future that will have
to be solved.

Even though reasomng equatlon glves the basic idea of convergence of EHX Sk — , we hide a
lot under the dot 51gn and these missing terms can have a bad effect. In particular, 1f we try to bound
]EHX Sk — , ?_ then we would immediately obtain divergence since the expected squared norm of
X, can be unbounded (as we noted in Section [J). Such a norm appears multiplicative in bias-related
and covariance-related terms (e.g., 0 and A in Assumption[I). This suggests that if we temper the dif-
ference E|| X sk — Yﬁ),g H2 on the bound of the worst-case norm R?(t) > max {1; max,,<; E|| Xz ||},
then we effectively cancel out terms with E|| X sx||? and obtain "uniform" in k7 < ¢ bound for any
fixed horizon ¢ > 0.

Lemma 1. Let Assumption|I|holds. If L > 1+ Mo + M + 2Mg + M? + M2M2 and Sn < 1, then
foranyt > 0:

2 v+8

E|| X gk 7Y7X/
H i =0(n2“+n5 (1—XO)+n>,

nlc’<Xt R2(t)
where R?(t) > max { 1; max,<; E[| Xz |*}.

AS

Here and after, in the main part, we use O-notation to hide constants that do not depend onn, k,
and t for simplicity. The full statements are given in Appendix. Since the chain Y- ok is artificially
introduced by us, we can vary .S, in particular, optimize the estimate from Lemmaﬂ]

Corollary 1. Under the conditions ofLemma If we take S = n_% (1 —=x0)+x0 =1, thenit
holds that:

AF <O ) with 9—m1n{a (7“)(1+X0>Z(7+ﬁ)(1—Xo)}.
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3.2 NAIVE INTERPOLATION OF THE APPROXIMATION

As mentioned earlier, if we put TL(Xgs, — Yﬁ),g ) to a biased drift, we can look at the chain equation
as a chain with Gaussian noise, i.e., we can rewrite equationin the same form as equation

Yitesny = Yar T 0605 + g50) + VavViro (Vi) G,
where we introduce g3, = L(Xgp, — V).

For a chain with Gaussian noise, there are well-known tricks for relating them to some diffusion
process driven by the Brownian motion process W;. In most of the works, e.g., (Raginsky et al.|
2017), on Langevin processes from Table |2} one embeds a process with Gaussian noise into diffusion
without any hesitation due to normality of the noise, which allows one to think that the noises are
increments of the Brownian motion process W, and intermediate points are obtained through naive
mid-point interpolation (e.g., by replacing 77 with &t for §t € [0, 7] allows to define Yﬁ)lg Ls¢)- Since
¢ ~ N(04,14), we consider ¢ = /7' (W(j41y7 — Wiz). One can also complete the notation
for g7 = gﬁ 77 for all ¢ (before we defined it only for ¢ = 77k with integer k). Then we can define
the following diffusion:

dY, = (b(Y2) + (g7 + ¢7))dt + Vo7 (o (Y2) + £7)dW,,

with new notation g; = b(Y;—_) — b(Y;) and ¥} = J(Y[f%]ﬁ) —o(Yh).

[t/mn
The diffusion Y; has a "ladder" drift (since b(Y;) + (g + g) changes only in t = kn), thereby Y;
mimicks the chain Yﬁ)lg . If there were no noise terms in the diffusion and in the chain, dY; would

fully coincide with Y{,g . Nevertheless, we have noise components, and in diffusion, it is provided by
the Brownian process W; and is continuous in time, unlike the Gaussian, but "discrete" noise term
in Yﬁ),g (depending on (). We need to estimate the differences in these noises. This is the idea of

estimating the difference between Yz and dY;. We follow a similar path of proving as (Raginsky
et al.,|2017), but we also consider that we now face non-dissipativity. In particular, the next lemma
gives a bound that includes R?(kn), which is not the case of (Raginsky et al.,[2017).

Lemma 2. Let Assumption[l|holds. Then for any k € Ny:
2 _
sup Bl[Yfjjmy; — Y[ = O (77 R (k)
<kn

where R%(kn) > max {1; maxy <, E[| Xy [|}.

From the definition of W, we immediately have.
Corollary 2. Under the conditions of Lemmal[2] for any time horizon t = kn > 0 it holds:

2 —
W22(£(Y[§(ﬁ)]ﬁ)v L(Y)) < tS<ukpn]EHY[§(m]ﬁ - Yt“ =0 (771+7R2(k77)) :

At this point, we linked the initial chain X}, to the auxiliary chain Y7, and then the chain Y7, to the
diffusion Y;. However, the diffusion Y; differs from the target diffusion Z; we aim for. Therefore, we
are left to link diffusions Y; and Z; - we will spend the following three subsections on this.

3.3 COVARIANCE CORRECTED INTERPOLATION

The problem with the relation of Y; and Z, lies primarily in the fact that these two diffusions have
different covariance coefficients ((U(Yt) + Z;‘) and o(Z;)). In that case, the Girsanov theorem states
that diffusions with different covariances are singular to each other. Meanwhile, if the covariance
coefficients are the same, then the Girsanov theorem (Liptser & Shiryaev, 2001) gives a more
optimistic answer to the possibilities of connecting such diffusions. Then our goal now is to deal
with ¥} in ;.

It is proposed to build another auxiliary diffusion. We want the problems of the covariance coefficient
in Y; to move elsewhere, e.g., to drift, in the new chain ZtY . We have already done a similar trick
with the coupling of X} and Yﬁ),g in Section Then let us consider the following diffusion:

Az = ((Z)) + ¢7)dt + Li(Y, = Z))dt +/ip o (Z) )dW,,
——

‘Window coupling
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where L; we will define later. This coupling helps to eliminate not only >} but also g;. The basic
idea is that X} and g; are differences of o and b, respectively. At the same time, o and b are Lipschitz,
which means that we can bound X} and g; via the norm of the argument difference. Therefore, if we
choose L; large enough, we compensate bounds on 3} and g;. In particular, the following statement
holds.

Lemma 3. Let Assumption[l|holds. Then for Ly > 2Mq +4Myn" and any time horizont = kn > 0:
2
WE(L(Y2), £(2))) < sup B |V — Yo

<t

From Lemma[2] we immediately have.

Corollary 3. Let Assumption|[I| holds. Then for any time horizon t = kn > 0:
WE(L(Y,), £(2y)) = O (1 R? (kn))

where R?(kn) > max {1; maxy <, E[| X5 |2 }.

To complete the proof, it remains to relate two diffusions Z; and Z in terms of Ws.

3.4 ENTROPY BOUND FOR DIFFUSION APPROXIMATION

With the introduction of the new notation G¥ = g — L1(Z) — Y}), one can rewrite Z} as follows:
Az} = 0(ZY) + GP)dt + Vo (ZY )aw;.

At the moment, the only difference between Z; and Z} is the presence of G in the drift of Z .
Finally, when the correlation coefficients are equal, we are close to using the Girsanov theorem
(Liptser & Shiryaev, 2001). However, its classical version requires that both diffusions are Markovian.
Unfortunately, this is not our case because of Gf. In particular, g; (part of G}) was defined in Section
5 as follows: g*gk = L(Xg) — Yﬁ)lg) for k € Ny and gi/ﬁ]ﬁ for all others ¢ > 0. It turns out that for

t # k7, g7 depends on the nearest reference point [t /77, which immediately violates the Markovian
property. The same problem arises in (Raginsky et al., | 2017). The way out of this issue is to prove a
new version of the Girsanov theorem. The paper (Raginsky et al., 2017) considers the dissipative case
where additionally o(+) is constant and independent of the current state. We have even more general
and complex versions of the Girsanov theorem without dissipativity and for state-dependent o (+).

Theorem 1 (One-time Girsanov formula for mixed Ito/adapted coefficients). Assume that (Gy)i>o is
a (Wy)i>o0-adapted process with an integratable by t > 0 second moment. Consider two SDEs ran
using two independent Brownian processes:

dZt = b(Zt)dt + tht + O'(Zt)th,
dz; = b(Z})dt + o(ZF)dW,.

Let o9 > 0 be the minimal possible eigenvalue of o(x). Then we have that for any time horizon
T > 0 the following bound holds:

T
Dycw (£(22)||£(Z2)) < 00—2/ E||G,|[2dt < oo.
0

The result of Theorem [I] is worse than the classical version, which is predictably the price of
generalization. This theorem can be considered as a stand-alone contribution of the paper. Let us
apply it to our case with Z; and Z}Y .

Corollary 4. Let Assumption[I|holds. Then for any time horizon t = nk > 0:

Dxr(£(Zen)||£(Zkn)) = O (71’”%7760(’“")7720) :

where 0 — min {a' (7+1)(1+XO)44-('Y+B)(1—><0) }
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3.5 EXPONENTIAL INTEGRABILITY

At the moment, our modification of the Girsanov theorem gives the estimates on the relation between
Zyy and Z,fn only in terms of KL-divergence. Meanwhile, our ultimate goal is to bound the Ws-
distance. Therefore, we need to connect the estimates for KL-divergence and Ws-distance. Let us
use the auxiliary result from (Bolley & Villani, [2005) to solve this issue. In more details, for two
distributions p; and ps, we have

1

Wa(p1,p2) < Cw(p2) <(DKL(p1Hp2))2 + (DKL(ZIHW))‘I‘> , 6)

where Cyy (p2) > 0 relates entropy Dk, ( - ||p2) with W, (-, p2). The main challenge here is to find
the bound on the constant Cyy (p2) with pe = E(Z;W) for all k € N or a slightly more general result

with po = ,C(Zt) for all ¢ > 0. Related results are available in the literature (Raginsky et al.,|2017),
but were obtained in special cases: under dissipative conditions and with specific v equal to 0. The
challenge of finding C3,, in the non-dissipative case for arbitrary - is solved in the next theorem.

Lemma 4. Let Assumption[I|holds. Then for any time horizon t > 0:
Cw(£(21)) = 0 ().

The presence of factor 5% for v # 0 is not only novel but also crucial. In the previous section, we
already encountered this 7. In the final estimate, these two factors will cancel each other out.
3.6 FINAL RESULT

It remains to combine all the results obtained above. In particular, we require Corollaries|[T} [2] [3]and

as well as Lemma It is important to note that in Corollary S = n*# (1 —x0) + xo0 > 1has
already been chosen, it needs to be substituted to other results.

Theorem 2. Let Assumption[I|hold. Then for all k € Ny:

Wa(L(Xi), £(Zg)) = O((1+ (Km)F)eOEf 4 (k)30 E 3 ),

where 0 = min {oz; (7+1)(1+X0)Z(7+5)(1—X0) }

All (exponentially) growing factors in Theorem 2] depend only on horizon 7' > k), which is assumed
to be fixed a priory. Thus, if we consider convergence on the interval ¢ € [0, T, then those factors are
essentially constants, independent from 7~ *. Though, compared to the work on SGLD (Raginsky
et al.| [2017) that relies on dissipativity assumption, those constants grow exponentially, which limits
the applicability of the results for such problems as sampling from the invariant measure. Since
our results do not rely on dissipativity/convexity assumptions, having exponential dependence on
the horizon is unavoidable in the general case (Alfonsi et al.,|2014). Putting the horizon T fixed,

we obtain that W (L(X), L(Zyy)) = O (779 + n%+%). From this, one can find estimates for the
different cases from Table[I] As an example:

Corollary 5 (SGD with Gaussian noise). Under the conditions of Theorem[2} if xo = 1, v = 1,
o> 1, then 0 = 1 and W (L(X}), L(Zyy)) = O (n%)

4 CONCLUSION

This work considers a broad class of Markov chains, Ito chains. Moreover, we introduce the most
general assumptions on the terms of our Ito chain. In particular, we assume that the noise can be
almost arbitrary but not independent and normal. In this setting, we estimate ¥V, between the chain
and the corresponding diffusion. Our estimates cover a large variety of special cases: in some cases
replicating the state-of-the-art results, in others improving them, and in some cases being pioneering.
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A PRELIMINARIES

Primary we are going to work with Wasserstein-2 distance that would be defined a few lines later.
Wasserstein-2 distance metricize topology of weak convergence plus the convergence of the second
moments which are desirable properties for an algorithm to have and allow us to consider func-
tions that grow at most quadratically compared to uniformly bounded if we considered just weak
convergence without second moments as done in the original SGLB paper.

Now let’s define the metric. Denote by

(v, p) := {m(da1,dx2)| /Rd n(dzy, ) = pu A /Rd (-, dag) = v}

— the set of all possible couplings of measures p(dz) and v(dz). Then define:
Wa(v, 1) = ( inf E |x1 - x2|2>%
’ Tell(v,p) "

— Wasserstein-2 distance between measures v(dz) and p(dz). The unique coupling achieving the
infinum we would denote as ., = Il (V, u).

The following tautological statement would be useful when dealing with the Wasserstein-2 metric:

Statement 1. Assume that we are given two random variables ©1 ~ v, x5 ~ p defined on common
probability space with measure m, then Wasserstein-2 distance between v and p is bounded by

Lo-distance between x1 and x5
2
Wa(v, 1) < \/E,T|xl f:r2|

Moreover, we are going to use Kullback-Liebner divergence Dk, (V‘ ‘ ,u) between measures v and
1 such that v < 1 (absolute continious). In that case by Random-Nikodym theorem there exists

p-measurable mapping g—z that is non-negative p-almost everywhere such that ]E#% = 1 and
E f = Eu( S—Z) for any bounded measurable f. The mapping S—Z is called Radom-Nikodym

derivative of v with respect to x. Having g—z we define Kullback-Liebner divergence as:

d d d
DKL(UHM) £ Eulogﬁ = /gupp“ élog ﬁd,u >0

The following statement is known as data-processing inequality:

Statement 2. (DPI; Data processing inequality, see |Beaudry & Renner| (2012)) Let T we some

p-measurable mapping and v < | — measures. Let Ty p 2 w(T~Y(")) — push-forward measure
under mapping T. Then we have an inequality:

Diw (Tyv|[Tyn) < Dicw.(v] 1)

We are going to apply DPI to u = L(X; : t < kn) and v = L(Z; : t < kn) for a certain
diffusion processes (X;);>0 and (Z;);>0 with the same diffusion coefficient (to ensure absolute
continuity since otherwise the measures are mutually singular due to Girsanov theorem) so that
Radom-Nykodym derivative exists and henceforth Dy, (1/’ }u) < 00. As push-forward map T' we
can consider T'((Z;)o<t<kn) £ Zjn. Then T is pi-measurable with the property Tyt = £(X}y) and
therefore we obtain:

Dy (£(Zin) || £(Xry)) < D (v||1)

DPI can be trivially proved: consider minimal o-algebra generated by pre-image of the given o-

algebra under mapping 7'. We denote such o-algebra as Fr. After noting that Tur < Tupif v <
. . d dT v . dTyv d

we consider Fp-measurable rand(.)r.n—varlable E(ﬁ ‘]—'T) Thel.l dTiu ex1.sts a.nd deu = ]E(ﬁ ‘]—'T)

u-almost everywhere. Then conditional Jensen inequality applied to KL implies DPI. In the work we

are going to deal with a wide range of sequences in the form:

Trt1 < (1 —no1)rg + nog 7
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with 7o = 0,0 < noy; < 1 and o3 > 0. Iterating such sequence immediately yields the formula:
i< (- (1 —go)th) 2 < 2 (8)
g1 g1

Clearly, in order for the bound to be sound one needs oy < 0.

The following theorem plays significant role in the proofs of our main results:
Theorem 3. (Girsanov, see Theorems 12.1, 12.2 on p. 368-370 in|Baldi & Baldi|(2017)) Assume
that we are given two SDEs in Ito form:

dXi7t = bi(Xi,t, t)dt + ag; (Xi,t7 t)th

fori € {1,2} and where Wy is standart Wiener process valued in R%. Denote by j1; = L(X;1:0<
t < T) for some fixed T > 0. Assume that functions b;(x,t),0;(x,t) are Lipshitz continious in
and o;(z,t) = ol (x,t) > orly almost everywhere in x for some constant or > 0 and for every
t €10, T). Then ps < iy if and only if o1 (v, t) = 09(z,t) = o(x,t) almost everywhere in x € RY
Vt(0 < t < T) and the Radom-Nykodym derivative is given by:

due _ zr((x1)ier)
dm

Where we denote Ab(z,t) = {o(x,t)} " (ba(z,t) — by (w,t)) and:

t t
Zt(X)éA (Ab(Xs,s),dW9>2—/0 |Ab(XS,S)|2dS,

Ito Matringale
where X = (X)s<, any vector valued continuous path defined over [0, t].
Moreover, the following result due to |Gyongy| (1986) would be needed within Girsanov theorem:
Theorem 4. (Gyongy|Gyongy|(1986)) Assume that we are given the following SDE:

dXt = Btdt + O'tth
where (By)i>0, (01)1>0 are some predictable w.r.t. (W;)i>o processes. Let (X;)i>o be a solution.
Then L(X;) = L(X¢)Vt > 0 where (Xt)¢>0 is a solution to Ito SDE:

dj(tt = g(f(t, t)dt + O'(jzt, t)th

where g(x,t) £ E(By|X; = x) and o(z,t) = \/E(oi0) | Xy = z).

We also consider the following construction: for a chain (X )xez . in the form:
Xpt1 = Xi + nBi + N (04,n0°14)
where (By)rez, is (Xi)rez, -predictable, we define the process X,
dX; = —Bdt + odW;
where B, = 220:0 Brlig[yk,n(k+1))- Then we obtain that:
L(Xy:keZy)=LX(kn):keZy).
Combining with the result due to Gyongy we, moreover, obtain:
LX) = L(X,)¥t >0,
where ()?t)tzo satisfies Ito SDE:
dX; = E(B,|X; = X,)dt + 0dW,

We call such processes (X;)¢>0 and (X;);>0 as interpolation of the chain (Xj)ez . into the con-
tinious process. The core idea of interpolation is to obtain a bound on Dkr, between the chain’ law
and some other chain’ law by interpolating them into continuous processes in Ito form (recall that
(Xt):>0 is in Ito SDE form) and then by using Girsanov theorem followed by DPI to switchback to
the chains.
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Theorem 5. (Deterministic Bihari-LaSalle inequality \Bihari (1956))). Let H be constant, z(t) > 0 a
cadlag function for t > 0 and A(t) > 0 a non-decreasing function cadlag functlon with A(0) = 0.
Let w(x) > 0 for x > 0 be continuous non-decreasing function on R>q. Let W (v f cw 1 dx for

some C' > 0. If function x(t) satisfies:

() < /O : w(z()dA() + HYE € [0,T]

forsome T > 0and H > 0 and if W (H) + A(t) is in domain of W ~! then:
z(t) < W HW(H) + A(t))Vt € [0,T]

B MISSING PROOFS
B.1 USEFUL LEMMAS

Lemma 5. Let Assumption[I|holds. Then for any k € Ny:
2 2
1+ E| X" < e (1 + [|zo|) 2 R (kn),
where C' = 8(1 + M?).
Proof. Using the definition of equation[I] we get

2
Xkt 12 = Xl 2472][b (Xk) +0x |+ (a(Xk)+Ak)ek(Xk)H +20( X, b(X5) +05)+E,

where & = 24/t (0 (X)) + Ak) e (Xi), Xk +1(b(Xk) + 0x) ). With unbiasedness of ex (X),
we have that E[£;| X};] = 0. The other terms can be bounded with Assumption|l| I and notation of M
(from Section 2)) as follows:

16(X5) + 6 )|* < 2M2(1 + (| X42),
o) + 0| < 20201 4 2), ©)
(X, 0(Xx) + ) < 5 (1X5)1Z + [15(Xk) + 6xl7) < (1+ M?)(L+ || X]?)-
It gives the next estimate:
L+ B[ Xy |2 <1+ E|[ X312 + 7PE[[b(X5) + 64|
+ R (0 (X0) + Ar)er (Xi) H2 + 20B( X, b(X) + %)
<1+ E[[Xk]* +2 (7 + 7' + 2n) (1+ M?)(1+ E|| X |*)
S(L4n-200+ M2+ 0" +0) (1 +E|IXk]?),
Running the recursion with C' = 2(1 + M?)(2 4+ 77 + ), we obtain:

L+ E[Xe]2 < (14 Cn) (1 + o) = e* B0 (1 4 flag2) < e“F1(1 + [lwo]?).
Using that < 1, we get that C' = 2(1 + M?)(2 + 1" +n) < 8(1 + M?). It finishes the proof. [
Lemma 6. Let Assumption[I|holds. Then for any k,i € Ny, S € N (such that i < S):

B[ Xskti — Xsul*|Xsk] < Clin(1+ || Xsel?),
where C' = 12M?e(C*+DS and C from Lemma

Proof. Similarly to Lemma 5| we obtain:
[ X skrit1 — Xsull? =1 Xswtiv1 — Xswri + (Xsnrs — Xsw)||
2
=||Xs+i — Xsull® + n?||b(Xsrti) + Osnrs|

2
+ 771+7H (0(Xskti) + Asiti)€siti (Xk) H

16
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+20(Xskti — Xsi, b(XSk+i) + 0skti) + Eskris

where Esppi = 24/ ((0(Xskti) + Askri) €skri (Xsuri) s Xswri + 1(0(Xskti) + Oskri))-
With unbiasedness of egyi(Xsk+i), we have that E[€sy1;|esk+i(Xskr:)] = 0. Now, using the
bound equation EI, taking the conditional expectation and applying Lemma for X! = Xspti, Xy =
X, we deduce:

E[| Xsktit1 — Xskll*| Xsx] =E [ Xsp4i — Xskll*| Xsu] +nE[||b(Xsnta) + 5Sk+i||2|XSk}
+ 0 E[] (0 (Xsrti) + Dsnsi)esirs (Xi) | Xsi]
+ 2nE[(Xskti — Xk, b(Xskri) + Osnti) + E[Esnri| Xs]
<L+ E[[Xskri — Xsll® + (0 +0)||0(Xskra) + 5Sk+iH2|XSk]
+ 0" E[||(0(Xskti) + Askri)eshri(Xsnti) i | Xsi]
<1+ )E[[| Xsrri — Xsll*| X ]
+2(n+ 0" +0?)M? (1 + E[|| Xswpil*| Xs])
<1+ nE[|| Xsk+i — Xsul?*|Xs]
F 20+ 0 ) MR (1 | X i),

Recursively expanding the bound we obtain:

i—1
B[ Xsksi — Xoell*| Xsu] <Y (140202 (n+ 0" +77) (1+ || Xsx]?)
j=0

< 2MP(n+ 0"t )l T Min (14 || Xsil|).
Withi < Sandn < 1, we get
E[|| Xskri — Xsnl?| Xsr] < 12M2eCTD5Min (1 + || Xgp||?).
_1-8 148

Remark 1. In Lemmaand after we use that S =1~ "2z (1 —xo) + xo0.then Sy =n"=2 (1 —x0) +
Xon < 1, and the result of Lemma[§| can be rewritten immediately as

E[| Xskti — XSk||2‘XSk] < C'in(1+ || Xsll?),
where C" = 12M2e(“+1) and C' = 8(1 + M?).

B.2 PROOFS oF LEMMAS [TH3]

Lemma 7 (Lemma. Let Assumptionholds. If L > 14 10Mg, L < 1 and Sn < 1, then for
anyt > 0:

E|| Xsr — Yy
AS _ n
PTG R

’ (2 77’Y+/8
=C (77 a+5(1—X0)+Tl),
where R?(t) > max {1; max,,<; E|| Xy||*} and
C" = 2(3MEeC + 3MZC’ + AMEe® + 48MGM?eC T + 4do?M?) where the constants C,C’
are defined in Lemmas[6land D)) respectively.

Proof. Let us consider the difference between Yﬁ)((k +1) and X g(x41), square it, take the expectation
(conditional on Xgj) and get:

B[V 1) — Xseernl®| Xsw]

~(1  I7PE[I1% ~ Xoul2|¥su] + | 3 (0(Xste) — b070) + ) || xss]
i=0

17
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S—1
1
2(1 — L) Y E[(Yek = Xsn, g (b(Xsni) = bVEK) + Osiri)) [ Xsi]
=0

s-1 )
—i—mﬂE{ > (0(Xskti) + Asiri) esiri(Xsnei) — (Yﬁ);g)le(XSk)H ‘XSk]
=0

I
V5 £
<((1 = L) + 70— Z0)E[ Va8 - Xsel*| Xs]

T IS 5050+ )| [
i=0

+7m"E {H% Sf (0(Xshri) + Ashri)espri(Xsrri) — U(Yﬁ)lg)gif(XSwHQ‘XSk} :

i (10)

In the first step, we also used the unbiasedness of €s+i(Xsk+i) (in the same way as in Lemmas
|§[), this makes all inner products with egx;(Xsx+:) equal to 0 in the expectation. In the second step,
we use that 7L < 1. We start with bounding the last term. One can make the following estimate with
Assumption [T]and Lemmas 5] [6}

E {H% Sz_:l(U(XSk-&-i) + Aspyi)€eshri(Xsrii) — U(Yﬁ)]g)cg(XSk)HQ‘XSk}
i=0

5-1
§4E[H% ; Askyi€skri(Xskri) 2‘X5k]
_|_
=
+4IEH eshri(Xsi) — (S (X H‘X
[ \/gzzg sk+i(Xsk) = G (Xsk) Sk}

+ 415:[“ (0(Xsr) — a(Yﬁf))g,f(XSk)H ‘XSk] .

Next, we use that for i < j: E[(espti(Xsuti), €sn+j(Xsuts))| Xsk] =
E[(eskti(Xsrti) Eegpr, [€skts (Xsnrs)])| Xsk] = 0, and get

S—1

E{H% Z(U(Xsmi) + Aski) €8ki (X shti) — CICS(XS@HQ‘XSk}
i=0 .
=5 ]

Z |:HAS}€+1€S]<:+1(XSk+z
=0

R 2
tg Z {H (Xshri)eskri(Xspyi) — o(Xsr)esrri(Xsr)) H ’Xsk}

+4E{H (Xsk)( ZGSk—H Xsk) = G (Xs) H ‘XSk:|

+4E || (r(Xs1) — o {é))é;f(stc))H [ X

Assumption [T] gives

E[H % Sil (0(Xspr) + Aspers) esnri(Xsnri) — U(Yﬁ)’g)c’f(XSk)HQ‘XSk}
=0

S

I
-

<g 2 M (14 E[|| Xsi]| [ Xsi])

|
I
(=)
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=
EZ E[l| Xsk+i — Xsnll*| Xsx)
i=0

+ 4dU%E[Hﬁ z:leSkH(XSk) — C,f(XSk)HQIXsk}
i=0

2
-

where for the last term, we used the following chain of identifies derived from Assumption[I]and

noting that E{o (« )(ek( )—er(@)), 0 (2)(ex(x)+er(2))) = Elo (') (e () —ex(27)), o (2") (ex (2)+

en(a) = 0. E[[(0(@) + o(a"))(ex(2) — e @))I* > Ef[(o(2) — ola')) (e (@) — exla):
M xHszw<>am—auﬁ%wvw
= 2B (0(2) + 0(a") (ea(x) — exla')) + (o(2) — oa")) (ex(a) + x|
= 1B @) + o) er(@) — @]+ FEN0@) — o)) () + exa))|
1 1E((r2(2) - 02() (ex(2) — ex(e)). en(a) — cx(e))
= 1B (0@) + o)) @) — @) + 3Bl (0(0) 0@ (erle) + x|
+ 5B {o(@)(e(r) — exle')), o) (ex(e) — exla) )
—-%EQﬂxW&ux>—euxw>o<>&k<)—ek<w>
= 2B (02) + o0 (ex(a) — x| + SEN(o(2) — o)) er() + enla)|
> 18] (0(2) — o(a")) (ex() — ex(a) 4+1Ewo@>—a@ﬁx@@»+eaw»2

zéEmou>—auvaww + 3E|(0@) — ol es(a’) |
> Jlo(a) - o)}

Taking 1nto account that (;(Xgy) is an optimal coupling (Section , we can estimate
||sz o €skri(Xsk) — CF (Xsn || byASSllIIlptlon

E[Hﬁ Z_: (0(Xskti) + Asiti) €siri(Xshti) — C}f(XSk)Hz‘XSk}

5-1
4
<33 M (1 B K| K]
1=0
4 571
+ g MgE[||XSk+i — XSkH2|XSk]
i=0
4

2
+ gdo? M2 + 4M§HXSk - Y{,ﬁH .

With Lemmas[3} [6} one can obtain

E[H% Sil (0(Xskti) + Asiri) €siri(Xshri) — CS(XSIC)HQ‘XSk]
i=0

S—1 S—1

4 2 2 C 4 2 2 _(C+1)S
gS;M =S (1 4 || Xk ?) Zz;MO 12M2e Tin(1+ || Xsl[?)

oo s el ]

19



Published as a conference paper at ICLR 2024

<AMPRP* 75 (14 || Xgi||?) + 48MG M2 T8y (1 4 || X g1 |?)

N 4d0%§43775

2
el
2 CS 21712 (C+1)S 2972 2 Uﬂ(l—XO) 2
§(4Mle " 4 A8MZM2e(CHD) "+4dolMe) n2 T 4 Sy ) (14 [ X?)

2
+ 4M§HXSk — Y;,gH .

Here we also used that M, = 0if yo = 0. Taking into account S1 < 1, we can deal with e“57 < "
= )
E{Hﬁ Z (0(Xskti) + Asiti)€shri(Xshri) — CS(XSk)H ’XSk}
i=0

B(1 —
< (40M26C + 48MEM2eCD 4 4402 M2) (2o 7+ TEZXON (4 jxg 2
1 0 1 e S

2
+4M§HXSk _Y;,gH . (11)
For the drift related terms we also use Assumption[I]and then Lemmas [3] [6}
5-1 )
E[H > (0(Xski) = b(Yor) + Ossi)) H ‘Xsk}
i=0
S—1 )
<S> ]E{Hb(XSk-&-i) —b(Y7E) + Ok i) ’XS]C:I
i=0
5-1
<5 Y E[3ldsnil® + 3I6(Xsusi) = b(Xsw) |2 + 3[b(X51) — b(¥5) 2| X5
i=0
S—1 ,
<53 (M (14 B[ Xsnri]| [ Xsx]) + 3MEE[ Xsnss — Xsll| Xse])
i=0
+ 382 MG || X sk — Yir |l
S—1
<Y (BMPP e (1 + [ Xon|?) + 3MIC"in(1 + [ X))
i=0
+ 382 M3 | X — Y |®
<S?(BMPn**e“® + 3MFC'D) (1 + || Xsil?) + 3> MGE| Yy — Xkl
Taking into account Sn < 1, we can deal with eCSn < €
5-1 )
E[H Z(b(XSk+i) —b(Ysy) + Osk+i)) H ’XSk]
i=0
(12)

<S?(3MPn**e” +3MFCT) (1 + | Xse|*) + 3S*MGE[ Y5y — Xk,
Combining equation [I0] with equation [TT]and equation[I2] we obtain:
E”Yﬁ}((k-i-l) — Xt 1| X sk
<(1—2Ln+ L7 +7 — L) [|Yey — Xsl®
+ (@ +7(1 = L) (3Min**e® + 3MFC'7) (1 + || Xs[?)
+ (@ +7(1 — L)) - BMGE| Y5y — X[
B(1 —
7Y -4 (M2eC + 12MEM2eCH 4 do2M2) <n2a—7 7+ 77(SXO)> (1+ | Xsx]1?)
2
7 - AMG|| X — VX |
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< (1=7(2L — L — 1 = 3Mg — 3Mg7 — AMgn")) ||V, — X ?
+7 (3M12@C+3MOC’+4M e +4A8MGM2eC T + 4doiM?)

B+v(1 —
o o | =2 | =3 | — i 1—xo
: (772 +0PN+7 40+ + (S)> (1411 Xsk]?)-
With L > 1+ 10M¢, Ly < 1and 7 = Sn < 1, we get
E|[ Y1) — Xsorn 17 Xsk]
2 (3M1260 + 3M2C" + AM2eC + A8M2M2e(C+D) 4 4da%M3>

B+v(1 —
: (772" +7+ 7’(5"‘))> (1+ | Xsxl?)-

Definition of R (¢) finishes the proof. O
Lemma 8 (Lemmal2). Let Assumption[I|holds. Then for any k € Ny:

2 _

sup E||Yiqm — Ya||” = Con' TV R (kn),

t<kn
where R*(kn) > max {1; maxy <; E|| Xp ||*} and Co < 4(L* + M?) (1 + 30”) (1 + ||zo H2> (for
the definitions of L and C" see Lemmalg).

Proof. Fort = [t/7]7] + 0 we write:
2

[t/7m -V

<26 L*E||YS

IEHY

i — Xmsll” +0M2(26 + 207) (1 + B[V 1)
<(262M? 4 4M376)(1 + E| X1 /mis] )
+ (20%(L? + M?) + 4M2 $)E|| YN0 — Xpoms |

L?
<208 ((7+20") (1 + o] e + (Sn(75 +1) + 207) _max BV, — Xuo[*)
<(@( + 227 + 2077 ) (1 + o)™+ _maxe B[ V2¥ — X )
7] ’
O
Lemma 9 (Lemma[3). Let Assumption[I|holds. Then for L1 > 2Mq + 4Mqn" and any time horizon

t=kn>0:
2

2
WL, £(2))) < E|)Y: = 2] | < supB|[Y¥ gy — Yo

Proof. Consider process Q; = Y; — ZY . Note that Qy = 04. We have the following SDE for the
process Q:

dQr = — L1Qudt + (b(Ymm) — b(Z)))dt + /207 (0 (Vi) — 0(2)))dW,
= — L1Qudt + (b(Y;) — b(Z]))dt + (b(Yj)m) — b(Yt))dt
+/207(0(Y2) — o(Z0) AW, + /207 (0 (V) — 0 (Y2))dW,.

Now, by applying It6 lemma (see Theorem 8.1, p. 220 and Remark 9.1 on p. 257 in[Baldi & Baldi
(2017)) to f(x) = 2 we obtain the following bound on the process ||Q;]|?:

QI < [ (= 2LaQuIE + 2(Qubi¥i) ~ 02 ) + atr (o) = o(22))°)

+2b(Yi 5 ) — BV |+ 47t ((g(y[ggm) - o(Yt))Q))dt 3
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t 2
< [ (=210 + 200 + AMEQUI? + (Mo + AV [V~ Vit + &
0

where gt \/Wfo 2Qt7( t/7] ) - U(Zty))th>

Next, by noting that £y = 0 and &; by it’s definition is a martingale process we have E&; = 0 (see
Remark 9.2 on p. 264 inBaldi & Baldi| (2017)) and, thus, by taking expectation E||Q; | we arrive at
the following bound:

t 2
IMQNQSE/’«—ﬂﬁ+2A%+4NﬁmMQN2+@N%+4M@mmhﬁmﬁ—KH)&
0

f 2)dt

t
§/1«—ﬂﬁ+2N%+4MQMMMQNQ+@N@+4M@Mﬁm%gﬁﬂﬂ%mﬁ—nz
0

t
:/ ((*2L1 + 2Mq + AM2E)E|Qq% + (2My +4M§T]’Y)EHYE§W]5
0

2)dt

Recall that we can choose L, arbitrary in the definition of Z; Y We want to make sure that —2L1 +

2Mo+4MZnY < 0. In that case, we will obtain that E[|Q; ||* < %supt/q ’Y

(2N10+4M077 )
2Ly —2Mo—4MZn"
Ly such that —2L; + 2Mg + 4M3n" < —(2My + 4MEn") the lemma implies due to the fact that

WR(L(YV:), £(ZY)) <E|Y, — ZY ||” = BJ|Qu|| O

[ /am

2
Yy H . To simplify the bound, we are going to require < 1. Thus, by considering

B.3 PROOF OF THEOREMI]

The proof idea relies on multiple applications of Theorem [ to get a process for which the classic
Girsanov theorem [3holds. To apply the theorem [3] we must ensure that the final process is Markovian
diffusion, for which the Novikov type condition Eelo Hg (Zet) H ds < oo holds. While |4 I will give us
Markovian property, to get the Novikov condition, we are going to build a sequence of intermediate
processes using stopping time 7, = T A infr>o{ [, Hg(Zt, t) Hth > r2} and then we are going to
select a subsequence r,, — oo which in the limit will upper bound D, for the original process Z.
To do the former, we will prove the following Lemma first.

Lemma 10. Assume that Z1, ..., Zy, ... is a sequence of random variables converging in law to the
random variable Zy and such that 3¢; £ %ﬂz*)for some measure Vi € {0,1,...}. Moreover we

assume that Dk, (fm| ’u) < ooVi € {0, 1, ...} uniformly and that measure p is non-singular with
respect to standard Lebesgue measure on R, Then it holds:

Dxuw(Sopl|p) < 21;1? Dxr(&epl|p) < oo

Proof. Let’s define the following unity partition system P,, = {fo_ Y(m2=", (m+1)27)|0 < m <

n2",m € NO} U {50_1([71, oo))} For each density &, we define

Z 1A gklA) >0

AeP,

'), (k) is essentially finite-sum approximation of Lebesgue integral of &;. Let £ = & An =
min{&, n}. We have:

— ZlA f 1A Z A fo 1A +Z A §<n §0<n)1A)

AeP, AeP, AcP, w(A)

Consider taking subsequence &, such that |]E u(( PRl | A) | < 27"u(A). Since & is convergent
in law to &y we have that ;" convergent weakly to {5 as k — oo, hence for each n and for each A €
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P,, there exists ky, 4 large enough so that Vk > k,, 4 we have ‘E (& o= £0<”)1A)| < 27"u(A).

Since P, is finite we can define k,, = maxacp, kn 4 < 0o, which sat1sﬁes |]E# (( ,fn" ™) lA) | <
27"u(A) forall A € P,,.

Thus, we have:

1
§<n Z 14 50 A ‘< 9—n

AeP,

Moreover, observe that 5™ = 3 P, &5 1 4 since P,, is unity partition. We have almost surely:

fo 1A
<"—§1 ‘<§1E —ess inf&5™)1,4) < A Q&S
‘5 & Z A (ess Sup§ ess in &) A) < fr}rg)}i a&55",

where A 45" = ess supy £57 — ess inf 4 {5, By definition of P,, we have that A 45" < 27",
which by combining both inequalities implies almost surely:

& =27 < T(,) S & +27" T < Ty(8y,) +277F°
Note that T',(1<™) = 1, therefore, by dominated convergence theorem Edmonds| (1977)
with Data Processing inequality [2 I Dxr (Tn (&, )| [Tn(L)p) < Dkr(é, p|[1) we obtain
supys 1 Dk, (& |11) > limy o0 Dir, (T, fkn )ie||1) = Dxr.(€ope||1£) which finishes the proof.
O

Proof of Theorem[I] By applying Theorem E| we obtain the process (Z;);>o that has the same one-
time marginals as the process (Z;);>o:

Denote by g(z, t) = E(g; | Z, = x). We have that Dk, (L£(Z7)||£(Z3)) = Dk (L(Z1)||£(Z3))
Consider defining processes Z; for r > 0 as:

dz; = (0(Z;) +9,(Z¢, 1)dt + o (Z)dW;

where we define the following progressively measurable process 7,(Z7,t) =

1{ft 5z t)H2< 2}E(Z[,t). Denote by 7, = T Ainfr>o{ [y ||§(7t,t)||2dt > r2}. Clearly that 7,.
0 to

is a stopping time, i.e. {r, =t} is Z;-measurable V¢ > 0. Moreover, we have the following property
Zilier, = Z]1i<-, holding almost sgrely. Moreover, 7, — T" as r — oo due to the continuity of
probability which implies that Z] — Z,Vt € [0, T] holding almost surely as » — co. And, finally,

we can rewrite g,.(Z; ,t) = 1 G(Z5 ) = 1ier nG(Z7,8) = 1rier 1 G(Z4, 1).
gr( to ) {f(f|‘§(zfvt)”2< 2}9( to ) {t< r}g( t ) {t< ,}g( t )

By applying Theorem Ié-_1| again to the process (Z} )¢>o we obtain the process (7:)@0 that has the
same one-time marginals:

dZ, = (0(Zy) + E(9,(Z,t)| 2] = Z;)dt + o(Z;)AW,

Denote by g, (z,t) = E(g,(Z7,t)| Zf = x) andby W/ £ W, —|—f0 o(Z.)~1g.(Z} ,t))ds. Consider
process Z; in the probability space where W;" is a Wiener process and satisfies:

dZ; = b(ZF)dt + o (Z5)dW;
Let ur £ L(Zf : 0 < t < T) which is independent from r. Let v, £ L(Z; :0<t<T). Note
—r 1~ =T 2 _
that the Novikov condition holds Ee/o lez 3@ ][ as < €70 7T < 5oVT > 0. Then by

applying the Theoremto 7; and Z7 we obtain the following sequence of inequalities:

. T . Jpp— Operator norm T P
Dict, (v 1) G‘“"‘:“"V"I‘E/O |o(Z) 2 5.(Z) 0|2t < 00—2/0 E|[g.(Z;, 1) dt

Jensen,||E - |2 < E|| - ||?
<

Same marginals,[l] o T ~ r 2 _9 T _ r 2
v B, /OIEng(Zt,t)H at oo /O]Eng(Zt,t)H at
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i _ ™ iti r TT'
Due definition of . 3 —2 / E|g, (27, )| de " =T A 2 / E|g(Z:,t)||"dt
o 0

e < Tand || - [|2 >0 T _ ; T
2 s [ ez a2 [z, a
0 0
. . . T s i
Jensen,||E ||;§ E|l - || 00_2 / E’ g: th By assu<mpt10n -

where we use Jensen inequality as ||E- || < E||- ||* whenever expression inside of | - || was obtained
from application of Theorem 4] and use property of the same Theorem [ that one-time marginals
coincide for processes that we obtain from applying it, which implies equality of expectations.
Then we have that Vr > 0 the following uniform majorization condition holds Dy, (V}| | wr)
o2 foTIEHg;k ®ds < oo. By Data Processing inequality [2| we have Dy, (£(Z7)||£(25))
Dt (V4| |pr). Using the fact that L(Z7}) = L(Z1.) we obtain majorization condition:

IAIA

T
Dx(L(Z7)||£(Z7)) < Dxw(vi||pr) < 00*2/ E||gZ|*ds < oo
0
By noting £(Z}) = L(Zr) as r — oo and D1 (L(Z1)||L£(Z3)) < oo by Lemmawe obtain:

2
ds < oo

T
Dt (£(Z1)||£(Z)) < sup Dua (£(2)||£(Z7) < 0072 [

> 0
Finally, using property £(Zr) = L(Z1) we obtain the desired:

2ds

Dia (£(20)||£(Z) < 002 [ Bl

B.4 PROOF OF LEMMA 4
Proof. Recall

1 _ 1 3
Cv(L(Zy)) = 7, logE# exp (5 + aHZt - zH2>

To prove that bound we consider the following ODE with z(0) = xg:

dz(t)
=b(2(t
29— ba()
Using it as z « z(t) and a + a(t) = 45‘;[3; e=2™m for m > My(1 + ) we consider process
1

Sy = @(t, Zy) for p(t, z) = e@®llz=z(1*  Note that

O = a(t)(— 2(b(20), 2 — 2(t)) — 2mllz — 2()|*) o (t, 2).

By applying 1t6 lemma (see Theorem 8.1, p. 220 and Remark 9.1 on p. 257 in|Baldi & Baldi| (2017)))
to Sy = o(t, Z;) and taking expectation, we obtain the equation:

dES, = E(at@(t, 7)) + Ap(t, Zt)>dt,

where we used the fact that E (th ‘ Wt) = 0 to eliminate all terms with dW, (see Remark 9.2 on p.
264 inBaldi & Baldi|(2017)). Substituting there definition of ¢ we obtain:

dEp(t, Z) = E(a(t)(—2<b(2t), Zi—z(t)=2mllz—2(D)]*) o (t, 2)+2a(t) (b(21), Zi—2(t)) o (t, 2)+

T (a(zt) (2a(t) 1y + 4a2(t) (Zs — 2)(Zs — zt)T)oT(Zt))cp(t, Zt))dt
Simplifying yields:

dEg(t, Zi) = E(a(t)( - 2mlz = (1) |2) o(t, 2)+
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T (a(zt) (2a(t) 1y + 4a2(t) (Zs — 2)(Zs — zt)T)UT(Zt))ga(t, Zt))dt
Since o(x) < o114 we can bound the last term as 417 a?(t)do? || Z; — z¢||*. Thus, by choosing m >
My (1 + €) we can ensure that 2a(t)m > 417 a?(t)do?||Z; — z;||? and, therefore, to upper bound all
quadratic terms by zero, leaving contribution only from term 2a(¢)n" Tr (U(Zt)O'T(Zt)) o(t, Z;) <

2a(t)n"do?o(t, Z;). Which in turn allows us to reduce the estimate of w(t) = Ee®®)Z:==(0)I* 1o
deterministic Bihari-LaSalle inequality [3]

w(t) < /Ot w(t)dA(t) +1,

where we denoted as A(t) = (%(1 — e 2m)) A(0) =0, A(t) S % as t — +oo. Using it
gives us bound
U%M()E

m

U%M()E

w(t) < exp (( (1- 672””))) < exp ( ).

0'2 .
Finally, we obtain C3,(£(Z;)) < n”cjl\/[—;eMU(Hs)t(% + 14z) by noting that C}),(£(Z;)) <

O 3w L .
log (e2w(t)) " = %gt)(t) and substituting formulas for w(t) and a(t), which concludes the
proof.

O

Remark 2. Constant € > 0 can be chosen arbitrarily. smaller values lead to tighter asymptotic
behavior, while larger values lead to tighter constants on finite horizon T". For simplicity, we choose

€ = 1. Therefore, we have that
5 2d \ =
Ow(£(Z0)) < narer (2

Moy

Remark 3. This result is aligned up to constant multipliers with the result of Remark 10.4 on p. 319
in Baldi & Baldi|(2017). However, there is no explicit expression for some constants or proof of it
inBaldi & Baldi| (2017)). Nevertheless, they claim that a = a(t) can be selected arbitrarily as long

o= 2MoT
2TJ%777 :
arbitrarily small £ > 0. What’s important here is that the order of growth e®(7) is the same, and the
scaling factor (’)(n%) which is extremely important for the main result of our work, without which
we won’t be able to cover the case of v = 1. While it may be interesting to derive the sharpest bound
regarding exponential growth, we assume that horizon 7 is fixed in our work. Therefore, the bound
and order of the bound in Lemma[d]are sharp up to constant multipliers.

asa < This is slightly better asymottically for T — oo as % < €T (as in our result) for

Moreover, inBaldi & Baldil (2017), this similar result is claimed to be true under the assumption of
uniform ellipticity and uniformly bounded diffusion coefficient (i.e., 0 < o¢ < o(x) < 01 < coVx)
which is aligned with the Assumption

B.5 PROOF OF THEOREM[Z]

To prove the Theorem, we first will apply Theorem [I]to obtain the bound for the very last step in
upper bounding, i.e., between Z} and Z;. Since that theorem gives bound on D, we are going to
use transportation bound (Eq. [6) to obtain the bound on W,. After that, we have bounds between
all subsequent pairs of processes that we have built: X/, Xgg, Yﬁ),g  Yous, ZZ,C,, Zyrm. Thus, triangle
inequality allows us to upper bound Wa (L(X}), £(Zky)) by the sum of bounds between each
subsequent process.

Corollary 6. We have that for time horizon t = nk > 0 the following bound holds:

Y+8
Dxr (L(ZY)|1£(Zkn)) < 077 CsknR? (kn) (172“ + 1 o (1= x0) + n) :

2(L2C" +L3C3) .. " ..
where C3 < ==———1==> (see Lemmal|7|for the definition of C", Lemma|8|for the definitions of L

and C5, and LemmaT?] for the definition of L).
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Proof. Recall that Z} has the following SDE:
dz) = (0(Z}) + GY)dt + Vio(Z) ) AWy,

where Gf = L(X[t/ﬁ]s — Y

/7 ) — L1(ZY —Y;). By applying Theoremlto ZY and Z;, we obtain
the following:

kn 5112
o | ElGEIfa

Dxr (L(Z)[|£(Ziy)) < —
n'0o0

2 [k X
< [ BN Cums — Y - Ta(2Y - Yo P

2 [
< s [ (PRI — Xumsl + LB 2 - i)t

By using Lemma 3] we obtain the bound:
Dxr (E(Zlgn) ’ }ﬁ an

2)dt
)

2 ke 2
<2 [ (mnm ~ Xl + Lisup B[ ¥~ Ve

2kn
~ nrog?

2. X 2 2. X
(L sup; < B|| Yy — Xieyms||” + Llsuptﬁk’n]EH)/[s/ﬁ]ﬁ -Y

Next, by using Lemmas [I|and 2] we bound both terms to obtain:

Y 2kn 2 p2 1m(, 2a VA _ L+
DKL(L(an)H‘C(an))S7770 L2R*(kn)C" (n** + == (1= x0) +7) + L1 R* (kn)C

Finally, by noting that n2® 4 ” (1 — x0) +7 > 7" we obtain the desired result.

O

Proof of Theorem[2] Let’s introduce constant § = 7>+ " (1 Xo0)+Sn (appears first i 1n Lemma 7t
xo = liff ¢ is Gaussian (see Assumption ') We want to produce abound on Wh (L(X}) Lk
To do so we consider k¥’ = Sk + 14,7 < S and rewrite it as:

Wa(L( Xk ), L(Zgry)) < WalL(Xir), L(X 1)) + Wa(L(Xsk), L(Zni))

We note that Ly norm between random variables upper bounds Wasserstein-2 distance between their
distributions by definition of the metric. Therefore, the first term is bounded by Lemma6]as

WalL(Xp), L(Xsp)) < C'2Sn < C'26%.
To bound the second one, we consider the following trick:
Wa(L(Xsk), L(Zykr))
<SW(L(Xsn), L(Vix)) + Wa(L (V) L(Yyr))
AW (LYo ), £(Zyir)) + WalL(Zyr ) L(Zya )
The first term is bounded by Lemma 7}
Wa(£(Xsk), L(V51)) < C"R(K')o%,
where C" is defined in Lemmal[7). The second one can be bounded by Lemma|§|as
Wa(L(Y5h). L(Yye) < CalSn) = R(K'm) < CoR(K'n)d%.

The third one by Lemma 9] and then by Lemma (7] by the same upper bound exactly as the second one.
To bound the last one we use entropy bound on W, (equation [6)):

WalL(Z3), £(Zipe)) < Coo(£(20)) (Dl (E(Z50)| | £(Zip)) + D (E(Z5)|£(Zop)))
and by using Corollary [6| with Lemma ] and Remark 2] we bound it as:
WalL(Z o )s £(Zyir))
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2(2d 3 Mok’ 3 1 / ’ -1 Xl AR B
< n2z|— ok'n 2 2 355 104 1 R2 151
<7 (MO) v (Cin R (k) ot + 27 iy TR ) (k) o)

< (;Z)lamMok’n(C?%R(k’ )(K' )ﬁ(sz +2- 40 R2(k’ V(K )%77%5%)

Finally, we obtain the bound between W (L(X}), L(Z}y,)) by summing up those bounds and
simplifying:
Wa(L(Xy), L(Zkry ))

);
S(( %eMok/n+C5)R(k77)+C/2>52 +Cﬁ(k/ )26M"k nRz(kn) %5

s

IN

1 1
where C; = (ﬁ) 0 C2, Cs = C" + 20y, Cp = (2;0)201034 and R(E'n)
eAMF+DE [T [[2 by Lemma
1-8

Recall that § = n?* + " (1 — XO) + Sn, thus, to eliminate S we set S = n~ 2z (1 —
Xo) + Xo. Observe that Sn = 77 5E (1 — xo0) + xon < 1. Moreover, by defining § =
min {a; (7+1)(1+X°)‘;(7+5)(1 X0) }, from Corollary |1/ we have that § < 31%°. Substituting and
re-arranging the constants yields the final expression of the form:

Wa(£(Xi0), £(Zirn)) = O(1+ (Km)F)eO®Mnf 4 (/)% O ® i)

where constants depend only on ones defined in Assumption|[T}
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