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ABSTRACT

Reinforcement learning (RL) in episodic, factored Markov decision processes
(FMDPs) is studied. We propose an algorithm called FMDP-BF, whose regret
is exponentially smaller than that of optimal algorithms designed for non-factored
MDPs, and improves on the previous FMDP result of(Osband & Van Roy|(2014b)
by a factor of \/nH|S;|, where |S;| is the cardinality of the factored state sub-
space, H is the planning horizon and n is the number of factored transitions. We
also provide a lower bound, which shows near-optimality of our algorithm w.r.t.
timestep 7', horizon H and factored state-action subspace cardinality. Finally, as
an application, we study a new formulation of constrained RL, RL with knap-
sack constraints (RLwK), and provide the first sample-efficient algorithm based
on FMDP-BF.

1 INTRODUCTION

Reinforcement learning (RL) is concerned with sequential decision making problems where an agent
interacts with a stochastic environment and aims to maximize its cumulative rewards. The environ-
ment is usually modeled as a Markov Decision Process (MDP) whose transition kernel and reward
function are unknown to the agent. A main challenge of the agent is efficient exploration in the
MDP, so as to minimize its regret, or the related sample complexity of exploration.

Extensive study has been done on the fabular case, in which almost no prior knowledge is assumed
on the MDP dynamics. The regret or sample complexity bounds typically depend polynomially on
the cardinality of state and action spaces (e.g., [Strehl et al.| [2009; [Jaksch et al.l [2010; |Azar et al.,
2017; [Dann et al., 2017; [Jin et al., 2018; |Dong et al., {2019} [Zanette & Brunskill, 2019). Moreover,
matching lower bounds (e.g.,[Jaksch et al.|[2010) imply that these results cannot be improved without
additional assumptions. On the other hand, many RL tasks involve large state and action spaces, for
which these regret bounds are still excessively large.

In many practical scenarios, one can often take advantage of specific structures of the MDP to
develop more efficient algorithms. For example, in robotics, the state may be high-dimensional,
but the subspaces of the state may evolve independently of others, and only depend on a low-
dimensional subspace of the previous state. Formally, these problems can be described as factored
MDPs (Boutilier et al., 2000; [Kearns & Koller, [1999; |Guestrin et al.| 2003). Most relevant to the
present work is |Osband & Van Roy| (2014b), who proposed a posterior sampling algorithm and a
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UCRL-like algorithm that both enjoy v/7T regret, where T is the maximum timestep. Their regret
bounds have a linear dependence on the time horizon and each factored state subspace. It is unclear
whether this bound is tight or not.

In this work, we tackle this problem by proposing algorithms with improved regret bounds, and de-
veloping corresponding lower bounds for episodic FMDPs. We propose a sample- and computation-
efficient algorithm called FMDP-BF based on the principle of optimism in the face of uncertainty,
and prove its regret bounds. We also provide a lower bound, which implies that our algorithm is
near-optimal with respect to the timestep 7', the planning horizon H and factored state-action sub-
space cardinality |X'[Z;]].

As an application, we study a novel formulation of constrained RL, known as RL with knapsack
constraints (RLwK), which we believe is natural to capture many scenarios in real-life applications.
We apply FMDP-BF to this setting, to obtain a statistically efficient algorithm with a regret bound
that is near-optimal in terms of T, S, A, and H.

Our contributions are summarized as follows:

1. We propose an algorithm for FMDP, and prove its regret bound that improves on the previ-
ous result of Osband & Van Roy|(2014b) by a factor of \/nH|S;|.

2. We prove a regret lower bound for FMDP, which implies that our regret bound is near-
optimal in terms of timestep 7, horizon H and factored state-action subspace cardinality.

3. We apply FMDP-BF in RLwK, a novel constrained RL setting with knapsack constraints,
and prove a regret bound that is near-optimal in terms of T',S, A and H.

2 PRELIMINARIES

We consider the setting of a tabular episodic Markov decision process (MDP), (S, A, H,P, R),
where S is the set of states, A is the action set, H is the number of steps in each episode. P is the
transition probability matrix so that P(-|s, a) gives the distribution over states if action a is taken on
state s, and R(s,a) is the reward distribution of taking action a on state s with support [0, 1]. We
use R(s,a) to denote the expectation E[R(s, a)].

In each episode, the agent starts from an initial state s; that may be arbitrarily selected. At each step
h € [H], the agent observes the current state s, € S, takes action aj, € A, receives a reward ry,
sampled from R(sy,ay), and transits to state s,41 with probability P(sp41|sp,ar). The episode
ends when sp 1 is reached.

A policy 7 is a collection of H policy functions {7, : S — A} Weuse V™ 2 S — R to de-
note the value function at step h under policy 7, which gives the expected sum of remaining rewards

received under policy 7 starting from s;, = s, i.e. V;"(s) = E [Zgzh R(sp,mh (S1r)) | sn = s}.
Accordingly, we define Q7 (s,a) as the expected Q-value function at step h: Qf(s,a) =
E {R(sh,ah) + Zﬁzhﬂ R(spymh(Sp)) | Sh = 8,ap = a}. We use V;* and @} to denote the
optimal value and Q-functions under optimal policy 7* at step h.

The agent interacts with the environment for K episodes with policy 7, = {7 n : & = A}pne(n)
determined before the k-th episode begins. The agent’s goal is to maximize its cumulative rewards

Zle ZhH:1 ri,n over T' = K H steps, or equivalently, to minimize the following expected regret:

K
Reg(K) € ) Vi (s61) — Vi (s1)] »
k=1

where sy, 1 is the initial state of episode k.

2.1 FACTORED MDPs

A factored MDP is an MDP whose rewards and transitions exhibit certain conditional independence
structures. We start with the formal definition of factored MDP (Boutilier et al.| [2000; |Osband &
Van Roy, [2014b; Xu & Tewari, 2020; Lu & Van Royl}2019). Let P(X', }) denote the set of functions
that map z € X to the probability distribution on ).
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Definition 1. (Factored set) Let X = X X --- X Xy be a factored set. For any subset of indices
Z C {1,2,...,d}, we define the scope set X|Z] := ®Q;czX;. Further, for any x € X, define the
scope variable x[Z] € X[Z] to be the value of the variables x; € X; with indicesi € Z. If Z is a
singleton, we will write x|i] for x[{i}].

Definition 2. (Factored reward) The reward function class R C P(X,R) is factored over S x A =
X = Ay X -+ X Xy with scopes Z1,--- ,Zp, if forall R € R,x € X, there exist functions
{R; € P(X[Z;],]0,1])};", such that r ~ R(z) is equal to = 37" | r; with each r; ~ R;(x[Z;])
individually observed. We use R; to denote the expectation E[R;).

Definition 3. (Fuctored transition) The transition function class P C P(X,S) is factored over
SXA=X=X, X - xXyand S = S x --- X S, with scopes Z1,--- , Z, if and only if, for
allP € P, x € X, s € S, there exist functions {P; € P (X [Z;] ,‘S'j)};.;1 such that P(s | z) =

15— P; (sl | = [Z))-

A factored MDP is an MDP with factored rewards and transitions. A factored MDP is fully
characterized by M = ({Xi}?zl AZEY" R ASi Y {Zf};;l AP Y, ;H), where

1=

X =8 x A {2z}, and {Z]}7_, are the scopes for the reward and transition functions, which
we assume to be known to the agent.

An excellent example of factored MDP is given by Osband & Van Roy (2014), about a large produc-
tion line with d machines in sequence with S; possible states for machine i. Over a single time-step
each machine can only be influenced by its direct neighbors. For this problem, the scopes Z and
ZF of machine i € {2,...,d — 1} can be defined as {i — 1,4,i + 1}, and the scopes of machine 1
and machine d are {1, 2} and {d — 1, d} respectively. Another possible example to explain factored
MDP is about robotics. For a robot, the transition dynamics of its different parts (e.g. its legs and
arms) may be relatively independent. In that case, the factored transition can be defined for each
part separately.

For notation simplicity, we use X'[i : j] and S[i : j| to denote X [Uy—; . ;Zx] and ®£:i8k re-

spectively. Similarly, We use Pj;.;(s'[i : j] | s,a) to denote [T, _, P(s'[k]|(s,a)[ZF]). For every

V : S — R and the right-linear operators P, we define PV (s, a) o YoeesP(s' | s,a)V(s'). A

state-action pair can be represented as (s, a) or z. We also use (s, a)[Z] to denote the corresponding
x[Z] for notation convenience. We mainly focus on the case where the total time step 7' = K H is
the dominant factor, and assume that 7" > |X;| > H during the analysis.

3 RELATED WORK

Exploration in Reinforcement Learning Recent years have witnessed a tremendous of work for
provably efficient exploration in reinforcement learning, including tabular MDP (e.g., [Dann et al.,
2017; |Azar et al., 2017; Jin et al., 2018} Zanette & Brunskill, 2019), linear RL (e.g., Jiang et al.,
2017;|Yang & Wangl 2019; Jin et al.| 2020; |[Zanette et al.| 2020), and RL with general function ap-
proximation (e.g.,|Osband & Van Roy, 2014aj|Ayoub et al.,[2020; Wang et al.,2020). For algorithms
in tabular setting, the regret bounds inevitably depend on the cardinality of state-action space, which
may be excessively large. Based on the concept of eluder dimension (Russo & Van Roy,[2013), many
recent works proposed efficient algorithms for RL with general function approximation (Osband &
Van Royl 2014a; |Ayoub et al., 2020; [Wang et al.l 2020). Since eluder dimension of the function
class for factored MDPs is atmost O (>_;"; [X[Zf][ + Y1, |X[Z]]]). itis possible to apply their
algorithms and regret bounds to our setting, though the direct application of their algorithms leads
to a loose regret bound.

Factored MDP Episodic FMDP was studied by |Osband & Van Roy|(2014b)), in which they pro-
posed both PSRL and UCRL style algorithm with near-optimal Bayesian and frequentist regret
bound. In non-episodic scenarios,  Xu & Tewari| (2020) recently generalizes the algorithm of |Os-
band & Van Roy|(2014b) to the infinite horizon average reward setting. However, both their results
suffer from linear dependence on the horizon (or the diameter) and factored state space’s cardinality.

Concurrent with our work is the recent paper by [Tian et al.| (2020), which also applies UCBVI
and EULER to factored MDPs. Compared with their results, we propose a more refined variance
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decomposition theorem for factored Markov chains (Theorem [I)), which results in a better regret
by a factor of /n; the theorem is also of independent interest with potential use in other problems
in factored MDPs. Furthermore, we formulate the RLwK problem, and provide a sample-efficient
algorithm based on our FMDP algorithm.

Constrained MDP and knapsack bandits The knapsack setting with hard constraints has already
been studied in bandits with both sample-efficient and computational-efficient algorithms (Badani-
diyuru et al.; 2013 |Agrawal et al., 2016). This setting may be viewed as a special case of RLwK
with H = 1. In constrained RL, there is a line of works that focus on soft constraints where the con-
straints are satisfied in expectation or with high probability (Brantley et al.l 2020; Zheng & Ratliff]
2020), or a violation bound is established (Efroni et al., 2020; Ding et al., |2020). RLwK requires
stronger constraints that is almost surely satisfied during the execution of the agents. A more related
setting is proposed by Brantley et al.[| (2020), which studies a sample-efficient algorithm for knap-
sack episodic setting with hard constraints on all K episodes. However, we require the constraints
to be satisfied within each episode, which we believe can better describe the real-world scenarios.
The setting of |Singh et al.| (2020) is closer to ours since they are focusing on “every-time” hard
constraints, although they consider the non-episodic case.

4 MAIN RESULTS

In this section, we introduce our FMDP-BF algorithm, which uses empirical variance to construct
a Bernstein-type confidence bound for value estimation. Besides FMDP-BF, we also propose a
simpler algorithm called FMDP-CH with a slightly worse regret, which follows the similar idea of
UCBVI-CH (Azar et al.| [2017). The algorithm and the corresponding analysis are more concise and
easy to understand; details are deferred to Section

4.1 ESTIMATION ERROR DECOMPOSITION

Our algorithm will follow the principle of “optimism in the face of uncertainty”. Like ORLC (Dann
et al.,|2019) and EULER (Zanette & Brunskill, 2019)), our algorithm also maintains both the opti-
mistic and pessimistic estimates of state values to yield an improved regret bound. We use V', j,
and V. ;, to denote the optimistic estimation and pessimistic estimation of V", respectively. To
guarantee optimism, we need to add confidence bonus to the estimated value function Vk, n at each
step, so that V5 (s) > V;*(s) holds for any k € [K], h € [H] and s € S. Suppose Ry, ; and
]f”k, ;j denote the estimated value of each expected factored reward I?; and factored transition prob-

ability IP; before episode k respectively. By the definition of the reward R and the transition [P,

~ def m A ~ o def . L _ .
we use R = L5 Rk, and Py, = H;L:1 Py ; as the estimation of R and PP. Following the

previous framework, this confidence bonus needs to tightly characterize the estimation error of the
one-step backup R(s, a) +PV,*(s, a); in other words, it should compensate for the estimation errors,

(Rk - R) (s,a) and (}fpk. - ]P) V¥ (s, a), respectively.

For the estimation error of rewards (Rk — R) (sk7h, ax.n), since the reward is defined as the average

of m factored rewards, it is not hard to decompose the estimation error of R(s,a) to the average of
the estimation error of each factored rewards. In that case, we separately construct the confidence
bonus of each factored reward R;. Suppose Cij P (s, a) is the confidence bonus that compensates

I - - def
for the estimation error Ry, ; — R;, then we have CBJi(s,a) = L 3" CBE (s, a).

~m

For the estimation error of transition (]f”;C — IP’) Vi +1(sk,h, ag,p). the main difficulty is that I@’k

is the multiplication of n estimated transition dynamics ]f”;” In that case, the estimation error

(I@’k — IP’) Vi +1(5k,h, ar,p) may be calculated as the multiplication of n estimation error for each

factored transition I@’k,i, which makes the analysis much more difficult. Fortunately, we have the
following lemma to address this challenge.
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Lemma 4.1. (Informal) Let the transition function class P € P(X,S) be factored over X =
Xy X xXg,andS =81 x -+~ xSnwithscopestD,--- ,fo. For a given function V : § — R,
the estimation error of one-step value |(P, — P)V (s, a)| can be decomposed by:

n

|(]f”k7IP’)V(s,a)|§Z Pri =) | J] Pi| Vis,a)|+ Benls,a)

j#iG=1

Here, 3, 1 (s, a), formally defined in Lemma are higher order terms that do not harm the order
of the regret. This lemma allows us to decompose the estimation error (I@’k — IP’) Vi +1(sk, hy Gkl

into an additive form, so we can construct the confidence bonus for each factored transition

P; separately. Let CB,f ,r(s,a) be the confidence bonus for the estimation error (Pj; —
2!
def

P;) (H;j,t:l ]P’t) V(s,a). Then, CB}(s,a) = Z;.L:l CB;izf(S’a) + Mk.n(s,a), where
Mk,1 (8, @) collects higher order factors that will be explicitly given later.

Finally, we define the confidence bonus as the summation of all confidence bonuses for rewards and
transition: C' By (s, a) = CBE(s,a) + CBF (s, a).

4.2  VARIANCE OF FACTORED MARKOV CHAINS

After the analysis in Section the remaining problem is how to define the confidence bonus

CB,’;:' ZR (s,a) and C’Bl‘z zr (s,a). In this subsection, we tackle this problem by deriving the vari-

ance decomposition formula for factored MDP. To begin with, we consider Markov chains with
stochastic factored transition and stochastic factored rewards, and deduce the Bellman equation of
variance for factored Markov chains. The analysis shows how to define the empirical variance in the
confidence bonus for factored MDP and gives an upper bound on the summation of per-step variance

(Corollary [LT).

In the Markov chain setting, the reward is defined to be a mapping from S to R. Suppose J;, .+, ($)
denotes the total rewards the agent obtains from step ¢; to step to (inclusively), given that the agent
starts from state s in step ¢1. Ji .+, 1S a random variable depending on the randomness of the
trajectory from step ¢; to ta, and stochastic rewards therein. Following this definition of J;,..,, we
define .J1. g to be the total reward obtained during one episode. We use s; to denote the random state
def

that the agent encounters at step t. We define w7 (s) = E [(Jh:H(sh) — Vi(sn))? |sn = s| to be
the variance of the total gain after step h, given that s, = s.

We define 0'%72»(8) &f VIRi(§)|€ =s] to be the variance of the i-th factored reward,

given that the current state is s. Given the current state s, we define the variance
of the next-state value function wrt.  the 4-th factored transition as: o’?gﬂ-’ n(8) o
B,y [1:i-1) [VS}Hrl[i] [ES;L+1[i+1:n] [Vh+1(sh+1)” | sp, = s] . That is, for each given s'[1 : ], we
firstly take expectation over all possible values of s'[i + 1 : n] w.r.t. Pli+1:n)- Then, we calculate
the variance of transition s'[i] ~ P;(+|(s,a)[ZF]) given fixed s'[1 : i — 1]. Finally, we take the
expectation of this variance w.r.t. s'[1: 4 — 1] ~ Py.;_q].

Theorem 1. For any horizon h € [H], we have wj(s) = - P(s'[s)wj 1 (') + 21, 0% 5(5) +
# Z:ll ‘7122,1'(5)-
Theorem generalizes the analysis of Munos & Moore|(1999)), which deals with non-factored MDPs

and deterministic rewards. From the Bellman equation of variance, we can give an upper bound to
the expected summation of per-step variance.

Corollary 1.1. Suppose the agent takes policy 7 during an episode. Let wy, (s, a) denote the proba-
bility of entering state s and taking action a in step h. Then we have the following inequality:

H n m
S 5 ) (SO + S et < o
=1

h=1 (s,a)eX =1
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where 0%, (s, a) &« Viri(&, Q) =s,(=al is the variance of i-th fac-

tored reward given the current state-action pair (s,a), and o% (V] ,s,a) =
]ESthl.[%:i_l]_[Vsh+1[i] [Esh,+1[i+1:n] [V}f+1(sh+1)}] | sp = s] is the variance of i-th factored
transition given current state s.

This corollary makes it possible to construct confidence bonus with variance for each factored re-
wards and transition separately. Please refer to Section for the detailed proof of Theorem |l|and

Corollary[I.1]

4.3 ALGORITHM

Our algorithm is formally described in Alg. [I} with a more detailed explanation in Section [C} De-
note by Ny ((s,a)[Z]) the number of steps that the agent encounters (s, a)[Z] during the first k
episodes. In episode k, we estimate the mean value of each factored reward R; and each fac-
tored transition IP; with empirical mean value Rk,i and I@’;w» of the previous history data £ respec-
tively. After that, we construct the optimistic MDP M based on the estimated rewards and transi-
tion functions. For a certain (s, a) pair, the transition function and reward function are defined as

Rk(s,a) = % >y Rk,i((s,a)[Zﬁ]) and I@’k(s' | s,a) = H?Zl Pk,j (s’[j] | (s,a) [ZJP])

Algorithm 1 FMDP-BF
Input: §
L =0, initialize N ((s,a)[Z;]) = 0 for any factored set Z; and any (s, a)[Z;] € X[Z;]
for episode k = 1,2,--- do
Set Vi ri1(s) =V goq1(s) = 0forall s, a.

5: Estimate the empirical mean Ry, and P, with history data L.
for horizon h = H,H — 1,...,1do
for s € S do
fora € A do

Q. (s,a) = min{H, Ry(s,a) + CBy(s,a) + Py Vi pi1(s,a)}
10: end for o
T.h(s) = argmax, Qy (s, a)
Vin(s) = maxaea Qp (5, a)

V. n(s) = max {0> Ryp(s, 7,0 (s)) — CBr(s, T (s)) + PeVy g (s, Wk,h(s))}
end for
15: end for
Take action according to 7y, ;, for H steps in this episode.
Update £ = LJ{sk s @k hs Th,h» Sk h+1 th=1.2,...,H, and update counter Ny_1((s, a)[Z;]).
end for

Following the analysis in Section[d.T]| we separately construct the confidence bonus of each factored
263, ,(s.0)LF
Ni—1((s,0)[Z])

8L
3Nk-1((s,a)[Z]1])’

reward R; with the empirical variance: C'B ]f: gr(s,a) = + i€

[m], where LE & log (18mT |X[ZF]| /6), and 6%, ; is the empirical variance of the i-th fac-

tored reward R;, i.e. &12%7k7i(s7a) = m Zﬁi}l)H 1 [(shat)[ZiR] = (s,a)[ZiRH 'rf)i —
. 2
(Bi((s,)(2RD))

We define L” = log (18nT'SA/S) for short. Following the idea of Lemma [4.1, we sepa-
rately construct the confidence bonus of scope Z! for transition estimation: OB, ,r(s,a) =

4&%,k‘i(vk=h+1’s7a)LP 2ug,p,i(s,a) LY
\/ Ne—i(aZlD TV N (Ga)lzm]
Ug,hi($,a) are defined later. 7y 5, ;(s, a) collects the additional bonus terms that do not affect the
order of the final regret. The precise expression of 7, 5, (s, a) is deferred to Section

) + Nkni(s,a), i € [n], where épy (s,a) and
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The definition of 6%, ,(V.nt1,8,a) corresponds to o3 ,;(V;",s,a) in Corollary which
can be regarded as the empirical variance of transition Py ;: &f, ki(vk7h+1,s,a) =

. R R I/ /
By ftsim 1oy iy Clsva) [Vs'mwk,i<-|<s7a)[zz°1> (Es'[wl:n]wk,[iﬂm]<»\s,a>V’€7h+1(3 )ﬂ :

To guarantee optimism, we need to use the empirical variance 6%, .(V*, s, a) to upper bound the
estimation error in the proof. Since we do not know V* beforehand, we use 6%, ,(Vg nt1, 8, a) as
a surrogate in the confidence bonus. However, we cannot guarantee that 6%, .(V*,s,a) is upper
bounded by 61237 k, (Vi ht1,8,a). To compensate for the error due to the difference between V* 1

2uy. p,i(s,a)LF
Ni—1((s,0)[Z]])

_ 2
ukoh,i(80) =By b LaClsa) [(E 0 P (sa) (Venit = Vi) (5/)) } '

Sli+1:n] ~Pr,fi41:m]

and Vk;,h_i'_l, we add to the confidence bonus, where wuy, 5, ;(s, a) is defined as:

4.4 REGRET

Theorem 2. Suppose |X[Z[]| < JR,|X[ZF]| < J* fori € [m],j € [n], then with prob. 1 —,
the regret of Alg. is (@) (\/JRTlog(mTJR/é) logT + /nHJFPTlog(nT'SA/S)log T) .

Note that the regret bound does not depend on the cardinalities of state and action spaces, but only
has a square-root dependence on the cardinality of each factored subspace X'[Z;]. By leverag-
ing the structure of factored MDP, we achieve regret that scales exponentially smaller compared
with that of UCBVI (Azar et al.| [2017). The best previous regret bound for episodic factored
MDP is achieved by |[Osband & Van Roy| (2014b). When transformed to our setting, it becomes

o (\/JRT log(mTJR/3) + nH\/TJPT log(nTJP /5)) , where I is an upper bound of | ;. This

is worse than our results by a factor of vnHI'. Concurrent to our results, |Tian et al. (2020)) also pro-
pose efficient algorithms for episodic factored MDP. When transformed to our setting, their regret

bound is @ (\/ JRT + nVHJP T) . Compared with their bounds, we further improve the regret by

a factor of y/n with a more refined variance decomposition theorem (Theorem .

4.5 LOWER BOUND

In this subsection, we propose the regret lower bound for factored MDP. The proof of Theorem [3]is
deferred to Section[Gl

Theorem 3. Suppose log, (|S;]) < &

for any i € [n], the regret of any algorithm on the factored

MDP problem is lower bounded by (% S| XIZE T+ L0 | X2 HT) .

The lower bound of [Tian et al.| (2020) is (max {maxi | XIZE]| T, max; /| X[ZF]| HT}),

which is derived from different hard instance construction. Their lower bound is of the same order
with ours, while our bound measures the dependence on all the parameters including the number of
the factored transition n and the factored rewards m. If |X[Z;*]| = J® and |X[ZF]| = JT, the

lower bound turns out to be {2 (\/ JET +VHJP T) , which matches the upper bound in Theorem
except for a factor of y/n and logarithmic factors.

5 RL wITH KNAPSACK CONSTRAINTS

In this section, we study RL with Knapsack constraints, or RLwWK, as an application of FMDP-BF.

5.1 PRELIMINARIES

We generalize bandit with knapsack constraints or BwK (Badanidiyuru et al.,|2013} |Agrawal et al.|
2016)) to episodic MDPs. We consider the setting of tabular episodic Markov decision process,
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(S, A, H,P, R, C), which adds to an episodic MDP with a d-dimensional stochastic cost vector,
C(s,a). We use C;(s,a) to denote the i-th cost in the cost vector C'(s, a). If the agent takes action
a in state s, it receives reward r sampled from R(s, a), together with cost ¢, before transitioning to
the next state s’ with probability P(s’|s, a). In each episode, the agent’s total budget is B. We also
use B; to denote the total budget of i-th cost. Without loss of generality, we assume B; < B for
all i. An episode terminates after H steps, or when the cumulative cost ), ¢ ; of any dimension
1 exceeds the budget B;, whichever occurs first. The agent’s goal is to maximize its cumulative

K H , .
reward Y ", >, 7,5 in K episodes.

5.2 COMPARISON WITH OTHER SETTINGS

While RLwK might appear similar to episodic constrained RL (Efroni et al., [2020; Brantley et al.,
2020), it is fundamentally different, so those algorithms cannot be applied here.

As discussed in Section[3] the episodic constrained RL setting can be roughly divided into two cat-
egories. A line of works focus on soft constraints where the constraints are satisfied in expectation,
ie. ZhH:1 Elck,»n] < B. The expectation is taken over the randomness of the trajectories and the
random sample of the costs. Another line of work focuses on hard constraints in K episodes. To be
more specific, they assume that the total costs in K episodes cannot exceed a constant vector B, i.e.

Zszl Zle ¢k, < B. Once this is violated before episode K < K, the agent will not obtain any
rewards in the remaining K — K episodes. Though both settings are interesting and useful, they
do not cover many common situations in constrained RL. For example, when playing games, the
game is over once the total energy or health reduce to 0. After that, the player may restart the game
(starting a new episode) with full initial energy again. In robotics, a robot may episodically interact
with the environment and learn a policy to carry out a certain task. The interaction in each episode
is over once its energy is used up. In these two examples, we cannot just consider the expected
cost or the cumulative cost across all episodes, but calculate the cumulative cost in every individual
episode. Moreover, in many constrained RL applications, the agent’s optimal action should depend
on its remaining budget. For example, in robotics, the robot should do planning and take actions
based on its remaining energy. However, previous results do not consider this issue, and use poli-
cies that map states to actions. Instead, in RLwK, we need to define the policy as a mapping from
states and remaining budget to actions. Section [H] gives further details, including two examples for
illustrating the difference between these settings.

5.3 ALGORITHM

We make the following assumptions about the cost function for simplicity. Both of them hold if all
the stochastic costs are integers with an upper bound.

Assumption 1. The budget B; as well as the possible value of costs C;(s,a) of any state s and
action a is an integral multiple of the unit cost %

Assumption 2. The stochastic cost C;(s,a) has finite support. That is, the random variable
C'(s,a) can only take at most n possible values.

The reason for Assumption [2]is that we need to estimate the distribution of the cost, instead of just
estimating its mean value. We discuss the necessity of the assumptions and the possible methods for
continuous distribution in Section

From the above discussion, we know that we need to find a policy that is a mapping from state and
budget to action. Therefore, it is natural to augment the state with the remaining budget. It follows
that the size of augmented state space is S - (Bm)?. Directly applying UCBVI algorithm (Azar

et al., 2017) will lead to a regret of order O <\/H SAT (Bm)d). Our key observation is that the

constructed state representation can be represented as a product of subspaces. Each subspace is rela-
tively independent. For example, the transition matrix over the original state space S is independent
of the remaining budget. Therefore, the constructed MDP can be formulated as a factored MDP, and
the compact structure of the model can reduce the regret significantly.

By applying Alg. [I] and Theorem [2] to RLwWK, we can reduce the regret to the order of
0] (\/ HSA(1+dBm)T ) roughly, which is exponentially smaller. However, the regret still de-
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pends on the total budget B and the discretization precision m, which may be very large for contin-
uous budget and cost. Another observation to tackle the problem is that the cost of taking action a on
state s only depends on the current state-action pair (s, a), but has no dependence on the remaining
budget B. To be more formal, we have b;, 11 = by — cp, where by, is the remaining budget at step
h, and ¢y, is the cost suffered in step h. As a result, we can further reduce the regret to roughly

O (\/ H dSAT) by estimating the distribution of cost function. A similar model has been discussed
in|Brunskill et al.[(2009)), which is named as noisy offset model.
Our algorithm, which is called FMDP-BF for RLwK, follows the same basic idea of Alg. We

defer the detailed description to Section [H] to avoid redundance. The regret can be upper bounded
by the following theorem:

Theorem 4. With prob. at least 1 — 0, the regret of Alg. W|is upper bounded by

@ (\/dHSAT (log(SAT) + dlog(Bm)))

Compared with the lower bound for non-factored tabular MDP (Jaksch et al.l |2010), this regret
bound matches the lower bound w.r.t. S, A, H and T'. There may still be a gap in the dependence of
the number of constraints d, which is often much smaller than other quantities.

It should be noted that, though we achieve a near-optimal regret for RLwK, the computational com-
plexity is high, scaling polynomially with the maximum budget B, and exponentially with the num-
ber of constraints d. This is a consequence of the NP-hardness of knapsack problem with multiple
constraints (Martello, [1990; Kellerer et al., | 2004). However, since the policy is defined on the state
and budget space with cardinality S B¢, this computational complexity seems unavoidable. How to
tackle this problem, such as with approximation algorithms, is an interesting future work.

6 CONCLUSION

We propose a novel RL algorithm for solving FMDPs with near optimal regret guarantee. It im-
proves the best previous regret bound by a factor of y/nH|S;|. We also derive a regret lower bound
for FMDPs based on the minimax lower bound of multi-armed bandits and episodic tubular MDPs
(Jaksch et al.l 2010). Further, we formulate the RL with Knapsack constraints (RLwK) setting, and
establish the connections between our results for FMDP and RLwK by providing a sample efficient
algorithm based on FMDP-BF in this new setting.

A few problems remain open. The regret upper and lower bounds have a gap of approximately /7,
where n is the number of transition factors. For RLwK, it is important to develop a computationally
efficient algorithm, or find a variant of the hard-constraint formulation. We hope to address these
issues in the future work.
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A NOTATIONS

Before presenting the proof, we restate the definition of the following notations.

Symbol Explanation
Sk.hs Gk hy The state and action that the agent encounters in episode k and step h
Lt log (18nT'SA/S)
LE log (18mT | X[ZF]| /5)
XP X(zP]
X X[z
Ni((s,a)[Z])  the number of steps that the agent encounters (s, a)[Z] during the first k& episodes
PV (s,a) A shorthand of ), . s P(s'[s,a)V (s')
, 41,|LP 418,|L”
AT Ne—1((s,a)[2]])  3Nk-1((s,0)[Z]])
Pr,i(s,a) 4 + 4
5'12%,1‘ (s,a) The empirical variance of reward R;
agi(v, s, a) the next state variance of PV for the transition P;,
e Eor1:i1)nPy (1s.a) {stmwi(w(s,a)[zf]) (Es’[z‘+1:n]~ﬂm+1m]<-|s,a>V(8’))}
6pki(V,s,a) the empirical next state variance of P, V' for the transition PPy, ;,
: . . . /
Lo By 1)y 1. (1s,a) {Vs’[i]m,i(-\(s,a){z;’]) (Es'[@lmwkmm(-|s,a>V(S ))]
Qi The optimism and pessimism event for k, h: {Vin > Vi >V, 4
Q) The optimism and pessimism events forall 1 <k < K,1 < h < H,ie. Ug Qs p
Wi, b,z (8, a) The probability of entering (s, a)[Z] at step h in episode k
wk,Z(&a) Zthl Wk,h,z(S,CO
wi,h (s, a) The probability of entering (s, a) at step h in episode k,
ie. wgnz(s,a)with Z ={1,2,...,d}
wi(s,a) Do Wioh(5,0)

B OMITTED DETAILS FOR FMDP-CH

In this section, we introduce our algorithm with Hoeffding-type confidence bonus and present the
corresponding regret bound. Our algorithm, which is described in Algorithm 2] is related to UCBVI-
CH algorithm (Azar et al.|[2017), in the sense that Algorithm[Z]reduces to UCBVI-CH if we consider
aflat MDP withm =n=d = 1.

Let Ni((s,a)[Z]) denote the number of steps that the agent encounters (s,a)[Z] during the
first k& episodes, and Ny((s,a)[Z;],s;) denotes the number of steps that the agent transits to a
state with s[j] = s; after encountering (s,a)[Z;] during the first k episodes. In episode k,
we estimate the mean value of each factored reward R; and each factored transition IP; with
empirical mean value Ry, and P ; respectively. To be more specific, Ryi((s,a)[Zf]) =
Zf,g(k—l)H ]1[(st,at)[ZiR]:(s,a)[Zf]]wt,i
Ni—1((s,0)[Zf])

, where 7, ; denotes the reward R; sampled in step ¢, and

~ s,a P1,slj T ~
Prj (slill(s,a)[Z]]) = N’j\;klfi(’(s)l[jfz]g][)]]). After that, we construct the optimistic MDP M based

on the estimated rewards and transition functions. For a certain (s, a) pair, the transition func-
tion and reward function are defined as Ry (s, a) = - 3" Ry ;((s,a)[ZF]) and Py (s’ | 5,a) =
[T Bry (' | (5,0) [2]7])-

We define LF = log (18mT |X[ZZ»R]| /5) LY = log(18nTSA/S) and ¢y i(s,a) =

408, |LP n 4)8;|L
Ni—1((s,a)[Z]]) 3Ny-1((s,0)[Z]])

. We separately construct the confidence bonus of each fac-

12
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Algorithm 2 FMDP-CH
Input: J,
history data £ = (), initialize N ((s,a)[Z;]) = O for any factored set Z; and (s, a)[Z;] € X[Z;]
for episode k£ = 1,2, ... do
Set Vkﬂ“(s) = 0 for all s.
5: Estimate Ry ;(s,a) with empirical mean value if Nj_i((s,a)[Z]) > 0, otherwise
Ry.i(s,a) = 1, then calculate R(s,a) = = 37 Ri((s,a)[Z]))
Let Kp = {(s,a) €S XA, Uie[n}Nk((S,a)[ZiPD > O}
Estimate P (-|s, a) with empirical mean value for all (s,a) € Kp
for horizon h=H,H —1,...,1do
for all (s,a) € S x A do

10: if (s.a) € Kp then
Qr.n(s,a) = min{H, Ri(s,a) + CBy(s,a) + Py Vi n+1(s,a)}
else
Qkyh(s, a) = H
end if R
15: Vie,n(8) = maxqe 4 Qu,n(s, a)
end for
end for

forsteph=1,--- ,H do
Take action ay, ;, = arg max, Qk,h(sk}h, a)
20: end for
Update history trajectory £ = LJ{sk n, @k h: Tk h, Skh+1h=1,2,.... i, and update history
counter Ny _1((s,a)[Z;]).
end for

tored reward R; and factored transition P; in the following way:

OB (o) = | s € lm v
w2r NN (o)
P B 2H2LP ] - . ]

CBE 3o (s,a) _\/Nk_l((s,a)[ZiP]) + H¢kﬂ(s,a)j:1z;# Pr,j(s,a), i€ n] ?2)

We define the confidence bonus as the summation of all confidence bonus for rewards and transition,
3 _ 1 m R n P
ie. OBi(s,a) = - > 1", CBk,Z}? (s,a) + 225, CBk,Zf (s,a).

We propose the following regret upper bound for Alg. 2]
Theorem 5. With prob. 1 — 6, the regret of Alg.[2|is upper bounded by

Reg(K) =0 % i \/|X[Zﬁ]| Tlog(mT|X[ZF]]/8) + zn: H\/|X[Zf]| Tlog(nTSA/6)

i=1 j=1

Here O hides the lower order terms with respect to T.

C OMITTED DETAILS IN SECTION [4]

In this section, we clarify the omitted details in Section @] The detailed algorithm is described
in Alg. 3l we denote Ni((s,a)[Z]) as the number of steps that the agent encounters (s,a)[Z]
during the first k episodes, and Ny((s,a)[Z,],s;) as the number of steps that the agent tran-
sits to a state with s[j] = s; after encountering (s,a)[Z;] during the first k episodes. In
episode k, we estimate the mean value of each factored reward R; and each factored transition PP;

with empirical mean value RM and I@’M respectively. To be more specific, Rk,i((s, a)[ZE]) =

13
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ooy L5000 [ZF)=(5.0) [ ZF]] re s
Ni—1 ((5-0) [ZF])

Ni—1((s,a)[ZF1,s[4])
By (slill(s. @)[2F) = M52 T

, where 7, ; denotes the reward R; sampled in step ¢, and

The formal definition of the confidence bonus for Alg. [T]is:

LE 8Lf
CBk ZR 5,a) (s,a) ZR]) * 3Nk-1((s,a)[ZF]) o
7 ht1,8,a)LF 2up p,i(s, a)LE

CB}, zr(s,0) \/ (s, 0)[ZP]) + \/Nkl((s,a)[ZiP]) @

. 16H2LP E": 418;|L” %+ __ AL

Nk 1 S Cl ZP le Nk 1( )[ZJPD 3Nk_1(8’a')[ZJP]
®)
3 Honals, a)n (s, a), ©

j=1
4]S;|LP 4ls;1L"

where ¢y ;(s,a) = N2 (2 ) [ZF]) + N (527D The definition of n (s, a) is

16H2LP = 41S;|LF i 418;|L
%Vk (02 = (Nk 1<s,a>[z;°]>> +\/3N<>[z +ZH¢M 5 a)r5(5, @).

le

Theorem 6. (Refined Statement of Theorem|2) With prob. at least 1 — 6, the regret of Alg. [I|is upper
bounded by

% i \/|X[Zﬁ}| Tlog(mT |X[ZE]| /§)log T + Z H|X[ZF]| Tlog(nTSA/8)log T

i=1 =1

For clarity, we also present a cleaner single-term regret bound under a symmetric problem setting.
Suppose M is a set of factored MDP with m = n, [S;| = S;, |X;| = S;A; and |Z[F| = [ZF] = ¢
fori =1,...,mand j = 1,...,n, we write X; = (5;4;)¢ and assume that X; < .J and S; <T.

Corollary 6.1. Suppose M* € M, with prob. 1 — 9, the regret of FMDP-BF is upper bounded by
o (\/nHJT 1og(nTSA/5))

The minimax regret bound for non-factored MDP is O (\/ HSAT log(SAT/d )) Compared with
this result, our algorithm’s regret is exponentially smaller when n and ( are relatively small. Under
this problem setting, the regret of |Osband & Van Roy| (2014b) is O (nH\/FJT 1og(nJT)). Our

results is better by a factor of vVnHT'.

D HIGH PROBABILITY EVENTS

In this section, we discuss the high-prob. events, and assume that these events happen during the
proof.

14
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Algorithm 3 FMDP-BF (Detailed Description of Alg.
Input: §
L =0, initialize N((s,a)[Z;]) = 0 for any factored set Z; and any (s, a)[Z;] € X[Z]
for episode k = 1,2,--- do
Set Vi rr1(s) =V goq(s) = 0forall s, a.
5: Let K = {(s,a) € S x A: Ni=1,.. o Ni((s,a)[Z]]) > 0}
Estimate ]A%;m-(s, a) as the empirical mean if Ny_1((s,a)[Z5]) > 0, and 1 otherwise
R(s,a) = 5 30, Ri((s,0)[Z]])
Estimate Py (-|s, a) with empirical mean value for all (s, a) € K
for horizonh = H,H — 1,...,1do
10: for s € S do
fora € A do
if (s,a) € K then
Q. n(s,a) = min{H, Ri(s,a) + CBy(s,a) + PrVi ni1(s,a)}
else
15: Qpp(s,a)=H
end if
end for o
Thn(s) = arg max, Qy (s,0)
Vin(s) = maxae 4 Qp (5, a)

20: Vi a(s) = max {o, Rie(s,7.0(5)) — CBi(s, T n(5)) + PV oy pir (5, m,h(s»}
end for
end for
forsteph=1,--- ,H do o
Take action ay, j, = arg max, Qy, 5, (Sk,n, @)
25: end for
Update history trajectory £ = LJ{Sk,n, @k hs Tk > Skh+1th=1,2,.... 0, and update history
counter Ny_1((s,a)[Z;]).
end for

Lemma D.1. (High prob. event) With prob. at least 1 — 26/3, the following events hold for any
k,h,s,a:

(B i(5,0) 21) = Ri((s,)[207)] < \/ e € )
o JTPesVi o —jf[lpjv,f(s,a) < \/ e el ®
(B~ B (|(s,0) (20D < 2\/ s e s el ©)
Bus =P, )l D < ¢ o st S 0

EH: (]P’ (Vk,hﬂ - Vh’fjl) (S Qn) — (VM+1 - Vh’rjl) (sk,hﬂ)) < /2HT 1log(18SAT)

h=
(11)

gt

M=
M=

(]P’ (Vk,h+1 - Vh*+1) (Sk,n> Qk,hn) — (Vk,h+1 - Vh:—l) (Sk,h+1)) < /2HT log(18SAT)

12)

>~
Il
—
>
[
—

We define the above events as A1, and assume it happens during the proof.
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Proof. By Hoeffding’s inequality and

X[Z1], we know that Ing. [7 holds with prob. 1 —

union bounds over all ¢ € [m], step k € [K] and (s,a) €

8 forany i € [m],k € [K],(s,a) € X[Z]].

Similarly, by Hoeffding’s inequality and union bounds over all ¢ € [n], step ¢ and (s,a) € X,

Ing. 8| also holds with prob. 1 — g for

any i, s, a, k. Inq. |§Iis the high probability bound on the L4

norm of the Maximum Likelihood Estimate, which is proved by [Weissman et al.| (2003). Inq.
can be proved with the use of Bernstein inequality and union bound (See |Azar et al.| (2017) for a
similar derivation). Inq.[l1|and Inqg.|12|can be regarded as the summation of martingale difference
sequences, which can be derived with the application of Azuma’s inequality. Finally, we take union

bounds over all these inequalities, which indicates that A; holds with prob. at least 1 — 24/3.

O

For the proof of Thm. [2] we also need to consider the following high-prob. events. We define the
following events as Ay. During the proof of Thm. 2] we assume both A; and A, happen.

Lemma D.2. With prob. at least 1 — §/3, the following events hold for any k, h, s, a:

. _ 262 .(s,a)Lf R '
Rial(s,0)[209) = Baal (s, 0127)| < \/ T~ R
(13)
(Pri —Py) [ [P Vi (s,0)| < 20}23”’(VJ+1’8’G)LP+ 2HL” e [n] (14)
bR O SN (G20 3N (il
Ni((s, @)[ZED) 2 3 3wy 21 (5,0) — Hlog(18n X H/5),i € [n] (15)

i<k

Proof. Inq.[13|can be proved directly by empirical Bernstein inequality. Now we mainly focus on

Ing. By Bernstein’s inequality and

union bounds over all s, a, k, h, we know that the following

inequality holds with prob. at least 1 — g.

(Bri — i) [T BiVia (s, 0)
i

>

s'[lii—1]eX[1:d—1]

>

s'[lii—1]eX[1:d—1]
' [Lii—1]€X[1ri—1]

202 (Vi1 8,0) L7

P(s'[1:7—1]|s,a)

< P(s'[1:4i—1]|s,a)

+ P(s'[1:7 —1]|s,

n

(fp’k,i—ﬁ”i) II BiVii(s.a)
j=i+1

2Var () wp, (|(s,a)[2P)) (Es’[i+1:n]~IP’[,;+1:n](~|s,a)Vh+1(3/) | s'[1:i— 1]) LF

Ni-1((s,@)[Z]])

2H P
3Nk-1((s,a)[Z]])

a)

2HLY

Ni-1((s,0)[Z]])) ~ 3Ni-1((s,

.

a)[Z]])

The last inequality is due to Jensen’s inequality. That is,

Cq

CiP(s'[1: i —1])

> P(sS[L:i—1))

s'[1:4—1]

\/Nk—l((

s,0)[Z]])

>

s'[1:3—1]

:\/202(

Ni—1((s, a)[ZiP])

1

Vi Neer (s )1 27])

h+1°

s,a)L¥ -

where P(s'[1 : ¢ — 1]) is a shorthand of P(s'[1 : ¢ — 1]|s, a), and C here denotes
2Var g p,(-|(s,a)[2F]) (Es/[i+1:n]~]}”[i+1:n](.|5}a)V(S/) | s'[1:0— 1]) LE.

Ing. follows the same proof of the failure event I’V in section B.1 of Dann et al.| (2019).

O
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E PROOF OF THEOREM

E.1 ESTIMATION ERROR DECOMPOSITION

Lemma E.1. The estimation error can be decomposed in the following way:
n
(Br = P)(-Is,a)ls <D (i = Po)(|(s,0)[Z D (16)
i=1

n

|(]f”k7IF’)V(s,a)|§Z Pri—B) | J] Pi|Vis,a)

=1

£ Y Wi |(Bri—B) Gl (27D - [(Brs =) Gl 27D
i=1 j#ij=1

A7)

here V' denotes any value function mapping from S to R, e.g. V", | or ‘A/k.,h_‘_l - Vi

Proof. Ing.[I6]has the same form of Lemma 32 in [Li/ (2009) and Lemma 1 in|[Osband & Van Roy
(2014b). We mainly focus on Inq. We can decompose the difference in the following way:

‘(]@k — P)V(s,a)’

n—1 n—1 n—1
Py, — P H]P’Vsa Po(] Bri = [T POV (s,0)| + | (Prn — HIP’;”—HIP’ )W*(s,a)
i=1 i=1 i
(18)
For the last term of Inq. |'1;8'|, we have
n—1
Pkn_ H]P)kl H]P’Z)Vsa
R n—1
<|(Bun—2.) (a2 -] ) = T BiCls.alz D] - IVis
i=1 1
n—1
<|(Brn ~Pu) Cl(s, 20| ‘(]P’l P) (1(s,)[ZFD)| - IV ]oo:
<|(Px. (s,0) Z ‘ (5,012 - IV
Where the last inequality is due to Ingq. @
For the second part of Inq.[T8] we can further decompose the term as:
n—1 n—1
Pn <H ﬁpk,i — HPZ> Vs a)
i=1 i=1
R n—2 n—2 ) n—2
<P, (Pk,n,l - Pn,l) [[B:V(s.a)| + [PuPuss (H Pri— [ IPi) V(s,a
i=1 i=1 i=1
n—2
+ P (i1 — P )(Hﬂ% HR)VSa (19)
i=1

Following the same decomposition technique, we can prove Inq.[I7]by recursively decomposing the
second term over all possible n:

n

|<M—P>v*<s,a>|s§j@k,i—ﬁ%) II Pi|Visa)

j#iG=1

£33 (BB sz | (Bs - B) Gl 2D, -1V

i=1 j#i,j=1

17
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O

Lemma E.2. Under event Ay, then the following Inequality holds:

) - 1> 2LE

Ry(s,a) — R(s,a)| < — y 0
|Bx(s, a) = R(s,a)l m ; Ny—1((s,a)[Z]1])

) " 4|8, LP 4|S;|L”

P, —P)(-|s,a)|1 < + @D
(P = P)(:s,0)x ;<\/Nk 1((5,0)[ZF]) " 3Nk-a((s,0)[2]))

2H2LP
Ni—1((s,a)[Z]])

U 4|8;|LF 4|8;|LP 4|8;|LP 4|8;|1LF
- ;jg;_lH (\/Nk—ﬂ(s,a)[Zf]) i 3Nk—1((s,a)[Zf])> (\/Nk—ﬂ(s,a)[Zj’D * SNk—l((S,a)[Zf])>
(22)

(=P (0l < 3

Proof. Inq.[20|can be proved by Lemma|[D.T}

) _ 1 & . = l§ 2Lf
|Rii(s,a) — R(s,a)| < %i:ZJRk(SﬂI) — R(s,a)l < g; Ni—1((s. a)[Z]])

Inq. 21]follows directly by applying Lemma [D.T]to Lemma [ET]

) n " 4|Si|LP 4|S;| LP
|(Px —P) (s, a) g (Pri — P;)(|(s,0)[ZF )]s < g (\/Nk (s 91Z7]) + 3Nk_1((s,a)[Zf])>

Similarly, Inq[22]can be proved by:
(B, —P)V*(s,a)]

(Pri — P;) ( ﬁ Pj) V*(s,a)

i#ig=1

+zn: zn: H’(IP;”—IP> sa)[ZP])L-‘(ﬁ”k,j—Pj)(-l(s,a)[Zf])’

1

i=1 j#i,j=1
" 2H2LF
<2 \/ Noa (5, @) ZF)
- 41S;|LP 418;|L* 4|8,|LP 4|8;|LF
: ;jgf <\/ Ner((s,a)(ZF]) 3N“<<s,a>[zz’1>> (\/ Neot (s, )(27)) szv“((s,a)[z;’]))

O

E.2 OPTIMISM

Lemma E.3. (Optimism) Under event A1, Vk)h(s) > V5(s) for any k, h, s.

Proof. We prove the Lemma by induction. Firstly, for h = H + 1, the inequality holds trivially
since Vi, gry1(s) = Vi ,,1(s) = 0.

Vin(s) = Vi (s)
>R (s, (5)) + CB(s, 7, (5)) + PiVinrr (5,77 () = R(s, w5 (8)) — PV (s, (s))

=Ri(s,m5(5)) — R(s,m,(5)) + CBu(s,m,(8)) + P (Vienr — Viria) (s, 15 (8)) + (Bi = P)Viiyy (5,7 (5))
> Ri(s,m5(s)) — R(s,m,(s)) + CBu(s,m, () + (Br — B)Vyiys (5,7°(5))
>0
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The first inequality is due to Vj,(s) > Q. x(s, 75 (s)). The second inequality follows by induction

condition that Vj. 11(s) > V; ,1(s) for all s. The last inequality is due to Inq. 20{and Inq. [22}in
LemmalE2] O

E.3 PROOF OF THEOREM[3|

Now we are ready to prove Thm. [3]

Proof. (Proof of Thm.[5)

Vi (k1) = Vi * (Sk,n)

<Vin(skn) — Vii* (Sk,n)

:Rk(sk,h; T h (Sk,n)) + kak,h+1(5k,ha T, (Sk,n)) + CBr(Sk,h, Ti,n (Sk,n))
— R(k,n T, n (85,0)) — PViEy (Skon Thon (Sk,0))

=Viehs1(Skht1) — Vit (8kht1) + R (s, T n(sk.0)) — R(8, 7 1 (sk.1)) + CBr(sk.n, 75 (5))
+P (Vk,h+1 - Vﬂﬁ) (8k,hs Th,h (Sk,h)) — (Vk,h+1 - Vhﬂfl) (8k,h+1)
+ (Pk - P) Vi1 (Sk,ns Ton (Sk,n))
+ (I@’k — P) (Vk,h+1 - Vf+1> (Sk,hs T n (Sk1))

The first inequality is due to optimism Vk,h(sk,h) > Vi (sk,n). The first equality is due to Bellman
equation for V,"* and V, .

For notation simplicity, we define
Sk = Ri(s, men(se,n)) — R(S, Toon (S0,
5;2@,;1 =P (Vk,h+1 — Vhﬂﬁl) (Sk,hs T, n (Sk,n)) — (Vk,hﬂ - V;fﬁ) (Sk.h+1)

Spn = (]f”k - P) Vi1 (Sk,hs Thon (Skn))

Firstly we focus on the upper bound of (IAP;C,h — IF’) (Vk,h_t'_l — Vh*+1) (Sk,hs Thn (Sk.p)). We bound
this term following the idea of |Azar et al.| (2017).

(Pk — P) (Vk,h+1 — Vht&-l) (Sk,n, Qk.n)

<> ®-P) [ P (Vk htl — Vi+1) (Sk,n> @)

i1 j=1,j#6
S5 enmann 2], -2 stz
n P\T P P n R
< ; /M;S Nk . |f[aZ)[Z]zPLD + 3Nk_1(é,a)[2f]) j:g# P; (Vk,thl - Vh*+1) (Sk,hs Qb))

4l8;|LP

4|S;|LP 4|S LY 4|S |LP i
D3 H(\/ Nt ) (27)) T 3N (s )20 ) (\/ Nt (s, 27 3Nk (s 2]

i=1 j#i,j=1

[IX[Zf LY T |S;|HLP
< P; (Vi vV Sk.hy, G +
;H]%M Nk 1<<s7a>[2ﬂ>Jg¢, (P = Vi) o) Z:wkl (s.0)[Z]])

4|S;|LP

3 4|8;|LP 4|S |LP 418;|LP )
Rk H<\/N’“((S’a”zf )" (G o ) WN S T N () 2]

i=1 j#ij=1
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The first inequality is due to Lemma[E-I] The second inequality is because of Lemma|[D.T] and the
last inequality is due to the fact that ‘Vk’hJ’,l -V +1’ <H.

For each i € [n], we consider those s'[i] satisfying Ny_1((s, a)[ZF))P;(s'[i]|(sk.n, ak.n)[ZF]) >
2n2H2LY and Ni_1((s,a)[ZF)Pi(s'[i]| (Sk.n, ar.n)[ZF]) < 2n2H2LT separately.

For those s'[i] satisfying Ny_1((s,a)[ZF])P;(s'[d]|sk.n, ar.n) > 2n2H2LE, the first term can be
bounded by

[i)|X[ZF)LP 1 . .
E E | I P; (Vihtr — V3 (Sk,h» Gk,h)
P J ) +1 ) )

i=1 s'[i]eS]i] Nk 1<(S’a)[Zi D j=1,j#i ( )

Lr - 5 .
DI XZPD\/ E AR e ) L1 B e = Vi) (o

i=1 s/[1]€8l]

—_

<=P (Vk,h+1 - Vf;—l) (Sk,h» Qk,h)
(Vk,h+1 — V;TH) (Sk,ht1s ki ht1)

1 N .
+ T (IF’ (Vk,h+1 - V}f+1> (Sk,hs Ok,n) — (Vk,h+1 - Vﬁ+1) (Sk,h+1, ak7h+1)>

where the second term can be regarded as a martingale difference sequence, and we denote it as
5k,
k,h

T~ =

For those s'[i] satisfying Ny._1((s,a)[ZF])P:(s'[i]|sk ., ak.n) < 2n2H2LY, the summation can be
bounded by

= nH2|5 |LP
Z Ni—1((s,a)[ZF])

i=1

For notation simplicity, we define 67 , as:

A 418;|LP 418;|L* 4|8;|LF 4|8;1LF
=2 2 M <\/ N (s )2F)) 3Nk_1<<s,a>[2ﬂ>> (\/ Nt (5 @) [Z1T) " 3Nua (s @) Z]])

i=1 j#i,j=1

+z”: 2nH2|3 |LP
Ni—1((s,a)[ZF])

To sum up, by the above analysis, we prove that
0 9 * 1 " *
(Pk,h - IF’) (Vk,h+1 - Vh+1> (8., Teh(sk,0)) < 27 (Vk,h+1 - Vh+1) (Sk,ht1sakpns1) + 0 + 03

Now we are ready to summarize all the terms in the regret. Firstly, we recursively calculate the
regret for all h € [H].

Vi (skayak1) — Vi (sk1y ak1) < Vi (sk1saxa) — V™ (sk.1,ax1)
1 -
SCB(sk,1,ar,1) + 031+ 051 + 00 + 0 + 050 + (14 57) (Vea(sk2, ak2) = V5™ (k.2 ax.2)

h—1
1
< (1 + H) (CBr(shsan) + 64 + 0pp + Gy + 6pp + 0k p)

M=

h=1

e (CBy(sn,an) + 6 + Spp + Oy + 0k +600)

>
Il
—
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Then we sum up the regret over k episodes,

K
Reg(K) <) (Vi (s1,a1) = V™ (s1,a1))

e
Il
-

H
Ze (CBk(sn,an) + 0}, + 03+ S + 6k + 00 n)
h=1

M=

~
Il
-

5,%& and 5,%’ , can be regarded as martingale difference sequence, the summation of which can
be bounded by O(H /T log(T)) by Lemma while &), and 4} ;, can also be bounded by
Lemma The summation of different terms in 5,; W (527h, 5,‘;,1 and 5,2’ , can be separated into

the following categories. In the following proof, we use C to denote the dependence of other pa-
rameters except the counters Ny ((sk,n, ak,n)[Zi])

C
VN ((sk,n.08,1)[2:])

Nk (%[Z:]) C
ZZ\/Nk Skh,akh[Z]) SHC Z Z Ve

z[Z;]eX[Z;]  c=1

=HC+ Y C\/Ng(=[Z))

z[Z;1€X|Z;)
<HC + C\/|X[Z]|T

The last inequality is due to Cauchy-Schwarz inequality. This term influence the main factors in the
final regret.

For those terms of the form we have

For those terms of the form NelGrmar iz We have

<HC + -
ZZNk ((Sk,hs ak h)[Zz]) - [Z]ze;y Z ¢
<HC+ > Chn(Nk(x[Z]))
2[Zi)eX (2]

<HC + C|X[Z;]|InT,
which has only logarithmic dependence on 7.
For those terms of the form ¢ . we define
VN ((sk,n0k, ) [Z:) Ni ((5k,508,1)[Z5])
Ni((s,a)[Zi], (s,a)[Z;]) as the number of times that agent has encountered (s,a)[Z]
and (s,a)[Z;] simultaneously for the first k episodes. It is not hard to find that

Ni((s,0)[Zi]) = Ni((s, a)[Zi], (s, a)[Z;]) and Ni((s,0)[Z;]) = Ni((s, a)[Zi]; (s, a)[Z;]).

C
Z Z V' Nie((sk,5 ar,0)[Zi])) N ((sk,n, ar,n) [ Z5])

C
- ; ; Ni((sk,hs ak,n)[Zi], (Skns ar,n)[Z5])

<HC + > C'ln (N (8> k) Zi), (Sks ann) [ Z5])
z[2:0Z;]eX[2;0UZ;]

<HC+C|X[Z;U Z;]|InT,
which also has only logarithmic dependence on 7T'.

c c
(Nk((sk,hyak,1)[Zi]))? and Nk((sk,h,ak,h)[z,-])\/zvk((sk,h,ak,h)[z,-])’the
summation of these terms has no dependence on 7', which is negligible since 7" is the dominant

factor.

For other terms with the form of
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By bounding these different kinds of terms with the above methods, we can finally show that

Reg(K) = Z VIXIZE)T log(10mT X (27| /5) + Z H /| X[ ZF]|Tlog(10nTSA/6)
= j=1

Here O hides the lower-order factors w.r.t T'. O

F PROOF OF THEOREM[2]

F.1 ESTIMATION ERROR DECOMPOSITION

Lemma F.1. Under event A1 and A, we have

. 20Rl s,a) 1 & SLF
Rk(s’a) B ’ - Z Nk 1 Eg 3Nk 1 S a)[ZlR])
(B — P)Vi 14 (s,0))|
= 203 ;(Viiyy,8,a)LP 2HL?
=2 \/Nk_l«s,anzm 3N (5, @[27)

N 418;|L* 4|8;|LP 4|8;|LP 4|8;|1LF
PP (\/ Net (s, )(ZF]) 3Nk_1<<s,a>[zz’1>> (\/ N (s, )(Z7]) 3Nk_1<<s,a>[2;’1>>

i=1j#i,j=1

Proof. The first inequality follows directly by the definition that R(s,a) = L 3™ R;(s,a) and
Lemma|[D.2] We now prove the second inequality. By Lemma|[E.T] we have

|(ka Vh+1 s,a) i ﬁ P; Vi+1(s,a)
i=1 J#ij=1
£ Y H|(Bui—B) s, @l27)] | (Brs—2) (02D
i=1 j#i,j=1

By Inq.[9)in Lemma[D.T|and Inq.[I4]in Lemma|[D.2] we have
|(P=P)Viia(s,a)l

20%,(Viry,8,a) LY 2HLF
_Z \/Nk 1((s,a)[2]])) - 3Ni-1((s,a)[Z]])

L 418;|LP 418;|LF 418;|LF 418;|LF
te 2 W Nt (s, )(ZF]) 3Nk_1<<s,a>[2ﬂ>> (\/ Nt (s 2F)) 3Nk_1<<s,a>[2f1>)
O

F.2 OMITTED PROOF IN SECTION[4.2]

Proof. (Proof of Theorem. [T))

wh(s)

=E [(Jh:H(sh) — Vh(sh))2 ‘ Sp = S]
:ZP(8/|S)E [(Jthl:H(S}H»l) +7rp — Vh(sh))2 | Sp = S,Sh41 = Sl]

—ZP E [J7 1 (sne1) + 7+ Vid(sn) | sn = s,sn41 = &

+ ZP E [2rn (Jnt v (Sn1) = Va(sn)) = 2Jpt1:0m (Sn1) Va(sn) | 1 = 8, 8p41 = 8
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Given s, = 8,841 = 8, n, Va(sn) and Jpy1.m(Sp41) are conditionally independent, thus we
have

E[2rn (Jnr1:m (sn1) = Va(sn)) | sn = 5,541 = 8] = E[2R(sp) (Vi1 (sh1) — Valsn)) | sn = s, sn41 = 5]
E2Jn41:8(8h+1)Vi(sn) | s = s, 8n41 = 8| = E2Vig1(snt1)Va(sn) | sn = s, Spt1 =

Therefore, we have
Wi (s)

ZZP(S/\S)E (i i1m(snir) + 77+ Vit (sn) | sn = s,sn41 = o]
+ Z]P’ E [2R(sn)(Vit1(sht1) = Vi(sn)) = 2Vap1(sn1)Va(sn) | s = s, sn41 = 5|

=E [rh — R%(sp) | sn=s]+ Y _P(|9)E [J2 1. (sne1) — (Vi(sn) — R(sn))* | sn = 5,811 = 5]

s’

2
=E [}, = R*(sn) | sn.= s] + Y _P('|9)E | Ji 1.1 (s041) (ZP $)Vhr1(s /)> | 1= 8, 8041 =5

2
= [T;ZL (Sh | Sp = S —+ ZIP Vh+1 (ZP /I Vh+1 ))
+ Z]P E [Ji1m(sne1) = Vidia(sha) | snar = 5] (23)

The second equality is due to the fact that V,(s) = R(s) + Y., P(s|s) Vg1 (s').

For the factored rewards, since the rewards 7, ; are conditionally independent give s, we have
1 m
2 p2 2
E [rh — R*(sp) | sn = s] = ﬁZO’RJ(s)
i=1
For the factored transition, we decompose the variance in the following way:

2
ZP Vh+1 (ZP ” 8)Vit1(s )) _0'123,17h(3)

s’

2

—ZIP’ Vit (s) = DO P I 18) [ D Pon(s”12: n]ls)Vara(s”)

s'"(1] s'"2:n]

=S B[] | 5) ZPM W)V (s) = | 32 Paunls”[2: nlls) Vi ([5'[1], 8" (2 m]])

s'[1] s'[2:n)] s''[2:n]

Here ([s'[1], s”[2 : n]] denotes the vector s” with s”[1] replaced with 5'[1]. By subtracting 03, ,, (s)
for ¢ = 2, ..., n in the above way, we can show that

Z P(s'|5) Vi (8 (Z P(s"]s)Vhs1(s > Z opin( (24)

Plugging Eqn. 24]back to Eqn. 23] we have

m

ZZP(3/| s)wiy1(s +ZUP7,}L ZURz
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Proof. (Proof of Corollary [I.T) We can regard the MDP with given policy 7 as a Markov chain. By
Theorem [T} we have

1 m
= ZP(5/|577T( wh+1 ZUPZ Vi, s,a) Wzalz%,i(saa)
s’ =1

By recursively decomposing the variance until step H, we have:

n m
1
wi(s1) E g wp(s,a <§ op (Vi s, a) + p E 01227i(s,a))
i=1 i=1

h=1 (s,a)eXx

Since w?(s1) = E {(Jh:H(sh) — V() s = s] < H?, we can immediately reach the conclu-
sion. O

F.3 THE "GooD” SET CONSTRUCTION

The construction of the good” set is similar with that in|Dann et al.|(2017) and [Zanette & Brunskill
(2019), though we modify it to handle this more complicated factored setting. The idea is to partition
each factored state-action subspace at each episode into two sets, the set of state-action pairs that
have been visited sufficiently often (so that we can lower bound these visits by their expectations
using standard concentration inequalities) and the set of (s, a) that were not visited often enough to
cause high regret. That is:

Definition 4. (The Good Set) The set Ly, ; for factored transition IP; is defined as:

def

Ly = { (z[zh) e x12F) ij zr(z) > Hlog(18n X H/8) + H

j<k
The following two Lemmas follow the same idea of Lemma 6 and Lemma 7 in Zanette & Brunskaill
(2019).
Lemma F.2. Under event A1 and Ao, if (s, a)[ZP] € L; j;, we have

Ni((s,a)[ZF]) ij zr(s,a)
j<k

Proof. By Lemma|D.2] we have

Ni((s,a)[ZF]) ij (s,a)[ZF]) — Hlog(18n X[ H/$).
J<k:

Since (s,a)[Z]’] € Liy, we have 13-, w; zp () > Hlog(18nX{ H/8) + H. That s,

j<k

Ni((s,a)[2F]) ij s,a)[2F]) — Hlog(18nXT H/6)
]<k

5 S (s ) — 3 3 w((s @)2F)

j<k j<k

L wi((s 2]

j<k

v

Lemma F.3. It holds that

K H
Z Z Z wy, 2P (8,a) < SHXF log(10n X H/$).

k=1h=1 (s,a)[2F|¢L1..
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Proof. For those (s,a)[Z]] ¢ Ly, we have § 3", w; zr(x) < Hlog(10nX[H/$) + H <
2H log(10n X} H/6). That is,

K H
3D wagr(s,a) < > 8Hlog(10nX[H/6) < 8HX[ log(10nX " H/5)
k=1h=1(s,0)[ZF|¢Lx.; (s,0)[2]]

O

Lemma shows that we can lower bound the visiting count of a certain (s, a)[Z[] if the visiting
probability of (s,a)[Z]] is sufficient large. Lemma shows that those (s,a)[Z]] with little
visiting probability cause little contribution to the final regret.

Lemma F.4.

Proof. For those (s,a)[ZF] € Ly, we have Ni((s,a)[ZF]) >

we have

Z wkhZP

k=1h=1 (s,a)[2F|€Ly; Ni((s a)(Z])

Wk,h,zFP (s,a)
N, )[2F])

<4XFlogT.

4wk h, ZP (5 a)

ey Y

Djerwyzr(s;a)

k=1h=1 (s,a)[ZF]€Ly,;

% Zj<k w; zr (s,a). Therefore,

Z i wk:,Z:D (570’)

(s,a)[ZPlexF k=1 Zj<k wj,Zf(Sv a)

<4X!logT

IN

Lemma F.5. For factored set Z of transition, we have:

wk ;L s, a) p
ZZ > N (5, ) 27]) <8X[logT (25)

k=1h=1(s,a)eX

<8X[logT (26)

it ex \/Nieaa (s, @) [ZF DN (s, 0)12]])

ii wi p(s,a)

ST arex VNea (5 @)ZF]) (Nia (s, @)[2F]) B

where ij = |X[ZFu ZJPH.

<8\/X]T"*logT  (27)

For factored set ZiR of rewards, similarly we have:

wkh s, a) R
ZZ Z N (5,027 <8XFlogT (28)

k=1h=1(s,a)€X

W, p(s,a)

1h=1(s,a)€X \/Nk,l((s,a)[Zﬁ])Nk,l((s,a)[Zf])

U k(s a)
ZZ w s,a

T e VN (5, O1ZF]) (Nea (s, @) [Z)) *

= X[z u Zf].

<8X['logT (29)

<8\/XET*logT  (30)
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Proof. We only prove the inequalities for the factored set of transition. The inequalities for the
factored set of rewards can be proved in the same manner.

For Inq. . we define X;((s,a)[ZF]) = {x € X | 2[ZF] = (s,a)[ZF]}, then we have

Wi,k (s, a)
>y 2 N(( a2

k=1 h= 1(5@)62\?

Wi, z(sl,(ll)
Wi, 27 (8,@) 2261 a0)€ X (5,0) [2F) 0y sy (5:0)

) sz; <s,a>[2;16X[z,f’] Ni-1((s,@)[Z]])
_ U}k,h,Zf3 <S7CL)
R Ne-1((s,a)[2F])

kb (s,a)[ZPeX[ZF)

B wkhZP s,a) wk,h,ZiP(sva)
"2 i L, Nia((s.a)(20)) NP DD DI (e 7

k.h (s,a)[Zf]¢ Lk,

U}k h, ZP S, a/ ].
< Z + w r(s,a) Z Z
P k,h,Z; ) P
kb (s,0)[2F)€Ly.; Ni-1((s,0)[Z; k h (s, a)[ZP]¢Lk7 kb (s,0)[ZF)¢ L. Ni-1((s,0)[Z]7])

<AXF logT + \/8HXT log(10n X H /)
<8X[logT

In the first equality, we firstly categorize (s, a) based on their value (s, a)[Z}’] and sum up over all

possible choice of (s,a)[Z], then we sum up the value in each category in the inner summation.
The second equality is due to 35, e v, ((s.)(27)) % = 1. The first inequality is due to

Cauchy-Schwarz inequality. The second inequality is due to Lemma [F.4]and Lemma[F.3] The last
inequality is due to the assumption that X1 > H log(10nXF H/$).

For Inq. |2 and Inq. E we define Z; P =zFu Z; . For the factored set Z}

i similarly we have

s Wy p. 77 (S, a)
E B <4X log T
P
k=1h=1(s,0)[2F|€Lr.; Nie((s, a)[Z5])

K H
ZZ Z Wi, h, 2P, (s,a) <8HXP log(IOnXP H/¢),
k=1h=1 (5,0)(2F,)¢Le,i ’

By the definition of Z[;, we know that Ny_i((s,a)[Z]]) > Ni_1((s,a)[Z}}]) and

Ni—1((s, a)[ZJP]) > Ni_1((s, a)[ij]). Therefore, we have

K X wi,n (s, a) I wi, (8, @)
S5 A o B o B G

k=1 h=1 (s.a)€X [ZF)Nik-1((s,a)[Z]])

wi p(s,a) KA wi p(s,a)
k,n (S, ; SZZ k,h (S,
=1 h=1 (s.yex V Ni-1((s,a)[Z]]) (Nk-1((s,a)[ZF])) " )

]~
ANgE
g

bl
Il
=
=
I
—
—
»
S
m
*®
—~
5
,_.
—~~
—
w
IS
~—
s
=
~
N[

The following proof of Inq.[26|and Ing. 27 shares the same idea of the proof of Inq. 23] O

F.4 TECHNICAL LEMMAS ABOUT VARIANCE

In this subsection, we prove several technical lemmas about variance. For notation simplicity, we

use ]EZ and E[Zj] as a shorthand of ]Es’[i]NIP’i(va,a)[Zip]) and Esl[i:j]NP[i:j](‘l(S,d)[Z[I;j]])' Slmllaﬂy, we
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use Vl and V[zg] as a shorthand of Vs’[i]~?¢(-|(s7a)[ZiP]) and Vsl[i:j]NP[i:j] (,l(s’a)[zﬁ:j]]) . For those w.r.t

the empirical transition [P1,, we use E;, and V;, to denote the corresponding expectation and variance.
For example, Es'[z‘]Nﬁ»k (Cl(s,:0)[ZP]) is denoted as [y, ;.

Lemma F.6. Under event A1, Ao, we have:

~2 2 2 - |Sj|LP 4|5j|LP
Phusllins) ~ohllisel] <40 (VNk_l«s,a)[zf]) ' 3Nk_1<<s,a>[zﬂ>> |

j=1

where V denotes some given function mapping from S to R.

Proof.
6% 4:(Vis,0) — 03,(Ves,0)] =[Bpim g ViBis 1 V(8') — Ejioy Vijip 1 V(8] (3D
S|E[1:i—1]ViE[i+l:n]V(s/) - E[l:i—l]viE[i+l:n]V(S/)| (32)
+ ‘E[l:ifl]vi]@[iqtl:n]v(s/) —Epim) Vi1 V()| (33)
We bound Equ. [32]and [33] separately.
For equ. 32] we have

B Vi1 V() = B Vi1 V()]

Z (P[lzi—l] - P[l:i—l]) (S/[l ti— 1]|S7 a)vi]}é[i—o—l:n]v(s/)
s/[1:i—1]€S[1:i—1]

I@[111'71]("‘970') - ]P)[l:ifl}("sa a)‘l : ’vifEi-‘rlan(S/)‘

i—1
<H®)
j=1

<

oo

By(fs,a) ~ B;(]s.a)|

25 [S;[L7 4I8|L"
<2 (2\/ N (s aZ]) szv“((s,a)[zf])) .

The last inequality is due to Lemma[D.1}
For equ. [33] given fixed s'[1 : ¢ — 1], we have

L n) 2 INY:
<|E; (]E[i+1:n]v(5 )) — E;i (B V(5))

VifE[iH;n]V(S') = ViEfiy1.]V(s")

+ ‘(E[m]V(S'))Q - (fE[z':n]V(S’))2

<|E; (E[i+1:n]v(s/))2 - E; ([AE[Z'Jrhn]V(SI))2

= NG )2
+ [E: (Bpsrm V() — Ei (BsrmV ()

+ | (B V() — (fE[m]V(s'))2

<|E; (]13:[1-“;,”1/(5’))2 _E; (E[i+1;n]V(S/))2 (35)

. )\ 2 2
+ |E; (E[iJrl:n]V(S )) —E; (E[iﬂm]V(s )) ‘ (36)

+2H ‘]E[zn]v(sl) - H::[i:n]v(s/) (37)
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The first inequality is due to the definition of variance. The last inequality is due to Ej;,,,;V (s’) +
]E[ln]V(S/) < 2H.
All Equ.[33] 36|and[37]can be bounded with the same manner of Equ.[32] That is, we first bound each

term with the L;-distance of transition probability multiplying the L,-norm of the value function,
then we upper bound the L;-distance by Lemma[D-1] This leads to the following results:

. - S;|LP 4|8;|LY
V. 1.1V AN V.Eii1..1V / < FI’Q ‘ J 9
i1 V(') = Vil V(s )‘ =4 Zj:i (2\/1Vk—1((s,a)[zf]) 3Nk-1((s,a)[ZF])

This bound doesn’t depend on the given fixed s[1 : ¢ —1]. By taking expectation over s'[1 : ¢ — 1] ~
Pp1:i—1)(+]s, a), we have

Ef1i-q ‘viE[i+1:n]V(S,) - ViE[i-H:n]V(S/)‘

<

~ (T NG INY
Bi (Bir1mV ()~ Ei (EgsaonV(5)

§4H2Z 9 |SJ‘L - + 4‘SJ|L -
= Ni-1((s,a)[Z7]) ~ 3Nk-1((s,0)[Z5])
Combining with Equ.[34] we have

. = S;|LF 4|8;|L"
52 (Vis,a 7027-‘/,5,61 < 4H? 2 19 + J
} Pk, ( ) P,,( )| —= ]; Nkfl((sya)[ZJPD 3Nk,1((s,a)[Z]P])
O
Lemma F.7. Under event A1, Ay and 0, we have
T = S;|ILF 418;|1L”
0% (V¥ 1,s,a) —26%, .(V .8, a) < uppi(s,a)+4H? 2 1 J ,
P,z( h+1 ) P,kﬂ( k,h+1 ) = kJL,Z( ) ; Nkil((s,a)[sz]) 3Nk,1((87a)[sz])

where u (s, a) is defined in Section 4.3}

2
17 /
uk’h’i(s’a) - ES' Nﬂa’k,[l;i]('|3ﬂ) |:<Esii+1:n]NH}k,[i+l:n]('Isva) (Vk’h'H N Kk’h"—l) (S )> ] '

[1:4]

Proof. We can decompose the difference in the following way:
2 ~2 (77
UP,i(V;Hv s,a) — QUP,k,i(Vk,h+17 s,a)
~2 ~2 (77 2 ~2
SUP,k,i(V}fHa s,a) — QUP,k,i(Vk,thla s,a) + UP,i(Vh*Ha s,a) — O'P,k,i(V;::rla s,a)
By Lemma|[F.6] we know that

R . . - |S;|LP 4|S-|LP
JIQD,k,i(Vh+1vs>a) - 0123,1'(Vh+1a53a)| < 4H22 (2\/Nk ) . + . )

((s,a)[ZF]) * 3Ny-1((s,a)[Zf

j=1 J

Now we only need to bound 63, (Vi 1, 5,a) = 26%,. ;(Vi.ni1,5,a). By Lemma 2 of Azar et al.
(2017), we know that for two random variables X € Rand Y € R, we have

V(X) <2[V(Y)+ V(X -Y)] (38)
That is,
&%’,k,i(Vh*Jrh S, a’) - 26123,k,i(vk’h+17 S, a’)

:E[lzi—l]viﬁ[i—kl:n]v};ﬂ(Sl) - 21@[1:1—1]Vz‘E[i+1m]Vk,h+1(8/)
<2Bp1.-y Vi (]E[i+1:n] Vi (s') — ]E['L+1:71,]Vk,h+1(sl))

=2E 11 Vit 1) (Vi1 (8) = Viensa (s7)

<2 | (Busson (Va () = Vinin(s)|

=Up p,i(5,a)
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The first inequality is due to Inq.[38} and the second inequality is due to VX < EX? for any random
variable X € R.

To sum up, we have

n
R — S;|LP 4|S;|LP
UP,i(‘/Ir—i-lv Sva) - ZO'P,k,i(Vk,h-f-h S,CL) < U’k‘ﬁa’i(sa Cl) + 8H2 Z (2\/ ‘ jl | j| )
j=1

Nea((s)Z7) 3N (s @[Z7)
O
Lemma F.8. Under event Ay, Ay and Q, suppose Reg(K) = 22{:1 Via(s1) — V™ (s1), we have:

ZZ Z Wi, (s,a) (05,(Viiiy,s,a) — op (Vi s,a)) < 2H?Reg(K)

k=1h=1(s,a)€X

K H
S5 S wenls.a) (03 (Vensi s.0) — o3, (Viky 5,a)) < 2H?Reg(K)

k=1h=1 (s,a)eX

Proof. We only prove the first inequality in detail. By replacing V', | with Vi ht1, We can prove
the second inequality in the same manner.

b (Vi1 8,@) = 0 (Vilty,8,0) = By [V (Bram Vitya (81) = Vi (B Vi (1)
Given fixed s'[1 : i — 1], we bound the difference of the variances: V; (Ejj1.0 Vi, (s')) —
Vi (E[i+1;n]Vhﬂf1(S/)).

Vi (Bt Vi1 () = Vi (B Vit (1))
=E; [(E[zﬂ H]Vh+1(s/))2 (Efig1:m Vit (s ))2} (Efin] [V}fﬂ(s’)}f + (Egmy [V (5 )])2
S [(E[Z“ "]Vh+1(3/)) (E[z+1 ) Vit (3/))2}
<2HE; [Efit1:n) Vi1 (8) = Efig 1 Vi1 (8)]
=2HE(;.p) [Vi::rl( ) - Vit (s )]

The first inequality is due to Vj' ,(s") > V¥ (s'), and the second inequality is due to
IE[i—&-l:n] V};:Ll(sl) + E[H—l:n] V};’tl(sl) < 2H.

We then take expectation over all s'[1 : 4 — 1]. that is

012371‘(Vh*+1757a) O-PZ(V]'Zg:l’ s,a) < 2HE 1., [Vh*ﬂ( ") - fofh( )]
Plugging the inequality into the former equation, we have

ZZ Z Wi (s,a) (05 (Viity, s.a) — o, (Vi s,a))

=1(s,a)eX

E/%N H
Mm \

Z wk,h(sa a)2H]Es’~IP’(~|s,a) [‘/17+1(5/) - fo—ﬁl(sl)]
1(s,a)eX

Z Wi, ( Vi (8) = Vi (s)]
cs

|
B
i
X
>
i

MN [ MN
uMm

IN

2H? [Vy' (51) = V™ (51)]

=
M

H2 rk 1 81 Vlﬂ-k (81)]
1

=
Il

—2H?Reg(K)
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For the second inequality, this is because that by lemma E.15 of Dann et al.|(2017)), we have

Zwkh — V" (s)]

= Z 2w 7 (5)) = R(s, 7k (5)) + BV, 41 (5,7()) = PV}, 41 (5,7 (5))
Vi(s1)— Z > wim ( T (5)) = R(s,mi(s)) + PVy 11 (5,7 (5)) = PV, 4 (5,7°(5)))
hi=1 s
This means that > wy n(s) [V (s) — V75 (s)] < Vi*(s1) — Vi (s1) for any &, h. O

F.5 OPTIMISM AND PESSIMISM

Lemma F.9. Suppose that A1, Ay and Q; 1 happen, then we have the following inequalities hold
foranya € Aands € S:

R(s,a) — R(s,a)‘ < %ZCBZR(S,(I) (39)

‘]P’thH(s a) =PV (s.a ’ ZCBP s,a) (40)

Proof. The first inequality follows directly by Lemma and the definition of C B (s, a). For the
second inequality, by Lemma[F.I] we have

‘(ﬁpk - ]P) V,f+1(s7a)‘

i 20%,(Vyiy,s,0) L 2HLY
Z \/Nk 1 5 a)[ZLP])) * 3Nk71((87a)[zip])

=1

+Z Z Hopi(s,a)or,i(s,a),

i=1 j#ij=1

where ¢y, ;(s,a) = Nkj‘(f;,lf;z?}) + 3Nk741“(5("5|f;[233]). The first inequality is due to Vi 5 (s) >
@k,h(svﬂ—*(s))'
By the definition of OB (s, a), we have

Y " CB!(s,a) - ’(I@’k —P) Vi s, a)’ 41)

n 462, (V ,s,a)Lf 202 (V¥ ,,s,a*) LY
Z Z \/ P,k 1 k,h+1 P) B \/ P,l( h+1 P) (42)

Pt Ni—1((s,a*)[Z7)) Ni-1((s,a)[Z]7])

Qu, m s,q) 16H2LP u 418;|L” ! 418;|LP
+ e e L P
Z Nk 1 Z Nk 1 S a ZP Jzz:l Nk 1 ( )[ZJP]) 3Nk_1(s,a)[Z]P]

(43)
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We mainly focus on the bound of Eqn[42]

\/4&1237k7i(vk7h+1,5,a)LP \/20%,i(Vh+1,s ,a)LP

(44)
Ni—1((s,a)[2]]) Ni—1((s,0)[Z]])
202 (Vi ,5,a)LP —462 1(Vl 1,8,a)LF " — %
> _\/ B (e 174 2655 (Vieni1,8,0) < 0p,;(Viyy, s,0)
0 otherwise
(45)

For those 263 . ;(Vikni1,8,a) < 03,(Vi,,5,a), by Lemma we have

0'12371‘(‘/;;_1, S5 a) - 2&%’,k,i(vk7h+17 S5, a)

o\ |S;ILP 45| L7
St s g (ﬁNm((s,a)[Z;’]) " 3Nk1<<s,a>[zf1>>

That is,

\/4&12:,1@11-(Vk,h+1, s,a)L¥ B 20%,1-(‘/,;_1, s,a)LP
Nt (s @)[Z7) N (s @) [27)

) P 27 P\ |S; 1P 4[8;|LP
I R S i Y (2 vtz + ez

= Ni-1((s,a%)[Z]])

| 2uppa(s,a) LT 16H2LP - 418;|L” : 4|8;|LF
= \/Nk_l((s,a)[ZiP]) \/Nk 1((s,a)[ZF)) Z (Nk 1( (s,a)[ZjP])> +\/3Nk_1(s,a)[ZJP}

J:1

Combining with Eq.[#T] we prove that

‘PthH(s a) —PVy (s.a) ‘ ZCB (s,a)

The optimism is proved by induction.

Lemma F.10. (Optimism) Suppose that A1, Ao and Q. 11 happen, then we have Vi, j, > V7.

Proof.
Vien(s) = Vi (s)
=C By (s, 7" (s)) + ]P’ka ht1(s, 7 (s)) =PV (s, 7% (s)) + Ri(s,7*(s)) — Ri(s,7*(s))
>CB(s, 7 (5)) + (B = P) Virya (5,7 () + Bis,7(5)) = Bi(s,7"(5))
>0

S

The first inequality is due to induction condition that €2, ;1 happens. The last inequality is due to
Lemma [E9]

O

Lemma F.11. (Pessimism) Suppose that A1, Ay and Q p+1 happen, then we have V. ,, < V}*.
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Proof.
Kk,h(s)
=Ry.(8, Tn(8)) — OBy (s, T.n(s)
<R(S Tk h( )) OBk(S Tk, h( ))
=R(s, k1 (5)) + PVyy 1 (5, 70 n(s)

+ (E(s,ﬂk,h(s)) — R(s,mn(s)) — — ZCB Sy o, ( )))

)+ szk,h-&-l(sa Tkn(8))
+ ka;+1(57 ﬂ'k,h(s))
)

+ (PkVJ_‘_l(S,Wk’h(S)) PVh+1 S 7Tkh ZCB S ’/Tkh )))

The inequality is due to V; ;, .1 (s") < Vj¥,,(s’) since event Q 511 happens.
By lemma|[F.9] we have

R, min(5)) — B, ()| < % Z CBR(s, 10 n(s))

]ka,jﬂ(s,wk#h(s))—zpv,jﬂswkh ‘ ZCB (5, Ten(5))

Therefore, we have

Vi (8,7 (8)) <R (s, 1 (s)) + PViyy (8, 7 (s))
<R(s,m5(5)) +PViiq (s, 75 (5))
<V, (s,a)

O

Lemma F.12. (Optimism and pessimism) Under event Ay and Aa, we have Qy, 1, holds for all k and
h.

Proof. By Lemma|F.10/and Lemma[F11] through induction over all possible k, h, we can prove the
Lemma. &

F.6 PROOF OF THEOREM [2]

Proof. We decompose Reg(K) = Zle (Vi1 (5,15 ar,1) — Vi (S, ag,1)) in the classical way
(Azar et al.,[2017; Zanette & Brunskill, 2019; |Dann et al., 2019), that is

i (Vk,l(esl) - VlTrk (51)) (46)
k=1
SZ Z Wi,h(Sh,an)C By (sh, an) 47)

k,h Sh,Qp

+D D> wen(snan) (]f’k - P) Virt1(shs an) (48)
k,h Sh,Qp

+) ) win(sn, an) (]ﬁ’k - P) (Vihs1 = Vii1) (snyan) (49)
k,h Sh,ap

+ Z Z Wb (Sh, an) (Rk(sh,ah) - R(sh,ah)) (50)
k,h Sh,an

32



Published as a conference paper at ICLR 2021

We bound Equ. 7] (@8] F9] and [50] separately by Lemma [F13] Lemma [F.14] Lemma [F.15] and
Lemma[F.16] Combining the results of these Lemmas, we have

Reg(K) < clf Z \/ XETLRlogT + Cy Z HTXFPLPlogT + Cs,|nH?Reg(K) > XFLPlogT

i=1

(51)
Here C4, Csy, C5 denote some constants. Solving the Rég(K ) in Inq we can show that

Reg(K Z,/XRTLRlogT+ ZHTXPLplogT ,

where O hides the lower order terms w.r.t 7.

By the optimism principle (Lemma [F.12)), we have V;*(sk.1,a%,1) < Vg1(Sk,1,a,1). This leads to
the final result:

K m n
1
(V1" (s, ak.0) = V™ (s, a,0)) <O | — > \XETLElogT + ,|> HTX[PLPlogT
=1 i=1

O

k=1

F.7 BOUNDING THE MAIN TERMS

Lemma F.13. Under event Ay, Ay and Qy 1, suppose Reg(K) = Eszl Vii(s1) — V™ (s1), we
have

m

n
<0 Z\/TXRLRlogT+ HTZXPLplogT+ H2nReg(K) Y  XPLPlogT

i=1

Proof. By the definition of C B(s, a), we have

3" win(s,a)CBy(s,a) o)
k,h,s,a
:Zwkhsa ( ZCBk75a+ZCBszQ) 53)
k,h,s,a
QUR,HSQ 4O'szvkh+1,sa)LP
) 54
khzgawkhsa Z Nia( SaZR Z Ni—1((s,a)[ZF]) (54)
RS 8LE
m 55
+k§aU}kh e mgi%Nk 1((s,a)[ZF) (55)
1
16H2LP n 4‘8 |LP 1 4|8J|LP
+ Wi (8, a L[ s
khz; kh( 2:: \/Nk 1((s,a) ZP ; <Nk 1 (S,a)[ZjP]) 3Nk71(s,a)[ZJP]
(56)
. - HI|S; (P2
+ Y walsa)Y Y 86H|S[S,1(L") o)
Fhne it \/Nk_l((s’a)[Zﬂ)Nk—1((s7a)[Zf])
2ukhz (s,a)L?
58
2 mealne Z Ne1((s, ) 27]) (58)
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By Lemma the upper bound of Eqn. E E and 7 is O(T 4) which doesn’t contribute to the
main factor in the regret. We prove the upper bound of Eqn.[54]and Eqn. [58]in detail.

By Lemma [F.6] we have

|5'123k (Vk h+1,S a) —U?D,(Vk h+1,S CL)| < 4szn: 9 |S|LP n 4|S|LP
Ky , ) 5, i , » S - = Ni—1((s, a)[Z 1) 3Nj— 1((S’a)[ZJPD )

Then Eqn. [54] can be bounded as

QUR,H s, a) 4‘7sz (Vi.he1,8,a)LP
72 Nk 1 S a ZR Z Nk 1 S a)[ZZP])
1 & 20’sz s,a) 4‘71% Vintt,s,a)LP
<o 2\ Moy (5. e Z Ni1((5, ) [27)

S

n Z 4|0'p)i(vk,h+1> S, a) - &p’k’i(vk,thh S, a)‘LP
Ni—1((s,a)[Z]])

1 & 2‘7sz5 (s,a)LE

2\ Nea((s, ) 27) e
" 4UP1 Vintt,s,a)LF
2\ TN W) €0
= |S;| L7 i 4|S;|LP
8H
+ Z Ni—1((s,a)[ZF] ; (Nk 1( (&a)[Zf])) +\/3Nk1((5,&)[ZJP])
(61)

Similar with Eqn. the summation of Eqn. is upper bounded by O(Tl/ 4) by Lemma m For
Eqn.[59] we have

1 & 26% (s, @)L
Zzwk,h<s7a>g; Ni1((s, @)[Z7)

k,h s,a

1 Z\F ZZ 2wkh$saa RD

k,h s,a

The first inequality is due to &123’ k’i(s, a) < 1. The second inequality is due to Cauchy-Schwarz
inequality. By Lemma the summation can be bounded by - > | \/XFLET logT.
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For Eqn. [60} we have

4UP2 Vk h+1,S a)LP
]

ZZU}khsaz Nkl )[ P

k,h s,a i )
< Wi (S, a O'kah+1,8a W,k (s,a)
2 ) 2 2 )Y )
< Z Wk n(8,a) ZUPszh+17sa Z4XfLPlogT
k,h,s,a i=1 i=1
= Z Wk n(s,a) ZO’PZ ht1s 55 @) Z4X7FLP10gT
k,h,s,a =1
+ Z win (8, a) Z (J%’i(vk’h+1, s,a) — 0% (Viity, s,a)) Z4XiPLP logT
k,h,s,a i=1 i=1
< Z win(s,a) ZO’PZ 1S, a) Z4X7;PLP + 2H2nR~eg(K)ZXiPLP10gT
k,h,s,a i=1 i=1
1 m n n 5 n
<\ D wen(s.a) (mzZU%m(&a) +Za;i(v,;11,s,a)> S 4XPLPlogT + | 2H?nReg(K) Y XPLPlogT
k.h,s,a i=1 i=1 i=1 i=1

<VHT - |> 4XPLPlogT + ,|2H?nReg(K) >  XFPLPlogT
i=1 i=1

The first inequality is due to Cauchy-Schwarz inequality. The second mequahty is due to Lemmal[F.3]
The third inequality is due to Lemma m The forth inequality is due to o2 Rk, 1(3 a) > 0, and the
last inequality is because of Corollary [I.]]

For Eqn.[58] we have

2uy, ;” (s,a)LF
& el Z Neei((s, @) ZF)

- 4
SODNEIZE I P IR | B o NS
i=1

k,h,s,a Nk_l((&a)[zip]) k,h,s,a

3

IN

64XFLP logT Z Wi (8, a)ug,pi(s, a) (62)
k,h,s,a

2155,

&
Il
—

By Lemma , we know that the summation >, , ., Wk,n(8, @)Uy n,i(s,a) is of order O(T?).
This means that Equ. is of order O(T'%), which doesn’t contribute to the main term (O(v/T)).
O
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Lemma F.14. Under event A, Ay and Q, suppose Reg(K) = Z,If:l Vi1(s1) = V™ (s1), we have

i i wi,p (s (Pk — ) V*(s,a)

k=1h=1 (s,a)eX

<O (| (HT + nH?Reg(K)) > XFLP

Proof. By LemmalF.1] we have
k1

i Z W, (s, a) (ﬁpk - IP’) V*(s,a)

k=1h=1(s,0)€X

n 20?’,i(Vh 155 a)LP
S%:Eh: Z wk,h(&a)\/ Nk_l((;a)[zﬂ)

i=1 (s,a)eX
- - 36H|S;||S;|(L7)?
+ZZ Z wk’h(s’a) Z | I‘J ]|( ) =
R e s Nt (5, @)[ZF )N (5. @) [27)

By Lemma [F.3] the second term has only logarithmic dependence on 7', which is negligible com-
pared with the main factor. We mainly focus on the first term.

353 Sip DI e LU ST
k,h (S,
kE k=1 (s,a)€X Nk—l((saa)[zipb
- 2 * UJ]g h LP

< Yo 2wn(s,a) Yo, (Vi,sia)- (1D D Z N ))[ZP])

kb (s,a)EX i=1 koh (s,a)eX i=1 " F~ 1

RS - wkh a)LP

< 2wy n(s,a) [ — Z 01227i(5, a) + Z 012371-(Vh*+1, s,a) | - Z Z Z -

kh (s,a)ex miz i=1 kh (s,0)€X i=1 Ni—a( ))[Z )

3

\/ (HT + nH?Reg(K ) 8 XPLPlogT
=1

The first inequality is due to Cauchy-Schwarz inequality. The second inequality is due to
o2 Rk Z(s a) > 0. For the last inequality, the first part is the summation of the variance, which can be

bounded by Lemman and Lemma | while the second part can be bounded as Y, X7 L log T
by Lemma|F3] O

Lemma F.15. Under event Ay, Ay and Q, suppose Reg(K) = Z,I::l Vi1(s1) = V™ (s1), we have

K H n n
3 Y wialsia) (}f"k - IE”) (Viss = Vi) (s,0) <O [ H | S \/TXPISILPS 2\ /8XPLP log T
i=1 i=1
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Proof. By Lemmal|E.T] we can prove that

(]P’k — ]P’) (Vk ht+1 — Vh*+1) (s,a)

< Z (Pri — PPl Plit1on) (Vien (im0 arn) — Vi (S0, an)

+ZZH\(M,,»—PZ») Cls ) ZPD)] | (Brg —B5) Cl(s.@)12] )|

1

i=1 j=1
a i||X[ZF])LP — .
< Z Z N |s [a) [;)p]) Prroi 1Pl 1) (Vien (Sk,hs k) — Vi (Skons arn))
j s'[i]€S; k=1( i
~ |SilIS;1(L7)? S |Si| L
+ 36H 4
;; . \/Nk 1((5,@)[ZP)) N (s, 0)[ZF]) ; 3Ni-1((s,0)[Z]])

The second inequality is due to Lemma [D.T]

We only focus on the summation of the first term, since the summation of other terms has only
logarithmic dependence on 7" by Lemma [F3]

= ZP)LP —
Z Z wi, n (8, @) Z Z a)[ ép) Prroi—1)Pis1in (Vieh (Sk,hs akon) — Vi (Sk,hs Gin))

k,h s,a i=1 ’[Z]GS Nk 1 )[ 7 ])

= zn: Z Z Wi, n (8, a)Pri—y | 2 Z Pi(s ]l X [Z7]) L (P[i+1:n] (Vk,h(sk,hv ak,n) = Vi (Sk.n, ahh)))z

i=1 k,h s,a s'[i]€S; Nkfl((‘s’a)[zzp])

zn:z]pl I Zwk n(s,a) Z Py(s'[i]|(s, a)[Z]]) LT (P[i+1:n] (Vk,h(sk,h,ahh) —Kk,h(sk’h,akyh)))Q

i=1 s'[i]€S; Nkfl((s’a)[ZiPD

n IS LP B (Blisiin) (Vin(s') — Kk,h(sl)))Q
S22 2 e |2 N1 (s, ) [27])

2

wi p(s,a) —
: Wi h (S, @) Ers (Epigin) (Vi, -V s
2= Tzl | | 2, et B Birrg (Vireas) = Vi ()

\/8XPLP10gT H?Z,/TXP\S |LP

The first inequality is due to the fact that Vi, > V¥ > V. Vi - The second and the third inequality is
due to Cauchy-Schwarz inequality. The last inequality is because of Lemma [F5] and Lemma@}

IA
)

«
Il
-

HM:

Lemma F.16. Under event A1, Ay and QQ, we have

Z Z W, (Sh; an) (Rk(sh,ah) - R(sh,ah)) <O (;Z \VTXELE logT>

k,h sh,an
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Proof. By Lemmal[F.I] we have

Z Z wk,h(sh, ah) (Rk(sh, ah) - R(s;“ah))

k,h sh,an

1 - 26 R, ,i(sh,an)LE 8L}
<o 222 2 wkalonsan) W Nt ((sn an)(270) + 3Nk_1<<sh,ah>[2ﬁ1>>

i=1 k,h Sh,ap

1 & 2LL 8LL
Sa;z 2, wknlonan) \/ N (sn )27+ 3Nk1<<sh,ah>[zﬁ1>>

k,h Sh,an

Zk h Zsh ah 2wy, h(S}u ap)L SLf
\/ Ni— ZZ Z W,k (Sh, an) SN 1 ((sns an)[ZF])

1 Sh’ah)[ i=1 k,h sh,an

The second inequality is due to 6 i(s,a) < 1. The last inequality is due to Cauchy-Schwarz
inequality. By Lemma we know that the summation is of order O (% S V/TXELE log T) :

Lemma F.17. Under event A1 and Ao, we have

H
n o [of2 1og(18nT\X[ZP]|/5)
Vih = Vin) () < Birajy | Y | 2CBi(s, mhi(s)) + > ¢ | sh = 8,7k
( k:,h) Tk i=h j=1 Ni—1((s, 7k, (s ))[ZJPD

The expectation is over all possible trajectories in episode k given s, = s following policy .

Proof.
(Vieh = Vi) (s)
=2C By (5, 7,1 (5)) + Pr(Vint1(s) = Vi pga (9)
=20By(s, 71 (5)) + (Pe = P)(Vins1 — Vi 1) (8, Trn(8)) + P(Vingr — Vi py1) (8, T ()

H
=Etrajy, [Z (2CBk(577Tk,i(5i)) + (P, —P)(Viis1 — Viiv1)(si, sz(sz))) | sp = s, Wk]
i—h

The second term can be bounded as:
(B = P)(Viie1 — Vi iy 1) (i, i (s1))
<Py, — P |[Viiz1 — Vi iviloo(si, mhi(s))
n
SHZ Pr,i — Pil1 ([0, mh,i(5i))

i=1

d 2H2LP
L\ e, VD

Lemma F.18. Under event Ay and Ao, we have

K H
>0 D wkal(s0)CBi(s,a)

k=1h=1 (s,a)eX
" 2(m+2 H2LRXR10gT

+3 128n(m +n)H2X]LY Y " (S;|L  log T,
i=1 i=1 j=1

Which has only logarithmic dependence on T
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Note that this bound is loose w.r.t parameters such as H, |Sj [, X iP and X iR. However, it is acceptable
since we regard 7' as the dominant parameter. This bound doesn’t influence the dominant factor in
the final regret.

Proof. By the definition of CBy(s, a), CB&Z-(S, a) and CB,I;-(S, a), we have

NgE

ntlea) ot ) (31 €88 )+ 3 (€L 00’

i=1

(mtn — 1 2H2LE 64(LE)
2 (Nk (s, ) [ZF) +9<Nk1<<s,a>[2ﬁm2>

4H?LP 2HLP
Fn(m ) ) o e R )

S2M2LY 4|S;|1L" 4I5;1L7
HanmEn D\ B G 2 (\/Nk_lus,a)[ZfD e D)

j=1

The second inequality is due to 6% ;(s,a) < 1,6% (Vi nt1,5,a) < H? and uy, p i(s,a) < H.

Now we are ready to bound Y1 ST > (s.ayex Wen(s,a)CBi(s, a):

H
Z Z wy,n(s,a)C B (s, a)

1 h=1(s,a)eX

H m 2(m—|—2)H2Lf% n 128n(m+n)H2LP Z;LZI |SJ|LP
2 2 (Z N1 (5, 2T T N2 (s, @)[27) )

M=

k

k i=1 =1

1 h=1 (s,a)eX

2(m + 2)H?LEXRlogT & .
— + ) 128n(m +n)H?XFLT Y " |S;|L” log T

1 i=1 j=1

&

7

The last inequality is due to Lemma[F.3] O

Lemma F.19. Under event A1 and A3, we have

_ 2\ 2
Z Z Z Wi,k (8, ) Esr (1) (15,0) (ESI[HLn]NP“Hm](-\s,a) (Vi1 — YVipyr) (s )) < O(logT),
k=1h=1 (s,a)eX

Here O hides the dependence on other parameters such as H, X; P , X; R except T.

Proof. For notation simplicity, we use E; and E;.;) as a shorthand of E ;) p,(.|(s,a)[zP]) and
Eorficj)nPpins (1s,a)-
— 2
Z Wi,k (8, @) Epyq) [(E[Prl:n] (Viht1 = Vi) () }
k,h,s,a

— 2
< Z Wi,k (8, OB Efi1m] (Vihsr — Vinyr) (s,0)
k,h,s,a

— 2
= Z Wik (5, @) Epn) (Viept —Kk,hH) (s,a)
k,h,s,a

= Z Z Wie,h1(5,0) (Vihg1 — Kk7h+1)2 (s,a)

1h=1 s,a
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Define Uy(s,a) = 2CBy(s,a) + 327, #ﬁ)}j{zﬂ) By Lemmal|F.17, we have

K H B )
Z Z Zwk,h+1(57a) (Vk7h+1 —K;g,hﬂ) (s,a)

H
< > wena(sa) | D0 Y Pr(swsanlsnir = s,ani1 = a)Uk(sn,, an,)

k,h,s,a hi=h+1Shy,an,
2
H
<Y wena(s,a)H Y > Pr(sny, an,|sn1 = s,ant1 = a)Uk(sn,, an,)
k,h,s,a hi=h+1 \Shy,an,
H
< > wpnaal(s,a)H Y > Pr(sny,an, a1 = s, ang1 = a) (Uk(sn, , an,))?
k,h,s,a hi=h+1Shy,an,
—ZH Z > Wion (snysan,) (Uk(sn,, any))”
hi=h+15n;,an;
<ZH Z wen(snsan) (Uk(sn, an))? (63)
Sh,Qp
Plugging the definition of Uy(s, a) into Equ.|63] we have:
K H ,
DY wknals,a) (Vinsr = Vi) (s,0) (64)
k=1 h=1 s,a
2
. 2H2LP
< H? Wk, h sh,ah 2CBk S a + (65)
Z ShZa:h ; Ni—1((s,a)[Z]])
) - 2H2LF
< 2nH Wi, (Sh, an,) CB s,a) + (66)
Z S;h k j; Nk 1((s7a)[Z]P])
< Z 2nH? Z wg p (s, an)CBE(s,a) + 16nH* X L log T (67)
k,h Sh,ap

The last inequality is due to Lemma We canbound Y, , 2nH? > anan Whh(Sh an)CBi(s,a)
by Lemma [F.1§| Summing up over all terms, we can show that

— 2 .
DDA D > ea Wint1(8,0) (Vienyr = Vi pi1)” (s,a) is of order O(1). O

Lemma F.20. Under event A1 and Ao, for any i € [n],we have

ZZ Z Wb (8, a)uk,p,i(s, a) <OHQZ,/TXP\S |LP),

k=1h=1(s,a)eX

Here O hides the lower order terms w.r.t. T.

Proof. For notation simplicity, we use E; and Ej;.; as a shorthand of E ;) p,(.|(s,0)[z7]) and

Es’[i:j]N]P’[i:J](-|(s,a)[Z.f'])' For th(')se expectation w.r.t the empirical transition P, we use Ej to de-
note the corresponding expectation.

Uk h,i($, a) is defined as:
. . _ 1\ 2
Uk,h,i(s,a) = Epy |:(E[i+1:n] (Vi1 — Vi) (s )) ] .

40



Published as a conference paper at ICLR 2021

k,h,s,a

= Z Wi,k (8, @) Epg) [(E[H»l:n] (Vihs1 = Vingr) (S/))Q}

k,h,s,a

+ Z wkh(s a) [1:4]

k,h,s,a

- Z Wy h(Sua)E[l:i]

k,h,s,a

+ Z wi,n (8, a)Ep.

k,h,s,a

)

- 3

That is

We can bound Eqn. [70]and Eqn. [7T]by LemmaD.T] For Eqn. [70} we have

- Z Wi,k (8, ) B

k,h,s,a

< Z wk,h(saa) ‘I@’[1:i]('|5,a) - ]P’[ln']('\S,a)‘l H?

k,h,s,a

N N _ 2
Z wk,h(saa)E[l:i] |:<E[i+1:n] (Vk,h+1 _Kk,h+1) (S/)) }

N _ 2]
(E[H—l:n] (Vinsr = Ving1) (Sl)>

~ _ , 27
(E[i—i-l:n] (Vi1 = Vi py) (s ))

R _ 2\ 2]
(E[iJrl:n] (Vi1 = Vinyr) (s ))

1 | Eistin) Vit — Yini) (8/))2}

~ ~ _ 2
Z Wi,k (8, @)Ky |:(E[i+1:n] (Vi1 = Vi) (S'))

kE[iﬂ:n] (Vinsr = Vi) (sl)>2]

<Zwkh3az |8|LP H?
Neaa (s, )[27])

k,h,s,a

<8H? Z \/Txf|sj|LP log T

j=1

. _ 2
The first inequality is due to (]E[¢+1:n] (Vk7h+1 - Kk,h-}-l) (s’))
second inequality is due to Lemma[D.1] The third inequality is due to Lemma[F3]
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For Eqn.[71] similarly we have

~ _ 2
Z Wi,k (8, a)Epg) |:(E[i+1:n] (Vihs1 = Vins1) (S')) }

k,h,s,a
- Z We,n (5, a)Epq) [(E[i—i-l:n] (Vi1 = Ving1) (S/))Q}
k,h,s,a
<2H Z wWe,n (5, a)Epq K]E[z'+1m,] (Viht1 — Ving1) (8/)) = (Ep+1:n) (Vi1 — Vieng) (Sl))}
k,h,s,a

<2H Z Wi,k (8, )B4 [H ’P[i+1:n]('|sva) _P[i+1:n]('|s’a)’1}

k,h,s,a
- |S;|LP
S2H2 wk,h(57a')E 11 .
k; e ];H N (s, )2

S,|L”
=2H? Wi,k (s,a) |
3wt 3\

<16H? Y \/TXP|S)[LP logT
j=i+1
Eqn. [69]can be bounded by Lemma[F.19] which has only logarithmic dependence on 7. O

G PROOF OF THEOREM 3]

Proof. We consider the following two hard instances.

The first instance is an extension of the hard instance in Jaksch et al.| (2010). They proposed a hard
instance for non-factored weakly-communicating MDP, which indicates that the lower bound in that
setting is Q(v/ DSAT). When transformed to the hard instance for non-factored episodic MDP, it
shows a lower bound of order Q(v/HSAT) in episodic setting |Azar et al.[{(2017); Jin et al.[(2018).
Consider a factored MDP instance with d = m = nand X[Z]}| = X[ZF| =X, = Si x A;, i=
1, ..., n. This factored MDP can be decomposed into n independent non-factored MDPs. By simply
setting these n non-factored MDPs to be the construction used in Jaksch et al.| (2010), the regret
for each MDP is Q(\/H|X[ZF]|T). The total regret is Q(>_;_, \/H|X[Z]]|T). Note that in
our setting, the reward R = L 3" R, is [0, 1]-bounded. Therefore, we need to normalize the
reward function in the hard instance by a factor of % This leads to a final lower bound of order

L VHIX[ZENT) = QA Y VH|X[Z]]|T). Similar construction has been used to
prove the lower bound for factored weakly-communicating MDP (Xu & Tewari, [2020).

The second hard instance is an extension of the hard instance for stochastic multi-armed bandits.
The lower bound of stochastic multi-armed bandits shows that the regret of a MAB problem with
ko arms in T} steps is lower bounded by Q(+/koTp). Consider a factored MDP instance with d =
m=mnand X[Z}] = X[Z]'| = X, =S, x A;, i =1,...,n. There are m independent reward
functions, each associated with an independent deterministic transition. For reward function i, There
are log, (|S;|) levels of states, which form a binary tree of depth log,(|S;|). There are 2"~ states
in level h, and thus |S;| — 1 states in total. Only those states in level log,(|S;|) have non-zero
rewards, the number of Wthh is 151 After taking actions at state s’ in level log,(|S;|), the agent
will transits back to state s in level logz(\SiD. That is to say, the agent can enter “reward states”
at least H — log, (|S;]) > ﬂ times in one episodes. For each reward function 4, the instance can
SsAs| A \

be regarded as an MAB problem arms running for % step thus the regret for reward i is

!The instance is not exactly an MAB with ‘5772“4" arms running for % steps, since in each episode the
agent will choose a state s’, and then stay in s’ and choose different actions for % steps. However, this is a
mild difference and we can still follow the same proof idea of the lower bound for MAB (See e.g. Theorem

14.1 in|Lattimore & Szepesvari|(2020))
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Q( |SiAs] EHY = Q(/|X[ZF]|T). In this construction, the total reward function can be regarded

2 2
as the average of m independent reward functions of m stochastic MDP. This indicates that the lower
bound is @ (& S0, /| X (2| T) = @ (& 500 /| X (28| 7).

To sum up, the regret is lower bounded by

max Z\/ [ZR||T, - Z HIX[ZP|T 5 |,

which is of the same order as

1 En: \X[ZR)|T + fj H|X([2P)|T
m n
=1 Jj=1

H OMITTED DETAILS IN SECTION [3]

H.1 SPECIFIC INSTANCES

O‘“ @ r3—05
e ) S5 W0 (5) B0 ()
eré\ 0 - 1
% N @ r, =08 @ . ={0.5 w.p. 0.5
c4— ° e

.bos

Figure 1: MDP Instances, Budget By = 0.5

We further explain the difference with two specific examples in Fig. No matter which setting
the previous work considers, the main idea of the algorithms in [Efroni et al.| (2020)); Brantley et al.
(2020) is to explore the MDP environment, and then find a near-optimal policy satisfying that the
expected cumulative cost less than a constant vector By, i.e. E[Y helH] cp] < Bg. However, in
our setting, the agent has to terminate the interaction once the total costs in this episode exceed
budget B. Because of this difference, their algorithm will converge to an sub-optimal policy with
unbounded regret in our setting. In the first MDP instance (Fig. [H.T), the agent starts from state sq.
After taking action aq, it will transit to s; with a deterministic cost c; = 0.5. After taking action
as, it will transit to so. The cost of taking as is 0 with prob. 0.5, and 1 with prob 0.5. There are no
rewards in state sg. In state s; and so, the agent will not suffer any costs. The deterministic rewards
are 0.5 and 0.8 respectively. s3 and s4 are termination states. The budget By is 0.5. For this MDP
instance, the optimal policy is to take action a; in sg, since the agent can receive total rewards 0.5
by taking a;. If taking action as, the agent will terminate at state sy with no rewards with prob. 0.5,
which leads to an expected total rewards of 0.4. However, if we run the algorithm in |[Efroni et al.
(2020); Brantley et al.|(2020), the algorithm will converge to the policy that always selects action ag
in s, since the expected cumulative cost of taking a9 is 0.5 < By.

We further show that the policies defined in the previous literature are not expressive enough in our
setting. In the second instance, the agent starts in state sy with one action ag. By taking a, the agent
transits to s; with no rewards. The cost of taking ag is 0 with prob. 0.5, and 1 with prob 0.5. In s,
the agent needs to decide to take a; or as, with deterministic costs of 0 and 0.5 respectively. After
taking a1, the agent will transits to sa, in which it can obtain a reward r3 = 0.5. While by taking
as, the agent can transits to s3, and obtain a reward 4 = 1. The budget B = 0.5. In this instance,
the action taken in s; depends on the remaining budget of the agent. That is to say, the policy is
not expressive enough if it is defined as a mapping from state to action. Instead, we need to define
it as a mapping from both state and remaining budget to action. However, previous literature only
considers policies on the state space, which cannot deal with this problem.
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H.2 ALGORITHM AND REGRET

We denote V;7(s,b) as the value function in state s at horizon h following policy w, and
the agent’s remaining budget is b. For notation simplicity, we define PsPcV(s,a) =
Doe ey P(8']5,a)P(C(s,a) = cols,a)V(s',b — co). We use Pc i(cols, a) to denote the “tran-
sition probability” of budget ¢, i.e. P(C;(s,a) = cols,a). The Bellman Equation of our setting is
written as:

Vi (s,b) = { oR(S’Wh(S’b)) T PPVl (5, m(s ), 8) b2 0 (72)

Suppose N (s, a) denotes the number of times (s, a) has been encountered in the first k episodes.
We estimate the mean value of 7(s, a), the transition matrix Pg and P¢ in the following way:

2 > kn Lskn = s,akn = al - T

R =
k(s 0) Ni—1(s,a)
- Ni—1(s,a,s)
P rd s,a) = R S At
S,k( | ) Nk,l(s,a)
0 Zkh]l[ckhi20073kh:3,akh:a]
Pry . (C, _ _ h h ) ,
ek (Cils, a) = cols,a) Ni_1(s,a)

Following the definition in the factored MDP setting, we define the confidence bonus for rewards
and transition respectively (for 0 < i < d):

CBR(s,a) \/20R(s ,a)log(2SAT) N 8log(2SAT)

73
Ni_1(s,a) 3Ng_1(s,a) (73)
46%,(Vihs1,5,a,b)L 2up p.i(s,a,b)L
CBPv b) — Pi s [ it Jh,i\2y Wy 74
k7(5 a ) \/ Nkfl(S,a) + Nkfl(s,a/) ( )
1
32H2L 4nL B dnL
T 75
Ni_1(s,a) 1(s,a) Z ((Nk 1(s a)) * 3Nk._1(s,a,)> (75)
4|S;|LP 4)8;|L 418, |L* 4]S;|L
+3 H + + :
; ( Ni_1(s,a)  3Ni_1(s,a) Ni—1(s,a) = 3Np_1(s,a)
(76)

where L = log(2dSAT) + dlog(mB) is the logarithmic factors because of union bounds. The
additional d log(mB) is because that we need to take union bounds over all possible budget b. This
difference compared with factored MDP is mainly due to the noised offset model.

CBf(s,a) is the confidence bonus for rewards, and 6z(s,a) denotes the empirical variance of
reward R(s, a), which is defined as:

1

H 2
Z 1[(s,a)kn = (s,a)]- (Tk,h(sk,haak,h))2 - (Rk(s,a)>

=1h=1

k—
OA—R(‘S?a’) Nk; 1 S a
k

C’B,I:’O (s,a) is the confidence bonus for state transition estimation Pg, and {C’B}:i(s, a)}i=1,..d

is the confidence bonus for budget transition estimation {Pc;}i=1,. 4. 6%,;,(Vint1,s,a) is the
empirical variance of corresponding transition:

53 (Vin+1,5,0,b) = Vars/N@S,k(.\(s,a)[zf]) (Ec~ﬁnc,k(.|s,a)vk>h+l(5'7 b— C))
5—}2371' (Vk,h+17 S, a, b)

_ R R R R AV / _
7ES/NPSJ€("sva)]Ec[l:z—l]NPC,k,[l:i—l]("Sva) [VarCiNPC,k,i('lsaa) (]Ec[iJrl:n]NPC,k,[H»l:d](‘lsva)vk’h_'_l(s b C)>} )
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. h
where Pc i (a,.a,) = [[:24, P k-

2uy,n,i(s,a,b)
Ni_1(s,a)

where ug, p, i (s, a) is defined as:

is added to compensate the error due to the difference between V", ; and Vk,hﬂ,

_ 2

uk,h0(8; a,b) = ES’NI@S,k('\S’a) [(ECN@c‘k('ls»a) (Vk’h+1 - Kk,thl) (5,0~ C)) :|
_ 2

Uk,hi(s,a,b) = Es"\/@s,k("&a)EC[l:i]N@C,k,[l:i]("&a) |:(Ec[i+1:7z]"‘@0,k,[i+1:d]('S7a) (Vk’h+1 B Kk’h—H) (5/7 b= c)) ] ’

We calculate the optimistic value function and find the optimal policy 7 via the following value
iteration in our algorithm:

V(s,b) = { max, { [R(s, a) + CB(s,(;z) + PP Viti(s,a, b)] } l; i 8 77

Algorithm 4 FMDP-BF for RLwK
Input: §
Initialize N(s,a) = 0 for any (s,a) € X
for episode k = 1,2,--- do
Set Vi m1(s,b) =V, g1(s,b) =0forall s,a,b.

50 LetK ={(s,a) €S x A: Ni(s,a) >0}
for horizon h = H,H — 1,...,1do
for s € S and all possible budget b from O to B do
fora € A do
if (s,a) € K then
10 Q. n(8,a,b) = min{H, Ri(s,a) + CBy(s,a) + PsxPoxVint1(s,a,b)}
else
Qk,h(s’ a,b)=H
end if
end for o
15: Tk,n (8, b) = argmax, Qi 5 (s, a,b)

Vk,h(sa b) = maXgec A Qk,h(sa a, b)
V. n(s,b) = max {07Rk(577fk,h) — OBy(8, Tk, , b) + PrVy 1 (S, Th s b)}
end for
end for
20: forsteph=1,--- ,H do
Take action ay, ;, = arg max, Qk,h(sk}h, a)
end for
Update history trajectory £ = L J{s;, ai, i, Sit1}i=1,2,..tx
end for

Proof. (Theorem ) The proof follows almost the same proof framework of Thm. 2] The term
log(SAT) + dlog(Bm) is due to a union bound over all possible (7, s,a) and budget b. This
difference is because of the additional union bounds over all budget b. O

H.3 DISCUSSIONS ABOUT ASSUMPTION|[I]AND ASSUMPTION[2]

Assumptions [I] and [2] limit our Algorithm [] to problems with discrete costs. One may wonder
whether it is possible to construct e-net for budget B and possible value of the costs when these
assumptions don’t hold. In that case, we only need to estimate the discrete cost distributions on
the e-net, and then apply Algorithm [4]to tackle the problem. Unfortunately, we find that the e-net
construction doesn’t work for continuous cost distributions, and it is unlikely to achieve efficient
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regret guarantee without further assumptions and the modification of the basic setting. If the cost
distributions are continuous and the remaining budget can take any value in R, a small perturbation
on the remaining budget may totally change the policy in the following steps and the optimal value.
To be more specific, suppose the agent enters a certain state with remaining budget b. There are
three actions to choose, with the cost of b — ¢, b and b + ¢, respectively. After suffering the cost, the
agent can achieve reward of 0, 0.5 and 1 respectively. Note that we can construct such hard instances
with e extremely small. For these hard instances, we need to carefully estimate the value function
of any remaining budget b € R and the density functions of the costs, after which we can calculate
the value through Bellman backup and find the optimal policy. However, estimating the density
functions requires infinite number of samples and makes the problem intractable. In other words, the
“non-smoothness” of the value and the policy w.r.t the remaining budget makes the problem difficult
for continuous value distribution without further assumptions. This “non-smoothness” phenomenon
also happens in the classical knapsack problem.

There are two possible ways to remove these assumptions and apply our algorithm to continuous
cost distributions with e-net technique. The first idea is to allow the slight violation of the total
budget constraints, with the maximum violation threshold J, or we assume that the value of any
initial state is lipschiz w.r.t the total budget B in a small neighborhood of B (With maximum L,
distance §). In that case, we can tolerate the estimation error of each cost function to be at most

%. e-net technique with € = % still works in this case and we can estimate the cost distribution

with precision % This modification is somewhat reasonable since the agent’s policies are always
“smooth” w.r.t the total budget in a small region near B in many real applications such as games and
robotics. The second idea is to consider soft constraints. That is, when the budget constraints are
violated, the agent will suffer a loss that is linear w.r.t the violation of the constraints. We assume the
linear coefficient is relatively large compared with other parameters. This is also a possible method
to remove the non-smoothness w.r.t the total budget, which has wide applications in constrained
optimization.
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