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Abstract

To mitigate the privacy leakages and communi-
cation burdens of Federated Learning (FL), de-
centralized FL. (DFL) discards the central server
and each client only communicates with its neigh-
bors in a decentralized communication network.
However, existing DFL suffers from high in-
consistency among local clients, which results
in severe distribution shift and inferior perfor-
mance compared with centralized FL (CFL), es-
pecially on heterogeneous data or sparse commu-
nication topologies. To alleviate this issue, we
propose two DFL algorithms named DFedSAM
and DFedSAM-MGS to improve the performance
of DFL. Specifically, DFedSAM leverages gradi-
ent perturbation to generate local flat models via
Sharpness Aware Minimization (SAM), which
searches for models with uniformly low loss val-
ues. DFedSAM-MGS further boosts DFedSAM
by adopting Multiple Gossip Steps (MGS) for
better model consistency, which accelerates the
aggregation of local flat models and better bal-
ances communication complexity and generaliza-
tion. Theoretically, we present improved conver-

gence rates O(\/}(—T + 7+ Kl/sz}z(l_A)z) and

O( \/}ﬁ + 4+ K1/2T§?2J{11_/\Q)2) in non-convex
setting for DFedSAM and DFedSAM-MGS, re-
spectively, where 1 — A is the spectral gap of
gossip matrix and @ is the number of MGS. Em-
pirically, our methods can achieve competitive
performance compared with CFL methods and
outperform existing DFL methods.
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(a) CFL framework (b) DFL framework

Figure 1. Illustrations of CFL (a) and DFL (b). For DFL, the
various communication topologies are shown in Appendix A.

1. Introduction

Federated learning (FL) (Mcmahan et al., 2017; Li et al.,
2020b) allows distributed clients to collaboratively train a
shared model under the orchestration of the cloud without
transmitting local data. However, almost all FL paradigms
employ a central server to communicate with clients, which
faces several critical challenges, such as computational re-
sources limitation, high communication bandwidth cost,
and privacy leakage (Kairouz et al., 2021). Compared to the
centralized FL (CFL, Figure 1(a)), decentralized FL (DFL,
Figure 1(b)), where the clients only communicate with their
neighbors without a central server, offers communication
advantage and further preserves the data privacy (Kairouz
etal., 2021; Wang et al., 2021; Sun et al., 2022).

Due to the participants with different hardware and network
capabilities in the real federated system, DFL is a promising
field of research that has been frequently considered as a
challenge in several review articles in recent years (Beltrdn
et al., 2022; Kairouz et al., 2021). In practice, the most
promising DFL application scenarios include healthcare
(Nguyen et al., 2022), industry 4.0 such as the blockchain
system (Kang et al., 2022; Li et al., 2022), mobile services in
the internet-of-things (IoT) (Wang et al., 2022b), the robust
networks for Unmanned Aerial Vehicles (UAVs) (Wang
et al., 2020) and internet-of-vehicles (Yu et al., 2020).

However, DFL suffers from severe inconsistency among lo-
cal models due to heterogeneous data distribution and model
aggregation locality caused by intrinsic network connectiv-
ity. This inconsistency may result in severe over-fitting
in local models and performance degradation (Sun et al.,
2022). To explore the mechanism behind this phenomenon,
we present the structure of the loss landscapes (Li et al.,
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Figure 2. Loss landscapes comparison between CFL and DFL on
Fashion-MNIST (Xiao et al., 2017) and CIFAR-10 (Krizhevsky
et al., 2009). DFedAvg (surface plot) features a sharper landscape
than FedAvg (mesh plot) with poorer generalization ability.

2018) of FedAvg (Mcmabhan et al., 2017) and decentralized
FedAvg (DFedAvg, Sun et al. (2022)) on Fashion-MNIST
(Xiao et al., 2017) and CIFAR-10 (Krizhevsky et al., 2009)
with the same setting in Figure 2. It is clear that DFL has a
sharper landscape than CFL.

Motivation. Most FL algorithms face the over-fitting issue
of local models on heterogeneous data. And many solutions
(Sahu et al., 2018; Li et al., 2020c; Karimireddy et al., 2020;
Yang et al., 2021; Acar et al., 2021; Wang et al., 2022a)
have been proposed for CFL. In DFL, this issue is further
exacerbated due to the sharp loss landscape caused by the
inconsistency of local models (see Figure 2 ). Therefore, the
performance of decentralized schemes is generally worse
than that of centralized schemes with the same setting (Sun
etal., 2022). Consequently, an important question is: can we
design DFL algorithms that can mitigate the inconsistency
among local models and achieve similar performance to its
centralized counterpart?

To answer this question, we propose two DFL algorithms:
DFedSAM and DFedSAM-MGS. Specifically, DFedSAM
overcomes the local over-fitting issue via gradient perturba-
tion with SAM (Foret et al., 2021) in each client to generate
local flat models. Since each client aggregates the flat mod-
els from its neighbors, a potential flat aggregated model can
be generated, which results in good generalization ability.
To further boost the performance of DFedSAM, DFedSAM-
MGS integrates multiple gossip steps (MGS) (Ye et al.,
2020; Ye & Zhang, 2021; Li et al., 2020a) to accelerate
the aggregation of local flatness models by increasing the
number of gossip steps of local communications. It achieves
a better trade-off between communication complexity and
learning performance by bridging the gap between CFL and
DFL since DFL can be roughly regarded as CFL with a
sufficient number of gossip steps (Section 5.4).

Theoretically, we present the convergence rates for our algo-
rithms in the stochastic non-convex setting. We show that

the bound can be looser when the connectivity of the com-
munication topology A is sufficiently sparse, or the data ho-
mogeneity /3 is sufficiently large. Meanwhile, as the number
of consensus/gossip steps  in MGS increases, the bound
tends to be tighter as the impact of communication topology
can be alleviated (Section 4). The theoretical results explain
why the adoption of SAM and MGS in DFL can ensure
better performance with various types of communication
network topology. Empirically, we conduct extensive ex-
periments on CIFAR-10 and CIFAR-100 datasets in both
identical data distribution (IID) and non-IID settings. The
experimental results confirm that our algorithms can achieve
competitive performance compared to CFL baselines and
outperform existing DFL baselines (Section 5.2).

Contribution. Our main contributions are summarized as:

* We propose two effective DFL schemes: DFedSAM
and DFedSAM-MGS. DFedSAM reduces the incon-
sistency of local models with local flat models, and
DFedSAM-MGS further improves the consistency via
MGS acceleration and features a better trade-off be-
tween communication and generalization.

* We present improved convergence  rates
1 1 1
Opeg + 7 + wepegaye) ad
Q
O( \/11<7T + 7+ WJ(T_W) for DFed-

SAM and DFedSAM-MGS in the non-convex
settings, respectively, which theoretically verify the
effectiveness of our approaches.

* We conduct extensive experiments to demonstrate the
efficacy of DFedSAM and DFedSAM-MGS, which
can achieve competitive performance compared with
both CFL and DFL baselines.

2. Related Work

Decentralized Federated Learning (DFL). In DFL, clients
only communicate with their neighbors in various commu-
nication networks without a central server, which offers
communication advantage and better preserves data privacy
in comparison to CFL. Lalitha et al. (2018; 2019) take a
Bayesian-like approach to introduce a belief over the model
parameter space of the clients in a fully DFL framework.
Roy et al. (2019) propose the first server-less, peer-to-peer
FL approach BrainTorrent and apply it to medical appli-
cations in a highly dynamic peer-to-peer FL environment.
Sun et al. (2022) apply the multiple local iterations with
SGD and quantization method to reduce the communication
cost and provide the convergence results in various convex
settings. Dai et al. (2022) develop a decentralized sparse
training technique to further lower the communication and
computation cost. Our work focuses on DFL (Lalitha et al.,
2018; 2019; Roy et al., 2019; Sun et al., 2022; Dai et al.,
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2022) rather than decentralized training (Lian et al., 2017;
Ye et al., 2020; Li et al., 2020a; Chen et al., 2021; Yuan
et al., 2021; Ye & Zhang, 2021; Warnat-Herresthal et al.,
2021; Koloskova et al., 2020; Hashemi et al., 2022; Zhang
etal., 2022) !.

Sharpness Aware Minimization (SAM). SAM (Foret et al.,
2021) is an effective optimizer for training deep learning
models, which leverages the flat geometry of the loss land-
scape to improve model generalization ability. Recently,
Andriushchenko & Flammarion (2022) study the properties
of SAM and provide convergence results of SAM for non-
convex objectives. As an effective optimizer, SAM and its
variants have been applied to various machine learning (ML)
tasks (Zhao et al., 2022; Kwon et al., 2021; Du et al., 2021;
Liu et al., 2022; Abbas et al., 2022; Shi et al., 2023; Zhong
et al., 2022; Mi et al., 2022). For instance, Qu et al. (2022)
and Caldarola et al. (2022) adopt SAM to improve general-
ization, and thus mitigate the distribution shift problem and
achieve SOTA performance for CFL (Sun et al., 2023; Qu
et al., 2022). However, to the best of our knowledge, few if
any efforts have been devoted to the empirical performance
and theoretical analysis of SAM in the DFL setting.

Multiple Gossip Steps (MGS). The advantage of in-
creasing the frequency of local communications within
a network topology is investigated in FastMix (Ye et al.,
2020), in which the optimal computational complexity and
near-optimal communication complexity are established.
DeEPCA (Ye & Zhang, 2021) integrates FastMix into a
decentralized PCA algorithm to accelerate the training pro-
cess. DeLi-CoCo (Hashemi et al., 2022) performs multiple
compression gossip steps in each iteration for fast conver-
gence with arbitrary communication compression. Network-
DANE (Li et al., 2020a) uses multiple gossip steps and
generalizes DANE to decentralized scenarios. In general,
by increasing the number of gossip steps, local clients can
reach a better consensus model to improve the performance
of CFL. However, MGS has yet to be explored to mitigate
the model inconsistency in the DFL setting.

The work most related to this paper is DFedAvg and DFe-
dAvg with momentum (DFedAvgM) in Sun et al. (2022),
which leverage multiple local iterations with the SGD opti-
mizer and significantly improve the performance of classic
decentralized parallel SGD method D-PSGD (Lian et al.,
2017). However, DFL may still suffer from inferior per-
formance due to the severe model inconsistency among
clients. Another related work is FedSAM (Qu et al., 2022),
which integrates SAM into CFL to enhance the flatness

'In this work, DFL refers to local training with multiple local
iterates, whereas decentralized learning/training focuses on one-
step local training. For instance, D-PSGD (Lian et al., 2017) is a
decentralized training algorithm, which uses the one-step SGD to
train local models in each communication round.

of local model and achieves new SOTA performance for
CFL. On top of the aforementioned studies, we extend the
SAM optimizer to the DFL setting and simultaneously pro-
vide its convergence guarantee in the nonconvex setting.
Furthermore, we bride the gap between CFL and DFL via
adopting MGS in DFedSAM-MGS, which largely mitigates
the model inconsistency in DFL.

3. Methodology

In this section, we introduce the problem setting in DFL and
present the details of the proposed algorithms.

3.1. Problem Setting

In this work, we are interested in solving the following
finite-sum stochastic non-convex minimization problem:

. 1
min fx)=— ;fi(X% fi(x) = E¢np, Fi(x;€), (1)
where D; denotes the data distribution in the i-th client,
which is heterogeneous across clients; m is the number
of clients, and F;(x; &) is the local objective function as-
sociated with data samples . Equation (1) is known as
the empirical risk minimization (ERM) with many applica-
tions in ML. In Figure 1(b), the communication network in
the decentralized network topology among clients is mod-
eled as an undirected connected graph G = (N, V, W),
where N' = {1,2,...,m} refers to the set of clients, and
Y C N x N refers to the set of communication channels,
each connecting two distinct clients. Furthermore, there is
no central server in the decentralized setting and all clients
only communicate with their neighbors via the communi-
cation channels V. In addition, we assume that Equation
(1) is well-defined and denote f* as the minimal value of f:
f(x) > f(x*) = f* forall x € R%.

The Challenges in DFL. With the absence of the central
server, communication connections become an important
factor for decentralized optimization. Furthermore, commu-
nication is more careful in classical FL scenarios than com-
putation (Mcmabhan et al., 2017; Li et al., 2020b; Kairouz
et al., 2021; Qu et al., 2022), so that the client adopts multi-
step local iterations by default due to the large commu-
nication overhead in classic FL methods such as FedAvg
(Mcmahan et al., 2017). Consequently, the major technical
difficulties in DFL are summarized as follows:

* Various communication topologies. The topology is
measured by the spectral gap 1 — X € (0, 1] of W, and
the value of A increases as the connectivity is more
sparse. It has a significant negative impact on model
training (convergence rate and generalization ability),
especially on heterogeneous data or in face of sparse
connectivity of communication networks, such as Ring
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topology and Grid topology where A ~ 1672 /(3m?)
and A = O(1/(mlogy(m))), with m being the size of
the clients, respectively (Sun et al., 2022; Zhu et al.,
2022).

* Multi-step local iterations. After multiple local itera-
tions, the gradient estimation may tend to be biased.
The implication is that the corresponding theoretical
analysis may be more difficult and the empirical effi-
cacy may also suffer compared to the one-step local
iteration.

Algorithm 1 DFedSAM and DFedSAM-MGS
Input

: Total number of clients m, total number of communica-
tion rounds 7", the number of consensus steps per gradient
iteration (), learning rate 7, and total number of the local
iterates are K.

Output : The consensus model x” after the final communication

of all clients.

Initialization: Randomly initialize each model x° (4).
fort =0to T — 1do

for node i in parallel do

fork=0to K —1do

Sety"°(i) « x' (i), y"71(i) = y"°(4)
Sample a batch of local data &; and calculate local
gradient gt'* (i) = VFi(y"*; &)
g"" (i) = VE(y"* +8(y""); &) with 6(y"*) =
pg"*(i)/ ||g"* ()],
YR = y R G) - ngt ()
end
2'(i) ¢y (i)

Receive neighbors’ models z (1) from neighborhood set
Sk,+ with adjacency matrix W.

i) = Ele/\/(i) wiaz' (1)
forg=0to Q — 1do
x"IPN(0) = Yie ey wiaz (1) (2"°(0) = 2'(0))
zH T (5) = xB9TL(5)
end
xt(3) = xH9(4)

end
end

3.2. DFedSAM and DFedSAM-MG

Instead of searching for a solution via SGD (Bottou, 2010;
Bottou et al., 2018), SAM (Foret et al., 2021) aims to seek
a solution in a flat region by adding a small perturbation to
the models, i.e.,  + § with more robust performance. As
shown in Figure 2, the decentralized scheme has a sharper
landscape with poorer generalization ability compared with
the centralized scheme. In this paper, we incorporate the
SAM optimizer into DFL to explore this feature, and the
local loss function of the proposed DFedSAM is defined as:

fi(x) = Eeup, max Fi(y"" (i) +0i;&), i€N (2

l6ill2<p

where y** (i) + &, is the perturbed model, and p is a prede-
fined constant controlling the radius of the perturbation
and || - ||2 is a l3-norm, which is simplified to || - || in
the rest. Similar to CFL methods, in DFedSAM, clients
can update local model parameters with multiple local
iterates before conducting communication. Specifically,
for each client ¢ € {1,2,...,m}, in each local iteration
k € {0,1,..., K — 1} and each communication round
t € {0,1,...,T — 1}, the k-th inner iteration in client 4
is performed as:

y @) = yUR ) — ng"t (i), 3)

where g4F()) = VE(y™* + d(y");€), s(y™*) =
pght/ || gh* | 5» With the first order Taylor expansion around
yb* for a small value of p (Foret et al., 2021). After K
inner iterations in each client, parameters are updated as
z'(i) <+ y"¥ (i) and sent to its neighbors | € N (i) after
local updates. Then, each client averages its parameters
with the information of its neighbors (including itself):

Z wi7lz"’(l).

LleEN (1)

xT(i) =

“

Furthermore, we employ the multiple gossip steps (MGS)
technique (Ye et al., 2020; Ye & Zhang, 2021; Hashemi
et al., 2022) to achieve better consistency among local
models, named DFedSAM-MGS, to ensure a balance be-
tween the communication cost and generalization ability in
DFL. Specifically, the generation of MGS at the g-th step
(¢ € {0,1,...,Q — 1}) can be viewed as two steps in terms
of exchanging messages and local gossip update as follows:

xP ) = Y wiz™(l), and 2" () = x"T ().
lEN (i)

&)
At the end of MGS, it holds that x'T1(i) = x%Q(3).
Our proposed algorithms are summarized in Algorithm
1. It is clear that, in DFedSAM, there is a trade-off be-
tween the local computation complexity and communica-
tion overhead via multiple local iterations, whereas the local
communication is only performed at once. By contrast,
DFedSAM-MGS performs multiple local communications
with a larger () to make all local clients synchronized. There-
fore, DFedSAM-MGS can be viewed as a compromise be-
tween DFL and CFL.

Compared with existing SOTA DFL methods: DFedAvg
and DFedAvgM (Sun et al., 2022), the benefits of DFed-
SAM and DFedSAM-MGS lie in three-fold: (i) SAM is
introduced to alleviate the local over-fitting issue caused
by the inconsistency among local models via seeking a flat
model at each client in DFL, and can also help make the
consensus model flat; (ii) In DFedSAM-MGS, MGS is used
to accelerate the aggregation of local flatness models for
better consistency among local models based on DFedSAM
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and properly balance the communication complexity and
learning performance; (iii) Furthermore, we also present the
corresponding theory unifying the impact of the gradient
perturbation p in SAM, the number of local communications
@ in MGS, and the network typology A, along with data
homogeneity 8 upon the convergence rate in Section 4.

4. Convergence Analysis

In this section, we give the convergence analysis of DFed-
SAM and DFedSAM-MGS for the general non-convex FL
setting, and the detailed proof is presented in Appendix D.
Below, we introduce the necessary notations and assump-
tions.

Definition 4.1. (The gossip/mixing matrix). [Definition
1, (Sun et al., 2022)] The gossip matrix W = [w; ;] €
[0, 1]™>*™ is assumed to have these properties: (i) (Graph)
If i # jand (4,5) ¢ V, then w;; = 0, otherwise,
w; ; > 0; (il) (Symmetry) W = W T (iii) (Null space
property) null{I — W} = span{1}; (iv) (Spectral prop-
erty) I = W > —I. With these properties, the eigen-
values of W can be shown to satisfy 1 = |A\;(W))| >
[A2(W))] > -+ > |An(W))|. Furthermore, A\ :=
max{|Ao(W)|, A\, (W))|} and 1 — X € (0, 1] is the de-
noted as the spectral gap of W.

Definition 4.2. (Homogeneity parameter). [Definition 2, (Li

etal., 2020a)] For any ¢ € {1,2,...,m} and the parameter

x € R?, the homogeneity parameter 3 can be defined as:
= max G, with f;:= sup [V fi(x) = Vf(x)].

1<i<m x€R4
Assumption 4.3. (Lipschitz smoothness). The function f;
is differentiable and V f; is L-Lipschitz continuous, Vi €
{1,2,....m},ie., [[Vfi(x) = VSi(y)ll < Ll}x —y]|, for
allx,y € R%.

Assumption 4.4. (Bounded variance). The gradient of the
function f; have o;-bounded variance:

Ee, [|VE(y;&) — VLX) < of Vie {1,2,...,m},

and the global variance is also bounded, i.e.,
LS TIVi(x) = VA)|? < o2 for all x € R%
It is not hard to verify that the o, is smaller than the
homogeneity parameter 3, i.e., 03 < B2

Note that above mentioned assumptions are mild and com-
monly used in characterizing the convergence rate of FL
(Sun et al., 2022; Ghadimi & Lan, 2013; Yang et al., 2021;
Bottou et al., 2018; Yu et al., 2019; Reddi et al., 2021).
Compared with classic decentralized parallel SGD methods
such as D-PSGD (Lian et al., 2017), the difficulty is that
z'(i) — x*(4) may fail to be an unbiased gradient estimation
V fi(x!()) after multiple local iterates, thereby merging
the multiple local iterations is non-trivial. Furthermore, the

various topologies of communication networks in DFL are
quite different with SAM in CFL (Qu et al., 2022). Below,
we adopt the averaged parameter x' =L 5™ x*(i) of all
clients as the approximated solution of Problem (1).

Theorem 4.5. Assume Assumptions 4.3 and 4.4 hold, and
the parameters {x'(i) };>o are generated via Algorithm 1.
Meanwhile, assume the learning rate of SAM in each client
satisfies 0 < 1 < 1oep. Let xt = L3S x*(i) and
denote ®(\,m, Q) as the metric related with three parame-
ters in terms of the number of spectral gap, the clients and
multiple gossip steps:

A9 41
(1-2@)%’

A9 41

‘I’(Aam7 Q) = (1 _ )\)QmZ(Qfl)

(©)

Then, we have the gradient estimation of DFedSAM or
DFedSAM-MGS for solving Problem (1):

< 2[f(x1) — f7]
= T(nK — 3203 K2L2 — 6n2KL) (7)
+a(K, p,n) + @\, m,Q)B(K, p,n),

min E ||V f(x?)

I
1<t<T

where T' is the number of communication rounds and the
constants are given as:

nKL
2(nK — 323K2L2 — 612K L)

2

P 2 2 2
- L )
5qc 1) T L7p" +ar)

4K3L2772P4
2K —1

a(K, p,n) = (2K L(
+8Kn*(L?p* + o0 + 07) +
n*KL3*(16nKL + 3)

AK3L2pt
K, p.n) = (2
ﬁ( 7Pa77) 77K—32773K2L2—6772KL ( 2K —1
2K p?
K(L2)? 2 2 7>
+8K (L p +09+01))+n2(2}(_1)

With Theorem 4.5, we state the following convergence rates
for DFedSAM and DFedSAM-MGS.

Corollary 4.6. Let the local adaptive learning rate satisfy
n = O(1/LKT). With the similar assumptions required
in Theorem 4.6, and setting the perturbation parameter
p= (’)(%) The convergence rate for DFedSAM satisfies:

. 2 oy (D) =)+ ot | K(B*+a7)
1r§ril§nTE HVf(x )H ,O( T + T
1% B> + o
+ K1/273/2 + K1/2T3/2(1 _ )\)2)'

Remark 4.7. Due to the effect of the radius of the per-
turbation p by using SAM, DFedSAM can achieve a bet-
ter bound than the state-of-the-art (SOTA) bounds such as

2 2 2
O (% + % + %) in (Sun et al., 2022), where B
is the upper bound of the gradient. And the reason is that the
diverse impact of various communication topologies A on
convergence rate can be alleviated by the effect of the radius

of the perturbation p, i.e., p = O(%) (we set p = 0.01
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Table 1. The performance (%) of all algorithms on two datasets in both IID and non-IID settings.

. Dirichlet 0.3 Dirichlet 0.6 11D
Task Algorithm
Train  Validation Generalization Train  Validation Generalization Train  Validation Generalization
error error error
FedAvg 99.99 82.39 17.60 99.99 84.17 15.82 99.99 84.70 15.29
FedSAM 99.75 82.49 16.26 99.89 85.04 14.85 99.98 84.98 15.00
D-PSGD 98.59 68.23 30.36 99.09 70.58 28.51 99.75 73.23 26.52
CIFAR-10 DFedAvg 99.75 73.55 26.20 99.93 74.67 25.26 99.95 75.55 24.40
DFedAvgM 99.93 79.96 19.97 99.95 81.56 17.39 99.95 82.07 17.88
DisPFL 99.90 72.19 27.71 99.93 74.43 25.50 99.95 76.18 23.77
DFedSAM 99.41 82.04 17.37 99.44 84.38 15.06 99.44 85.30 14.14
DFedSAM-MGS  99.53 84.26 15.27 99.65 85.14 14.51 99.69 86.47 13.22
FedAvg 99.99 48.36 51.63 99.99 53.06 46.93 99.99 54.16 45.83
FedSAM 99.99 52.98 47.01 99.99 55.88 44.11 99.99 59.60 40.39
D-PSGD 90.72 27.98 62.74 90.15 30.62 59.53 92.19 33.64 59.55
CIFAR-100 DFedAvg 99.56 27.62 61.94 99.56 32.82 66.74 99.68 36.77 632.91
DFedAvgM 99.56 45.11 54.45 99.60 45.50 54.10 99.78 47.98 51.80
DisPFL 97.20 30.15 67.05 99.48 32.44 67.04 99.69 35.98 63.71
DFedSAM 99.87 48.66 51.21 99.85 52.70 47.15 99.97 53.12 46.85
DFedSAM-MGS  99.92 52.37 47.55 99.95 5491 45.04 99.97 56.15 43.82

when T' = 1000). Note that the bound can be tighter

2 2
as A decreases, which is dominated by % as
A>1——

Nk whereas as 3 increases, it can be degraded. Fur-
thermore, when the smoothness is not good, which means

. .. 2
that L is large, and the additional term O(=77575) can
be neglected compared to other terms, which comes from
the additional SGD step for smoothness via SAM local

optimizer.

Corollary 4.8. Assume QQ > 1 and T is large enough and
n = O(1/L\KT). With the similar assumptions required
in Theorem 4.6 and perturbation amplitude p = O(%)
the convergence rate for DFedSAM-MGS satisfies:

. (12 oo (SN = f)+oi | K(B+o07)
1r§rilgnTIEHVf(x )H ,(9( JRT + T
L B +o}
+ K1/273/2 +<I’(>\,m, Q)K1/2T3/2)'

Remark 4.9. The impact of the network topology (1 — )
can be alleviated as () increases and the number of clients

2941
(1-X)2m2(@-1) of

®(\, m, Q) can be neglected and the term (1/\—(?%1)2 is close
to 1. That means by using the proposed ()-step gossip pro-
cedure, model consistency among clients can be improved,
and thus DFL with various communication topologies can
be roughly viewed as CFL. Thus, the negative effect of the
gradient variances o7 and 32 can be alleviated especially
on sparse network topology where A is close to 1. In prac-
tice, a suitable step number () > 1 can possibly achieve a
communication-accuracy trade-off in DFL.

Remark 4.10. Note that ®(\, m, Q) = ?fij)lg < 5y

for @ = 1 and the result is the same as Corollary 4.6.

m is large enough, meanwhile, the term

5. Experiments

In this section, we evaluate the efficacy of our algorithms
compared with six baselines from CFL and DFL settings.
In addition, we conduct several experiments to verify the
impact of the communication network topology in Section
4. Furthermore, several ablation studies are conducted.

5.1. Experiment Setup

Dataset and Data Partition. The efficacy of the proposed
DFedSAM and DFedSAM-MGS is evaluated on CIFAR-10
and CIFAR-100 datasets (Krizhevsky et al., 2009) in both
IID and non-IID settings. Specifically, Dirichlet Partition
(Hsu et al., 2019) and Pathological Partition are used for sim-
ulating non-IID across federated clients, where the former
partitions the local data of each client by splitting the total
dataset through sampling the label ratios from the Dirichlet
distribution Dir(«) with parameters o = 0.3 and o = 0.6.
And the Pathological Partition is placed in Appendix C due
to limited space.

Baselines. The compared baselines cover several SOTA
methods in both the CFL and DFL settings. Specifically, cen-
tralized baselines include FedAvg (Mcmahan et al., 2017)
and FedSAM (Qu et al., 2022). For decentralized setting,
D-PSGD (Lian et al., 2017), DFedAvg and DFedAvgM (Sun
et al., 2022), along with DisPFL (Dai et al., 2022), are used
for comparison.

Implementation Details. The total number of clients is set
to 100, among which 10% clients participates in communi-
cation. Specifically, all clients perform the local iteration
step for decentralized methods and only participated clients
can perform local update for centralized methods. We ini-
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Figure 3. Test accuracy of all baselines from both CFL and DFL with (a) CIFAR-10 and (b) CIFAR-100 in both IID and non-IID settings.

tialize the local learning rate to 0.1 with a decay rate 0.998
per communication round for all experiments. For CIFAR-
10 and CIFAR-100 datasets, VGG-11 (He et al., 2016) and
ResNet-18 (Simonyan & Zisserman, 2014) are adopted as
the backbones in each client, respectively. The number of
communication rounds is 1000 in the experiments for com-
paring all baselines and investigating the topology-aware
performance. In addition, all ablation studies are conducted
on the CIFAR-10 dataset and the number of communication
rounds is set to 500.

Communication Configurations. For a fair comparison
between decentralized and centralized settings, we apply a
dynamic time-varying connection topology for decentral-
ized methods to ensure that, in each round, the number
of connections are no more than that in the central server.
Note that the number of clients communicating with their
neighbors can be controlled to keep the communication vol-
ume consistent with centralized methods. Following earlier
works, the communication complexity is measured by the
times of local communications. More details of the experi-
ments are presented in Appendix B due to limited space.

5.2. Performance Evaluation

Performance comparison with baselines. We evaluate
DFedSAM and DFedSAM-MGS (@ = 4) with p = 0.01 on
CIFAR-10 and CIFAR-100 datasets in both settings com-
pared with all baselines from CFL and DFL. From the re-

sults in Table 1 and Figure 3, it is clearly seen that our
proposed algorithms outperform other decentralized meth-
ods on both datasets, and DFedSAM-MGS outperforms and
achieves similar performance as the SOTA centralized base-
line FedSAM on CIFAR-10 and CIFAR-100, respectively.
Specifically, the training accuracy and testing accuracy are
presented in Table 1 to show the generalization performance.
We can see that the performance improvement is more ob-
vious than all other baselines on CIFAR-10 with the same
communication round. For instance, the differences between
training accuracy and test accuracy (aka. generalization er-
ror) on CIFAR-10 in IID setting are 14.14% in DFedSAM,
13.22% in DFedSAM-MGS, 15.29% in FedAvg and 15%
in FedSAM. That means our algorithms achieve a general-
ization level comparable to centralized baselines. In general,
the upper-performance limitation of DFedSAM is consis-
tent with FedSAM, as they apply different optimizers to the
same optimization problem.

Impact of non-IID level (5). In Table 1, we can
see that our algorithms are robust to different participa-
tion cases. The heterogeneous data distribution of lo-
cal clients is set to various participation levels includ-
ing IID, Dirichlet 0.6, and Dirichlet 0.3, which makes
the training of the global/consensus model more diffi-
cult. On CIFAR-10, as the non-IID level increases,
DFedSAM-MGS achieves better generalization than Fed-
SAM as the generalization error in DFedSAM-MGS
{15.27%, 14.51%, 13.22%} are lower than those in Fed-
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SAM {17.26%,14.85%,15%}. Similarly, the generaliza-
tion error in DFedSAM {17.37%, 15.06%, 14.10%} are
lower than those in FedAvg {17.60%, 15.82%, 15.27%}.
These observations confirm that our algorithms are more
robust than baselines on various heterogeneous degrees.

Measuring on the flatness of loss landscapes. To evaluate
the flatness of loss landscapes produced by our algorithms
compared to FedAvg and DFedAvg (Figure 2(a) and 2(b)),
we conduct some experiments on partitioned CIFAR-10
dataset with Dirichlet distribution (o« = 0.6) and VGG-11
model after all models are converged and present the largest
eigenvalue of the Hessian matrix (Yao et al., 2020) in Figure
5. Note that the smaller the largest eigenvalue, the flatter
the loss landscape. It is clear that the resulting models are
found in flatter minima as expected and DFedSAM-MGS is
close to FedAvg in terms of the largest eigenvalue.

5.3. Topology-aware Performance

We verify the influence of various communication topolo-
gies and gossip averaging steps in DFedSAM and
DFedSAM-MGS. Different from the comparison of CFL
and DFL in Section 5.2, we only need to verify the key
properties for the DFL methods in this section. Thus, the
communication type is set to “Complete”, so that each client
can communicate with its neighbors in the same communi-
cation round.

Table 2. Testing accuracy (%) in various network topologies com-
pared with decentralized algorithms on CIFAR-10.

Algorithm Ring Grid Exp Full
D-PSGD 68.96 74.36 74.90 75.35
DFedAvg 69.95 80.17 83.13 83.48

DFedAvgM 72.55 85.24 86.94 87.50
DFedSAM 73.191 85.281 87441 88.0571

DFedSAM-MGS 80.551 87.3917 88.061 88201

The degree of sparse connectivity A is Ring > Grid > Ex-
ponential (abbreviated as “Exp”’) > Full-connected (abbre-
viated as “Full”) in DFL. From Table 2 and Figure 5(b),
our algorithms are superior to all decentralized baselines
in various communication networks, which is coincided
with our theoretical findings. Specifically, compared with
DFedAvgM, DFedSAM, and DFedSAM-MGS can signif-
icantly improve the performance in the ring topology by
0.64% and 8.0%, respectively. Meanwhile, the performance
of DFedSAM-MGS in various topologies is always better
than that of other methods. This observation confirms that
multiple gossip steps can alleviate the impact of network
topology with a smaller () = 4. Therefore, our algorithms
can achieve better generalization and model consistency
with various communication topologies.

5.4. Ablation Study

We verify the influence of each component and hyper-
parameter in DFedSAM with @ = 1. All the ablation
studies are conducted with the “exponential” topology ex-
cept the study of the impact of ) with three topologies, and
the communication type is “Complete” same as Section 5.3.

Consensus/gossip steps (). In Figure 4, we investigate the
balance between learning performance and communication
complexity with three network topologies. In general, larger
@ values can better solve the local consistency problem,
but may also introduce additional communication cost. In
the decentralized training setting, it is easier to obtain an
optimal (). Thus, we treat () as a hyperparameter in our
experiments and investigate the different balance points for
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Figure 6. Impact of hyper-paramerters: local iteration steps K, participated clients m, perturbation radius p.

different values of 1 < Q < 4 under various communica-
tion topologies in Figure 4 (a), (b) and (c), such as ring,
grid, and exponential. As the number of local communica-
tions increases, model performance is also improved but the
communication complexity increases too. It is clear that the
balance points are different but with the same tendency with
different topologies. Also, a relatively larger ) can bring
better performance for a given communication complexity.
Therefore, we choose (Q = 4 in DFedSAM-MGS under
1000 communication rounds for a better balance.

Local iteration steps K. Large local iteration steps K
can help the convergence as shown in previous DFL work
(Sun et al., 2022) with theoretical guarantees. To investigate
the acceleration on 7" by adopting a larger local iteration
steps K, we fix the total batchsize and change local training
epochs. As shown in Figure 6 (a), our algorithms can accel-
erate the convergence in theoretical results (see Section 4.5)
as a larger K value is adopted.

Number of participated clients m. In Figure 6 (b), we
compare the performance with different numbers of client
participation m = {50,100,150} with the same hyper-
parameters. Compared with m = 150, the m value (50
or 100) can achieve better convergence and test accuracy as
the number of local data increases. We can find that a small
client size tends to produce better training performance due
to more samples in each client and the relationship between
training performance and client size is approximately linear.

Perturbation radius p. The impact of the perturbation ra-
dius p comes from the fact that the added perturbation is
accumulated when the communication round 7" increases.
It is a trade-off between test accuracy and the generalization.
To select a proper value for our algorithms, we conduct ex-
periments with various perturbation radius values from the
set {0.01,0.025,0.05,0.1,0.2,0.4,0.6,0.8,1.0} in Figure
6 (c). With p = 0.01, we achieve a satisfactory trade-
off between convergence and performance. Meanwhile,
p= O(%) can make a linear speedup on convergence (see

Section 4.5).
The effectiveness of SAM and MGS. To validate the ef-

fectiveness of SAM and MGS, we can compare these algo-
rithms including DFedAvg, DFedSAM, and FedSAM-MGS
in Table 1, DFedSAM can achieve performance improve-
ment and better generalization compared with DFedAvg as
the SAM optimizer is adopted. DFedSAM-MGS can further
boost the performance compared with FedSAM as MGS can
also make models consistent among clients and accelerate
the convergence rates.

6. Conclusions and Future Work

In this paper, we focus on the challenge of model inconsis-
tency caused by heterogeneous data and network topology
in DFL from the perspective of model generalization. We
propose two DFL algorithms: DFedSAM and DFedSAM-
MGS with better model consistency among clients. DFed-
SAM adopts SAM to produce the flat model in each client,
thereby improving the generalization by generating a con-
sensus/global flat model. DFedSAM-MGS further improves
the model consistency based on DFedSAM by accelerating
the aggregation of local flat models and reaching a better
trade-off between learning performance and communication
complexity. For theoretical findings, we unify the impacts
of gradient perturbation in SAM, local communications in
MGS, and network topology, along with data homogeneity
upon the convergence rate in DFL. Furthermore, empirical
results also verify the superiority of our approaches. For fu-
ture work, we aim to obtain an in-depth understanding of the
effect of SAM and MGS and achieve better generalization
in DFL.
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Supplementary Material for
“ Improving the Model Consistency of Decentralized Federated Learning

A. Communication Network Topologies

(b) Exponential

y

= S5 (S

(c) Grid (d) Fully-connected

Figure 7. An overview of the various communication network topologies in decentralized setting.

B. More Details on Algorithm Implementation

B.1. Datasets and backbones.

CIFAR-10 and CIFAR-100 (Krizhevsky et al., 2009) are labeled subsets of the 80 million images dataset. They both share
the same 60, 000 input images. CIFAR-100 has a finer labeling, with 100 unique labels, in comparison to CIFAR-10, having
10 unique labels. The VGG-11 as the backbone is used for CIFAR-10, and the ResNet is chose for CIFAR-100, where the
batch-norm layers are replaced by group-norm layers due to a detrimental effect of batch-norm.
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B.2. More details about baselines.

FedAwvg is the classic FL. method via the vanilla weighted averaging to parallel train a global model with a central server.
FedSAM applies SAM to be the local optimizer for improving the model generalization performance. For decentralized
schemes, D-PSGD is a classic decentralized parallel SGD method to reach a consensus model 2, DFedAvg is the decentralized
FedAvg, and DFedAvgM uses SGD with momentum based on DFedAvg to train models on each client and performs
multiple local training steps before each communication. Furthermore, DisPFL is a novel personalized FL framework in a
decentralized communication protocol, which uses a decentralized sparse training technique, thus for a fair comparison, we
report the global accuracy in DisPFL.

B.3. Hyperparameters.

The total client number is set to 100, and the number of connection s in each client is restrict at most 10 neighbors in
decentralized setting. For centralized setting, the sample ratio of client is set to 0.1. The local learning rate is set to 0.1
decayed with 0.998 after each communication round for all experiments, and the global learning rate is set to 1.0 for
centralized methods. The batch size is fixed to 128 for all the experiments. We run 1000 global communication rounds
for CIFAR-10 and CIFAR-100. SGD optimizer is used with weighted decayed parameter 0.0005 for all baselines except
FedSAM. Other optimizer hyper-parameters p = 0.01 for our algorithms (DFedSAM and DFedSAM-MGS with @ = 1) via
grid search on the set {0.01,0.025,0.05,0.1,0.2,0.4,0.6,0.8,1.0} and the value of p in FedSAM is followed by (Qu et al.,
2022), respectively. And following by (Sun et al., 2022), the local optimization with momentum 0.9 for DFedAvgM. For
local iterations K, the training epoch in D-PSGD is set to 1, that for all other methods is set to 5.

B.4. Communication configurations.

Specifically, such as (Dai et al., 2022), the decentralized methods actually generate far more communication volume than
centralized methods because each client in the network topology needs to transmit the local information to their neighbors.
However, only the partly sampled clients can upload their parameter updates with a central server in centralized setting.
Therefore, for a fair comparison, we use a dynamic time-varying connection topology for decentralized methods in Section
5.2, we restrict each client can communicate with at most 10 neighbors which are random sampled without replacement
from all clients, and only 10 clients who are neighbors to each other can perform one gossip step to exchange their local
information in DFedSAM. In DFedSAM-MGS, the gossip step is performed @) times, 10 x @ clients are sampled without
replacement can perform one gossip step to exchange their local information.

C. More Details on Experiments under the Pathological Partition

Pathological Partition. To make the experiment more convincing, we also conduct some experiments on CIFAR-10 and
CIFAR-100 with VGG-11 and ResNet-18 models, respectively, under the pathological data partition setup (Zhang et al.,
2020) after 500 communication rounds. Where the sorted data is divided into 200 partitions with 100 clients and each client
is randomly assigned 2 partitions from 2 classes. It is clear that training performance is more difficult in this partition setup
compared with Dirichlet distribution partition setup. That means larger heterogeneous levels which is closer to real-world
scenario.

Comparison with all baselines. From Table 3, we can obviously see that the final performance is worse than that in Dir(«)
due to larger heterogeneous levels especially on more complex dataset such as CIFAR-100. It is seen that in this partition
way, the ill-impact of the data heterogeneity is more severe on performance. However, our methods still have benefited
from SAM compared with other methods, thereby verifying the effective of our algorithms. Furthermore, it also exposes the
all-fit-one model may be not suitable for more serious statistical heterogeneity setting. For this issue, existing many works
have adopted some technique to alleviate it, such as model personalization in FL (Zhang et al., 2020; Li et al., 2021; Chen &
Chao, 2021; Deng et al., 2020; Huang et al., 2021).

2In this work, we focus on decentralized FL which refers to the local training with multiple local iterates, whereas decentralized

learning/training focuses on one-step local training. For instance, D-PSGD (Lian et al., 2017) is a decentralized training algorithm, which
uses the one-step SGD to train local models in each communication round.
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Table 3. The performance on CIFAR-10 and CIFAR-100 under pathological data partition.

Test accuracy (%) for all algorithms sampling only 2 classes from the whole data classes in each client

Task
FedAvg FedSAM D-PSGD DisPFL DFedAvg DFedAvgM DFedSAM DFedSAM-MGS
CIFAR-10 63.23 65.61 39.53 47.61 45.67 51.64 60.58 64.45
CIFAR-100 9.66 13.07 5.60 5.69 5.35 7.65 9.91 12.07

D. Convergence Analysis for DFedSAM and DFedSAM-MGS

In the following, we present the proof of convergence results for DFedSAM and DFedSAM-MGS, respectively. Note that
the proof of Theorem 4.5 is thoroughly introduced in two sections D.2 and D.3 as follows, where = 1 and @ > 1,
respectively.

D.1. Preliminary Lemmas

Lemma D.1 (Lemma 4, (Lian et al., 2017)). Foranyt € Z™, the mixing matrix W € R™ satisfies || W' —P||o, < X', where

A := max{|Aa|, |\, (W)} and for a matrix A, we denote its spectral norm as || A||op. Furthermore, 1 :=[1,1,...,1]T €
R™ and -
11
P:= — e R™™.
m

In [Proposition 1, (Nedic & Ozdaglar, 2009)], the author also proved that ||IW* — P||,, < CA* for some C' > 0 that depends
on the matrix.
Lemma D.2 (Lemma A.5, (Qu et al., 2022)). (Bounded global variance of |V f;(x + &;) — V f(x + 0)|*.) An immediate
implication of Assumptions 4.3 and 4.4, the variance of local and global gradients with perturbation can be bounded as
follows:

IV fi(x+d;) — Vf(x+0)|]> <30, + 6L*p".
Lemma D.3 (Lemma B.1, (Qu et al., 2022)). (Bounded E5 of DFedSAM). the updates of DFedSAM for any learning rate
satisfying n < ﬁ have the drift due to 6; , — 9:

1 m
€ = — > El|dix — o] < 2K28%°p?
i=1

VFx) 5 VE(y"*.€)
PINFGT dik = PIVE (yom T

Lemma D.4. Assume that Assumptions 4.3 and 4.4 hold, and (y** (i) + 0; k)i>0, (x**(1))i>0 are generated by DFedSAM
foralli € {1,2,...,m}. If the client update of DFedSAM for any learning rate n < wﬁ’ it then follows:

where § =

4K3L2 2 4
—ZIEH PE() 4 6,5) — x! ()| < 2K (—om PP 4 8K (L2p? + 02 + 0})

2K — 1
8Kn? & 2K ®
n p
+ LS B[V )
1=1

where 0 < k < K — 1.
Proof.
For any local iteration k € {0, 1, ..., K — 1} in any node i, it holds

2

*ZEH BR@) + 05 ) — x'(i ZEHYtk Y(@) + 0o — nVEF(y " (i) + 6ik—1) — x'(0)]

*ZEHYM Y@) + Gip—1 — X(0) + Gik — i h 1—77(VF(yfk Yi) + 6ip1) — VE(y"*F 1)

+VEWMHU—Vﬁ@%+Vﬁ@6fVﬂf»+Vﬂf0W
<1411,
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2
whereI=(1—|—2K1_1)%Zz 1<]EH}’“C i) + 0 g1 — x* )H +E‘|5i7k—5i,k—1H2> and

2K & ~1y; —
1= 2SR (VA ) + o) - VR

i=1

F VR ) = VAR + VA = VI + V)2,

With Lemma D.3 and Assumptions, the bounds are

I:(1+ Z(EHy” Y@y 4+ 0 — X ‘)||2—|—2K2L2772p4),
and
1 = SK" Z(L2 240t + 02+ E[| Vi),
i=1

where E 13,1 < p?.
Thus, we can obtain

EH tk— 1()+5zk 1)—Xf(Z)H2

E (64 0) +80) =<' O < (1+ 57—

4K3L2772 77
ﬁ‘f‘SKn (L2p2+0 +Ul + ZEHVf }

where B |V f(x!)|* = L S0 B V)| F(x) = L S0, fi(x), and V fi(x?) 1= VF(x'(i)).

The recursion from T = 0 to k yields

1 m K-1 1 4K3L2 2 4
—Z]EH PEGE) + 8i) = XD £ 30 (U )T (S 4 SKRP (L3R + 02 4 oF)
i=1 7=1
8K77 G t/. 2 2
T LEIVACI ) + 0+ g
312,24
< 2K(74I;Ka"1p +8Kn*(L?p* + 02 + 07)
8K n? — 2Kp
— ;EHVf( )%

This completes the proof.

Lemma D.5. Assume that the number of local iterations K is large enough. Let {x"(i) };>0 be generated by DFedSAM for
alli € {1,2,...,m} and any learning rate 1 > 0, we have following bound:

5 Bl - <

where Gy = 2K (USE0" 4 SK(I252 402+ o) + 5 S0 BV )I) + 2y

Proof.

Following [Lemma 4, (Sun et al., 2022)], we denote Z' := [z'(1),2"(2),...,z"(m)] T & R™%4. With these notation, we
have

Xt = WZ! = WX — ¢, 9)
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where (.= WX — WZ. The iteration equation (9) can be rewritten as the following expression

t—1
Xt =WIX0 — Z Wi—1=i¢d, (10)
j=0
Obviously, it follows

WP =PW =P. (11
According to Lemma D. 1, it holds

W' —P| <.
Multiplying both sides of equation (10) with P and using equation (11), we then get

t—1 t—1
PX'=PX" - Y P =Y PC,
=0 =

(12)
where we used initialization X° = 0. Then, we are led to
t—1 o
X! = PX! | =) (P - W)
i=0
t—1 ‘ ‘ t—1 o (13)
<Y P =W I < XTI
=0

j=0
With Cauchy inequality,

t—1
E|X' - PX 2 <ED AT AT
j=0

1671y
t—1 t—1
< QoANTTHQOANTIEICIP)
j=0 j=0
Direct calculation gives us
E[l¢7]* < [|[W* - E[X - 27| < E|IX? — Z7|*.
With Lemma D.4 and Assumption 3, for any j,
E||X7 - Z7|?
m(QK(M—i—SK(L%Q—i—oQ+a2)+%iEHVf( N|1%) 7) 2
2K — 1 9T m & (2K — 1)
Thus, we get
E|X' — PX!|?

_ MK CEEE + 8K (L2 4 03 4 o) + 5 S BV @) +

Tl)) 2
- (1-A)? '

The fact that Xt — PX? = then proves the result.
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Lemma D.6. Assume that the number of local iteration K is large enough. Let {x"(i)}+>( be generated by DFedSAM-MGS
Sforalli € {1,2,...,m} and any learning rate 1) > 0, we have following bound:

1 & ka2 ) A9 4+1 A9 +1
_ ) _ <
m Zi:l Ella(0) = x| < G ((1 “NEmE@ D (1 AQ)2>

3r2 4
where Cy = 2K(4I2(KL_1P + 8K (L?p? +O’ +0?) + 8K Zl LENV @) ) 2(271)
Proof.
Following [Lemma 4, (Sun et al., 2022)] and Lemma D.5, we denote Z' := [z'(1),2'(2),...,z"(m)] T e R™X4, With
these notation, we have

X't =Wz = WOX' — ¢, (14)

where (t := WOX? — WQRZ!. The iteration equation (14) can be rewritten as the following expression

t—1
X! = (WHexX0 -y w199, (15)
§=0
Obviously, it follows
WCeP =PWY =P. (16)
According to Lemma D. 1, it holds
W =Pl <\

Multiplying both sides of equation (15) with P and using equation (16), we then get

t—1 t—1
PX'=PX" - Y P = -3 P¢,
j=0

=0
where we used initialization X° = 0. Then, we are led to
t—1 o
X! = PX' | = | Y (P — WOUI=D) ||
=0
t—1 ‘ ‘
< P = WO (1|
=0
t—1

< YN W@
j=0

t—1
<D ONTIWIT P PCT ).
§=0
With Cauchy inequality,
t—1 ' 4 =
E|X! - PX!|? < (Z A3 (A@=D(E-1-7) inl)Z/\t 17 (\Q@-D)(t=1-3) +— ——)E| )

=0 j=0

)\t 1—j t—1

t—1
< (Z(AQ(t—l 7)
=0

‘ 1 1
< IE||CJ||2<(1 —A)2m2@-D + (1-— /\Q)2)'

)\ t=1-j
o) (AR ”+ —EI %)
3=0
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Direct calculation gives us

E[¢]* < [IWe[? - B[ X7 - 27|
<||W-P+P|*?X/ — 77|
< (W =PI + |[P[*9)E[IX/ —
< (A?+ DE|IXT - 27|12,

With Lemma D.4 and Assumption 3, for any j,

z/|?

E|X7 - Z7|?
AK3L?p* 2 2 2 2 8K |- P’ 2
Thus, we get
A9 +1 A9 +1
t_ t2 < 2
EX" = PX|" < mCan <(1 —A)ZmA@D T (1- ,\Q)2)
2
where Gy = 2K (S0 L 8K (L20? + 02 + 02) + 35 Y B[V F(x! (0))]°) + 72
xt(1) — xt
xt(2) — xt
The fact that X! — PX? = i then proves the result.
xt(m) — xt
D.2. Proof of convergence results for DFedSAM.
Noting that PX'T! = PWZ! = PZ?, that is also
xttl = zt,
where X := [x(1),x(2),...,x(m)] T eRmxdand 7 = (2(1),2(2),...,2(m)] T e Rmxd,
Thus we have
x!Hl — xt = xI+1 — 7t 4 71 — xt = 71 — xF, (17)
where zt ;= Zm%zt(z) and xt ;= Zm%:‘t(l) In each node,
o SIS Y -y )
m
m K-1 ~t k-
_ Doty Do (—n8"M(D) (18)
m
Y e CaVEGY + pVE W9/ [VEE9)],): €
m
The Lipschitz continuity of V f:
_ _ S
Ef(xtt1) <Ef(xt) + E(Vf(x!),zt — xt) + §]E||x1th1 —xt|?, (19)
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where we used (17).
And (18) is used:

E(KVf(x'), (2! —x')/K) = E(KVf(x"), -V (x') + nV[(x') + (2! —x')/K)

— KE |V + BV ),V £ + (37 — X)/K)
a_) 2 - " m K-—1 1 m . " .
= —niE V16| + BVIE), TR 30 Y (VR o0 = VG +6056)))
b) 2 o I m m K-1 ‘ (20)
< —nKE||V 6|+ 0B [ V6| B 2533 T 0) — v - 6
i=1 i=1 k=0

o —nK 2 2 K? AK3L2n2 pt
< —~E [vr6a)| + 2 (2K (S KR (L2 4 02 + o)

8K 2Kp

7;EHVf( D) )

where a) uses Vf; = EVF, and Vf = L 5™ 'V f; b) uses the Lipschitz continuity, and ¢) uses Lemma D.4. Meanwhile,
we can get

| /\

ZH SROEESO!
7721 12 (ytk-i-&k f)H

m

S

I /\

LSS x " el @D
< T2 N E|VEW + 6458 — VE(y":€) + VE(y™;€)

ViihH|?
P+ ot + ;ZEHVﬂxt(i)nQ) 7

i=1

where a) uses Assumptions 4.3 and 4.4.
Thus, (19) can be represented as

Ef() <Ef() — OB | VE/GO)| + ”L2K

m (22)
+ L S B V)] + w (w +of +;ZEHW<xt<z‘>H2) ’

i=1 i=1

3r2, 2 4 2
where C; = 2](.(%77’71” +8Kn*(L*p* + 0 + 07)) + §§f1'
Furthermore, with Lemma D.5, we can get

112
S ) -

1 & 2 — |2
— ) E|Vf'(1) <2L? +2E ||V f(x")
LS el fose)]
0277

a<)2L2
- (1—=N)?

)

2
—&—QEHVf (x?) ’

where a) uses Lemma D.5 and Cy = 2K(% +8K(L?p* + 02 +0f) + 35S E(Vf(x'(4)) ) + m
Therefore, we have

Lo _ 2L2Csn% +2(1 — \)2)E ||V £ (X))
EZ:EHVJC(X%Z))HQ S (1_)\)2 —32L277’2’K2 ’ (24)
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where Cy = 2K (g™ + 8K (L2? + 0% + oF)) + gty
And then, (19) can be represented as
2
2L2Csn2 4+ 2(1 — V)2)E HVf(Xt)
(1—\)2 —32L2n2K?2

+ e+ 83 K2L%(

Ef(x1) < Ef(xf) — %EHVJC(;) ’2 nL2KCy

3772KL 2 2 2 1 & tra\12
=L — ) E|V
I (it 4 L S s o
ay K —12  3n’KL
<Ef(x) + (163 K2L? — ”7 + 32K L)E Hw(xt) + ”T (L%p* + o7)
nKL*C,  160°K2L*Cs + 3n*KL3Cs

2 (1— )2

Where a) uses (24) and 7 is a very small value, summing the inequality (25) from ¢ = 1 to 7', and then we can get the proved
result as below:

=1 L’KC 4KL3C3(16nKL+3 257
min IEHVf(;)HQ < 2f(xt) —2f* s nL7KG | n (13,()\)2 ) 4 3772 (L2p2 +Uz2>
1<t<T “T(K —3203K2L2 — 62K L) 0K — 32PK2L% — 62K L

If we choose the learning rate n = O(1/LvV KT) and n < ﬁ, the number of communication round 7' is large enough,
we have

min E HVf(;) ? :0((,70(;) — [+ L*p* + 0} + K(L?*p? +U§ +0?) K3/212p . L2p? +U§ + o2 )
1=t<T \/ﬁ T T3/2(1 _ /\)2 K1/2T3/2(1 _ /\)2

When perturbation amplitude p proportional to the learning rate, e.g., p = O(ﬁ), and then we have:

. [P (SN =) +op | Klog+op) 12 oy + o
t — g9 g
i, B HW(X ) ’O( JET Y T xern T RiRmsERi - ,\)2)

Under Definition 4.2, we can get

. — 2 (f(Xl)—f*)+Jl2 K(ﬂ2+0l2) L? ﬁ2+0l2
v t —
e, B H ) *O< VKT T K275  KUPT972(1 - A)Q)

This completes the proof.

D.3. Proof of convergence results for DFedSAM-MGS

With multiple gossiping steps, x° and z° are represented as x and z, respectively. Meanwhile, Z? = Z:0. W®@ = Zt. W€,
Noting that PX!*! = PWQZ! = PZ!(Q > 1), that is also

xttl = zt,
where X := [x(1),x(2),...,x(m)] T eRmxd and 7 = (2(1),2(2),...,2(m)] T e Rmxd,
Thus we have
xtHl — xt = xt+1 — 7t 4 7 — xt =71 — xF, (26)
where z! := Zm%zt(l) and x? := Zm%xt(z) In each node,
m K— . ..
Zf Xt — 2zl k:ol y R () — y R (0)
m
m K—-1 ~ .
_ >oim1 Yoo (=18 (D) (27)
m
X S (—nVE(y“* + pVE(y“*:€)/ | VFi(y"*;€)|,): €)
m

21



Improving the Model Consistency of Decentralized Federated Learning

The Lipschitz continuity of V f:

Ef(<T) < Ef () + E(V/ (<), 7 — X + TR - 5|7, e8)
where we used (26).
And (27) is used:
E(KVf(x!), (z! —x!)/K) = E(KVf(x}), =nV f(x!) + nV f(x!) + (2" — x)/K)

= KE|ViG)|| + BV, V&) + @ - X)/K)

u 2 - m K—1
% nKE ||V 16|+ BV, =30 Y (VR Zx — VR +6,436)))

1=1 k=0
b) 2 o I m m K-1 . . (29)
< —nKE||V 6|+ B [ V6| B 2533 T 0) vt - 6

=1 i=1 k=0
) —nK |2 LR ARCL2 ! 2 2
STE ‘Vf(xt)‘ + 2 (2 (S KR (L2 4 02 + o)
8Kn? 2Kp?
ZEva H 2K—1>7

where a) uses Vf; = EVF, and Vf = L 5™ 'V f; b) uses the Lipschitz continuity, and c) uses Lemma D.4. Meanwhile,
we can get

2
talf = -
2

I /\

ZH B (i) - x! (i)
2
T YR (ytk+5m7§)’|

m

_ﬁH

| /\

2

K—1 o)
STEIVE(yY 4 6i4:€) — VE(y™:€) + VE(y":¢)
k=0

(x") + V fi(x")|]?
2
3772[( <L2p2+a + — ZIEHVf ||2>

n’L
2m

Ih

Il
-

K2

- sz Xt

h\_/

INE

where a) uses Assumptions 4.3 and 4.4.
Thus, (28) can be represented as

Ef(xtH1) <Ef(xF) — —]EHV]Ef H ”LQ

m (31)
8P K2 L2 . 32K L 1 .
+ nTZ]EHVf(xt(z))HQ + ”T <L2p2 +of + mZEHVf(xt(z)llZ) :

=1 i=1

3r2,2 4 2
where Cy = 2K (200 4 8Kn?(L?p? + 02 + o) + 2525
Furthermore, with Lemma D.6, we can get

m t _ t
i=1 H Z X H

+2]EHVf X7)

1 & .

—NE| Vi) < 2L

mi3 (32)
A9 +1 A9 4+1

-2 )2m2@ 0 T (1)

2 2L202n2( ) +2E Hw@)

)
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where a) uses Lemma D.6 and Cy = 2K(4K L p +8K(L?p* + 02 +07) + 253" BV f(x!(i NP + #}il)
Moreover, we have

m 2I2C: 2( e )+2IEHVf(§)
1 ) 37 NZm2(@-1) 1-)@)2
Ly g vreco)? v T R T 2
P 1 *32L2772K2<(1 S+ i AQ)Q)
where C3 = 2K(4K L p +8K(L*p* 4+ 02 +07)) + %~
Therefore, (28) is
—IT S nk — |2, nL*KC 37272 2 2 A9+ 1
T+l Ty _ 7 Ny A AN N
B () < BfG) — TR [V |+ 5 4 s KL o (5, e
@ +1 — 12 3n*KL 1 &
- t et Aiet 2 2 2 - tra\N2
t o AQ)Q) +2]EHVf(x) )+ = 1207 4 ot + m;EIIVf(x ()] »

32K L
M AL 5 (L2p2 + 012)

A9 +1 N A9 +1 )
(1—A)2Zm2@-1D " (1— Q)2

a) K
<Ef(x') + (1677 K2L? — 72 +3772KLEHVf

T}KL2 Cl
* 2

+ (16° K2LACs + 3174KL303)<

Where a) uses (33) and 7 is a very small value, summing the inequality (34) from ¢ = 1 to 7', and then we can get the proved
result as below:

2f(x1) — 2
“T(nK — 323 K212 — 62K L)
2 Q Q
2 X +n4KL303(1677KL+3)<(1 e + T ) + SEKL (1252 4 o2)

min E HVf (xt)

1<t<T

1-xQ)2
nK — 323 K212 — 62K L

+

Summing the inequality (34) from ¢ = 1 to T, and then we can get the proved result as below:

— L’KC 4 A941 A941
min E va(g)Hz 2f(xt) —2f* = 160 K2 L ((1—)\)27;(@71) + (17;5)2)
1<t<T “T(nK —32n3K2L?) nK — 32> K2L? '

If we choose the learning rate n = O(1/LV KT) and n < ﬁ, the number of communication round 7" is large enough

with Definition 4.2 and ®(\,m, Q) = = /\;\2@ n';l@ 7+ (1’\_62;;31)2 is the key parameter to the convergence bound with the
number of spectral gap, the clients and multiple gossiping steps. Thus we have

i, E v 60| —o( L

_f*)+L2p2+0,l2+K(L2p2+g§+al2) K2L2p4—|—L2p2+U _|_O.l)
1<t<T

KT T + (}()‘77”7@) K1/273/2

When perturbation amplitude p proportional to the learning rate, e.g., p = O(%), and then we have:

O((f(F)ff*Haf L K (B +op) L2 32 + o? )

min Eva Xt \/ﬁ T + K1/273/2 +<I>()\7m7Q)W .

1<t<T

This completes the proof.
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