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Abstract

In off-policy evaluation (OPE) for partially observable Markov decision processes
(POMDPs), an agent must infer hidden states from past observations, which ex-
acerbates both the curse of horizon and the curse of memory in existing OPE
methods. This paper introduces a novel covering analysis framework that exploits
the intrinsic metric structure of the belief space (distributions over latent states) to
relax traditional coverage assumptions. By focusing on the policies with stability
property, we derive error bounds that mitigate exponential blow-ups in horizon and
memory length. Our unified analysis technique applies to a broad class of OPE
algorithms, yielding concrete error bounds and coverage requirements expressed
in terms of belief space metrics rather than raw history coverage. We illustrate
the improved sample efficiency of this framework via case studies: the double
sampling Bellman error minimization algorithm, and the memory-based future-
dependent value functions (FDVF). In both cases, our coverage definition based on
the belief-space metric yields tighter bounds.

1 Introduction

Off-policy evaluation (OPE) aims to estimate the return of a target policy using data collected by a
different behavior policy. While well studied in fully observable Markov decision processes (MDPs),
extending OPE to partially observable MDPs (POMDPs) stays challenging [28]]. Partial observability
induces non-Markovian dynamics over histories, so directly treating trajectories as states leads to
exponential dependence on the horizon, or the curse of horizon. Recent work such as future-dependent
value functions (FDVF) alleviates this issue for memoryless policies, but for memory-based policies,
coverage scales exponentially with memory length, causing the curse of memory [27].

In the POMDP planning literature, however, it is well known that the belief space—the set of
probability distributions over latent states—possesses a rich metric structure. Point-based value
iteration (PBVI) and its variants [20} [L1} [17} [19, 21} 22] exploit this geometry to sparsely cover
reachable beliefs, leading to complexity polynomial in the covering number of belief space [20, 13|
29||. In contrast, most OPE methods in MDPs, such as importance sampling [18} 9, 8, [7]], fitted Q-
iteration [5} 15 12], double sampling [3], min-max estimators [1, 4} 6l [16} 24} 26], and marginalized
importance sampling [18} 9} 3| [24], largely ignore this structure. Applied naively to POMDPs,
they suffer from the curse of horizon due to exponentially large history spaces. FDVF [25] [27]
partially mitigates this by shifting coverage to latent states, but only for memoryless policies; with
memory-based policies it reverts to the curse of memory. Therefore, we ask:

Can belief-space geometry similarly reduce the coverage thus complexity of OPE in POMDP settings?

We answer affirmatively by introducing a covering framework for OPE in POMDPs. Our key idea
is to replace history-space coverage with e-coverings in belief space, and by restricting our problem
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to a subset of "good" policies, namely those that exhibit stability w.r.t. the beliefs, we yield error
bounds that are provably no worse than existing ones and, under mild assumptions, avoid exponential
blow-ups in horizon or memory length. To summarize our contribution:

* We propose a unified abstraction framework using belief-space coverings, applicable to a
broad class of OPE algorithms.

* We prove that coverage in belief space is always at least as favorable as history-space coverage,
and under structural assumptions yields polynomial guarantees.

* We demonstrate the framework on (i) double sampling Bellman error minimization and (ii)
future-dependent value functions, obtaining tighter finite-sample bounds. Further discussions also
indicates that the "curse of memory" is much easier to handle than the "curse of horizon", in the
sense that the former requires no assumption on the POMDP itself.

Before we start, we would also like to guide the readers to the definitions, terminologies and
notations of our core concepts, i.e. POMDDPs, state abstraction [14]], belief space, etc. in Appendix [A]

Table 1: Two illustrative examples from our analysis. “Worst-case coverage” refers to the most
exploratory data-collection distribution, where Covering(B, €) denotes the L, covering number of
belief space 5. For H — oo, we assume worst-case coverage grows as a subpolynomial power
ap < 1 (not logarithmic, which would trivially remove the curse of horizon). In the FDVF case,
specific forgetting rates may be required.

Criteria Existing Coverage With Our Coverage using Belief Space
Curse of Horizon/Memory Smoothness
Bellman Error Minimization (e.g. Double Sampling )
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2 Unified Analysis In a Nutshell

In this section, we briefly explain the core idea of how belief space metric can be used to lower the
complexity of the potentially exponential belief space, that is through covering. By introducing an
e-cover as a abstraction of the original belief space, we are able to treat near belief states as one,
making the space simpler. This process of abstraction is merely done conceptually, as an analytic



tool, and does not explicitly appear in the algorithm. In fact, our framework is designed to be
algorithm-agnostic, making it widely applicable.

To do this, it is important for us to limit our attention to a subset of all possible policies, i.e. those
that presents stability. This is characterized by the two core assumptions:
Assumption 1 (Local Stability). Vb1,by € B, ||7(b1) — 7(b2)|l1 < Lx|[b1 — b2

‘V["'q&s]true(bl)_v[ﬂqs,_;]true(bz)l
AR s Ly <eo

Assumption 2 (Value Stability). sups, p,eB

20,0
Remark 1. Assumption|l|is made by the intuition that a good belief state policy should treat two
similar belief state similarly, and thus should itself have some local stability. Assumption |[2|measures
the stability of a policy’s long-term return. As indicated by the following Theorem([l} it can also be
viewed as a proxy for how closely a policy resembles the optimal policy.

(bl) — V*(b2)| < max Hbl — b2||1 Here

Theorem 1 (Lemma 1 in [13]). For any by,

V*(b) is the optimal value function.

2.1 Unified Analysis In a Nutshell

Specifically as shown in Figure[I] in step 1, we
descend the true belief space MDP system (resp. policy: 7 True System policy: 7

policy 7) to an abstract system (resp. abstract Coverage X Estimate from
policy 7). Using similar ideas of state abstrac- @—’( True System )
tion, we control the abstraction error using the

size of bins . In step 2, we execute the algo- @ State

rithm on the abstract system, with the coverage Abstraction
assumption for the abstract belief space, which

A
® Gap of True
and Abstract

Algorithm
A

Estimate from

can be much more tractable than the coverage Abstract System ® Abstract Abstract System
i System C

of the true system due to the curse of horizon. P T— ystem Coverage  =—""e-r—

We also provide Theorems [5] and[6]to show that

abstract coverage is no worse than the original Figure 1: Pipeline of the analysis

coverage. Eventually for step 3, we utilize the

Lipchitz property of value function again to con-

trol the difference between the real and the virtually executed algorithm on the same offline data.
Combining all the analysis above, we obtain an estimation error bound without incorporating the
traditional coverage assumption. In this paper, we construct the abstraction using a e-cover C. of the
belief space, with definition in Appendix [A]

3 Application of the Unified Analysis

In this section, we apply our unified analysis on two different types of OPE algorithms, namely,
the double sampling Bellman error minimization algorithm and future-dependent value function,
aiming for a more sample efficient guarantee. The definitions for the two algorithms is presented
in Appendix [A] other notations may be introduced in either Appendix [A] or [B] Some technical
assumptions compensating or displaying alternative forms of the previous Assumption are
illustrated in Appendix [B]as well.

Definition 1. We define L([;] = Ln +1)fm;x+2LV + VR‘“‘E’E ’;;R“““‘ for the infinite horizon case,
and LE] = H(Ly + 1)Riax + 2HLy + YH? Ryax Lx + H? Ryyax for the finite case.

3.1 Analysis on Bellman Error Minimization Algorithms

Theorem 2. If Assumptions[d| [3 [I} and2|all hold, with L¢q mentioned in Assumption[5] we have:

[T () — J ()] <me?0 <W NE \/ B log 221 + Lec + L¢€>
E

where Lg = 81%‘% (1 +~)Lg + %”‘1;‘), Ly = LE;] + L;]. L[djl] is defined in Deﬁnition
L[2] "”" =+ Lq and D(¢) stands for such ¢ that satisfies realizability (Assumption E}




Corollary 1 (Finite sample guarantee). If Assumptions[|[I| and2]all hold, then for all n satisfying

n > 8Ri..(Ly/Le)*log(2|F|/6), and the abstraction ¢ induced by e-cover with ¢ =

max
1 32R% 2|F . . 2,/Cn 128R: .
o\ oy -log —lé I satisfies Assumption {4} we have |J 5, (1) — J(7)| < - ("(1_7)4 .

1 R4
log %}—‘) *, where C7! := Cﬂ(L% 3(217“‘%’21 -log %)

3.2 Future-Dependent Value Function.

Theorem 3 (Theoretical Guarantee of FDVF). Suppose the abstract realizability condition V]? eV

and the Bellman completeness condition VV € V,B"*V € © (B™ here refers to the operator on
the abstract ivstem ) hold, and Assumptions 2} [6] [/} and[8| are satisfied. For any € > 0 satisfying

condition EI define T' = max{Ty(c), T1(c), T2(e)}, Ly = L[d)l] + IVl oo-

Then, for some uniform constant c, with probability at least 1 — §, we have:

> E ¢[(B(S7HT)V)(Sh7 T[h7T+1:h])2]
J(me) = Eq, |V < Lse+VH- Te
‘ (7T ) [ (fl)“ e }frel[aé(] ‘S/lél])) ]Eﬁgs[(BHV)(Th)z]

, VcHC%;OH 1og 11O
n é

+ Lee ey

Corollary 2 (Boosted finite sample guarantee). For n large enough with necessary realizability and
completeness condition, we have a finite sample guarantee of

S Eﬂ,(b[(B(S'HT)V)(S}MT[}L—TJrl:h])z] cHC2C, Ve
|J(7r€) - E’ﬂ'b[v(fl)H S \/ﬁ }l;rel[a]i,(] ‘S/léf‘))\/ < Eﬂ;}[(BHV)(ThV] . \/ nV 10g | ‘5| ‘

A Simpler Pipeline: Abstracting Only the Policy. Revisiting the above analysis, it becomes
apparent that the abstraction from the original POMDP to the short-term memory POMDP is
unnecessary. That’s because the memory dependency of the policy is the real root of the “curse
of memory.” Notably, the introduction of Assumption [2]and [6|are all for the sake of bounding the
abstraction error of the POMDP itself, and therefore can all be eliminated in this case. This shows a
significant advantage of FDVF comparing to history-as-state MDP that the "curse of memory"
is much easier to handle than ''the curse of horizon', since for the latter, abstracting the
POMDP itself is inevitable. When we only abstract the policy, the previous condition[T]and 2]can be
relaxed to condition[2/for H > 1.

Theorem 4 (Tighter Theoretical Guarantee of FDVF). Suppose the abstract realizability condition

V}b € V and the Bellman completeness condition YV € V,B"V € © (BM here refers to the
operator on the abstract system) hold, and Assumptions [/} and [§] are satisfied. For any ¢ > 0

satisfying condition define T' = max{T(¢), T>(e)}, Ly = L¢1 + V|l co-

Then, for some uniform constant c, ¢y, ca, with probability at least 1 — 6§, we have:

. T Ew[(B(S’HT)V)(Sh» Th—T+1:h])?]
— < . e
|J(me) = En, [V(f1)]l < Lye +VH }fg?é(] ‘S/lél]a) ]Eﬂf[(B'HV)(Th)Q]
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where Cy := max{||[V|]e + 1, O]}, Ly = RBmaxHLr + RmaxH?Lr + ||V|s and L. =
HL(c1(Cu+1)||V|ooll®llco+c2a H max{C,||V| ||© o 1 ]|© io
3( (ea( IVlloo 18]l +e2 {CulIVI=olOlloo, 5 19115 1) + HC,[[V]|50]1©]]0)
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A Definitions and Notations

Infinite-horizon Discounted POMDP: An infinite-horizon discounted POMDP can be specified
as a 7-tuple: M = (S, A, O,r,v,0, T) where v € [0, 1) is the discount factor, S is the latent state
space, A is the action space, O is the observation space, r : S X A — [0, Rimax| is the bounded
reward function, O : § — A(O) is the emission kernel (i.e., the conditional distribution of the
observation given the state), and T : S x A — A(S) is the transition kernel (i.e., the conditional
distribution of the next state given the current state-action pair). We use A(-) to represent probability
distributions on the given space, and | - | for the cardinality of a set. For simplicity and without loss
of generality, we assume discrete and finite spaces S, A, O.

The POMDP evolves as follows: starting from an initial latent state s; ~ dy(s), at each step h,
the latent state sj, emits an observation op, drawn from Q(sy), and the environment generates a
reward 7, based on the current state-action pair (s, a;,). The state then transitions according to
Sht+1 ~ T(sp,ap). Crucially, in general POMDPs, the learner has no access to the latent state space
S; instead, only trajectories collected under an offline behavior policy are available.

We also consider the finite-horizon POMDP setting extensively discussed in Chapter [3.2] In the
finite-horizon scenario, we set the discount factor v = 1, and the agent interacts with the environment
for a finite number of steps H.

Offline Data: The offline dataset D is collected using a behavior policy 7. The process involves
independently collecting n sample trajectories (01, a1, - - - ) from the POMDP. From each trajectory, a
prefix of the first i elements is truncated to form a tuple (01, a1,71,02,G2,72, "+ , Op, Qhy Thy Opt1)
where h is randomly selected. Finally, the dataset takes the form of D; as shown below. In chapter 6,
for the future-dependent value function (FDVF), the definition of offline data differs slightly. In the
FDVF setting, we consider a finite-horizon POMDP of length H. Again, a behavior policy 7 is used
to interact with the environment and collect data. This time, the entire trajectory is treated as a single
data point, as shown by Ds.

Dy = {0, a1 ol gl i Gl an D, — (ol a0l ald iy

State Abstraction: For a MDP (S, A, r,~, P) where P : S x A — A(S) denotes the transi-
tion kernel, an abstraction ¢ is a mapping from S to an abstract state space Sy, and the MDP is
transformed into an abstract MDP (Sy, A, 74,7, Py) where 74(4(s), a) := Egp, ., [r(s, a)] and
Py(d(sa)lo(s),a) = Eonp,y Do g(sr)=p(sa) L (8”18, a)]. Here {ps}zes, is any family of distri-
butions in which p, being supported on ¢~!(z). For any function defined on the abstract system
foin : Sp — R, we define the lifted version of which as [ fyin]true(*) := foin(¢(+)). Similar for an
abstract policy my : S — A(A), of which the lifted version [7g]true(-) := 74 (¢(+)) In the following
section, ¢ is often selected by ¢, and is treated as equivalent. Conventionally, notations with super/sub-
scripts ¢ is also used to specify functions defined on the abstract system, and whenever we say fg € F
where F is a function class defined on the true system, we mean 3f € F, f(¢(-)) = fo(o(-)).

Other Notations: We denote state-action occupancy as d”(s,a) = (1 — ) > po; Prr (S, =
s, Ar = a). J(m) represents the expected reward of a policy m, and J5(7) is the estimated reward

of 7 using approximation function Q We use F to represent the function class we use for function
approximation, in the bellman residual minimization setting it contains all candidate estimates of
value functions, and in the FDVF setting it contains all candidate future dependent value functions.

Belief State Space and Smoothness Condition: Since one cannot observe the latent state directly,
a prediction of the current state can be made using the information from the entire history of
observations and actions. We denote the history at time step h to be

Th = (01,a1,00,a2, -+ ;0p_1,ap-1) € Hy CH, 7, :=(mh,0n) € Hf CHT (3)
Consequently the belief state b(7;") := Pr(sp,|7;") is an element of A(S) C RIS! when |S] < <.
We use B to denote belief state space such that B = {b : 3h € N 37,7, b(r;7) = b}. Consider
a common case when such b is a bijection, then B becomes a perfect proxy for #, of which the
cardinality grows exponentially with the horizon. In infinite horizon cases, |B| = oo, yet considering




the compactness of a bounded subset of RIS!, cluster points of B must exist. For simplicity, we assign
distinct belief copies to histories that share the same belief state distribution, making the belief space
metric a pseudo-metric. We denote the policy of interest 7(7;) = 7(b(7;})) : HT — A(A), which
is used to sample an action when given a history. Similarly for value function V (7,7) = V(b(7;")).

Since V, 7, T}j_ € H* one-to-one correspond to V, 7, b € B, we slightly abuse our notation and treat
them as equivalent for the rest of the passage.

A e-Cover. For the definition of a e-cover, we put:
Definition 2. A e-cover C. is a subspace of the belief state space which satisfies:

BC U B(c,e¢) 4

ceCe

where B(c, €) stands for an open ball centered at ¢ with radius . The cardinality of C. is called
e-covering number. For every e-cover C., there exist a partition of the belief state space, where each
¢ € C. acts as the representation element of the bin.

Abstraction Induced by Covering. Consider the belief space B, for any ¢ > 0 and a e-cover
C. C B. There exists an abstraction ¢ : B — C. such that Vb € B, ||¢(b) — b||1 < e. Select any
such ¢, and a family of measure {p, },cc. mentioned in the introduction of state abstraction, then an
abstract belief MDP is defined, we refer to which as the abstract system.

Double Sampling. Consider a Bellman error minimization algorithm using double sampling, each
offline data contains two tuple (b, a,r,b’y) and (b, a, r, b'y) with the latter sampled independently
after the system resets to belief b. The corresponding estimator can be written as

Q" = ar]gen;inf(ﬂ ), E(f,m) =Epl(f(b,a) — (r+7f (b, m)))(f(b,a) = (r + 71 f(Vp,7)))]

Remark 2. It is worth noting that the coverage C($) here depends on the specific abstraction
mapping ¢. Under the most exploratory data collection distribution d®, the worst-case growth rate
of Cr (@) is approximately aligned with |C..|, which denotes the e-covering number. The benefit of
the belief-policy coverage Assumption[3|lies in its potential to outperform coverage assumptions in
the original space, while being generally no worse than that as well. Using an abstract belief space
allows the exponentially large history space to be reduced to a space with size of e-covering number.

Future-Dependent Value Function: Setup and Definitions. FDVF was proposed targeting memo-
ryless policies. Here we introduce the memory-based version of FDVF, which suffers from the "curse
of memory" as discussed in [[27]. We first introduce the respective definition of future space F’ as
f}lz = (Oh7 Qh; Oh+1, Qh+1," " * ,OH,CLH) € ‘F;L cF.

From this point forward, for convenience, we will write (f},7;,) simply as f;,. Similarly, we will
treat ' as the original future space, and define F := F’ x H as the new space of “(future-history)
pairs.” This is because 73, can be considered a part of the extended future, or equivalently, the future is
duplicated separately for each history sequence. The future-dependent value function Vr is any such
function that satisfies Er, [V=(fn, 7h)|5n, Tn] = V& (sn, 75) with the RHS being the value function
of 7, and is a zero point of the following two Bellman Residual Operators.

Definition 3 (Memory-Based Bellman Residual Operator).

(BEHDOV) (s, Tp—rr1:0) = E avnre [+ V(Frt1)|Sh o110

Ah+1:H™~TbH

= Bay o V(fr)lshs Th—741:1] (5)
(BHV)(Th) = Eaalzhrwre '+ V(frt1)|7] — Bavn—1~me [V (fn)| 78] (6)
h+1:H™~Tb Qp:H~Th
+
Memory-Based Algorithm. For memory-based policies, we define p(ay, T}j_ )= %, then
the min-max algorithm is defined as follows: "
ul 1
Vr = argminmax > Ep[{u(an, 7)) (rn + V(fas1)) = V() }0(m) — 50(m)*] (D)
vey 0€© 1 2



B Technical Assumptions and Conditions

In this section, we list some technical assumptions or variations of Assumption to help with the
proof. Note that some assumptions are not necessary for the tightest guarantee, but were listed
here for the completeness of narrative.

B.1 Double sampling example

Instead of assuming standard coverage on the true system, we adopt the following abstract covering
assumption on the abstract system.

Assumption 3 (Abstract Policy Coverage). [|d™¢ /dP || < Cr(¢) < o0

Assumption 4 (Abstract Realizability). Qg"’ € F, which according to our notation, is short for
af e F, f(o()) = di’ (¢(+)) since di’ is defined on the abstract system.

Noticed that we previously assumed the local stability of value function, whose equivalence to the
Lipchitz continuity of Q-function at action a can be easily proven. We now assume the function class
F we use to approximate ()-function is also Lipchitz with regard to belief state.

Assumption 5 (Lipchitz function class). Vf € F, Va € A, |f(b1,a) — f(b2,a)|] < Lgl|by — b2l

B.2 Future-dependent value function

Definition 4. We define ||V || oo := maxy ey ||V oo (similar for ©), Cy, := max{||V||cc + 1, |O|lc0 }»
C, := maxy, max, o+ wlan,7;7), and Lg = 3(2H(C“+1)L"HV”°"H@”"° + HCu V| llO]lo +

: - T
miny, mmah’ﬂ_;f_ m (an|T), )

3H? max{C, ||Vl 1®llo, 3 19115 } )

min{minp min,, ,+, P(0on|7s),miny, minah + Tl'b(ath:)/Lw}
v? " h

Assumption 6 (Fast-Forgetting POMDP). For the abstraction mapping ¢ defined above, the
following holds: for all € > 0, there exists T € NT such that for all by, by € B, if ¢1(b1) = ¢r(b2),
then ||by — ba||1 < e. The values of T satisfying this condition form a function of €, denoted T} ().

Assumption 7 (Fast-Forgetting Policy). For the abstraction mapping ¢, it holds that for all € > 0,

there exists a T € N7, such that for all TEH,TEH € HT and all 1 € 7., m, U‘QET(TEH) =

or( }[L2]+)’ then ||7T(T}[L1]+) - W(T;[L2]+) |1 < Lre. We denote the dependency of T on € as T (¢).

Lemma 1 (Fast-Forgetting weaker than Lipchitz). If Assumption[6|and Assumption [I| hold, then
Assumption[7| holds aotomatically, with Ty = Ty,

Assumption 8 (Fast-Forgotten Function Class). Consider the function class used for estimation
V:F = (F xH)— R It satisfies that for all € > 0, there exists T € NV such that for all V €V,

WV (fns ) = V(finnsr) Ther+1:0)| < Vo (8)
The suitable values of T' form a function of ¢, denoted as Ts ().

Note that the essential assumption here is that the "history" in the extended future is fast-forgetting.
Since in the original literature of FDVF [25], the future is by default truncated by a length M.

Conditions: Controlling Differences between Real and Abstract Algorithm. Since our analysis
is build on the requirement that the virtually executed algorithm and the actual algorithm bear little
difference, we first propose some conditions to restrain € from being too large.

Condition 1. The ¢ is small enough that L e/ miny, minah’ﬁ ﬂb(ah|T;L") < %

Condition 2. The ¢ is small enough that ———— He - <1
min{miny, mine, ,r, P(on|Th),miny min 4 my(an|T, )/Lx}
Th

Condition 2'. The ¢ is small enough that H L€ /miny min,, _+ m(an|T) < 1.
5T

o . . CHC3C O
Condition 3. For some uniform constant C, for the given e,n, 6, Lge < < 5. - log 4“}6“0'.




C Why our Coverage is Better

In the following part, we showcase the general idea why our coverage is generally no worse than
the original coverage by providing the three theorems. Since directly comparing the occupancy
of 7. and the abstract occupancy of 7% is difficult, so we turn to comparing the occupancy of
[7%)true == Th = 72(¢(11)), which generally have the same scaling as that of 7.. Proving the
theorems (see Appendix [C) uses an information-theoretic idea that the divergence between two
probability measures becomes smaller on a coarser o-algebra, using the variational representation of
f-divergence.

Theorem 5. Consider the Lo belief coverage in the one-hot scenario. Then for any behavior policy
my, and truncation abstraction ¢, there exists a df € A(S? x Hr), such that for any 7., we have

"
d¢>e (Sh,aT[h—T—i-l:h]) 2 d[ﬂf]”“e(sh,Th) 2 dﬂ“(sh,Th) 2
E, o o <E. || ——F———— ~En | —/——m—m—= ©)
¢ dg (Sh, Tlh—T+1:h]) d™ (8h,Th) d™ (Sp, Th)
Theorem 6. Consider the L, belief coverage in the one-hot scenario. Then for any behavior policy
my, and truncation abstraction ¢, there exists a df e A(S b % ‘Hr), such that for any ., we have

‘ b ‘
o0

Next, we provide illustrative examples to show the superiority our result under certain structures.

d™(sn, Th)
dm (Sh, Th)

(10)

oy
dy* (Shs Th—T+1:n])) dlmelee (s, 73,)
s I d™(sn,Th)

‘ o0

d (s Tih—1+1:n))

Example 1. In this example, we consider a belief space with a smoothness structure (Section 5.3 [13])
denoted as follow:

B is a bounded subset in a |S|-dimensional vector space, assume that every belief b € B can be
represented by m basis vectors through linear combinations, and the magnitudes of both the basis
elements and the linear coefficients are bounded above by a constant C. Then the covering number

4 m
for our belief space scales as O((C|S|Lgm)™ - (% - log 2';‘ )2 ). We assume the coverage

being sublinear polynomial w.r.t. its worst case (i.e. the covering number), specifically to the power

s 1
of ﬁ Then we have a finite sample guarantee of O(% . (%L log ‘(Sﬂ)é). Note that

we only assume sublinear polynomial instead of logarithmic since the latter is too strong, and may
directly resolve the exponentiality.

Example 2. Consider a fast forgetting policy with forgetting speed T'(¢) = O(log %) then with
coverage sublinear polynomial to the worst case, we can obtain a finite sample guarantee of
O(% . (% log m)%). If we make a even stronger assumption than logarithmi-

cal scaling memory, namely, when the policy is strictly short-term memoried, then the result goes
back to what’s discussed in [25] 27)].

Proof of Theorem [3

Proof. We proof the theorem by constructing d°(7/) = (r:éz(r)=r3 4" (7). Then noticing that
dy (7)) = X (rdr(r)=r1) dlrlerne (7) is automatically satisfied by how the abstraction ¢ is defined.

d["?]true (sh,mh) __ d["?]true (11)

dmo(sp,mn)  — dTe(Th)
and it’s exactly the same for the short-term memory POMDP induced by ¢ as we constructed. Here,
or :H — Hr CH.

Then, consider two o-algebras A := P(H) and D := ¢,.' (P(Hr)), and it’s obvious that D C A.

Define the probability point measure P™ and P corresponding to the weight function dl8lerue and
d™ on the o-algebras A, then the probability measure can also be restricted to the smaller o-algebra
D. It is easy to notice that the two terms we try to compare coincides with the x2-divergence between
P7™e and P™, where for the LHS we use the coarser o-algebra D, and use the finer o-algebra A for
the RHS.

Also, it’s not difficult to notice that in the one-hot belief state scenario,

10



Then we use the variational representation of x2-divergence to obtain our final result, by noticing that

Xp(P™||[P™) = sup Epr[g(th)] — Epm [g(a)*/4+ g(7h)] (11)
geEM(D)

Xa(P™||[P™) = sup Epr[g(th)] — Epm [g(7a)* /4 + g(14)] (12)
geEM(A)

Since D C A, any g that is D measurable is also .4 measurable, consequently

Xp (P || P™) < XG4(PT || P™) (13)
which proves the theorem. O
Proof of Theorem

(7 lerue .
Proof. Construct d” exactly as in Theorem then let w*(7,) = %Th()m), and 7 is when
_ e _
achieves the maximum. Similarly, let w*(¢r(7)) = %, and ¢ (7*) is when achieves
T(T

the maximum. It’s obvious that V73, such that ¢ (1) = ¢ (7%), w* (1) < w*(77}). Denote

(lerue (7,)

_ Zarm=dre @

. Notice that
Z‘5T(Th):<5T(T*) dP(7n)

Tp, i=argmaxg o 5. w*(7s), then w*(¢r(r*))

7T¢ true ~ ~ 7T¢ true
Y m)=dr () 7T Vg 47 () - AT () /AP ()
Z&T(T}z)zéT(T*) aP ()~ Z(Z;T(Th)=$7'(7'*) aP ()

= w*(7)

Consequently, w* (¢r(7*)) < w*(7},) < w*(77), which prove the theorem. O

D Limitations

Despite our general result is provably no worse than the original coverage assumption, it is possible
in some circumstances that the metric property of belief space cannot improve the coverage either.
The simplest scenario to consider is when every history has a unique one-hot belief state, and the
POMDP is merely equivalent to a MDP with exponentially large state space. In this case, the belief
metric is a discrete metric, for Vby, by € B, by # by — ||b1 — ba||1 = 2, and the covering number is
exactly the cardinality of the space, which is exponential. This reveals the limitation of our analysis
in cases when belief space is sparse, or when lack of some specific smoothness structure.

Another limitation is when sample size becomes too large comparing to the horizon H. Notice
that in the finite sample argument provided by our result (e.g. Corollary[I)), the abstract coverage
depends on the approximation level €, which is set to O(n~1). If n becomes too large in this case, the
O(n~1)-covering number will converge to the cardinality of the space B itself, which is exponential
w.r.t. the horizon H. This also trivialize our analysis. Therefore, when considering finite horizon
POMDPs, the horizon should be relatively large comparing to the sample size for our result to be
valid.

11



	Introduction
	Unified Analysis In a Nutshell
	Unified Analysis In a Nutshell

	Application of the Unified Analysis
	Analysis on Bellman Error Minimization Algorithms
	Future-Dependent Value Function.

	Definitions and Notations
	Technical Assumptions and Conditions
	Double sampling example
	Future-dependent value function

	Why our Coverage is Better
	Limitations

